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ABSTRACT

In [D] Dumont showed that certain classes of permutations on n letters are counted by the Genoc-
chi numbers. In particular, Dumont showed that the (n + 1)st Genocchi number is the number of
permutations on 2n letters with the following properties: (1) each even integer must be followed by
a smaller integer (this rule disallows the sequence from ending with an even integer), (2) each odd
integer is either followed by a larger integer or is final in the sequence. We call such permutations by
Dumont permutations of the first kind. In this paper we study the number of Dumont permutations
of the first kind on n letters avoiding the pattern 132 and avoiding (or containing exactly once) an
arbitrary pattern on k letters. In several interesting cases the generating function depends only on k.

Keywords: Dumont permutations, restricted permutations, generating functions.

1. INTRODUCTION

Classical patterns. Let o € &,, and 7 € &} be two permutations. We say that a contains 7 if
there exists a subsequence 1 < iy < s < --- < i < m such that (aj,...,a;,) is order-isomorphic
to 7; in such a context 7 is usually called a pattern. We say that a awvoids 7, or is T-avoiding, if
such a subsequence does not exist. The set of all 7-avoiding permutations in &,, is denoted &, (7).
For an arbitrary finite collection of patterns T, we say that a avoids T if a avoids any 7 € T; the
corresponding subset of &,, is denoted &,,(T).

While the case of permutations avoiding a single pattern has attracted much attention, the case of
multiple pattern avoidance remains less investigated. In particular, it is natural, as the next step,
to consider permutations avoiding pairs of patterns 71, 75. This problem was solved completely for
71,72 € B3 (see [SS]), for 1 € &3 and 2 € G4 (see [W]), and for 71,72 € Sy (see [Bol, Km]
and references therein). Several recent papers [CW, MV1, Kr, MV2, MV3, MV4] deal with the
case Ty € B3, 7o € &y for various pairs 71,7>. Another natural question is to study permutations
avoiding 7, and containing 7» exactly ¢ times. Such a problem for certain 7,7 € &3 and t = 1 was
investigated in [R], and for certain 7y € &3, 75 € &y, in [RWZ, MV1, Kr]. The tools involved in these
papers include generating trees, continued fractions, Chebyshev polynomials, and Dyck words. Also,
the tools involved in these papers include many sequences, for example sequence of Catalan numbers,
Fibonacci numbers, and Pell numbers.
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We denote the nth Catalan number by C, = -L (2”) The generating function for the Catalan

n+l\n

numbers is denoted by C(), that is, C(z) = 3 50 Cna™ = 1-vi-dz 3;‘4”.

Generalized patterns. In [BS] introduced generalized permutation patterns that allow the require-
ment that two adjacent letters in a pattern must be adjacent in the permutation. We write a classical
pattern with dashes between any two adjacent letters of the pattern, say 1342, as 1-3-4-2, and if we
write, say 24-3-1, then we mean that if this pattern occurs in permutation 7 € &,,, then the letters
in the permutation m that correspond to 2 and 4 are adjacent (see [C]). For example, the permuta-
tion m = 35421 has only two occurrences of the pattern 23-1, namely the subsequences 352 and 351,
whereas 7 has four occurrences of the pattern 2-3-1, namely the subsequences 352, 351, 342, and 341.

Claesson [C] presented a complete solution for the number of permutations avoiding any single gener-
alized pattern of length three with exactly one adjacent pair of letters. Claesson and Mansour [CM]
presented a complete solution for the number of permutations avoiding any double generalized patterns
of length three with exactly one adjacent pair of letters. Kitaev [Ki] investigate simultaneous avoid-
ance of two or more 3-letters generalized patterns without internal dashes. Later, Mansour [M1, M2]
(for more details see [M3]) presented a general approach to study the number of permutations avoiding
1-3-2 and avoiding (or containing exactly once) an arbitrary generalized pattern.

