BRANCHING COEFFICIENTS OF HOLOMORPHIC REPRESENTATIONS
AND SEGAL-BARGMANN TRANSFORM

GENKAI ZHANG

ABSTRACT. Let D = G/K be a complex bounded symmetric domain of tube type in a
Jordan algebra Vi, and let D = H/L = DNV be its real form in a Jordan algebra V' C V.
The analytic continuation of the holomorphic discrete series on ID forms a family of inter-
esting representations of G. We consider the restriction on D of the scalar holomorphic
representations of (G, as a representation of H. The unitary part of the restriction map
gives then a generalization of the Segal-Bargmann transform. The group L is a spherical
subgroup of K and we find a canonical basis of L-invariant polynomials in components of
the Schmid decomposition and we express them in terms of the Jack symmetric polyno-
mials. We prove that the Segal-Bargmann transform of those L-invariant polynomials are,
under the spherical transform on D, multi-variable Wilson type polynomials and we give a
simple alternative proof of their orthogonality relation. We find the expansion of the spher-
ical functions on D, when extended to a neighborhood in I, in terms of the L-spherical
holomorphic polynomials on I, the coefficients being the Wilson polynomials.

1. INTRODUCTION

Let D = G/K be a complex bounded symmetric domain of tube type. The weighted
Bergman spaces H, on D form unitary representations of G and are also called the scalar
holomorphic discrete series. They have analytic continuation in terms of the weight v and
constitute some interesting and important family of unitary representations of G. It has
turned out that it is very fruitful to study the restriction of the holomorphic representation
to certain subgroups, both from the point of representation theory and harmonic analysis.
In this paper we will pursue this by studying the restriction on some real forms of D.

The domain D can be realized as a unit ball in a Jordan triple V. Let V' be a real form of
Ve, Ve =V +14V. The real form D = V N D is called a real bounded symmetric domain
if the complex conjugation 7 with respect to V' keeps D invariant. In this case D = H/L
is also a Riemannian symmetric space where H is a symmetric subgroup of GG and L is a
symmetric subgroup of K. Thus we have the following commutative diagram of subgroup

inclusions
G+—K

[T

H+— L

Key words and phrases. Holomorphic discrete series, highest weight representations, branching rule,
bounded symmetric domains, real bounded symmetric domains, Jordan pairs, Jack symmetric polynomials,
orthogonal polynomials, Cayley identity.
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We consider the branching law of the holomorphic representation H, on I along the
diagram. The branching of H, under K is given by the Schmid decomposition, whereas its
restriction to H (the left vertical line) is given by the generalized Segal-Bargmann transform
(see [26] and [39]), which gives the unitary equivalence between 7, as the L2-space on the
D. To continue this study, we consider the L-invariant elements in H,. The branching
along the lower horizontal line is then given by the Helgason spherical transform; so to get
diagram around we need to find all the L-invariant elements in the Schmid decomposition
and calculate their Segal-Bargmann and spherical transform, this will be the main task of
the present paper.

Let r be the rank of D, so that the rank of D is also r if the root system of H/L is
of type A, ; or D,, it is 2r other wise; see Appendix 2. Let W be the Weyl group of
the root system of the symmetric space H/L. The space P = P(V¢) of holomorphic
polynomials on V¢ under the natural action of the compact group K is decomposed into
irreducible subspaces P, with signature n = n;y; + --- + n,, for types A, D or B,
and n = nyy; + niy; + - - + ny + nly. for other types, with multiplicity one. This
decomposition can also be viewed as the diagonalization of a system of Cayley-Capelli
type operators, namely A(z)"*A(9)A(z)*™!, where A is the determinant polynomial of
the Jordan triple V¢ and « are nonnegative integers; moreover the eigenvalues of those
operators separate the spaces P,. We consider its subspace nP* of L-invariant elements.
By using the Cartan-Helgason theorem we find those signatures n, to be called spherical
signature, for which Pﬁ # 0. Our first goal will be to find those polynomials.

For type A those polynomials are the well-known Jack symmetric polynomials and their
norm has been calculated by Faraut-Koranyi [7]; there are also studied intensively by com-
binatorial method [23]. We shall study in [3] their Segal-Bargmann transform both in
bounded and unbounded realization in relation to the Laplace-transform. However for other
types those polynomials have not been determined in representation theory. We will use
the Chevalley restriction theorem and the Dunkl-Cherednik operators to find them.

Let h = q + [ be the Cartan decomposition of the Lie algebra h of H and let a be a
maximal abelian subspace of q. Denote ¥ the root system of (h, a) and W the correspond-
ing Weyl group. The space q can be identified with the Jordan triple V. By a well-known
theorem of Chevalley the restriction map from P~ of L-invariant polynomials on V¢ to a is
an isomorphism onto the subspace P(a)" of W-invariants polynomials in P(a). Thus for
each L-spherical signature n there exists up to constants a unique polynomials in P,. Let
Dy, £ € a, be the Dunkl operators. We can construct a family U; of commuting operators
acting on polynomials on a. For root system of type A, C those operators have been previ-
ously constructed by Dunkl [6]. We prove that when acting on L-invariant polynomials p
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and restricted to a,

T

A(z)*A@)A(2)* ' p(z) = [ [(U: + a)p(2).

i=1

Thus the problem of diagonalizing the Cayley-Capelli operator is reduced to that for the
operators U;. We find those polynomials p,, € ’Pﬁ in terms of the Jack polynomials and we
calculated the Fock space norm of those polynomials; for type C those are done in [6] by
some different method. We can then find the norm of those polynomials in the Bergman
space H,,, by using the result of Faraut-Koranyi.

We calculate then the Fourier and spherical transforms of the Segal-Bargmann trans-
forms of those polynomials in the setting of Fock spaces and respectively Bergman spaces.
They are, up to a factor of the square root of the symbol of the Berezin transform, Weyl
group invariant orthogonal polynomials and will be called the branching or coupling co-
efficients as appeared in the title. In the former case we prove that they are of the form
e*ﬁ”A”ng,,,(A), where (,, () are Hermite type polynomials. Let .J,(x, A) be the Bessel
function associated with the action of L on V', we prove that in the expansion of e 5117 7, (z,])
in terms of p,(z) the coefficients are exactly (,,(A). In the later case (curved case) the
spherical transform of the Segal-Bargmann transform of p,, is of the form by(A)%fﬂ(A),
where b, () is the symbol of the Berezin transform; the symbol has been found indepen-
dently in [34], [24] and [39]. (See also [32] for the case of complex bounded symmetric
domains.) Thus the polynomials &,(A) are W -invariant orthogonal polynomial with re-
spect to the measure b, (A)|c(A)| 2 where ¢()\) is the Harish-Chandra c-function. They are
some limiting cases of the multi-variable Wilson polynomials [33], so that the measure
in the orthogonality relation has now an analytic significance. We find also an expan-
sion of the product of the spherical function on D with the reproducing kernel in terms of
the L-invariant polynomials, the coefficient being the spherical transform of their Segal-
Bargmann transform (see Theorem 9.1). We give thus a unification of the two types of
orthogonal polynomials associated to a root system, homogeneous symmetric polynomials
of Jack type on one hand and the non-homogeneous Wilson polynomials on the other. For
a general root system the Wilson polynomials have been studied by van-Diejen [33] under
certain self-dual condition.

Along our way of the study we find an isometric version of the Chevalley restriction
theorem (see Proposition 5.2) and an analogy of the Capelli identity expressing the product
[[z; and [[ D; in terms of the Cherednik operators [ [ U;, which we believe are also of
independent interest; see [31] and [15] for the related study.

