DUAL BIALGEBROIDS FOR DEPTH TWO RING EXTENSIONS

LARS KADISON AND KORNEL SZLACHANYI

ABSTRACT. We introduce a general notion of depth two for ring homomor-
phism N — M, and derive Morita equivalence of first and third relative com-
mutants, R = Cp(N) and C = End y_ (M ®n M), via dual bimodules and
second relative commutants, A = End y My and B = (M @y M)Y. Lu’s
bialgebroids End y A’ and A’ ®; A’°P over a k-algebra A’ are generalized to
left and right bialgebroids A and B with B the R-dual bialgebroid of A. We
introduce Galois-type actions of A on M and B on End yM when My is
a balanced module. In the case of Frobenius extensions M|N, we prove an
endomorphism ring theorem for depth two. Further in the case of irreducible
extensions, we extend previous results on Hopf algebra actions in subfactor
theory [38] and its generalizations [19] by methods other than nondegenerate
pairing. As a result, we have concrete expressions for the Hopf algebra struc-
tures on the step two centralizers. In the presence of depth two, we show that
biseparable extensions are QF.

1. INTRODUCTION

Poisson and symplectic groupoids were introduced by Weinstein in [41, 42] in
the late eighties. The notions extend to noncommutative algebra via Lu’s notion of
Hopf algebroid [23] or bialgebroid with antipode. Some time before this, Takeuchi
[39] introduced the notion of x g-bialgebras based on studies of isomorphism classes
of simple algebras and earlier work by Sweedler [36]. A special case of this extended
notion of bialgebra is Ravenel’s commutative Hopf algebroid introduced in the study
of stable homotopy groups of spheres [31]. Etingof and Varchenko [10] associated
a Hopf algebroid to any dynamical twist [1].

There is a quite different motivation coming from physics. In algebraic quantum
field theory [13] the quest for finding a 2 dimensional analogue of the Doplicher-
Roberts theorem [7] (applies to quantum field theories in d > 3 spacetime di-
mension) has lead the authors of [2] to introduce weak C*-Hopf algebras (called
also quantum groupoids [28]). The basic theory of weak Hopf algebras have been
developed in [3, 29, 4]. It turns out that bialgebroids and x g-bialgebras are
equivalent[43, 44, 5], while weak Hopf algebras, Hayashi’s face algebras, Maltsino-
tis’s groupoid quantiques occur as special cases [9, 29, 28].

In this paper we will bring the notion of bialgebroid together with a notion of
depth two in the classification of subfactors [30]. Finite depth is a property of the
standard invariant of the Jones tower of subfactor pair N C M [11, 16]. One forms
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the Jones tower N C M C M; C M, C --- by iterating the basic construction
M; = (M;_1,e;) where the e; are the braidlike idempotents. The tower of relative
commutants are the finite dimensional semisimple algebras V,, = Hom y_u, (My,).
Finite depth is then the condition that the generating function ), ., dim(V;)z"
be rational; of depth n if V,, = V,,_1e,V,,_1. Depth two inclusions are fundamental
among finite depth finite index inclusions via a Galois correspondence with weak
C*-Hopf algebras and their coideal x-subalgebras [27] (in a role similar to Ocneanu’s
paragroups).

In this paper we investigate the fundamentals behind this trend beginning in
operator algebras and noncommutative Galois theory of associating groups and
quantum algebras to certain finite depth algebra extensions. Noncommutative Ga-
lois theory for operator algebras was the point of departure for Vaughan Jones’s
theory of subfactors [15]. In [38] finite dimensional Hopf C*-algebras or Kac al-
gebras are associated to finite index irreducible subfactors of depth two. In [26]
certain weak Hopf C*-algebras [3] are associated to non-integer index subfactors
of finite depth with Galois correspondence [27]. In [19] the depth two notion and
results of [38] are extended to an algebraic analog without trace: certain semisim-
ple Hopf algebras are shown to have a Galois action on split separable Frobenius
extensions with trivial centralizer. As we show in Section 8 of this paper, a similar
Hopf algebra H may be associated to an irreducible Frobenius extension M|N of
depth two; semisimplicity or cosemisimplicity of H being equivalent to M|N being
a split or separable extension respectively. Even the assumption of triviality in [18]
for the centralizer may be relaxed to separability (or absolute semisimplicity) at the
price of obtaining weak Hopf algebras, or quantum groupoids [20]. In each of these
papers, it was essential to establish the quantum algebra properties of B together
with its dual A via a nondegenerate pairing.

In this paper we propose a completely general notion of depth two for a ring
extension M|N which allows the construction of bialgebroid structures on the cen-
tralizers A and B directly without a nondegenerate pairing. In Section 2 we extend
the theory of bialgebroids to cover left and right bialgebroids and their duals, ac-
tions and smash products. We define depth 2 ring extension in Section 3 and derive
from a certain extension of Morita theory (cf. Section 1.1) the basic classical prop-
erties among the step 1, step 2, and step 3 centralizers in a Jones tower above a
depth 2 extension M|N: the large centralizer C' is Morita equivalent to the small
centralizer R (with no conditions imposed on it) while the step 2 centralizers A and
B are the Morita bimodules dual to one another and implementing the equivalence.
In Section 4 we show directly that A is a left bialgebroid over R with left action
on M: if My is balanced, the invariant subalgebra is N. We show that End My
is isomorphic to a smash product of M with the bialgebroid A over R, which is
a basic step toward a Galois theory for bialgebroid actions. In Section 5 we show
directly that B is a right bialgebroid with right action on End M and subalgebra
of invariants M. A and B are generalizations of Lu’s bialgebroids in [23, Section 3]
to noncommutative ring extensions, and are shown to be R-dual to one another in
Sections 2, 3 and 5. In Section 6 we specialize to the case where M|N is a Frobenius
extension. We answer a question in [19] by showing that depth two passes up to
the endomorphism ring extension. In Section 7 we show that A and B specialize to
isomorphic copies of the dual Hopf algebras in [19] in case R is trivial in a depth two
strongly separable extension of algebras. We also provide an answer to a question
in [6] in the presence of depth two by showing that a biseparable (i.e. split + sepa-
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Depth 2 Frobenius FExtension | Centralizer Dual Quantum Algebras with Galois Actions
biseparable algebra extension | trivial semisimple, cosemisimple Hopf algebra
algebra extension trivial Hopf algebra

algebra extension separable weak Hopf algebra

unrestricted unrestricted | bialgebroid

rable + f.g. projective) extension is quasi-Frobenius (QF). In Section 8 we extend
the results in [19] to an irreducible depth two Frobenius extension by finding an
antipode S : A — A for a Frobenius bialgebroid over trivial centralizer. We prove
that the action of A on M in [19] is given by the analogous formula for the action of
B on M;. We summarize the algebraic results to date in a table — with a remark
that there is in principle room for many more entries in future investigations.
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In this paper rings are unital and ring homomorphisms preserve the units. A
ring extension M|N in its most general sense is a ring homomorphism ¢ : N — M,
which induces a natural N-N-bimodule structure on M via n-m-n' := (n)me(n');
the ring extension is proper if N — M. The ¢ is suppressed in the language
of ring extensions. ;Pp; denotes an M-M-bimodule, and PM the centralizer
subgroup {p € P|pm = mp,Ym € M}, with the centralizer Cas(N) = MY being
a special case. A ring extension M|N is said to have a property like (left) finitely
generated (f.g.) if yM and My have this property (respectively, just yM is f.g.).
We denote P being isomorphic to a direct summand of another M-M-bimodule @
by mPu @ * = pQur-

1.1. H-equivalence and Morita theory. Recall that two rings 7" and U are said
to be Morita equivalent if the category of left (or right) T-modules is equivalent to
the category of left (or right) U-modules. The following statements due to Hirata
[14], generalize Morita’s main theorems in a very useful and simplifying way. Let
S be a ring with right modules V' and W.
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Lemma 1.1. If W= (V@ ---dV)g, and we set T := End Vg, U := End Wg,
then the natural bimodules vVs, yWs, yHom (Vs, Ws)r, rHom (Ws,Vs)y are re-
lated by the following isomorphisms:

1. a U-U-isomorphism pr : Hom (Vs, Ws) ®7 Hom (W, Vs) — U via compo-
sition;

2. a U-T-isomorphism v : Hom (Vs,Ws) —» Hom (7Hom (Ws,Vs), rT) de-
fined by f (g go f).

3. a U-S-isomorphism 7 : Hom (Vs,Ws) @1 V =W given by f®@v f ).

4. a U-S-isomorphism ¢ : W —s Hom (yHom (Ws,Vs), 7V) vie w — (f —
f(w)).

