Bergman Kernels and Local Holomorphic Morse Inequalities ROBERT BERMAN

(c) Robert Berman, 2002

Department of Mathematics Chalmers University of Technology and Göteborg University SE-412 96 Göteborg Sweden Telephone +46 (0)31-772 1000

Matematiskt centrum Göteborg, Sweden 2002

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES

ROBERT BERMAN

Abstract

This thesis consists of a slightly extended version of the submitted paper “Bergman Kernels and Local Holomorphic Morse Inequalities” (Robert Berman). For a given complex manifold X, equipped with a Hermitian metric ω, let L^k be a high power of a hermitian holomorphic line bundle over X. In the paper local versions of Demailly’s holomorphic Morse inequalities (that give bounds on the Dolbeault cohomology groups associated to L^k) are presented. They are local in the sense of local index theorems - after integration they yield the usual holomorphic Morse inequalities. The local weak inequalities hold on any hermitian manifold (X, ω), regardless of compactness and completeness. The proofs, which are elementary, are based on a new approach to pointwise Bergman kernel estimates, where the kernels are estimated by a model kernel in C^n . The results are used to gain a certain pointwise control of holomorphic sections of L^k, for k large, when L is only assumed to be semi-positive and strictly positive at some point of X.

Key words: Line bundles, Cohomology, Harmonic forms, Holomorphic sections, Bergman kernel, Extremal function.

MSC (2000): 32A25, 32L10, 32L20

“Think globally, act locally.” (John Lennon)

2

Acknowledgement

First of all I would like to thank my advisor Bo Berndtsson for many stimulating and enlightning discussions. He suggested the main topic of my thesis - to find a new proof of Demailly’s holomorphic Morse inequalities by working directly with the associated Bergman kernel - and provided useful comments and suggestions along the way. I would also like to thank the people at the math department in Göteborg; especially my undergraduate fellow students Håkan, Henrik, Petter, Frida and Fredrik with whome I had a lot fun exploring the world of mathematics. Last but definitely not least, I’m grateful to my family and all my friends. Thank you!

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 1

1. Introduction

Let X be an n−dimensional complex manifold equipped with a hermitian metric two-form, denoted by ω. The manifold X is allowed to be non-compact. Furthermore, let L be a holomorphic line bundle over X. The hermitian fiber metric on L will be denoted by ϕ. In practice, ϕ is considered as a collection of local functions. Namely, let s be a local holomorphic trivializing section of L, then locally, |s(z)|^2_ϕ = e^{−ϕ(z)}, and the canonical curvature two-form of L can be expressed as ∂∂ϕ. The normalized curvature two-form^1_π^i_2 ∂∂ϕ represents c^1(L), the first Chern class of L, in real cohomology.

1.1. Background. It is well-known that if the manifold X is compact and the holomorphic line bundle L admits a hermitian metric with positive curvature twoform, then there is a large supply of global holomorphic sections of L^k, for k large. For example, there are enough global holomorphic sections to separate points on X and for a given holomorphic vector bundle E, they generate any fiber of L^k ⊗ E. This is intimately related to the vanishing of the associated Dolbeault cohomology groups:

dim_C H^{0,q}(X, L^k ⊗ E) = 0, q > 0, for large k. Moreover, the natural map^1 X → PH^0(X, L^k)^∗, embeds X as a (non-singular) projective variety, for large k, which is the content of the famous Kodaira embedding theorem. In fact, the positivity of L corresponds to the notion of ampleness in algebraic geometry. The main analytical reason behind these properties is that when (L, ϕ) is positive, one can solve the inhomogeneous ∂− equation with an L^2−estimate, which depends on the fiber metric ϕ and its curvature: Hörmander’s celebrated L^2 estimates [11]. But if the curvature of L is only assumed to be positive in some point of X, while semi-positive on all of X, the situation is more complicated. This is the subject of Siu’s survey article from 1984 [14]. However, Siu was able to show that

(1.1) dim_C H^{0,q}(X, L^k ⊗ E) = o(k^n), q > 0,

if L is semi-positive [14], [15]. Combing this fact with the classical Riemann-Roch formula for the Euler characteristic of the corresponding complex, n∑ q=0 (−1)^q dim_C H^q(X, L^k) = k^n 1 π^n 1 n! ∫ X ( i 2 ∂∂ϕ)^n + o(k^n) shows that dim_C H^0(X, L^k) = k^n 1 π^n 1 n! ∫ X ( i 2 ∂∂ϕ)^n + o(k^n). Hence the dimension of H^0(X, L^k) is of the order k^n, if L is positive somewhere. By taking quotients of holomorphic sections, to obtain meromorphic functions on X, one can then show that the transcendental degree of the field of meromorphic functions on X equals n. In other words this says that X is Moishezon. In this

1The map sends a point x to the functional that evaluates a holomorphic section at x.

2 ROBERT BERMAN

way Siu gave a positive answer to the Grauert-Riemenschneider conjecture, which is related to the Kodaira embedding theorem:

• Any compact complex manifold X admitting a holomorphic line bundle with a hermitian metric whose canonical curvature two-form is positive at some point of X, while semi-positive on all of X, is necesserly Moishezon.

Siu conjectured [14] that for any line bundle L there are estimates of the form 1.1, with leading constants expressed as integrals of the curvature of L. This was confirmed by Demailly, when he showed his holomorphic Morse inequalities [5]. Namely, for any holomorphic line bundle L, the following asymptotic estimate holds:

(1.2) dim_C H^{0,q}(X, L^k ⊗ E) ≤ k^nr

(−1)^q π^n 1 n! ∫ X(q) ( i 2 ∂∂ϕ)^n + o(k^n), where X(q) is the subset of X where the curvature-two form ∂∂ϕ has exactly q negative eigenvalues and n − q positive ones and r is the rank of E. These are the weak holomorphic Morse inequalities - they also have strong counterparts. The inspiration came from Witten’s analytical proof of the classical Morse inequalities for the Betti numbers of a real manifold [17]. Subsequently, proofs based on asymptotic estimates of the heat kernel of the ∂− Laplacian, were given by Demailly, Bouche and Bismut ([6], [4] and [2]). All of these proofs use quite delicate analytical arguments, while the proofs presented in this paper are very elementary from the analytical point of view. The main inspiration comes from a recent paper by Berndtsson [1], where the following asymptotic estimate is shown:

(1.3) dim_C H^q(X, L^k) ≤ Ck^{n−q}, q ≥ 1,

if L is semi-positive. The starting point in Berndtsson’s proof is the Bergman kernel function B^{q,k}_X (x) of H^q(X, L^k), the space of ∂−harmonic (0, q)−forms with values in L^k : B^{q,k}_X (x) := ∑ i |Ψ_i(x)|^2 ,

where {Ψ_i} is an orthonormal base in H^q(X, L^k). Integrating, and adding up the 1:s yields the evident formula ∫ X B^{q,k}_X (x)V ol_{(X,ω)} = dim_C H^q(X, L^k), which by the well-known Hodge isomorphism equals dim_C H^q(X, L^k). In Bergman’s classical theory of reproducing kernels there is an extremal characterization of the Bergman kernel function which in the present context of vector bundles is generalized by the inequalities S^{q,k}_X (x) ≤ B^{q,k}_X (x) ≤ ( n q ) S^{q,k}_X (x), where

S^{q,k}_X (x) := sup |α(x)|^2 ‖α‖^2_X ,

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 3

and the supremum is taken over all ∂−harmonic (0, q)−forms with values in L^k.^2The estimate 1.3 now follows from the following pointwise inequality for ∂−harmonic (0, q)−forms with values in L^k, proved in [1], |α(x)|^2 ≤ Ck^{n−q} ‖α‖^2_X , The proof is based on Siu’s ∂∂−technique à la Bochner (this is where the curvature condition enters), a theorem of Skoda concerning submean inequalities for certain semi-positive currents and the Sobolev embedding theorem. However, it is not evident how to determine the optimal constant C appearing in the inequalities.

1.2. Outline of the paper. In this paper a simple localization argument is used to estimate the global Bergman kernel function B^{q,k}_X and the related extremal function S^{q,k}_X of H^q(X, L^k)^3 at a fixed point x in X, by the corresponding “model” functions in C^n , when k tends to infinity. The model situation, in turn, reduces to the one variable case. In particular, there will be no need for global identities, such as the Bochner-Kodaira-Nakano identity for non-Kähler manifolds (see [7]), that appear in other approaches.The plan of the paper is as follows.

In section 2 the main results are presented. In section 3 the proof of the local holomorphic Morse inequalities is motivated and sketched. The details are worked out in the following sections along with related results. Section 4 establishes the notation. In section 5 the global Bergman kernel function is related to the global extremal function and the dimension formula. Section 6 states some localization results that are proved in the appendix. In section 7, the “model” functions are computed. In section 8 the proof of the holomorphic Morse inequalities is given and the proof of their strong counterparts is given in section 9 . In section 10 the previous results are applied to line bundles with special curvature conditions, such as semi-positivity. In particular, a certain control of the pointwise behaviour of holomorphic sections is gained. Furthermore, a conjecture is presented.

2. Statement of the main results

Let X be a complex manifold (possibly non-compact) with a hermitian metric ω and let L be a hermitian holomorphic line bundle over X. The hermitian fiber metric on L will be denoted by ϕ. Furthermore, let E be a hermitian holomorphic vector bundle of rank r, over X. The bundle E will be called the twisting bundle. However, in the proofs of the theorems we will assume that there is no twisting bundle E, since the generalizations of the proofs are straight forward. Denote by Ω^{0,q}(X, L^k ⊗E) the space of (0, q) forms on X with values in L^k ⊗ E (simply referred to as the (0, q)− forms). The holomorphic structures on L and E determine the ∂−operator ∂ : Ω^{0,q}(X, L^k ⊗ E) −→ Ω^{0,q+1}(X, L^k ⊗ E) and the hermitian metrics determine its formal adjoint ∂^∗. The cohomology groups of the complex associated to ∂, are called the Dolbeault groups of L^k ⊗ E, and

2The factor ( n q ) appears as the rank of the vector bundle of all (0, q)−forms with values in

L^k._3 where all sections are assumed to be in L^2 in case X is non-compact.

4 ROBERT BERMAN

denoted by H^{0,q}(X, L^k ⊗ E). The ∂−Laplacian is defined as Δ_∂ := ∂∂^∗ + ∂^∗∂, so that Δ_∂ : Ω^{0,q}(X, L^k ⊗ E) −→ Ω^{0,q}(X, L^k ⊗ E). Its L^2−kernel is the space of harmonic (0, q)-forms with values in L^k, denoted by H^{0,q}(X, L^k ⊗ E). By the well-known Hodge theorem H^{0,q}(X, L^k ⊗ E) ∼= H^{0,q}(X, L^k ⊗ E), if X is compact.

Now take an orthonormal base {Ψ_i} in H^q(X, L^k ⊗ E) and define the Bergman kernel function of H^q(X, L^k ⊗ E) by B^{q,k}_X (x) := ∑ i |Ψ_i(x)|^2 .

The related extremal function of H^q(X, L^k ⊗ E) is defined as

S^{q,k}_X (x) := sup |α(x)|^2 ‖α‖^2_X , where the supremum is taken over all forms in H^q(X, L^k). To define the corresponding “model” functions at a point x in X, B^q_{x,C} n and S^q_{x,C} n , proceed as before, replacing the manifold X with C^n , the base metric in X with the Euclidean metric in C^n and the fiber metric ϕ on L with the fiber metric ϕ_0 on the trivial line bundle over C^n , where

ϕ_0(z) = n∑ i=1 λ_{i,x} |z_i|^2 , and where the curvature two-form ∂∂ϕ_0 in C^n is obtained by “freezing” the curvature two-form ∂∂ϕ on X, at the point x (with respect to on orthonormal frame at x).^4 There is no twisting bundle E in the model situation.

Note that if X is compact, then H^q(X, L^k ⊗ E) is finite dimensional and

dim_C H^{0,q}(X, L^k ⊗ E) = dim_C H^q(X, L^k ⊗ E) = ∫ X B^{q,k}_X (x)V ol_{(X,ω)}. Finally, denote by X(q) the subset of X where the curvature-two form ∂∂ϕ has exactly q negative eigenvalues and n − q positive ones. Its characteristic function is denoted by 1_{X(q)}. Moreover, let X(≤ q) := ⋃ 0≤i≤q X(i). The first theorem we shall prove is a local version of Demailly’s weak holomorphic Morse inequalities. Note that the manifold X is not assumed to be compact, neither is there any assumption, e.g. completeness, on the hermitian metric ω. Theorem 2.1. Let (X, ω) be a hermitian manifold. Then, up to terms of order o(k^n), B^{q,k}_X (x) ≤ rk^nB^q_{x,C} n (0), S^{q,k}_X (x) ≤ k^nS^q_{x,C} n (0) , 4Equivalently: the λ_{i,x} are the eigenvalues of the curvature two-form of L with respect to on orthonormal frame at x.