Dumont permutations. Dumont [D] showed that certain classes of permutations in &,, are counted
by the Genocchi numbers (see [SP, Sequence A001469(M3041)]). Dumont showed that the (n + 1)st
Genocchi number is the number of permutations in &,,, with the following properties: (1) each even
integer must be followed by a smaller integer (this rule disallows the sequence from ending with an
even integer), (2) each odd integer is either followed by a larger integer or is final in the sequence. We
call such permutations by Dumont permutations of the first kind. For example, 2143, 3421, and 4213
are the all Dumont permutations of the first kind of length 4.

Dumont [D] defined another type of permutations in &,, and showed that the (n + 1)st Genocchi
number is the number of permutations in &,,, with the following properties: (1) m; < 4 for any even
position i, (2) 7; > ¢ for any odd position ¢. We call such permutations by Dumont permutations of
the second kind. For example, 2143, 3142, 4132 are the all Dumont permutations of the second kind
of length 4.

Remark 1.1. Let 7w € &,, be any Dumont permutation of the second kind; since o < 2 we get mo = 1.
Hence, it is easy to see that there are no Dumont permutations of the second kind in &,(132) for all
n > 4. So, in this paper we discus only the case of Dumont permutations of the first kind.

We define for all r» > 2,
szr—l(x)
1—22Q,—2(z)’

We denote the solution of Recurrence 1.1 with Qo(z) = 0 and @Q1(z) = 1 by F,.(z), and we denote
the solution of Recurrence 1.1 with Q¢(z) = Q1(xz) = 1 by G.(z). For example, Fy(z) = 1 + 22,

(L1) Qo) =1+

F3(z) = }Jj;:, Ga(z) = 173, and G3(z) = 1(131%";4. Evidently, F,.(z) and G,(z) are a rational
functions in z2, and for all r > 1,
r—1 2j r—1 2j
T T
(1.2) F.(z)=1+ — and G.(z) =1+ — )
j:zl 121 (1—2?F(2)) S 21— 22G (@)
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Example 1.2. Using Recurrence 1.1 it is easy to see that

Fi(Vz) =Y (farz+ fo—2)2" and Gs(vVz) =1+z+ Y _(3-2" 2 —1)z",

n>0 n>2

where f, is the nth Fibonacci number.

Organization of the paper. In this paper we use generating function techniques to study those
Dumont permutations of the first kind which avoid 132 and avoid (or contain exactly once) an arbitrary
pattern on k letters. In several interesting cases the generating function depends only on k.

The paper is organized as follows. The case of Dumont permutations of the first kind avoiding both
132 and 7 is treated in Section 2. We present a simple structure for any Dumont permutation of
the first kind avoiding 132. This structure can be obtained explicitly for several interesting cases,
including classical patterns and generalized patterns. This allows us to find explicitly some statistics
on Dumont permutations of the first kind which avoid 132. The case of avoiding 132 and containing
another pattern 7 exactly once is treated in Section 3. Again, we find explicitly the generating function
for several interesting cases of 7, including classical patterns and generalized patterns.

Most of the explicit solutions obtained in Sections 2-4 involve the generating functions Fj(x) and
Gk (.’L‘)

2. DUMONT PERMUTATIONS OF THE FIRST KIND WHICH AVOID 132 AND ANOTHER PATTERN

Let D (n) denote the number of Dumont permutations of the first kind in &,(132,7), and let
D () = > ,50 D (n)z™ be the corresponding generating function. In this section we describe a
method for enumerating Dumont permutations of the first kind which avoid 132 and another pattern

and we use our method to enumerate Dgl)(n) for various 7. We begin with an observation concerning
the structure of the Dumnot permutations of the first kind avoiding 132 which holds immediately
from definitions.

Proposition 2.1. For anyw € @%1)(132) such that m; = n, there holds one of the following assertions:

1. if n is odd number then w = (', n), where ©' € 92121(132);

2. if n is even number then m = (7',n,n"") such that ©' is a Dumont permutation of the first kind
on the numbersn —j+1,n—j+2,...,n—1, @ is nonempty Dumont permutation of the first
kind on the numbers 1,2,--- ,n—j, and j =1,2,4,... ,n — 2.

