ON MULTI-AVOIDANCE OF GENERALIZED PATTERNS

SERGEY KITAEV AND TOUFIK MANSOUR

ABSTRACT. In [Kitl] Kitaev discussed simultaneous avoidance of two 3-patterns with no internal
dashes, that is, where the patterns correspond to contiguous subwords in a permutation. In three
essentially different cases, the numbers of such n-permutations are 2%~ !, the number of involutions
in Sp, and 2E,,, where E, is the n-th Euler number. In this paper we give recurrence relations for
the remaining three essentially different cases.

To complete the descriptions in [Kit3] and [KitMans], we consider avoidance of a pattern of the
form z-y-z (a classical 3-pattern) and beginning or ending with an increasing or decreasing pattern.
Moreover, we generalize this problem: we demand that a permutation must avoid a 3-pattern, begin
with a certain pattern and end with a certain pattern simultaneously. We find the number of such
permutations in case of avoiding an arbitrary generalized 3-pattern and beginning and ending with
increasing or decreasing patterns.

1. INTRODUCTION AND BACKGROUND

Permutation patterns: All permutations in this paper are written as words 7 = aqas . ..a,, where
the a; consist of all the integers 1,2,...,n. Let a@ € S, and 7 € S}, be two permutations. We say
that o contains 7 if there exists a subsequence 1 < 41 < iz < --- < i < n such that (a;,...,a;,)
is order-isomorphic to 7; in such a context 7 is usually called a pattern. We say that o avoids 7, or
is T-avoiding, if such a subsequence does not exist. The set of all 7-avoiding permutations in S, is
denoted by S, (7). For an arbitrary finite collection of patterns T', we say that « avoids T' if « avoids
any 7 € T'; the corresponding subset of S,, is denoted by S, (T).

While the case of permutations avoiding a single pattern has attracted much attention, the case of
multiple pattern avoidance remains less investigated. In particular, it is natural, as the next step,
to consider permutations avoiding pairs of patterns 71, 7. This problem was solved completely for
71,72 € Ss (see [SchSim]), for 74 € S5 and 7 € Sy (see [W]), and for 71,72 € Sy (see [B, K] and
references therein). Several recent papers [CW, MV1, Kr, MV3, MV2] deal with the case 71 € Ss,
Ty € Sy, for various pairs 71, .

Generalized permutation patterns: In [BabStein] Babson and Steingrimsson introduced general-
ized permutation patterns (GPs) where two adjacent letters in a pattern may be required to be adjacent
in the permutation. Such an adjacency requirement is indicated by the absence of a dash between the
corresponding letters in the pattern. For example, the permutation 7 = 516423 has only one occur-
rence of the pattern 2-31, namely the subword 564, but the pattern 2-3-1 occurs also in the subwords
562 and 563. Note that a classical pattern should, in our notation, have dashes at the beginning and
end. Since most of the patterns considered in this paper satisfy this, we suppress these dashes from
the notation. Thus, a pattern with no dashes corresponds to a contiguous subword anywhere in a
permutation. The motivation for introducing these patterns was the study of Mahonian statistics. A
number of results on GPs were obtained by Claesson, Kitaev and Mansour. See for example [Claes],
[Kitl, Kit2, Kit3] and [Mansl, Mans2, Mans3].
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As in [SchSim], dealing with the classical patterns, one can consider the case when permutations
have to avoid two or more generalized patterns simultaneously. A complete solution for the number
of permutations avoiding a pair of 3-patterns of type (1,2) or (2,1), that is the patterns having one
internal dash, is given in [ClaesMansl]. In [Kitl] Kitaev discussed simultaneous avoidance of two
3-patterns with no internal dashes, that is, where the patterns correspond to contiguous subwords in
a permutation. In three essentially different cases, the numbers of such n-permutations are 2”1, the
number of involutions in S,,, and 2E,,, where E,, is the n-th Euler number. The remaining cases are
avoidance of 123 and 231, 213 and 231, 132 and 213. In Section 3 we give recurrence relations for
these cases.

In Section 4, we consider avoidance of a pattern z-y-z, and beginning or ending with increasing or
decreasing pattern. This completes the results made in [KitMans], which concerns the number of
permutations that avoid a generalized 3-pattern and begin or end with an increasing or decreasing
pattern.

In Sections 5-8, we give enumeration for the number of permutations that avoid a generalazed 3-
pattern, begin and end with increasing or decreasing patterns. We record our results in terms of either
generating functions, or exponential generating functions, or formulas for the numbers appeared.

In Section 9, we discuss possible directions of generalization of the results from Sections 5-8.

2. PRELIMINARIES

The reverse R(w) of a permutation m = ajas .. .a, is the permutation a, ...asa;. The complement
C(rw) is the permutation biby...b, where b; = n + 1 — a;. Also, Ro C is the composition of R
and C. For example, R(13254) = 45231, C(13254) = 53412 and R o C(13254) = 21435. We call
these bijections of Sy, to itself ¢rivial, and it is easy to see that for any pattern p the number A,(n)
of permutations avoiding the pattern p is the same as for the patterns R(p), C(p) and R o C(p).
For example, the number of permutations that avoid the pattern 132 is the same as the number of
permutations that avoid the pattern 231. This property holds for sets of patterns as well. If we
apply one of the trivial bijections to all patterns of a set G, then we get a set G' for which Ag:(n)
is equal to Ag(n). For example, the number of permutations avoiding {123,132} equals the number
of those avoiding {321, 312} because the second set is obtained from the first one by complementing
each pattern.

In this paper we denote the nth Catalan number by C,,; the generating function for these numbers
by C(z); the nth Bell number by B,.

Also, N} (n) denotes the number of permutations that avoid the pattern p and begin with the pattern
q; Gi(x) (respectively, Ed(x)) denotes the ordinary (respectively, exponential) generating function for
the number of such permutations. Besides, N"(n) denotes the number of permutations that avoid the
pattern p, begin with the pattern ¢ and end with the pattern r; G3" () (respectively, EZ"(z)) denotes
the ordinary (respectively, exponential) generating function for the number of such permutations.

Recall the following properties of C(x):

(1) Clx) =
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3. SIMULTANEOUS AVOIDANCE OF TWO 3-PATTERNS WITH NO DASHES

3.1. Avoidance of patterns 123 and 231 simultaneously. We first consider the avoidance of the
patterns 123 and 231 simultaneously.

Let a(n;i1,42,---,%y) denote the number of permutations © € S,,(123,231) such that w72 ... 7Ty, =
i18a ...1m and let a(n) = |S,(123,231)|.

By the definitions, we get that a(n) = 2?21 a(n;j) and a(n;n) = a(n — 1). Hence

(2) a(n)=aln—1)+a(n;1)+a(n;2) +---+a(n;n—1).
Also, by the definitions, for all 1 < ¢ <n — 1, we get

i—1 n
3) a(n;i) =Y am;i,j)+ Y al(n;i,j).

j=1 j=it1

Suppose 7 € S,(123,231) is such that m; = ¢ and w5 = j. If ¢ > j then there is no occurrence of the
pattern 123 or 231 that contains 71, so a(n;i,j) = a(n—1;7). If i < j then since 7 avoids 123 and 231,
we get that i < w3 < j, and thus in this case a(n;i,5) = a(n—2;i)+a(n—2;i+1)+---+a(n—2;j—2).

Hence, using (2) and (3), we get the following theorem.
Proposition 1. Let s, = |S,(123,231)|. For all n > 3,

Sn = 8n—1 + 8p(1) + 8,(2) +--- + s5(n — 1),
where for all 1 < i < n,

) = 3 s i) + 3 (0 =1 = sna(3)

and s3(1) =1, s3(2) =1, s3(3) = 2.

Using this theorem, we get quickly the first values of the sequence |S,(123,231)| forn =0,1,2,...,10:

n 011|234 |5 6 7 8 9 10
|Sn(123,231)] | 1|1 | 2|4 | 11|39 | 161 | 784 | 4368 | 27260 | 189540

3.2. Avoidance of patterns 132 and 213 simultaneously. We consider avoidance of the patterns
132 and 213 simultaneously.

Let b(n;i1,iz2,...,im) denote the number of permutations m € S,,(132,213) such that myma ... 7y =
i1@g .. .1, and let b(n) = |S,(132,213)].

Suppose m € S,(132,213) is such that 73 = 7 and w2 = j. If i > j then, since 7w avoids 213, we get
w3 < ¢ — 1. Thus
i-1

k=1, k#j

If i < j then, since m avoids 132, we get 73 < ¢ — 1 or w3 > j + 1. Thus

—1 n—1
(5) b(n;i,§) =Y bn—1;7—1,k)+ Y bn—1;5—1,k).
k=1 k=j
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Using (4) and (5), we get the following theorem.

