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Abstract

We study bounded and unbounded representations of the %-algebra Q, x(*) gener-
ated by n idempotents whose sum equals Ae (A € C, e is the identity).

1 Introduction

Let H be a complex (finite or infinite dimensional) separable Hilbert space and B(H) the
algebra of bounded operators on H. An operator () € B(H) is said to be idempotent
if Q%> = Q. A selfadjoint idempotent P is called orthoprojection. The problem to study
families of idempotent is not just an interesting algebraic problem but it also arises in
numerous applications to analysis (see, for example, [BGKKRSS] and references therein),
theory of operators (see [Wul] and references therein), mathematical physics (see [Ba, EK]
and references therein) etc.

The structure of pairs of idempotents on finite-dimensional space or, equivalently, finite-
dimensional representations of the algebra Q2 = Clq1,¢2,€ | ¢§ = qr,k = 1,2) with the
unit e, is non-trivial but well understood (see [Na, GP]). The structure of three and more
idempotents or, equivalently, representations of the algebras @, = Clg1,... ,qn,€ | & =
g,k = 1,...,n) for n > 3 is extremely difficult (the corresponding algebra is wild (see
[DF])). Families of idempotents with additional condition that their sum is a multiple of
the identity operator or, equivalently, representations of the algebras Q, » = C{g1,-.. ,qn, €|
Yhoiar = Xe,qi = gk, k=1,...,n), X € C, are studied less (for some results about finite-
dimensional representations and representations by bounded operators on Hilbert space of
Qn,x see the first subsection at each section).

In this paper we consider the problem of describing up to unitary equivalence families
of idempotents or, which is equivalent, x-representations of x-algebras generated by idem-
potents.

Natural *-analogues of the algebras Q, and Q, x,n € N, A € C, are:



(a) the *-algebras Qn(x) = Clg1,... 1qn.q>--- e | ¢4 = ar, k = 1,...,n) gener-
ated by n free idempotents and their adjoints. Denoting Q} the algebra (not a %-algebra)
Clgt,---,q: | (@) =gt k=1,...,n), we have Q,(x) = Q,  Q, where % is the sign of
free product of algebras;

(b) the *_algebras Qn,/\(*) = (C<q17' .- 7qn7qi<7 s 7q:;,76 | 22:1 9k = Ae:‘];zc = Qkak =
1,...,n), A € C, which are generated by n idempotents whose sum is a multiple of the
unit, and elements which are adjoint to them. Setting Q7 , = gy ahe | Yh G =
Xe, (q3)? = ¢z, k =1,... ,n), we have Q, \(x) = Qna* Q) ;

and their factor-x-algebras, such as

(c) the x-algebras P, = C(p1,... ,pn,€ | P2 = pr = P}, k = 1,...,n) generated by n
orthoprojections;

(d) the x-algebras Pn o = C(p1,... ,pn,€ | Yopey Pk = @€,pf = pp =D}, k=1,...,n),
a € R, generated by n orthoprojections whose sum is a multiple of the unit.

The structure of pairs of orthogonal projections Py, P, or representations of *-algebra
Py is well known (see, for example,[RaS]): irreducible representations of P are one or
two-dimensional and any representation is a direct sum (or direct integral) of irreducible
ones.

The structure of three and more orthoprojections or representations of the x-algebras
Pn, n > 3, is very difficult (the x-algebras are x-wild). For the definition of *-wild algebras
we refer the reader to [KS2, 0S2].

A number of articles (see [RS, KRS]) are devoted to the structure of families of orthogonal
projections whose sum is a multiple of the identity or, equivalently, representations of the
x-algebras P, o, @ € R In particular, there were described the sets of & € R such that
there exist orthogonal projections P, ... P, on a Hilbert space H so that > ,_, Py =al, I
is the identity operator. Note that orthoprojections are necessarily bounded operators and
x-algebras P, and P, o do not have representations by unbounded operators.

Families of idempotents Q1,...,Qn, @7F,...,Q} or, equivalently, representations of -
algebra Q,(x) have a simple structure in the case n = 1. The situation is similar to the
situation for pairs of orthoprojections (see section 2.2). If n > 2 the problem of unitary
classification of all families of idempotents becomes difficult (the *-algebra Qy(x) is *-wild)
([KS2, 0S2]).

In the present paper we study, up to unitary equivalence, the structure of idempo-
tents whose sum is a multiple of identity, or, equivalently, representations of the x-algebras
Ona(*¥), A € C. In contrast to orthogonal projections there exist unbounded operators
Q satisfying Q? = @ (unbounded idempotents) (see [P]). We study representations of
Qn(*) by bounded operators (i.e., *-homomorphisms of Qn (*) to B(H)) and the sets
Appa ={A€C|3Q1,...,Qn € B(H),Y 1_, Qr = M,Q% = Qr,k = 1,... ,n} together
with representations by unbounded operators and the corresponding sets A, ynpq (for exact
definitions see subsection 3 at each section).

For n = 3 (sect. 3.2) representations of Qn x(*) by bounded operators exist only for
A€ {0,1,3/2,2,3}, the x-algebras Q3 o(*) ~ Qs 3(%) are one-dimensional, the x-algebras
Q3,1(%) = Qg o(%) ~ C*xC® and Q3 3/5(%) =~ M(C)* M, (C) are +-wild. For -wild algebras
we also study additional conditions under which the problem of unitary classification of
their representations become transparent. Properties of the representations of Q, x(x) by
unbounded operators are essentially the same as representations by bounded operators in
the case n = 3 (sect. 3.3). In particular, Az pq = A3 ynba-

For n = 4 the situation becomes different. For example, the sum of four bounded idem-
potents equals zero only if the idempotents are zero operators, which is not the case for un-



bounded ones (see [BES]). If the sum of bounded idempotents is equal to 1 then the idempo-
tents are mutually orthogonal, but there exist unbounded non-orthogonal idempotents with
the sum equal to 1 (see [ERSS]). Moreover, Ay g = {0,1,1+ %(k €N),2,3 — %,3,4},
while A4 ynpa = C (Proposition 7). In Section 4 we study the problem of describing of repre-
sentations of Q4 »(*) by bounded and unbounded operators and representations of Qy x(*)
under some additional restrictions. The case Q4 (%) is treated in details.

In Section 5, following [RS], we show that Aspq = C and that the problem of unitary
classification of already bounded representations of the x-algebra Qp (x) for n > 5 is
difficult: the x-algebra is not of type I for any A € C and it is *-wild for some A € R.

We would like to emphasise one more time that speaking about representation of al-
gebras we mean homomorphisms into algebras of linear operators on a vector space and
*-homomorphisms into a *-algebra of linear bounded or unbounded operators defined on a
Hilbert space if we speak about representations or x-representations of *-algebras. We will
also restrict ourself to indecomposable finite-dimensional representations up to similarity
when talk about description of representations of algebras. Description of *-representations
is reducing to the description of irreducible (=indecomposable) representations up to unitary
equivalence.

2 Representations of algebras O, ) and *-algebras Q27)\(*)

2.1 Algebras Q; ) and their representations

Algebra ()2, is non-zero only for A € Ay = {0,1,2}. We have Q39 = Q25 = Ce. The
algebra Qs is easily seen to be equal to Q1 = C(g,e|¢> = g), its finite-dimensional inde-
composable representations are one-dimensional: w(g) =0 or 7(g) = 1.

2.2 x-Algebras Q,,(x) and their representations by bounded oper-
ators

x-Representations of Qs o(%) = Qa2(x) = Ce are trivial. The problem of unitary classifi-
cation of Qs 1(%) = Q1(x) reduces to the problem of describing a single idempotent up to
unitary equivalence. Any irreducible representation of Q1 (*) is one- or two-dimensional and
given by

(@) m(@)=1, or m(q)=0; (1)
 wa)=(g 4 ) ve©.0). @

(see, for example [D, OS2]). The structure of arbitrary representation of Q; (*) by bounded
operators is given by the following statement (see [KS2]): for any representation 7 on
a Hilbert space H there exist a unique decomposition H = Hy ® H, ® C2 ® H, and a
projection-valued measure dE(-) on Hs whose support is a bounded subset of (0,00) and
such that

wlq1) = 0 Iy @ I, ea/ooo ( b >®dE(y). (3)



2.3 Representations of Q,,(*) by unbounded operators

Here we describe *-representations of x-algebra Qs 1(*) = (Q1(*) by unbounded operator
recalling necessary definitions of the concepts involved.

Let ® be a dense linear subset of a Hilbert space, H. Let L1 (®) = {X € L(®) | ® C
D(X*),X*® C ®}, here D(X) is the domain of the operator X. Then £*(®) is an algebra
with involution X+ = X*|¢. By x-representation of a x-algebra 2 by unbounded operators
we call a unital *-homomorphism 7 : A — L (®) (see, for example, [In, S]). We write also
D(x) for the domain ® and call it the domain of the representation .

Define Ay ynpqa to be the set of all A € C such that there exists a *-representation of
On,A(*) by unbounded operators. Since x-algebras Qs »(*) are non-zero only for A € A,, we
have Az pq = A2 unba = As.

The class of representations defined above is very large and practically indescribable
(see [ST, S, T]). So if one wishes to get structure theorems giving a description of *-
representations up to unitary equivalence then one should impose some additional conditions
on the domain ®. For example, one can require that ® consists of bounded (entire, analytical
vectors) for some operators of the representation. Recall that a vector f € NgenD(X*) C H
is called bounded (entire, analytical) vector for operator X on H if there is a constant ¢y such
that || X" f[| < 7| f|| for any n € N (the function 372 (|| X* f||/k!)2* is entire or analytical
at 0). The set of bounded (entire, analytical) vectors for operator X will be denoted by
Hy(X) (H.(X) and H,(X) respectively). Imposing this type of conditions we will call
these representations integrable or well-behaved or good following the terminology in the
theory of representations of Lie algebras ([N, S]). Definitions of equivalent representations,
irreducible representations which are necessary for formulating structure theorems, will be
given for every particular class of representation considered in the paper.