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 5 and B^q_{x,C} n (0) = S^q_{x,C} n (0) = 1 π^n 1_{X(q)} | | |det_ω( i 2 ∂∂ϕ)_x | | | Moreover, lim_k^1_{kn} B^{q,k}_X (x) = lim_k^1_{kn} S^{q,k}_X (x) if r = 1.

This seems to be a new result. The inequality for S^{q,k}_X (x) generalizes results of Bouche [4] and Gillet, Soulé, Gromov [8], that are non-local and concern compact manifolds X.

If X is compact we can integrate the inequality for B^{q,k}_X in the previous theorem to obtain a new proof of Demailly’s weak holomorphic Morse inequalities^5 : Corollary 2.2. Suppose that X is compact. Then

dim_C H^{0,q}_∂ (X, L^k ⊗ E) ≤ k^nr

(−1)^q π^n 1 n! ∫ X(q) ( i 2 ∂∂ϕ)^n + o(k^n). When X is compact the local Morse inequalities can be extended to the asymptotic equality B^{q,k}_{≤μk k}(x) = k^n π^n r1_{X(q)} | | |det^ω( i 2 ∂∂ϕ)_x | | | + o(k^n), where B^{q,k}_{≤μkk} is the Bergman kernel function of the space spanned by all the eigenforms of the ∂−Laplacian, whose eigenvalues are bounded by μ_kk and μ_k is a certain sequence tending to zero. Again, integrating this yields, with the help of a well-known homological algebra argument^6, a new proof of Demailly’s strong holomorphic Morse inequalities.

Theorem 2.3. Suppose that X is compact. Then q∑ i=0 (−1)^{q−i} dim_C H^i(X, L^k ⊗ E) ≤ k^nr

(−1)^q π^n 1 n! ∫ X(≤q) ( i 2 ∂∂ϕ)^n + o(k^n). Combining the local weak Morse inequalities for q = 0 and the strong Morse inequalities for q = 1 yields the following theorem:

Theorem 2.4. Let X be compact and assume that there is no point in X, where the curvature two-form of L has one negative eigenvalue and n − 1 positive ones. Then

lim sup B^{0,k}_X (x) = k^n π^n r | | | |det^ω( i 2 ∂∂ϕ)_x | | | | + o(k^n)

almost every where on the part of X where the curvature of L is positive.

The most interesting case when the previous theorem applies is when L is semipositive and strictly positive at some point.^7 The following corollary allows a certain pointwise control of global holomorphic sections, when the curvature conditions in the previous theorem hold. It says, essentially, that for almost all points of X, where

5this also uses Fatou’s lemma to interchange the integration and the taking of the limit. 6Just as in the papers of Demailly, Bouche and Bismut ([6],[4] and [2]). In fact, the idea of using the “low-energy spectrum” was introduced in Witten’s seminal paper [17]. A similar technique is used in the heat equation proof of Atiyah-Singer’s index theorem.

7For example, if X is projective this curvature assumption implies that L is nef and big, in algebraic geometric terms. The converse is “almost true” (see [7]).

6 ROBERT BERMAN

the curvature of L is positive, there is a sequence of global holomorphic sections that become increasingly peaked at x, when k tends to infinity. First some notation: around each point x in X we fix “normal” local holomorphic coordinates, i.e. such that the local expression for the base metric ω becomes

ω(z) =^i_2 ∑ i,j h_{ij} (z)dz_i ∧ dz_j , h_{ij} (0) = δ_{ij} Let B_R := {z : |z| < R} in C^n . Using the local chart around x, B_R is identified with a subset of X (when R is sufficiently small).

Corollary 2.5. Suppose that X and L satisfy the conditions of the previous theorem. Then for almost all points x in the part of X where the curvature of L is positive, there is a unit norm sequence { α_{kj} } (depending on the point x) of holomorphic section with values in L^{kj} with the following properties: lim ∫ B_{Rkj} (x) | α_{kj} |_2 = 1,

for any sequence B_{Rkj} (x) as long as R_{kj} → 0, √ k_j R_{kj} → ∞ and √ k_jR^3_{kj} → 0. When L is positive the next theorem yields a refinement of the previous theorem.

Theorem 2.6. Let (X, ω) be a complete Kähler manifold and let (L, ϕ) be a hermitian holomorphic line bundle over X, with ∂∂ϕ > ϵω for some positive number ϵ. Then, up to terms of order o(k^n),

B^{0,k}_X (x) = k^nr 1 π^n | | |det^ω( i 2 ∂∂ϕ)_x | | | The previous theorem is a simple generalization to the non-compact situation of earlier results starting with Tian’s work [18],[4],[19]. See also [3] where the complex structure is non-integrable. The proof given here is a straight forward extension of the proof given by Lindholm [12] in C^n with the Euclidean metric.

Finally, we shall give a local version of Serre’s classical theorem A.

Theorem 2.7. Let X be compact and assume that there is no point in X, where the curvature two-form of L has one negative eigenvalue and n − 1 positive ones. If Ω is a relatively compact subset of the part of X where L is positive, then for any k_0 there is a k bigger than k_0 such that H^0(X, L^k ⊗ E) generates the fibers of L^k ⊗ E over almost all points in Ω.

Theorems of this type are usually proved using homological methods, by showing that the first cohomology group of a certain vector bundle over a blow-up of X (or the first cohomology group of a certain coherent sheaf over X) vanish. In the proof presented here one could say that the substitute for the homological algebra is the strong Morse inequalities for q = 1.

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 7

3. Overview of the proof of the local weak holomorphic Morse inequalities

3.0.1. Motivation: q = 0. Let us first consider the case when q = 0, r = 1 and B^0_X (x) is the Bergman kernel function of the space of holomorphic sections^8. A classical way to study the Bergman kernel function is by means of the following extremal characterization:

(3.1) B^0_X (x) = sup_{∂f=0} |f(x)|^2 ‖f‖^2_X We first consider the model case, where X = C^n , x = 0 and ϕ(z) = ϕ_0(z) := ∑_n i=1 λ_i |z_i|^2 . Suppose that f is holomorphic. Then |f|^2 is subharmonic, so integrating |f|^2over a polydisc of radius r and then over all non-negative r up to R gives, since ϕ is radial in each variable, the submean inequality

(3.2) ∫ D_R |f(0)|^2 e^{−kϕ0(z)} ≤ ∫ D_R |f(z)|^2 e^{−kϕ0(z)}. By letting R tend to infinity, and performing the change of variables w = √ kz in the integral, we get |f(0)|^2 ‖f(z)‖^2_{kϕ0} ≤ (∫ C^n e^{−kϕ0} )_{−1} = k^n (∫ C^n e^{− ∑ni=1 λi|wi|2} )_{−1} = { k^{n |λ1||λ2|···|λn|} π^n if all λi > 0

0 otherwise

which proves theorem 2.1 in the model case - even without letting k tend to infinity. Now we move on to the case where X ⊆ C^n and ϕ = ϕ_0 as before. The point is that we are really integrating over √ kC^n in the last step, so if we take a small ball B_ε(0) around 0, we get |f(0)|^2 ‖f(z)‖^2_{X,kϕ0} ≤ (∫ B_ε(0) e^{−kϕ} )_{−1} = k^n (∫ √ kB_ε(0) e^{− ∑ni=1 λi|wi|2} )_{−1}

= { k^{n |λ1||λ2|···|λn|} π^n + o(k n) if all λ_i > 0 0 + o(k^n) otherwise

In fact, we would have obtained the same result by picking balls of radius R_k with R_k → 0 as long as √ kR_k → ∞. It is this localization property that allows us to extend the result to any holomorphic Hermitian line bundle (L, ϕ) over a Hermitian manifold (X, ω). Indeed, fix a point x in X and choose complex coordinates and a holomorphic trivialization s of L around x, such that (3.3) ω(z) =^i_2 ∑ i,j h_{ij} (z)dz_i ∧ dz_j , h_{ij} (0) = δ_{ij} and |s(z)|^2 = e^{−ϕ(z)}, ϕ(z) = ϕ_0(z) + O(|z|^3),

where ϕ_0 is of the quadratic form, studied above, with coefficients λ_i depending on the point x. Pick any sequence α_k, with α_k a holomorphic section of L^k, and where

8If (X, ω) is non-complete then this space may very well be smaller than the space of ∂− harmonic sections.

8 ROBERT BERMAN

locally α_k = f_ks^{⊗k}. Moreover choose R_k so that also kR^3_k → 0, in order to achieve sup_{z∈Rk} |kϕ − kϕ_0| → 0. In fact, R_k :=^{lnk√}_k will do. Then |α_k(x)|^2 ‖α_k‖^2_X ≤ |α_k(x)|^2 ‖α_k‖^2_{Rk} = ρ_kk^n |f_k(0)|^2 ‖ ‖ ‖fk(^{w√}_k ) ‖ ‖ ‖^2_{B√kR} k ,ϕ_0 ,

where ρ_k → 1. The factor ρ_k comes from the base manifold metric and the terms of order O(|z|^3) in the fiber metric on L. Hence |α_k(x)|^2 ‖α_k‖^2_X ≤ { k^{n |λ1|(x)|λ2|(x)···|λn|(x)} π^n + o(k n) = k^n |^{detω ( i2 ∂∂ϕ)x}|_{πn} + o(k^n) if all λ_i(x) > 0 0 + o(k^n) otherwise as before.

The case q > 0. We will now try to adapt this method to the case when q > 0. We also assume that there is no vector bundle E (i.e. we are tensoring L^k with the trivial line bundle). It turns out that there is an appropriate generalization of 3.1, so we focus on estimating

S^{q,k}_X (x) = sup |α(x)|^2 ‖α‖^2_X where α is a harmonic global (0, q)− form with values in L^k, i.e. Δ_∂ α = 0. The new difficulty that arises is that α lies in different harmonic spaces for different metrics, because of the metric dependence of ∂^∗. Therefor there is no obvious generalization of the submean inequality 3.2. However, fixing a point x in X and choosing local coordinates and a trivialization of L as in 3.3, the previous localization argument at least gives that there is sequence ρ_k, tending to 1, such that (3.4) ‖α_k‖^2_{BRk} = ρ_kk^{−n} ‖ ‖α^{(k)} ‖ ‖^2_{ϕ0,B√kR} k where α^{(k)}(w) = α_k(^{w√}_k ) (scaling componentwise) is defined on the scaled ball B^√_{kRk} . Moreover, one can check that the scaled form α^{(k)} satisfies Δ^{(k)}_∂ α^{(k)} = 0,

where Δ^{(k)}_∂ denotes the Laplacian on the ball B^√_{kRk} , with respect to the scaled metrics ω^{(k)}(w) := ω(^{w√}_k ) and (kϕ)^{(k)}(w) := (kϕ)(^{w√}_k ). By our localization argument

(3.5) Δ^{(k)}_∂ → Δ_{∂,ϕ0} over the ball of radius √ kR_k when k → ∞, when interpreted in an appropriate way. Let us now show how to obtain the pointwise estimate (3.6) S^{q,k}_X (x) ≤ k^nS^q_{x,C} n (0) + o(k^n), where S^q_{x,C} n (z), is the model extremal function defined in section 2. According to the definition of S^{q,k}_X (x) it is enough to show that, given a unit norm sequence α_k with Δ_∂ α_k = 0, there is a subsequence such that lim sup_k k^{−n} |α_k(x)|^2 ≤ S^q_{x,C} n (0).

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 9

To this end, observe that with the usual identifications k^{−n} |α_k(x)| = | | |k^{− 12 n}α^{(k)}(0) | | |^2 ,

The localization of the norms 3.4 shows that the sequence k^{− 1}2^nα^{(k)} is bounded with respect to the “model” norm on the ball B^√_{kRk} :

lim sup ‖ ‖ ‖k^{− 12 n}α^{(k)} ‖ ‖ ‖^2_{ϕ0,B√kR} k = lim sup ‖α_k‖^2_{BRk} ≤ 1

This means that the sequence k^{− 1}2^nα^{(k)} satisfies ‖ ‖k_−^1_{2 n}α_{(k)} ‖ ‖^2 ϕ_0

≤ C and Δ^{(k)}_∂ (k^{− 12 n}α^{(k)}) = 0.

