FINE STRUCTURE OF CLASS GROUPS CI? Q(¢,) AND THE
KERVAIRE-MURTHY CONJECTURES

OLA HELENIUS AND ALEXANDER STOLIN

ABSTRACT. In 1977 Kervaire and Murthy presented three conjectures regard-
ing KoZCpyn, where Cpn is the cyclic group of order p™ and p is a semi-regular
prime that is p does not divide AT (regular p does not divide the class number
h = hth™). The Mayer-Vietoris exact sequence provides the following short
exact sequence

0=V, = PicZCpn = ClQ(¢r—1) X PicZCpn-1 = 0

Here (,—1 is a primitive p™-th root of unity. The group V,, that injects into
PicZCpyn = f(OZCpn, is a canonical quotient of an in some sense simpler group
Vn. Both groups split in a “positive” and “negative” part. While V,~ is
well understood there is still no complete information on V,}. Kervaire and
Murthy showed that K¢ZCp~ and V;, are tightly connected to class groups of
cyclotomic fields. They also conjectured that V; = (Z/p"Z)"(®), where r(p)
is the index of regularity of the prime p and that V;} = V;r, and moreover,
Char Vi = C1® Q(¢n_1), the p-part of the class group.

Under an extra assumption on the prime p, Ullom proved in 1978 that
Vit = (Z/p"Z) P (Z /p"Z) "), where ) is one of the Iwasawa invariants.
Hence Kervaire and Murthys first conjecture holds only when A = 7(p).

In the present paper we calculate V| and prove that Char V" = 1w Q(¢n—1)
for all semi-regular primes which also gives us the structure of C1® Q(¢,_1)
as an abelian group. We also prove that under the same condition Ullom used,
conjecture two always holds, that is V;/ = V.F. Under the assumption A = r(p)
we construct a special basis for a ring closely related to ZCp-, consisting of
units from a number field. This basis is used to prove that V! = V,F in this
case and it also follows that the Iwasawa invariant v equals r(p). Moreover
we conclude that A = r(p) is equivalent to that all three Kervaire and Murthy
conjectures hold.

1. INTRODUCTION

Let p be an odd prime, Cp» denote the cyclic group of order p" and let (, be a
primitive p"*'th root of unity. In this paper we work on the problem of finding
PicZCyn. Our methods also lead to the calcultion of the p-part of the ideal
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2 OLA HELENIUS AND ALEXANDER STOLIN

class group of Z[(,]. Calculating Picard groups for a group ring like the one
above is equivalent to calculating K, groups. Finding K ZG for various groups
G was mentioned by R.G. Swan at his talk at the International Congress of
Mathematicians in Nice 1970 as one of the important problems in algebraic K-
theory. Of course, the reasons for this is are applications in topology. However,
calculating Ky(ZG) seems to be pretty hard and even to this date there are no
general results. Even when we restrict ourselves to G = Cp» no general explicit
formulas are known. Several people have worked on this, though. Kervaire and
Murthy presented in [K-M] an approach based on the pullback

(1.1) LCpn+s - Z[¢n]

ZCy ———— Fy[z]/ (2" — 1) =: R,
The (*, Pic)-Mayer-Vietoris exact sequence associated to this pullback reads
(ZCypn)* X Z[Ca]* 2 R = Pic ZCpuss — Pic ZC,n x Pic Z[(,) — Pic R,

Following Kervaire and Murthy, we observe that Picard groups of local rings are
trivial, that the Picard group of a Dedekind ring equals the class group of the
same ring and then define V,, as the co-kernel of the map j in the sequence above.
Then we get

(1.2) 0 =V, = PicZCpn+1 — Pic ZCpn x C1Q((,) — 0.

Kervaire and Murthy set out to calculate V,, and their approach is based on
the fact that all rings involved can be acted upon by the Galois group G, :=
Gal(Q(C,)/Q). If s € Gy, let s(Go) = 5. If we represent the rings in the
pullback as residue class rings of polynomials in the indeterminate X, the action
is generated by s(X) = X*(*) for all involved rings. G, becomes a group of auto-
morphisms of ZCpn+1, ZCp» and R,,. The maps in the pullback above commutes
with the action of GG,, and the exact sequence becomes a sequence of G,-modules.
In particular, complex conjugation, which we denote by ¢, belongs to G, and
¢(X) = X~!'. When M is a multiplicative G,,-module, like the group of units
of one of the rings in the pullback, we let M* denote the subgroup of elements
v € M such that c(v) = v and M~ denote the subgroup of elements such that
c(v) = v7'. V, is a finite abelian group of odd order and hence we have that
Vi, = V7 x V,=. The main result in Kervaire and Murthy’s article is the following
theorem

Theorem 1.1 (Kervaire and Murthy).

n—1
Z v (p_1)2pn—u—1
Vi = 1@z

v=1
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and when p is semi-reqular, there exists a canonical injection

Char V" — C1® Q(Cu_1),
where C1P) Q(Cn—1) is the p-primary component of the ideal class group of Q((,—1).
The calculation of V,~ is straightforward. Finding the information on V, turns

out to be much harder. Kervaire and Murthy instead proves the result above
with V't replaced by the +-part of

R*
Vi = ———=,
J(Z[Gal*)
that is, constructs a canonical injection
(1.3) Char V" — CI® Q((,_1)

Then, since V,' is a canonical quotient of V", 1.3 extends to an injection
Char V" — CIP Q(¢, 1)
via the canonical injection

Char V,} — Char V;.

The injection 1.3 is actually a composition of the Artin map in class field theory
and a canonical injection from Iwasawa theory. The actual proof is mainly based
on class field theory.

Let 7(p) be the index of regularity of p, that is the number of Bernoulli numbers

By, By, ..., B,_3 with numerators (in reduced form) divisible by p. Kervaire and
Murthy formulate the following conjectures. For semi-regular primes:
(1.4) Vi = v
(1.5) Char V' = CI®Q((er)
Z \r()
1. harVF = (=)™
(1.6) CharV, (an) ,

When p is a regular prime it is known that C1® Q(¢,_;) is trivial and hence
V., =V, is determined completely in [K-M].

In [U], Stephen Ullom uses Iwasawa theory and studies the action of Aut Cy» on
PicZCp». He proves in that under a certain extra assumption on p, the first of
Kervaire and Murthy’s conjectures hold exactly when the Iwasawa invariant A
associated to p equals r(p).
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In this paper we use a different approach. Instead of directly studying ZCp» we
study

Z[z]

zP" —1
(%)
One can prove that PicZC,» = Pic A,. We then construct a pull back similar
to Kervaire and Murthy’s, but based on the ring A, instead of ZCy.. This
gives us a different description of the group V,,. We then construct an injection

a: Z[,-1]* — A% and we show Kervaire and Murthy’s V,, is isomorphic to the
group

A, =

(An/pAn)*
a(Z[(n-1]*) mod p
In some sense this may be more natural since V,” which we want to calculate

is conjectured to be isomorphic to C1®?) Q(Ca—1), not C1® Q(¢,). We proceed by
constructing a surjection V' — V* | and an injection V;” ; — V. and this allows
us to show that

V= (

Z T Z T1—T Z Tn—1—"Tn—2

e (=) "ee ()

pZ Pz 2

for all semi-regular primes. The sequence {7} which we describe in section 2 is
related to the order of certain groups of units in Z[(|.

In section 3 we then go on and prove a weak version of Kervaire and Murthys
conjecture 1.5. For a group A, let A(p) := {a € A : a® = 1}. We prove
that for semi-regular primes, Cl1Q((,—1)(p) = V' /(V,}")? by using Kervaire and
Murthys injection CharV} — C1) Q(¢,-1) and constructing a new injection
Cl1Q(¢n-1)(p) — Char V.

In section 4 we then use this weak version and results from section 2 to give
a proof of Kervaire and Murthys conjecture 1.5. The proof relies on class field
theory. Since we already have described the group V" we of course also get a
description of C1? Q(¢,_1).

In section 5 we give some applications of our results. When the Iwasawa invariant
A equals 7(p), the index of regularity, we show that all three of Kervaire and
Murthy’s conjectures hold and that the Iwasawa invariant v also equals 7(p). In
fact, A = r(p) is equivalent to that all three conjectures hold.

We then move on and consider the same assumption Ullom used in [U]. We show
that this leads to that A = r; and prove that V- =V in this case too.

Finally we use our results to give some information about the structure of the
group of units in Z[(,)].
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2. PRELIMINARIES
We start this section by defining some rings that in some sense are close to ZC)n.

We discuss why we can and want to work with these rings instead of ZCp» and go
on get an exact Mayer-Vietoris sequence from a certain pullback of these rings.

Let fork >0and > 1
Z\x
Akli—_ []

N EEy
wf’k—l

and
Dk,l = Ak,l mod p.

We denote the class of x in Ay by zx; and in Dy by Zr;. Sometimes we will,
by abuse of notation, just denote classes by z. Note that A, 1 = Z[(,] and that

~ Bl
Dra & oy

o

By a generalization of Rim’s theorem (see for example [ST1]) Pic ZCy» = Pic Ao,
for all n > 1 so for our purposes we can just as well work with A, instead of
directly with ZCp». It is easy to see that there exists a pullback diagram

Tk, i+1

(2.1) Akt =~ Z[C11]

Jk,i+1 S

where i1 (Tri41) = Cotts Thgr1 (@hgtr1) = Thgy fog(Cert) = Try and gy, is just
taking classes modulo p. The norm-maps N ; will be constructed later in this
paper. These maps are really the key to our methods.