We remark that Theorem 6.9 can be deduced from [6], provided that one proves that
they are eigenpolynomials of the (product of) the Cherednik operators and identify ours
with that of Dunkl; in that paper Dunkl studied the a more general class of polynomials
invariant under certain subgroups of the Weyl group and found the norm.
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We refer also the reader to [14] for some algebraic consideration about finding polyno-
mial invariants of linear groups and [17], [18] for some general results concerning the
branching of unitary highest weight representations. We mention also that our results
can also be interpreted as finding eigenfunctions of the Hamiltonians for the Calogero-
Sutherland model for many body system, both with rational (flat case) and hyperbolic
trigonometric (bounded case) first order differential operators in the Hamiltonian; see e.g.
[6] for the flat case.

The paper is organized as follows. In Section 2 we give an abbreviated introduction of
weighted Bergman spaces on bounded symmetric domains and fix some notation. In Sec-
tion 3 we present the Segal-Bargmann transform and Berezin transform on real bounded
symmetric domains, thus establish the abstract orthogonality relation for the spherical
transforms of the Segal-Bargmann transforms of the L-invariant polynomials. We identify
those Schmid components P, which contain non-trivial L-invariant polynomials in Section
4. In Section 5 we express the radial part of the Cayley-Capelli type operator in terms of the
Dunkl operator. Their eigenspace decomposition is done in Sections 6 and 7. In Sections
8 and 9 we study their Segal-Bargmann transforms and prove their orthogonality relation
and find the expansion of the Bessel and spherical functions. We evaluate the constant in
the Plancherel formula for the symmetric space H/L in our settings in Appendix 1, and we
list all the real forms H/L of a general Hermitian symmetric space in Appendix 2.

Acknowledgement. I would like to thank Eric Opdam for providing me a copy of the
Macdonald lecture notes [22] and Charles Dunkl for sending a copy of his works. I thank
Toshiyuki Kobayashi, Hjalmar Rosengren, Siddhartha Sahi and Harald Upmeier for some
enlighting discussions. The hospitality of the Newton Institute, Cambridge, is also greatly
acknowledged.

For the reader’s convenience we list the main notation used in this paper:

e D = G/K acomplex bounded symmetric domain of tube type and rank ' in a vector
space V¢, g = € + p the Cartan decomposition.

e VV areal form in V¢ and 7 the conjugation of Vi = V + 4V with respect to the real
form V.

e D = H/L areal bounded symmetric domain in V', h = [+ ¢ the Cartan decomposition
of b, g is identified with V.

e 7: rank of the real bounded symmetric domain D, so that the rank r’ of the complex
domain D is r if D is of type D,, and it is 27 if D is of type C,.

® ¢y,...,e.: aframe of the Jordan triple V.

e a C g the maximal abelian subspace of q spanned by the vectors §; = &;, X the root
system of f with respect to a;

® (3,...,03. € a* the dual basis of %fl, ce %g,«, identified also as linear functional on
V.
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e ¢ the root multiplicity of —ﬂf;ﬁ’“
Observe that dim A;; = 1 and dim B;; = ¢ — 1; dim B;;, = dim Aj;, = a for type C
and D, (r > 3).

® vi,...,7 Gf type D) or vi,7]...,7%, 7. (if type C) the Harish-Chandra strongly

and are independent of j, k¥ and choice of the frame.

orthogonal roots; a’ the non-compact root multiplicity of @

e ¢ =& + £~ induced Cartan decomposition of ¢ by 7 with ¢ = [=¥N¢q

e t =t + t! the induced decomposition of a Cartan subalgebra t of £.

e ¢, the normalization constant for the Berezin transform, ¢!, the normalization constant
for the weighted Bergman measure, Cy the one for the Plancherel formula on D =
H/L, C; the one for the integral of L-invariant functions on V' in terms of polar
coordinates on a.

2. COMPLEX BOUNDED SYMMETRIC DOMAINS

We recall very briefly in this and next sections some preliminary results on bounded
symmetric domains and fix notation; see [21] and [7] and reference therein.

Let D = G/K be an irreducible bounded symmetric domain of tube type in a d-
dimensional complex vector space Ve = C¢ of rank r’. (The symbol r will be reserved
for the rank of the real bounded symmetric domain D in Section 3.) Let g = € 4 p be the
Cartan decomposition and g = p* + £ + p~ be the Harish-Chandra decomposition of its
complexification. The space Vi = p™ has then a Jordan triple structure so that the subspace
p is of the form

(2.1 p={v—-Q(2)v,v € V¢},

when the elements are realized as holomorphic vector fields, where Q(z) : V¢ — V¢ is qua-
dratic in z. We denote {zyz} the Jordan triple product {zyz} = (Q(z+2)—Q(z)—Q(2))y.
We fix a K-invariant Hermitian inner product (-, -) on V¢ so that a minimal tripotent has
norm 1. We let dm(z) be the corresponding Lebesgue measure. The Bergman reproducing
kernel up to a positive constant is of the form h(z, @) where p is the genus of I, defined
by p = i—‘,i (for tube domains) and h(z, w) is an irreducible polynomial holomorphic in z
and anti-holomorphic in w.

Let v > p — 1 and consider the probability measure dpu, (2) = c,h(z, Z)*"Pdm(z) where
¢, is the normalization constant, and the corresponding weighted Bergman space H, =
H, (D) of holomorphic functions f so that

12 = [ 1£6:) P (z) < .
It has reproducing kernel A (z, w) . The group G acts unitarily on #, via the following

(2.2) T f(2) = 1 (2)7 f(g '2),

and it forms a unitary projective representation of G.



6 GENKAI ZHANG

Let 7, = F,(V¢), for v > 0, be the Fock space of entire function on V¢ with the norm

defined by
_ Vd —v(2,2)
(0,0)7 =5 [ p2)alz)e dm(z).

Ve
Thus it has reproducing kernel e”(*%), When v = 1 we write for simplicity F = F,. The
norm in F can alternatively defined by

2.3) (f,9)7 = v P f(0.)g"(2)],_,

for polynomials f and g, where ¢g* is obtained from g by taking formerly the complex
conjugate of the coefficients of the monomials (in terms of an orthonormal basis in V).

The first part of the next result is due to Hua [16] for classical domains and Schmid [30]
for general domains, the second and third part is due to Faraut and Koranyi [7], Theorem
3.8; this result will be of fundamental importance for our work here. Fix a Cartan subalge-
bra of € and let 7; > - - - > ,» be the Harish-Chandra strongly orthogonal roots. Let a’ be
the root multiplicity of 2% in p™.

Theorem 2.1. The space P of holomorphic polynomials on Vi decomposes into irreducible
subspaces under Ad(K), with multiplicity one as:

(2.4) P ZPQ.

n>0
Each P, is of lowest weight —n = —(nyy; + -+ - + n,7,) wWithny > --- > n, > 0. The
quotient of the norms of a polynomial f € P, in the Fock space F and in the weighted
Bergman space H,, is given by

Ifll=
1l ~ Ve
where
a=TI0 =56 =D, HHU——j—l +k—1).
j=1 j=1lk=1

is the generalized Pochhammer symbol.

Let K, be the reproducing kernel of P, with in the the Fock space F, for v = 1. Then
as a consequence we have, writing [n| = ny + - -+ 4+ ny,

(2.5) eew) — Zv'ﬂ‘Kg(z, w)

and

(2.6) h(z,w)™ =Y (V)uKa(z, w).
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3. BEREZIN AND BARGMANN TRANSFORM ON REAL BOUNDED SYMMETRIC
DOMAINS

Let V' be a real form of V¢ and 7 the complex conjugation with respect to V. Suppose
7(D) = D, namely, 7 fixes the bounded symmetric domain. Then the real form D = DNV
is called a real bounded symmetric domain. In this case the triple product D(z, )z =
{zyz} restricted on V' defines also a triple product on V.