Standard techniques for elliptic operators now produce a subsequence that converges uniformly on compact subsets of C^n to a global form β in C^n , with ‖β‖^2_{ϕ0} ≤ 1. Moreover, from the convergence property 3.5 it follows that Δ_{∂,ϕ0} β = 0 in C^n . Finally, after replacing the former sequence with its subsequence we get that

lim_k k^{−n} |α_k(x)| = lim_k k^{−n} | k^{− n2} α^{(k)}(0) | = |β(0)|^2 ≤ |β(0)|^2 ‖β‖^2_{ϕ0} ≤ S^q_{x,C} n (0), which proves 3.6.

The model case. All that remains is to determine the model extremal function S^q_{x,C} n. When q = 0 and the operator is ∂ this is easy. Indeed, the upper bound 1_{X(0)} | |det_ω(^i_2 ∂∂ϕ)_x | | on S0_{x,C n} was obtained in the beginning of section 3 and equality is achieved for constant functions. In section 7 we reduce the general case, when q > 0, and the operator is the ∂−Laplacian to the previous case. It is shown that

(3.7) S^q_{x,C} n (0) = B^q_{x,C} n (0) = 1 π^n 1_{X(q)} | | |det^ω( i 2 ∂∂ϕ)_x | | | . All together this means that S^{q,k}_X (x) ≤ k^n π^n 1_{X(q)} | | | |det^ω( i 2 ∂∂ϕ)_x | | | | + o(k^n). The main point in the calculation of the model extremal function S^q_{x,C} n is the following explicit expression for the ∂−Laplacian:

Δ_∂ (fdz^I ) = ( ∑ i∈I ∂ ∂z_i ∂ ∂z_i ∗ϕ_0 + ∑ i∈I^c ∂ ∂z_i ∗ϕ_0 ∂ ∂z_i )fdz^I =: (Δ_{∂,I} f)dz^I ), where

ϕ_0(z) := n∑ i=1 λ_i |z_i|^2 In particular Δ_∂ α = 0 precisely when Δ_{∂,I} f_I = 0 for all components f_I of the q−form α. Now for each I we make a change of frames (and conjugation of coordinates) so

10 ROBERT BERMAN

that L^2_{ϕ0} ↔ L^2_{ΦI} f_I ↔ F_I Δ_{∂,I} ↔ ∑_n i=1 ∂ ∂z_i ∗Φ_I ∂ ∂z_i , where Φ_I (z) := ∑ i∈I −λ_i |z_i|^2 + ∑ i∈I^c λ_i |z_i|^2 .

By choosing a sequence of cut-off functions judicially one can integrate “without getting boundary terms” and infer that Δ_{∂,I} f_I = 0 precisely when^∂_{∂zi} F_I = 0 for all I, i.e. when F_I is holomorphic. Now assume that it is not the case that q of the numbers λ_i are negative and the rest are positive. Then at least one of the coefficients of the quadratic form Φ_I (z) is negative. As in the beginning of section 3 one then sees that F_I (0) = 0, showing that the model extremal function S^q_{x,C} n (z) is zero at 0. Next, if q of the numbers λ_i are negative and the rest are positive, we may assume that it is the first q numbers λ_i that are negative. Unless I = (1, 2, ...q) the quadratic form Φ_I (z) will still have a negative coefficient, which shows that the only contribution to the extremal function comes from the component indexed by (1, 2, ...q). In this case all coefficients are positive and we see, as in the beginning of section 3, that

S^q_{x,C} n (0) = 1 π^n |λ_1| |λ_2| · · · |λ_n| = 1 π^n | | |det( i 2 ∂∂ϕ_0)_x | | | . Remark 3.1. The correct relation between the Bergman kernel function and the extremal function is given in lemma 5.1: S^{q,k}_X (x) ≤ B^{q,k}_X (x) ≤ ∑ I S^{q,k}_{X,I} (x), where S^{q,k}_{X,I} (x) := sup |α_I (x)|^2 ‖α‖^2_X , for α a harmonic (0, q)−form. In the model case we saw that ∑ I S^q_{x,C} n_{,I} (0) = 0 + 0 + ... + 0 +^1_{πn} | |det(^i_2 ∂∂ϕ_0)_x | |if the curvature-two form ∂∂ϕ has exactly q negative eigenvalues and n−q positive ones and that the sum vanishes in the remaining cases. For S^{q,k}_X (x) this happens in the large k limit (modulo terms of order o(k^n)), showing that

B^{q,k}_X (x) ≤ 0 + 0 + ... + 0 + k^n π^n 1_{X(q)} | | |det_ω( i 2 ∂∂ϕ)_x | | | + o(k^n), which finishes the sketch of the proof of the local weak holomorphic Morse inequalities.

4. Notation etc.

We assume given a hermitian holomorphic line bundle (L, ϕ) over (X, ω). The statements of the results of this paper concern L^k ⊗ E, where E is a given hermitian holomorphic line bundle. However, in the proofs we assume that there is no twisting bundle E. Hence, this section will be concerned with L^k. The space of all global

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 11

(0, q)− forms with values in L^k, is denoted by Ω^{0,q}(X, L^k) and the induced norm on this space is denoted by ‖·‖_X .

Local coordinates and frames. Around each point x in X we choose local complex coordinates {z_i} and a holomorphic trivializing section s of L such that^9 ω(z) =^i_2 ∑ i,j h_{ij} (z)dz_i ∧ dz_j , h_{ij} (0) = δ_{ij} and |s(z)|^2 = e^{−ϕ(z)}, ϕ(z) = ϕ_0(z) + O(|z|^3), where ϕ_0(z) := n∑ i=1 λ_{i,x} |z_i|^2 . Any a^{0,q} in Ω^{0,q}(X, L^k) can be written, locally, as α^{0,q} = ∑ I f_I dz^I ⊗ s^{⊗k}. Note that in the local coordinates the base metric ω coincides with the Euclidean metric at the origin. Moreover, we have the identities, λ_{1,x}λ_{2,x} · · · λ_{n,x}V ol_{(X,ω)} = det_ω( i 2 ∂∂ϕ)_xV ol_{(X,ω)} = 1 n! ( i 2 ∂∂ϕ)^n. In the following we fix a point x in X and consider small neighbourhoods of x.

The balls B_{Rk} and B^√_{kRk} . Let B_R := {z : |z| < R} in C^n . Using the local chart around x, B_R is identified with a subset of X (when R is sufficiently small).

Let R_k :=^{lnk√}_k so that √ kR_k = lnk, then R_k → 0, √ kR_k → ∞ and^( √ kR_k )^p √ k → 0, for all p.

Local scalings. Given a function f on the ball B_{Rk} , let f^{(k)}(w) := f( w √ k ) be defined on B^√_{kRk} . Forms are now scaled by scaling the components. E.g. ω^{(k)}(w) =^i_2 ∑ i,j h_{ij} (^{w√}_k )dw_i ∧ dw_j, Observe that scaling the fiber metric on L^k gives

(kϕ)^{(k)}(w) = n∑ i=1 λ_i |w_i|^2 + 1 √ k O(|w|^3) which motivates the choice of scaling.

9this is always possible; see [16].

12 ROBERT BERMAN

Local norms. Using the trivialization we locally identify L with the trivial line bundle. The following notation for norms will be used:

• ‖·‖_ψ is the norm determined by |1|^2_ψ = e^{−ψ}.

• ‖·‖_{(k)} is the norm induced by the scaled base metric ω^{(k)} and the scaled fiber metric on L^k, (kϕ)^{(k)}, restricted to the scaled ball B^√_{kRk} in C^n .

• ‖·‖_{,R} denotes the restriction of a norm to the ball B_R. • ‖·‖_{,2,m} denotes the L^2−Sobolev norm with m derivatives: ‖·‖^2_{,2,m} = ∑ |_α|≤m ‖∂ α·‖^2 , determined by a choice of L^2− norm.

Operators. We denote by ∂^{∗ϕ0} and ∂^{∗(k)} the formal adjoints of ∂ with respect to ‖·‖_{ϕ0} and ‖·‖_{(k)} , respectively. The latter operator in only defined on B_R′_k . ∂^∗ usually refers to the global operator, which is the formal adjoint of

∂ : Ω^{0,q}(X, L^k) −→ Ω^{0,q+1}(X, L^k).

Note that (∂ + ∂^∗)^2 = ∂^∗∂ + ∂∂^∗ is the ∂− Laplacian.

Cut-off functions. If χ is a smooth function, equal to 1 on B_{1/2} and supported on B_1, we let χ_R(w) := χ( w R ), so that χ_R(w) is equal to 1 on B_{1/2R} with support in B_{Rk} . Also, |∇χ| ≤ C^1_R .

Estimates. We write a_k =_k b_k if there is a sequence ρ_k such that ρ_k → 1, when k → ∞ and a_k = ρ_kb_k. We define a_k ≤_k b_k in a similar way. Furthermore, the letter C in an estimate stands for a positive number, and means that the estimate is valid up to a constant, which is independent of k.

5. The Bergman kernel function B(x), the extremal function S(x) and dimension.

Assume given a hermitian manifold (X, ω) with a hermitian holomorphic line bundle (L, ϕ) and a rank r hermitian holomorphic line bundle E. In section 2 the Bergman kernel function B^{q,k}_X and the extremal function S^{q,k}_X of the space of global ∂−harmonic (0, q)− forms (with values in L^k ⊗ E), were defined. We will also have use for component versions of S^{q,k}_X . These will be defined when there is no twisting vector bundle E, in order to simplify the notation (the generalization being obvious). For a given orthonormal frame e^I_x in ⋀_{0,q} x (X, L^k) let S^{q,k}_{X,I} (x) := sup |α_I (x)|^2 ‖α‖^2_X , where α_I (x) denotes the component of α along e^I_x. It will be clear from the context what frame is being used. These functions are closely related according to the following, simple, yet important lemma. The first statement generalizes a lemma used in [1] (see also [12]) and the second statement is used in [4].

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 13

Lemma 5.1. Let L be a hermitian holomorphic line bundle over X. With notation as above (i) S^{q,k}_X (x) ≤ B^{q,k}_X (x) ≤ ∑ I S^{q,k}_{X,I} (x) Moreover, consider the vector bundle L^k ⊗E, where E is a given hermitian holomorphic vector bundle of rank r. Denote by M^{q,k}(x) the maximal rank of the subspace of the fiber L^k ⊗ E at the point x, consisting of sections that may be extended to global sections in H^{0,q}(X, L^k ⊗ E). Then (ii) S^{q,k}_X (x) ≤ B^{q,k}_X (x) ≤ M^{q,k}(x)S^{q,k}_X (x) Proof. We first prove (i). To prove the first inequality in the statement, take any α in H^q(X, L^k) of unit norm. Since α is contained in an orthonormal base, obviously |α(x)|^2 ≤ B(x), which proves the first inequality. For the second inequality, let {Ψ^i} be an orthonormal base for H^q(X, L^k), so that B^{q,k}_X (x) := ∑ i |Ψ^i(x)|^2 = ∑ i,J |Ψ^i_J (x)|^2 . Fix a J and let c_i := Ψ^i_J (x). Then, summing only over i, gives ∑ i | |Ψ^i_J (x) | |^2 = ∑ i c_iΨ^i_J (x) = α_J (x) ( ∑ i |c_i|^2 , )_{1/2}

where α = ∑ i c_i (^∑_i|ci|^2,)^{1/2}_i

Ψ^i lies in H^q(X, L^k) and is of unit norm. Thus, ( ∑ i | |Ψ^i_J (x) | |^2 )_{1/2} = α_J (x) = |α_J (x)| ‖α‖ ≤ S_J (x)^{1/2}.

Finally, squaring the last relation and summing over J proves the second inequality, in the first statement.

To prove (ii), take M^{q,k}(x) global sections of H^q(X, L^k ⊗ E) that are linearly independent at x, and complete this set in order to obtain a base for the fiber of L^k ⊗E at x. By the definition of M^{q,k}(x), the component of any global section α along a “completing” base element vanishes (otherwise we could add α to the list of M^{q,k}(x) global sections, to obtain M^{q,k}(x) + 1 global sections that are linearly independent at x). Hence, if we now let the index I run over all the elements in the base at x, we see that S^{q,k}_{X,I} (x) = 0 for all I corresponding to the “completing” base elements. The second statement now follows from the first one, since S^{q,k}_{X,I} (x) ≤ S^{q,k}_X (x) for all I. □ Note that the Bergman kernel function can be considered as a certain dimensional density. Indeed, ∫ X B^{q,k}_X V ol_ω = dim_C H^{0,q}(X, L^k ⊗ E), if X is compact, since we just get a one from each base element.