The pullback 2.1 induces a Mayer-Vietoris exact sequence

Z[Cﬂ]* b A();,n — DE)k,n — Pic AO,TH—I — Pic Z[Cn] ) Pic AO,n — Pic DO,na
Since Dy, is local, Pic Dy, = 0 and since Z[(,] is a Dedekind ring, Pic Z[(,] =
Cl1Q(¢,)- By letting V;, be the cokernel

o Di.,
" {ZIG] % A5, = Dib




6 OLA HELENIUS AND ALEXANDER STOLIN

we get an exact sequence

0—V, = PicAg 1 — ClQ(¢,) @ Pic A, — 0.
Note that definition of V,, is slightly different from the one from [K-M]. By abuse
of notation, let ¢ denote the automorphisms on Aj ;, Z[(,]* and Dy, induced by

c(t) =t for t = xpy, t = (, and t = Ty, respectively. We also denote the maps
induced on V,, and V,, by c.

Before moving on we need to introduce the map N ;. An element a € A ;41 can
be uniquely represented as a pair (a;, b;) € Z[(+1] X Ak, Using a similar argument
on b;, and then repeating this, we find that a can also be uniquely represented
as an (I + 1)-tuple (a;,...,am, ... ,a0) where a,, € Z[Cxim]- In the rest of this
paper we will identify an element of Ay, with both its representations as a pair
or an (I + 1)-tuple.

For k> 0and [ > 1 let Nk_H,l : Z[Ck+1] = Z[(x] denote the usual norm.

Proposition 2.1. For each k > 0 and | > 1 there exists a multiplicative map
Ny, such that the diagram

Z[Cr+1]

Ni,i f
&l

9k,1

Apy Dy,

is commutative. Moreover, if a € Z[(i), then

Nk,l(a) = (Nk+l,1(a), Nk,l—l(Nk-I—l,l(a))) = (Nk+l,1(a); Nk-}-l,?(a)a e ,Nk+l,l(a))-

The construction of Ny, can be found in [ST2]. Since it may not be well known
we will for completeness repeat it here. Before this we notice an immediate
consequence of the commutativity of the diagram in Proposition 2.1.

D,
Corollary 2.2. V,, = A STy As,n"’_) D3]
Proof of Proposition 2.1. The maps N; will be constructed inductively. If
i = 1 and k is arbitrary, we have A = Z[(x] and we define Nj; as the usual
norm map Nii11. Since Ngy11(Cet1) = (¢ we only need to prove that our map
is additive modulo p, which follows from the lemma below.

Lemma 2.3. For k>0 andl > 1 we have

i) Agy1, 15 a free Ag -module under zy; — xﬁﬂ,l.
ii) The norm map N : Agi1; — Ay, defined by taking the determinant of the
multiplication operator, is additive modulo p.
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This is Lemma 2.1 and Lemma 2.2 in [ST2] and proofs can be found there.

Now suppose Vi ; is constructed for all £ and all 7 <1 —1. Let ¢ = @pi1y :
Z[Ck+1) = Ak+1, be defined by ¢(a) = (a, Ngt1y-1(a)). It is clear that ¢ is
multiplicative. From the lemma above we have a norm map N : Agy1; — Agy.
Define Ny, := No. It is clear that Ni; is multiplicative. Moreover, Ny ;((x+1) =
N(Cetis Tht1,0-1) = N(xg411) = Tk, where the latter equality follows by a direct
computation. To prove that our map makes the diagram in the proposition above
commute, we now only need to prove it is additive modulo p. This also follows
by a direct calculation once you notice that

pk+l+1

Tpiy —1
pla+b) —¢la) —pb) = —m—
Tpiqg— 1

for some r € Api1y.

Regarding the other two equalities in Proposition 2.1, it is clear that the second
one follows from the first. The first equality will follow from the lemma below.

Lemma 2.4. The diagram

Ngti,1

Z[Cr+1] = Z[Crti—1]
Ni1 Ni_1, |
Akl Ak‘—l l

)

1s commutative

Proof of Proposition 2.1. Recall that the maps denoted N (without subscript)
are the usual norms defined by the determinant of the multiplication map. An
element in Ay, can be represented as a pair (a,b) € Z[(xt1-1] X Aky—1 and an
element in Ag_q; can be represented as a pair (¢,d) € Z[(x+1—2] X Ag—14-1. If
(a, b) represents an element in Ay ; one can, directly from the definition, show that
N(a,b) = (Npyi-11(a), N(b)) € Ar_1;. We now use induction on I. If [ = 1 the
statement is well known. Suppose the diagram corresponding to the one above,
but with [ replaced by [ — 1, is commutative for all k. If a € Z[(x.;| we have

N(Ngy(a)) = N(N((a, Nys14-1(a))) = (Ney2(a), N(N (Ngs1,-1(a))))
and
Ne-14(N(a)) = (Ni112(a), N(Nego1(Ney1())).

By the induction hypothesis applied to (k + 1, — 1) we get Ny 1 0 Npyyq =
N o Ngi1,-1 and this proves the lemma. ]
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With the proof of this Lemma the proof of Proposition 2.1 is complete. O

We will now use our the maps Ny; to get an inclusion of Z[(y4;—1]* into Aj .
Define @i, : Z[Ckri—1]* — A}, be the injective group homomorphism defined by
€ — (€, Nii(€)). By Proposition 2.1, ¢y is well defined. For future use we record
this in a lemma.

Lemma 2.5. Let By, be the subgroup of A}, consisting of elements (1,b), b €
Afi—1- Then A = Z[Chri—1]* X Byy

In what follows, we identify Z[(j 1, 1]* with its image in A} ;.

Before we move on we will state a technical lemma which is Theorem 1.2.7 in
[ST3].

Lemma 2.6. Let a € Z[Ckti1—1]. Then gri(a, Ngi—1(a)) =1 € Dy, if and only if
a=1 mod )\zl_:l:lp k} In particular,

. . ktl_ k
ker(gkal|Z[€k+l—1]*) = {6 € Z[C/H-l*l] : €=1 mod /\Z—H—lp

We will not repeat the proof here, but since the technique used is interesting
we will indicate the main idea. If a € Z[(x11—1]|* and gx (a) = 1 we get that
a = 1 mod P in Z[Ck-i—l—l]a Nk,l_l(a) = 1 mod p in Alc,l—l and that fk,l_l(ap%l) =

gk,l_l(]\]’“’%@ﬂ). Since the norm map commutes with f and ¢ this means that

Nk,l_l(“p%l) = N’“’%@_l. The latter is a congruence in A;_1 and by the same
method as above we deduce a congruence in Z[(j+;—o] and a congruence in Ay ;_».
This can be repeated | — 1 times until we get a congruence in Ay ; = Z[(x]. The
last congruence in general looks pretty complex, but can be analyzed and gives

us the neccesary information.

If for example [ = 2, we get after just one step a = 1 mod p in Z[(x41], N(a) =
1 mod p and N(“le) = % mod p in Ay = Z[(;], where N is the usual norm.
By viewing NV as a product of automorphisms, recalling that N is additive modulo
p and that the usual trace of any element of Z[(x. 1] is divisible by p, we get that
N(a) = 1 mod p? and hence that N(“p%l) = 0 mod p. By analyzing how the

norm acts one can show that this means that ¢ = 1 mod /\ﬁlj:ltp ’

In the rest of this paper we paper will only need the the rings A;; and Dy in the
case k = 0. Therefore we will simplify the notation a little by setting A; := Ay,

Dy = Doy, g1 == gog, Jo == fou, 0t 7= to, Ji 2= jog and N;:= Noy.
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Now define V,, as
D*
Vn = ~ = ~ )
Im{Z[¢,—1|* — Dy}

where Z[(,_1]* are the group of all units € such that e = 1 mod \,_;, where ),
denotes the ideal (¢, — 1), and D7 are the units that are congruent to 1 modulo
the class of (Z — 1) in Dj. This definition is equivalent to the definition in [K-M]
by the following Proposition.

Proposition 2.7. The two definitions of V,, coincide.

Proof of Proposition 2.1. The kernel of the surjection (F,[z]/(z — 1)?")* —
(F,[z]/(z — 1)P"~1)* = D} consists of units congruent to 1 mod (z — 1)?"~'. Let

pttlin n (o
p? tl_p=@"+1D)

n:=C * . Then n? = ¢, and ¢(n) = n~'. Let ¢ :== =—="5——. One can
by a direct calculation show that € = 1+ (¢, — 1)?" 1 + ¢(¢, — 1)P" for some
t € Z[G] fa=1+ap_1(zy—1)P" " € (Fplz]/(x — 1)")*, apn_1 € F;, Then
it is just a matter of calculations to show that a = f,(e)%"-1. This shows that

(F,[z]/(z — )P")*/ f1(Z[C)") =2 (Fy[z]/(z — 1)P" 1)/ fu(Z[Ga]*). Since
Ak

f

Z[Cnr]* 9 f);;+

is commutative and N (which is the restriction of the usual norm-map) surjective
when p is semi-regular (Lemma 2.10) the proposition follows. O

Let V' :={v €V, : ¢(v) =v}. What we want to do is to find the structure of
V. Forn > 0 and k > 0, define

Uni = {real € € Z|(,]* : € =1 mod \F}.
One of our main results is the following proposition.
Proposition 2.8. If p is semi-reqular, |V, | = |Vi_i||Un-1pn-1/(Up_1pn-141)"|.
Here UP denotes the group of p-th powers of elements of the group U. Note that

we in this paper sometimes use the notation R™ for n copies of the ring (or group)
R. The context will make it clear which one of these two things we mean.