Proposition 2. Let s, = [S,(132,213)|. Then s, = 3_;';_, s(n;i,j) with
s(n;i,0) =0 for all n,i > 1;

s(n;i,5) = Yhmy s(n — 154, k) if i > j;

s(n;i ) = Ypry s(n— L — L,k) + 5" s(n — L5 — 1,k) if i < j;

and 8(2;1,2) = 5(2;2,1) = 1, s(2;1,1) = 5(2;1,1) = 0.

Using this theorem, we get

n 011|234 |5 ]| 6 7 8 9 10
|S,(132,213)] | 1|1 |2 |4 |11 |37 | 149 | 705 | 3814 | 23199 | 156940

3.3. Avoidance of the patterns 213 and 231 simultaneously. We now consider avoidance of
the patterns 213 and 231 simultaneously. This case is equivalent to avoidance of the patterns 132 and
312 by applying the reverse operation.

Let ¢(n;i1,i2,...,4y,) denote the number of permutations = € S,,(132,312) such that myma ... 7y =
i1@y .. .4, and let ¢(n) = |S,(132,312)|. We proceed as in the previous case. Forn > i > j > 1, we
have

j—1 n—1
(6) c(nii,j) =Y c(n—1;5,k) + D cln — 1;5,k).
k=1 k=1
For 1 <i < j < n, we have
1—1 n—1
(7) c(n;i, ) = eln—1;5—1,k)+ Y _eln—1;5—1,k).
k=1 k=j

Using (6) and (7), we get the following theorem.
Proposition 3. Let s, = |S,(132,312)|. Then s, = 3.7 ;_; s(n;i, j) with

s(n;i,%) =0 for all n,i > 1;

s(nii, §) = gy s — L, k) + X0 s(n — 154, k) if i > j;
s(n;i,§) = Yoy stn— 15— Lk) + Yp_i s(n— 155 — 1,k) if i < j;
and s(2;1,2) =5(2;2,1) =1, s(2;1,1) = 5(2;1,1) = 0.

Using this theorem, we get

n 0112 10
[Sn(132,312)] | 1| 1| 2|4 | 10|30 | 108 | 454 | 2186 | 11840 | 71254
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4. AVOIDING A PATTERN X-Y-Z AND BEGINNING OR ENDING WITH CERTAIN PATTERNS

Recall the definitions of G¥(z), NP(n), C(x) and C,, in Section 2.

Proposition 4. We have
Gi%k(2) = 27 C? ().

Proof. Suppose m = n'nn" € S,(1-3-2) is such that 7y < m < --- < 71, and 7; = n. It is easy to see
that 7 avoids 1-3-2 if and only if 7’ is a 1-3-2-avoiding permutation on the letters n—j+1,n—j5+2,...,n,
and 7" € Sp—;(1-3-2). If we now consider two cases, namely j = k and j > k + 1, we get

G134k (2) = 2%C () + 2G1%:25 (2) C ().
Thus, G125 (2) = 2*C(2)/(1 — 2C(x)) and, using (1), we get the desired result. O

Proposition 5. We have
Gfsg__zl)"'l(;v) = 2FCF ().

Proof. Suppose m = w'nn" € S,,(1-3-2) is such that 7y > w2 > --- > m, and m; = n. It is easy to see
that 7 avoids 1-3-2 if and only if 7’ is a 1-3-2-avoiding permutation on the letters n—j+1,n—j+2,...,n,
and 7" € Sp—;(1-3-2). If we consider separately the cases j =1 and j > 2, we get

G152 (@) = 2G5y T @) + 2GS () C @),

Hence,

G152 @) = 2G5 P @)/ (1 - 2C(@))
and, using (1), we get G’f_(g__zl)"'l (z) = xC(m)G&’f;IQ)(k_m“‘l(m). By induction on k, using the fact that
Gl s.5(z) = C(z) — 1 = 2C%(z), we get the desired result. O

Proposition 6. We have
Gk (z) = 2O (z).

Proof. One can use the same considerations as we have in the proof of Proposition 5, by considering
a permutation 7 = 7'17" € §,(2-1-3) such that 7y <7 < --- < 7, and 7; = 1. O
Proposition 7. We have
k(k—1)...1 k
G5 (@) = 20 ().

Proof. One can use the same considerations as we have in the proof of Proposition 4, by considering

a permutation © = 7’'17" € S,(2-1-3) such that 7y > 7 > --- > m and m; = 1. O
Let s, (41, - - - ,im) denote the number of permutations 7 € S,,(1-2-3) such that my7a ... T = G102 . - . ipy-
It is easy to see that

(8) sp(n) = sp(n —1) =Cyp 4,

and

t—1

) n(®) = 3n(t,) + 3 5n(63) = 301 (0 3 n1(3).

Jj=1
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Now, (8) and (9) with induction on t give

(10) n(n —1t) zt: (t_3>cn,-

Jj=0

Let us prove the following proposition.
Proposition 8. We have

0, ifk >3,
Gi%5(r) =< 22C%(x), ifk=2,
zC%(z), ifk=1.

Proof. For k > 3, the statement is obviously true. If k = 1 then Gi_, ;(z) = C(z) — 1 = zC?(x).

Suppose now that £ = 2. From the definitions, for all n > 2, we have

n—1 n
NiZam)=>" > sali, ).
i=1 j=i+1

In this formula, j can only be equal to n, since otherwise we have an occurrence of the pattern 1-2-3.
Using this fact with (8) and (9), we get for n > 2,

N{%o( Z $n(i,n) an 1(1) = Cp—1.
Hence, G}%_5(z) = z(C(x) — 1) = 22C?(x). O

Proposition 9. We have

k(k—1)...1 RS N m—t—j
Nl—(2—?; ) (n) = Z (k _ 1) Z(—l)]( . )Cn—t—j-

t=1 j=0
Proof. From the definitions, we have

n i1—1 ip—1—1 n+l—k n—t
Nll‘i_(zk_gl)...l(n)zz Z Z Sp(it, .. ig) = Z (k_l)sn(t).

Using (10), we get

k(k—1)...1 L - & jfn—t=J
NiZo-s (n) = Z E_1 (-1) : Crn—t—j-
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5. AVOIDING A PATTERN X-Y-Z, BEGINNING AND ENDING WITH CERTAIN PATTERNS
SIMULTANEOUSLY

Recall the definitions of G¥"(z) and NP"(n) in Section 2.
Proposition 10. We have

k+e—1

(i) G2 () = MO () + 2R —

(i) G %z (@) = MO @),
(i) GEEZD-TUED () — kL okt () 4 %, where m = maz(k, ).

(iv) the generating function G1-32(%,y,2) = 3 4 450 Gfgg-_zl)"'1’12"'£($)ykze for the sequence

{G’ff’;_‘;’"'1’12'"[(3:)},@,@20 (where k and £ go through all natural numbers) is

1 C(z)—1 )
1—a(y+2) (1 - =2yC(2))(1 —22C(x)) )

(m(y +z+yz)+

Proof.

Beginning with 12...%k and ending with £({ —1)...1: Suppose 7 = w'n7" € S,(1-3-2) is such
that m < m < --- < mg, T < W1 < --- < Tp_g41 and m; = n. It is easy to see that 7 avoids
1-3-2 if and only if 7' is a 1-3-2-avoiding permutation on the letters n — j + 1,n —j + 2,...,n, and
7" € Sp_;(1-3-2). We now consider three cases, namely j =k, k+1<j<n-—-fandj=n—-£L+1
In terms of generating functions, we have

ko (E—1)... £(6—1)... £(6—1)... -

Gl EDd(a) = ka2E1—31) (o) + 2G12%h (m)G2£1—31) Ho) + 2G5 () + 2P,

where we observed that to avoid 1-3-2 and end with £(£ — 1)...1 is the same as to avoid 2-1-3 and
begin with £(£—1)...1 by applying the reverse and complement operations. Also, we added the term

xk+t=1 since when j = k = n — £ + 1, we have one “good” (k + ¢ — 1)-permutation, which is not
counted by our three cases.

From Propositions 4 and 7, we have that
G'% K (2) = 2*C?(z) and GL47D 1 (z) = 2C% ().
Thus, using the fact that xC?%(z) = C(x) — 1, we get

G}i’,ﬁg’l“*l)”'l(w) = 2 C%(2)(2 + 202 (z)) + 2h+E1
= g O(z) — 1)(C(z) + 1) + zh+i-1 = gk 102 ().