Let 7 be a representation of Q;(x) defined on a domain D(x) of a Hilbert space H ().
We say that 7 is a well-behaved representation if A = 7(qq* + qq* — (g + ¢*)) (the closure
of the operator 7(gq* + qq* — (¢ + ¢*))) is selfadjoint and D(w) = Hy(A). Note that
qq* + qq* — (g + ¢*) is a central element of Q;(x). Setting a = ¢ + ¢* — e and b = i(¢* — q),
which are clearly selfadjoint, we obtain qq¢* + q¢* — (¢ + ¢*) = a® + b* — e.

Let H,,(7) denote the set of all vectors f € Hp(A) such that [|[A™f]|| < m™||f]||. Since
qq* +qq* — (¢+¢*) is central and A is selfadjoint, one can show that the subspaces H,,(7) is
reducing 7, i.e., 7 = m &7z and Hy, (7) = D(m;). Moreover, each subrepresentation 7|g,, ()
is bounded. In order to see this, it is enough to show that w(a) and w(b) are bounded
on Hpy(r). Given f € Hp(m), we have [[r(a® + b?)f|| < (m + 1)||f]| and ||7(a)f|]* =
(r(a)*f. £) < (x(a® +b)1, ) < [[m(a®+5)]|- ||| < (m+1D)|| ][>, the same holds for (b).

A representation 7 is called irreducible if the only linear subspace reducing 7 are {0}
and D(r). Since for a well-behaved representation 7 at least one of H,,(7) is non-zero we
obtain that any well-behaved irreducible representation is bounded.

We say that two well-behaved representations m; and w2 are unitarily equivalent if there
exist a unitary operator U : H(m) — H(ms) such that UH,,(71) = Hy,(72) and Unq(a)f =
ma(a)U f for any f € H,,(m) and each m € N.

Now we state a structure theorem. Its proof essentially follows the proof of an analogous
statement for bounded representations of Q (x).

Proposition 1. Any irreducible well-behaved representation of Q1(x) is bounded and, up
to unitary equivalence, is given by (1) — (2). Any representation w of Q1(x) is a direct sum
(direct integral) of irreducible ones and given by (3), where the equality holds on wvectors

f € D(n).



Remark 1. If a x-algebra is defined in terms of generators and commutation relations (the
algebraic equalities imposed on the generators), instead of *-representations of the x-algebra
one speaks often about representations of this set of relations, i.e. families of operators
satisfying the relations on some invariant dense domain.

Let @, Q* be closed operators such that that there exists a dense domain & satisfying
the following conditions: (1) ® is invariant with respect to @, @*; (2) @ is a core for @, Q*
(i-e. the closure of operators Q|¢ and Q*|s are ) and Q* respectively); (3) ® C H,(QQ* +
Q*Q—(Q+Q"); (4) Q>f = Qf for any f € ®. Then ), Q* generate a *-representation 7 of
Q1 (x) with the domain ® by setting 7(¢)f = Qf, 7(¢*)f = Q*f, f € ® and then extending
it to the whole algebra. One can show that the representation 7* (7*(a) = m(a*)*|p(x+),
and D(7*) = Nye@,.,(x)D(m(a)*)) is a unique selfadjoint *-representation p of Q;(x) such
that p(g) = Q, p(¢*) = Q*. Recall that p is selfadjoint if p = p*. Note that the domain
® satisfying (1) — (4) is not uniquely defined. But for every choice of ® we have the
same selfadjoint representation. In particular, the domain ® can be chosen to be equal
Hy(QQ* +Q*Q — (Q + @*)) which implies that the unique selfadjoint representation p is 7*,
where 7 is a well-behaved representation. In this case the representation 7* is irreducible iff
m is irreducible, two well-behaved representations 7y and 7y are unitarily equivalent iff 7}
and 73 are unitarily equivalent in the sense that there exist a unitary operator U of H(77)
onto H(w3) such that UD(n}) = D(n3) and U~ tn3(a)Uf = nf(a)f, f € D(x}). So the
problem to classify all well-behaved representation is equivalent to the problem to classify
all selfadjoint representations defined above or all pairs of operators (Q,Q*). For concepts
of the theory of representations by unbounded operators we refer the reader to [S].

Remark 2. There is also a correspondence between well-behaved representations and repre-
sentations arising from representations of some C*-algebra. Let A = {f € C([0, 00), M2(C)) |
f(0) is diagonal, lim; , f(t) = 0}. A is a C*-algebra. Let ¢*(¢t) = ( 1 8 ) One can
show that ¢* € C([0,00), M3(C)) is affiliated with .4. Moreover, A is generated by ¢* and
there exists a dense domain D of A (for example, D = {f € A | supp f is compact})
which is invariant with respect to ¢ = (¢*)*, ¢*, D is a core for ¢ and ¢* and such that
¢’a = qa, (¢*)?a = q*a for any a € D. For the notion of affiliated elements and C*-
algebras generated by unbounded elements we refer the reader to [W1, W2] (see also section
4.3). Let R denote the set of pairs (Q,Q*) satisfying the conditions given in Remark 1.
Then R = {(n(q),7(¢*)) | 7 is a non-degenerate representation of A} (recall that 7 is non-
degenerate if 7(A)H = H). Here 7(q), 7(¢*) is the unique extension of the representation
7 to affiliated elements. This was essentially proved in [P]. It means that any well-behaved
representation arises from a representation of a C*-algebra and any representation of A

gives rise to a well-behaved representation of Q; ().

3 Representations of algebras Qs , and *-algebras O3 »(*)

3.1 Algebras 93, and their representations

All algebras Q3 » are finite-dimensional. They are non-zero only if A € A3 = {0,1,3/2,2, 3}.
We have Q39 = Q3,3 = Ce with trivial representations. The idempotents ¢;, ¢ = 1,2, 3, of
Q3,1 = Q3,2 are orthogonal, i.e. g;g; = 0 (i # j). In fact, since (e — g3)? = e — g3, we have
{q1,82} = @142+ g2q1 = 0. But the idempotents anti-commute iff g1 ¢» = gag1 = 0. Therefore
Q31 =032 =Cqn ®Co ®Cqs = C = Q1 (= Cq1,2,¢ | ¢ = ¢, 0142 = @21 = 0)).



The algebra Qj 3,5 is isomorphic to M>(C). Finite-dimensional representations of C® and
M>(C) are easy to describe.

3.2 x-Algebras Q;,(x) and their representations by bounded oper-
ators

As in the algebraic situation we have Aspq = {0,1,3/2,2,3}. In contrast to Qzo(x) =
Qs.3(x) = Ce whose representations are trivial, the structure of representations of Qs 1 () =
Q3,2(*) and Q3 3/5(*) is very complicated (the x-algebras are x-wild). Before proving this we
recall some results and constructions concerning wild x-algebras. For the general definition
and results we refer the reader to [KS2, 0S2].

Let &5 denote the unital x-algebra generated by free selfadjoint elements, a, b, and let
C*(F2) be the group C*-algebra of the free group F» with two generators. For a unital
x-algebra A we denote by Rep A the category of x-representations of A whose objects are
unital #-representations of A considered up to unitary equivalence and its morphisms are
intertwining operators. If A, B are x-algebras, A ® B denote the %-algebra that consists of
all finite sums of the form a ® b, a € A, b € B.

Assume that for a unital *-algebra, 2, there exists a unital x-homomorphism v : 2 —
M, (C) ® &5 (or to M,(C) ® C*(F2)) for some n € N. Then 1) generates a functor F, :
Rep &2 — Rep A (or Fy, : Rep C*(F2) — Rep ) defined as follows:

o Fy(m) = id® 7 for any m € Rep &, (or m# € Rep C*(F3)), where id is the identity
representation of M, (C);

o Fy(C) = I, ® C if C intertwines representations w1, m € Rep Gy (or m, w2 €
Rep C*(F2)), here I, is the identity operator on C".

If the functor Fy is full then the x-algebra 2l is *-wild. To see that Fy is full one has to check
that any operator intertwining two representations Fy(m1), Fy(m2) with 7, m € Rep &5 (or
m, ™2 € Rep C*(F2)) is equal to Fy(C), where C is an operator which intertwines m; and
w2 In particular, we have that Fy(w), is irreducible iff 7 is irreducible, two representations
Fy(m1), Fy(m2) are unitarily equivalent iff m; and 7 are unitarily equivalent. In this case
we say that the problem of unitary classification of all representations of 2 contains as a
subproblem the problem of unitary classification of representations of Gz (or C*(F2)).

Proposition 2. (a) The x-algebra Q3 1(%) = Q32(%) = Q2,1 () is *-wild.
(b) The x-algebra Qg 3/5(*) is *-wild.

Proof. (a) Following [KS2, Theorem 6] or [OS2, Theorem 59], define a *-homomorphism
P QQ’J_(*) — M3(C) ® &2 by

e e a+idb 0 —e —e
Y(@)=10 0 0 s Y(@)= 0 e e
0 0 0 0 0 0

One can easily check that the generated functor Fy, is full, i.e., the x-algebra Qs | () =
Qg’l( ) is x-wild.