14 ROBERT BERMAN

6. Localization

In this section we collect some results that will allow us to make precise the localization of the norms and ∂−Laplacians, for large k, that was referred to in section 3. The proofs are straight forward and given in the appendix. The main point is to choose the sequence of decreasing radii R_k, such that lemma 6.1 holds.

Fix a point x in X and take local coordinates and a trivializing frame around x, as in section 4. Consider the balls centred at x, B_{Rk} and B^√_{kRk} , defined in section 4, where R_k → 0, √ kR_k → ∞ and^( √ kR_k)^p √ k → 0, for all p.

Localization of the norms.

Lemma 6.1. When k tends to infinity, sup |w|≤ √ kR_k | |∂^α((kϕ)^{(k)} − ϕ_0)(w) | | → 0, for any α = (α_1, α_2, ..., α_{2n}) ∈ N^{2n} , where ∂^α denotes partial differentiaton with respect to the real coordinates corresponding to w.

The following proposition says, essentially, that we may replace the scaled norms with the model norm when k tends to infinity.

Proposition 6.2. Fix a point x in X. Given a sequence β_k of (0, q)-forms on the balls B^√_{kRk} in C^n there is sequence ρ_k tending to 1, such that ‖β_k‖_{(k)} = ρ_k ‖β_k‖_{ϕ0,}^√_{kRk} . With notation as in section 4 this means that ‖β_k‖_{(k)} =_k ‖β_k‖_{ϕ0,}^√_{kRk} . Localization and properties of the operator ∂ + ∂^∗. The following proposition shows that ∂^∗ transforms as ∂ under scalings.

Proposition 6.3. Let α be (0, q)-form on B_{Rk} . Then the following identity holds on the scaled ball B^√_{kRk} :

(6.1) ∂^{∗(k)}α^{(k)} = 1 √ k (∂^∗α)^{(k)}

In order to compare powers of the scaled ∂−Laplacian with powers of the model ∂−Laplacian, the following proposition is used.

Proposition 6.4. There is a sequence ϵ_k, tending to zero, such that ‖ ‖ ‖(∂ + ∂^{∗(k)})^mα^{0,q} − (∂ + ∂^{∗ϕ0} )^mα^{0,q}(w) ‖ ‖ ‖^2_{,m} ≤ ϵk ‖ ‖α^{0,q} ‖ ‖^2_{,m} , where the norms are the L^2_{ϕ0} Sobolev norms with m derivatives restricted to the ball of radius √ kR_k. Let χ be a real-valued smooth function on X. We let forms act by wedge multiplication from the left. The usual Leibniz rule for ∂ gives that ∂(χ·) − (χ·)∂ = ±(∂χ)

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 15

By taking formal adjoints on both sides we obtain a similar relation involving ∂^∗. Adding these two identities yields a Leibniz rule for ∂ + ∂^∗ : (6.2) ∂ + ∂^∗(χ·) − (χ·)(∂ + ∂^∗) = ±(∂χ) ∓ (∂χ)^∗. Note that the algebraic adjoint (∂χ)^∗ is independent of the fiber metric; it only depends on the base metric ω.

7. The model case In this section we will be concerned with C^n with its standard metric. Any smooth function ϕ defines a hermitian metric on the trivial line bundle and associated bundles, via |1|^2_ϕ (z) = e^{−ϕ(z)}. Explicitly, this means that if α^{0,q} = ∑ I f_I dz^I is a (0, q)−form on C^n , then | |α^{0,q} | |^2_ϕ (z) = ∑ I |f_I (z)|^2 e^{−ϕ(z)}. The standard differential operators on smooth functions are extended to operators on forms, by letting them act componentwise. We denote by^∂_{∂zi}^{∗ϕ} the formal adjoint of^∂_{∂zi} with respect to the norm induced by ϕ. A partial integration shows that

(7.1) ∂ ∂z_i ∗ϕ = e^ϕ(− ∂ ∂z_i )e^{−ϕ} = − ∂ ∂z_i + ϕ_z The following classical commutation relations are essential for what follows:

(7.2) ∂ ∂z_i ∂ ∂z_j ∗ϕ − ∂ ∂z_j ∗ϕ ∂ ∂z_i = ϕ_{zizj} When ϕ = ϕ_0 := ∑_n i=1 λ_i |z_i|^2 this means that

(7.3) ∂ ∂z_i ∂ ∂z_j ∗ϕ_0 − ∂ ∂z_j ∗ϕ_0 ∂ ∂z_i = δ_{ij} λ_{ii} The next lemma gives an explicit expression for Δ_{∂,ϕ0} , that will enable us to compute the model Bergman kernel function. Lemma 7.1. We have that

Δ_{∂,ϕ0} (fdz^I ) = ( ∑ i∈I ∂ ∂z_i ∂ ∂z_i ∗ϕ_0 + ∑ i∈I^c ∂ ∂z_i ∗ϕ_0 ∂ ∂z_i )fdz^I =: (Δ_{∂,I} f)dz^I )

Proof. All adjoints and formal adjoints are taken with respect to ϕ_0. The following notation will be used. We let dz^i act on forms by wedge multiplication, and denote the adjoint by dz^{i∗}. Then we have the anti-commutation relations (7.4) dz^idz^{j∗} + dz^{j∗}dz^i = 0 if i ≠ j Also,

(7.5) (dz^{i∗}dz^i)dz^J = { 1, i /∈ J 0, i ∈ J (dz i dz^{i∗})dz^J = { 0, i /∈ J 1, i ∈ J

16 ROBERT BERMAN

∂ can now be expressed as ∂ = ∑ i ∂ ∂z_i dz^i = ∑ i dz^i ∂ ∂z_i. Applying ∗ to this relation immediately yields

∂^∗ = ∑ i ∂^∗ ∂z_i dz^{i∗} = ∑ i dz^{i∗} ∂^∗ ∂z_i. . Now we compute Δ_∂ := ∂∂^∗ + ∂^∗∂ :

∂∂^∗ + ∂^∗∂ = ∑ i,j ∂ ∂z_i ∂^∗ ∂z_j dz^idz^{j∗} + ∑ i,j ∂^∗ ∂z_j ∂ ∂z_i dz^{j∗}dz^i. By applying 7.4 to second term and splitting the sum this equals ∑ i ∂ ∂z_i ∂^∗ ∂z_i dz^idz^{i∗} + ∑ i ∂^∗ ∂z_i ∂ ∂z_i dz^{i∗}dz^i + ∑ i≠j ( ∂ ∂z_i ∂^∗ ∂z_j − ∂^∗ ∂z_j ∂ ∂z_i )dz^idz^{j∗}. According to the commutation relation 7.3 the second sum vanishes and 7.5 finally gives that

(∂∂^∗ + ∂^∗∂)(fdz^I ) = ( ∑ i∈I ∂ ∂z_i ∂ ∂z_i ∗ϕ_0 + ∑ i∈I^c ∂ ∂z_i ∗ϕ_0 ∂ ∂z_i )fdz^I . □ Remark 7.2. For general fiber metrics ϕ, Δ_∂ does not respect the module decomposition of ⋀_{0,q} (C^n ) that has dz^I as base elements.

We will not have any direct use of the following proposition. However, it fits well into the context and explains the appearance of the characteristic function 1_{X(q)} in the main formulas. Moreover, it can be used to give a direct proof of the fact that the global Bergman kernel function B^{q,k}_X vanishes outside X(q), modulo terms of order o(k^n). The result appears already in Hörmander’s seminal paper [11]. Proposition 7.3. Suppose that ∂∂ϕ_0 is non-degenerate and that it is not the case that q of the numbers λ_i are negative and n − q of the numbers are positive. Then there is an a priori estimate:

‖α^q‖^2_{ϕ0} ≤ C_q ⟨Δ_∂ α^q, α^q⟩_{ϕ0} = C_q( ‖ ‖∂α^q ‖ ‖^2_{ϕ0} + ‖ ‖ ‖∂^{∗ϕ0} α^q ‖ ‖ ‖^2_{ϕ0} ),

for all smooth (0, q)− forms in C^n with compact support.

Proof. In what follows, all norms, adjoints and formal adjoints are taken with respect to ϕ_0. Suppose that α^{0,q} = ∑ I f_I dz^I has compact support. According to proposition 7.3 (7.6) ‖ ‖∂α^q ‖ ‖^2 + ‖ ‖ ‖∂^∗α^q ‖ ‖ ‖^2 = ⟨Δ_∂ α^q, α^q⟩ = ∑ I ⟨Δ_I f_I , f_I ⟩ , where Δ_I f = ∑ i∈I ∂ ∂z_i ∂ ∂z_i ∗ + ∑ i∈I^c ∂ ∂z_i ∗ ∂ ∂z_i )f.

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 17

Now, by assumption, for all I there is some λ_i > 0 with i ∈ I or some λ_i < 0 with i ∈ I^c. For a given I first assume that i_I is in I and λ_{Ii} > 0.Then, the commutation identity 7.3 gives that ∂ ∂z_{iI} ∂ ∂z_{iI} ∗ = λ_{iI} + ∂ ∂z_{iI} ∗ ∂ ∂z_{iI} , where λ_{iI} > 0.

Thus,

⟨Δ_I f_I , f_I ⟩ = λ_{iI} ‖f_I ‖^2 + ‖ ‖ ‖ ‖ ∂ ∂z_{iI} f_I ‖ ‖ ‖ ‖ 2 + ∑ i≠i_I ,i∈I ‖ ‖ ‖ ‖ ∂ ∂z_i ∗ f_I ‖ ‖ ‖ ‖ 2 + ∑ i∈I^c ‖ ‖ ‖ ‖ ∂ ∂z_i f_I ‖ ‖ ‖ ‖ 2 , which implies that

(7.7) ⟨Δ_I f_I , f_I ⟩ ≥ |λ_{iI} | ‖f_I ‖^2 .

Similarly, the second case, when i_I is in I^c and λ_{Ii} < 0 also yields the inequality 7.7. Finally, by 7.6 and 7.7 ⟨Δ_∂ α^q, α^q⟩ ≥ ∑ I |λ_{iI} | ‖f_I ‖^2 ≥ min_I |λ_{iI} | ‖α^q‖^2_{ϕ0} ,

which shows that C_q may be taken to be min_I |λ_{iI} | . □

In order to be able to integrate partially in C^n without getting boundary terms, the following lemma is useful. See [10] for a slightly more general proof. The point is too choose χ_R(z) = (χ(^z_R ))^2, where χ is a smooth compact supported function, that equals 1 on the unit ball, say.

Lemma 7.4. There is an exhaustion sequence χ_R such that for any smooth function f and (0, q)− form α in L^2_{ϕ0} (C^n )

lim_R ⟨Δ_∂ α, χ_Rα⟩ = ‖ ‖∂ + ∂^∗α ‖ ‖^2_{ϕ0} , lim_R ⟨ ∂ ∂z_i ∗ ∂ ∂z_i f, χ_Rf ⟩ = ‖ ‖ ‖ ∂ ∂z_i f ‖ ‖ ‖ 2

and similarly for ‖ ‖ ‖^{∂∗}_{∂zi} f ‖ ‖ ‖^2 .

Next, we turn to the Bergman kernel function B^q_{ϕ0,C} n (z) and the extremal function S^q_{ϕ0,C} n (z). They are defined as in section 5 but with respect to the space H^{0,q}_{ϕ0} (C^n ) of all (0, q)−forms in C^n , that are ∂−harmonic with respect to the fiber metric ϕ_0. Note that with notation as in section 2, B^q_{ϕ0,C} n (z) = B^q_{x,C} n (z) if ϕ(z) = ϕ_0(z) + O(|z|^3) is the local expression of the fiber metric of L at the point x in X. Proposition 7.5. The following identity holds:

B^q_{ϕ0,C} n (0) = S^q_{ϕ0,C} n (0) = 1 π^n |λ_1| |λ_2| · · · |λ_n| , if q of the numbers λ_i are negative and the rest are positive. Otherwise,

B^q_C n (0) = S^q_C n (0) = 0.

18 ROBERT BERMAN

With notation as in section 2 this means that

B^q_{x,C} n (0) = S^q_{x,C} n (0) = 1 π^n 1_{X(q)}(x) | | |det^ω( i 2 ∂∂ϕ)_x | | | Proof. Suppose that α^{0,q} = ∑ I f_I dz^I , α^{0,q} ∈ L^2_{ϕ0} (C^n ) and Δ_{∂,ϕ0} α^{0,q} = 0. Then ⟨Δ_∂ α^{0,q}, χ_Rα^{0,q}⟩_{ϕ0} = 0 and we get, as in the proof of proposition 7.3, that ∑ I ⟨Δ_I f_I , χ_Rf_I ⟩_{ϕ0} = 0.