For £k =10,1,..., define r; by
|Uk7pk+1_1/(Uk,pk+1)p| = ka.
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By Lemma 2 in [ST1] we get that Uy yk+1_1 = U pe+1 and since the the A,-adic
valuation of € — 1, where € is a real unit, is even, Uy jx+1 = Uy ,r+1.1. We hence
have

Lemma 2.9. U k11 = U prt14q.

One can prove that ro = r(p), the index of irregularity, since if the Ag-adic
valuation of € € Z[(o]*" is less than p— 1, then local considerations show that the
extension Q(o) € Q((o, ¥/e€) is ramified. The result then follows from the fact
that

Uo,p—l o~ &
(Uo2)?  pSo

where Sy is the p-class group of Q((p)-

Before the proof of Proposition 2.8 we will state and a lemma, which is well-
known.

Lemma 2.10. If p is semi-reqular N,y : Z[(n—1] = An_1 maps U,_11 surjec-
twely onto Uy, o 1.

Proof of Proposition 2.8. In a similar way as the ideal \, := ({, — 1) equal
the ideal (¢, — ¢,') in Z[(,] one can show that that (z —1) = (z —Z~") in D,.
It is easy to show that D** can be represented by elements 1 + ag(i 7?2 +
a(Z—7 D4+ + apn,g(x — 2 1)P"3 q; € F,. Hence |DF| = p®" 32 We
want to evaluate

D51/ 190 (Un-1,1)].

By Lemma 2.6 we have

Unfl,l

Un—l,p"—l

14

gn(Unfl,l)

Since gn(Un-1,1) € gn(Z[(n1]*t) C IND;‘LJ’ the group U,_1,1/Up_1pn_1 is finite.

Similarly Z[(,1]**/Uy—1,n1 is finite. This shows that Z[(, 1]*" /U, 1,1 is finite
since

Z[gn 1] n 1,1 ‘: Z[gnfl]*_k
Un—l,l Un—l,p"—l Un—l,p"—l ‘
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We can write

Un—l,l | . Un—l,l HUnfl,p’”*lfl ‘ Unfl,p”—1+1| _

Un—l,p"—l Un—l,pn*1—1 U —1,pn 141 Un 1,pn—1

(2 2) :‘ Unfl,l HUnfl,p"—lfl ‘Un 1,pn— 1—|—1/( n—1,p"— 1—|—1) |:
. Un—l,p“‘l—l Un—lyp”—1+1 Un- Lpm— 1/( n— lp" 14—1)

_ ‘ Un—l,l Unfl,p"—lfl ‘ Un 1,pn—141 ‘ | Un-1 ,pn—1 |—
Un_l’pnfl_l Un—l,pn*1+1 (Un 1,p7— 1+1 U —1,pn— 1_|_1
. . . Pt .
By Dirichlet’s theorem on units we have (Z[¢,_1]*)T =2 Z 2 ! Since all quo-

tient groups involved are finite we get that Un_11, Up—1pn_1, Uy 1pn-1-1 and

U,_ ~1. The rest of the proof is devoted to
the analysis of the four right hand factors of 2.2.
Obviously,
U an_pn—l 1 n_ n—1
n_l,pn_l—i—l QJ pn2_pn 1 g CJ: ]2) _1.

(Unfl,pn_l—kl) (pZ)
This shows that

e

(Unfl,pn_l—kl)p

We now turn to the second factor of the right hand side of 2.2. We will show
that this number is p by finding a unit € & Upn-1,; such that

U — n—1__
<e>= Il

Un—l,pn*1—|—1

Since the p-th power of any unit in U,_; n-1_; belongs to U,_q 144 this is
enough. Let ¢ = (u_q and 5 := ¢*% . Then n? = ¢ and ¢(n) = n~'. Let

7711"_14—1,77—(1171_1+1) . .
€ 1= — . Then c(e) = € and one can by direct calculations show

that € is the unit we are looking for.

We now want to calculate

Unfl,l

Un—l,p"—l—l
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Consider the commutative diagram

Z[Cn—l]*

It is clear that f,,—1(U,—1,1) C ﬁ;fl and that g,,_2(U,—2,1) C D;le. By Lemma 2.10
we have a commutative diagram

Un—l,l
i)

-, 3
Un—2,1 - Dt

where N is surjective. Clearly, f(Up—11) = g(Un—2,1)-

It is easy to see that ker(f) = U, 1,11 so by above
Un—l,l

Unfl,pn—lfl

= f(Un—l,l) = Q(Un—2,1)-

Now recall that by definition V" | = DT, /g(U,_51). Hence

Un—1,1 ~ _ Pl .
| = g = DV = VL
n—Lp®— —
This finally gives
Vil = 1D llg(Unmr)| ! =
p"—3 pn—1_3 " 1 _pn_pn—1+1 ) Un—l,p"—l

= p 2 .p_T.lvn_1|.p_ p 2

Un—l,pn—l |
(Unfl,p"‘lﬂ)p

which is what we wanted to show.

= W;Ll‘ : ‘

O

Proposition 2.11. The sequence {ry} is non-decreasing, bounded by the Iwa-
sawa invariant A and |Vi| = protrtet4ra-,

Proof of Proposition 2.8. Recall that (Ay) = (X},,) as ideals in Z[(x11]. By
Lemma 2.9, the inclusion of Z[(;] in Z[(j41] induces an inclusion of Uy jk+1_q =
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Uy pr+141 060 Ug g prr2ip © Ugygpha2_1. Since a p-th power in Z[(x] obviously is
a p-th power in Z[(x. 1] we get an homomorphism of

Uk,pk+1_1 Uk+1’pk+2_1
(Uk,pk—}—l)p (Uk—}—l,pk"‘l—}—l)p.

If € € Uy v+ is a not p-th power in Z[(] then one can show that Q(¢x) C
Q(k,€) is an unramified extension of degree p. If € would be a p-th power

in Z[Ck11] we would get Q(Ck+1) = Q(k,€) which is impossible since Q((x) C
Q(Ck+1) is ramified. Hence the homomorphism 2.3 is injective. This shows that
the sequence {ry} is non-decreasing.

(2.3)

Since it is known by for example [K-M] that | V]| = p", by induction and Propo-
sition 2.8 we now immediately get: [V} = protritetrn-1,

Assume now that ry > A for some N. Then it follows that |V,"| grows faster than
p* and this contradicts to that of |V}| < | C1®) Q(¢,)| = p**¥. This observation
completes the proof. O

We now go on and prove the following proposition:

Proposition 2.12. There erists a surjection m, : VI — V|

Proof of Proposition 2.8. The canonical surjection j, : A, — A,_; can be
considered mod (p) and hence yields a surjection j, : D, — D,_;. Suppose
that u € Di*,, v € D:F, jn( ) = @ and that v = g,(v), where v = (¢, N,_1(¢)),
€ € Z[(p—1)- Then j,(v) = Ny_1(€), and @ = j,(0) = jngnNn—1(€). But N,,_1(€) =
(Np_1.1(€), Ny_oNy_11(€)) by Proposition 2.1. In other words, if ¥ represents 1 in

V,., then j,(v) represents 1 in V,,_; so the map 7, induces a Well defined surjection
vE— vk 0O

It is now not hard to find the kernal of «,,.

Proposition 2.13. For any semi-reqular prime p, ker m, = (Z/pZ)™*.