5. Hom (Vs, Ws) is a finitely generated projective right T-module and a generator
left U-module, while Hom (Wg,Vs) is a finite projective left T-module and
generator right U-module.

6. Hom (Hom (Vs, Ws)r, Hom (Vg, Wg)r) 2 U and
Hom (yHom (Ws,Vs), yHom (Wg,Vs)) 2= U.

Proof. We observe that there are a finite number of f; € Hom (Vg, Ws) and g; €
Hom (Ws, Vs) such that 3=, f; 0 g; = idw. Define pz'(u) = 3", ufi ® g;. Define
Y~HF) =3, fio F(g:). The rest of the proof is quite similar and left to the reader
[14]. O

The lemma has the following easy converse: if pr is epi, then Wg @& * =2 @™ Vg.
The lemma leads directly to Hirata’s result [14]:

Proposition 1.2. If both V @ % =2 @"W and W @ x = @™V (in which case we say
V and W are H-equivalent S-modules), then T and U are Morita equivalent rings
with Morita context given by

(vHom (Vs, Ws)7, rHom (Ws, Vs)u, i, pv)-

If Vg is f.g. projective and a generator, then Vg and Sg are H-equivalent, and
End Vs is Morita equivalent to S via V and its right S-dual V*. This recovers
Morita’s theorem.

2. BIALGEBROIDS

Lu’s original definition [23] of a bialgebroid corresponds to what is called a left
bialgebroid below. The necessity to introduce a left and a right version comes from
the assymmetry of the bialgebroid axioms under the switch to the opposite ring
structure. The axioms we use here for the (right) bialgebroid are those of [37]
which can be easily seen to be equivalent to (the right handed versions of) Lu’s
original axioms.

Let R be a ring. A right bialgebroid over R consists of the data and axioms:

1. aring A and two ring homomorphisms R°? - A4 +*~ R such that s(r')t(r)
= t(r)s(r') for r,r’ € R. Thus A can be made into an R-R-bimodule by
setting 7 - a - ' := at(r)s(r').

2. R-R-bimodule maps A: A - A®r A and €: A — R such that the triple
(A, A, €) is a comonoid in the category g Mg. (Another name is R-coring.)

3. A is multiplicative in the following sense. Although A ®r A has no ring
structure in general, its sub-bimodule

AxpA={X € A®rA|(s(r)® )X = (1®(r))X, Vr € R}
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is a ring with multiplication (a ® a')(a"” ® a"") = aa” ® a’a"’'. Now we require
that
A: A+ AxgA
be a ring homomorphism.
4. ¢ preserves the unit: (1) = 1g
5. € is compatible with multiplication in the sense of the axioms

e(t(e(a))b) = e(ab) = e(s(e(a))bd), a,be A.
When discussing duals of bialgebroids in Subsection 2.4 we shall see that property
(5) is dual to the unitalness of the coproduct, A(1) = 1®1, which is part of property
(3) above.
Without much comment we can now list the axioms of a left bialgebroid over
R. Tt consists of
e apair R - A «— R° of ring homomorphisms such that s(r)t(r') =
t(r')s(r), r,r' € R
e R-R-bimodule maps A: A - A®r A and €: A — R where A is given the
bimodule structure r - a - ' := s(r)t(r')a
such that
i (A®id4a)oA=(lda®A)o A
ii. (®idg)oA=idg =(lda®e)o A
i. Ala)(t(r)®1l)=A(a)(1®s(r)),ae A, reR
b) = A(a)A(b), a,be A

| rp—

i

iv. Ala
v. A1) =191
vi. (1) = 1g

ii. £(as(e(b))) = e(ab) = e(at(e(h))), a,b € A.
It follows from the R-linear property of A that(for a left bialgebroid)

(1) A(s(r)) = s(r) ®1,
(2) A(t(r)) =1 t(r).

Notice our convention of s being a homomorphism and ¢ being an anti-homomorphism
from R both in the case of left and right bialgebroids. In the language of weak Hopf
algebras [3] s(R) corresponds to A” in the case of left bialgebroids but corresponds
to A in the case of right bialgebroids. So the formulas (1) and (2) are interchanged
for a right bialgebroid.

As for the relation of left and right bialgebroids we note that if (A, R, s,t, A, €)
is a left bialgebroid then (A, R, s',t', A, ) is a right bialgebroid where
(3) A = AP ' =tP: R AP ' =5P: R°P — AP,

On the other hand, passing to the opposite coring structure does not change

“handedness”. As a matter of fact if (A, R,s,t,A,e) is a left bialgebroid then
AP .= (A R, s',t' A’ g) is also a left bialgebroid where

v

—_

(4) R =R®? &=t t=s
thus the bimodule structure of g A%, is the opposite of rAg, i.e.,
(5) ri'a’ry = t(ry)s(re)a = ra-a-ry, r,mm €R, a€A.

Applying the Sweedler notation a(;) ® a(z) for A(a) the coproduct of AP is
(6) A'=A%: g a(2) @ Rrer a(1)
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for which ¢ is the counit.
The same construction yields a right bialgebroid AP from a right bialgebroid
A.

Example 2.1. If A is an algebra over a commutative ring R with s =t =u: R —
A, the unit map, then a bialgebroid structure on A is a bialgebra [24].

2.1. Module algebroids. The extra structure on a ring A which makes it a left
(right) bialgebroidover R is precisely a monoidal structure on its category 4 M
(M 4) of modules together with a strictly monoidal forgetful functor to gMg (cf.
[37]). Therefore the natural candidate for a "module algebra” over a bialgebroid
A is a monoid in the category of A-modules. More explicitely a left A-module
algebroid over a left bialgebroid (A, R, s,t, A, &) consists of

e aleft A-module 4 M inheriting an R-R bimodule structure from the A-action:
r-m-r'=(r-1a-r)opm=s(r)t(r")>m
e an associative multiplication pp: M @ g M — M, m @ m' — mm/ satisfying

(7) ab (mml) = (a(l) > m)(a(2) Dml)a a€ A7 m7ml eEM
e and a unit npr: R — M, r— r-1p = 17 -7 for the multiplication ups which
satisfies
(8) avly = ela)- 1y, a€A.

Note then that
9) (m-r)m' =m(r-m'),

as well as r- (mm') = (r -m)m' and (mm') - r = m(m’ - r). Notice that Eqns. (7)
and (8) express the fact that (M, puar, nar) is not only a monoid in g Mg but also
in 4 M.

A right A-module algebroid over a right bialgebroid (A, R, s,t, A, &) consists
of

e aright A-module M4 inheriting an R-R bimodule structure from the A-action:
r-m-r"=m<(r-1a-7v")=m<t(r)s(r')
e an associative multiplication uy: M g M — M, m @ m' — mm' satisfying

(10) (mm')<9a = (maap)(m'<dapm), ac€A, mm eM

e and a unit npr: R - M, r— 715 = 17 -7 for the multiplication pas which
satisfies

(11) ly<a = 1y -£(a), a€cA.

A left A-module algebroid over the left bialgebroid A is the same as the right
A°P-module algebroid over the right bialgebroid A°P.

If 4M is a left A-module algebroid over the left bialgebroid A then the opposite
ring M°P yields a monoid in gor Mpgor such that M°P becomes a left A°°P-module
algebroid.

Similarly, a right A-module algebroid M4 gives rise to a right A°°?-module al-
gebroid M%.,.
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2.2. The subring of invariants. Let 4M be a module algebroid over the left
bialgebroid (4, R, s,t, A, ). The invariants of M is the subset

(12) M4 :={n e Mla>m = s(e(a)) >m,a € A}.
Notice that if n € M4 then
(13) t(e(a)) > n = s(e(t(e(a)))) >n = s(e(a)) pn =avn

for all a € A. Therefore we obtain an equivalent definition if s is replaced by ¢ in
(12).

Lemma 2.2. Form € M, n € M* and a € A we have
(14) av> (mn) = (a>m)n, av> (nm) =n(a>m).
In particular, it follows that M is a subring of M.

Proof. In the next calculation, we use one of the two equivalent definitions of in-
variants, next the identity mims = (1(1) > m1)(1(2) >m2), then axiom (iii) of a left
bialgebroid and finally one of the counit axioms.

av(mn) = (a(l) > m)(s(e(a@))) >n) = (l(l)a(l) > m)(1(2)s(a(a(2))) >n)
= (t(elaw))an) >m)(1z) > n) = (aq) - e(a) > m)n
= (apm)n,
and
a>(nm) = t(e(an))) > n)(ae >m) = (n-elan)))(ae) >m)

= n(s(e(aw)))ap) >m) =n(a>m). O
In a similar way the invariants of a right bialgebroid M4 can be written in two
ways
(15)
M4 ={ne Mmdaa=mdas(e(a)), a € A} = {n € Mimaa =m<t(e(a)), a € A}
and form a subring M4 C M.