(b) To see that Qg 3/2(%) ~
’L!) : M2( ) *MQ(C) — MQ(C) ®6

=3 %5 ) waa=(§ §) = (10 2787

( ) * My(C)* is *x-wild we define a *x-homomorphism



where e;; are the matrix units in M, (C). We leave it to the reader to check that the functor
Fy is full, i.e., the x-algebra Qs 3/2(%) ~ M>(C) x Ma(C)* is x-wild. O

Note that by Proposition 2 the *-algebras Q2 1 (*) and @3 3/2(*) have infinite-dimensional
irreducible representations.

Imposing additional conditions on representations, the problem of describing them up to
unitary equivalence might become easier. For example, representations of P31 = P32 and
P332 or, equivalently, representations of Q31 (%) = Q32(x) = Q2,1 (¥) and Qs 3/2(*) with
the condition that the images of ¢;, ¢ = 1,2,3 are selfadjoint are very simple. There exist
three non-unitarily equivalent irreducible representations of Ps1: m;(p;) = 1, m(p;) = 0,
i#j,i=1,2,3,on H=C!. There exists a unique irreducible representation of P33/2 on
H=C:

(10 [ 14 /3/4 B /4  —/3/4
Requiring that images of ¢q1,¢> € Qs 1 () satisfy the conditions 7(g:1)7(¢g3) = 0 and

7(g3)7(g1) = 0 we obtain that irreducible representations are one- or two-dimensional and,
up to unitary equivalence, given by

(a) m(q1) = €1, 7(g2) = €2, €i € {0,1},£182 = 0;
g ) , m(g2) =0 and w(q1) =0, w(g2) = ( (1) (g ) , where a > 0.
(4)

O =

) w(a) = (

3.3 Representations of Qs ,(x) by unbounded operators

Since the *-algebra Qs x(x) is non-zero only for A € A3 = A3 4, we have Az ynpg = Az =
{0,1,3/2,2,3}.

Consider unbounded representations of a factor-+-algebra of Qg 1(x) = Q2 | (x), namely,
Qs,1(x)/J, where J is the tw-sided %-ideal generated by ¢1¢5 and ¢5¢1. Let 7 be a repre-
sentation of Qs | (x)/J on a domain D(w) C H(w) and let

Ay =m(qg + i — (@0 +a})), Do =7(q2a3 + a5a2 — (g2 + 43)).

We say that 7 is well-behaved if A; and A, are selfadjoint, Ay, As strongly commute
(i.e., spectral projections of Aj, A, mutually commute) and D(w) = Hp(A1,As), the
set of bounded vectors for both A; and A,. For each m € N denote by H,,(7) the set
En,((—m,m))Ea,((—m,m))H(r), where En,(-) is a resolution of the identity for the self-
adjoint operator A;. We have D(7) = UpenHp (7). Tt is easy to see that H,,(7) is reducing
7 and the subrepresentation 7|, () is bounded. With the same definition of irreducibility
and unitary equivalence as in section 2.3 we have

Proposition 3. Any irreducible well-behaved representation w of Qo 1 (x)/J is bounded and

given by (4).
For any well-behaved representation m on a Hilbert space H(rw) there exist a unique
decomposition H(m) = Hoo ® Ho1 & Hio® C? @ Hy & C? ® H, and projection-valued measures



dE1(-), dE2(-) on Hy and Hy respectively such that
7T(ql):O'IHOO@O'IHM @IHIO@ 0 0 ®dE1(y)@0'IH27
0
71'(q2) =0-IH00 @IHM @O-IHIO EBO-IH1 @/ ( 0 0 ) ®dE2(y),
0

where the equalities hold on D(r).

Proof. The first statement follows from the fact that any irreducible representation is
bounded. The second one follows from Proposition 1. In fact, since

Aom(gi) f = m(g)Azf, Aom(q)f = m(g;)Anf
for any f € D(n) = Hp(A1,Az), i = 1,2, it follows that

En,(0)m(@i)f = m(¢:) En,(8)f, En,(0)w(q)f = 7(q)En,(0)f, i=1,2,

for any Borel § and any f € D(n) (see [OS1][Theorem 1]). This implies that Ea,({0})H (7)
is reducing 7: H(m) = H' ® H?, where H! = Ea,({0})H(7), H?> = Hi", and 7 = 71, @ 72,
where 7; = 7| p(r)nmi, i = 1,2

Since As| g, = 0, we get that m1(gs), 71 (¢5) are bounded. Therefore, restricting 7y to the
x-subalgebra C{g2,¢3,e | ¢3 = ¢2) = Qi1(x), we obtain a bounded representation of Qj (x)
such that the image of ¢2¢5 + ¢392 — (g2 + ¢3) is zero. It follows from structure theorem
for bounded representations of Q;(x) (section 2.2) that 71 (g2) is an orthoprojection. Using
the same arguments as before and the fact that w(q1)7(¢2) = 7(g2)7(q1) = 7(¢f)7(g2) =
7(g2)7(gf) = 0, one obtains that H{ = kerm(gs) is reducing 71, nf = m1|g: restricted to
the *-subalgebra C{q1, ¢}, e | ¢¢ = q1) = Q1(*) is a well-behaved representation of Q(*) in
the sense given in section 2.3, m1(q1)|(g1)+ =0, m1(g2)|(m1)r = 1.

Since the kernel of Az|g= is {0} and 7(g;)7(q;) = 7(q:)7(q}) = 7(g})w(g]) = 0, % # j, we
obtain ma(q1) = m2(q}) = 0 and 72 restricted to x-subalgebra C{q2,q3,e | g3 = q2) = Q1(¥)
is a well-behaved representations of Q;(x). This completes the proof. O

Clearly, if the support of the measures dE; (-) and dE(-) are unbounded, the representation
w from the proposition is unbounded. Any well-behaved representation of Qs 1 (x)/J is a
representation of Q2 1 (¥).

Remark 3. As for Q;(x) there exists a correspondence between well-behaved representa-
tions of Q» | (*)/J and representations of some C*-algebra, namely the C*-algebra A @ A,
where A = {f € C([0,00), M2(C)) | f(0) is diagonal ,lim;_, f(¢t) = 0}. Setting q1(t) =
q(t) ® 0, q2(t) = 0 q(t), where ¢ n A is the element which was defined in Remark 2,
we obtain that ¢1, ¢» generate A @ A as affiliated elements, there exists a dense domain
D' c A® A (for example, D' = D & D, where D = {f € A | supp f is compcat}) such
that D' is invariant with respect to g;, ¢f, i = 1,2, D is a core for ¢;, ¢} and the rela-
tions ¢? = ¢i, 1¢2 = ¢2q1 = ¢iq2 = ¢2¢; = 0 hold on D'. Moreover, if we let R denote
the set of pairs (7(g1),7(g2)), where 7 is a well-behaved representation of Q» | (x)/J then
R = {p(q1), p(g2) | p is a non-degenerate representation of A® A}. Here p(g;) is the unique
extension of the representation p to affiliated elements.




Another example of unbounded representations of Qs | () can be derived from Propo-
sition 2. Namely, let a,, € R be unbounded sequence of numbers and let

1 1 a, 0 -1 -1
Ql = @%o:l 0 0 0 5 Q2 == @%o:l 0 1 1
00 O 0 0 O

be operators on the Hilbert space H = &2 ,H,, H, = C*. @i, Q2 determine a *-
representation of ()a,; (x) defined on the set of, for example, finite vectors, i.e., vectors
which are finite linear combinations of vectors from H,,.

The similar example of representation can be constructed for the algebra Q3 3/2(*).

We are not going to describe unbounded representations of Q2,1 (*), Qs,3/2(*), because
already the problem of describing all their bounded *-representations is very complicated.

4 Representations of algebras 9, ) and *-algebras Qy )(*)

4.1 Algebras 9, ) and their representations

For each A € C the algebra Q4 ) is non-zero. To see this we give a concrete example of
idempotents ¢1,q2,¢3,qs as operators defined on a linear space X. The construction is a
generalization of an example given in [BES].

Let X be a linear space of complex-valued functions defined on C. Consider the operators
qi, 42, 43, G4 € L(X) defined by

(@) (2) = 2(f(z) + f(1 - 2)),
(@21)(2) = 2(f(2) = f(1 - 2)),
(¢sf)(2) = (A2 =2)f(2) + (1 = A2+ 2) f(A -1 - 2),
(@af)(2) = (A2=2)f(2) = (1 = A2+ 2)f(A— 1 - 2).

Simple computation shows that q; + g2 + g3 + ¢4 = A and ¢? = ¢;, i = 1,2,3,4. This
representations is infinite dimensional.

Each algebra Q4 is infinite dimensional. A linear basis for Q4 y is constructed in [RSS].
It was also proved that for A # 2 the algebras are not algebras with the standard polynomial

identities (PI-algebras), but for any x1,... ,24 € Q42 the following equality holds
Z (—1)P Dz, (1) 0 (2)T0(3)To(a) = 0
gES,

where p(o) is the parity of permutation o € Sy.

Let Ay, fq be the set of all A € C for which there exists a finite-dimensional representation
of Qn x. The set A4 rq does not cover the whole complex plane, because Tr@ € N for any
idempotent () in finite-dimensional space and therefore A, rq C Q for any n € N. We have
the following
Proposition 4. Ay g = Agpq = {2+ %, 2|k eN}.