Beginning with 12...% and ending with 12.../: Suppose 7 = 7'nn"” € S,(1-3-2) is such that
m <y < o0 < Mgy, Ty > Tp—1 > -+ > Tp_g41 and m; = n. As above, 7 avoids 1-3-2 if and only
if 7' is a 1-3-2-avoiding permutation on the letters n —j +1,n —j +2,...,n, and 7" € S,_;(1-3-2).
We consider the cases j =k, k+1 < j <n—{and j = n. In terms of generating functions, the first

approximation for the function G}%-1%¢(z) is

G512 (@) m e GR2h(2) + 2G5 8 (0) G (2) + 2G5y ) (@),

where we observed that to avoid 1-3-2 and end with 12.../ is the same as to avoid 2-1-3 and begin
with 12...¢ by applying the reverse and complement operations. We use the sign “~” because there
are some “good” permutations, which are not counted by our considerations. We discuss them below.
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From Propositions 4 and 6, we have that G125 (z) = 2*C?(x) and Gi%4(z) = z*C**1(z). Thus,
using the fact that zC?(z) = C(z) — 1 and G125 (2) = G1%:5(z) = 2*C?(x) (Proposition 4), we
get

G2 k12t )

~ gH O (g) + ph IO (g) +33G}23 5 12...(L— 1)( )

= gh+H o2 () +a:G}23 512 -(e— 1)( )

_ xk+ece+2(x) +xk+£0£+1(x) +.'L'2G}23 éﬂ 12...(¢— 2)( )

= =gt HCY ) (C* 2 (2) + C3(2) + -+ - + 1) + 2FH-102 ()

=g -1(C(2) — 1) C%(z )4—11 et ghH =102 (g) = ghH-10H1 ().

To complete the proof of this case, we observe that in our considerations above, we do not count
increasing permutations of length m = maxz(k,£), m+1,..., k+£—2, which satisfy all our restrictions.
We did not count them because the k-beginning and ¢-ending in these permutations overlap in more
than one letter. So, to get the desired result, we need to add the term

™ + xm—i—l 4.+ xk—HZ—Z _ (xm _ Ic—Hf—l)/(l _ IE)

to the approximate value of G}i‘;‘_‘g ’12“"3( ). For example, expanding G12 !23(x), we have, in particular,

that there are 2002 10-permutations that avoid 1-3-2, begin with the pattern 12 and end with the
pattern 123.

Beginning with k(k —1)...1 and ending with £(¢ —1)...1: If £ = 1 then, by Proposition 5,
Glf_(g_gl)"'l’l(x) = zFC**+1(z). Suppose £ > 2, and 7 = 7’1" € S,,(1-3-2) is such that 71 > 7y > --- >
Ty T < Tp—1 < -+ < Tp—g+1 and 7; = 1. Obviously, 7" is the empty word, since otherwise we have
an occurrence of the pattern 1-3-2 starting from the letter 1. Thus, the first approximation for the

function G’f(g 21) L)L g

Gl{:_(l;_—Ql)...l,l(l—l)...l(x) N ka(Ig 1)..1,(6=1)(¢—2).. L(g) = o = ghH1 Ok ().

Like in the previous case, we did not count decreasing permutations of length m = max(k,£), m +
.,k + £ — 2, which satisfy all our restrictions. Thus, to get the desired result, we add the term
(z™ — w"""”‘l)/(l — ) to the approximate value of G1 ’; 21) "1"2([71)"'1(.17).
Beginning with k(k —1)...1 and ending with 12...¢: Suppose 7 = w'n7" € S,(1-3-2). Any
letter of 7' is greater than any letter of 7", since otherwise we have an occurrence of the pattern
1-3-2 in 7 containing the letter n which is forbidden. Also, 7’ and 7" avoid 1-3-2. If 7 begins with
k(k—1)...1, ends with 12...¢ and 7' and 7" are not empty, then 7' must begin with k(k —1)...1
and 7" must end with 12...¢. If 7’ is empty then 7"/ must begin with (k—1)(k—2)...1 and end with
2...0. If 7" is empty then 7' must begin with k(k —1)...1 and end with 12...(¢ — 1). In terms of
generating functions, the discussion above leads to the following:

G151 @) m 2GS @GR @) + 2GS @) + 2GS T ),

where we observed that to avoid 1-3-2 and end with 12.../ is the same as to avoid 2-1-3 and begin
with 12...¢. However, to put the sign “=" instead of “~”, we have to correct the right-hand side
of the recurrence relation by observing that when either kK =1 and £ =0, or k =0 and £ = 1, or
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k =1 and £ = 1, the formula do not count the permutation 7 = 1 which satisfies all the conditions
needed. Thus, if we make correction of the right-hand side, then multiply both parts of the obtained
equality by z¥y* and sum over all natural k and £ we get (recall the definition of G1-3-2(z,y, #) in the
statement of the theorem):

Grsa(z,y,2) =z Y G, (@)GRb(a)y* 2 + 2(y + 2)Gir-s2(2,y, 2) + 2(y + 2 + y2).
k,£>0

From Propositions 5 and 6, GF& -1 (2)G1%-¢ () = 2kt CH++2(z), and thus

G1-3-2(2,y,2) = m z(y +2+yz)+ Z gt TR (p)yk 2t
k,£>0

= G732+ 2 +y2) +20%(2) D _(ayC(@)F Y _(22C(x))*

k>0 >0
C(z)-1
= =57 (3 + 2 +92) + Tayeeiowy )
where we used that zC?(z) = C(x) — 1. O

Proposition 11. We have
() G251 (@) = b1 ORH (@) + 2
. k(k—1)...1,12...¢ _
(i) G2 (2) = g1 0% (a).
k4+£—1

i where m = max(k, ).

(iv) the generating function G2-1-3(%,y,2) = 3 450 G;%'l';g’mfl)“'l(w)ykze for the sequence

{G;ﬂ‘;’;’eu_l)”'l(x)}k,gzo (where k and £ go through all natural numbers) is

1 i R Cz)—1
[ 2(y +2) ( W+zryz)+ (1—xy0<w)><1—mzc<w)))'

Proof. We apply the reverse and complement operations and then use the results of Proposition 10.
For example, to avoid 2-1-3, begin with 12...%k and end with 12.../ is the same as to avoid 1-3-2,
begin with 12.../¢ and end with 12...k. d

Let h’ﬁ;‘e(t;s) denote the number of 1-2-3-avoiding n-permutations such that 7 = ¢, m_g41 = s,
T > T > - > Mg, and Tp_gp1 > Tp_gaa > -+ > T,. Also, we define g,,(41,42, - - - ,%m;b) to be the
number of 1-2-3-avoiding n-permutations such that w7 - - - 7, = 9182 .. .4, and 1, = b. We need the
following two lemmas to prove Proposition 14.

Lemma 12. For alln > 2,

0, 2<a+1<b<n,

n—2 1<a<n-—1,
gn(a;b) = Sa 1) b—1 . . -

5 () (S0 ), 15b<asn

7=0 =0
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Proof. By definitions we have
(1) gn(a;b) =0forall2<a+1<b<n;

(2) gn(a;a+1) =gn(a,L;a+ 1) +...+ gn(a,a— 10+ 1)+ gula,a+2;a+ 1)+ ...+ gp(a,n —1;a+
1)+ gn(a,n;a+1). Using the fact that no there exists a permutation = € S, (1-2-3) such that m = a,
me < a—2,and m, = a+ 1 we get

gn(a;a+1) =gpla,a—l;a+ 1)+ gula,a+2;a+ 1)+ ...+ gu(a,n;a + 1).

Using the fact that no there exists a permutation 7 € S,,(1-2-3) such that m =a and a < m <n—1
we get gn(a;a+ 1) = gn(a,a — 1;a+ 1) + gu(a,n;a + 1). On the other hand, it is easy to see that
gn(a,a—1;a+1) = gp—1(a — 1;a) and gp(a,n;a+ 1) = g,—1(a;a + 1). Hence,

gn(a;a+1) =gp 1(a—1;a) + gn_1(a;a+1).
Using induction we get that g,(a;a+ 1) = (Z:f) foralln >2and1<a<n-1.
(3) Similarly as (2) we have for all a > b,
9n(@;0) = gn—1(b —1;0) + gn-1(b+ 1;0) + gn—1(b + 2;0) + - - + gn—-1(a; D).
Using Equation (10) we get
— (n—a—7j
9n(@;1) = gn(@;2) = 50 1(a— 1) = Z(—l)f( . )cn_z_,-.
j=0
Using induction on b, we get

=0

Lemma 13. We have
G )G Dy +2 -k =10, if1<s<t<mn;
hyt(ts) = h(t+ 1), ifs=t+1;
et (s — 1) + RV (s — 1), if2<t+1<s<n.