Proof. Proposition 2.8 and the definition of r, clearly implies that | kerm,| =
p'm~'. We need to prove that any element in ker 7, has order at most p. Suppose
that in the surjection Dt — Di* . the element u € DT, is the image of
v € D" and suppose u = g,_1((€, Ny—2(€))) for some € € U,_91 C Z[(,—5]. For
some a € Ay, v = gy(a) and (¢, N,,_2(€)) = jn(a). Since p is semi-regular we
know from Lemma 2.10 that the norm map N,,_; resticted to U,_1 is surjective
onto U,_5; and acts as the usual norm Nn,l,l. Hence there exists € € U,_1
such that N,,_1(¢') = (¢, N,—2(€)). This means that (¢/, N, 1(€¢')) € A% maps to
(€, Np—2(€)) under j,. Since f,—1(€') = ¢,—1N,—1(¢') = u and all the maps come
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from a pullback we get that a = (¢, N;,—1(€')), that is, v is the image of a unit in
Un-1,1- Now define Dy, := {a € D;* : @ =1 mod (z — 1)*}. Then
ker{D:* — Dt}  Dieay
ker{ Dt = Di* } N gn(Z[Gn 1]*t)  n(Un—1pn1o1)
Now note that if b € D** then b = 1 so such a unit clearly has order p. We

n,(p"_l’)’
will show that any unit a € D’

ker m, =

) can be written as a = bg,(€)* for some b €

~ ,(pn—l_l

D::(pn_l), natural number k and € € U, 1 pn-1_1. Then a? = bpgn(e)kp is clearly
™1

trivial in kerm, C V. Let n := ;_21 . Then 772 = (,_1 and ¢(n) = n—l_ Let

g =" ) . .
€= — . One can by a direct calculation show that € € Uy,_q yn-1_1\

Un—ypni41- Infact, e =14 epn1_1(Goor — G )P 4+ 4(Goy — ¢1))P" T for
some NoN-zero eyn-1_1 € Z[(,—o], not divisible by A,_;, and some ¢ € Z. Suppose
a =14+apm1_1(Tpn_1 — ;L-;El)l’"_lfl + ... € D:Ipn—lq)v apn-1_1 € F. Since
epn—1_1 is mot divisible by A,_i, gn(¢) € F; Hence we can choose k such that
kgn(epn-1_1) = apn-1_; mod p. Then it is just a matter of calculations to show

that a = bg, (¢)*, where b € D;Ipn,l), which concludes the proof 0O

One of our main theorems is the following:

Theorem 2.14. For every semi-reqular prime p

Z Z
)° e (-

an pn IZ

)" G ()T

+ ~
vn_( pZ

To prove this we need to introduce some techniques from [K-M].

Let Py, be the group of principal fractional ideals in Q({,) prime to A,. Let H,
be the subgroup of fractional ideals congruent to 1 modulo A?". In [K-M], p. 431,
it is proved that there exists a canonical isomorphism

R B/ -0y
Hy, S (ZIG)) "

Now consider the injection ¢ : Q((u—1) = Q((n), Cuo1 — (2. It is clear we get an

induced map Py ,—1 — FPyp. Since ¢ map A,—1 to AP it is easy to see that we get

an induced homomorphism

Py, Py,
i it G

Hn—l Hn
Considered as a map o/, : V', — V' this map acts as (F,[z]/(z — 1)”""')* 3
T, — 2P € (F,[z]/(z — 1)P")*. Since V!, = V, (see Proposition 2.7) we can
consider this as a homomorphism «,, : V,, 1 — V,,. Clearly we then get that

«
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« is induced by z,_; — 22 Note however, that z,_; — 22 does not induce a
homomorphism D;_, — D;..

Lemma 2.15. The map «, is injective on V.

Proof. In this proof, denote Q(¢,) by F,. Let L, be the p-part of the Hilbert
class field of F, and let K,/F, be the p-part of the ray class field extension
associated with the ray group H,. In other words we have the following Artin
map

Sp : IH(F,) — Gal(K,/F,),

which induces an isomorphism (Io(F,)/H,), = Gal(K,/F,). Here Iy(F,) is the
group of ideals of F,, which are prime to A, and (Io(F,)/H,), is the p-component
of Iy(F,)/H,.

The following facts were proved in [K-M]:
1) Gal*(K,/F,) & Gal"(K,/L,) £V

n

2) Kn—l N Fn = Fn—l (lemma 44)
Obviously the field extension F,,/F,_; induces a natural homomorphism
Gal(Kno1/Fat) = (Io(Fut) Huet)p — (Io(Fy) /Hy)p = Gal(K, /F)

which we denote with some abuse of notations by «,. Therefore it is sufficient
to prove that the latter «, is injective. First we note that the natural map
F: Gal(K,_1/F,_1) — Gal(K,_1F,/F,) is an isomorphism. Let us prove that
K, 1F, C K,. Consider the Artin map ®, : I(F,) = Gal(K,_1F,/F,) (of
course F' is induced by the canonical embedding Iy(F,,_1) — Io(F,)). We have
to show that the kernel of ®}. contains H,.

To see this note that F~'(®} (s)) = ®p, ,(Np,/m,_,(s)) for any s € Io(F,).
If s € H, then without loss of generality s = 1 + M\"t, t € Z[(,], and thus,
Ng,/F,_,(8)) = 1+ pt; for some t; € Z[(,,_1]. Now it is clear that @ (s) = idg,
since g, (1 +pty) =idg, ,-

It follows that the identical map id : Iy(F,) — Iy(F,) induces the canonical
Galois surjection Gal(K,/F,) — Gal(K,_1F,/F,) and we have the following
commutative diagram:

Gal(anl/anl)

/

Gal(K,/F,) Gal(K, 1F,/F),)

F
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If a(a) = id then F(a) = id and a = id because F' is an isomorphism which
proves the lemma. O

Proof of Theorem 2.14. Induction with respect to n. If n = 1 the result is
known from for example [K-M]. Suppose the result holds with the index equal
to n — 1. Proposition 2.12 tells us that we have a surjection 7, : VI — V' and
Proposition 2.13 that ker 7, isomorphic to (Z/pZ)™-*. Suppose 1 + (2,1 — 1)*
is non-trivial in V;"_,. Since

(2.4) LGy )" - Dt
Nn,l
ZlCua]™ Dyt

is commutative, 1+ (z,, —1)* is non-trivial in V. Moreover, since «, is injective,
a(l+ (zpo1 —DF) =14 @ = 1DF = (1 + (z, — 1)*)?

is non-trivial in V. Now let 1+ (x,_; —1)% generate V! ; and suppose 7, (a;) =
14+ (2p_1 —1)%. Since 1, (14 (2, —1)%) = 14 (2,1 —1)% we get a; = b;(1+ (z, —
1)%) for some b; € ker 7, which implies that b is trivial. Suppose 1+ (z,_1 —1)*
has exponent p* for some 1 < k < n — 1. To prove the theorem we need to prove
that a; has exponent p**!. Since ker m, = (Z/pZ)™*, a; has exponent less than
or equal to pF*L. But (1 + (zn_y — 1)%)P" = 1+ (z,_; — 1)P"% is non-trivial in
Vi | so

a€k+1 _ b€k+1(1 n (.Tn _ 1)Si)pk+1 _ (1 n (l"n _ 1)Si)pk+1

is non-trivial in V;! by above, which is what we needed to show O

3. A WEAK VERSION OF THE KERVAIRE-MURTHY CONJECTURE

In this section we will prove that C1Q((,—1)(p) =V, /(V,})P. Here A(p) :=={z €
A : 2P = 1}. Tt follows from Theorem 2.14 that VI/('V,')? has r, ; generators,
and it was proved in [K-M] that Char V" can be embedded into C1®) Q(C,—)-

So, in order to prove the result we need, it suffices to prove the following

Theorem 3.1. There exists an embedding ClQ((,—1)(p) — CharV; .
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Proof. First note that all our maps, gn,jn, Nn etc and rings A, and can be
extended p-adically. Let A, ,) be defined by

Lp|z]

n®) T o 1\
(=)

where Z, denotes the ring of p-adic integers. We have a commutative diagram

(3.1) An () — Zp[Gomi]

A

Jn

An-1,p) Dy, 1

Let Uy g, p) := {reale € Zy[¢,]* : ¢ =1 mod A:} Considering pairs (a, N,—1(a)),
where a € Zy[Cy-1], we can embed Z,[¢, 1]" into A} ). In [S2] it was proved
that Dj; is isomorphic to Zy[¢n—1]*/Up—1pn—1,p) (see also Lemma 2.6). We hence
have the following proposition

Proposition 3.2.

ZP[C”—l]*
Un—1p7—1,0) * 9n(L[Ga1]*)

1%

Vn

Now for any valuation w of F,, 1 = Q((, 1) and any a,b € Q({,_1)* we have the
norm residue symbol (a,b), with values in the group of p-th (not p™) roots of
unity. Let w = A\,_1 = (o1 — (1) and let g, =1 — Mf_ . Then

(s M) me1 = (D> i) Aas (Wit M) Anes (Mig s A1)y

It follows that (a,b), , = 1ifa € Uy_1x, b € U,_1,5 and k + s > p". Further,
(Mpms An—1)an_1 = Co and therefore (n;,m;)a,_, # 1if i+ j =p", j is co-prime to p.

Let a be an ideal in Z[(,_1] co-prime to A\,_; and such that o? = (q), where
q=14+X2_,t € Z[¢,_1] (we can choose such ¢ since (1 = 14+ A1 1(1+Co1)
and ¢, 1(1+ ¢, 1) € Z[(,_1]*). Define the following action of C1Q(¢, 1)(p) on
U+ .

n—1,2,(p) -

Ta(’l)) = (Ua q)/\n—l
Let us prove that this action is well-defined. First of all it is independent of the
choice of the representative « in Cl1Q((,_1)(p) because if we use ra instead of «
then (v,77q)y, , = (v, @), ;-

The action is independent of the choice of ¢ by the following reason: another
generator of o?, which is 1 modulo \2_,, differs from “the old” ¢ by some unit

=14 A2_,t;, and it can be easily verified that v is either real or v = el 0]
Y n—1 n—1
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with a real unit ;. Hence we must consider 7,,(v) for real 7. In other words we
have to prove that (v,7),, , = 1. But if the latter is untrue, then (v,7)», , = Co,
which is not consistent with the action of the “complex conjugation” (v and 7
are real, while (, is not real).