Another important subring in a module algebroid is the sub-A-module generated
by the identity. For a left A-module algebroid M it is

(16) M = {a>1pla € A}.
It is the image of the map
(17) jm:R—> M, r—s(r)ply

which is a ring homomorphism. As a matter of fact, t(r) > 1pr = s(e(t(r))) > 1y =
s(r) > 1ps therefore

Ja(r)jm(r') = (s(r) > 1ag)(¢(r") > 1ar)
= ((T-l-r')(l)blM)((T-1-7")(2)I>1M)
= s(r)t(r")o 1y = s(r)s(r') > 1y = s(rr’) > 1y
= ju(rr').
As a consequence of the lemma above, M7 commutes with the invariants,
(18) (s(r)>ly)n =n(s(r)ply) reR, ne M.

For the module algebroids we shall consider in Sections 3 and 4 the M7 is actually
equal to the centralizer of M4 in M.
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2.3. The smash product. If A is a left bialgebroid over R and M is a left A-
module algebroid then M is a right R module via m - 7 := mjas(r).

Definition 2.3. The smash product M x A of a left A-module algebroid 4 M with
A is the ring with additive group M ®gr A and multiplication defined by

(19) (m xa)(m' xa') :=m(a@y>m') X apg)a.
Analogously one defines A x M for a right A-module algebroid M 4.

The multiplication is well-defined because of Eq. 9 and 2.iii. The maps 157: m —
mx1andig: a— 1y X a are ring homomorphisms of M, respectively of A, into
M x A. One can check easily the relations
(20) im(m)ia(a) = mxa,

(21) 1a(a)iyg(m) = (a@)>m) X ag).

for m € M, a € A. The 1) is always an embedding by the following argument.
Lemma 2.2 allows us to map M x A into End My where N := M#4, the subring of
invariants, with A mapped into End ( yMy) C End My. As a matter of fact m x a
acts on M as A\(m)(a> —). Composing the ring map M x A — End My with 157
one obtains Aps, the left regular representation of M, which is faithful. Thus 25/
must be mono and the smash product is always a proper ring extension of M.

On the other hand, 4 is not necessarily mono. If 1 4 (a) = 0 then using the above
map into End My again we obtain that a>m = 0 for all m € M. By Eq. 20,
mxa =0 for all m € M. So if either 4 M is faithful or if Mg is faithfully flat, then
A embeds into the smash product M x A via 14.

2.4. Duals. If A is a bialgebroid over R one may expect a bialgebroid structure
on the dual bimodule A* or *A provided Ag or gA is finitely projective. The fine
point here is that in taking duals one really has to take into account that A is not
only a bimodule over R but carries 4 actions of R: multiplying either from the left
or right by either s4(r) or ta(r). Comultiplications of left and right bialgebroids
are bimodule maps with respect to two different (and disjoint) pairs of R-actions.
Multiplication, however, cannot be written as a bimodule map in either of these
two categories but requires the use of "mixed” pairs of R-actions. This is why in
defining duals of a bialgebroid we have to use new bimodule structures of A and
not those appearing before in comultiplications.

24.1. The right dual A*. Let A be a left bialgebroid over R and assume that Agr
is finitely generated projective. Recall that the right action of r € R is a — ta(r)a.
We shall denote by A®) the R-R-bimodule which is the additive group A on which
r € R acts from the left via a — ata(r) and acts from the right via a — ta(r)a.
Thus the right R-action of A® coincides with the right R-action on A dictated by
the left bialgebroid structure. But the left action is different. We define the right
dual of A as the right dual bimodule of A®, i.e., A* = Hom (Ag, Rg) carrying the
bimodule structure

(22) (r-b-r',a) :=rbats(r')), be A*, a€ A.

Here and below (b,a) denotes the canonical pairing, i.e., the evaluation of b on a.
Now we make A* into a ring by defining multiplication via the formula

(23) (bd',a)y = (b',(b,aq)) - a@)) -
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which is associative due to coassociativity of A 4. Note with caution that - here
denotes the ordinary R-bimodule structure on A: r - a = s(r)a. The multiplication
has a unit 14+ = €4.

If A* is going to be a right bialgebroid then the maps

(24) sa+ 1 R— A* T 14 -r=ce4q0pa(ta(r))
(25) tas : RP —» A 7114 =40 AXa(s4(T))

are ring homomorphisms. That this is indeed the case follows from previous iden-
tities such as Eq. (2):

(bsa=(r),a) = (sa-(r),(b,aq)) - a@) =¢a ((b ay) - ag)ta(r))
(26) = (byaq) -ealapta(r))) = (b,ata(r)) = (b-r,a)

(bta(r),a) = (ta=(r),(b,aq)) - a@) =rea((b,au)) - a@)
(27) = r{b,aqy)ealaw) =r,a) = (r-b,a)

For future convenience we list the five basic symmetry relations of the pairing, two
of which have just been proved:

(28) (b,ta(r)a) = (b,a)r

(b,sa(r)a) = (bea(sa(r)an))-a@) = (b, (ta-(r),aq)) - az)
(29) = (ta-(r)b,a)
(30) (b,ata(r)) = (bsa-(r),a)

(b,asa(r)) = (bea (a(l)) U/(Q)SA(T)) = (b, EA(a(l)tA(T)) -a(g))
(31) = (sa+(r)b,a)

(32) (bta=(r),a) = r(b,a)

In order to define comultiplication on A* we have to utilize that Ag is finitely
projective. A consequence of this is that the natural map

(33) A*®@rA* — Hom((A(t) ®RA(t))R,RR)
bab — {d®a— (b-(,ad),a)}

is an isomorphism. Its inverse can be given in terms of dual bases {a;} of Ar and
{bz} of pA* as [ Ei,j f(aj ® ai) b ® bj.

Noticing that for any b € A* the map o’ ® a — (b,aa’) belongs to the above
hom-group, a comultiplication

(34) Age: A* 5 A" @R A%, b by ® by

can be defined by requiring

(35) (bary - (b2y,@'),a) = (b,aa"), be A*, a,a' € A.
In terms of the dual bases it can be written as
(36) Ape(b) = > (baia;) - bi@b; .

,J

Now we turn to verifying the bialgebroid axioms for A g«.
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A 4+ is a bimodule map by its very definition (a simple calculation with Eq. 35).
In order to see that its image lies in A* xz A* we compute

(s4- ()b - (b2y,a’),a) = (b - (ba),a'),asa(r))
= (byasa(r)a’) = (b - (b(2), sa(r)a’),a)
(37) = (b) - (ta+(r)be),a’),a)

Now it is meaningful to ask whether the map Ay.: A* — A* xp A* is a ring
homomorphism. The proof of multiplicativity goes as follows (lines 6 to 7 below
requires Eqgs. 24, 23 and 2):

(B @y - (B )(2),a"),a) = (bb',aa’y = (¥, (b, (aa’) 1)) - (aa’)(z))
= (', (b agagy) - ae)a)
= (¥, (G - Gep ) aw) - a@) aly)
= (V) (b2 afz))s by - by any) aq)) - agz))
= <(b(1) b(2)aa(1) ) (b(l) (2 a(z))) a)
= <b(1)5A* <b(2),a(1)))b(1)5A*(< (2) (2)))aa>
= (bayb{y)sa- (<tA*( (2)>4(1)))b{2)» @ '(z)>) a)
= (bwybyy - (Vay> 54((b2ys afny)))afzy), @)
= (bl - Bz Beays o)) - alz)) @)
= (b - (b)), a), a)

Preservation of the unit, A4+(1) =1® 1, can be seen as
(1ay - (L2),a’),a) = (l,aa’) =ealaa’) =ecalata(eala’)))

(1,ata((1,a)) = (154-((1,a')), a)
<1 : <1aal)aa>

We are left with constructing the counit for A*. Let

(38) ear: A" > R, b (b,14).
Then € 4+ is an R-R-bimodule map,

ear(r-b-r") = (bsa-(r')ta~(r),14) = r(b,ta(r")
= rea(b)r',

it satisfies the counit properties because

(bay -eax(by),a) = (bu)-(b@);la),a) = (b,a)
(ea+ (b)) -b2y,a) = (by,1a)(br2),a) = (bu),ta((b2),a)))
= (bu) - (b2),a),1a) = (b, a),

it preserves the unit,

ea-(las) = €a(1a) = 1g,
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and finally it is compatible with multiplication of A*,

ea+(sa-(ea- (O)V) = (54 ((b,14))V', 14)
= (blasA(<ba 14))) = (bla (b;14)-14) = (bbla 1a)
= 4+ (b

eas(ta-(ea-O)Y) = (b',54({b,14)))
= e+ (D).