Proof. (1) Let n >t > s > 1; so by definitions we get
kg, _ [(m—t)[s—1
et = (1 21) (51 )t = (6= 1) = (€= 1)

(2) Let s =t + 1; so it is easy to see hft(t;t + 1) = hEL(t + 1;1);

3) Let 2<t+1< s <n. Let # any permutations in S,,(1-2-3) such that 7y = ¢t and w41_¢ = s
+

where 71 > -+ > 7w, and wpy1-¢ > - -+ > mp; so there two possibilities either mp42-¢ = s — 1 or

m; = s —1 where j < k — 1. In this first case we get that there exist hfb’ffl(t; s — 1) permutations,

and in the second case we have that there exist hf;lfe (t; s — 1) permutations. (we extend the number
h¥l(a;b) as 0 for any £ < 0 or k < 0. O
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We recall that the Kronecker delta dy, ; is defined to be

5= { 1, ifn=F,
n,k —
’ 0, else.
Proposition 14. We have
o 2ek12e, N 0, ifk>3o0rl>3 1212, « [ 0, ifn=3
(i) G155 (z) = { C?*(x), ifk=1landl=1" Nizi-5(n) = Cn_2, else » and
N11—22,];3(n) = N11f22,3(n) = Cn—l-
(0, ife>3,
nk n—t—1 ntot i(n—t—j—1 .
(i) le(;—31)...1,12...e(n) _ { t; () P (—1)i( P )Cn—t—j—1 + (k= 1)0p jt1, if€=2,
n+l—k n—t ) ) ‘
tzl (Z:f) , 0(—1)] (nijt-fj)cn—t—j, if £ =1.
\ = J=
(0, ifk>3,
n—¢ et n—t—1 i .
(iii) N12...k,e(e—1)...1(n) ={ A ( -1 ) 'Zo (—1)]( j] )Cn—t—j—l + (= 1)bnet1, k=2,
1-2-3 = = j=
n+1—¢ et n—t _ j(n—t—j o ' T
= (¢-1) _ 0( ) ( j )Cnt—j> if k=1.
= ;=

(iv) NEE D LDty S S hEL(t; ), where hE4(t; s) ds given in Lemma 13.

Proof.

Beginning with 12...k and ending with 12...¢: If £ > 3 or £ > 3, the statement is obvious,
since in this case 12...k or 12...7 does not avoid the pattern 1-2-3. If k = 1 or £ = 1, we get
the statement from Proposition 8 (in the first of these cases we apply the reverse and complement
operations). Suppose now that k = 2, £ = 2, and an n-permutation 7« avoids 1-2-3, begins with the
pattern 12 and ends with the pattern 12. The letter n must be next to the leftmost letter, since
otherwise two leftmost letters and n form the pattern 1-2-3. Also, the letter 1 must be next to the
rightmost letter, since otherwise 1 and two rightmost letters form the pattern 1-2-3. It is easy to see
now that there are C,_» possibilities to choose 7, since we can take any 1-2-3-avoiding permutation
on the letters {2,3,...,n — 1} (there are C,,_» such permutations), then let the letters n and 1 be in
the second and (n — 1)-st positions respectively. These considerations are fail only when n = 3, since
in this case the second and (n — 1)-st positions coincide. However, in this case we obviously have no
permutations with the good properties.

Beginning with k(k —1)...1 and ending with 12...¢: The statement is true for £ > 3, since
in this case 12...¢ does not avoid 1-2-3. For the case £ = 1 we use Proposition 9. Suppose now
that £ = 2, and an n-permutation 7 avoids 1-2-3, begins with the pattern k(k — 1)...1 and ends
with the pattern 12. The letter 1 must be next to the rightmost letter, since otherwise 1 and two
rightmost letters form the pattern 1-2-3. So, to form 7 we can take any (n — 1)-permutation on the
letters {2,3,...,n} that avoid 1-2-3 and begin with the pattern k(k — 1)...1 (the number of such
permutations is given by Proposition 9), and then let the letter 1 be in the (n — 1)-st position. Also,
we observe that in the case n = k + 1 we have k — 1 extra permutations, which are obtained from the
(n — 1)-permutations having the k — 1 leftmost letters in decreasing order and two rightmost letters
in increasing order.
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Beginning with 12...k and ending with ¢(/—1)...1: By the reverse and complement operations,
to avoid 1-2-3, begin with the pattern 12...k and end with the pattern £(£ — 1)...1 is the same as
to avoid 1-2-3, begin with the pattern £(¢ — 1) ...1 and end with the pattern 12...%, so we can apply
the results of the previous case.

Beginning with k(k —1)...1 and ending with ¢(¢ — 1)...1: The statement is straitforward to
prove. (]

6. AVOIDING A PATTERN XYZ, BEGINNING AND ENDING WITH CERTAIN PATTERNS SIMULTANEOUSLY

Recall the definitions of EF'"(z) in Section 2.

Proposition 15. We have
12..6 R

(i) Ezlfé”k’m"'l(m) = { 51132,9((?)’ :;5__11 , where E125-4(z) and EX25%(x) are given in [Kit3, The-
213 ) =

orem 6] and [Kit3, Theorem 10] respectively. For k. > 2, Eyi5*'*4(z) satisfies

0 k12, (- zh-1
oo Bty 12 () = By “(x)+(E;fg @)+ Gy ) B @)

o(e—1)..1 .
(ii) E;fg'k’ﬁ(e_l)”'l(x) = { 21132,6(.%) (@), ZZ?__II , where Efgg_l)“'l(x) and EX2;%(z) are given
213 ) =

in [Kit3, Theorem 7] and [Kit3, Theorem 10] respectively. For k,£ > 2, E;fg'k’e(e_l)“'l(m) satisfies
0 2 k(1) )y

Bx 213
k-1 k=2

-1 ..k, £(€—1)...1 -
= EnBR ) + (B @) + Gy ) BV @) + (570 e

_ E12...€ z), 'Lfk =1 B )
(iif) ERE D120 ) = { Ez{zg_l())l(w), ifo=1" where El2;(z) and EXE D1 (2) are given
in [Kit3, Theorem 6] and [Kit3, Theorem 11] respectively. For k,£ > 2, E§1(§‘1)"'1’12"'”(a:) satisfies

0 — — - . — -
%Egl(g 1)...1,12...e(x) :EéllcS 1)...1,12...e($)+E§l(1§ 1)"'1’12(.'L')E11§é"£($)+E§1(§ 1)...1,12...(¢ 1)(37)‘

: k(k—1)...1,6(¢—1)...1 Efgg_l)“'l(x), ifk=1 0(0—1)...1 k(k—1)...1

(iv) Eg3 (z) = Ek(k—l)...l(x) =1 , where Ej 3, (z) and Ey5 (z) are
213 ; =

given in [Kit3, Theorem 7] and [Kit3, Theorem 11] respectively. For k,£ > 2, Egl(g_l)"'l’l(l_l)"'l (z)

satisfies

0 k(k—1)...1,6(6-1)..1 k—1)...1,6(6=1)...1 £(t—1)...1 gt ! k(k—1)...1,12
%E21(3 S LD () = pTD B ) 4 (BT (@) + 1) By ().

Proof.

Beginning with 12...k and ending with £(¢ — 1)...1: The statement is obviously true when
k =1and £ = 1. Suppose now that k¥ > 2, £ > 2 and an (n+ 1)-permutation 7 avoids 213, begins with
the pattern 12...k and ends with the pattern 12...¢. The letter (n + 1) can only be in the position
k, or in the position 4, where (k+ 1) <7 < n — £+ 1, or in the position n — £ + 2. In the first case,

we choose the (k — 1) leftmost letters in (,",) ways, rearrange them into the increasing order, and
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observe, that the letters of 7 to the right of (n + 1) must form an (n — k + 1)-permutation, that avoids
213 and ends with the pattern £(£ — 1) ...1 (the number of such permutations, using the reverse and
complement operation, is equal to the number of (n — k + 1)-permutations that avoid 132 and begin
with the pattern £(¢—1)...1). In the third case, we choose the (¢— 1) rightmost letters in (,",) ways,
rearrange them into the decreasing order, and observe, that the letters of @ to the right of (n + 1)
must form an (n — £+ 1)-permutation, that avoids 213, begins with the pattern 12. ..k, and ends with
the pattern 12 (if it ends with the pattern 21, the letter (n + 1) and two letters immediately to the
left of it form the pattern 213). In the second case, we choose the letters of 7 to the left of (n + 1)
in (Zfl) ways and observe, that these letters must form a (i — 1)-permutation that avoids 213, begins
with the pattern 12...%k and ends with the pattern 12. In the same time, the letters to the right of
(n 4+ 1) must form an (n — ¢+ 2)-permutation that avoids 213 and ends with the pattern £(£—1)...1.
Besides, we observe that if n = k+ ¢ — 2, that is || = k+ £ — 1, and first k-letters of 7 are rearranged
into the increasing order, whereas the last £ letters are rearranged in the decreasing order, we have a
number of extra “good” permutations. The number of such permutations is the number of ways of
choosing the first (k — 1) letters, that is (kzﬁz) This discussion leads to the following:

Ny B0 m 1) = (2 )NS5 D — b+ 1) + (1) Ngs*(n — £+ 1)

O (M (12 k12 Arb(E=1). L (k+E—2
+§:(Z.)N;fs SON 1<n—z)+( o1 )6n,k+e_z,
=0

where 6, ;+¢—2 is the Kronecker delta. We get the desirable result by multiplying both sides of the
last equality by z™/n! and summing over n.