2.1. 7 = @. As a corollary of Proposition 2.1 we find an explicit formula for the number of 132-
avoiding Dumont permutations of the first kind in &,,.

Theorem 2.2. The generating function for the number of 132-avoiding Dumont permutations of the
first kind in &, is given by (1 + 2)C(x?). In other words, the number of 132-avoiding Dumont
permutations of the first kind in &y, is given by C, /s, which is the [n/2]th Catalan number.

Proof. By Proposition 2.1, we have two possibilities for block decomposition of an arbitrary = €
@%1)(132). Let us write an equation for Dg)(:c). The contribution of the first decomposition above
equals

Z @2) (2n+ 1)2*" ™ =g Z Dg)(Zn)mM,

n>0 n>0
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equivalently,
(2.1) 95 (@) -9 (~2) = 2(D5) () + DL (-a)).
The contribution of the second decomposition above equals
Yo ene® =3 2 @2n - 122 + 3 Y 25 (25 + 125 (2n + 2 - 2j)z*",
n>1 n>1 n>1j=0
equivalently,
D4 (2) + 95 (—a) -2 =
= 2Dy (2) - DL (—2)) + £ (2) - D5 (-2)) (DY (2) + DG (—) - 2)
By putting 953” (z) = (1+ z)A(z) in Equations 2.1 and 2.2 it is easy to see that A(z) = C(z?). O

(2.2)

2.2. A classical pattern 7 = 12...k. Let us start by the following example.

Example 2.3. By definitions we have @P () =1 and 59?2) () =1+ =z + 2%

The case of varying k is more interesting. As an extension of Example 2.3, let us consider the case
T=12...k.

Theorem 2.4. Let Ay(x) = %(@glz)k(:c) —I—@%)mk(—:c)) and By (z) = %(@glz)k(w) — @glz)k(—w)) for
all k> 0. Then

Ap(z) = Fy(z),  Bi(z) =2Fi1(z), and D) ,(z) = Fu(z) + 2Fp_1(2).

Proof. Using the same arguments as in the proof of Theorem 2.2 we get

D0 k(@) =D (=) =28 (@) + D) 11y (-2)),

and
D1 4(0) + 01 x () =2 = 2@y (@)~ DU (Ca+
+3®8) ey @ =) oy ()@ (@) + D) (—2) - 2).
The rest is easy to check by the definitions of Ay and By. O

Example 2.5. Theorem 2.4, for k = 3, yields 9?2)3 (z) = % In other words, the number of
132-avoiding Dumont permutation of the first kind in &,,(123) is given by 1+(—1)" for alln > 4, and 1
forn =0,1,2,3. An another example, Theorem 2.4, for k = 4, yields 9?2)34 (z) = 1+%fif)2({3”;62t’;1§$8
In other words, the number of 132-avoiding Dumont permutation of the first kind in &,(1234) is
Inj242+ fnj2—2 if n is even number, otherwise 2 for all n > 2, where f, is the nth Fibonacci number.

As an extension of Theorem 2.4, let us define
12...5
m($1,$2,$3,...): Z H;L'l J(Tr),
reDM) j>1

where ®(1) is the set of all Dumont permutations of the first kind of all sizes including the empty
permutation, and 7(7) is the number of occurrences of 7 in 7. Let

A(l)($1,$2,$3,...) = %(Ql(xl,x%xg,...) +Q[(—£L'1,ZU2,.CE3,...)),
B(l)($1,$2,$3,...) = %(m($1,$2,$3,...) —Q[(—.’L'l,xg,mg,...)).

Using the same arguments as in the proof of Theorem 2.4, we obtain the following.
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Theorem 2.6. We have

22 AW (2o, Tow3, T3 T4, - .. )

1
A( )(.’1,'1,.'112,.’1}3,...)214- 2 A(l) ) 5 3 ,
1 — 220 AN (12523, o X524, T3T3T5, - - - )

and

B(l)($1,$2,$3, .. ) = .'L'lA(l) (.’L‘1£U2,$2.733,£L'3$4, PN )

Aa an application to Theorem 2.6, for z; = z and z; = 1, j > 2, we get that
BW(z,1,1,...) =AW (z,1,1,...),

and

AW (z,1,1,...) = ————— = C(z?).