Clearly (Un—1pn—1,(p)s @)r,_, = 1. It remains to prove that (v, ¢)s,_, = 1 for any
unit v and we will obtain an action of C1Q((,-1)(p) on V,'. For this consider a
field extension F},_;(¢*/?)/F,_1. Since (¢) = o, it can remify in the \,_; only.
Then clearly (v, ¢),, = 1 for any w # \,_; and it follows from the product formula
that (v,q)x,_, = 1.

Therefore C1Q((,—1)(p) acts on V| and obviously 7,5 = 74 7s.

The last stage is to prove that any o € C1Q((,—1)(p) acts non-trivially on V.
Let (¢) = of and let ¢ = 1 + \f_ ¢ with some k£ > 1 and ¢, co-prime to ), ;.

Let us prove that & < p™ — 1. Assume that £ > p™ — 1. Then the field extension
F, 1(¢"/?)/F,_; is unramified. Tt is well-known that if p is semi-regular, then
F,_1(¢"/?) = F,_1(y'/?) for some unit v. Kummer’s theory says that ¢ = ~r?
and then obviously @ = (r), i.e. « is a principal ideal. So, it remains to prove
that the case £ = p™ — 1 is impossible. For this consider (,_; and take into
account that ¢, 1 =1+ A, 1G1(1 + ¢,1)" ' Then clearly it follows from the
properties of the local norm residue symbol (, )x,_, that ({,—1,¢)x,_, # 1. On
the other hand ((, 1,¢), = 1 for any w # A, 1 because (, 1 is a unit and the
extension F,_;(¢*/?)/F,_, is unramified in w. Therefore (¢,_1,¢)x, , = 1 by the
product formula and the case £ = p" — 1 is impossible and k£ < p" — 1.

Now let us consider the cyclic subgroup of C1Q((,—1)(p) generated by « and all
the ¢; which generate all o* for non-trivial o (i.e. s is co-prime to p). Let us
choose that g € Uy,_1,1,(p), which has the maximal value of &.

Then ged(k,p) = 1 (otherwise consider ¢(1 — )\I:L/_pl)p). Next we prove that k
is odd. If untrue, consider the following element from our set of {g;}, namely
q/o(q), where o is the complex conjugation. Easy computations show that if &
is even for ¢, then ¢/0(q) € Up_1 5, With s > k. On the other hand ¢/o(g) is in
our chosen set of {¢;} because it generates some ideal from the class of o since
ClQ(¢n-1)(p) = C1Q(n—1)(p) - Therefore we have proved that k is odd. Then
(Mpn—k,q) # 1 and this means that 7,»_j is a non-trivial element of VI for which

Ta(np“—k) # 1.

The theorem is proved.
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One of the Kervaire-Murthy conjectures was that Char 'V, & C1® Q(¢,—1). Now
we partially solve this conjecture.

Corollary 3.3. ClQ((u—1)(p) &= Vi /(VIP =2 (Z/pZ) ™ (see Section 2 for the
definition of rn_1).

Proof. It remains to prove the second isomorphism only, which follows from
Theorem 2.14. ]

Now it is clear that the Assumption 2 from [H-S], which we used there to describe
Vi is valid for any semi-regular prime.

Corollary 3.4. Any unramified extension of Q((u—1) = F.—1 of degree p is of

the form F, 1(¢'/?)/F, ., where ¢ is a unit satisfying e = 1 mod )\flnfll.

Now let us consider the Iwasawa module 7,(Q) as a Z,module. It is known
from the Iwasawa theory that 7,(Q) = ZI’} for semi-regular p, where \ is the

Iwasawa invariant for p (see [W, Corollary 13.29]) and consequently CI®) (Fy)
has A generators as an abelian group for big N Therefore we obtain the following

Corollary 3.5. There exists an integer N such that r, = X for k > N. More-
over, any unramified extension of Q(Cy) = Fy of degree p is of the form Fy,(¢'/?)/ Fy,

where € € Z[(n]* is a unit satisfying € =1 mod /\’]’VNHH.

Finally we obtain Kummer’s Lemma for semi-regular primes

Corollary 3.6. Let a unit ¢ € Z[(,_1]* satisfy € = P mod N 7', Then e = Py,
with units v,y and 11 = 1 mod X! 1.

Proof. If e = r» mod \? ;" then 7 Pe = 1mod \?" 7" and it follows from the proof
of the theorem that in fact 7 ¢ = 1mod A" ,. Then the extension Fy,_;(¢'/?)/F,_;

is unramified and therefore by Corollary 3.4 € = yP7;, where 74 = 1 mod )\ﬁnjl.
Clearly, then v is a unit. 0

4. THE KERVAIRE-MURTHY CONJECTURE

This section is devoted to the proof the following theorem.

Theorem 4.1. Let p be a semi-reqular prime. Then Char 'V, = C1®) Q(n-1)-
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We start by defening the ray group H], of F), by
H' ={(a) CF,:a=1mod \X2"'}.
Let Iy(F},) be the group of all ideals of F), prime to A, and let Py, be the group
of all principal fractional ideal of F,, prime to A,. Let K /F, be the p-part of the
ray extension associated to H,. Then the Artin map gives us an isomorphism
Gal(Ky/Fa) = (In/H,)p.

Lemma 4.2. Let p be a semi-regular prime. ThenV,, = Py,_1/H) _, and (Py,—1/H,_ )t =
(lo(Fn-1)/Hy, 1)y -

Before the proof, again recall that we define V,, by
D*
Vpi= ———2——|
fYn(Z[Cnfl]*)
where Z[(,—1]* is embedded in A, using the map a +— (a, N,(a)). Our definition
is equivalent to the one in [K-M] by Proposition 2.7.

Proof. First recall that by Lemma 2.6 (a, N,,(a)) =1 mod p in A, if and only if
a =1 mod "' in Z[(,_4], that is, if and only if (a) € H'_,. By just counting
elements it follows that for any b € A,,, b =1 mod (x —1) there exists a € Z[(,_1]
such that b = (a, N,(a)) mod p. This shows that g, : Z[(, 1] — V, induces a
well defined, bijective homomorphism
G PO,H/HL — Vn

For the second equality note that if o represents an ideal in (Iy(F, 1)/H,, ),
then o” = a(a) for some (a) € H'_,. Since oF" € H!_, for some N we also get
that o is principal. Hence o represents an element of (C1%)(F,_;))* which is
trivial by the semi-regularity condition which means « is principal. O

Corollary 4.3. V} = Gal" (K. /F,).

We will also use the following lemma.
Lemma 4.4. K| F, C K, C K].

Proof. The second inclusion is trivial. For the first, consider the commutative
diagram

Z[Gn]"

7

n n

In
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Recall that Z[¢,_1]* is mapped into A, and that N, acts as the usual norm N, ;.
It follows that if b € H,, that is b = 1 mod A", then N, ;(b) = 1 mod X 7',
that is N, 1(b) € H!_,. To show the inclusion we have to show that ®, (b) acts
trivially on K, _,F, if b € H,. But since the restriction of the Artin map ®5, to

K!_, is ®p,_, o N, this follows from above. O

Now we want to extend some results of [K-M]. Let F' = |JF, and let K be
the maximal abelian p-extension of F' such that only the prime A (the unique
extension of )\, to F) ramifies in K. Clearly K,, and K], are subfields of K.

Let £ = UZ[¢)* and M, = F(EY?P"). 1t was shown in [K-M] that M, C
K. Set M = |JM,. The group Gal(K/M) was described by Iwasawa, namely
Char Gal(K/M) = S, where S is the direct limit of S, :== C1® Q((,) with respect
to the canonical embeddings C1? Q(¢,) — C1® Q(Cny1)-

Now, since p is odd, Gal(K/F) = Gal" (K/F)® Gal (K/F) and it was explained
in [K-M] that for the semi-regular primes
Gal(K/M) = Galt(K/M) = Gal*(K/F) = Char(9)

It follows that Gal(M/F) = Gal (K/F) and if we define K to be the subfield of
K fixed by Gal™ (K /F) then we see that K = K™ M and K*NM = F. Moreover,

Gal(Kt/F) = Gal(K/M) = Gal* (K/M) = Gal*(K/F) = Char(S) .= G*

We also need the subfields KS,, of K defined as follows: S,, is a subgroup of S
and the latter group is dual to GT. Let S;- C G* be the subgroup annihilating
S, and let KS,, C K* be fixed by S;-. Then obviously we have Gal(KS,,/F) =
Char(S,), and since S is the direct limit of S, it follows that K™ = |J K'S,,.

Similarly, starting from the extensions F,, C K, and F, C K] we can de-
fine extensions of Fj,, namely K, and K/ such that Gal(K;/F,) = V} and
Gal(K!"/F,) = V;}.;. Since K,, N F = F, (see [K-M]) we have Gal(K,,F/F) &
Gal(K,/F,) and consequently

Gal(K M/M) = Gal(K} F/F) = Gal(K. /F,) =V
Lemma 4.5. K}1F C KS,_4

Proof. It was proved in [K-M] that the canonical surjection

Gal(K"/F) = Gal* (K/F) = Char(S) — V,}
factors through Char(S,_1) and hence KS,_; contains K, F. O
Theorem 4.6. KT =K F
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Proof. It suffices to prove that K S, is contained in K}, F for some big N. Re-
sults of Section 3 imply that for big N both groups Char(Sy) and V} have A
generators, where A is the Iwasawa invariant. We also know that Char(Sy) has
pMV T elements and V, has p*¥** elements, where v, v; do not depend on N.
Moreover, it follows from the structure of V}, that any cyclic component of V};
has pV*¥ elements where v; also do not depend on N. Therefore every cyclic
component of Char(Sy) has more than pV**i elements.