A complete list of real bounded symmetric domains D is givenin [21]. As a Riemannian
symmetric space, D = H/L, where H is the connected component of the subgroup of G
of biholomorphic transformations of ID which keep D invariant. The coset space G/H is
called a causal symmetric space, a complete list of the pairs (G, H) can be found in e.g.
[25] and [13], see also Appendix 2.

The H-invariant measure on D is

(3.1) h(z, z) "2 dm(z),
and H acts unitarily on L?(D, h~>dm) via change of variables,

(3.2) mo(9)f(z) = f(g7'z), g€ H.

We describe briefly some algebraic and geometric structures of the domain D.
Let h = q & [ be the Cartan decomposition of the Lie algebra h of H. Similar to (2.1) we
have

(3.3) qg={v—Q(z)v,v eV}

We thus identify q with the underlying space V' via the mapping v +— &£,(2).

Let r the rank of D = H/L, so that the rank ' of D will be r or 2r; see below. Let
{ej,7 = 1,...,7} be a frame of minimal tripotents in V. The elements &; = &, =
e; — Q(z)€;, j = 1,...,r, span a maximal subspace a of q of dimension 7. Let {f3;,j =
1,...,r}in a* be the dual basis of £¢;,

Bi(&k) = 20k,

where 4, 5, is the Kronecker symbol. Then the root system X(g, a) is of types A,, C, or D,.
Type A, corresponds to the case that V' is a formal real Jordan algebra; we will be only
concerned with type C, and type D, (r > 3):

£
S(g,0) = {8, 22,
and respectively
 +
£(g.a) = {52y

We let, as in [39], a be the root multiplicity of ﬂji—ﬁ’“ and ¢ — 1 that of 3;. Arrange an
ordering of the roots so that

Br < fa < or < By
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The ranks 7’ and  and the multiplicities a', a and ¢ — 1 are related to each other:
(3.4) r'=r,ad =2a

if it is type D, (r > 3), and

(3.5) r'=2ra=2d,.=2+4d;

if itis type C, for r > 2;a’ = 0 and ¢« = 2 + o’ if r = 1. Those relation can easily be
obtained by calculations of the dimensions of the root spaces or by a case by case check of
the table in the Appendix 2.

We note that with the above normalization of the inner product on V¢ a minimal tripotent
of V has norm +/2 if the root system is of Type C, otherwise it is of norm 1; see below.
(The inner product in [39] is normalized so that a minimal tripotent of V' always has norm
1.)

To consider the branching law of (#,, 7,) of G under H we let R be the restriction map
([26]) R : H, — C*°(D) by

(3.6) Rf(x) = f(z)h(z,Z)2, z € D.

Then R is an H-intertwining map, as one can easily checks from the transformation prop-
erties of h(z, ). Consider its formal conjugate operator R* from L*(D, dpuo) to H” and
form the operator R*R on L?(D,w). Itis

1
(3.7) RR* = —B,,
where
h(z,)2h(w,®): dm(w)
3.8 B,f(z)=c, w — .
o9 10 =0 [ 0
is the (normalized) Berezin transform and the constant ¢, is such that B,1 = 1. The

constant ¢, is evaluated in [39]. Let
3.9) R=|RIU

be the polar decomposition of R. Thus |R|?> = RR*.

It is proved in [39] that when v > p — 1 for type C and suppose v > £ — 1 the Berezin
transform RR* is bounded, and that the multiplier 2% is in L*(D, h~2dm(z)). Since for
those values of v the space H, contains all polynomials, thus the range of R contains
the functions of the form h(z, Z)2p(z, Z) where p(z, Z) are polynomials of z and it clearly
forms a dense subspace in L?(D, h~3dm/(z)). This proves

Proposition 3.1. Suppose v > p — 1 for type C and suppose v > £ — 1 for type D. The
operator U is unitary and intertwines H-actions (2.2) on %, and (3.2) onto L?(D).

Definition 3.2. The unitary operator U is called a (generalized) Segal-Bargmann trans-
form.
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Let ¢, be the spherical function on D = H/L. Let
f) = [ ieee )
D h(z,Zz)2

be the spherical transform on D, where f is a L-invariant C'*°-function on D with compact
support. It is well known ([11], Chapter IV) that the map extends to a unitary operator from
L?(D)E onto L2(a*, C,|c(A)|72d\)"™ of W -invariant functions in the L? space on a*. Here
() is the Harish-Chandra c-function, with the same normalization as in [11], Chapter 1V,
d is the regularly normalized measure and the constant Cy can be evaluated by using the

evaluation of the constant ¢, in [39] and the evaluation of the Selberg integral, see Appendix
1.

Corollary 3.3. Themap f — U f is a unitary operator from A onto L2(a*, C,|c(A)|"2dA) Y |

In particular if we find a canonical orthogonal basis HZL, their image under the above
unitary operator then gives an orthogonal basis L?(a*, C,|c(A)|72dA)"W.

4. EXISTENCE OF THE L-INVARIANT HOLOMORPHIC POLYNOMIALS

We identify now those polynomial spaces P, that contain L-invariant vectors.

Lemma 4.1. In the decomposition (2.4) the component (P,)* # 0 if and only if

r
4.1) n = (Mg, My, Mo, My, ..., My, My) = ij(%j—l + 725)
j=1

if 3 is type C,., and
T
4.2) n = (2my,2ms, ..., 2m,) +m(L,1,...1) = (2m; + m)y;
j=1
if £ is of type D,, where in all cases m; and m are nonnegative integers and m; > my >
... 2 m, 2 0

Proof. The involution 7 on V¢ induced an involution on € and its fixed point set is [, thus
(€, 1) is a symmetric pair. Let ¢ = [+ ¢ be the corresponding Cartan decomposition. Let
t. C £ be a maximal abelian subspace of £, and t = €' + £~ a Cartan subalgebra of
¢ with t7 C [. We apply the Cartan-Helgason theorem [12], Chapter V, Theorem 4.1, to
identify the L-spherical representations, which asserts in our case that the representation
Pn contains a L-fixed vector if and only if

and
(4.4) ) €N,
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for all roots « in the root system (€%, (t,)€) of €© with respect to ., in which case P} is
one-dimensional. Here N is the set of nonnegative integers.

Consider the type D, first. By (3.1) the frame {ej, e, ..., e, } of minimal tripotents in
V is also a frame in V. Recall the involution 7 induced by the complex conjugation on V¢
with respect to V. We have 7(&;,) = &, 7(&e;) = —&;- Thus

7(1D(ej,€5)) = —iD(ej, €5),
since .
iD(eja ej) = §[§Gj7£iej]7

so that iD(e;,e;) € t-, j = 1,...,r, and they span an r-dimensional abelian subspace
i(RD(e1,e1)+: - -+RD(e1, e1)) of ., whereas the dimension of t isdim(t) = rank(K/L).
We claim that rank(K /L) > r. Indeed the symmetric pair (¢, 1) is (s(u(r) ® u(r)), so(r) ®
s0(r)), (u(2r), s0(2r)) or (s0(10) + R, sp(4)) (with » = 3), the rank of the first pair being
2r — 1 > r, the second 2r > r and the third 7 > 3 (see [11], Table V, p. 518). This means
that the subspace i(RD(eq,e1) + - -+ + RD(ey, 1)) is a nontrivial subspace of €. So the
vanishing condition (4.3) is already satisfied since n is vanishing on the orthogonal com-
plement of i(RD(eq, e1)+- - -+RD(eq, e1)) in t. To check the second condition, recall (see
[30], formulas (16) and (17)) that all roots of in X:(€C, (t)©) are of the form L2+ o, with
o orthogonal to 2 and if nonzero, ||a||? = || 252 ||?
linear functional on t_, only span a 7 — 1-dimensional subspace, thus there exist roots in
(€S, (£7)C) of the form 2% + o with nonzero « for all j,k = 1,...,7, j # k. Thus by

2
the Cartan-Helgason theorem, the polynomial representation n is L-spherical if and only if

(n, 2% + «) 1

<’Yj;7k ta, ’Yj;’Yk +a) = 5(”] —ny) € Lo,

. Notice that since 2%, viewed as

for all j < k, and

<ﬂ, i ;'Wc )
(U2 e
2 0 2
when o = 0. The first condition clearly implies the second and it is just our stated condition.