Proof. Direct computation shows that

Q4,)\ = C(Tl,T2,7'3,T4,€ | TI2<; = 6;2;1;;:1 Ty = (2 - A)e> =
= Clz1, 22,23 | {71, 22} = 23, {71, 23} = 22, {72, 23} = 21,
(A =2)*(a? + 23 + 23 + 1/4e) = 1),



where

x1 + T2 + z3 + 1/2e€),
x1 — Ty + x3 + 1/2e€), 5)
1 + z9 — 23 + 1/2e),

ri=2q —e=(2-))(—
re =2¢2 —e = (2 — A)(
r3 =2q3 —e= (2 — A)(
ry =2q1 —e = (2= N
If there exists a representation, 7, of C(x1, 22,23, € | {z1,22} = z3,{21,23} = 22, {Z2, 23} =
z1, (A — 2)%(27 + 23 + 2% + 1/4e) = 1) by bounded operators in a Hilbert space H, then

the operators w(z;) ® 05, © = 1,2,3, with oy = ( (z] 6 ), oy = ( _01 (1) ) and o5 =

( _OZ ? ) define a representation of the universal enveloping algebra U(sl(2,C)) of the

Lie algebra sl(2,C) with an extra condition on the Casimir operator. Namely if we take a
basis X1, X2, X3 in sl(2,C) with the Lie bracket defined as

[XI;X2] = X37 [X2;X3] = Xl; [X37X1] = X?- (6)

and denote by A the Casimir operator X2 + X2+ X2 in U(sl(2,C)) then p(X;) = 7(z;) ® 0;
is a representation of U(sl(2,C)) so that (A — 2)2p(A) = (A — 2)2/4 — I. In the Hilbert
space H ® C? one can choose an equivalent scalar product so that the operators p(X;)
are skew-selfadjoint and p is a x-representation of the corresponding x-algebra defined by
the condition X} = —X;, ¢ = 1,2,3 (a *representation of the Lie algebra su(2)) It is
known that x-representations of the x-algebra such that the image of the Casimir operator
equals (1/4 — 1/(X — 2)?) exist if and only if A € {24 2,2 | k € N}. This implies that
A ,deAnde{Z:I: k,2|k€N}

To see the other inclusion, note that for any A € {2+ 2,2 | k € N} there exists a finite-
dimensional representation, 7, of U(sl(2,C)). Then p(x,) =7(X;)®0;,1=1,2,3, define a
finite-dimensional representation of C(z1,z2,zs,e | {z1,22} = z3,{21,23} = T2, {22, 23} =
z1, (A — 2)%(z? + 23 + 72 + 1/4e) = 1) and therefore Q4 . The proof is complete. O

Proposition 5. Any finite-dimensional representation of Qax, A € Aspq\ {2} is equivalent
to a x-representation of Py x.

Proof. Let 7 be a finite-dimensional representation of Q4 x, A € A4pq \ {2}, on a vector
space V. The procedure is to find a scalar product, (-,-)r (a non-degenerate positive-
definite hermitian form) such that

(W(Qz')SD, ¢)7r = (<P>7T(Qi)¢)m v <P71P € V7r> = 17273747

or, equivalently,

(TI'(IUZ‘)QO, w)ﬂ' = (%W(%W)m v <Pa¢ € Ve, 1=1,2,3,

for the generators x; defined by (5).

Having the representation © we can define a representation p of U(sl(2,C) on H(p) =
V. ®C? by setting p(X;) = 7(z;)®0;, i = 1,2, 3 for the generators X; of U(sl(2,C) satisfying
relations (6). It is known that p is unitarizable, i.e., there exists a scalar product (-,-), on
H(p) such that (p(X;)p,), = —(p, p(Xi)9),.

Define a new representation # of Q4 on the Hilbert space H(p) ® C* by #(z;) =
p(X;) ® 0;, i = 1,2,3. The scalar product, (-,-)z on H(p) ® C? is defined on elementary
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tensors as (¢1 ® P1,¢02 ® ¥2)z = (p1,92),(Y1,9%2)c2, for any ¢; € H(p), ¢; € C*, where
(-,-)cz is the standard scalar product on C?. Let e;, es be the standard basis vectors (1,0)
and (0, 1) respectively in C2. For ¢, € V. define

(‘p;d})ﬂ = ((@@61) Qes+ (80®62) ®61;(¢®61) Xex + (¢®€2) ®61)7}.

It is easy to see that (-,-), is a scalar product on V. Moreover, (7(z;)p,¢) = (p, 7(x;)V)
for any ¢, ¥ € V., i = 1,2,3. We restrict ourselves by showing the last formula for the
generator x1.

(m(@1)p, ¥)r =
=((r(z1)pRer) e+ (M(z1)p®er) ®er, (P ®e) ®ea + (Y ®er) ®ep)z =
=—((m(z1) ®01)(p®ez) ®orer + (w(z1) ® 01)(p ®e1) ® o1e2,
WRe)®er+ (Y ®er) Qer)z =
=—((p(X1)@o)((p@e) ®es+ (pQex) ®er), (P Qer) Vea + (P Qea) ®er)s =
=—((poe)@er+ (p@er) Ve, (p(X1) ®o)(Y ®er) @es+ (P @ es) ®er))z =
=—((¢Re1)Rex+ (pRes) Ve,
(r(z1) ® 01) (Y R e2) @ o1e1 + (m(71) @ 1) (Y ® e1) ® o1€2)7 =
=((pRe)Re+ (pRer) Rer, (m(z1)Y ®er) ®ezx + (M(21)Y ®e2) ®er)r =
= (p,m(z1)Y)r-

The proof is complete. O

As it follows from the previous proposition finite-dimensional indecomposable representa-
tions of Q4 ) coincide with irreducible x-representations of the x-algebra Py, A # 2. For
A =14 2/(2k+ 1) indecomposable representation of Qq,y is unique, up to equivalence, and
acts in a (2k+1)-dimensional vector space. If A = 14+2/(2k+2), there are four non-equivalent
representations of Q4 acting on (k + 1)-dimensional space (see [0S2][Section 2.2.1]). The
algebra Q42 is wild and the problem of describing of its indecomposable representations is
very complicated, [Bo].

4.2 *-Algebras Q, ,(x) and their representations by bounded oper-
ators

Proposition 6. For A\ € Agpq the x-algebra Qg x(x) is *-wild.

Proof. That Q4,(*) is *-wild for A = 1,2 follows from Proposition 2. Assume now that
A € Aspa\{1,2}. Define p=(q1 + ¢2)/2, ¢ = (a5 + q4)/2, 7 = (@1 — @2)/2, s = (a3 — q4) / 2-
Direct computation shows that Q4 (%) is generated by p, ¢, r, s and their adjoint and the
relations

pr=r(l-p), ps=s(l—q),
2 =p(l-p), *=q(l-q), ™
p+qg=X\/ 2

From the relation it follows that ps = s(—1+ A — p) and s> = (A\/2 —p)(1 — A/2+ p). To
prove the statement we will construct a x-homomorphism ¢ : Q4 (%) = M, (C) @ C*(F)
(~ M, (C*(F2)) for some n € N depending on \.
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1. Let A=2+4+1/(2),1 > 0. Let E, = , where e is the identity in
0 e
—_———
n times
C*(Fz).
Aq 8 2 8 8 8 e 0 e e e
Lethz A2 ,Alzﬁ 0 0 2 0 0 ,AQZ% OQeeul 0 y
Az 00 0 3 0 0 0 e 0 ws

Az = \/Es — A}A; — A5 A, where uy, uy are the free unitary generators of C*(F,), N is
chosen so that || A} A1+ A5 Az || a5 o+ (7)) < 1 (|]||ms(c+ (7)) is the C*-norm on M5(C*(F2)).

Define a s-homomorphism ) : Q4 (%) = Mi2.9/(C*(F2)) as follows:
Y(p) = diag(MoEr2, M1 Era, ..., Aoi—1E12),
’lﬁ(?‘) = diag(O -FEi92,R1,Ro,... ,Rj_1, Jng — 1/2),
¢(S) = diag(So, Sl, e ;Sl—1)7

k k 0 Ask_1AokFE
where Ao, = 1 — T Aok—1 = o Ry, = ( Fiy 2k 102k 12 )’
A A -1
Sk = 0 (5 - )‘Qk)(]- - 5 + )\2k)E12 (k‘ ;é 1 — 1)’ Sl—l _ ( 0 SO > ’
Eys 0 Si_1

si_1 = diag(z1Ey, 12 F3,23F5), s~' = diag(y1E4, y2E3, y3 E5),

z;, y; are real numbers such that z; # z;, y; # y; for i # j and z;y; = (41> — 1) /161>,
It is a routine to check the functor Fy is full and we leave it to the reader. The
construction is similar for A = 2 — 1/2l, I € N: there exists a *-homomorphism 9 :

. . k
Q4,A(*) — Mu.gl(C* (.7:2)) with ’gb(p) = dzag(/\oE12, MEs,. .. ,/\21_1E12)7 where Xgp, = 2—17
k

Aogp—1=1— .
2
2. Let A\=2+2/(20 +1),1> 0. Define ¢ : Qg r(x) = Mys(2141)(C*(F2)) as follows:

w(P) = diag(A1E12, A Eia,. .. :)\2l+1E12),
¢(T) = diag(o ) E12;R15R2a ... 5Rl—17Rl);
Y(s) = diag(S1,S2,...,51,0- E3),

_ 2k _ 2k _ [ 0 ApAopt1Ern
where Agk —m,)\Qk_’_l —].—m,Rk = < E12 0 y (k‘?é].),
P 0 (2J3J — 1)V Aahs
1 — ’
(2J5J — 1)V Aahs 0