What we have just proven is the following:

Proposition 2.4. If A is a left bialgebroid over R such that Ag is finitely generated
projective then B := Hom (AR, Rgr) has a unique right bialgebroid structure over R
such that

(39) o' a) = (¥, (baw)-aew)
(40) <b, aa') = <b(1) - <b(2), a'), a)
where ( , }: B x A — R denotes the canonical pairing.

2.4.2. The left dual * A. Let A again be a left bialgebroid but now assume that g A
is finitely generated projective. For a € A and b € *A = Hom ( gA, grR) we denote
by [a,b] € R the evaluation of b on a. As a bimodule *A4 is considered to be the
dual bimodule of A(®) where the latter is the additive group A on which r € R acts
from the left by a — sa(r)a and from the right by a — asa(r). Then similarly
as in the above Proposition we can construct a right bialgebroid structure on *A.
More precisely we have

Proposition 2.5. If A is a left bialgebroid over R such that g A is finitely generated
projective then *A := Hom ( gA, rR) has a unique right bialgebroid structure over
R such that

(41) [a, bb'] = [a(l) . [a(g),b], b']
(42) [aa', b = [a, [a', b(l)] . b(g)] .

The proof is very similar to the previous construction and therefore omitted. We
only give here the symmetry properties of the [, ] pairing:

(43) [sa(r)a,b] = r[a,b]
(44) [ta(r)a,b] = [a,bt-4(r)]
(45) [asa(r),b] = [a,s-4(r)b]
(46) [ata(r),b] = [a,bs«a(r)]
(47) [a,t«a(r)b] = [a,b]r

We note that both the ( ,) and [, ] pairings are variations of Schauenburg’s
skew pairing 7 of [33] with the caution that [33] uses only left bialgebroids in our
language.

2.4.3. Duals of right bialgebroids. Left and right duals *B and B* of a right bialge-
broid B can be introduced directly using the above notions of duals of left bialge-
broids. Let B be a right bialgebroid over R with Bpg finitely generated projective.
Then its right dual B* is a left bialgebroid defined by

(48) B* := ((B°)")*
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This means that B* = Hom (Bg, Rr) as an additive group and its bialgebroid
structure is to be read from the canonical pairing

[a,b] := a(b) for a € B*, be B

satisfying precisely the relations of the pairing [, ] of Proposition 2.5. Now it is easy
to verify that for a left bialgebroid A such that gA is finitely generated projective
the canonical isomorphism A = (*A)* of Abelian groups is in fact an isomorphism
of left bialgebroids. In other words, if B is the left dual of A then A is the right
dual of B.

The same conclusion holds for a left bialgebroid A such that Ag is finite projec-
tive. Its left dual B = *A is a right bialgebroid such that gB is finite projective
and for such a B a left dual can be introduced via

(49) "B = ("(B®)* .

Denoting the canonical pairing of b € B with a €* B by (b, a) we obtain that ( , )
satisfies the relations of Proposition 2.4. Thus again if B is the left dual of the left
bialgebroid A then A is the right dual of B.

In Sections 4 and 5 we shall meet a situation when the left bialgebroid A has
both a left and a right dual and they are isomorphic to a right bialgebroid B. In
this case it is fair to say that A and B are dual pairs of bialgebroids.

3. DEPTH 2 RING EXTENSIONS

The tensor-square M ®@n M, left and right endomorphism rings, End xyM and
End My, of a ring extension M|N have the natural M-M bimodule structures given
by m-z®y-m'=mzym', (mypm')(z) = n(zm)m’
and (mfm')(z) = mf(m'z) for m,m',z,y € M, n € End yM, and f € End My,
respectively.

Definition 3.1. A ring extension M|N is called left depth two or
left A2 if N\M Qn My & % = ®™ yMyy for some integer n.
right d2 if ,y M Qn My ® * = @™ My for some integer m.
M]|N is called d2 if it is d2 both from the left and from the right.

In particular, the natural modules ;M ® M and M ® My, are f.g. projective
for a d2 extension M|N.

Remark 3.2. If left d2, M and M ® x M are in fact H-equivalent as M ® N°P-
modules, since the multiplication mapping uny : M @ M — M is a split N-M-epi
for any ring extension M|N. A similar statement is equivalent to the right d2
condition.

Example 3.3. A classical depth two subfactor N C M of finite index is of depth
two by Proposition 6.2.

Example 3.4. A centrally projective ring extension M|N is d2, since yMy @ * =
@™ nNn and we may arrive at the definition above by tensoring from the left or
right by pMpy or yMys. In particular, if N C Z(M), the center of M, and M is
finitely generated and projective as a N-module, then M is a d2 extension of N, a
“d2 algebra” over N.

Example 3.5. An H-separable extension [14] M|N is d2, since its defining prop-
erty is
MM N M)y @ * =" M.
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Let A:=End yMy and B := (M @y M)VN.

Lemma 3.6. N C M is left d2 iff there exist b; € B and ; € A (called a left d2
quasibasis) such that

Zb;@bfﬂi(m) = mQl, meM.
i

N C M is right d2 iff there exist ¢; € B and v; € A such that
Z’yi(m)c}@)c? =1®m, meM.
i

Proof. (Left d2 = existence of quasibasis.) Let m : ®@" yMy — ~NM @ My
and 0 : NM ® My — @™ nMys denote the split epi and its section implied by
the definition. Furthermore, let {e;}?; be the standard basis of the free module
@"Mpr, and p; : " My — nMpy be the standard projections. Then we let
b; := m(e;) where clearly b; € B. If 11 : NMy — yM ®n My denotes the map
m+— m® 1, then we let §; := p;oo o1 € A. Then

m®1=mn(o(u(m) =Y m(e:)i(m) =Y _ b} ®b}B;(m)
i i

The rest of the proof is similar. O
Remark 3.7. If M is a finite dimensional k-algebra with N = k1, with dual bases

e; € M and m; € M* = Hom (M, k), then a left and right d2 quasibasis is given
by B; =v; = v, b; = e; ® 1y and ¢; = 1 ® e;, where ¢ : k — M is the unit map.

For every m € M, we let A\(m) € End My denote A(m)(z) = mzx and p(m) €
End yM denote p(m)(z) = am. If r € R := Cy(N), we note that A(r),p(r) €
End yMy = (End yM)N = (End My)". In the sequel the R-bimodule structure
on A is understood to be 7 - a - r' = A(r)p(r')a.

Proposition 3.8. If M|N is a right d2 extension, then End yM = AQgrM as N-
M -bimodules via o @ m — p(m)a. If M|N is a left d2 extension, then End My =
M ®gr A as M-N-bimodules via m ® a — A(m) o a.

Proof. We claim that f — Y, vi®cl f(c?) for f € £ := End y M defines an inverse.
Since 3, yi(m)cj f(c7) = f(m), we see that f ==, p(cj f(c}))vi € p(M)A.
Similarly an inverse to the second statement is given by

Fe Y f0); @ B;
for each f € £ := End My. O
Proposition 3.9. If M|N is left or right d2, then
(50) A®RAEHOIIIN_N(M®NM,M)

via a ® B +— (mm' — a(m)s(m')).
Proof. The inverse mapping is given by

(51) Hom y_n(M ®n M, M) - A®R A, fn—)Zf(—@b})bf ®r B,

K3
since

Do a(-)BEN © B =Y a® BONHA(-) =a®

i
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and Y, f(m @ b})b?B;(m') = f(m @ m') for each m,m’ € M. We can carry out a
similar proof with a right d2 quasibasis. |

Next is a main theorem for depth two extensions. We make use of the “step one”
centralizer R, and “step two centralizers” A and B defined above; in addition, a
“step three” centralizer C := End n(M ®@n M)y (cf. [12], [19]).

Theorem 3.10. If M|N is left d2, then C' and R are Morita equivalent rings with
inwvertible bimodules c Bg and rAc in a Morita context. In particular, Bg and rA
are f.g. projective generators with the following isomorphisms:
 pr:B®RA - Cviab®a— (m@m' — ba(m)m').

. 1 : B — Hom (rA, rR)r via b— (o — a(b!)b?).

T:B®r M = M @nx M defined by 7(b®m) = bm.

v M ®y M = Hom ( gA, gM) via u(m @ m')(a) = a(m)m'.

. C =2 End Bg via c— (b~ c(b)).

. C 2 End rA via

(52

~—

c— (a— pla®idp)er)
where 11 : M - M QM bym—mQ 1.

Proof. First we note that R = End y_p(M) via r — A(r) with inverse f — f(1).
Next we note that Hom y_p (M, M @n M) = B via f — f(1) with inverse b —
(m — bm). The bimodule structure on ¢Bpg is given by

c-b-r=c('®b’r).