= (TL]' — nk) € ZZO7

Now consider type C,.. There are only three cases and we study them case by case.
Consider the case (¢, 1) = (s(u(2r) @ u(2r)),sp(r) @ sp(r)). The highest weight n =
(mie1+mogat- - +moreor)®(Mye1+maoca+- - -+moreo,)* Where ¢; is the dual of diagonal
matrix with jth entry being 1 and rest 0, in the standard matrix representation of u(2r), and
(myie1+maoeg+ - - -+ more9,)* is the contra-gradient representation. The representation m
has a [ = sp(r) @ sp(r)-fixed vector if and only if the representation mie1 + mogo + - - - +
mor€a, has a sp(r)-fixed vector, and the later happens precisely when m; = mg, m3 =
My, ..., My, = My,, namely our condition, again by the Cartan-Helgason theorem, since
(su(2r),sp(r)) is a symmetric pair. Now let (¢ [) = (u(2r), sp(r)). The Harish-Chandra
roots are y; = 2g95_1,7; = 2€;. Our result immediately follows from the above argument.
Finally consider (¢,[) = (s0(2) @ so(p),s0(p)). The highest weight n = ma(y1 + 72) +
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(m1 —ms)(71), and as representations n = ma (1 + 72) ® (M1 — ma)y1 with ma (71 + 72)
being the trivial representation of so(p) and (m; —mz)7; the representation of so(p) on the
spherical harmonics of degree m; — me, the later has an so(p)-invariant vector if and only
if my; — meo is even. This completes the proof. L

Remark 4.2. In [19] Krimer has given a classification of all spherical connected sub-
groups L of a simple compact Lie group K (Tabelle 1, loc. cit) and listed all the fun-
damental spherical highest weights. Our result can also be deduced from that list. One
may also prove the above result somewhat by slightly general argument by following the
classification as in [25] and [21]. Moreover the above result for type C holds also for type
BC and that for type D holds also for type B (with m = 0).

Let A(z) be the determinant polynomial of the Jordan triple V¢ and A(Q) the corre-
sponding differential operator which we call the Cayley type operator. The next result
gives the eigevalue of the operator A(2)"*A(9)A(2)**!, sometimes also named as the
Cayley-Capelli operator, under the Schmid decomposition (2.4), and its follows easily by
using Theorem 2.1; see e.g. [36], [35].

Lemma 4.3. Let 7’ be the rank of D. The differential operators A(z) ~*A(9)A(z)**! for
r' different nonnegative integers o form a system of generators of K-invariant differential
operators on P(V¢). A holomorphic polynomial f € P(V¢) is in the space P,, if and only
if it is a solution of the system of differential equations

r! ’

45 AETAOAE () = [[(G0 — )+ 1+ a (),

j=1
for r' different nonnegative integers a.

In the next sections we will find the L-invariant polynomials in Py,.

5. DETERMINATION OF THE L-INVARIANT HOLOMORPHIC POLYNOMIALS: SOME
GENERAL RESULTS

We consider the Chevalley restriction map Res from P (V)L onto the space P(a)"V of
W -invariant polynomials on a. By using the Dunkl operator we define an inner product
on P(a)" and we prove that the restriction map Res is an unitary map from P (V)% with
the Fock space norm onto P(a)". This reduces the problem of finding and calculating of
L-invariant polynomials to the corresponding one of W -invariant polynomials on a.

Some consideration that follows will be true for some general root system, we shall,
however, only consider the root systems 3 as in Section 3.

We fix a frame {e;,j = 1,...,7} of minimal tripotent in V, enumerated so that e; €
V C V€ = pT is aroot vector of the Harish-Chandra orthogonal root v, j = 1,...7,if ¥
is of type C, and e; is a sum of two root vectors with roots 7y,;_1 and y; for type D.
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For any root o € X let 7, € W be the reflection defined by . We recall the Dunkl
operator [4],

_ 1 (&)
D]—8]+§ Z maa(x) (].—7"a)

aEXt
acting on polynomials f(x) on a, where the 7, acts f(z) via

(raf)(@) = f(r3 a).

The operators D;,j = 1,...,r are pairwise commuting, and thus define an isomorphism

between the ring of polynomials on a and the ring of difference-differential operators gen-
erated by them. We can thus define, for any polynomial x = z1e; + - - - + 2,6, — f(x) =
f(z1,...,z,) the operator f(D) by assigning D; to the polynomials z;,j = 1,...,r.

Definition 5.1. (Dunkl [5]) Let X be the root system of type C' or type D. The 3-inner
product on (P(a))" is defined by

(fa g)E = f(Dcc)g*(m)Lr:Oa

if 32 is of type D, and
1

(£,9) = £GP @],

if 3 is of type C.

The discrepancy for type C here is due to the unmatched norms of minimal tripotents in
Veand V.

Proposition 5.2. The restriction map Res is an isometric mapping from (P(Ve)Z, || - || 7)
onto (P(a)", || - [I).

Proof. We consider the operators

1
(5.1) E=3(z+-+2),
Lo 2
(5.2) F=— @+ +3)),
and
d
(5.3) H = (2161 +--+ Zdad) + 5

acting on the space P(V¢)”. Then it is clear that they form the Lie algebra sl(2, C):
[E,F|=H, [H E]=2E, [H F|=2F

Let us, following Heckman [10], define similarly

1
(5.4) &:;ﬁ+m+ﬁx

1 2 2
(5.5) Fy=—>(D*+---+ D?),

2
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for type D, and

(5.6) Ey =254+ 12,
1
(5.7) Fo=—Z(Df+---+Df),
for type C (again due to the ill-matching of the norms of minimal tripotents in V¢ and V'),
and
1
(5.8) Hy = (210 + - - -+ £,04) + §(r+zma),

for all types. They form a copy of the Lie algebra sl(2, C). We claim that

ResF = FE;, ResF =F,, ResH = H,.
The second is trivial, the third follows since that the dimension d = dim¢ Ve = dimg q =
5+ % > ack Ma- The first is just the formula for the radial part of the Laplace operator on
q; see [12], Proposition 3.13 for the formula and [4] (or [10]) for the calculation of Fj. It

is proved in [10] Proposition 3.4 that for any polynomial p of degree m on a, viewed as
multiplication operator on P(a), namely in Aut(P(a)),

59 p(D) = (1"~ ad(F)"(),

where the Lie algebra s[(2, C) is acting on Aut(P(a)) via the adjoint action. The essentially
same (even easier) calculation shows that, for polynomial P on P (V) we have

(5.10) P() = (-1)"% ad(F)™(P)
Forany P,Q € P(V¢)L, letp = Res P,q = Res Q; if x € a,
P(0)Q"(z) = (Res P(9)Q")(x)

— (Res((-1)" - aa(F"(P)Q) ) (0

I

((—l)m% ad(Fy)™(Res P) Res Q*) (x)
p(9)q*(z)

and
(P, Q)r = P(9)Q"(0) = p(0)q”(0) = (p, )z = (Res P, Res Q)s,
completing the proof. L

It is noted in [10] that the above idea of reducing computation to second order operators
goes back to Harish-Chandra.