A A k
Se={ 0 G5 Fhe)Be ) gy 9) 5 = ( 0 0 ) , (k=1,2),
Eys 0 ok
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with
sy = diag(z¥Ey, a5 Fs, 28 F5), s = diag(y¥ Eq,y5 B3, y5 Ex)

¥, yF are real numbers such that o # 2%, yF # y¥ for i # j and zfyF = (3 — Aar 1) (1 —
2+ Xak1)-

One can check that the functor Fy, is full. The construction is similar for A = 2—2/(2{+1),
I € N. In this case there exists a *-homomorphism ¢ : Q4 x = Miy(41)(C*(F2)) with

. 2k 2

¢(p) = dl(lg()\lE12,)\2E12, e ,)\2[+1E12), where /\Qk =1- 2l—+17 )\2k+1 = m

3. Let A\=2+1/(20 +1),1> 0. Define ¢ : Qg r(x) = Myy(2141)(C*(F2)) as follows:

’(ﬁ(p = diag()\lElg, )\2E12, . ,/\2[+1E12),
'Qb(’f') = dzag(O ) E123R15R27 s 5Rl—17Rl)a
Y(s) = diag(S1, S, ... , S, JsJ5 —1/2),

k k 0 AopA2pt1F12
h « = — = ]_ _——— = =
where Azj A1 A2kl A1 Ry, ( Ei 0 s (B #£1), By
!
( S 7(; ) with r; = diag(x1 Ey, 22 F3,23E5), r' = diag(y1Es,y2Fs3,ysEs), where z;, y;
1
are real numbers such that z; # ;, yi # y; for i # j and zyy; = 55 (1 — z5).

A A
S, = ( 0 (5 —Aop-1)(1 = 5T Aok-1)Er2 )
Ers 0

The functor Fy is full. The construction is similar for A = 2 —2/(21 +1), ] € N.
In this case there exists a *-homomorphism 9 : Qqx = Miy41)(C*(F2)) with o (p) =

diag(/\1E127/\2E12, . ,/\21+1E12), where )\Qk =1 /\2k+1 =

C2A+1 2004+1°

O

The problem of classification of all representations of Q4 x(*), A € A4 pq is very difficult as
it follows from Proposition 6. However, if we restrict ourself to representations such that the
images of the generators ¢;, i = 1,2, 3, 4 are selfadjoint, this problem reduces to the problem
of describing representations of the %-algebra C(z,z2,z3,€e | {z1,22} = z3,{z1,23} =
Do, {@2, 23} = 71, (A—2)2 (22 + 22+ 23 +1/4e) = 1,2} = x;), A # 2, a factor *-algebra of the
graded analogue of the Lie algebra so(3) (see section 4.1). Representations of the graded
s0(3) are classified in [GoP], see also [0S2]. According to this result there exists a unique,
up to unitary equivalence, irreducible representation of Py x for A = 1+ 2/(2k + 1), acting
in a (2k + 1)-dimensional vector space and there are four non-equivalent representations of
P,z acting on (k+1)-dimensional space if A = 1+2/(2k+2). If A = 2, P, 5 has uncountable
set of irreducible unitarily non-equivalent representations which are one or two-dimensional
(see [OS2][Section 2.2.1]).

4.3 Representations of Q4 ,(*) by unbounded operators

As we already know, for each X\ € C the algebra Q4 and therefore Q4 (*) is non-zero.
Representations of Q4 » or Q4 (%) by bounded operators on a Hilbert space exist, however,
not for all A € C (see Proposition 4).
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Proposition 7. Agynpg =C

Proof. In order to prove the statement it is enough for each A € C to give a concrete
construction of unbounded representation of Q4 x(x). We follow [RSS].
Let ¢(-), ¥(-) be the following idempotent matrix-functions from C to M (C):

[t t—t ot (-1t
Consider a sequence of complex numbers z; = j(A/2 — 1), j € N. Let H = [, and fix an
orthonormal basis, {e;,7 € N} in H. Define operators ), Q;r on the set, ®, of finite vectors,

i.e. finite linear combinations of e;, so that their matrix representations with respect to this
fixed basis are given by

Q1 = diag{p(x1), p(23),¢(T5),-- - },
Q2 = diag{¢)(x1),(23), Y (w5),-- . }»
Q3 = diag{l, p(z2), p(z4), p(T6),- - },
Q4 = diag{1,¢(z2),9(z4),%(z6),... }

?

QF = diag{p(z1)*, 0(23)*, 0(25)", ... },
= diag{(z1)*,Y(x3)*, ¥ (x5)*, ... },
Q3 = diag{1,p(22)*, p(x4)*, p(w6)*, ...},
= diag{1,¢(z2)*, ¥(z4)*,Y(x6)", .- },

where A* is the adjoint matrix to the matrix A. Clearly, ® is invariant with respect to
Qi, QF, i =1,2,3,4. Moreover, direct calculation shows that Q% = Qi, (QN)? = QF,
2?21 i = M, 2?21 QF = M. Setting 7(g;) = Qs, 7(q}) = QFf, D(r) = @, and then
extending 7 to the whole algebra Q4 () we obtain a s-representation of Q4 »(x). O

We remark that the construction given in the proof can be derived from one given in
section 4.1.

In the same way as we obtained, in sections 4.1, 4.2, some bounded representations
of Q4x and Q4 »(*) from representations and, respectively, unitary representations of the
compact group SU(2) (or representations of the corresponding Lie algebra), unbounded
representations of Q4 » and Q4 »(*) can be obtained from representations and, respectively,
unitary representations of the Lie group SL(2,R).

Let A # 2 and let U(sl(2,C)) be the universal enveloping algebra of s/(2,C) with the
basis X7, X5, X3 and the relations

[X15X2] = X3> [X2)X3] = Xl) [X37X1] = XZ- (8)

Denote by A the Casimir operator X7 + X3 + X3. In the algebra U(sl(2,C)) ® M»(C)
. 0 1 0 1 —i 0
c0n51dertheelementsx1=X1®( ; 0),x2:X2®(_1 0>,x3:X3®( 0 i )
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It is easy to check that they satisfy the relations {z1, 22} = 3, {22,253} = 1, {23, 21} = 22.
We set

A—2 A
Q1=—(—z1 + 22+ 23) + =,
2 4

A—2 A

Q2 = 2 (x1 — 22+ 23) + —,

229 A 9)

Q3 = B (5171 +.’II2—SE3)+Z,
Q _E(_ — g — )+§
4 — D) I I I3 4

Then, Q1 + Q2 + Q3 + Q4 = AI. Moreover, );, i = 1,2,3,4, are idempotents iff

N 1 1

A=z} +a3+25= T
It follows from the representation theory for si(2,C) that for any A € C there exists a
representation of U(sl(2,C)) such that the range of the Casimir operator is (3 — ﬁ)[

(see [V]). Namely, let x = (I,¢), where [ is a complex number and ¢ € {0,1/2}. With each
such pair x we associate a space

N 1
Dy ={f € C*(R) | f(z) = [a]" (sgnz)* [(-) € C=(R)}.
Consider now representations T, of SL(2,R) on D, given by

Az + 7y

Ty(9)] () = |6 + 0" sgn** (B + ) (5~

);

where g = ( ’)\y g ) € SL(2,R) (see [GGV, V]). The infinitesimal operators of these
representations are

Ay =2z + (1 —2?)

Ay = =2lz + (1 + 2

Az =20 —2zL.

a

dz’
d
dx?

They satisfy the relations A1A2—A2A1 = —2A3, A2A3—A3A2 = —2A1, A3A1—A1A2 = 2A2
Let Xl = ZA1/2, X2 = A2/2, X3 = —ZA3/2 Then X]_, X2, X3 satisfy (8) on DX with
A= X}?+ X3+ X2 =-I(1+1). Obviously, a solution I € C of 1/(A—2)2 —1/4=1(1+1)
exists for any A € C. Therefore there exist linear operators @1, Q2, @3, @4 on Dy, such
that Q1 + Q2 + Qs + Q4 = A and Q? = @;. We have the following expressions for Q;,
i=1,2,3,4:

_A=2 — Az Al + As A _A=2 —As —A; — A, A
@ = 4 (Al—Az As +4’Q2_ 4 A — Ay As T
_A=2 As Ax — Ay A _A=2 As A — Ay A
Qs = 4 (—A1—A2 — A3 )+4’Q4_ 4 (A1+A2 — A3 T

The operators Q;, i = 1,2, 3,4 define a representation of Q4 , on D, @ C2.

7
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It is known that for some values of x one can introduce a scalar product (-,-) in D,
which is invariant with respect to the representation T}, i.e., (p,%) = (Tx(9)p, Tx(9)¥),
¢,¥ € D,. The completion of D, with respect to the norm ||p||> = (p,¢) gives us a
Hilbert space H, and the continuous extension of T, to H, gives a unitary representation
of SL(2,R). In this case the infinitesimal operators AX of T, will be skew-selfadjoint, i.e.
(Ax)* = —AX,

Recall that D, possesses an invariant scalar product in the following cases:

a)l=-1/2+4+1ip, pe R e€{0,1/2} and A =2 +is, s € R, s # 0, the corresponding
representation T, is called a representation of the principal series;

b) -1 <1<0,l# -1/2,¢ =0 and A € (—00,0) U (4,+00), the corresponding
representation T, is called a representation of a supplementary series.