We next note that A = Hom y_p (M Qn M, M) via a = (m @ m' = a(m)m')
with inverse f — f ot;. The bimodule structure on g A¢ is given by

r-a-c=ANr)py(a®idar)ety -

The rest follows strictly from the Lemma and Proposition in the introduction;
however, we note some useful inverses to some of the isomorphisms above.

(53) i mem) = Z bi ® B;(m)m'

(54) ORI C)

(55) vHg) = Zbﬁﬁ(ﬁz’)

Dual bases for A are given by {¢(b;)}, {8} O

By yet another application of Lemma 1.1 we prove in a similar way (but writing
arguments to the left of a function) that if M|N is right d2, then the natural
module gB and Ag, where a - r = p(r) o a, are progenerators with corresponding
isomorphisms, such as M @ g B= M ® M via m ® b — mb,

(56) B = Hom (AR, Rg), b+ (o~ bla(b?))
and
(57) C = End Ag.

From Prop. 3.8 and the theorem we easily establish
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Corollary 3.11. If M|N is d2, then
(58) NEY B * = D NMy,

(59) MEN ©* = @'y My.

We obtain a type of converse to the theorem by noting that if pg is epi, then M|N
is left d2. Equivalently, gA f.g. projective, ¥ an isomorphism with C = End A
implies M|N is left d2. This shows that a classical depth two pair of semisimple
algebras is left d2 and similarly right d2 [12].

4. THE LEFT BIALGEBROID A AND ITS ACTION

We now turn to our main topic, the construction of a bialgebroid associated to
any given d2 ring extension M|N. Its underlying ring is the step 2 centralizer A :=
End yMy over N C M. For the next theorem, we recall that a right R-module
V is balanced if the natural left £ := End Vg-module on V' has left endomorphism

ring naturally anti-isomorphic to R: R S EndeV .

Theorem 4.1. Let N C M be a depth two extension of rings. Then A is a left
bialgebroid over R with left action of A on M. If My is moreover balanced, then
the subring of invariants under this action is N.

More explicitly, the bialgebroid is (A, R,s4,ta,Aa,e4) where

(60) A = End NMN

(61) R = Cu(N)

(62) sa(r) = Mr):mw—rm

(63) ta(r) = p(r):m—mr

(64) r-a-r' = Ar)p(r)a: m— ra(m)r
(65) Aal@) = Y v@rcial-)

(66) eal) = a(ly)

The A-module action on M is simply the action of endomorphisms, a>m = a(m).

Proof. At first we check the left bialgebroid axioms.
A4 is an R-R-bimodule map:
Ap(r-a-r') = v;@rcra(c—)r
= v ®r c}ra(c?b%)bfﬁi(—)r'
= (=)ejra(c;bi)b; ®r Bi(=)r'
= - (a(=b)b; @& Bi(-)) -7’
Putting r = r' = 1 yields an alternative formula for the coproduct,
(67) Au(a) = a(=b;)b; ®r fi
which, when plugged back, gives
Ap(r-a-r'")=r-As(a) -r'
Coassociativity:
(Aa®ida) o Au(e) = v;®r c}a(c?’ — b})b? ®r Bi
(ida ® Ax) 0o Ay(a) ;i ®r cja(c; — b;)b; Or Bi
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The property A4(a)(p(r) ® 1) = As(a)(1 ® A(r)):
LHS = a(-rb)b; @R f; =
= a(=b;)biB;(rb;)b} ©r f;
= o(-b))b; ®r Bi(r—)
= RHS
Multiplicativity of A 4:
Aa(@Aa(@) = ald(=b)b3b;)b; ©r Bi(Bi(-))
= ®r cgeala (cib)b30;)b; - Bi(B;(-))
= % ®r cpa(d (c;-))
= Ay(aod)

Unitalness: A4(1) =1Q®pg 1 and €4(1) = 1 are obvious.
The compatibility of £4 with multiplication:

ca(aoMea(a))) = a(a’(1m)) = ea(aa’)

and the same for p instead of .

This completes the proof that A is a bialgebroid.

Module algebra properties: A acts on M by the simple formula o> m := a(m).
The induced R-R-bimodule structure on M is also the obvious one arising from R
being a subring of M.

(68) a(mm') = aq)(m)a(m')

therefore multiplication puayr: M @ g M — M is a left A-module map.

(69) avly = ea(a)ly

therefore the unit gRgr — rMEg is a left A-module map, too. This means precisely
that M together with its ring structure, written as maps in g Mg, is a monoid in
AM, ie., M is aleft A-module algebroid.

The invariants are determined as follows. First of all N C M#4 is obvious. On
the other hand if m € M“, then B;(m) = e4(8;)m = B;(1)m for each 4, so for every
Y € £ := End My,

p(m) = (b;)b; Bi(m) = p(1)m,
whence also ¥ o A(m')(m) = ¥(m'm) = (m')m for each m' € M. Thus, p(m) €
EndgM = p(N), and m € N. Only here in the last step have we used that My is
balanced. O

We set down some equivalent formulae for the invariant subring, the proof of which
are left to the reader.

(70) MA = {neM|avn=cq(a)n, Vac A}
(71) = {ne€M|aop(n)=pn)oa, Vae A}
(72) = {neM|aoAln)=An)oa, YVae A}

Example 4.2. If M|N is an algebra extension with N = k1 trivial and M finite
dimensional, we recover Lu’s bialgebroid A = End ;M [23, 3.4] since R = M. In
case R is not semisimple, A is a bialgebroid over R which is not a weak bialgebra
[9]. This provides a wealth of examples of action by bialgebroids.
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Remark 4.3. For each a € A, its coproduct A4(a) may be considered a map in
Hom y_n(M ®n M, M) via Prop. 3.9. We compute the simple form it takes:

(73) As(a)(mem') ny, Yeja(cim') = a(mm’).

Example 4.4. That My should be balanced in the theorem is a necessary condi-
tion, for consider M to be the algebra of 2-by-2 matrices over a field k with N the
upper triangular matrices. It is left as an exercise to show that R is trivial (k1a),
M]|N is H-separable (therefore d2) since 1® 1 € (M ®x M)M, and that

Consequently A = R is trivial, so M4 = M # N. But My is not balanced, since
gM MM and N % End MM (M)

We next note that the endomorphism ring of a left d2 extension M /N is isomor-
phic to a smash product of M with the bialgebroid A.

Corollary 4.5. End My is isomorphic to a smash product ring M X A via mXa —
A(m)a.

Proof. Define 7w : M x A — End My by the mapping just given. By Proposition 3.8,
7 is a linear isomorphism of M ®pr A with End My. We compute using Eq. (67)
for x € M:

m((m x a)(m' x B))(z) = m(maqu)(m') x ae)p)(z)
= maq)(mo)(B(z))
= ma(m'B(z))
= 7w(mxa)omx(m' x B)(x)

Hence, 7 is a ring isomorphism. [l

Remark 4.6. Taking into account the finite projectiveness of A over the step 1
centralizer R established in the previous section, we propose that a d2 extension M
is an B-Galois extension of NV provided M is a balanced N-module. The justification
for this terminology requires further investigation in a future paper.

5. THE RIGHT BIALGEBROID B

Let B = (M ®x M)" the elements of which are denoted b = b' ® b? suppressing
a possible summation. B is a ring with multiplication bd’ = b''b' ® b2b'2 and unit
1 =1® 1. This multiplication does not extend to M @y M but M @n M is a left
B-module via

(74) b-(mem') =mb' ®b*m’

The so defined ring homomorphism B — End pr—p (M @y M) is in fact an isomor-
phism. The inverse is provided by f — f(1® 1).

Let R be the centralizer of N in M, R = Cp(N). Define the ring homomor-
phisms
(75) sg: R — B, sp(r)=1@r,
(76) tg: R°? — B, tB(T) =r®l.
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Since we are going to make B ino a right bialgebroid over R we define its R-R-
bimodule via the actions

(77) r-b-r' = bte(r)sp(r') = rb' @b*r'.

Lemma 5.1. Let N C M be a left d2 extension of rings. Then the tensor product
bimodule B ®g B is isomorphic, as an R-R-bimodule, to (M @n M @nx M)N where
the bimodule structure of the latter is defined by r-(m@m'@m")-r' = rme@m’@m''r'.

An isomorphism is given by
(78) 1:BgrB = Moy Moy MY, beb = b b’ @b?.

Proof. That 1 is a bimodule map is clear. To show that it is an isomorphism we
write down its inverse using the left d2 quasibasis {b;, 3;} of Lemma 3.6.