Remark 5.3. The above result clarifies the significance of the Dunkl operator and the inner
product (-, -)x. Moreover it gives an isometric version of the Chevalley restriction theorem
([12], Chapter 2, Corollary 5.12). It seems to the author that this was not been known
before.
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As a consequence we get

Corollary 5.4. The Cayley operator Res A(d) on L-invariant polynomials is given by
(Res A())f(z) = [ [ D;f (=)
=1
for type D and J )
(Res A2)f(z) =27 [ | D f ()
for type C.

Proof. We consider only the type D,., the type C,.-case can be proved similarly. Recall that
the determinant function A on V¢ is of degree r and when restricted on a it is

Res A5) = Alwres + -+ zyer) = [ [ = ([] %)(x)

We calculate now the adjoint operator of A and Res A. The adjoint operator of multiplica-
tion by A(z) on P(V¢) with respect to the Fock norm is A(9), A* = A(0) and respectively

the multiplication by [’ is (I, &) = [ 1}, D; with respect to the ¥-norm by the

j=1 2 Jj=1 2
definition of the inner product. Thus for P,Q € P(V¢)" we have, by the preceding propo-
sition,
(Res(A(0)P),ResQ)r = (A(Q)P,Q)r = (P, AQ) +
= (Res P,Res AQ)s, = (Res P, (H %) Res AQ)s
j—l
H ﬁ] *Res P,ResQ)x = HD )Res P,ResQ)sx
j=1
proving the result. [

6. L-INVARIANT HOLOMORPHIC POLYNOMIALS: TYPE C,

In this section we find the L-invariant polynomials in PHL and calculate their norm in the
Fock space. We will express them in terms of the Jack symmetric polynomials. For that
purpose we recall some basic facts.

Let

A a 1
2 = y; — yi)
i£]
be the Dunkl operator ([4], [10]) acting on functions on the r-dimensional vector space R",

where the superscript indicates that the underlying root system is of type A. Let

(6.2) Uj = UJA Djy; — Z Sij

z<]
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be the Cherednik operator for type A ([6] and [2]). Then U#, j = 1,...,r are commuting
operators. The relation between U ]’-4 and the Cayley type operator H;Zl D; H;Zl y; 18
the following. (It can be viewed as a symmetric invariant analogue of the Cayley-Capelli
identity, which express the product A(9)A(z) as another determinant.)

Lemma 6.1. The following identity hold
JI2nqTv) =11Ys
7j=1 7j=1 Jj=1

Proof. The proof relies on the commutation relations D;s;; = s;;D; and [D;, 2] = —§ 5.

From this we deduce that

T T
HDj Hyj =Di...D,iDyyiys ..y,
j=1 5=l

r—1 r—1
a
=Di...Dratn Drya. . Y — g(H Dj)(H Yj)S1r;

repeating the argument (moving D, until it reaches y,) we get
(6.3) 112 11vi=Di- - Drcayige- . yeaUr.
j=1  j=1

Performing the above computation with D,_; and so on proves the formula. L

Essentially the same computation gives

T

(6.4) (H y;)~® HDj(H y)) =[] + a).

j=1
Remark 6.2. The Cherednik operators U. ]A are introduced before (see [6] for root systems
of type B and reference therein) in order to study the non-symmetric Jack polynomials.
The above lemma shows that it can also be obtained, though less systematically, in trying
to write the Cayley-type operator ([7_, D;)([I=, ;) as a product of r operators.

The Jack symmetric polynomial are then a sum of joint (nonsymmetric) eigenfunctions
of U;. Let 2, be the normalized Jack symmetric polynomial, so that it is a symmetric
eigenpolynomial of the operators H;ZI(U]’ + a)

r T

(6.5) [TU + @) = (H(g(r k) + 1+ a+mp) s u)

for all nonnegative integers «, normalized so that

Qm(1,...,1) =1.

Let D; be the Dunkl operator on a = Re; + ... Re, for the root system X of type C,

t—11 a 1 1
D; =9, S(l-s) s D 1— si; 1— o
J i+ D) xj( 5])+2 .(l'j—ﬂﬂi( SZ])+$j+$i( 0ij))
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where 0}, s;; and o;; are the reflections in Weyl group corresponding to the roots ;, %(% —
7;) and respectively 3 (7; + ;).
Recall that the Hermitian form on V' is normalized so that e; has norm V2.

Lemma 6.3. The restriction of the operator Res(A(d,)A(z)) on a is given by

Res(A(8,)A(z))
o r r o r r a r
=2 2 HD;HJ)?:Q 2 HDjH(Djl‘j—EZ(O'ij+Sij))H$j
j=1 j=1 j=1 j=1 1<J j=1
T a - a
=2 2 H (Dj.’L'j — 5 Z(O’Z’j + Sij) +1-— (L — 1)0’j)) H (Djxj — 5 Z(Uij + Sij)>
j=1 1<j j=1 <J

Proof. The first equality follows by Corollary 5.4, for the restriction of A(z) on a is

H;Zl x? The rest of the proof is similar to that of Lemma 6.1. We have the product

formula

T

SUED I ENES § (IR S CTRN)E

j=1 j=1 i<j

and shift formula

(][ D) (Djz; — g > (i + sij)) = (Djz; — g > (oij +si5) + 1= (= Da)(] [ Dr),

i<j i<j k=1

which can be obtained by repeatedly using the commutation relation

[Djy i) = 5oz = si), (7 h).

a
[Djaj] =1+ =1)s;+ 5 > (o3 + 537),
i

and

O']'Dj = —DjO'j, Siij = Disija Uiij = _Diaij-
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Consequently
q12Hd1=)
j=1 j=1

= (H Dj)(H Dj)(H xj)(H ;)

= (H D) [[(Djx; - g > (o3 + Sz'j))(H ;)

j=1 1<j

= H(Dja:j — gZ(O'” + Sij) +1-(— 1)0j)(H DJ)(H'TJ)

= H(Dﬂj - gZ(% +55) + 1= (0= 1)oy) [ [(Dj; — %Z(Uz’j + 5ij))

1<j j=1 1<j

O

Lemma 6.4. The operator Res(A(9,)A(x)), when acting on W-invariant polynomials of
the form f(2%, ..., z2) with f(y1,...,¥,) being a symmetric polynomials in r variables, is
given in terms of the coordinates y; = 7 by

T

Res(A0)A@)f (@) = [T + 56— 1)~ ) G

j=1

where U]A is the Cherednik operator (6.2) of type A acting on functions of ¥4, ..., y,.

Proof. We use the previous lemma and consider the operator Djz; — £ 3. j (0ij + sij)
acting on the functions of the form f(y1,...,y,) = f(z%,...,22) ; this operator maps f

into functions of the same form, and in terms of the variables y; = a:?, itis

t— 1 1 L —1 1

6.6 2D —EN s L 2y oA _ 2
©0 =3 ; st Ty =G =)
by direct calculation, proving our Lemma. L

The above lemma can also be proved by using [6], Proposition 5.2, where the operator
(ITj=1 Ds)(ITj=, =) is expressed in terms of the Cherednik operators. (Note that our op-
erator U, jA differs by a constant with the operator U 4 ; there.) Together with (6.5) it implies
then

Lemma 6.5. The Jack symmetric polynomials Q. (2, . . ., z?) are eigenfunction of the op-
erator Res(A~*A(9)A'*™*) with eigenvalue

67) jr_[1<§<r—j> 5 my+a)(G(r =)+ m; + o).
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Proposition 6.6. For each m = (my, ..., m,) there exists a unique polynomial p, in the
space PEL with n given by m as in (4.1) such that

(6.8) Respn(z1,...,2,) = Qm(x%,...,xf).