Letting R → ∞ and using lemma 7.4 shows that

(7.8) ‖ ‖^{∂∗ϕ0}_{∂zi} fI ‖ ‖^2_{ϕ0} = 0, i ∈ I ‖ ‖^∂_{∂zi} fI ‖ ‖^2_{ϕ0} = 0, i ∈ I^c .

Let F_I (ζ) := e^{− ∑i∈I λi|zi|2} f_I , where ζ_i = z_i if i ∈ I and ζ_i = z_i if i ∈ I^c. Then 7.8 and 7.1 implies that F_I is holomorphic: ∂ ∂z_i F_I = 0 for all i.

Moreover,

(7.9) |f_I |^2_{ϕ0} = |F_I |^2_{ΦI} , Φ_I (z) := ∑ i∈I −λ_i |z_i|^2 + ∑ i∈I^c λ_i |z_i|^2 .

Now assume that it is not the case that q of the numbers λ_i are negative and the rest are positive. Then Φ_I (z) := ∑_n i=1 Λ^I_i |z_i|^2 , with some Λ^I_i := Λ^I_{iI} ≤ 0. By assumption, ∫ |f_I |^2 e^{−ϕ} < ∞. Now 7.9 and Fubini-Tonelli’s theorem give that ∫ |F_I (0, .., z_{iI} , 0, ..)|^2_{ϕI} e^{−ΛIi}I |^{ziI} |^2 < ∞. Since^∂_{∂ziI} F_I = 0 and Λ^I_{iI} ≤ 0 this forces F_I (0, .., z_{iI} , 0, ..) ≡ 0 and in particular f_I (0) = 0,^{10}which proves that B^q_C n (0) = S^q_C n (0) = 0.

Finally, assume that q of the numbers λ_i are negative and the rest are positive. We may assume that λ_1 up to λ_q are the negative ones. Then the same argument as the one above gives that f_I (0) = 0 if I ≠ I_0 := (1, 2, ..., q). Now since Λ^{I0}_i > 0 for all i we get

S^q_C n (0) = sup |α(x)|^2 ‖α‖^2_{ϕ0} = sup

|f_{I0} (x)|^2 ‖f_{I0} ‖^2_{ϕ0}

= sup

|F_{I0} (x)|^2 ‖F_{I0} ‖^2_{ΦI} = Λ_1Λ_2 · · · Λ_n π^n = |λ_1| |λ_2| · · · |λ_n| π^n , where the upper bound in the last step follows from the submean inequality 3.2 and equality is achieved for f such that f is of unit norm and F_{I0} ≡ 1, while the other components are zero. The proof is finished by observing that S^q_C n (0) = B^q_C n (0). This follows from 5.1, but it is also easy to see directly in this special case, since all the components F_I vanish if I ≠ (1, 2, ..., q). □

10this follows for example from the submean inequality 3.2

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 19

8. The Weak Holomorphic Morse Inequalities

In this section we prove the local version of Demailly’s holomorphic Morse inequalities, over any complex manifold X. The usual version is obtained as a corollary.

The proof of the following lemma is based on standard elliptic boot strapping Lemma 8.1. For each k, suppose that β^{(k)} is a smooth form on the ball B_R′_k such that Δ^{(k)}_∂ β^{(k)} = 0. Identify β^{(k)} with a form in L^2_{ϕ0} (C^n ) by extending with zero. Then there is constant C independent of k such that sup_{z∈B1} | β^{(k)}(z) |_2 ϕ_0 ≤ C ‖ β^{(k)} ‖_2 ϕ_{0,}B_2

Moreover, if the sequence of norms ‖ ‖α(k) ‖ ‖^2_{ϕ0,C n} is bounded, then there is a subse-

quence of { β^{(k)} } which converges uniformly with all derivatives on any ball in C^n to a smooth form β, where β is in L^2_{ϕ0} (C^n ).

Proof. Fix a ball B_R, of radius R in C^n . By Gårding’s inequality for the elliptic operator (Δ^{(k)}_∂ )^m,

(8.1) ‖ ‖β^{(k)} ‖ ‖^2_{BR,2,2m} ≤ C_{R,k} (‖ ‖β^{(k)} ‖ ‖^2_{B2R} + ‖ ‖ ‖(Δ^{(k)}_∂ )^mβ^{(k)} ‖ ‖ ‖^2_{B2R} ) , for all positive integers m. Since Δ^{(k)}_∂ converges to Δ_{∂,ϕ0} on the ball B_2 it is straight forward to see that C_{R,k} may be taken to be independent of k. For example, it follows immediately from proposition 6.4. Hence, for all positive integers m, ‖ β^{(k)} ‖_2 B_1,2,2m ≤ C ‖ β^{(k)} ‖_2 B_2

and the continuous injection L^{2,k} → C^0, k > n, provided by the Sobolev embedding theorem, proves the first statement in the lemma. To prove the second statement assume that ‖ ‖α(k) ‖ ‖^2_{ϕ0,C n} is uniformly bounded in k. Then 8.1 shows that ‖ ‖β^{(k)} ‖ ‖^2_{BR,2,2m} ≤ D_R Since this holds for any m ≥ 1, Rellich’s compactness theorem yields, for each R, a subsequence of { β^{(k)} } , which converges in all Sobolev spaces L^{2,k}(B_R) for k ≥ 0.

The compact embedding L^{2,k} → C^l, k > n +^1_2 l, shows that the sequence converges in all C^l(B_R). Choosing a diagonal sequence, with respect to a sequence of balls exhausting C^n , finishes the proof of the lemma. □

Now we can prove the following local weak holomorphic Morse inequalities, theorem 2.1, (see section 2 for notation).

Theorem 8.2. Let (X, ω) be a hermitian manifold. Then, up to terms of order o(k^n), the Bergman kernel function B^{q,k}_X and the extremal function S^{q,k}_X of the space of global ∂−harmonic (0, q) forms with values in L^k ⊗ E, satisfy B^{q,k}_X (x) ≤ rk^nB^q_{x,C} n (0), S^{q,k}_X (x) ≤ k^nS^q_{x,C} n (0) ,

20 ROBERT BERMAN

where

B^q_{x,C} n (0) = S^q_{x,C} n (0) = 1 π^n 1_{X(q)} | | |det^ω( i 2 ∂∂ϕ)_x | | | and lim_k^1_{kn} B^{q,k}_X (x) = lim_k^1_{kn} S^{q,k}_X (x) if r = 1.

Proof. First we will prove that

lim sup_k k^{−n}S^{q,k}_X (x) ≤ S^q_{x,C} n (0)

To this end, take any convergent subsequence { k^{−n}_j S^{q,kj} (x) } . We have to prove that it is bounded by S^q_C n (0). By definition, there is a unit norm sequence α_k in H^{0,q}(X, L^k) such that

lim sup_k k^{−n}S^{q,k}_X (x) = lim sup_k k^{−n} |α_k(x)|^2 .

Now consider the sequence β^{(kj )} := k^{− 12 n}_j α^{(kj )}, where β^{(kj )} is a form on the ball B^√_{kj Rkj} that we identify with a form in L^2_{ϕ0} (C^n ), by extending with zero. Note that

lim sup_j ‖ ‖β^{(k}j^) ‖ ‖^2_{ϕ0} = k^{−n}_j ‖ ‖α^{(k}j^) ‖ ‖^2_{ϕ0,B√kR} k ≤_{kj} ‖ ‖α_{kj} ‖ ‖^2_X = 1,

where we have used proposition 6.2 (“norm localization”). According to lemma there is a subsequence of { β^{(kj )} } that converges uniformly with all derivatives to β on any ball in C^n , where β is smooth and ‖β‖^2_{ϕ0} ≤ 1. Replace the sequence with this subsequence. We now show that Δ_{∂,ϕ0} β = 0. To this end, we write

(8.2) Δ_{∂,ϕ0} β = Δ_{∂,ϕ0} (β − β^{(kj )}) + (Δ_{∂,ϕ0} − Δ^{(kj )}_∂ )(β^{(kj )}) + 0

on B_R′_k . By proposition 6.4 the sequence Δ_{∂,ϕ0} − Δ^{(kj )}_∂ , consists of differential operators with coefficients tending uniformly to zero on any ball. Since { β^{(kj )} } converges uniformly with all derivatives on any ball in C^n we infer that the right hand side in 8.2 converges uniformly to the zero function on any ball. In particular, Δ_{∂,ϕ0} β = 0.

Finally, we see that

lim k^{−n}S^{q,k}(x) = lim k^{−n} |α_k(x)| = lim | β^{(kj )}(0) |_2 = |β(0)|^2 ≤ |β(0)|^2 ‖β‖^2_{ϕ0} ≤ S^q_{x,C} n (0), which shows that S^{q,k}_X (x) ≤ k^nS^q_{x,C} n (0) + o(k^n) Moreover, by proposition 7.5,

S^q_{x,C} n (0) = B^q_{x,C} n (0) = 1 π^n 1_{X(q)}(x) | | | |det^ω( i 2 ∂∂ϕ)_x | | | | . Lemma 5.1, then shows that B^{q,k}_X (x) ≤ o(k^n) outside the set X(q).

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 21

Next, if x is in X(q) we may assume that λ_1 up to λ_q are the negative eigenvalues. By the proof of proposition 7.5 we then have that β^I = 0 if I ≠ (1, 2, ..., q). We deduce that for I ≠ (1, 2, ..., q) :

lim k^{−n}_j S^{kj ,q}_I (0) = lim k^{−n}_j | |α_{Ikj} (0) | |^2 = |β_I (0)|2 = 0. This proves that lim k^{−n}S^{k,q}_I (0) = 0, if I ≠ (1, 2, ..., q). Finally, lemma 5.1 shows that lim sup_k k^{−n}B^{k,q}_X (x) ≤ 0 + 0 + ... + S^q_{x,C} n (0) = B^q_{x,C} n (0),

which finishes the proof of the theorem, when r = 1. □

As a corollary we obtain Demailly’s weak holomorphic Morse inequalities: Corollary 8.3. Suppose that X is compact. Then

dim_C H^{0,q}_∂ (X, L^k ⊗ E) ≤ k^nr

(−1)^q π^n 1 n! ∫ X(q) ( i 2 ∂∂ϕ)^n + o(k^n). Proof. Consider the sequence of functions k^{−n}B^{q,k}_X (x) on X. First note that k^{−n}S^{q,k}_X (x) is dominated by an L^1−function if X is compact. Indeed, lemma 8.1 implies that for any unit norm sequence a_k in H^{0,q}(X, L^k) sup x∈B_{1√} k (x_0) |α_k(x)|^2 ≤ C(x) ‖ ‖α^{(k)} ‖ ‖^2_{ϕ0,B1} ≤_k C(x)k^n,

where we have used the norm localization (proposition 6.2) as in the proof of the previous theorem. Since X is compact it can, for each k, be covered by a finite number of the balls B 1_{√k} (x_0), so that we can choose a constant C, with the property that for all x in X k^{−n} |α_k(x)|^2 ≤_k C, This shows that k^{−n}S^{q,k}_X (x) ≤ C. By 5.1 and the fact that X has finite volume, this means that the sequence k^{−n}B^{q,k}_X (x) is dominated by an L^1−function. Finally, the Hodge theorem shows that

lim sup_k dim_C k^{−n}H^{0,q}_∂ (X, L^k) = lim sup_k ∫ X k^{−n}B^{q,k}_X and Fatou’s lemma yields, since the sequence k^{−n}B^{q,k}_X is L^1− dominated, ∫ lim sup k^{−n}B^{q,k}_X ≤ r (−1)^q π^n ∫ X(q) ( i 2 ∂∂ϕ)^n, where we have used the previous theorem and the fact that 1 n! ( i 2 ∂∂ϕ)^n = (−1)^q | | |det^ω( i 2 ∂∂ϕ)_x | | | V ol^X on X(q). □

22 ROBERT BERMAN

Remark 8.4. It is illuminating to see what goes wrong on a non-compact manifold, when one tries to go from the local version of the weak Morse inequalities to their global counter part, corollary 8.3. As in section 3, this is already clear in the simplest case, when q = 0. Indeed, let X = D^1 be the open unit disc in C and let ϕ = ϕ_0 = 0. Then H^{0,0}_{∂+∂}∗ (X, L^k) is the usual space of square integrable holomorphic function on the unit disc. In particular, it is independent of k. It is well-known that this is an infinite dimensional space; e.g. polynomials are linearly independent. Equivalently, ∫ D^1 B^{0,k}_{D1} = ∞. But applying theorem 9.5 naively would give

lim sup_k k^{−n} ∫ D^1

B^{0,k}_{D1} = ∫ D^1

lim sup k^{−n}B^{0,k}_{D1} ≤ 0,

which clearly yields a contradiction. Hence, something goes wrong when we interchange the integration and the taking of the limit. Well, as in the beginning of section 3, for any function f holomorphic in D^1 |f(x)|^2 ‖f‖^2_D1 ≤ (∫ B^√_{kRk} (x) 1 )_{−1} → 0, but we have to start with smaller and smaller balls, i.e. a larger and larger k, in the right hand side when x is taken closer and closer to the boundary! Otherwise, the ball will not be contained in the unit disc. This means that there is no k,

independent of x, for which the sequence ( ∫ B^√_{kRk} (x) 1 )_{−1} is even defined. Hence,

B^{0,k}_{D1} will not be dominated by an L^1− function, by this argument, and we cannot invoke Fatou’s lemma!