Beginning with 12...k and ending with 12.../: The statement is obviously true when £ =1
and £ = 1. Suppose now that k > 2, £ > 2 and an (n + 1)-permutation 7 avoids 213, begins with the
pattern 12...k and ends with the pattern 12...¢. The letter (n + 1) can only be in the position k, or
in the position i, where (k+1) <i < n—/, or in the (n + 1)-th position. In the last case, the number
of such permutations is obviously Nyry %! (n). In the first case, we choose the (k — 1) leftmost
letters in ( kfl) ways, rearrange them into increasing order, and observe, that the letters of @ to the
right of (n + 1) must form an (n — k + 1)-permutation, that avoids 213 and ends with the pattern
12...£ (the number of such permutations, using the reverse and complement operation, is equal to
the number of (n — k + 1)-permutations that avoid 132 and begin with the pattern 12...¢). In the
second case, we choose the letters of 7 to the left of (n + 1) in (zfl) ways and observe, that these
letters must form a (i — 1)-permutation that avoids 213, begins with the pattern 12...% and ends
with the pattern 12 (if it ends with the pattern 21, the letter (n + 1) and two letters immediately to
the left of it form the pattern 213). In the same time, the letters to the right of (n + 1) must form an
(n — 7 + 2)-permutation that avoids 213 and ends with the pattern 12...£. This discussion leads to
the following;:

12 k,12...8 12, k1261
Ny (n+1) = Nyj3 (n)

— (n . . n
+3 (7)o -+ (") M- kD,
=0

We get the desirable result by multiplying both sides of the last equality by z"/n! and summing over
n.

Beginning with k(k —1)...1 and ending with 12...¢ or with £(/ —1)...1: We proceed in the
same way as we do under considering the previous case. d
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Proposition 16. We have

A 12...0 e
(i) BiZy®t2bg) = { 52153,6((?)’ z]ftf— 11 , where E3%%(z) and E}25%(x) are given in [Kit3, The-
132 ) =

orem 10] and [Kit3, Theorem 6] respectively. For k,f > 2, Ellgé"k’lz"'z(a:) satisfies

0 k12,0 2. k—1,12... L zt !
S B ) = Bl )+ (B @) + gy ) B @)

12...k

_ El2;k fl=1 _
12...k,£(¢ 1)"'1(33) = { 13 (2), if , where E135%(z) and Eﬁ% 1)“'1(;10) are given

0 B 3
(i) Ei35 BV k=1
in [Kit3, Theorem 6] and [Kit3, Theorem 11] respectively. For k,£ > 2, Ellgé"k’l(e_l)"'l (z) satisfies

£E12...k,e(3—1)...1(x) _ E}??;’“’“‘”“'l(x) +Eigﬁeu_l)'”l(;E)Egé“k(w) +E11§é..(k—1),e(e—1)...1(x)‘

or 132
(111) Ek(k*l)...l,ll..l(x) — E%123£($)’ T’fk =1 U)he're El?...l(w) and E'k(kfl)"'l(w) are gi’Ue’rL
132 Ef?fg_l)"'l(a:), ifr=1" 213 132
in [Kit3, Theorem 10] and [Kit3, Theorem 7] respectively. For k,£ > 2, ERED- 1126 satisfies
132

k(k—1)...1,12...£ k—1
2B @) = @5 Bl (@)

£-1 k(k—1)... _ k4L—2
+ (B3 @) + g5y) Bis ) @) + (P90 e

: B(k—1)...1,6(6—1)...1 { Eﬁgl;l)ml(x)a ifk=1 k(k—1)...1 £(0—1)...1
(iv) Ei3, ’ (z) = Ehk—1).1 1 where Ey3, (z) and Ey;5 (z) are
132 (x), ift=1
given in [Kit3, Theorem 7] and [Kit3, Theorem 11] respectively. For k,£ > 2, Eféﬁ‘”"'”“‘”"'l (z)
satisfies
%Eﬁg—l)...l,f(f—l)...l(x) = Bk gy (Efg_l)“'l(x) + (]:fk__i)!) FIZHE -1 (g

Proof. We apply the reverse and complement operations and then use the results of Proposition 16.
For example, to avoid 213, begin with 12...%k and end with 12.../ is the same as to avoid 132, begin
with 12...7 and end with 12...%. d
Proposition 17. We have

() Bl @) =

(0, ifk>3o0rf>3,
x—%—ftan<§x+%)+
_y sec(‘é§$+%) (Tg(e’”/2+e_“/2)—sin(‘/Tgx+%)), ifk=2and (=2,
ﬁe”””sec(@x%—%)—l, ifk=1and =1,
| V3 62/2 gec (%x%—%)—%—%tan (@x%—%), else;
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(i) Ellgé..k,l(i—l)...l(x) _

0, if k>3,
—{ By(2) = (ji/f)! sec (Tsw + %) Jo et sin (L3t + %) dt, ifk=1,
[y sec (@t + %) (sm (@t + %) — @e‘tﬂ) (<I>[(t) + (f__ll)!) dt, ifk=2;

(iii) Efgy Dt (2) =

0, if £ >3,
—J ®(z) = (k 1), sec(\/_w+ ")f e t/2th—1gin ( X3¢ + %) dt, ifl=1,

i sec (%t + g) (sm (%t + 5) - ?e‘tﬂ) <<I>k(t) + (Zk__ll)!) dt, ifl=2;

et By (@), ifk=1,
(iv) Efy Dbty = & phlk=D-1 ) ifo=1,

(
Ef TV @) — By (), ife =2
For k > 2 and £ >3, Eyfs V11V Y(g) satisfies

d ~1)... gt 1) 1))
SeETD D 0) = (BT @)+ g ) BT @)+ B @),

where E12(§ 1)"'1(;15) is given in [KitMans, Theorem 2]:

- gy ST T sinCP 4 ) d
(k — 1)!c0s(‘/7§:c + %)

’

and Efé’; D112 4 given in this theorem above.

Proof.

Beginning with k(k —1)...1 and ending with 12...¢: If £ > 3 then the pattern 12...¢ does not
avoid 123, thus the statement is true. If £ = 1, the statement is true according to [Kit3, Theorem 8]
and the observation that if £ = 1 then this formula gives the expression

\/gz/Z \/g i
V2 A SR I
5 ¢ sec | SoT o+ o ,

which is true according to [ElizNoy, Theorem 4.1] and the assumption that the empty permutation
does not begin or end with the pattern p = 1. So, we need only to consider the case £ = 2. Recall the
definitions of EP(x) in Section 2.