T =Y bier (B o), te(MoyMey M)V O

Now the right bialgebroid structure on the ring and bimodule B is defined by
the following coproduct and counit

(79) Ap(b) = Z(b} ®n b)) ®r (Bi(b") ®n D)

(80) ep(b) = b'b°
By the lemma, Ag(b) =27} (b' ® 1 ® b?).

Theorem 5.2. Let N C M be a d2 extension of rings. Then (B, R,sg,tg,AB,cR)
is a right bialgebroid and End nyM is a right B-module algebroid w.r.t. the action
£ab:=bY(b?—). The subring of invariants is p(M), the right multiplications with
elements of M.

Proof. At first we check the bialgebroid axioms:

Coassociativity: Apply 13: BRRBRrB — (MINMONMn M)V, bb' @b"
bt @b%b' @20 ® b"? to both hand sides of (Ap ®idg) o Ap = (idp ® Ag) o Ap
and check that the result on a b € B is b! ® 1 ® 1 ® b? in both cases. (The inverse
13_1 sendst € (M @y M @n M @nx M)V into

3" b ®r (B:(t)E? @ t37;(tY)) ®r ¢; € B @R B ®r B.)
.J

Counit properties: Obvious

AB (B) CB XR B

(sB(r) ® 1)Ap(b)

(b; @ rb}) @r (B;(b") @ V%) =
= (b} @b Bi(b) @ b?) =17 (b @1 @ b?)
and similarly
1®tp(r)Apd) =11 @r®b?)
Ap is multiplicative:
Ap)Ap®) = (bjbi @ bib) @r (B;(b")B:(b") ® bb')
o (bjbi @ bI6T6; (V') Bi () @ b70')
(0] @ b7 B:(b") @ B7Y?) =4 (0" ® 1 ® b7Y?)
= Ap(b)
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Ap(ll) =1 Q® 1, ep(ll) = 1 Obvious
e(tp(es(b)b') = ep(bd') = ep(sp(ep(D))V')
ep(te(es(d)b) = ep((b'0? @ 1)(b" ® b'2)) = ' b b0’ = ep(bb')

and the same for tp replaced by sp.
This finishes the proof that B is a bialgebroid.
Module algebroid properties:

(€0 &) ab=bie®7B:i(0)E' (0°-)) = (E<by) o (€' <bz))
The induced bimodule structure on End yM isr-&-7' = A(r) 0 £o0 A(r'")
idar b= Aeg(b))
The invariants:
(End nM)P := {£|€ab= Aen(b) 0 &}
Clearly £ is an invariant iff
bt @ E(b*m) = b; ® b7 5;(b1)E(b*m) = b; © b7 Bi(b1)b*E(m) = b! @ b*&(m)
for allm € M, b € B. Thus
L@ €(m) = yi(m)e; ® &(c) = v(m)ej ® c5€(1) = L@mé(1)

Applying multiplication £(m) = m&(1) follows. Thus an invariant £ = p(¢§(1)) and
belongs to p(M). The opposite inclusion is trivial. This proves

(End yM)P = p(M) O
O

Recalling the theory of the dual of a left bialgebroid in Section 2.6, we have:

Corollary 5.3. B is isomorphic as bialgebroids over R to the right bialgebroid
dual of A via the isomorphism in Eq. 56. Similarly, B is isomorphic to the left
bialgebroid dual * A via v in Theorem 3.10.

Proof. We prove the first statement and leave the second as an exercise. Recall the
nondegenerate pairing (b, a) = b'a(b?). Let A* denote the right bialgebroid dual of
A with 5 : B — A* the linear isomorphism given by 7(b) = (b, —). We note that 7
is an R-R-bimodule homomorphism, since

(r-b-r' a)y=rba®*") = rb,at(r')).
7 is a ring homomorphism since
(bb',a) = " b a(b*b'?)

while

(M, (b,aq)) - a@)) = b"b aqy (b%)ae) (") = b b a(b?b'?).

7 is a homomorphism of corings since
(b,aa’y = b'ad'(b?)
> bia(3:(v))a' (6%))

D (B )a' (6°),a) = (b - (b2, a'),a). O

7
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Remark 5.4. There is also a right action of B on End My given by £ <b :=
£(—b)b2. Tt however satisfies

(Eol')ab= (£« b(2)) o (¢« b(l))

Its invariants are also the right multiplications with elements of M.

Remark 5.5. The coring (B, R, Ap,¢) is a restriction of the Sweedler coring [35]
(M(X)NM, M,A:M®NM—)M®NM®NM,E:M®NM—)M).
If N = k1 for a ground field k£ with M finite dimensional, we recover Lu’s

bialgebroid B = M°P ®; M [23, 3.1] up to a twist S. In this case, B is a Hopf
algebroid, with antipode S.

6. THE FROBENIUS CASE

Recall that a ring extension M|N is Frobenius if there is (a Frobenius homomor-
phism) E € Hom y_n (M, N) and (dual bases) x;,y; € M such that >, A(z;) EA(y;)
=idy =Y, p(yi) Ep(z;). Throughout this section and part of the next, we assume
M|N is Frobenius with this data. We recall several facts about M|N.

Proposition 6.1. We have End My = M ®x M, which is a Frobenius extension
over A\(M) = M, with Frobenius homomorphism Ey; = p and dual bases {z; ® 1},
{1®y;}. Moreover, End yM and End My are anti-isomorphic.

Proof. The isomorphism F : End My — M ®n M is given by f — >, f(xi) ® y;
with inverse m®@m' — A(m)EA(m'). A multiplication on M ®y M is induced from
composition of endomorphisms, the E-multiplication given by (m®@m')(m" @m"") =
mE(m'm') ® m"" and unity 1; = ), z; ® y;- An anti-isomorphism is then given
by

(81) ¢: End NM S MeN M, f > 20 f(y)

i

with inverse m ® m' — p(m’)Ep(m). The rest of the proof is somewhat standard
[17]. O

Wesete; =1®1 and M; := MeiM = M ®n M. Note that M; = End My via
the M-M map induced by e; — E and M identified with A(M). Note too the key
identities
(82) erme; = e1 E(m) = E(m)er, Ep(meim') = mm'.

In this notation {z;e1}, {e1y;} are dual bases for Epr € Hom pr— pr (M, M).

We note then that A = End My = (M @n M)N via a — Y, a(z;) ® y;.

If we iterate this (basic) construction, we construct Ms = Miea My with eamqes
= esEp(my1) = Ep(mi)es and Epy, (meam?) = mim? for each m; € M;. Note
that My = My @y M1 = M @y M ®n M. We arrive at a generalized Jones tower,

N—>M— M — My~ ---
with Temperley-Lieb generators e; € M; such that
(83) €i€i+1€; = eilMH_l, €i+1€i€i+1 = €441, €;€; = €;€;

if |i — j| > 1. Note that the e; are not the Jones projections even if they exist,
e? # e;. For example if M|N is not a split extension then there is no unit preserving
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Frobenius homomorphism E. However, the Temperley-Lieb generators exist for any
Frobenius extension as shown above.
We also have the Pimsner-Popa relations:

(84) mie; = Eyr,_, (miei)ei, eim; = e;Epr,_, (eim;)
form; € M;,i=1,2 and MO =M.
Introduce the notation A := M}N for the centralizer Cys, (N) in N — M — Mj.

We introduce the canonical isomorphism ¢4 of A = End y My with A given by the
restriction of F above to A:

o— Z a(zi)eryi,
i

with inverse a'eja? — A(a')o Eo\(a?). Similarly, let C' := ML, which is isomorphic
as rings to the step three centralizer C' introduced in Section 3.

We first show that classical depth two extensions are depth two in the sense
of this paper. It is known that a semisimple pair N C M over a field, where
M has faithful trace T that restricts to a faithful trace on N, is a (split, separa-
ble) Frobenius extension; cf. [12, Prop. 2.6.2]. Also subfactors of finite index are
Frobenius extensions by the Pimsner-Popa orthonormal basis result [12, 17]; these
have semisimple centralizers. Of course, a module over a semisimple ring is always
projective.

Proposition 6.2. Suppose M|N is Frobenius extension, AR and rA are f-g. pro-
jective, and C' = Aes A. Then M|N is a depth two ring extension.

Proof. We ﬁrstAshow that Ey : M7 — M has dual bages in A. By the classical d2
hypothesis on C, 15, = >, arezby, for some ap,by € A. Let my € M, then:

eamy = Zezmlakezbk = ZezEM(mlak)bk.
k k
By applying Ep, we arrive at my = ), Ear(miag)by; similarly,
my =Y, agErp(bgmi), so {ar}, {bx} are indeed dual bases for Fy;.