Now we want to compare the kernels of two canonical surjections, Char(Sy) —
V4. and Char(Sy) — Char(S,). The first kernel has p”~*'~? elements. Each
cyclic component of the second kernel has p’¥**i~" elements where S,, = P Z/p™Z.
Therefore for big N the first kernel is contained in the second and we deduce that
KS, Cc Ky, F. O

Let us construct a homomorphism 7 : S, — CharV;f,,. Choose an element b €
Sy, and its representative (3, an ideal in Z[(,] co-prime to p. Then gt = (q), where
q = 1+ X2t € Z[(,] (see the proof of Proposition 3.2). Then we know from [K-M]
that F(¢'/?") ¢ K and more exactly F(q"/?") € K;;M for some N. Without loss
of generality we can assume that N > n + 1. For any v € Vi = Gal(K;}, M/M)
define 7,(v) = v(¢'/?") - ¢"/*" (Kummer’s pairing). Since by Lemma 2.15 Vi
is a subgroup of V}, we can finally define r(b) € Char V., as the corresponding
restriction of 7.

Theorem 4.7. r is injective.

Proof. Before we start proving the theorem we need the following

Lemma 4.8. Let o be an ideal of Z[(,] such that o = (q) with ¢ = 1 mod 2.
Then F,(¢"?) C K.

n+171

Proof. We have to prove that ®r, (a) = id on F},(¢'/?) for any a = 1 mod \?
By the Reciprocity Law (see for instance [C-F], ch. VII) it is true if a is a local
norm from the \,-adic completion of F},(g'/?). The latter is equivalent to that
of (a,q), = 1 and this was established in the proof of Theorem 3.1, where the
corresponding local symbol was defined. 0

We continue the proof of the theorem. It is sufficient to prove that r is injective
on the subgroup of elements of order p. So, let " = (¢) where we can assume
that ¢ =1 mod A2. Then ¢ € K], C K,,;. We have to find

veV, =Gal" (Kui1/Fui1) = (Pons1/Hp) "t
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such that v(g/?) x ¢71/? # 1. So, without loss of generality we can assume that
v € Z[(p+1) and v = 1 mod A,4q. Further, v acts on K,y as ®p, ., (v). On
the other hand ¢'/? € K/, and therefore @, ,, (v)(¢"/?) = ®r, (Nr, /7, (v))(¢"/?).
By Proposition 2.7 and Lemma 4.2, Np,_ ,/r, induces an isomorphism between
Pyni1/Hpy1 and Py, /H!,. Thus we have to find w € Z[(,] such that ®f, (w)(q/?) #
q'/?. Again, by the Reciprocity Law we have that ®,_(w)vy, (w) = id, where 1)y,
is the local Artin map. We get that

®p, (w)(g"7) x g7 =1y, (W) (¢P) - g7 = (g, w)a,

(the symbol (, ), was defined in the proof of Theorem 3.1) Then the required
w exists by Theorem 3.1. O

Corollary 4.9. Theorem 4.1 holds, i.e. CIP(F,) = CharV;,,

Corollary 4.10. For any semi-reqular prime p

1) Cl?Q(¢) = Pic® ZC, = (Z/pZ)"®

2) Pic® ZC,» = (Z/pZ)"> TP @ (Z/p*Z)> )

5. APPLICATIONS

The case A = r(p)

We now proceed by making an assumption under which we will prove all of the
Kervaire-Murthy conjectures.

Assumption 1. \ = r(p)

Then it follows that C1%) Q(¢,) 2 (Z/p"*Z)"®) for all n. The assumption A = r(p)
follows from certain congruence assumptions on Bernoulli numbers (see page 202
in [W]) known to hold for all primes less than 4.000.000. Of course all these
primes are semi-regular.

The following result follows directly from Theorem 2.14.

Theorem 5.1. If p is a semi-reqular prime and r the index of irreqularity and
Assumption 1 holds, then VI = (Z/p"Z)".

We now proceed to show how we can directly show that VI = V¥ when V' &
(Z/p"Z)". The proof of this relies of constructing a certain basis for D) | con-
sisting of norms of elements from Z[(, 1|* considered mod p.
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Let @ : U, 1pn pn-1t — D;I | be defined by

6—1) anl(ﬁ)—l
p p

Since N,,_; is additive mod p one can show with some simple calculations that
® is a group homomorphism. See Lemmas 5.6 and 5.12 for details.

(I)(G) = Nn—l (

mod p.

Explicitly, what we want to prove is the following.

Theorem 5.2. If VI = (Z/p"Z)", then ® is a surjective group homomorphism.

As we can see by the following corollary, the theorem is what we need.

Corollary 5.3. If V) = (Z/p"Z)", then V,F =V

Proof of the Corollary. We want to show that for any (1,v) € AZ there exists
(€, Np—1(€)) € A% such that (1,7) = (¢, Np,—1(€)) mod p, or more explicitly that
forally € AXT, v =1 mod p there exists € € Z[(,_1]* such that (¢, N(¢)) = (1,7)
mod pin A,,. This is really equivalent to the following three statements in Z[(, 1],

A,_1 and D,,_; respectively
€ = 1 modp
Ny—1(€) = v modp
6—1) anl(E)—’)/

= ———— modp
p p

Note that (1,7v) € A, implies g,—1(7) = fn=1(1) in D,_1, or in other words, that
v =1 mod p. Hence we only need to show that for any v € A%, there exists
€ € Up_1pn_pn—1 such that

Nn—l(

—1 N, —1 1-—
Nn_l(e )——" 10 = 7 mod .
p p
But the left hand side is exactly ®(e) so the corollary really does follow from
Theorem 5.2 O

We now proceed to start proving Theorem 5.2. Recall that r = r(p) are the
number of indexes ¢y, iy...4, among 1,2...(p — 3)/2 such that the nominator of
the Bernoulli number B;, (in reduced form) is divisible by p.

Let E, : D, — D; be the truncated exponantial map defined by

2

. y yrt
En(y):1+y+§+...+(p_1)!
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and let L, : D} — D, be the truncated logarithm map

2 p—1
- Yy Yy
Ln(1+y):y—5+...— -1

We also consider the usual A-adic log-map defined by a power series as usual.

We denote the cyclytomic units of Z[(]*" by Cy. Let M be the group of real
Ag-adic integers with zero trace. Any a € M can be uniquely presented as a =
S bA%, m = (p—1)/2. Consider the homomorphism ¥ : Z[¢o]* — M defined
by € — log(e”~!). Following [B-S|, page 370-375, we see that there are exactly r
elements A%, namely A\o*, such that A2 ¢ W(Cy). This implies that for exactly
the r indexes i1,y .. .4, we have (Z; — 77 ")%* # g1(log(e?™1)) for any € € C;.

Suppose (z — x71)% = g;(loge) for some € € Z[(]*". It is well known that the
index of Cj in Z[(]*" equals the classnumber h, of Q((y)*. Since p is semi-
regular there exists s with (s,p) = 1 such that ¢ € C; and by co-primality
of s(p — 1) and p we can find u,v such that 1 = s(p — 1)u + pv. Then € =
esP=1utpr — (5)P=1eP? 50 log((€**)P~V%) = loge — puloge = loge = (x — 27)%s,
which is a contradiction. Hence (z — z71)% & g;(logZ[(o]*T). Since formally,
exp(log(1l +y)) = 1+ y it is not hard to see that F1(Li(1+y)) =1+ y mod p
and that we have a commutative diagram

Z[Go)**

log

*t
Dy

Recall that D) = {y € D;* :y =1 mod (z —27')’} and that we know that

Vi = Dt /g1(Z[¢]*") has 7 := r(p) generators. If we now apply the map E;
and do some simple calculations we now get the following proposition.

Proposition 5.4. The r elements E\((x1 — x;1)%*) generate D /g1 (Z[Co]*T)

and belong to DI,“(LZ) but do not belong to Df(’p_2).

We now want to lift this result to D*. From now on (exepting Lemma 4.11) we
will denote the generator x € D,, by z,.