Proof. The existence of such polynomial p, in P (V)% is by the Chevalley restriction the-
orem. Lemma 4.3 implies that p,, is in the space P,, with n as given, if and only if it is an
eigenfunction of the operator A™*A(9) A with eigenvalue

2r '

H(%(Qr—j) +1+n;+a)

7j=1
T a/ T a,
= ] (5@ =2i+1) +1+mn +a) 11 (5@r=20) +1+mi+0)
j=2i—1,i=1 §=2ii=1

:H(a'(T—i—i-%)+1+mi+04)H(a'(7“_i)+1+mi+a)'

i=1 i=1
Using (3.5) we see that the factors in the product (6.7) are

!

g(r—j)—i-%+mj+a=a'(7“—j)+1+%+mj+a=a'(7“—j+%)+1+m]-+a
and

g(r—j)+1+mj+a:a’(r—j)+1+mj+a,
so that (6.7) coincides with the previous formula. L

We calculate now the Fock space norm of p, by a direct calculation using certain recur-
rence formula of Macdonald.

Lemma 6.7. In terms of the coordinates y; = x?,j = 1,...,r, the operator F; when
acting on W-invariant polynomials has the following form,

T

(6.9) Fy=—(=2F;+ (;(T 1)+ ! Zaﬁy

where F3! is the corresponding operator for the root system of type A,

(6.10) Ft = _%(Z( S (Z y; (002 + GZ afy))

Jj=1 Z#J

With some abuse of notation we denote (% the function Q) = Q (22,.. ., z2).
To state our next result we let ( ) be the generalized binomial coefficients [20] and let
m; respectively m’ stand for the signature m; = (my,--,m,) - (0,...,0,1,0,...,0)

andm’ = (my,-+-,m,)+(0,...,0,1,0,...,0) (with 1 in the j th position). The binomial
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coefficients (ﬁ,) is then (loc. cit., Section 14)

(6.11) (ﬁ):(mj+9(r_j))Hmj—mi+%(z’—j—1)

Lemma 6.8. The operators E, and Fy have following upper respectively lower triangular
form when acting on the polynomials Q(mw)

6.12) B = icmumgz,
j=1
(6.13)
FQ® = _ig (4(mj 1 %(j — 1)) +2a(r—1)+2(0— 1)+ 2) ( i)@ﬁgﬁ
where

, m; —m; + 2(1 41— j)
Cm(] ) = . . . 2 a(s : )
v M mitsi=d)
Proof. This follows from our formula (6.9) and the result of Macdonold [22], Section D.
Following temporarily the notation there, let

: Yi
D W
7j=1

vy Yi —Yj

and

g1 = Z 8](-1');

=1

it is proved by Macdonald that

Ot = Y00~ 1= 506~ 1) 2 ),

=1

and
(Z Yj)lm = Z Cm(j)Qmja
7j=1 7j=1

which then imply our result. L
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Theorem 6.9. The norm square ||p,||% of the L-invariant polynomial p,, with n deter-
mined by m as in (4.1), is given by

11 F(%F((ﬁ“(]_l_Z T+ 2+ 2= 0y TLO + 2= D),

1<i<j<r =1 =
v H L(m; +1— %(] 1— Z))a
1<z<]<r - m] (.7 +1- l))(mz m; + 5(] —_ Z))

Proof. For a fixed j writt m' = m; = (mi,...,m;_1,m; — 1,m;;1,...,m,) and let n’
be the corresponding n. p, and p,y are orthogonal in F as they are in the different Schmid
components, so are the polynomials Q(mw) and Qgﬁ, with the Y-inner product by Proposition
5.2. Now, on the space of all W -invariant poEInomials, the adjoint (Fy)* = —Fy with
respect to the X-inner product, from this we obtain

(EOQ(HJ) O ))2 _ (Q(m)

m’’ m'»

FOQ(mz))Za

this gives

182112 _ (m)mj—%Jr%Jr%(T—j)
oz A\ Cmy (7) '

This recursion formula, together with the fact that (pg, po)r = (€0,82)s = 1 uniquely

determine the norm. Carrying out the calculation gives our result. L

7. L-INVARIANT HOLOMORPHIC POLYNOMIALS: TYPE D, (r > 3)

The Weyl group W in this case consists of the signed permutation of vectors (z1, . . ., z;)
keeping the product z; ...z, invariant. Thus any W -invariant polynomial is of the form
(z1...2)"f (22, ... ,xr) where f is a symmetric polynomial in 7 variables. The Dunkl
operators are

D]D:E)j+gZ( ! (1 —sij) + ! (1 —04)).

oy Tj — Xy Tj — X
We are interested in the operator ([];_, D;)(IT}_, ;). Similar to the proof of Lemma 6.1
we have
T r—1

(7.1) D([2:) = ([ (D2, - gZ(sir +on)),

i=1 i=1 i<r
and generally

a

(72) DJ(H l‘z) = ( H .’L‘Z)(DJZ‘J - 5 Z(Sij + O'Z'j).

i<j i<j-1 i<j

We define therefore Cherednik operator D;, 7 =1, ..., r for type D,
a
U]-D = DjiEj — 5 Z(Si]’ + O'ij).

i<j
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Thus we have
(7.3) I 1= =110
j=1 j=1 j=1

Moreover, it is easy to prove that

(7.4) Uf(f[ ;) = (ﬁ z;)(UP + 1),

j=1

Therefore we have

Lemma 7.1. We have the following formula

r

L2y (L) = [0

j=1
where (T),, =T (T + 1) ...(T +m — 1) is the Pochhammer symbol of any operator 7.

Consider the Cherednik operator U jD acting on even functions f(z?%, ..., z2). Performing
the change of variables y; = x?, we have
1
D _ A
(7.5) Uy =2(U;" - 5)

where U ]-A is the operator (6.2). This proves consequently that the Cherednik operators U J-D
are also commuting operators when acting on even functions.

The next result follows then immediately from Corollary 5.4, the formulas (7.3) and
(7.4).

Lemma 7.2. The operator Res(A(d,)A(z)), when acting on even polynomials of the form
f(@?,...,x7), is, after the change of variables y; = =7, given by

r

ReS(A($)_aA(az)A($)1+a) =97 H(UJA — % + %)

where Ut = DWy; — ¢ o5 is the Cherednik operator in variables y;’s.

i<j
Proposition 7.3. The polynomials ([]’_, #;)™Qm(z7, . . ., 27) are eigenfunction of the op-
erator Res(A(z) *A(9,)A(x)' ) with eigenvalue

H(a(r—k) + 2+ a+m+2m;).
j=1

Moreover, it is the restriction of a unique L-invariant polynomials p,, in the space Py,

(7.6) Respy (21, ..., 2,) = ([ [ /)" (a3, . .., 22),
7j=1

with n given by m as in (4.2).
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Proof. The operator Res(A(z) " *A(d,)A(x)'*%) has the form
[z q I Jz"
7j=1 7j=1 7j=1

by Corollary 5.4. We calculate its action on ([]7_, ;)™ Qm(z3, - . .,

j=1 Ly

polynomials is indeed an eigenfunction with eigenvalue

r

a 1 a m
2" —(r—k -+ -+ — ;
]1;[1(2(7~ )+2+2+2+mj)

as claimed. The rest of the proof is similar to that of Proposition 6.6.