For | € %Z, I < —1 and ¢ satisfying the condition [ + € € Z the corresponding space D,
has two subspaces F;", F;~ which are invariant with respect to the operators T} (g). It is not
possible to introduce an invariant scalar product on D,, but it is possible to do it on each
of these subspaces. The corresponding subrepresentations of T}, are called representations
of the discrete series. In this case A takes values 2 + %, keN

Taking the infinitesimal representation of a unitary representation of SL(2,R) in a
Hilbert space H we define the (unbounded) operators Q;, i = 1,2,3,4 on H & H as above.
These operators are densely defined and clearly, there exist a dense invariant domain D
such that the the equalities (Q1 + Q2 + Q3 + Q1) = Ay, Q79 = Q; hold for any ¢ € D.
Moreover, if A is real then Q7 O @3, Q3 D Q4.

4.3.1 Unbounded idempotents the sum of which is zero

The rest of the section is devoted to a detailed discussion of unbounded representations of
Q4,0(%). Note that idempotents whose sum is zero were studied in [BES] in connection with
their investigation of the concept of logarithmic residues in Banach algebras. We will study
representations of Q4 ¢(*) under some additional conditions which will allow us to classify
them up to unitary equivalence.

Having these unbounded representations we construct a C*-algebra 2 and unbounded
elements ¢1,g2, g3, g4+ which are affiliated with 2 such that any non-degenerate representation
of A extended to its affiliated elements gives us an integrable representation of Qg g(*)
defined below. Moreover, any integrable representation with some extra condition can be
obtained this way.

1. Hilbert space level.

Consider new generators in Q4 o(*) given by p = (g1 + ¢2)/2, ¢ = (g5 + @1)/2, r =
(g1 — @2)/2, s = (g3 — q4)/2 and their adjoint. Direct computation shows that relations
G +e@+a+qa=0q¢ =g,i=1,...,4, are equivalent to the following ones:

pr = (l_p)a ps:S(—l—p),
1-p), 8 =—p(p+1). (10)

Let A4 be the quotient of Q4 0(x) by the two-sided x-ideal generated by the elements
pr* —rp, ps* — sp and p — p*. So we have additional relations in A4 o, namely,

pr* =rp, ps* =sp, p=p". (11)

In what follows we will study representations of A4 0. Obviously, any *-representation of
Aa is a representation of Q4 o(x).
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Henceforth, H,(A4,...,A,) will denote the set of joint analytic vectors for selfadjoint
operators Ai,..., A, (see [S]). Also, a linear set ® will be called a core for a closed operator
A if ® C D(A) and the closure of the operator A restricted to the domain ® is equal A.

Definition 1. We say that closed operators (p = p*, ¢ = ¢*, r, s, r*, s*) is a representation
of commutation relations (10) — (11) on a Hilbert space H if there ezists a linear dense subset
® C H such that

1. & c Ha(p: q, T*T', S*S);

2. ® is a core for the operators v, r*, s and s*;

3. relations (10) — (11) hold on ®.

A family {A4; | j € J} of closed unbounded operators on a Hilbert space H is called
irreducible if decomposition A; = B; @ C; for all j € J with respect to an orthogonal direct
sum H = Hy @ H> is only possible when either Hy = {0} or Hy = {0}, or equivalently if

{C e B(H)| CA; C A;C and C*A; C A;C*,j € J} = CI.

These and other definitions and facts from the general theory of unbounded representations
of algebras and relations can be found, for example, in [S].

Remark 4. The operators p = p*, ¢ = ¢*, r, s, r*, s* satisfying the conditions of Def-
inition 1 define a representation, m, of A4 and Qq0(*) on the domain & in the sense
of definition given section 2.3. This domain is not unique and therefore there are many
x-representations of A4 corresponding to the closed operators p = p*, ¢ = ¢*, r, s, ¥,
s*. Among them there is a unique selfadjoint representation 7*. This representation is
irreducible iff the family of the closed operators is irreducible, two such representations are
unitarily equivalent iff the corresponding families of closed operators are unitarily equivalent
(see Remark 1).

In what follows we mean these selfadjoint representations when we talk about integrable

representation of the x-algebra A4 .

Let O, be the trajectory of the point x with respect to the mappings Fi(z) = 1 — z,
Ey(z) = —-1-=z,ie., Oy ={F;, ... F;,(z) | i € {1,2},n € N} = {(-1)"(z—n), (-1)"(—z—
n) |n € NU{0}}.

Let Of = {F;,...Fi(0) | ix € {1,2},n € N} = {(-D)*'k | k € N} and Oy =
{F;, ... F5(0) | i, € {1,2},n € N} = {(-1)*k | k € N}.

Denote by l5(K) the separable Hilbert space with the orthonormal basis {e,},cx

Theorem 1. Any irreducible integrable representation w of the x-algebra A4 in a Hilbert
space H such that ker p # {0} is unitarily equivalent to one of the following:
I H=15(0,)

pep = pey

gep = —pey

re, = (1—pleiy (12)
sep = —(1+p)e—1y

where A € (—=1/2,1/2) \ {0}.
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II H = lz(ol/g)

pep = Heu
gey = —pey
e — { aey /s p=1/2 (13)
g (I-peiy p#1/2
se, = ~(L+mer,
where a = £1/2, s = +1.
III H = l2(0_1/2)
pep = pep
€p = —Heu
rey, = (1—pleiy (14)
s€e, = ae—1/2 r= _1/2

—A+per—y p#-1/2
where a = £1/2, s = £1.

IV. H = 1,(07)
pey = Hey
gy = —HEy
re, = (1—mer s (15)
se, = { 0 ==
ol M+ pemioy p#E-L
V. H = 15,(0f)
pep = Hep
gy = —Hey
e — { 0 p=1 (16)
z (-mwein n#l
s = —(L+me 1y

Proof. Let p, q, r, s be closed operators satisfying the conditions (1) — (3) of Definition 1,
E,(-) the resolution of the identity for the selfadjoint operator p and r = u,|r|, s = ug|s|
the polar decompositions of the closed operators 7, s. Here |r| = (r*r)Y/2, |s| = (s*s)'/2,
keru, = kerr = ker |r| and keru, = ker s = ker|s|. By [0S2], we conclude that

p, |r| and p, |s| commute strongly,
(i.e. in the sense of resolutions of the identities)
Ey(A)ur = urEp(1 — A), Ep(A)us = usEp(—1 — A), VA € B(R). (17)

Here B(R) is the Borel o-algebra on R. Assume first that kerp(l — p)(1 + p) = {0}.
Since 7?9 = p(1 — p)¢ and s%p = —p(1 + p)p, ¢ € ® we have that kerr C kerr? = {0},
kers C kers? = {0} and wu,, u, are unitary operators. The equality pr*¢ = rpy gives
pr*re = r%(1 — p)p which implies |r| = |1 — p|. From (17) one can easily derive that
u,D(|1 - p|) € D(p|) and

lplury = ur[1 = plp, ¢ € D(|1 - p|) = D(p).
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From r2¢ = p(1 — p)y we have u,|r|r¢ = p(1 — p)y for any ¢ € ® and, since rp € D(p),
pluz|1=ply = p(1-p)p and u} = sgn(p(1—p)). Setting u1 = sgn(p)u,, we get r = u1 (1—p).
Similarly, |s| = |1 + pl|, u? = sgn(—p(1 + p)) and s = —ua(1 + p), where uy = sgn(p)us.

It follows from (17) that if A € B(R) is invariant with respect to the mappings Fj(\) =
1— A, F5(A) = —1 — X then E,(A) commutes with p, r, s, 7*, s* in the sense E,(A)T C
TE,(A) for T = p,q,r,s,r*,s*. Therefore, if (p, g, r, s, r*, s*) is irreducible then
E,(A) = c¢I, where ¢ = 0,1. One can easily check that the set 7 = [-1/2,1/2] intersects
every trajectory Oy exactly in one points which implies that the spectral measure Ep(-) is
concentrated on an orbit Oy for some A € [—1/2,1/2] if the representation is irreducible.
Searching irreducible representation we can assume now that the representation space H is
a direct sum ®,c0, Hy,, where H, is an eigenspace of p corresponding to the eigenvalue p.

If A #0,£1/2 one can easily check that the linear span of the vectors {u;, ...u;.e| i €
{r,s},k € NU{0}}, where e € H), is invariant with respect to the operators p, q, r, s, r*, s*
and moreover the operators restricted to the closure of this subspace define an irreducible
representation which is given by formulae (12).

If A = 1/2 then u,Hy/y C Hyjp. It is not difficult to see that, given an irreducible
representation, the operator u, has an eigenvector e € Hy /5 and the vectors {uiy - .. ujuge |
ir €r,5,k € NU{0}} build a basis of the representation space The corresponding irreducible
representation is given by (13).

Representations related to the orbit O_;/, can be obtained in a similar way. Note that
there is no representation related with the trajectory Og such that ker p(1—p)(1+p) = {0}.

If ker(1 — p)(1 + p) # {0} and ker p = {0} then using the same arguments one can show
that r*r = [1—p| s*s = [1+p|, u; = sgn(p(1 —p)), u = sgn(—p(1 +p)) and 4} [ker(1—p) =0,
Uilker(1+p) = 0. Moreover W1 = ®pents(uru,)® ker(l — p) & Gren(urus)® ker(l — p) and
Wy = @rentr(usu, )k ker(1 + p) © @ren(usu,)* ker(1 + p) are invariant with respect to the
operators p, q, r, s, r*, s* and the corresponding irreducible representation are given by
(16) and (15) respectively.