Proposition 5.5. If Assumption 1 holds, then the r elements E, ((z, — z;')%*)
generate the group Vi == D*t /g, (Z[Cuor]*). The elements Ey((z, —x;, )% )"

are non-trivial in V!, belong to D:L“an,l) but do not belong to D:L_'Epn—an*I)
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Proof. Induction on n. If n = 1 this is exactly Proposition 5.4. Suppose the
statement holds for the index equal to n — 1. The diagram

(5.1) Z[Gyr)*t ——— Di*
Nn,l
LZ[Gn—o]** - D},

is commutative. Hence, if z, € D} is mapped to 2,1 € D} _; and 2,1 &
Im Z[(n—o*, then z, & ImZ[(,—1]*. Moreover, 22 ¢ ImZ[(,—1]* in this case.
This follows from the fact that V) = (Z/p™Z)" for all m. Hence, if an element
z € VI has order p, then the surjection VI — V!  maps z to the neutral
element in V_,. Now, the elements E,((z, — z;;2)%*)*""" are not in the image
of Z[¢,_1]* by Theorem 4.3 and since E,((z, — z;')%*)?""" clearly map onto
By ((xne1 — 212" & gu_1(Z[Cas]™) by induction. Finally, since 1 <
2ip < p—1we get p~! < 2p" 14, < p® — 2p"! and this means that all the
elements
En((@n — 2, )P = (14 (ma— 2, ) .. " =
= 1+ (@ —a )" 4

fulfil our requirements. O

Recall that ¢ : D,, — D,, is the map induced by Z — ™' and that D} := {a €
D, :c(a) =a} Define ¢ : U | . .+ — Dy by p(7) = Nn,l(%l) mod p.

Lemma 5.6. ¢ is a homomorphism from the multiplicative group U;;lpnfpn_l

to the additive group D, | and the kernel is U;’_Lpn_l = U:_Lpnﬂ.

Proof. Let € and 7 belong to € U
pand N, 1(¢) =1 mod p,

L _pn—1- Then, since N,_; is additive mod
I

an(e'}/p_ 1) = Nn71(6(7 - 1);’ (e — 1))

-1 -1
= Nt (ONacs (o 2) + Mo (°

Il

)

6_1) mod p

v—1

= Nn—l( )+Nn—1(
so ¢ is a homomorphism. Suppose N, 1((y — 1)/p) = 0 mod p. Then, by
Proposition 2.1, f,_1((y—1)/p) = 0 which means v € U ,n ; = U ; jn,; (the
latter equality is due to Lemma 3.2). O
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In this notation, what we want to prove is the following

Proposition 5.7. If Assumption 1 holds, then the map

P (Unfl,p”fp"—l)/(Unfl,p"H) - D;z'—fl

induced by ¢ is an isomorphism.

Since @ is obviously injective it is enough to prove the following proposition

Proposition 5.8. Suppose Assumption 1 holds. Then

‘D ‘ Un_l,pn_pn—l
=
Unfl,p"—kl

-1

Proof. Recall that |D; ;| =p" 2z so we need to prove that
pnfl_l
|Un—1pn—pr-1)/(Un-1pn-1)| =P
An element of VI of the form b = 1+ (z,—xz, )%, where p" ! < 25 < 25, < p"—1,
correspond to a non-trivial element of

-+
n,(2s)

9 (ZICr]) N D

which is a canonical subgroup of V. If to, is the number of independent such
elements b, then

o+

n,(2s) ~ (7./pZ tas
* ; pZ)
9u(Z[Cn—a]*T) N D 725)

By Proposition 5.5, ty; = 0 if 25 > p™ — 2p"~1. On the other hand
gn(Z[Cn—l]*—i—) N D::EQS) = Un—1,2s/Un—1,p"—1

since Up_1,n1 = ker(g,), and hence U, 125/Un Lpn1 = D*+25 if 25 > p"
2p"~!. The number of elements in D*Es) is p” PR Setting 2s = p" — p"!
completes the proof. O

We now have to do carefull estimations of some congruences of our norm-maps.

Lemma 5.9. Let2 <nand1 <k < n. Ife € Z[(o1] and Ife =1 mod p*+N2", P
then (Np_1(€) —1)/p can be represented by a polynomial f(x) = p®fi(x) in An_1,
where f1(z) =0 mod (z — 1)*"" ~**"" in D,_;.
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Before the proof, recall that the usual norm Nn,17 1 <n,1 <k < n,can be
viewed as a product of automorphisms of Q({,) over Q(¢,—1). If ¢, € Z[(,] and
tn_1 € Z[Cr—1] we immediately get Ny, 1 (1 +t,_1%n) = 1+ Troe, ) /o) (tn)tn—1?'
for some t' € Z|[(, 1]. Recall that the trace is always divisible by p. In the
proof below we will for convenience denote any generic element whose value is
not interesting for us by the letter %.

Proof. Induction on n. If n = 2 (which implies £ = 1), N, = Nl,l : Z[¢) —
A; 2 Z[(]- Let € :=1+tp**! Then e =1+ tps)fftp = 1+tp*X5~'. By the note
above,

Niyi(e) — 1 -

which is represented by some f(zr) = p®(x — 1)P7'fi(z) in A; Suppose the

statement of the Lemma holds with the index equal to n — 2. Let ¢ := 1 +
n—1 k n—2 k—1

tp*TINP” 7P Note that € = 1+tp*T' AP _, ™" and by the note before this proof,

Npo11(e) =1+ tp5+2)\fln__22_pk_l. Let (N, _1(e) — 1)/p be represented by a pair
(a,b) € Z[Co_2] X An_s. Then a = (Np_11(e) — 1)/p = tp** A" """ In Ay_s
a hence can be represented by a polynomial a(z) = p**'(z — 1)P" =7, (z) for
some a;(z). By the expression for N,_;;(e) and by the assumption, we get

b= anwn;l(e)) —1_ Nao(l+ tps?:;";—p’“ D=l ey

where by(z) = (z — 1)?"7" ?"by(z) mod p for some by(z). Define b(z) :=
p*Tb (). We want to find a polynomial f(z) € A,_; that represents (a,b),
that is, maps to a(z) and b(z) in A,_5; and A, _, respectively. Note that

n—1 n—2

=1 v =1

p= WﬁLt(ﬂ?)

for some polynomial ¢(z) € Z[z]. Hence

" -1 A |
AL YL

a(z) — b(z) = (

Then we can define a polynomial f(x) by

z—1

n—2_, k-1 l'pn_l —1
fl@): = a(z)+p((z-1)" 7" az)- 61(96))W =
k—1 .’L’pn_2

= b(z)+p°((z —1)P" P
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Clearly, f maps to a(z) and b(x) respectively. We now finish the proof by ob-
serving that

n—2_ k-1 n—2_ k-1 X

P () + (o~ 17 ) — b)) ey =

k—1

flx)/p® = pla—1)°
= (@-" " a@) - (@ - 1)?”*2—13“1)2(:5} (z— 1) " =

= (a1(z) = (z =1 7 Chy(z)) (@ = 1)P" """ mod p.

O

By setting s = 0 we in the lemma above we immediately get the following theo-
rern.

Theorem 5.10. Let 2 < n and 1 < k < n. Suppose € € Uy,_q pn Then

gn-1((Np_1(€) = 1)/p) =0 mod (z — 1)*"" *"" in D,_,

_pk .

The following proposition is immediate by using that ¢, 1N, 1 = fn 1.

Proposition 5.11. Let 2 <n, 1 <k <n and let € € U,,_y pn_pr \ Up_g pn_pr-1.
Then gn—1((Ny—1((e—1)/p))) =0 mod (x—l)pn_l’pk but gn—1((Np—1((e—1)/p))) #

0 mod (z—1)P""*"" in D,_,.
Let w: Up_1pn_pn-1 = D;7_; be defined by w(7y) := gn—1((Np-1(y) — 1)/p).

Lemma 5.12. w is a homomorphism

Proof. Suppose € and 7 belong to U,_1 yn_pn-1. Then N,_1(y) =1 mod p in
A, _1 because

Nn—l(’)/) = (Nn—l,l (’Y)’ Nn—l,Z(fY)v R Nn—l,n—l(/Y))
and Nn,l,k(fy) =1 mod p? forall k =1,2,...,n — 1. Hence

Np—i1(ey) — 1 _ Ni—1(7)No—1(€) — Nn—1(€) + Na—1(e) — 1 =

w(ey) = ,
= Nn—l(’Y) ang) -1 an(z;}/) —1 =
= Nn_lg) -1 + Nn_l(;/) -1_ w(e) + w(y) mod p
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Note that if € € Up_1pn_1 then w(e) = 0. This can be shown using similar, but
simpler, methods as we did in the proof of Lemma 5.9. We can hence define

Un—l,p“—pn_l

— D .
Un—l,p"—l

Now, if a € D, |, let O(a) be the maximal power of (z —z ') that devides a. In
this language we can combine Thereom 5.10 and Proposition 5.11 to the following

lemma.

Lemma 5.13. Let 2 <n, 1 <k <n and let € € U,y pn_pi \ Uy pn_pe-1. Then
Pt =pF <O(@(e) < ptt = pt Tt < O(@(e)).

Proposition 5.14. The map ® := @ — & is an isomorphism.

Proof. By Proposition 5.7 ¢ is an isomorphism. Hence there exists (classes of)
units €,7=1,2,...,(p" * —1)/2 such that the set @(e;) forms a basis for D ;.
If a € D;f_, there exist unique a; such that a = Zginl_l_lw a;p(€;). To prove the
Proposition it is enough to show that the map

(p"1-1)/2 (P 1-1)/2

dYooagle) D> ai(@la) - @)

i=1 i=1
is invertible. Consider the matrix M for this map in the basis {(z — z7")%¥}.
Obviously this matrix can be written I — M’ where [ is the identity matrix
and M’ is induced by ¢(¢;) — @(¢;). By Lemma 5.13 the matrix M’ is a lower
triangular matrix with zeros on the diagonal. This means M is lower triangular
with ones on the diagonal and hence invertible. O

Proof of Theorem 5.2. The map @ is obviously induced by ® which hence
must be surjective by prop 5.14. O

By Iwasawas theorem, there are numbers A > 0, u > 0 and v such that
| CIP Q(¢,, | = pM D

for all n big enough. It has later been proved that u = 0, so for big n, | C1®) Q1) | =
pr= D+ We get the following result as a direct consequence of the results of
this part.