It follows that M1 = M Qg A as M-N-bimodules via m; — >or Ev(miar) ® by
with inverse mapping given simply by m ® a — ma: note that Ep(A) C R. Since
M &y M = M, and gA is £.g. projective, it follows that M |V is right d2. Similarly,
M; = A®p M as N-M-bimodules and M|N is left d2. O

Proposition 6.3. If M|N is a left or right d2 Frobenius extension, then Ejf :
M — M has dual bases in A.

Proof. Let b; € B,3; € A be a left d2 quasibasis, then {b;}, {>_; Bi(z;)e1y;} are
dual bases, obviously in M, for Ep;. As a matter of fact

> Em(meim'bled)Bi(z;)ery; = Y mE(m'b})b;Bi(x;)ery;
i,j ,J
= mE(m'z;)ery; = meym/
for m,m' € M, and
Z bie1b; En(Bi(zj)ery;merm') = Z bleib?B;(m)m' = meim'.
2 i
The proof starting with a right d2 quasibasis is similar. |
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Corollary 6.4. We have M; = M &g A via m®a— ma for eachm € M,a € A.

Proof. An inverse is given by mi = 3, s Em(mib;) ®r Bi(zj)ery; € M ® A by
Proposition 3.8. O

Similarly we show M; = A @r M via a ® m — am. If R is a field coincident
with centralizers of M and N as in [19], it follows from the proposition that M is
f.g. free as a left or right natural M-module.

Corollary 6.5. M; is isomorphic to a smash product algebra: My = M x A.

Proof. DefineIl : M xA — M, by Il(mxa) = >, ma(z;)e;y; foralla € A,m € M.
We see then that II is a composition of two algebra isomorphisms, 7 in Corollary 4.5
and F above (cf. Proposition 6.1). O

From Section 3 we recall the step 3 centralizer C' = End y_p (M @n M).

Corollary 6.6. If M|N is d2 Frobenius, then the ring extensions R — A, r — A(r)
and C|A (given by Eq. 52) are Frobenius extensions.

Proof. If M|N is Frobenius, we arrive at A|R Frobenius from the proposition
by restriction of Ep to A (identified with {a(z;)e1y;|@ € A}) and noting that
Ep)(A) C R. Since C = End g4, we conclude from the (left) endomorphism ring
theorem for Frobenius extensions [17] that C|A via right regular representation is
Frobenius. g

Conversely, A|R Frobenius implies £|M is Frobenius by Prop. 3.8. If My is
a progenerator, then a endomorphism ring theorem-and-converse assures us that
M|N is also Frobenius (cf. [17]). By the same token, A|R is Frobenius iff C|A since
rA is a progenerator (Theorem 3.10).

The next result is an endomorphism ring theorem for Frobenius d2 extensions,
and answers a question posed at the end of [19].

Theorem 6.7. If M|N is a left d2 extension, then M| M is a right d2 extension.
Similarly, if M|N is right d2, then M1|M is left d2.

Proof. We note the bimodule »;, My given by

(85) (meym/) -m" -n = mE(m'm')n,

which is of course isomorphic to the natural bimodule ¢ My where £ = End My.
Now tensor from the left the first isomorphism in Def. 3.1 by this bimodule:

MM OINMON My &= @"p, M Qn My
which is isomorphic to
my My @y My @ % = @" p, My,
the condition for M;|M to be right d2. The second statement is proven similarly.
([l
Let B := MM, and note the canonical algebra isomorphism v : B = B given
by
Yp(b) =Y wb'erb’esery;
i

with inverse
blezbz = blEM(b2€1)
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(b1, b € M;) obtained by following the ring isomorphisms
(86) MM = Hom pr_pr (M, My) =2 (M @x M)N

via first the Frobenius map ¥ : z®y — A(z)Epm A(y), for each z,y € My, composed
with the general map @ : f — f(ly ® 1) for each f € End pr(M1)p- The
Ejr-multiplication on MM is therefore identifiable with composition as well as the
multiplication on B from Section 5.

Now the endomorphism ring theorem for d2 Frobenius extensions may be used
to show, in a similar way to the earlier propositions in this section, that Eps, has
dual bases in B, B|R°? is a Frobenius extension and M, is a smash product of M;
and B.

7. THE BISEPARABLE CASE

Suppose M|N is a Frobenius d2 R-algebra extension where the centralizer R
is trivial, i.e., coincides with the centers of M and N. In this case, A and B are
bialgebras which are finitely generated projective over R by Cor. 6.6 and its analog
for B. In this section, under the additional constraints that R coincides with a
ground field and M|N is a biseparable algebra extension, we show that A and B
are dual semisimple Hopf algebras with Galois actions on M and M;®, respectively.

The next proposition shows that A acts on M via the same formula as the Hopf
algebra action of End ps—pr My on My in [19, Eq. (21)]. The proof does not make
use of the triviality assumption on R.

Proposition 7.1. If M|N is Frobenius, then the action of A on M defined in
Section 4 is the Ocneanu-Szymariski action,

a>m = Ey(amey).

The algebra homomorphism 7 : M x A — End My given by m x a — A(m)(a> —)
is an isomorphism which fits into a commutative triangle with the isomorphisms
gwen in Cor. 6.5 and Prop. 6.1.

Proof. We let a € (M ®x M)N be the image of @ € A under the isomorphism
above. Then:

Eyr(amer) = Ey(a(z;)eryimer) = En(afz;)E(y;m)er) = a(m).
The commutativity of the diagram is immediate from the definitions. |

The bimodule action on A induced by R C M < M, is given by the somewhat
different formula 7 - a - ' = A(r)a\(r’) (cf. Eq. 63). However, the two bimodule
structures coincide when R is trivial.
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We introduce two canonical anti-isomorphisms of ¢4 : A - A = MY and
¢ : B — B = MM given by

$a(@) = mera(y:), ¢pb) =Y ziered'e1b’y;.
i i
The Ocneanu-Szymariski action b of B on M; in [19, Eq. (21)] is related to our

action of B on £ = End yM via the anti-isomorphism ¢ in Eq. 81 as we see next.
Again, we do not need triviality of R.

Proposition 7.2. If M|N is o depth two Frobenius extension, then for every b €
B, fef&'

¢5() > ¢(f) := En, (68(D)¢(f)e2) = ¢(f ab).
Proof.

Ew, (¢5(b)¢(f)e2)

Z Ey, (.’Ei€1€2b161b2yil'j€1f(yj)€2)

i,5

= Y Em (@i Eu(b' et EQyiz;) f (y5))e2)

inelblf(b“‘yi) =¢(fab). O

A ring extension M|N is said to be biseparable if My and yM are f.g. pro-
jective while M|N is a separable extension (i.e., p : M @y M — M is split
M-M-epimorphism) and a split extension (i.e., there is N-bimodule V such that
M = N @V as N-bimodules). If R is trivial, a biseparable Frobenius extension of
R-algebras coincides with the notion of strongly separable extension [17, 19].

Theorem 7.3. If R is a field and M|N is a biseparable Frobenius R-algebra ez-
tension of Adepth two, then A and B are dual semisimple Hopf algebras isomorphic
to A and B, respectively.

Proof. Since R is trivial, A and B are dual bialgebroids over R, it follows easily
that A and B are dual bialgebras. We next note that the nondegenerate pairing
(b,a) = b'a(b?) is equal to the nondegenerate pairing
(¢4(a), B (b)) := EpEn, (YB(b)ereada(a))

analyzed in [19, 4.4], since:

.E‘]M_E]\/[1 (¢B (b)€162¢A (a)) = Z .E]M.E]\/[1 (w,-blelb26261y,~6162wjela(yj))

i,J
ZEMEMl (.Z'z'blelb262EM(€1E(yi))$j€1a(yj)))
i,J

= Z EM(mib1€1b2E(yz’)xjela(yj))

i,j
Z blE(bzwj)a(yj) = (b, a).

In [19, Section 4], it is shown that for o’ € A,b € B
(@', v = EppEpy, (a’'e2er S()) == (d’, S(V'))
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for antipode S : B — B. Now let Yp((b) =b and a,a’ € A. We compute that g
is a coalgebra homomorphism:

(pa(a’), ¥(bwy)) (da(@), ¥B(bw)))’ b(1); by, a)

b,a'a)

A(@)ga(a’),SO))"

A(e), S(b(z)"(pa(e’), S(bi1y))"
$a (@), bi1)) (dala), bz,

since S is coalgebra anti-isomorphism and by definition of A(b') in [19]. Finally,
1B preserves the counit:

esWB®) = > Em(eszid'erb’erery:)

&%—

(
(
(
(
(

= Z Enr, (esEnr(zibterb?)ery;)

Z .Z'z'blbzelyi =€B (b)l]\/[1

by triviality of R and [19, 3.13, 4.3]. It follows that ¢p is a bialgebra isomorphism,
whence B has an antipode. Semisimplicity of A and B follow from [19]. A is then
also a Hopf algebra since it is the dual of B. O

Moreover, the antipode is involutive, S2 = id, by a powerful theorem of Etingof
and Gelaki [8].