Let Py(n) denote the number of n-permutations that avoid the pattern 123, begin with a decreasing
subword of length k and end with the pattern 12. Also, let Ry (n) denote the number of n-permutations
that avoid the pattern 123 and begin with a decreasing subword of length k. Let m = 7117y be an
(n + 1)-permutation that avoids the pattern 123, begins with the pattern k(k — 1) ...1 and ends with
the pattern 12. We observe that 71 avoids 123 and begins with k(k—1) ... 1; w2 ends with the pattern
12 and |ma| > 0 since otherwise m cannot end with the pattern 12; if |w2| > 1 then 7y must begin with
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the pattern 21 since otherwise we have an occurrence of the pattern 123 beginning from the letter 1.
If |71 | = i then the letters of 7, can be chosen in (7}) ways. So, there are at least

3 (’Z) Ri(i)Py(n — i) + nRy(n — 1)

i>0

(n + 1)-permutations with the good properties, where the first term corresponds to the case |ma| > 1
and the second term to the case |m2| = 1. By this formula, we do not count the permutations having
|m1| = k — 1, although in this case 7 begins with the pattern k(k — 1)...1. So, we can choose the
letters of 71 in (,",) ways, and according to whether |r| > 1 or || = 1, we have two terms:

(kil)PQ(n_k"‘ 1)+k6n,k>

where d,, ;, is the Kronecker delta. Thus,

Pn+1)=%" (’Z)Rk(z‘)g(n — i)+ nRp(n—1) + (k "

1) Py(n — k +1) + kb s
i>0 -

After multiplying both sides of the last equality with ™ /n! and summing over n, we have

(11) iEk(k_l)"'l’m(x) _ (E21’12(m)+a:) Ek(k—l)...l(m)+ gkt
dx 123 123 123 (k' — 1)' )
with the initial condition EF{¥~1-12(0) = 0. Since
Z‘/2 \/5 T \/g
k(k=1)..1 \ _ pk(k=1)..11 \ € Vo m —t/2,k—1 . VI, T
El5, () = Eyy4 (z) (k_l)!sec< 5 ¢+ 6)/0 e s1n< 5 t+ 3 dt,

to solve (11), we only need to know Eiy3'*(x). To find it, we set k = 2 into (11) and solve this

equation. For an example how to solve such an equation, we refer to [Kit3, Theorem 6]. We get

3 z 3
By () = — +sec ix +5 efm/Q/ et’? cos it + ) a
2 6 0 2 6

Now, we put the formula for Ef;glz(x) into (11) and solve this differential equation to get the desired

result.

Beginning with 12...k and ending with /(/—1)...1: By the reverse and complement operations,
to avoid 123, begin with the pattern 12...k and end with the pattern £(£ — 1)...1 is the same as to
avoid 123, begin with the pattern (£ —1)...1 and end with the pattern 12...k, so we can apply the
results of the previous case.

Beginning with 12...k and ending with 12.../: The statement is obvious if £ > 3 or £ > 3.
If Kk =1 and £ = 1 then the statement is true according to [ElizNoy, Theorem 4.1] (but we need to
subtract 1, since by our assumption the empty permutation does not begin or end with the pattern
p=1). If £ =1 and k = 2, the statement is true according [Kit3, Theorem 9]. If k =1 and £ = 2, we
apply the reverse and complement operations, and use again [Kit3, Theorem 9]. So, we only need to
consider the case k = 2 and £ = 2. It is easy to see that

12,12 1,12 21,12
Ei5; (z) = Ei)s (z) — Ely (z),
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and from the previous cases

1
By (z) = ?ezﬁ sec (?m + %) -5~ ? tan (?z + %) )

E}3(x) = —x + sec <§m + %) (sin (?m + g) - ?e"”m) .

Beginning with k(k — 1)...1 and ending with £(¢ — 1)...1: If £ = 1, the statement is trivial.
If kK =1, we get the statement by using the reverse and complement operations. For the case £ = 2,
we observe that the number of n-permutations that avoid the pattern 123, begin with the pattern
k(k—1)...1 and end with the pattern 21 is equal to the number of n-permutation that avoid 123
and begin with the pattern k(k —1)...1 minus the number of n-permutations that avoid the pattern
123, begin with the pattern k(k — 1)...1 and end with the pattern 12. Suppose now that k£ > 2 and
£ > 3 and an (n + 1)-permutation 7 avoids 123, begins with k(k —1)...1 and ends with £(¢ —1)...1.
It is easy to see that the letter (n + 1) can be either in the first position, or in the position i, where
(k+1) <i< (n-—1{),orin the position (n — £+ 1). In the first of these cases, obviously we have

and

Nl(;“;l)"'l’e(e_l)"'l(n) permutations. In the second case, we choose the letters of 7 to the left of
(n+1)in (,",) ways. These letters must form a permutation that avoids 123, begins with the pattern
k(k—1)...1, and ends with the pattern 21 (if the last condition does not hold, the letter (n + 1) and
two letters to the left of it form a 123-pattern. In the same time, the letters to the right of (n + 1)
form a permutation that avoids 123 and ends with the pattern ¢(¢ —1)...1. In the third case, we can
choose the letters to the right of (n + 1) in ( ef1) ways, rearrange them into the decreasing order, and
form from the letters to the left of (n + 1) a permutation that avoids 123, begins with the pattern
k(k—1)...1 and ends with the pattern 21 (by the same reasons as above) in Nfg*l)“'l’m(n —L+1)
ways. Thus,

le2(§71)...1,£(£71)...1(n +1) = Nl(éc?jl)...l,l(lfl)...l(n)
= (n k(k—1)...1,21 / -\ Ar8(£—1)...1 . n k(k—1)...1,
+ 3 ()W ONE i+ (1 WD - ),
i=0

where we observed, that to avoid 123 and end with £(£ —1)...1 is the same as to avoid 123 and begin
with £(€ — 1) ...1 using the reverse and complement. Now, we multiply both sides of the equality by
z" /n! and sum over n to get the desirable result. O

7. AVOIDING A PATTERN X-YZ, BEGINNING AND ENDING WITH CERTAIN PATTERNS
SIMULTANEOUSLY

Proposition 18. We have
m ¢ t"
et [Te e Z —dt, ifk>2
o l2.k,1 0 7 at, 2
(i) EyZs (z) = E%?szk(z') = n>k—1 n. :
e 1, ifk=1
For € > 2, E%;R"2 4 (2) satisfies

-2
0 _12.k12...0 x* _
%El—m ’ (z) = | ¥ — el E11?32k (z) + o pmaz(bk) =1
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oy pl2ek,e(e—1).1 .
(i) Ey 55 (e=1) (x) satisfies

T Ar ot tn .
1 L2kt 0y e [y e° Z o dt, ifk>2,
§pl—11-32 (z) = n>k—1

et 1 ifk=1.

e J(k— 1)) [Tth-le—e'+t @t if k> 2
(i) Bl V@) = Bl @) ={ A ;k 1

e 1 if k=
For ¢ > 2, Efg{l)“'l’m'“l(x) satisfies
0 _k(k—1)..1,12...¢ S k(k—1)...1 ot gkt
%E1—32 @) =€ - Z T B3, () + | e = Z T -

i=0 =0

(iv) Efg;l)'"l’eu_l)'“l(m) satisfies

91 (Ek(k—l)...l,é(e—l)...l (o) - gmaz(k,l) _ xk+ll) B (keil)! foﬂv th—1p—e'+t dt, ifk>2,

YA 1-32 = .

Ort-1 1—z e’ —1’ iszl.
Proof.

Beginning with 12...%k and ending with £({ — 1)...1: If £ = 1 then the result follows from
[KitMans, Proposition 5], since to avoid 1-32 and begin with 12...k is the same as to avoid 3-12 and
begin with k(k—1)...1. Suppose now that £ > 2 and a permutation 7 avoids the pattern 1-32, begins
with the pattern 12...k and ends with the pattern £(¢ —1)...1. Since £ > 2, we have that the letter
1 must be in the rightmost position since otherwise, this letter and two rightmost letters of 7 form
the pattern 1-32, which is forbidden. Thus,

N11_2?;.2.k,(3(£—1)...1(n) _ N11_2é.2.k,(e—1)(43—2)...1(n )= = NIZR —p4 1),
Multiplying both sides of the equality Nll_zégk’z(l*l)“'l(n) = N11_23;'2'k’1(n — L+ 1) by 2" /(n— £+ 1)!

and summing over n, we get

ot ok (e=1)...
WEII—Z32 DY () = Bk (),

where E}2%5%(z) is given in [KitMans, Proposition 5], since to avoid 1-32 and begin with 12...k is the
same as to avoid 3-12 and begin with k(k —1)...1.

Beginning with k(k — 1)...1 and ending with #({ — 1)...1: We use the same arguments as
those given under consideration of the previous case, but instead of [KitMans, Proposition 5] we
use [KitMans, Proposition 4]. However, we observe, that when we use the argument

k(k—1)...1,6(£—1)... k(k—1)...1,(6—1)(€-2)... k(k—1)..1,
N1—(32 Db HED 1(”)=N1—(32 Db D) 1(”_1)2"':]\71—(32 Y 11(”_54'1)

for k,£ > 2, we do not count the decreasing permutations of length maz(k,£), maz(k,f) +1,...,k +
£ — 2, since in this case, the patterns k(k —1)...1 and £(¢ — 1)...1 overlap in more than one letter,
which causes the observation. So, we need to consider additionally the term

wmaz(k,f) — phte-1

xmaz(k,f) + mmaz(k,l)+1 +eeet phH—2 — - ,

which vanishes if k=1 or £ =1.
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Beginning with 12.. .k and ending with 12.../¢: The only interesting case here is the case k > 2
and ¢ > 2. Using the reverse and complement, instead of considering avoiding 1-32, beginning with
12...k and ending with 12...4, we consider avoiding 1-32, beginning with 12.../¢ and ending with
12...k. Suppose an n-permutation 7 satisfies all the conditions. We observe, that the letter n can be
in the position 4, where £ < i < n — k. Also, n can be in the rightmost position if n > maz(¢, k). In
any case, the letters of 7 to the left of n must be in the increasing order, since otherwise we have an
occurrence of the pattern 21-3. This means that in the second case we have the only one permutation.
In the first case, the letters of 7 to the right of n must avoid 21-3 and end with the pattern 12.. k.
The number of such permutations, using the reverse and complement, is given by N{%s*(n—4). Thus,
for n > mazx (¢, k),

n—k
12,k n—1 .
N2112_3 12 (n) = Z ( . >N11_232k(n — 'l) + 1.