Proposition 5.15. Let p be a semi-reqular prime. Then all three of the Kervaire-
Murthy conjectures hold if and only if A = r(p). Moreover, if A\ = r(p) then

v=r(p).
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The case A =17,

In [U] Ullom uses the following somewhat technical assumption on p.

Assumption 2. The Iwasawa invariants A\_; satisfy 1 < A\_; <p—1

We refer you to [I] for notation. S. Ullom proves that if Assumption 2 holds then,
for even 1,

Z o ( Z
an panZ

[acd

(5.2) €

=

)/\1_1'—1.

This yields, under the same assumption, that

Y/
+ i
(5.3) Vi

_Z
panZ

1%

)r(p) o ( ))\—r(p)

b

where
r(p)
= >
1=1,7 even

Hence, when A\ = r(p) we get that V,, = (Z/p"Z)"® as predicted by Kervaire and
Murthy. Note however, that if A > r(p), then Kervaire and Murthy’s conjecture
fails. We will discuss some consequenses of Assumption 2. Since V' is a quotient
of V' applying this to n = ng + 1 yields

7‘0+A7l0§7"0+7’1+...+7"n0§T0+n0Tn0 STO—FTZ())\.

This obviously implies that 7, = A for all £ = 1,2,... because {r;} is a non-
decreasing sequence bounded by A by Proposition 2.11 and hence we get the
following

Lemma 5.16. When Assumtion 2 holds r, = X for allk =1,2,....

The following theorem is now immediate.

Theorem 5.17. If Assumtion 2 holds, then V) =V, t.

Keeping Theorem 4.1 in mind we immediately get the following corollary.
Corollary 5.18. When Assumtion 2 holds,
CIP Q(Gor) = (Z/p"2)P & (Z/p" ' 2)* 7%

and A =r1 and v = ry = r(p).
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5.1. An application to units in Z[(,].

The techniques we have developed also lead to some conclusions about the group
of units in Z[(,|*. From the previous results we know that

Dyt Dyt

v—}— . n+1 ~ n+1
1= =
nt gn—|—1(Un,1) 7[]71’2
U pnt1_1

Let sppn+1_1 = |Up1/Up—1pn+1-1|. A naive first guess would be that s, yn+1_1 =

pn+12_1_2 - ”n+2,1 =% which is the maximal value of this number. Incidentally, this

maximal value equals |D;F,|. In this case we say that U, 1 /U, pn+1 1 is full, but
this happens if and only if p is a regular prime. In other words V;f 41 1s trivial
if and only if p is regular. This fact is by the way proved directly in [H]. For
non-regular (but as before semi-regular) primes what happens is that there are
“missed places” in U, 1/U, pn+1-1. We define 2k as a missed place (at level n)
if Upok/Un k42 is trivial. Lemma 2.9 reads Uppn+1_1 = Uppn+141 and hence
provides an instant example of a missed place, namely p"*! — 1. It follows from
our theory that every missed place corresponds to a non-trivial element of V;" 1
Recall that Z[(, 1]* is identified with its image in A,. We will now prove that
the map g, : Z[(,_1]* — D} respects the filtrations \* | and (z — 1)*.

Proposition 5.19. Let 1 < s <p"—1 and € € Z[(,—1]*. Then e € U,_1 5 if and
only if gn(€) € D:,,(s)'

Using this Proposition we see that an element of DZL (25) which is non-trivial in

V;’H corresponds to a missed place 2s at level n.

Proof. To show that g,(¢) € D;, ) implies € € Un_1s we can use the same
technique as in the proof of Theorem 1.2.7 in [ST3] (also see Lemma 2.6). For
the other direction, first note that is s < p® —p™ ! the statement follows directly
from the commutativity of the diagram

(54) A - Z[Gna]™"
mod p mod p
Dy = ((m_ﬂ“f)[f,]_l)* ’ ((x71])F5"Egi]p“‘1)*

What is left to prove is that € € U,,_y s implies g, (€) € D:,,(s) also for p" —p" ! <
s < p"—1. For technical reason we will prove that if e € U,,_; ,n_pk, for some 1 <

k<n—1and 0 <r < p*—pF~!then g,(e) € D}, o _phipy- Note that € € Up_y pn_

is equivalent to g,(¢) = 1 € D by Lemma 2.6. Suppose ¢ = 1 + t/\ﬁ:pkw for
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n—1_k—1
p for

some t € Z[(, 1]. By Lemma 5.9 we get N, 1(¢) = 1+ t'p(z — 1)P
some t' € A,_1. In A,
P —1 "

-1
1 T @)

b= z—1
for some polynomial ¢(z). In A, consider the element

ptle — 17" P @ - )P =
n—1

CCpn —1 xP -1 n—1_,k n—1_,k—1
(ﬁ + t(x) 1 )(t(SC — 1)p prAT t'(:r; — l)p p )

By computing the right hand side and re-arrange the terms we get

n— n— — _ p" _ 1
fe=tpla = 1P (o = 1) 1) e =

x —
pn—l _ 1

— -1 pr—l_pk=1 b X
(- 1) O L

Using the two representations of f we see that i,(1 + f) = € and j,(1 + f) =
Nyn_1(€) so 1 + f represents (¢, N,_1(€)) (which represents ¢ under our usual
identification) in A,. Since < p* — pF~! we now get g,(1+ f) = 1 mod (z —

-1k .
1)P" P47 in D, as asserted. O

Theorem 2.14 and its proof now give us specific information about the missed
places which we will formulate in a Theorem below. We start with a simple
lemma.

Lemma 5.20. Let 1 <s<n+1and1l <k <s. Then p®—p* is a missed place
at level n if and only if s=n+1 and k = 1.

Proof. Let n := C#WHH)/Q. Then n? = (, and c(n) = n~!. Define

nps+p’“ _ n—(ps+p’“)

€.

npk — 'r]_(Pk)
Clearly, € is real and since
s k
P ¢t —1
a-1
€ is a unit. By a calculation one can show that € € Uy, ys_p1 \ Up ps_phio- O

Define for £ = 0,1,... the k-strip as the numbers p* +1,p* +3,..., pF*! — 1.
Theorem 5.21. At level n we have the following
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1. Let 0 < k < n. In the k-strip there are exactly rr, missed places.
2. The missed places in the 0-strip are in one to one correspondence with the

numbers 21y, ..., 21, such that the numerator of the Bernoulli-number Ba;,
(in reduced form) is divisible by p.
3. Suppose i1,...,1,, are the missed places in the k-strip. Then pii, ..., i,

are missed places in the k + 1 strip. The other rp 1 — 1, missed places in
the k + 1 strip are not divisible by p.

Proof. We know from Proposition 5.4 that we have ry, missed places in the 0-
strip at level 0 and that they correspond exactly to the indexes of the relevant
Bernoulli numbers. As in Proposition 5.5 an induction argument using the map
T, to lift the generators of V" ; to V. show that we have r, missed places in
the O-strip at every level and that a missed place k at level n — 1 lift to missed
places k and pk at level n. What is left to prove is that the “new” missed
places we get when we go from level n — 1 to n all end up in the n-strip and
that no “new” missed places are divisible by p. First, p” — 1 can not be a
missed place (at level n) by the lemma above. It follows from our theory that
the “new” missed places correspond to the generators of V. 41 of exponent p.

We need to show that each such generators a;, [l = 1,...,r, 1 — r, o, belong
to DV, ynsyy- Suppose for a contradiction that @ = 1+ ¢(zp41 — 1), t # 0,

s <p"—1,1is a “new” generator. Then m,1(a;) = 1+ t(z, — 1)® is neccesarily

trivial in V! but not in D}*. Hence m,11(a;) = gn(€) for some € € Z[(,_1]*.
Since the usual norm map N, is surjective (when p is semi-regular) and by
commutativity of diagram 5.1 we then get a;gn41(€')™" = b for some € € Z[(,]*
and b € ker{D}*, — Dt} = D;* (p" —1). Since p" — 1 is not a missed place,
b = gn+1(€”) for some some €” € Z[(,]*. But this means g; is trivial in V|, which

is a contradiction. We conclude that a; € DZL (n+1)"

i

To prove no “new” missed places are divisible by p we need to show that if

a € D::[L(s) \D:Lil,(wz) is a “new” generator of V., then p does not divide
s. Now, a generator can always be chosen of the form 1+ (z,,1 — 1)®*. Then an
element of the form 1+ (z,,; — 1)P*, with k & {i1,...,%,,_,} cannot be a missed

place. This follows from the fact that if k¥ is not a missed place, then 1+ (z, —1)*
is trivial in V; and since «, is injective, 1 + (zp41 — 1)P¥ = a, (1 + (2, — 1)¥) is
also trivial in V| ;. O
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