9. The Strong Holomorphic Morse inequalities

In this section X is assumed to be compact. While the weak holomorphic Morse inequalities give estimates on individual cohomology groups their strong counter parts yield bounds on the alternating sums: q∑ i=0 (−1)^{q−i} dim_C H^i(X, L^k ⊗ E)

for each q ≥ 1. In fact, for q = n this is actually an asymptotic equality, giving an asymptotic version of the Riemann-Roch theorem for L^k ⊗ E, which computes the Euler characteristic of the complex H^∗(X, L^k ⊗ E). The proof of the estimates is based on an asymptotic expression for the dimension of H^i_{≤νk} (X, L^k ⊗ E), the space spanned by the eigenforms of Δ_∂ whose eigenvalues are bounded by ν_{k,} where {ν_k} is a judicially chosen sequence. The other ingredient is the following well-known lemma:^{11}

11see the comments in section 2.

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 23

Lemma 9.1. We have that q∑ i=0 (−1)^{q−i} dim_C H^i(X, L^k ⊗ E) ≤ q∑ i=0 (−1)^{q−i} dim_C H^i_{≤νk} (X, L^k ⊗ E), with equality if q = n.

The point is that for any μ ( H^∗_μ(X, L^k ⊗ E), ∂ ) forms a finite dimensional sub complex of the Dolbeault complex ( Ω^∗(X, L^k ⊗ E), ∂ ) which is exact for non-zero μ. The fact that ∂ commutes with Δ_∂ ensures that it is a complex. The lemma follows from this and a simple homological algebra argument (see [6]).

The asymptotic expression dim_C H^i_{≤νk} (X, L^k ⊗ E) = rk^n (−1)^q π^n 1 n! ∫ X(q) ( i 2 ∂∂ϕ)^n + o(k^n) will be obtained by an extension of the previous methods (section 8). The basic idea is as follows. Assume, for simplicity, that there is no twisting bundle E. First we obtain an upper bound on the corresponding Bergman kernel function, i.e. the spectral function, by a direct generalizaton of the harmonic case: the local weak Morse inequalities. We just have to make sure that terms of the form ‖ ‖ ‖(Δ^{(k)}_∂ )^mβ^{(k)} ‖ ‖ ‖^2√_{kRk} , which are now non-zero, tend to zero with k. Recall, that Δ^{(k)}_∂

denotes the ∂-Laplacian with respect to the scaled metrics on the ball B^√_{kRk} . In fact, for scaling reasons they give contributions which are polynomial in^{νk}_k . This dictates the choice ν_k = μ_kk with μ_k tending to zero with k. The last step is to get a lower bound on the spectral density function on X(q), which amounts to proving the existence of a unit norm sequence {α_k} in H^i_{≤νk} (X, L^k) with

|a_k(x)|^2 = k^n 1 π^n | | |det_ω( i 2 ∂∂ϕ)_x | | | + o(k^n). To this end we first take a sequence {α_k} of (0, q)−forms on C^n , which are harmonic with respect to the flat metric and the fiber metric kϕ_0, having the corresponding property. The point is that the mass of these forms concentrate around 0, when k tends to infinity. Hence, by cutting down their support to small decreasing balls we obtain global forms ~α_k on X, that are of unit norm in the limit. Moreover, their Laplacians are “small”. By cutting the high frequencies, that is projecting on H^i_{≤νk} (X, L^k), we finally get the sought after sequence.

We now proceed to carry out the details of the argument sketched above. Proposition 9.2. Assume that μ_k → 0. Then the following estimate holds: B^{q,k}_{≤μk k}(x) ≤ k^nr 1 π^n 1_{X(q)} | | |det^ω( i 2 ∂∂ϕ)_x | | | + o(k^n). Proof. In the proof we shall assume that there is no twisting vector bundle E. The proof is a simple modification of the proof of the local holomorphic Morse inequalities and in what follows these modifications will be presented. The difference is that α_k is in H^{0,q}_{≤μkk}(X, L^k) and we have to make sure that the all terms of the form

24 ROBERT BERMAN

(Δ^{(k)}_∂ )^m(k^{− n}2 α^{(k)}) = (Δ^{(k)}_∂ )^m(β^{(k)}) vanish in the limit. But for any ball B, ‖ ‖ ‖(Δ^{(k)}_∂ )^mβ^{(kj )} ‖ ‖ ‖^2_{ϕ0,B} ≤ k^{−n} ‖ ‖ ‖(Δ^{(k)}_∂ )^mα^{(kj )} ‖ ‖ ‖^2_{ϕ0,B√kR} k ≤_k k^{−2m} ‖(Δ_∂ )^mα_k‖^2_X

and the last term is bounded by a sequence tending to zero:

k^{−2m}(μ_kk)^{2m} → 0,

since by assumption α_k is of unit norm and in H^{0,q}_{≤μk k}(X, L^k) and μ_k → 0. Thus ‖ ‖β^{(k}j^) ‖ ‖^2_{ϕ0,B,2,m} ≤ C (‖ ‖β^{(k}j^) ‖ ‖^2_{ϕ0,B} + ‖ ‖(Δ^{(k)}_∂ )^mβ^{(kj )} ‖ ‖^2_{ϕ0,B} ) ≤_j C1 + (μ_{kj} )^{2m}) ≤_j C,

shows that the conclusion of lemma 8.1 is still valid. Finally, Δ_∂ β = 0 more or less as before. The only difference is that we now get a third term in 8.2, whose norm on any ball converges to zero, by the argument given above. This shows that ‖Δ_∂ β‖^2_B = 0 on any ball, and the rest of the argument goes through word by word. □

The next lemma provides the sequence that takes the right values at a given point x in X(q), with “small” Laplacian, that was referred to in the beginning of the section.

Lemma 9.3. For any point x_0 in X(q), there is a sequence {α_k} such that a_k is in Ω^{0,q}(X, L^k) with lim_k ‖α_k‖^2 = 1,

lim_k ‖k^{−m}(Δ_∂ )^mα_k‖^2 = 0 |a_k(x_0)|^2 = k^{n 1}_{πn} | |det_ω(^i_2 ∂∂ϕ)_x | | Moreover, there is a sequence δ_k , independent of x_0 and tending to zero, such that ⟨ k^{−1}Δ_∂ α_k, α_k ⟩ X ≤ δ_k Proof. We may assume that the first q eigenvalues λ_{i,x0} are negative, while the

remaining eigenvalues are positive. Let β = (_{|λ1||λ2|···|λn|} π^n ) 1_2 e^{+ ∑qi=1 λi|zi|2} dz_1 ∧ dz_2 ∧ ... ∧ dz_q, so that^{12} |β|^2_{ϕ0} =^{|λ1||λ2|···|λn|}_{πn} e^{− ∑ni=1|λi||zi|2} and ‖β‖_{ϕ0,C} n = 1. Observe that β is in L^{2,m}_{ϕ0} for all m. Now define α_k on X by

α^{(k)}(w) := α_k( w √ k ) := k^{n2} χ^√_{kRk} (w)β(w),

where χ^√_{kRk} is the cut-off function defined in section 4, so that |a_k(x)|^2 = k^{n |λ1||λ2|···|λn|}_{πn} . To see that lim_k ‖α_k‖^2_X = 1, note that

‖α_k‖^2_X =_k ‖ ‖χ_{Rk′} β ‖ ‖^2_{ϕ0,C n} = ‖β‖^2_{ϕ0, 12} √_{kRk} + ‖ ‖χ_{Rk′} β ‖ ‖^2_{ϕ0,≥ 12} √_{kRk} and the “tail” ‖β‖^2_{ϕ0,≥} 1_2^√_{kRk} tends to zero, since β is in L^2_{ϕ0} (C^n ) and √ kR_k tends to infinity.

12compare the proof of proposition 7.5.

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 25

Next, we show that lim_k ‖k^{−m}(Δ_∂ )^mα_k‖^2_X = 0. Changing variables gives (propo-

sition 6.3) ‖ ‖k^{−m}(Δ_∂ )^mα_k ‖ ‖^2_X ≤_k ‖ ‖ ‖(Δ^{(k)}_∂ )^m(χ^√_{kRk} β) ‖ ‖ ‖^2_{ϕ0,}√_{kRk} and using Leibniz’ rule (6.2) repeatedly yields ‖ ‖k^{−m}(Δ_∂ )^mα_k ‖ ‖^2_X ≤_k ‖ ‖ ‖(Δ^{(k)}_∂ )^mβ ‖ ‖ ‖^2_{ϕ0,}√_{kRk} Since Δ_{∂,ϕ0} β = 0 we conclude, using proposition 3.5, that ‖ ‖k^{−m}(Δ_∂ )^mα_k ‖ ‖^2_X ≤_k ‖ ‖ ‖(Δ^{(k)}_∂ )^mβ − (Δ_{∂,ϕ0} )^mβ ‖ ‖ ‖^2_{ϕ0,}√_{kRk} ≤ ϵk ‖β‖^2_{ϕ0,}^√_{kRk,2,m} → 0, since β is in L^{2,m}_{ϕ0} for all m. To prove the last statement, observe that, as above, ⟨ k^{−1}Δ_∂ α_k, α_k ⟩ = ‖ ‖ ‖ ‖ 1 √ k (∂ + ∂^∗)α_k ‖ ‖ ‖ ‖ 2

X =_k ‖ ‖ ‖(∂ + ∂^{∗(k)})(χ^√_{kRk} β) ‖ ‖ ‖^2√_{kRk} . Hence, by Leibniz’ rule ⟨ k^{−1}Δ_∂ α_k, α_k ⟩ ≤_k ‖ ‖(χ^√_{kRk} (∂ + ∂^{∗(k)})β ‖ ‖^2√_{kRk} + C ( √ kR_k)^2 ‖β‖^2_C n . Using proposition 6.4 we see that ⟨ k^{−1}Δ_∂ α_k, α_k ⟩ ≤_k ε_k ‖β‖^2_{,1} + C ( √ kR_k)^2 ‖β‖^2 . Note that even if ‖β‖^2 is independent of the eigenvalues λ_{i,x0} , the norms ‖ ‖∂^lβ ‖ ‖^2depend

on the eigenvalues, and hence on the point x_0. But the dependence amounts to a

factor of eigenvalues and since X is compact, we deduce that ‖ ‖∂lβ ‖ ‖^2is bounded

by a constant independent of the point x_0. This shows that ⟨k^{−1}Δ_∂ α_k, α_k⟩_X ≤ δ_k.

Note that ϵ_k also can be taken to be independent of the point x_0, by a similar

argument. □

Proposition 9.4. Assume that^{δk}_{μk} → 0 where δ_k is the sequence appearing in lemma

9.3. Then, for any point x in X(q), the following holds lim inf k^{−n}B^{q,k}_{≤μk k}(x) ≥ r 1 π^n | | |det^ω( i 2 ∂∂ϕ)_x | | | Proof. Let {α_k} be the sequence that lemma 9.3 provides and decompose it with re-

spect to the orthogonal decomposition Ω^{0,q}(X, L^k) = H^q_{≤μk k}(X, L^k) ⊕ H^q_{>μk k}(X, L^k),

induced by the spectral decomposition of the elliptic operator Δ_∂ :

α_k = α_{1,k} + α_{2,k}

First, we prove that

lim_k k^{−n} | | |α^{(k)}_2 (0) | | |^2 = 0.

As in the proof of lemma 8.1 we have that k^{−n} | | |α^{(k)}_2 (0) | | |^2 ≤ C(x) ( k^{−n} ‖ ‖ ‖α^{(k)}_2 ‖ ‖ ‖^2_{(k),B1} + k^{−n} ‖ ‖ ‖(Δ^{(k)}_∂ )^mα^{(k)}_2 ‖ ‖ ‖^2_{(k),B1} ) .