‘ 1—1
i=£
This gives
" /n—1 -1
Nyttt m) = (Z _ 1)N11_23;'2"“(n —i) = (@ _ 1)N11?3“2"“(n —i)+1,
i=1 i=1

which leads to the desirable result after multiplying both sides of the last equality by z™/n! and
summing over n.

Beginning with k(k—1)...1 and ending with 12.../¢: The only interesting case here is the case
k > 2 and £ > 2. Using the reverse and complement, instead of considering avoiding 1-32, beginning
with k(k — 1)...1 and ending with 12...£, we consider avoiding 1-32, beginning with 12...¢ and
ending with k(k — 1)...1. Suppose an n-permutation 7 satisfies all the conditions. We observe, that
the letter n can only be in the position i, where £ < i < n — k, or in position (n — k + 1) (in the case
n > k+£—1). In the first case, it is easy to see that the letters of 7 to the left of n must be in
the increasing order, and the letters of 7 to the right of n must avoid 21-3 and end with the pattern
k(k —1)...1. Using the reverse and complement, the total number of permutations counted in the

1
increasing or&er, whereas the letters to the right of n are in decreasing order. The number of such

permutations is (}~]), which is the number of ways to choose the last k — 1 letters. Thus,

n—k
o Lyk(k—1)... n—1 —1)... . n—1
M = 3 (07w i+ ().
=L

n—k
n—1 - .
first case is E ( ) >N1k_(?f“2 1)"'l(n —1). In the second case, the letters to the left of n are in the
i—
i=t

Multiplying both parts of the equality by z"~!/(n — 1)! and summing over n, we get

0 _12..6k(k=1)..1, \ _ n—1\ z"!
Do 2178 @=2 (p_, (n—1)!

n>k+¢

=19 Ke) 1 k() =1
- ~1)..1 . - “1)...1 .
+Z<Z (Z—1>N1_32 (n_l)_z(l_1>NI—32 (n_l)) (n_l)"
n>0 \i=1 i=1
which leads to the desirable result. O

Proposition 19. We have

k+£—1

(i) Go2s""* (@) = HTIOM () + RS —
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(i) G335 V" @) = A @),
(iii) Ggslfgl)"'l’e(e_l)"'l(a:) = ghtt-10H 1 (z) + %, where m = maz(k,£).
(iv) the generating function G2-13(2,y,2) = 3y r>0 Gé%i’ék’e(e_l)"'l(x)y’“ze for the sequence
{Géi’ék’l(l_l)”'l(:U)}k,gzo (where k and £ go through all natural numbers) is
T—aly+2) "V TPV Uy C@) A —2:C) )

Proof. By [Claes], to avoid the pattern 2-13 is the same as to avoid the pattern 2-1-3. Thus we can
apply the results of Proposition 11. O

Proposition 20. We have

0, ifk>3 ort>3,
Eu'“k(.'L') ’Lfé =1
k, £ - ) ’
() B0 = B, ifk=1,

lﬁtE£3()ﬁ4—y, ifk=2and (=2,
where E12:5F (x) and Ef%5%(z) are given by [KitMans, Proposition 10] and [KitMans, Proposition 6]
respectively:

(0, if k>3,
k :L'd
z2 1—jz)* , ifk=2,
Ef3k(z) = on ;) 1—2)(1-22)...(1—da)
> a k=1
) 7, =1y
| & 0-2)1-22)...(1—da)
07 ka Z 3:
Ei%3t (@) = B30 @) = § e [y e (et 1) dt, if k=2,
e 1, ifk=1.
(i) N1ZhtE-Dl gy
0, if k>3,
0, ifk=2andn </,
n—2
-1
N1122gz 1)(£—2).. 1( -1+ Z (n 1>N11_223(n -7), ifk=2andn>0+1,
jmtt1 M T
NV (), ifk=1,

where the numbers Nfé% 1)"'l(n) are given in [KitMans, Proposition 9], and the numbers N1%5(n) are

given by expending the exponential generating functions in [KitMans, Proposition 6].



ON MULTI-AVOIDANCE OF GENERALIZED PATTERNS 21

0, ift>3
oy k(K ¥ _ ML
(iii) E1(23 R (z) = k—1)! 1)' fo fo tmb=t e ="M dmdt + 2613_1_1)17 ifl=2,
e” k—1_—e if ) —
(e J(k—1)) [y tF e +t ot if£=1
where Ef_(fgl)"'l’l(n) = f(§3 b-- n ) is given by [KitMans, Proposition 4], and Nlllg(f_l)'”l(n) =

Nfé{gl)“'l(n) is given by [KitMans, Proposition 9];
(iv) Fork>2 and £ > 2, Effg;l)“'l’wfl)“'l(x) satisfies

-1
O _k(k—1 L.1,0(6—1)...1 k(k—1)...1,(£—1). 1 Tt k(k—1)...1 Tk
%E1—(23 S b ) = E1—(23 Sl T 1(23 s (z) + E-11)
=0
Proof.

Beginning with k(k—1)...1 and ending with 12...¢: If £ > 3 then EF(E, D-1124(5) — 0 since

in this case the pattern 12...¢ does not avoid 1-23. If £ = 1 then we use [KitMans, Proposition 4],
since in this case the only restrictions to the permutations are avoiding 1-23 and beginning with the
pattern k(k —1)...1. Suppose now that £ = 2 and an (n + 1)-permutation 7 avoids 1-23, begins with
k(k—1)...1 and ends with the pattern 12. The letter 1 must be in next to the rightmost position, since
otherwise this letter and two rightmost letters form the pattern 1-23. We can choose the rightmost
letter of 7 in m ways, and the letters to the left of 1 must form a 1-23-avoiding permutation that
begins with k(k—1)...1. Besides, if n = k, and the k — 1 letters to the right of 1 are in the decreasing
order, we get n extra permutations that satisfy our restrictions. Thus,

Nf—(2k3_1)m1’12(” +1) = ”Nf(2k3 b 1( ) +nbn k,
where 0, is the Kronecker delta. Multiplying both sides of the equality by 2™ /n! and summing over
n we get

k.’L‘k+1
Eh(k=1)...1,12 :/ R dt + ‘
1-23 (z) o 1-23 ( ) 7(k+ 1)!
k(k—1)...1

Using the formula for Ej 55 (t) in [KitMans, Proposition 4], we get the desirable result.

Beginning with 12...% and ending with 12.../: The first three cases are easy to prove in the
same manner as we do in the proves of previous propositions. The only interesting case is when
k =2 and £ = 2. Using the reverse and complement operations, instead of considering avoiding 1-23,
beginning with 12 and ending with 12, we consider avoiding 12-3, beginning with 12 and ending with
12, which we find to be more easy. Suppose an (n + 1)-permutation 7 satisfies all the restrictions. It
is easy to see that |7| # 1 and |7| # 3, as well as if |7| = 2 (that is n = 1) then 7 must be 12. Suppose
|| > 4. Since m begins with the pattern 12, it is impossible for the letter (n + 1) to be somewhere to
the right of the second letter of 7 or to be the leftmost letter. Thus, (n 4+ 1) must be in the second
position. We can choose the leftmost letter of 7 in n ways, since any choice of this letter will not lead
to an occurrence of the pattern 12 — 3 beginning with two leftmost letters. If 7 = a(n 4+ 1)7’ then 7’
must avoid 12-3 and end with the pattern 12. The number of such permutations, using the reverse
and complement, is given by N12,(n — 1). Thus,

Multiplying both sides of the equality by z"/n! and summing over all n, we get
(Biyg (7)) = 2E{%y(z) + =,
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where the term z corresponds to the permutation 12. We have the desirable result by integrating
both sides of the last equality.