Hence, we have D3 (z) = (1 + 2)C(2?) (see Theorem 2.2).

An another application for Theorem 2.6 is the number of right to left maxima. Let 7 € &,,, 7; is a
right to left mazima if m; > w; for all i < j. We denote the number of right to left maxima of 7 by
rlm(m). In [BCS, Proposition 5] proved

Irm(m) = > 12...j(m)(=1) 7"
i1
Therefore,

D7 almlyt ™ = Ay, g~y
reDM)

together with Theorem 2.6 and AW (z,1,1,...) = C(x?) we get
Z x\7r|yrlm(7r) =1+ CL’C(SL’2)y + Z$2n—20n—1(w2)yn‘
€D n>2

Corollary 2.7. The generating function for the number of Dumont permutations of the first kind
avoiding 132 and having exactly k right to left mazima is given by x2*~2C*1(22) for all k > 2, and
ok Ck(2?) for k=0, 1.

2.3. A classical pattern 7 = 2134...k. Similarly as in Theorem 2.4, we obtain the case 7 =
2134.. . k.
Theorem 2.8. For all k > 2,

Diis. 4(@) = Gioa (@) + 2Gia.

Example 2.9. Theorem 2.8 for k = 3,4 yields 9211)3 (z) = % and 9211)34(30) = %
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2.4. A generalized pattern 12-3----- k. In this subsection we use the notation of generalized pat-
terns (see Section 1). For example, we write the classical pattern 132 as 1-3-2.

By definitions, we get @92) (z) = 1+z+2z2 So, by the same arguments as in the proof of Theorem 2.4,
together with

o) (@) = D) =142+,
we obtain the following.

Theorem 2.10. For all k > 1,
D 1(®) =D 5 (@) = Fi(@) + 2Fy1 (2).

A comparison of Theorem 2.4 with Theorem 2.10 suggests that there should exist a bijection between
the sets 6,(1-3-2,12-3----- k) and &,(1-3-2,1-2-3-----k). However, we failed to produce such a
bijection, and finding it remains a challenging open question.

Now, let us define

B(z1,T2,T3,...) = Z x}(”) H m}2-3—...—j(7r)7

wed ™) j22

where ®(1) is the set of all Dumont permutations of the first kind of all sizes including the empty
permutation, and 7() is the number of occurrences of 7 in 7. Let

A(Q)(l'l,xQ,SL'g,. ) = %(%($1,.’L‘2,.’E3,.. ) + %(—561,172,.’63,. )),
B(2)(.Z'1,$27.’L'3,. ) = %(%(ml,mg,m,. ) — %(—1'1,322,2737.. ))

Using the same arguments as those in the proof of Theorem 2.4, we get

Theorem 2.11.

31—z + 2, A® (T1, 223, 23%4,...))

A(2)x,$,$,... =1+ ,
(@1, 22,3,.) 1 — 2229(1 — zom3 + 2223 AP (21, 222324, 232325, ...))

and

2 2
B( )(.'13'1,5172,1113,.. ) =21 —T1Z2 +.’L'1.CE2A( )(561,332.733,:(]3:13'4 . )

Let 7 € 6,,; we say =; is a rise for w if m; < wjqq for all j =1,2,...,n —1. We denote the number of
rises of m by rises(w). By definitions, we have

Z x\7r|yrises(7r) =z—ay+(1+ ;py)A(Z) (z,y,1,1,...),
e ()

so an application for Theorem 2.11 we get

Corollary 2.12. The generating function ) o) zlmlyries(m) s given by
1+ zy — 22%y + 222y — (1 + 2y)\/1 — 422y
2.’13'2212 )
In other words, the generating function for Dumont permutations of the first kind avoiding 1-3-2 with

exactly k rises is given by Crz?**t!' + Cry122**2 for all k > 1, and 1 + z + 22 for k = 0, where C, is
the mth Catalan number.
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2.5. A generalized pattern 7 = 21-3----- k. In this subsection, we use the notation of generalized
patterns (see Section 1). For example, we write the classical pattern 132 as 1-3-2.