Clearly, W1 L W5 and any representation space H can be decomposed into a direct sum
of invariant with respect to the representation subspaces, namely, H = W; & Wy & W3,
where W3 = (W @ Wa)L. Moreover, if ker p = {0}, we obtain ker p(1 — p)(1 + p)|w, = {0}.
Setting u; = sgn(p)u, on (ker(1—p))*, us = sgn(p)u, on (ker(1+p))* and extending them
to ker(1 — p) and ker(1 + p) in a way that u1, us are unitary and satisfying (17) we get that
the operators p = pp1, § = qp1, ¥ = u1(1—p)p1, § = —u2(1+p)p1, where p; is the projection
onto Wi, define a representation of Asg on Wi, and p = ppe, § = qpo 7 = ui(1 — p)pa,

§ = —ua(1 + p)p2, where p, is the projection onto Ws, define a representation of A4 on
W,. Moreover, any representation on W; and Wy can be obtained this way. The proof is
finished. 0

2. (C*-algebra level

In the sequel, we use the following notation. The set of multiplier of a C*-algebra A
is denoted by M (A). The notation TnA means T is affiliated with the algebra A and zr
denotes its z-transform. We write Mor(A, B) for the set of morphisms from A to another
C*-algebra B. For the definition and facts related to these notions we refer the reader to
[W1].

It follows from the proof of Theorem 1 that any representation (p, g, r, s) in a Hilbert
space H provided kerp = {0} is of the form: a = a' @ a® ® a®, where a € {p,q,r,s,7*,5*},
a® are operators on W; , i = 1,2,3 described in the proof. Moreover, p¢ = (p)*, ¢* = —p?,
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ker(1 —p*)p*(1+p?) = {0}, Sp(p") C OF, Sp(p®) C Oy , " = ui(1 —p'), 8" = —ub(1 +p'),
where u}, u} are unitary operators such that

(u’i)z = ]-7 (UZZ)2 = ]-7 (uzl)*pzuzl =1 _pi7 (u;)*pu; =-1 _pi7 i= 17273' (18)

Our aim now is to define a C*-algebra 2| generated by selfadjoint element p = p* and unitary
elements uy, us satisfying (18) and affiliated with 2. Namely, we look for C*-algebra with
the following universal property: for any C*-algebra ' and any Uy, Us, P n 2’ such that
Ui, Us are unitary, P is selfadjoint and Uy PU; = 1— P, UjPUy, = —1—-P, U2 =1,U2 =1,
there exists unique ® € Mor(%,2l') such that ®(u;) = Uy, ®(u2) = Us, ®(p) = P.

Let A = Coo (R) Xy (Z2 X Zs), where Coo (R) is the algebra of all continuous, vanishing
at infinity functions on R. The action a of Zy X Z2 on Coo(R) is defined by

(95)(&) = f(49),

where the action on the real line R is given by

g€ =1-¢ g2 =-1-¢

for the generators g1 € Zs, go € Zo.
Then there exist unitary operators uy, us € M (2l) such that

uifuy = g1 f, usfus =92f7U% =1, u% =1

Let now p be the function defined by p(§) = € for all £ € R. Clearly, p n Cx(R), (1 —

p) 1 Cx(R), (=1 —p) 7 Coo(R) and since the embedding Coo (R) — Cop (R) X (Z2 X Zs) is

in Mor(Coo(R), ) we have p, (1 —p), (-1 — p) n A and ulpu; = g1p, udpus = gop.
Clearly, 2 possesses the universality property defined above.

Proposition 8. The elementsr = u1(1—p), s = —u2(1+p) are affiliated with A. Moreover,
there is a dense domain, D, of 2 such that relations (10) hold on D.

Proof. The first statement follows from [W1, Example 2] and the fact that uq, us € M ()
are invertible and (1 — p), (1 + p) n 2. In this case D(r) = D(s) = D(p). One can easily
check also that the relations hold on D(p?) which is dense in 2. O

By [W2][Theorem 3.3], the affiliated elements p, g, v, s generate the C*-algebra 2: for
any Hilbert space H, any C*-subalgebra, B, of B(H) and any non-degenerate representation
7 of A on H we have n(X;) n B for X; = p,q,r, s implies 7 € Mor(2, B).

We see also that any representation of 2 generates a representation of A4 ¢ satisfying
the conditions of Definition 1. Moreover, any such irreducible representation is unitarily
equivalent either to one from Theorem 1 or to one-dimensional zero representation 7(z) = 0,
x =p, q, r, s. Conversely, for any representation P, Q, R, S, R*, S* of A4 defined in
Definition 1 and such that ker P = {0} there exists a representation = of 2 having the
property X = 7(z), (X,z) = (P,p), (Q,9), (R,r), (S, s)(R*,r*), (5, s%), where 7(z) is the
unique extension of 7 to the affiliated elements.

One can also define idempotents ¢1, g2, ¢3, g4 with the zero sum in a way that all of

them are affiliated with 2(. Further we will use the following statement from [W1]:
Let A be a C*-algebra; a, b, ¢, d € M(A) and Q = Cll)’ _ai ) Assume that (1)

ab =cd, (2) a*Ais dense in A, (3) dA is dense in A, (4) Q(A @ A) is dense in A @ A. Then
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there exists T'n A such that 1. dA is a core for T' and T'dx = bx for any z € A. 2. For any
z,y € A
( z € D(T) and

y=Tx )@(ay:cx)

If ) is invertible then D(T') = dA.
Using this statement we prove the following

Proposition 9. There exists elements q1, g2, g3, g2 1 A and a dense domain D such that D
is invariant with respect to q;, ¢, D is a core for any q; and ¢ and the relations Z;l:l q; =0,
Z;l:l gt =0 and ¢ = q;, (¢})* = ¢} hold on D. Moreover, 1z = px + 1T, @2 = pr — 1z,
q3T = —pz + ST, ux = —px — sx for any x € D.
Proof. First we will prove the existence of ¢;. Let

a=d=(1- z§)1/2(1 - zf_p)l/Q, b=c=2z,(1- zf_p)l/2 +urzg_p(l — zg)1/2
Then, clearly, ab = c¢d and a*2 = d2 is dense in 2. We have also

v [ d*d+ %D, 0
QQ_( 0, cc*+aa*>'

We state that Q*Q(A @ 2l) is dense in 2 @& A. It is enough to see that (d*d + b*b)2 and
(cc* + aa*)A are dense in 2. Assume that (d*d + b*b)2 # A. Then there exists a pure state
w on 2 such that w((d*d + b*b)x) = 0 for any = € A. Let 7 be the GNS representation of
2 acting on a Hilbert space H, and Q2 € H, be the corresponding cyclic vector such that

w(z) = (Q, 7(2)?)

for any z € 2. This gives that the range R(w(d)*n(d) + w(b)7(b)*) belongs to the set
{p € Hy | (Q,90) = 0}. Since the operators w(d)*n(d) and w(b)w(b)* are positive and
commute with each other, we have that Q € kern(b)w(b)* Nkern(d)*m(d). This contra-
dicts the statement that d2l is dense in 2. Using the same arguments one can show that
(ce* 4+ aa*)? = A. The statement about density of Q (A @ 2) can be easily derived from the
density of Q*Q(A @ A).

Let ¢; n 2 be the operator from the previous statement. Then d2l is a core for ¢; and
iz = px + rx for any z € d. Similarly, we can construct ¢; n 2, ¢ = 2,3,4 such that d
is a core for ¢z, g2z = px — rz for any z € d2 and d'A := (1 — z§)1/2(1 — zfﬂ,)l/QQl is a
core for g3 and q4, @3 = —px + sz, qux = —px — sz for any z € d'A. Set D = D(p?). Then
D = d?l = d'? and D is a core for all idempotents ¢1, g2, g3, 4. Moreover, the relations
@i +¢+q3+q=0, ¢’ =g hold on D. O

Remark 5. It was proved in [BES] that Q4 and therefore Q4(*) is not trivially B-
representable, i.e., there exists no non-trivial isomorphism of Q4 into a subalgebra of a
Banach algebra and respectively *-isomorphism of Q4 (%) into a *-subalgebra of an invo-
lutive Banach algebra . We have shown that there exist a C*-algebra 2 and unbounded
elements g1, g2, g3, g2 which are affiliated with 2 and such that ¢1 +¢2+g3+q1 = 0, ¢Z = ¢,
¢+ ¢ +q;+q; =0and (¢f)? = ¢f on a dense invariant domain of 2.

3. Again representations

Next result shows that the class of unbounded representations of A4 satisfying the
conditions of Definition 1 is *-wild (see [T] for the definition of %-wild unbounded represen-
tations).
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Proposition 10. The class of integrable representations of A4 is x-wild.

Proof. Let a, 8 > 0 and let &5 be the x-algebra generated by selfadjoint elements a and b.
Consider the set R of all representations 7 of G4 such that ||7(a)|| < @, ||7(b)|| < 8. Denote
by 24 g the completion of Go/{z : |||z]|| = 0} under |||z||| = sup{||p(2)|]; p € R}.

Let H be a separable infinite dimensional Hilbert space with an orthonormal basis
{ek}rez, let P, be the orthoprojection onto Cley), k € Z. We consider operators v, w
defined by vep = egt1, vept1 = ey if k is even and wey, = egy1, wegr1 = e if k is odd.
Clearly, (Pay, + Pogy1)H (respectively (Pogy1 + Pogyo)H) is invariant with respect to v
(respectively w).

Let now

. e 0 . e
p= Ek;ﬁo(_l)kﬂkpk ® ( 0 e ) » 4= Ek?&o(—l)kkpk ® ( 0
e
0

T = (Zk¢0(2k‘ + 1)vPoy — 2kvPapt1) @ ( 8 (e) ) + 0P ® (

§:(Zk¢0(2k+1)wP2k+2—(2k+2)P2k+1)®(8 2)+wP0®(8 ¢ ““b).