Beginning with 12...k and ending with £(£ —1)...1: All the cases but k =2 andn > £+1
are easy to prove. Let us consider this case. Using the reverse and complement operations, instead of
considering avoiding 1-23, beginning with 12 and ending with £(£—1)...1, we consider avoiding 12-3,
beginning with £(£—1)...1 and ending with 12, which we find to be more easy. Let an n-permutation
7 satisfies all the conditions. We observe, that the letter n is either in the first position, or in position
7, where k+1 < j < n—2, or in the last position. Obviously, in the first of these cases the number of
“good” permutations is given by Nl(é 31)((3 2.1, %(n—1), which is equivalent to Nfég D(E=2).. T(n-1)
by using the reverse and complement. In the second case, we choose the letters to the left of n in
(’;:11) ways, rearrange them to the decreasing order (we do it since otherwise we have an occurrence of
the pattern 12-3 having the letter n). After that, the letters to the right of n must form a permutation
that avoid 12-3 and end with the pattern 12. Using the reverse and complement, there are N2, (n—j)
such permutations. So, totally, in the second case there are Z —e e ( )N1 %3(n — j) permutations.

Finally, if n is at the last position, we have the only one such permutatlon since the other letters
must be in the decreasing order.

Beginning with k(k —1)...1 and ending with /(¢ —1)...1: The only interesting case here is the
case k > 2 and ¢ > 2. Using the reverse and complement operations, instead of considering avoiding
1-23, beginning with k(k—1)...1 and ending with £(£—1)...1, we consider avoiding 12-3, beginning
with £(£—1)...1 and ending with k(k—1) ...1, which we find to be more easy. Let an n-permutation
m satisfies all the conditions. We observe, that the letter n is either in the first position, or in position
j, where £+ 1 < j < n — k, or in the last position n — k + 1. We proceed as in the previous case to
get the following

B ) n—1
%1) 1,k(k—1)...1 N(l 1) 1,k(k—1).. 1 Z ( ) 1Ic(2k3 1)...1(n—z)+(k_1>,
i=£+1

where three terms in the right-hand side correspond to the three cases described above. We now
multiply both sides of the equality by z™/n!, sum over n and observe the following detail. We cannot
write instead of i = £+ 1 (in the sum above) i = 1 as we did in most of the cases above, since, for
instance, the case ¢ = 1 do not necessarily make the term of summation equal 0 as it was before.

-1
x
Thus, instead of the factor e”, we have the factor (e”” — E ,—'> d
i!
=0

8. AVOIDING A PATTERN XY-Z, BEGINNING AND ENDING WITH CERTAIN PATTERNS

SIMULTANEOUSLY
Proposition 21. We have
. 12...k,12...¢ k40—1 1041 m_pkte—1
(i) Gi3% (z) = "0 (z) + 2 Tz

(i) G135V (@) = MO ().

(iii) Gfé’f;l)"'l’e(l_l)"'l(m) = ghtt=10k1(g) 4 22=2 7" "where m = max(k, ).
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(iv) the generating function Gi3—2(x,y,2) = 3 4 40 Glfélfz_l)"'1’12"'e(z)ykze for the sequence
{G’fég_l)"'1’12"'1(1’)}19,@20 (where k and € go through all natural numbers) is
1

C(z) -1 >

(w(y TETV Y 00 A - 220@)

1—2z(y+2)

Proof. We apply the reverse and complement operations and then use the results of Proposition 19.
For example, to avoid 2-13, begin with 12...k and end with 12...Z is the same as to avoid 13-2, begin
with 12...7 and end with 12...%. d

Proposition 22. We have
(i) Bkt (2) = BR2:5%(2) is given by [KitMans, Proposition 14]. For £ > 2, ExzF1%4(x) satisfies

0 i2.k12.0 — -

%E21—3 ' (z) = (ez - 2 F) E%5t (@) + emgmen(bh) -1,

i
where E}%;5¢(x) = Eﬁ(_‘i;”"'l (x) is given by [KitMans, Proposition 5].
(ii) For £ > 2, E;f'_ék’l(g_l)"'l(x) satisfies
S B ) = ( -y ”“"—,) Bl () + ( -y “—,) %
=0 '

where Ef(_ggl)l(x) is given by [KitMans, Proposition 4].
(iii) Efl(lfgl)"'l’lz"'e(x) satisfies

ezt t" .
okt k(k—l)...1,12...£( ) = e fye© Z o dt, if£>2,
Hph—172173 T) = n>e-1

e 1, if0=1.

(iv) E§{’fg1)"'1"(“1)“'1(w) satisfies

k-1 Ek(k—l)...l,l(lfl)...l($) _ gmaz(k,l) _ ghti-1 _ (;_el)! JotTreme t dt, if 22,
ogh—1 \ 7213 -z et 1, if€=1.

Proof. We apply the reverse and complement operations and then use the results of Proposition 18.
For example, to avoid 1-32, begin with 12...k and end with 12.../Z is the same as to avoid 21-3, begin
with 12...7 and end with 12...%. d

Proposition 23. We have

0, ifk >3 ort>3,
Ei2:5%(x) ifl=1

o 12k 1200, N 1223 (T), )

B B @) =Y m%t(a), ifk=1,

[T tE%s(t) dt+ 2, if k=2 and £=2,
where Ei2:5%(x) and E{%5*(z) are given in Proposition 20.
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0, if k>3,
.s 2...k,£(£-1)... _ t_m 241 i
(i) E11f23 (£-1) 1(.%') _ ﬁ fox f(f tmt—lee" —€™+m g dt + %7 ifk=2,
(e /(= 1)) fy #* e+ dt, ifk=1;
(IV) NIICZ(Z;I)I,12Z(”) —
0, if £>3,
0, if =2 and n <k,
n—2
—1)(k— -1
L4+ N5 T -1+ Y (’7 1)N§}21(n —§), ift=2andn>k+1,
j=k41 N T
N ), ife=1,
where the numbers leQ(lcg_l)"'l(n) are given in [KitMans, Proposition 9], and the numbers N3l,, (n)

are given by expending the exponential generating functions in [KitMans, Proposition 6].

(iv) Nfﬁ;l)'“l’l(n) = Nfﬁ;l)“'l(n) is given by [KitMans, Proposition 9], and Nlléli(;_l)'“l(n) =
Nfg;l)'"l(n) is given by [KitMans, Proposition 4]. For k > 2 and £ > 2, Efélfgl)"'l’l(hl)"'l (z)

satisfies

0 _k(k—1)...1,6(£—1)... k—1)...1,6(¢—1)... . S 2(e—1)... zt
gg Blsa T @) = B 1<x)+(e -2 ) (B @+ o)

=0

Proof. We apply the reverse and complement operations and then use the results of Proposition 20.
For example, to avoid 1-23, begin with 12...%k and end with 12...Z is the same as to avoid 12-3, begin
with 12...¢ and end with 12...k%. d

9. FURTHER RESULTS

In this section, we propose two directions of generalization of the results from the previous sections.
The first one is a consideration of avoiding more than one pattern, beginning with some pattern and
ending with another pattern. For example, suppose that v = 12-3, w =21-3,p=12... k, q=12.. .4,
and EP»d (x) denotes the exponential generating function for the number of permutations that avoid
the patterns v and w simultaneously, begin with the pattern p and end with the pattern ¢. It is easy
to see that if k > 3 or £ > 3 then Ei§_3’“2’11_23l(m) = 0. For the other k¥ and ¢, one can prove the

following theorem:
Theorem 24. We have

(i) Ei3ig01-5(2) = prte’/2 _ 1.
(il) Bl32 5 5(x) = ete’/2 (1 ret /2dt) L

(i) B122% 51 o(2) = [ tet+4/2dt,

(V) Briy'si-5(@) = 32° + f7 [et+t2/2 (1 - fot e—T—r2/2d7‘) - 1] dt.

The second direction is a consideration of permutations in S, containing a pattern v exactly r times,
beginning with some pattern and ending with another pattern. For example, suppose that v = 12-3,
r=1,p=1...k,q=1, and N};J(n) denotes the number of n-permutations that contain the pattern
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v exactly r times, begin with the pattern p, and end with the pattern ¢. It is easy to see that the only
interesting case is 1 < k < 3, since otherwise N1122_“3‘£’1(n) = 0. Moreover, one can prove the following
theorem:

Theorem 25. Let F,, denote the number of n-permutations containing 12-3 exactly once. Then, for
alln >3,
1,1 _ 12,1 _
N1122—33;11(”) =F, 12—3;1(”) =n—-1)F,-1+n—2)By s,
le—é;l(”) =(n—2)B,_3,
where By, is the nth Bell number, and F, is given by [ClaesMans2, Corollarly 13].
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