By definitions, we get @511) (z) = 1+ z. So, by the same arguments as in the proof of Theorem 2.4
together with

Dy (@) = DY (@) = 1 + 2,
we obtain the following.

Theorem 2.13. For all k > 2,

DN, (@) =D 4 (@) = Ghor(2) + 2G2(2).

A comparison of Theorem 2.8 with Theorem 2.13 suggests that there should exist a bijection between
the sets 6,(1-3-2,21-3----- k) and 6,(1-3-2,2-1-3-----k). However, we failed to produce such a
bijection, and finding it remains a challenging open question.

Now, let us define

&(z1, 22, 23,...) = Z m}(”) Hmfl—B—...—j(w),

7€D 1) i>2

where ®() is the set of all Dumont permutations of the first kind of all sizes including the empty
permutation, and 7() is the number of occurrences of 7 in 7. Let

A(3)($1,$2,m3,. ) =
B(3)(.’L'1,.1132,.CI]3, .- ) =

%(C($1,.’L‘2,.’E3, .. ) + Q:(—.’El,.’L'Q,Z'g, . )),
%(Q:(.’L‘l,IBQ,.’L'& .- ) — Q:(—.’L'l,.ivg,mg, .- ))
Using the same arguments as in the proof of Theorem 2.4, we get the following.
Theorem 2.14. We have

2229 AB) (21, 2ox3, 2324, . .. )

A®) L)=1 ,
(@1,22,33,..) + 1 — 2225 AG) (21, 222234, B335, . . . )

and

B(3)(IL'1,.’L'2,.’E3, . ) = $1A(3)(CE1,$2$3,$’3$4 .. )

Let m € &,; we say that m; is a descent for 7 if m; > 7y for all j =1,2,...,n — 1. We denote the
number of descents of m by descents(w). By definitions, we have

ST almydecentsm = (14 2) A (2,,1,1,...),
reD 1)

therefore an application for Theorem 2.14 we get

Corollary 2.15. The generating function ) o) zlmlydescents(t) s given by (14z)C (x2y). In other
words, the generating function for Dumont permutations of the first kind avoiding 1-3-2 with ezactly
k descents is given by Crx**+1 + Cra®**2 for all k > 0, where C,, is the mth Catalan number.
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2.6. A classical pattern 7 = 23...k1. Again, Proposition 2.1 gives a complete answer for 7 =
3...kl.

Theorem 2.16. For oll k > 3,

22(1+ )
1—22 —22F)_3(z)

D) (@) =1+z+

Proof. Using the same arguments as in the proof of Theorem 2.2 we get

DY (@) =D 1 (~2) = 2D 41 (@) + D) 4, (—x)),

and
0 () 4 0l g (=) =2 = 2D 1 (0) = Digl (=)
5 Do (ko) (@) = Do (42 (—2)) (D33 1 (#) + D5 g1 (—2) — 2).
The rest is easy to check by the definitions of Fj(x) together with Theorem 2.4. O

Example 2.17. Theorem 2.16, for k = 5, yields 9%)451(35) 0002’ ~2") 1 other words, the

1—2z2—x4
number of Dumont permutation of the first kind in &,(132,23451) is given by P, /), which is the
[n/2]th Pell number for all n > 2.

3. DUMONT PERMUTATIONS OF THE FIRST KIND WHICH AVOID 132 AND CONTAIN ANOTHER
PATTERN EXACTLY ONCE

Let 33(1)( ) denote the number of Dumont permutations of the first kind in &,(132) containing 7
exactly r times, and let 9(1)( ) =20 ’}D(l)( )z™ be the corresponding generating function.

3.1. A classical pattern 7 =12.. k.
Theorem 3.1. Let

z? 2 Fp_1(x)
— A
1= 22Fy_s(2) k-1(2) +

for all k > 2, where A1(z) =0 and As(x) = z*. Then for all k > 2

D) (@) = Ap(@) + 24 (2).