7.1. D2 biseparable extensions are QF. In this subsection, we no longer as-
sume M|N is Frobenius: in fact, we will be interested in when d2 biseparable
extensions are Frobenius. A depth one ring extension M|N is a centrally projective
ring extension defined in Example 3.4: compare [19, 3.1]. It follows from Exam-
ple 3.4 that a depth one extension is automatically d2.

The following theorem answers [6, Problem 3.8] for depth two extensions. A ring
extension M|N is left QF (quasi-Frobenius) if My and yM are f.g. projective and
NM} @ x = @™y My [25]. Similarly there is a notion of right QF extension with
two-sided QF extensions being denoted by “QF.” Of course, a QF extension is a
weakening of the notion of Frobenius extension.

It is already well-known and easily derived that a depth one (bi)separable ex-
tension is QF (e.g., see [6]: in fact, it is Frobenius [34]). The same is true of depth
two extensions:

Theorem 7.4. A depth two biseparable extension is QF.

Proof. Since M|N is separable, it follows easily that £|M (identified with A\(M))
is split with bimodule projection given by f +— 3. f(x;)y; where ). z; ® y; is a
separability element. Let p;Wjs be the complementary bimodule satisfying £ =
M & W as M-bimodules. By Corollary 3.11 for left d2 extensions we note that
MEN B * = ®"yy Mpy. Then also ,y Wy & x =2 @™y My. Since the canonical map
W @n M — W is a split right M-epimorphism by separability, it follows from
NW QN My & % =2 @"nM ®n My and the definition of left d2 extension that

NWy ®x =™ NyMy.
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On the other hand, since M|N is split, we have M =2 N @V for N-bimodule V,
so £ = Hom (My, Ny @ Vi ); whence the isomorphism of N-M-bimodules,

MaoW = HOIn(MN,NN) @HOm(MN,VN).

From the two displayed equations, we conclude that M* ®* = ™1 M as N-M-
bimodules. Hence M|N is left QF. We prove similarly that a right d2 biseparable
extension is right QF. |

By comparing with the definition of depth three in [19, 3.1], we propose that a
ring extension M|N be right depth three if e M @y M ®n My and ¢ M @ v My are
H-equivalent modules; and left depth three if NM Qn M Qn Mg and yM Qn Mg
are H-equivalent. We recall our notations £ = End My and £ = End yM. The
following is proved in the same way as Theorem 6.7.

Proposition 7.5. A depth two extension is depth three.

We propose the following problem in extension of Theorem 7.4: is a biseparable
depth three extension QF or Frobenius? Yet another problem is to determine a
reasonable definition of finite depth ring extensions.

8. THE IRREDUCIBLE CASE

From [19] we recall (and slightly extend the notion) that a K-algebra extension
N — M is irreducible if the centralizer is trivial: R = K1y for K a commutative
ground ring. In this section, we show that a depth two irreducible Frobenius exten-
sion M /N has Hopf algebras A and B with bialgebra structure defined as before.
Because of the results in Sections 6 and 7, this extends by entirely different means
the main theorem 1.1 in [19]. To be precise, we obtain the same results without the
hypotheses of proper extension, biseparability and K a field; however, the result
that the fixed points of M under the action of A be exactly N requires the new
condition of My being balanced, as shown in Section 4.

Theorem 8.1. Suppose M /N is a depth two irreducible Frobenius extension. Then
A:=FEnd yMy and B := (M ®x M)" are dual Hopf algebras acting on M and
End y M respectively, with M; = M x A.

Proof. From Section 4 recall that A is a left bialgebroid over R = K; whence a
K-bialgebra which by Theorem 3.10 is a progenerator K-module. We also recall
that A acts on M with M; isomorphic as rings to M x A. From Proposition 2.4
and Corollary 5.3, B is the bialgebra dual of A, since

<bb,7 a) = <ba a(l))<bla a'(2)>a (ba aa,) = (b(l)a G,) (b(Z)a a’l>'

It suffices then to show that A has an antipode.

Let E : M — N be a Frobenius homomorphism with dual bases {z;}, {y;}, and
bi, B; be a left d2 quasibasis for M/N. We now claim that ¢ : A — K defined by
Y(a) =3, a(z;)y; is a Frobenius homomorphism satisfying

(87) amy¥(ag)) = ¥(a)la

for every a € A. v is shown to be a Frobenius homomorphism by either noting
that it corresponds to Ej; restricted to A via the isomorphism A = A given in
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Corollary 6.6, or computing that {b; E(b?—)}, {8:}, are dual bases for 1. Now we
compute:

a(=b;)b; Bi(x5)y;
a(—z;)y;
a(z;)yjidy = ¢(a)la,
since Y, 2; ® y; € (M @y M)M, so a(ma;)y; = 1(a)m for m € M.
We note next that E is left norm for the augmented Frobenius algebra (A, 1, €),
since for each a € A:

Y(aBE) =Y a(E(x;))y; = a(l) Z E(z;)y; = e(a).

J

any(ag))

Now it follows from Eq. (67) and a standard lemma (due to Pareigis) that
(88) S:A= A, S(a)=EwyaBy) =Y E(=b)biabi(z;)y;
4]

is an antipode for A, since A := Hom g (A, A) is f.g. projective algebra with
respect to the convolution product * induced from A, clearly 14 * S = 1 4, whence
S x 1A = 1.A- O

The theorem provides the key to computing formulas for the Hopf algebra struc-
tures on A and B in [19](cf. Section 6) and its extension to the nonbiseparable
case with commutative ground ring. For example, we show that the action of A
on M in [19], expressed by a conjugation formula (Eq. 25), is indeed given by the

Ocneanu-Szymaniski action. Let S be the antipode induced from S on A by the
Hopf algebra isomorphism ¢4(a) = }_; a(z;)ery; (cf. Theorem 7.3).

Proposition 8.2. Fora € Aandm e M, we have

(89) Ep(amey) = a(l)mg(a@))

Proof. Let 1 4(a) = a for a € A. By Proposition 7.1, it will suffice to compute that
aymS(a(z)) = a(m)ly,. We compute using Eq. 88:

a(l)mg(a@)) = Z a(z;b;)bery;mE(zby)b26i6r (T5)yse1yk
i,j,k,T,s
= D olgbi)bier B(y;mE(wib])b]8: 6 (7)ys)un
i’j7k7,r’s
= Y a(mE(zb)bibi)b; Bifr (ws)yseryi

k,r,i,8

= ) a(mE(zb))b2B(xs))yser v

k,r,s

= Z a(mE(zrzs))yseiyk
k,s

= a(m) Z Trei1lYr = a(m)le
k

since >, Bifr(zs)ys € R =K. O

We next note a criterion for when an irreducible d2 Frobenius extension M /N
is split (i.e., N ® * & M as N-bimodules).
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Proposition 8.3. M/N is split & A is K-separable.

Proof. Since M/N is Frobenius with Frobenius homomorphism E : M — N, it is
split iff there is d € R such that E(d) = 1. Since R is trivial, d € K, so E(1)d =1
and ¢(E) = E(1) is invertible. Since E is a left norm in A, it is a left integral, or
by direct computation for m € M and « € A:

aE(m) = a(1)E(m) = e(a)E(m).
But then A is K-separable iff £(E) is invertible (e.g., [21, 5.2]). O

Similarly M/N is separable iff there is d € R such that ), z;dy; = 1. Then
En(1a,) = >, xiy; is invertible in K. Now the multiplication in B yields

lMlb = bla:jelyjb2 = 1M1b1b2 = IMIE(b),

whence 1y, is a right integral for the Hopf algebra B. We then similarly complete
the proof of the next proposition:

Proposition 8.4. M/N is separable < B is K -separable.

Next we conclude from Proposition 7.1 and [40, 1.1] (cf. [19, Fig. 2]) that M/N
is a B-Galois extension of K-algebras, a generalization of [19, Theorem 6.5]. We
assume that My is balanced as used in Section 4.

Corollary 8.5. An irreducible Frobenius (ring) extension of depth two is a Hopf-
Galois extension.

If K is a field of characteristic zero, it follows from the Larson-Radford theorem
[22] that A is a semisimple Hopf algebra over K iff its dual B is semisimple. From
the propositions above we deduce:

Corollary 8.6. Suppose K is a field of characteristic zero and M [N is an irre-
ducible d2 Frobenius K -algebra extension. Then M is a split extension of N if and
only if M is a separable extension of N.
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