Here e is the identity element in A, 3. We write H for the Hilbert space PoH ® PoH ®
PyH® ((I — Po)H & (I — Py)H) Let CB(H) be the C*-algebra of compact operators on H.
Direct verification shows that p, g, 7, § are affiliated with the C*-algebra CB(H)® Aq, (the
completion of the algebraic tensor product of CB(#H) and Aq g with respect to a C*-norm,
it does not depend which one). Moreover, since any representation of CB(H) ® Aq g is of
the form V~1(id ® m)V, where V is a unitary operator, id is the identical representation
representations of CB(H) ® Aa g, i.€., if m1, m2 are different non-degenerate representations
of CB(H) ® A then i (x) # ma(z), where z is one of p, ¢, 7, s. In fact, if V;"'(id ®
m)(z)Vy = Vi Hid ® m2)(x)Va, © = p,q,7,8,7*, 8%, direct verification shows that V™! =
I®V, where Vm = mV and therefore Vl_l(id ®@m)V1 = V{l(id ® 7o) Va. Besides, since
IT+7°) ' = 01+ F) 'R ( g 2 ), (I+p*) ! € CB(H)® Aq,p. Therefore, by
[W2, Theorem 3.3], p, G, 7, § generate the C*-algebra CB(H) ® Aq. 3.

Let D =1ls. {a®b|a € CB(H),a € F,b € Ay}, where F is the space of finite-
dimensional operators in H. Then D is dense in CB(H) ® A, g and invariant with respect
to P, 4, 7, 3, D is a core for the elements p, ¢, 7, § and p, G, 7, § satisfy relations (10)—
(11) on D. Moreover, with ¥(p) = p, ¥(q) = §, ¥(r) = 7, ¥(s) = § the representation
(m(¥)(p)), m(¥(q)), w(¥(r), w(1(s))) of A4 satisfies the condition of Definition 1 for any
representation m of CB(H) ® Aq,s. From this it follows that the class R is *-wild.

The mapping ¢ defines a functor Fy from the category Rep(Aq,3) of non-degenerated
representations of A, g to the category Rep(As,) as follows:

o Fy(m)(z) = (id® 7)(¢(z)) for any m € Rep(Aap), T =p,q,7,5,
e Fy(A) = E® A for any operator A intertwining 7y and m € Rep(Aa,g)-

Since id ® 7 is a representation of CB(H) ® A, g it can be uniquely extended to affiliated
elements ¢ (p), ¥(q), ¥ (r), ¥(s). It follows from [T] that the functor Fy is full. O
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5 Representations of algebras Q,, , and *-algebras Q, »(x),
n>>5

5.1 Algebras 9, ,, n > 5, and their representations

For each n > 5 and A € C the algebra Q, » is non-zero and contains as a subalgebra the
free algebra with two generators, [RSS].

In this paper we do not give the description of the whole set Ay, z4 for n > 5 but some
facts concerning this set. For other results see, for example, [Wu2, Wal].

As it was noticed before, Ay r¢4 C Q. On the other hand, A, fq contains the set X, rq =
{a € R | 3H,dimH < oo, orthoprojections Pi,..., P, such that > P, = al}, the last
being studied in [KRS]. By [KRS], the following statement holds.

Proposition 11.
Q> An,fd D AL UA?L

where
1 1 1
AL =1{0,1+ , 14 U S .
n (n—1) _ 1 oy 1
! A ) R A —
~(n-1)
. 1 1 1
A"_{1’1+(n—2)’1+( ) > ,1+(n_2)_ T 1 .
(n—2) (n—2)— -
~(n-2)

As to the description of finite-dimensional representations of Q, 4, A € Ay, t4, up to
similarity, this is an open question now.
Concerning the set A, 34, n > 5, we have the following

Proposition 12.
An,bd =C, (n < 5)

Proof. For each A € C, we give, following [RS], a concrete construction of five idempotents
Q; € B(H), whose sum is equal to AI. Let H = l» @ Iy ® l» and let Z denote the identity

operator on l. Define QQ;, i =1,...,5, in the following way:
al 3ol VT al —=3aZ bT
Qi=| aZ 3aZ bI |,Qa=| —aZ 3aI VT
al 3al VT al —3aZ VT
4a7 0 =207 2¢c 0 2dcSy
Qs = 0 0 0 , Q4 = 0 2cZ 2dcS;
—2aZ 0 bT S1 ST dT
2¢T 0 —2dcSt
Qs = 0 2c  —2dcS3

-S1 =51 dz

where a = (5 —2X)/6, b= (AN —"17)/3, ¢ = BA\—=5)/4, d = (7T —3X)/2, and S1, Sz are
operators of a representation of the Cuntz algebra Oz ([Cu]). Recall that O is a unital
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x-algebra generated by si, s2, s7, s5 and relations sfse = 0, s751 = e = 5552 = 5187 + 5255.
Direct verification shows that Q; = Q?,i=1,...,5,and Q1 + Q2+ Q3+ Q41+ Q5 = A\I. O

Note that the construction which is given in the proposition is a generalization of an example
in [BES] of five idempotents with zero sum.

5.2 x-Algebras Q, ,(x), n > 5 and their *-representations by bound-
ed operators

As we already know, Appq = Cif n > 5. As to representation of Q, x(x) we have the
following

Proposition 13. x-Algebra O, x(x) is not of type I for each A € C andn > 5, i.e. for each
A € C it has a factor-representation which is not of type I.

Proof. It is enough to show that the x-algebras Qs (*) is not of type I for each \ €
C. It is known that the Cuntz algebra O, is of not type I. So, there exists a factor-
representation, p, of Oy such that the double commutant p(O2)" is not of type I. Consider
now a representation, m, of Qs x(x) given in Proposition 12 with S; = p(s;), i = 1,...,5.
Direct calculations show that the commutant m(Qs x(x))" coincides with {diag(C,C,C) |
C € p(02)'} and m(Q5.2(%))" = M3(N), where N' = p(O,)". Since N is not of type I,
M;3(N) is not of type I, completing the proof. O

For many o € R we can say even more: there exist a € R such that Q, x(x) and even P, o
is x-wild.

Proposition 14. The x-algebras Qp o (*) (n > 5) are x-wild for o from the following sets:
((l) A4,bd = {2:|: Q/k(k € N),Z},
(b) An,orb(Z) = {Oé() =2,ap = (n - 1) - 1/(ak—1 - l)ak € Z}:
(C) An,orb(n/Z) = {(10 = TL/Q,Otk = (n - 1) - 1/(ak—1 - 1)ak € Z}

Proof. (a) Qna(x) (n > 5) is *wild for o € Aygpq because Q4,q(*) is *wild for every
o € Ay pq by Proposition 6.

(b) By [OS2][Theorem 57], [KS2][Theorem 4] the unital *-algebra Pz 1o = C{r,ry,72 |
r=r*r2 =rrf =r,r2 =r,riry = 0) is *-wild. Setting ¥(p1) = r, ¥(p2) = e —r,
Y(ps) = r1, Y(pa) = 72, Y(ps) = e — r1 — ro for the generators p;, i = 1,...,5, of Ps 2,
we obtain a *-epimorphism from P52 to Ps, 12 so that Ps |5 is a factor x-algebra of Ps 2.
This shows that Pso and therefore P2, n > 5, is *-wild. Then the Coxter functors
F:Pno—= Ppiti/tn—a-1) and R: Py o = Py n1_1/(a—1), constructed in [KRS], spread
out the x-wildness to all points

[ AS An,orb(2) = { , 01 = 1-}-5,&0 =201 =n—2,...,0 = (n—l)—ﬁr..}.
The set A, or5(2) is the two-sided orbit of the point {2} with respect to the dynamical system
a— fla)=n-1)-1/(a—1).

(c) By [OS2][Theorem 55], the unital x-algebra Ps3ognti = Clwi,i = 1,2,3 | wf =
wi,wf = e,wywy = wow; = 0) is *-wild. The x-algebra ’P575/2 is itsfactor x-algebra with
corresponding *-epimorphism 1 given by ¥ (p1) = (w1 + V3ws + 2€)/4, ¢¥(p2) = (w1 —
V3ws +2€) /4,9 (ps) = (~wi+e)/2, P(ps) = (w3 +€)/2, ¥ (ps) = (~w3 +¢€)/2. Since Py 5/

is a factor-x-algebra of Py, 11, (2n41)/2 for each n > 5, we obtain that Py, 11 (2n41)/2 is *-wild
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for any n > 2. Since the x-algebra Ps o is *-wild, by the same arguments, we obtain that
Ps,3 and Pap, pn, n > 3 are x-wild. Then, using the Coxter functors F' and R we get that the
x-algebras P, o are x-wild for any

1
g,...,ak:(n—l)—

a € An,orb(n/2) = { e, 01 = 1+ , g =

Lk

n—2 ap_1 — 17"

The set Ay orp(n/2) is the two-sided orbit of the point {n/2} with respect to the dynamical
system a = f(a) =(n—-1) - 1/(a —1). O

Restricting ourselves to #-representations of P o, or, equivalently, *-representations
of Qp a(x) with the condition that the images of ¢; are selfadjoint, we can give the full
classification of such *-representations for @ € A, UAZ. If a € A} there exists a unique,
up to unitary equivalence, irreducible representation of Py 4, but if a € A2 there are n
unitarily non-equivalent irreducible representations of Pp, o (see [KRS]).

5.3 Representations of 9, , n > 5, by unbounded operators

We do not study here unbounded representations of Q, x, n > 5 as the structure of bounded
representations of Q, x (n > 5) is already very complicated.
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