Ap(z) =

Ap2(x)

Proof. By Proposition 2.1, we have two possibilities for block decomposition of an arbitrary « in
@%1)(132). Let us write an equation for ©§12)k1(x) The contribution of the first decomposition

above is
1
Z ©§2) m(2n+1 =g Z CD12 (k=1); 1 2n)z",
n>0 n>0

equivalently

(3.1) 992).../@;1 (z) - lez)lm(_x) = x(gglz)...(k—nu (z) + 992)...(19—1);1(_5’3))'



RESTRICTED 132-DUMONT PERMUTATIONS 9

The contribution of the second decomposition above is

Y O @n)e’ = ) D) 1@n— 1)z

n>1 n>
+ Z>:1 Z 5)12 (k—1); 225+ l)gglz)...kﬂ@n +2 - 25)a?"+
n>1j=
+ 2;1 3 D) 1020+ DD 4 (20 +2— 2j)2?
n>1j=
equivalently
0Lt () + D13 4 (-2) = (D43 4 (0) = D13 gr (=) +
1 1 1
(3-2) +2(©12) (k—1); 1( z) — ©§2)...(k—1);1(_x))(©12...k;0( )+©12 kO( z) = 2)+
z 1 1 1
+2 (Qgg)___(kfl);o(m) - Qgg)___(k,l);o(—5’3))(©§2)...k;1( ) + 912 -k; 1( .’E))
Using Theorem 2.4, Equation 3.1, Equation 3.2, and Definition 1.1, we get the desired result. O
Example 3.2. Theorem 3.1 for k = 3 we get
5 2
1 z°(1+z — z?)
©g2)3;1( ) = 1— $2 )

and for k = 4 we get

DU (z) = 27(1+2— 32 +22° + 3% +32° — 2% +27)
1234;1 (1 _ mz)(l —r2_ :c4)2

As an extension of Theorem 3.1, let us consider the case r > 1. Theorem 2.6, for given k and r, yields

an explicit formula for Dg) k- (2). For example, for k =3 and r = 0,1,2, 3,4, we have the following.

Theorem 3.3. We have
1+ +zt—2°
(D) D ho(a) = 5

1— 22 ;
(i) (o) =TI,
(iil) D50 (2) = 2o (1 +2*)(1 2—12j37_2)22x2 _ 8 o) ;
(iv) ggz)s s(z) = rlres m2(:_—33232_)2334 —z°+ xe);

9 2 2 3 4_ .54 .6
1 z?(1+2?)(—1 — 3z + 32* + 32° — 3z* — 2° + z)
(V) ©§2)3;4(.Z') = (1 . .732)2 .

3.2. A classical pattern 7 =2134...k. Similarly to Theorem 3.1, we have
Theorem 3.4. Let

Ap(z) = z? 2*Gr_1(z)

—_— Ay
—G@ T T- eGP
for all k > 4, where A;(x) = Ay(x) = 22 and Az(x) = 1f4zg. Then, for all k > 2,

D, 1 (@) = Ag(@) + 2 Apy (2).

Ap2()
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3.3. A generalized patterns 7 = 12-3----- k and 7 = 21-3----- k. Similarly to Theorem 3.1, we
get
Theorem 3.5. Let
z? ot Fy_1(z)
A = A}

K@) =72 2F_o(z) " 1(2) + (1= 22F_»(z))
for all k > 4, where A1 (x) = 2% and Az(x) = 22*. Then, for all k > 2,

D o (@) = Ak (@) + 2441 (2).

3 Ak_z (Z‘)

As an extension of Theorem 3.5, let us consider the case r > 1. Theorem 2.11, for given k and r,

yields an explicit formula for 9?2)_3_.__,“”(3:). For example, for k =3 and r = 0,1, 2, 3,4, we have the
following.