2

(_H z;)" ((H fﬂj)_a_m(H D;) (H $j)1+a+m) Qm(al, ...,z

Applying Lemma 7.2 for the operator in the parenthesises and using (6.4) we see that our

z2). Itis

).

Theorem 7.4. The norm square ||p,||% of the L-invariant polynomial p,, is given by

H T(4(j+1 —.i))(%(j - i))22(m1+---+mr) H(l 4+ 2(r = 7)) m; H(1 + g(T = 3))m,

1<z'<j<r PA+30—1-1) j=1 2 2 j=1
1 Lim; +1—m;+5(j —1—1))
X r—5)+14+mj—-)nm v n
H = U S—m 56 v 1= 0=+ 56 -9)
Proof. Proposition 5.2 implies that
Ipall = | Res pall3, = Qua(D7, ... DO [ D)™ [ 2)" Qualat - .-, 27) .
j=1 j=1
However, by Lemma 7.1
T . T 1
AT QL =TT =2 T - e
7j=1 7j=1 7j=1
which has Q,, (2%, ..., 2) as an eigenfunction with eigenvalue
~oa _ 1
H(g(T =g+ 1+mi = O)m
7j=1
by (6.5). Thus
~oa , 1
”pﬂ“i' = H(i(r - .7) +1+ mj — §)QO(D%’ SRR D?)Qm(x%a SRR x?)‘xzo

j—l

1
_H (r—j)+14+m;— 2)m(me,me)g.
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The inner product above can be calculated by the same recursion formula as for type C.
Indeed the Laplace operator Fj in this case, after changing of variables is of the form

FO:—Q(—2F54+( (r—1) Za )

which is of the same form as (6.9) except the term % is missing and that the coefficient
—1 in front is replace by —2. L

8. BARGMANN TRANSFORM OF L-INVARIANT POLYNOMIALS: FLAT CASE
Consider again the restriction map
(8.1 R=R,:F,(Ve)— C*(V), Rf(z)= f(z)e 3/’

It defines a bounded operator and the isometric part U in the polar decomposition R = |R|U
of R is a unitary operator, and is the Segal-Bargmann transform. The Berezin transform in
this case is

|R[?f(z) = RR*f(z) = /V‘f_%"“y”Qf(y)dy

Recall our identification of V' with g. In this identification a = Re; + --- + Re, is a
subspace of V.
Define the Bessel function on V' by

(8.2) Ja(z) = / e~ 22) gy
L

for A € a* where we extend the linear functional A on a to V' via the orthogonal projection
onto a and where d! is the normalized Haar measure on L, so that J,(0) = 1.

Definition 8.1. The Hermite polynomial (, . (A) related to the root system X of type C or
D on a is defined by the Rodrigues type formula:

eIl 7, (1 ,
CQ,V( ) || n||2 pn(aﬂﬂ)( Jf( )) |$:O

for those n as determined in (4.2). Here p,(0,) is the differential operator on V' obtained
from p,(x) by the same convention as in (2.3).

Conceptually it is better to write this as
G (A) = 10 ”2 T Pal(0:)(R713)(0) = I ”2 Tz Pal(0:) (349 J5(2))(0)

where we extend the function e%/#” on V' to a holomorphic function e3(*? on the whole
space V.
The following expansion is a direct consequence of the definition.
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Lemma 8.2. The L-invariant function ez /*I” J; () on V has the following expansion in
terms of py ()

(8.3) e2 I g (x) an ) (A
where the summation is over all n as determlned in (4.1) and (4.2).

The next result computes the Fourier transform of the Segal-Bargmann transform Upy, ,
of pu(A). Denote f(x) — f(A) the Fourier transform on V' evaluated on a*,

5.4 o = [ f@erdn, aew
\4
Proposition 8.3. The Fourier transform Upy, () of Up,, is
i 2 1 2
(8.5) Upa() = (=) () i Guu Qe &

Proof. The Berezin transform is the convolution operator with Gaussian kernel, whose

M) and therefore the Bessel

Fourier transform is also a Gaussian. Namely |R|? has e
function as its eigenfunction. More precisely, we have

2 d 1 2
(8.6) [BIPTy(2) = (57 be 58 7, (a).

We may rewrite it as
14 2 v
/ eu(x,y)e—gllyllzt]é(x)dy = (g)%(JA(x)e§||$||2)e a7
v
We differentiate both side by the differential operator p,(0,) and evaluate at z = 0. To do
this, we observe that

Pa(3:)e™" 0 (0) = (—v) ®pa(y),
so that the resulting formula is

v 2 27T 2
67 0" [ eI Ry = COF Il e
1%
The left hand side is actually
(8.8) (=)™ Rpa()) = (=)™ [R|Upa (Y.

On the other hand formula the formula (8.6) implies that

R ) = Chte 1P

forany f € L?(V). Thus
RIF) = CEyfe#lA ),

Substituting this into (8.8) for f = Up, we get

2T . 4

(=) Rpy(3) = (=0)™!(Z) e w M Tpy ().
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The equality (8.7) becomes now

2 2 1
()52 e S Ty () = (T)F [l Gaw (Ve H4F,
namely
s 2Ty 4yl 2 LA,
(8.9) Upn(A) = (7)4(_’/) pallFCap(A)e™
completing the proof. L

The unitarity of U and the Fourier transform implies then the orthogonality relation of
Cn,- Let C be the normalization constant so that the following measure is a probability
measure on a:

T

27 d 1 2
q _——Il/\IIH N | BV
(8.10) Cy( » )2 |\ A = A

1<i<j<r

for root system of type C, and

2 T
(8.11) oX W)%efzyw H A2 — AZ[e

v 1<i<j<r
for type D,. (Note C is independent to the parameter ».) C; can be evaluated by the
Selberg-Macdonald formula (proved by Opdam [27]).

Corollary 8.4. The W-invariant polynomials ||px|| 7, Ca,n(A) for an orthonormal basis for
the Hilbert space of W -invariant L2-functions with the above probability measure.

The expansion (8.3) takes now the following form

Corollary 8.5. The L-invariant function e 112" J, () on V has the following expansion in

g tant 1

terms of pu(x), WIiting g,y = f,, 7

(8.12) eI 1y (2) = (28 3(<1) " g (2) T ().
= v n,v nv(A

n

9. SEGAL-BARGMANN TRANSFORM OF L-INVARIANT POLYNOMIALS: BOUNDED
CASE

The result is this section is parallel to that of the previous section and is an explicit
realization of the Corollary 3.3. We will be brief; see also [29] and [28].

Recall the Berezin transform B, in (3.8). It is proved in [39] that B, defines a H-
invariant bounded operator on L?(D) with the invariant measure (3.1). Let b,()\) be its
spectral symbol, namely

B,oy = b, (A) Pa

in the sense of spectral decomposition, where ¢, on D is the spherical function; the function
b, () is explicitly calculated in [39].
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Define the polynomials &, ., () by the Rodrigues type formula

fg,u( ) || n||2 pn( )(h_%(‘r)gb&(‘r))b:o
Thus &, () is W-invariant.

Theorem 9.1. The L-invariant analytic function h(z, )~ > ¢, (x), when extended to a holo-
morphic function h(z, z) "2 ¢, (z) in a neighborhood of D in D, has the following expansion
in terms of the L-invariant polynomials pn(z)

9.1) h(z, 2) Z&w )P (2

near z = 0 in D. Moreover the spherical transform of the Segal-Bargmann transform of p,,
IS

9.2) Upa(X) = b, ()2 a0 (V) |[pal|?.

o
twl»—| —

Thus ||pall,€a(Q) for all n form an orthonormal basis for the space L?(a*, C b”(A le(N) |2

Conceptually it is better to write (9.1) in the form

_ -y PnlZz
O3 (R = h2) F0rE) = Xnalbasd) © P2
Note that we have extended the real analytic function h(z,Z) 2 to a holomorphic func-

tion, formally written as h(z, z)~ %, on D. Notice also that both ﬁ] “(ﬁ and ||pn|/,€a(A) are

orthonormal basis in the respective Hilbert spaces. Thus (R'¢,)(z) is the Schwarz ker-
nel for the unitary operator from L onto L?(a*, C % lc(A)|?)W obtained by taking the
composition of the spherical and Segal-Bargmann transforms.