26 ROBERT BERMAN

To see that the first term tends to zero, observe that by the spectral decomposition of Δ_∂ : ‖α_{2,k}‖^2_X ≤ 1 μ_kk ⟨Δ_∂ α_{2,k}, α_{2,k}⟩_X ≤ 1 μ_k ⟨ k^{−1}Δ_∂ α_k, α_k ⟩ X ≤ δ_k μ_k Furthermore, the second term also tends to zero: k^{−n} ‖ ‖(Δ(k)_∂ )_mα(k)_2 ‖ ‖^2 (k),B_1 ≤ ‖ k^{−m}(Δ_∂ )^mα_{2,k} ‖_2 X ≤ ‖ k^{−m}(Δ_∂ )^mα_k ‖_2 X → 0. by the choice of the sequence {α_k}. Finally, k^{−n}S^{q,k}_{μkk}(x) ≥ k^{−n} |α_{k,1}(0)|^2 ‖α_{k,1}‖^2_X ≥ k^{−n} |α_{1,k}(0)|^2 = k^{−n} |α_k(0) − α_{2,k}(0)|^2 and k^{−n} |α_k(0) − α_{2,k}(0)|^2 ≥_k 1 π^n | | | |det^ω( i 2 ∂∂ϕ)_x | | | | + 0, which finishes the proof according to lemma 5.1 when there is now twisting bundle E (or r = 1).

The generalization to the case when there is a twisting bundle E is not quite as direct as in the other results. Take a local frame {e_γ }^r_1 of the twisting bundle E, that is orthonormal on some neighbourhood of x. Then we get r global (0, q)−forms with values in L^k ⊗ E. α_k ⊗ e_1, α_k ⊗ e_2, α_k ⊗ e_r,

where α_k is as above. Proceeding as above, we obtain r forms in H^q_{≤μk k}(X, L^k). If these forms were mutually orthogonal we would be done, since we could obtain an orthonormal base of H^q_{≤μk k}(X, L^k) containing the r forms. However, the forms are not far from being mutually orthogonal in the following sense: they can be written as α_k ⊗e_1 plus an L^2− small form that is “small” at x for large k, as in the case when there is no twisting bundle, above. This is enough to make the argument work. The details are omitted. □

Now we can prove the following asymptotic equality:

Theorem 9.5. Assume that μ_k → 0 and that^{δk}_{μk} → 0, where δ_k is the sequence appearing in lemma. Then B^{q,k}_{≤μk k}(x) = rk^n 1 π^n 1_{X(q)} | | |det_ω( i 2 ∂∂ϕ)_x | | | + o(k^n) Proof. This follows immediately from proposition 9.2 and proposition 9.4 if x is in X(q). If x is outside of X(q) then the upper bound given by 9.2 shows that B^{q,k}_{≤μkk}(x) = 0 + o(k^n), which finishes the proof of the theorem. □

Remark 9.6. A slightly more involved argument shows that the conclusion is valid for B^{q,k}_{≤μ0k}ϵ (x), for any μ_0, as long as 0 < ϵ < 1.

Combining the previous theorem with lemma 9.1 yields a proof of the strong holomorphic Morse inequalities:

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 27

Theorem 9.7. Assume that X is compact. Then q∑ i=0 (−1)^{q−i} dim_C H^i(X, L^k ⊗ E) ≤ k^nr

(−1)^q π^n 1 n! ∫ X(≤q) ( i 2 ∂∂ϕ)^n + o(k^n). Proof. By lemma 9.1 k^{−n} q∑ i=1 (−1)^{q−i} dim_C H^i(X, L^k) ≤ ∑ i (−1)^{q−i}k^{−n} dim_C H^i_{≤νk} (X, L^k), with equality for n = 1. Moreover, k^{−n} dim_C H^i_{≤νk} (X, L^k) = ∫ X(i) k −nB^{q,k}_{≤νk} (x)V ol_{X.} Now set ν_k := (δ_k)^12 k, where δ_k is the sequence appearing in lemma 9.3. By theorem 9.5 lim_k k^{−n}B^{q,k}_{≤νk} (x) = 1 π^n | | | |det^ω( i 2 ∂∂ϕ)_x | | | | Since X is compact, a similar argument to the one given in the beginning of the proof of corollary 8.3 shows that the sequence B^{q,k}_≤^√_k(x) is bounded by an L^1− function. Finally, Fatou’s lemma yields

lim sup_k k^{−n} q∑ i=1 (−1)^{q−i} dim_C H^i(X, L^k) ≤ ∑ i (−1)^{q−i} 1 π^n ∫ X(i) | | |det_ω( i 2 ∂∂ϕ)_x | | | V ol_X , with equality for n = 1.Since^1_{n!} (∂∂ϕ)^n = (−1)^i | det_ω(∂∂ϕ)_x | V ol_X on X(i), this finishes the proof of the theorem. □

Remark 9.8. In the case when there is at least one point x_0 where the curvature two-form of L is positive, and no point where it has one negative eigenvalue and n−1 positive ones, the weak and strong Morse inequalities together imply that there are “many” holomorphic sections of L :

dim_C H^0(X, L^k) = Ck^n.

This fact, in turn, shows that X is Moishezon, which proves the Grauert-Riemenschneider conjecture, as was observed by Demailly [6]. However, it is interesting to see that one does not really have to use the strong Morse inequalities at all, as is shown by Berndtsson in [1]. In rough terms the argument goes as follows. The space of all polynomials of degree less than^1_2 k forms a space of local holomorphic sections with norms concentrated on a small ball around x_0. The dimension of this space is clearly of the order k^n. Now, the integrated version of proposition 9.2.^{13}, dim_C H^1_{≤μk k}(X, L^k) = o(k^n) , says that one can solve many ∂−equations with a good L^2 estimate, the space of right hand sides for which this cannot be done, being of dimension o(k^n). This means that “almost all” the local candidates above, may be extended to global holomorphic sections, showing that dim_C H^0(X, L^k) = Ck^n. It would be interesting to see if this argument could be refined so as to allow a local control of the modified sections around x_0.

13[1] uses a similar estimate instead - based on different methods - under the stronger assumption that L is semi-positive.

28 ROBERT BERMAN

10. Line bundles with curvature conditions and existence of peak sections

Combining the local weak Morse inequalities for q = 0, the weak Morse inequalities for q = 1 and the strong Morse inequalities for q = 1 yields the following theorem: Theorem 10.1. Let X be compact and assume that there is no point in X, where the curvature two-form of L has one negative eigenvalue and n − 1 positive ones. Then

lim sup B^{0,k}_X (x) = r k^n π^n | | |det^ω( i 2 ∂∂ϕ)_x | | | + o(k^n)

almost everywhere on the part of X where the curvature of L is positive.

Proof. Since H^0(X, L^k) = H^0(X, L^k), the weak local Morse inequalities (theorem 2.1) show that

(10.1) lim sup 1 k^n B^{0,k}_X (x) ≤ 1_{X(0)} 1 π^n | | |det^ω( i 2 ∂∂ϕ)_x | | | , for any line bundle L (in fact, this is the easiest case that was dealt with in the beginning of section 3). Furthermore, since X(1) is empty, the weak Morse inequalities for q = 1 (corollary 8.3) say that

dim_C H^1(X, L^k) ≤ o(k^n).

Combining this fact with the strong Morse inequalities for q = 1 (theorem 9.7), shows that

dim_C 1 k^n H^0(X, L^k) ≥ ∫ X 1_{X(0)} 1 π^n | | |det^ω( i 2 ∂∂ϕ)_x | | | V ol^{(X,ω)}. Now, since the sequence lim sup^1_{kn} B^{0,k}_X (x) is bounded by an L^1− function (compare the proof of corollary 8.3), Fatou’s lemma together with the latter inequality, give that

(10.2) ∫ X lim sup 1 k^n B^{0,k}_X (x)V ol_{(X,ω)} ≥ ∫ 1_{X(0)} 1 π^n | | |det_ω( i 2 ∂∂ϕ)_x | | | V ol_{(X,ω)}. Finally, combining 10.1 and 10.2, proves the theorem. □

The most interesting case when the previous theorem applies is when L is semipositive and strictly positive at some point.^{14} The following corollary allows a certain pointwise control of global holomorphic sections, when the curvature conditions in the previous theorem hold.

Corollary 10.2. Suppose that X and L satisfy the conditions of the previous theorem. Then for almost all points x in X(0) (the part of X where the curvature of

14For example, if X is projective this curvature assumption implies that L is nef and big, in algebraic geometric terms. The converse is “almost true” (see [7]).

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 29

L is positive) there is a unit norm sequence { α_{kj} } (depending on the point x) of

holomorphic section with values in L^{kj} with the following properties: lim ∫ B_{Rkj} (x) | α_{kj} |_2 = 1,

for any sequence B_{Rkj} (x) as long as R_{kj} → 0, √ k_j R_{kj} → ∞ and √ k_jR^3_{kj} → 0. Proof. For any point x in X the argument that leads to the local weak Morse in-

equalities for holomorphic sections, given in section 3, shows that | |α_{kj} (x) | | ≤ ρ_k k^n π^n | | |det_ω( i 2 ∂∂ϕ)_x | | | ‖ ‖α_{kj} ‖ ‖^2_{BRk} for any sequence of global holomorphic sections {α_k} , where ρ_k is a sequence tending

to one. By the previous theorem we can, for almost all points x in the part of X

where the curvature of L is positive, choose such a unit norm sequence { α_{kj} } with

the additional property that | |α_{kj} (x) | |^2 = k^{nj} π^n | | |det_ω( i 2 ∂∂ϕ)_x | | | + o(k^n_j ), Hence, k^n_j π^n | | | |det^ω( i 2 ∂∂ϕ)_x | | | | + o(k^nj ) ≤ ρ^k k^n π^n | | | |det^ω( i 2 ∂∂ϕ)_x | | | | ‖ ‖α_{kj} ‖ ‖^2_{BRk} Dividing by k^n_j on both sides and letting k_j tend to infinity shows that

lim inf ‖ ‖α_{kj} ‖ ‖^2_{BRk} = 1,

which proves the corollary. □

In fact, it seems reasonable to conjecture that the previous equality actually holds

everywhere on X, replacing lim sup with lim .

Conjecture 10.3. Under the assumptions of the previous theorem

lim_k B^{0,k}_X (x) = r k^n π^n | | | |det^ω( i 2 ∂∂ϕ)_x | | | | + o(k^n), on the part of X where L is positive.

When L is positive the next theorem yields a refinement of the previous theorem.

Theorem 10.4. Assume that (X, ω) is a complete Kähler manifold and that (L, ϕ)

is a positive hermitian holomorphic line bundle over X with ∂∂ϕ > ϵω for some

positive number ϵ. Then, up to terms of order o(k^n),

B^{0,k}_X (x) = k^nr 1 π^n | | | |det^ω( i 2 ∂∂ϕ)_x | | | | Proof. First observe that by lemma 5.1 B^{0,k}_X (x) = S^{0,k}_X (x). In this special case, where

q = 0, the upper bound on S^{0,k}_X (x), which in general follows from the local weak

holomorphic Morse inequalities, is considerably easier to obtain than in the general

case, as was explained in section 3.

30 ROBERT BERMAN

To prove the lower bound, we have to find a sequence γ_k in H^{0,0}(X, L^k) with |γ_k (x)|^2 ‖γ_k‖^2_X = k n 1 π^n | |det_ω(^i_2 ∂∂ϕ)_x | | + o(k^n). To this end, fix a point x and first consider

the following sequence of functions on X

α_k(z) = k^n π^n | | | |det^ω( i 2 ∂∂ϕ)_x | | | | χ^Rk (z), where χ_{Rk} is the cut-off function defined in section 4. The sought after sequence will be obtained as α_k + u_{k,} where u_k is determined as follows. By a well-known generalization of Hörmander’s L^2− method (see [11],[7]) the fact that ∂∂ϕ > ϵω implies that, for any k, we can find a u_k in H^{0,0}(X, L^k) such that

∂u_k(z) = ∂(−α_k), and ‖u_k‖^2_X ≤ C 1 k ‖ ‖∂α_k ‖ ‖^2_X .

Thus u_k + α_k is holomorphic and ‖u_k‖^2_X ≤ C 1 k ‖ ∂α_k ‖_2 X ≤_k C 1 k 1 (R_k)^2 e^{− 14 k(Rk)2} → 0, k → ∞, since √ kR_k → ∞. This also implies that u_k(x) → 0. Indeed, since u_k is holomorphic in the ball B_{1/2Rk} (x) this follows from the argument that gave the upper bound on S^{0,k}_X (x). Finally,

lim sup_k k^{−n} |γ_k(x)|^2 ‖γ_k‖^2_X = lim sup_k k^{−n}

|a_k(x) + u_k(x)|^2 ‖a_k + u_k‖^2_X = 1 π^n | | |det^ω( i 2 ∂∂ϕ)_x | | | , which finishes the proof of the theorem. □

Finally, we shall give a local version of Serre’s classical theorem A. A similar argument has been used by Bouche to give a proof of the Kodaira embedding theorem, when L is (strictly) positive [4].

Theorem 10.5. Let X be compact and assume that there is no point in X, where the curvature two-form of L has one negative eigenvalue and n − 1 positive ones. If Ω is a relatively compact subset of the part of X where L is positive, then for any k_0 there is a k bigger than k_0 such that H^0(X, L^k ⊗ E) generates the fibers of L^k ⊗ E over almost all points in Ω.

Proof. According to 5.1, B^{0,k}_X (x) ≤ M^{0,k}(x)S^0_E (x)

Using theorem 10.1 and the local Morse inequalities, theorem 2.1 for q = 0, we infer that r 1 π^n | | | |det^ω( i 2 ∂∂ϕ)_x | | | | ≤ (lim sup M^0k ) 1 π^n | | | |det^ω( i 2 ∂∂ϕ)_x | | | | almost everywhere on the set where L is positive. This means that for all such x we can for any given k_0 find a k bigger than k_0 such that M^{0,k}(x) = r. The theorem now follows from a simple compactness argument, since M^{0,k}(x) = r is an open condition with respect to x. □

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 31

It should be possible to prove the previous theorem by first showing that X is Moishezon, as in the papers by Siu and Demailly, and then use Kodaira’s “blow-up trick” as in the usual proof of the Kodaira embedding theorem [9]. In fact, this would prove a slightly stronger result, saying that the statement holds on all of Ω for sufficiently large k. However, it is interesting to see that theorem 10.5 may be obtained directly from a local asymptotic control of the Bergman kernel function. Moreover, if conjecture 10.3 is correct the same method would prove the stronger statement referred to above.

11. Appendix

In the following proofs we will assume that there is no twisting bundle E. The generalizations of the proofs are straight forward. Fix a point x in X. Recall (section4 ) that we have chosen complex coordinates {z_i} and a holomorphic trivializing section s of L around x such that

ω(z) =^i_2 ∑ i,j h_{ij} (z)dz_i ∧ dz_j , h_{ij} (0) = δ_{ij} and |s(z)|^2 = e^{−ϕ(z)}, ϕ(z) = ϕ_0(z) + O(|z|^3),

where

ϕ_0(z) := n∑ i=1 λ_{i,x} |z_i|^2 . The corresponding norms will be denoted by ‖·‖ . Furthermore, recall that the scaled base metric ω^{(k)}(w) = ω(^{w√}_k ) and the scaled fiber metric (kϕ)^{(k)}(w) = kϕ(^{w√}_k ) on L are defined on the ball B^√_{kRk} in C^n and that the corresponding norms on B^√_{kRk} are

denoted by ‖·‖_{(k)} . We denote by ∂^{∗(k)} the formal adjoint of ∂, with respect to the latter norm.

Proof of lemma 6.1. Let s = (s_1, ..., s_{2n}) parametrize R^{2n} ∼= C^n and let t = √ ks. By Taylor’s theorem there are smooth g_α, bounded by C on B_{Rk} , such that

ϕ(s) = ϕ_0(s)+ ∑ |α|=3 g_α(s)s^α, s ∈ B_{Rk} (kϕ)^{(k)}(t) = ϕ_0(t)+ ∑ |α|=3 g_α( t √ k ) 1 √ k t^α, t ∈ B^√_{kRk} , Thus sup t∈B^√_{kRk} | |(kϕ)^{(k)}(t) − ϕ_0(t) | | ≤ C 1√ k ( √ kR_k)^3,

which tends to zero, by the choice of balls. The derivatives are estimated in a similar fashion. The point is that there is a factor^{1√}_k in the remainder term, and that^{1√}_k ( √ kR_k)^3 tends to zero.

We can now show how to localize the norms. Proof of proposition 6.2. Observe that

(11.1) ‖β_k‖^2_{Rk} = ∑ I,J ∫ B_{Rk} |f_{IJ} (z)|^2 h_{IJ} (z)e^{−kϕ(z)}det(h_{ij} )(z)dm(z), where dm(z) is the Lebesgue measure and h_{IJ} (z) is a certain polynomial in the metric coefficients h_{ij} (see [16]). Moreover, by definition, ‖ ‖β(k) ‖ ‖^2_{(k)} is the norm with

32 ROBERT BERMAN

respect to the scaled metrics on the scaled ball: ‖ β^{(k)} ‖_2 (k) := ∑ I,J ∫ B^√_{kRk} | | |f^{IJ} ( w √ k ) | | | 2 h_{IJ} ( w √ k )e^{−kϕ( w√k )}det(h_{ij})( w √ k )dm(w). Lemma 6.1 shows that we may replace the scaled fiber metric kϕ(^{w√}_k ) with the

model fiber metric ϕ_0 : ‖ ‖β^{(k)} ‖ ‖^2_{(k)} =_k ∑ I,J ∫ B^√_{kRk} | | |f^{IJ} ( w √ k ) | | | 2 h_{IJ} ( w √ k )e^{−ϕ0(w)}det(h_{ij} )( w √ k )dm(w). Finally, observe that by continuity the scaled metric coefficients, satisfy sup w∈B^√_{kRk} | | | |h^{ij} ( w √ k ) − δ_{ij} | | | | = sup w∈B^√_{kRk} |h_{ij}(z) − δ_{ij}| → 0. Using this fact it is not hard to see that ‖ ‖β^{(k)} ‖ ‖^2_{(k)} =_k ∑ I ∫ B^√_{kRk} | | |f_{IJ} ( w√ k ) | | |^2 e^{−ϕ}0^{(w)}dm(w) =_k ‖ ‖β^{(k)} ‖ ‖^2_{ϕ0,}√_{kRk} which finishes the proof of the proposition.

Next we show how ∂^∗ transforms under scalings.

Proof of proposition 6.1. First note that (11.2) ⟨α, γ⟩ = ⟨ α^{(k)}, γ^{(k)} ⟩ (k) k^{−n}, which follows from the local expression 11.1 for the norm, in the proof of proposition

6.2 and the change of variables z =^{w√}_k in the integral. Now, observe that, by the

definition of the formal adjoint ∂^{∗(k)}, and the chain rule for ∂, ⟨ ∂^{∗(k)}α^{(k)}, β^{(k)} ⟩ (k) = ⟨ α^{(k)}, ∂(β^{(k)}) ⟩ (k) = 1 √ k ⟨ α^{(k)}, (∂β)^{(k)} ⟩ (k) , for all smooth forms β with support in the ball B_{Rk} . Thus, by 11.2, ⟨ α^{(k)}, (∂β)^{(k)} ⟩ (k) = k^{−n} ⟨ α, ∂β ⟩ = k^{−n} ⟨ ∂^∗α, β ⟩ = ⟨ (∂^∗α)^{(k)}, β^{(k)} ⟩ (k) . This means that, ⟨ ∂^{∗(k)}α^{(k)}, β^{(k)} ⟩ (k) = ⟨ 1 √ k (∂^∗α)^{(k)}, β^{(k)} ⟩ (k) , for all smooth forms β with support in the ball B_{Rk} , which proves the proposition.

Finally, to prove proposition 6.4 we first show a special case. By lemma 6.1 (kϕ)^{(k)}

tends to ϕ_0 uniformly with all derivatives on B^√_{kRk} , when k tends to infinity, and

it is clear that ω^{(k)} tends to to ω^0 uniformly with all derivatives on B^√_{kRk} (in the

component sense).

Lemma 11.1. There is a sequence ϵ_k tending to zero, such that ‖ ‖ ‖∂^{∗(k)}α − ∂^{∗ϕ0} α ‖ ‖ ‖^2_{,1} ≤ ϵk ‖α‖^2_{,1} on B^√_{kRk} .

BERGMAN KERNELS AND LOCAL HOLOMORPHIC MORSE INEQUALITIES 33

Proof. For given base and fiber metrics the following identity holds:

(11.3) ∂^∗ = ± ∗ ∂∗

(see [16]), where ∗ is the Hodge star operator determined by the metrics, i.e. α ∧ ∗β = ⟨α, β⟩ 1 n! ω^n Observe that ∗ is an algebraic operator that depends smoothly on the metrics, i.e. on h_{ij} and ϕ. If we express ∂ with respect to the standard module basis of ⋀_{0,q} (C^n ), we see that (∂^∗α)_I = ∑ I,J D_{IJ} f_J where D_{IJ} is a first order scalar P DE, with coefficients depending smoothly on h_{ij} and ϕ and their first derivatives, according to 11.3. This fact, combined with the convergence of the metrics, shows that ‖ ‖ ‖(∂^{∗(k)}α)I − (∂^{∗(ϕ0)}α)I ‖ ‖ ‖^2 ≤ ϵk ‖α‖^2_{,1} on B^√_{kRk} , which proves the lemma. □

To prove proposition 6.4 use that (∂^∗ + ∂)^m = ∂^∗∂ · · · ∂^∗∂ + ∂∂^∗ · · · ∂∂^∗, and proceed as in the proof of the previous lemma.

References

[1] Berndtsson, B: An eigenvalue estimate for the ∂− Laplacian. Preprint, Chalmers University (2001) [2] Bismut, J-M: Demailly’s asymptotic Morse inequalities: a heat equation proof. J. Funct. Anal.

72 (1987), no. 2, 263–278.

[3] Borthwick, D; Uribe, A: Nearly Kählerian embeddings of symplectic manifolds. Asian J. Math.

4 (2000), no. 3, 599–620.

[4] Bouche, T: Asymptotic results for Hermitian line bundles over complex manifolds: the heat kernel approach. Higher-dimensional complex varieties (Trento, 1994), 67–81, de Gruyter, Berlin, 1996.

[5] Demailly, J-P: Champs magnetiques et inegalite de Morse pour la d”-cohomologie., Ann Inst Fourier, 355 (1985,185-229) [6] Demailly, J-P: Holomorphic Morse inequalities. Several complex variables and complex geometry, Part 2 (Santa Cruz, CA, 1989), 93-114 [7] Demailly, J-P: Introduction à la théorie de Hodge. In “Transcendental methods in algebraic geometry. Lectures given at the 3rd C.I.M.E. Session held in Cetraro, July 4–12, 1994.” Lecture Notes in Mathematics, 1646. Springer-Verlag, 1996.

[8] Gillet, H; Soulé, C: Amplitude arithmétique. C. R. Acad. Sci. Paris Sér. I Math. 307 (1988), no. 17, 887–890.

[9] Griffiths, P; Harris, J: Principles of algebraic geometry. Wiley Classics Library. John Wiley & Sons, Inc., New York, 1994.

[10] Gromov, M: Kähler hyperbolicity and L^2-Hodge theory. J. Differential Geom. 33 (1991), no.

1, 263–292.

[11] Hörmander, L: L^2 estimates and existence theorems for the ∂−operator. Acta Math. 113 1965 89–152.

34 ROBERT BERMAN

[12] Li, P: On the Sobolev constant and the p-spectrum of a compact Riemannian manifold. Ann.

Sci. École Norm. Sup. (4) 13 (1980), no. 4, 451–468.

[13] Lindholm, N: Sampling in weighted L^p spaces of entire functions in C^n and estimates of the Bergman kernel. J. Funct. Anal. 182 (2001), no. 2, 390–426 [14] Siu, Y. T: Some recent results in complex manifold theory related to vanishing theorems for the semipositive case. Workshop Bonn 1984 (Bonn, 1984), 169–192, Lecture Notes in Math., 1111, Springer, Berlin, 1985.

[15] Siu, Y.T: A vanishing theorem for semipositive line bundles over non-Kähler manifolds. J.

Differential Geom. 19 (1984), no. 2, 431–452.

[16] Wells, R. O., Jr.: Differential analysis on complex manifolds. Graduate Texts in Mathematics, 65. Springer-Verlag, New York-Berlin, 1980.

[17] Witten, E: Supersymmetry and Morse theory. J. Differential Geom. 17 (1982), no. 4, 661–692. [18] Tian, G: On a set of polarized Kähler metrics on algebraic manifolds. J. Differential Geom.

32 (1990), no. 1, 99–130 [19] Zelditch, S: Szegö kernels and a theorem of Tian. Internat. Math. Res. Notices 1998, no. 6, 317–331.