Remark 9.2. Associated to each root system there are the multi-variable Askey-Wilson
polynomials determined by the root multiplicities (which are positive real numbers) and
two more extra parameters [33]. Our polynomial &, ,()) depend on extra parameter and
can be reviewed as some limiting cases of the Askey-Wilson polynomials polynomials. We
have thus found an alternative simple proof of the their orthogonality relation. Moreover
the (known) expansion of A~ 7 in terms of the Jack symmetric polynomials will also give
some evaluation formula for the polynomials; we will however not pursue it here.

Remark 9.3. Consider the spherical function on the Hermitian symmetric space D or on
its compact dual. There are Jacobi type functions. There have been attempts (see [1]) in
expanding the Jacobi functions in terms of the Jack symmetric polynomials and study the
combinatorial properties of the coefficients. It turned out (see [37], [28] and [38]) however
that the expansion of the spherical transform multiplied with the reproducing kernel has a
much better analytical significance. This is also the case here. Further more by considering
analytic continuation in the parameter ¥ we may recover the expansion of the spherical
functions itself.
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APPENDIX 1: EVALUATION OF THE CONSTANT ()

We consider type D, (r > 3) first, in this case A(z) = 0(z) and the rank r(D) is 7.
It is proved in [12], Chapter IV, Exercise C4, that when the H-invariant measure di(2)
on D = H/K is (regularly) normalized so that

/f )du(z /feXpH ( all) _ gmalH)ymaq H

acxt

with d,, H the regular normalization, then the Plancherel formula reads

W1 [ 1P = [ 1F0)ew]

By regular normalizations d,, H on a it is meant that the d,, H is the Euclidean measure on
a induced by the restriction on it of the Killing form on g, multiplied with the factor ﬁ;
by the Riesz lemma we get an identification of a* with a and thus similarly get a regular
measure d, A on a*. In our case they are

1 2 '
cdz,, )= Ay ---d),.
V2r ( 2a(r — 1)) '

itH=x1&4.. 2.6 €a*and A = N 31+ - -+ A5, € a* and the order |IW| of the Weyl
group is 271!, There exists now a constant Cj so that

/f Co/ f(z)d(z) = Cy /+ flexp H) H (ea(H) _e—a(H))madnH.

a€ext
Take f(z) = h(z, Z) for sufficiently large o. The left hand side can, by performing Cayley

2a(r — 1)T

transform z — w = &2,z = wre mapping D to its the Siegel domain S (see [21], [39]),

be evaluated eventually by the Gindikin Gamma function, while the right hand side is a
kind of Selberg type integral and is also known. Let us carry out this calculation. Write I;

for the left hand side,

dw
= h~%5 (2)dm
/D > (2)dm(z) Ae+w2”pA(w+e)§

since the determinant of the differential of the Cayley transform z = v_;(w) is

Iy, (w) = QdA(e + w)’Q%,

(see [8], Chapter X, Proposition 2.4, for the calculation of the complex Jacobian of the
Cayley transform), and that

A(w)
h(z,2) =4"——""—.
(Z’ Z) A(e + w)Q
This integral over S is evaluated in [39], Proposition 4.2, the result is
FQ(Z/ - —B) dFQ(O' - dTB)

I = 470 gd, [ryna—rloty)

=V

To(o+3) To(o+3)’
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here, adopting the notation there, I'q(z) is the Gindikin Gamma function. The right hand

\/QI—WT 2a(r — 1) I, where

,
Iy = / l_I(I—tamh2 z;)7 H(ew""”]’ — %) (Pt —e T )]y - - - d,.
T1>T2>>x, >0

i<j

Perform change of variables ¢; = tanh z; then dz; = (1 — ¢3)~'dt; and

2 2
(e%—% — e$j—wi)(€$i+wj — e %) = 4(ti — tj) )
i—&)1-1)

So that

T

I, = 4%7‘(7‘—1) / H(1 _ t?)a—a(r—l)—l H(tZQ _ t?)adtl o dt,
1> >t2>>8:>0 ;4

1<J

. 1 d
SEREY | R | (R RS
- s I ]:1

1<j

9.4)

Changing again variables, letting s; = t?, the integral becomes

9.5) I, = 4279 r'/ Hl—s yo-atr=1= 11_[5771_[ $i — 85)%dsy - - - dsy;
0,1

1<j

its value is

(9.6)
2= (o = §(r = 1) = 8= (G + 30— 1) = 36 - D) [, T30 5+ 1))
7! P D(o+3—2%(i—1)) NI !

see [23], Chapter VI, example 7, pp. 385-386. One of the fraction in the above product is
the following, and can also be written as

ﬁr(a— S(r—1)—%(i—1)) To(c—%(r—1)) Toloc—1%)
(o + % —2(i—1)) N Co(o + %) N Co(o + %) '

=1

this fraction appears also in ;. Finally the constant Cj is determined by the formula

\/2arr
IL = Co—=1
V2T

and we find that

Vor I NoY \/_d r! F(%)r
T TV T T a : a a(y
V2ar Iy /2ar 2ar(r—1)-r [ D(G(r =34+ INC(5+%(r—1)—2(i —1))

The constant for type C) can be evaluated similarly and we leave it to the interested

Co =

reader.
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APPENDIX 2: IRREDUCIBLE REAL BOUNDED SYMMETRIC DOMAINS

We list here the the associated Lie algebras (g, €) and (b, [) of non-compact irreducible

bounded symmetric domains D = G/K C V¢ and respectively their real bounded symmet-
ric subdomain D = H/L C V, when V is not an Euclidean Jordan algebra; see [21]. They
were also classified by Olafsson ([25], [9]) through Lie theoretic methods. The restricted
root systems X of (b, [) are also indicated, the name of the types (Types B, BC, etc) is in

(¢10)

nsistence with Loos [21], Proposition 11.18.
Table 1. Irreducible real bounded symmetric subdomains

®

10.

11.
12.

g,t bh,I[ ¥

su(r, 1), s(u(r) ® u(r)) so(r,r),50(r) & so(r) D,
su(r,r +b), s(u(r) ®u(r + b)) so(r,r +b),s0(r) & so(r + b) B,

Su(QT 2r), s(u(2r) & u(2r)) sp(r,r),sp(r) © sp(r) Cr

su(2r, 2r + 2b), s(u(2r) & u(2r + 2b)) | sp(r,r + b),sp(r) & sp(r + b) BC,
50*(4r), u(2r) s0(2r, C), s0(2r) D,,
50*(2r), u(r) s0(r,C),s0(r) B, (rodd)
50(2,p +¢q),50(2) @ s0(p + q)) s0(1,p) @ so(1, g), s0(p) @ s0(q) | Da(q # 0)
s0(2,p),s0(2) ® so(p)) so(1,p), s0(p) Ci
sp(2r, R), u(2r) sp(r, C), sp(r) Cr(b=0)
e6(-14),50(10) + R sp(2,2),5p(2) @ sp(2) B,
e6(—14),50(10) + R fa(—20),50(9) BC,

27( 25)5 (4 +R 5u*(8),5p(4) D3
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