Theorem 3.6. We have

. 1 1+z+at—2b
(i) @gz)-&o(ﬂf) =—1_2
5 2 3 4
(1 z°(2+ 3z — 42* — 2° + 22%)
(ii) ©$2)—3;1($) = (1—22)2 ;
7 2 3 4 5 6
e (1 z'(2 + 2z — 62° — z° + 62* + 2° — 22°)
(111)5)&2)_3;2(3}) = (1 _ $2)3 ;
: (1) 27 (3 + 5z — 10z% — 92° + 102" + 32° 4 427 — 52° — 2° + 2210)
(iv) 912—3;3 (z) = (1—22)* ’
1 22(5 + 52 — 2322 — 72® + 402* — 25 — 302°% + 527 + 528 — 29 4 5210 + 2! — 2212)
) _
(v) Digoga(@) = (1—z2)5 ’
Similarly to Theorem 3.1, we have
Theorem 3.7. Let
z? 2Gr_1(x)
Ak({l’,’) = mAk_l(w) + ZA];;_Q(ZL')

(1 — 22Gp—2())
for all k > 4, where A;(x) = Ay(z) = 22, A3(z) = %, and Ay(x) = zj(fgf;) Then, for all k > 2,
©§11)—3—---—ku(33) = Ap(z) + zAp_1(2).

As an extension of Theorem 3.7, let us consider the case r > 1. Theorem 2.14, for given k and r,
yields an explicit formula for @gll)_:;__,_k;r(x). For example, for kK =3 and r = 0,1, 2, 3,4, we have the
following.

Theorem 3.8. We have

. 1 14+z+z*—2°
(i) 951)—3;0(5”) = W;
. 23(1 + x — 2
(ii) ©g11)—3;1(37) = (1_—332);

5 2 3 4
oy (1) _2(1+2rx—22° —2° +2%)
(iii) Z)21—3;2(5’7) = (1—22)2 ’
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5 2, .3 _,4_ .5, 6
) (1) C(l+zr—a’+2° -2 —2°+2°)
(iv) 921-3;3(55) = (1—22)? ’

7 2 5 6 4 7 _ 8
1 2" (14 2z — 22 — 22° + 22° + 27 — 2%)
(v) 921)—3;4(5”) = (1—z2)3 :

4. FURTHER RESULTS

Here we present three different directions to generalize the results of the previous sections. The first of
these directions is to consider one occurrence of the classical pattern 132. For example, the following
result is true.

Theorem 4.1. There does not exist a Dumont permutation of the first kind containing 132 (classical
pattern) ezactly once.

Proof. Let m = (n',n,7") be a Dumont permutation of the first kind of length n, which contain the
pattern 132 exactly once. It is easy to see that there does not exist a Dumont permutation of the first
kind where n = 0,1,2,3. Suppose n > 4, and let us assume by induction on n that there does not
exist a Dumont permutation of the first kind of length m < n — 1 containing 132 exactly once. To
prove this property for n, let us consider the following two cases together with using Proposition 2.1:
n is either an even number, or n is an odd number.

1. Let n be an odd number. Since 7 is a Dumont permutation of the first kind, we get 7'’ = &, so
7 contains 132 exactly once if and only if 7’ contains 132 exactly once.
2. Let n be an even number. Since 7 is a Dumont permutation of the first kind we have " # &.
Now, let us consider two cases: either n does not appear in the occurrence of 132, or n does it.
(a) Let the occurrence of 132 does not contain the element n. So, every element of 7' greater
than every element of 7. Therefore, either 7’ is a Dumont permutation of the first kind
of length m < n — 2 contains 132 exactly once, or 7" is a Dumont permutation of the first
kind of length m < n — 1 contains 132 exactly once.

(b) Let the occurrence of 132 contains the element n. So, 7 = (7', a,n, 7", a+1,7") (see [MV4])
such that 7, = n and w4 = a + 1, where every element of 7’ is greater than every element of
7" and every element of 7’ is greater than every element of 7', Since n is even number and
maximal in © we have that a is an odd number, so a + 1 is an even number. Therefore, by
using Proposition 2.1 we get that p,q are even numbers, (7', a) is of odd length, and 7" is
of even length. On the other hand, ¢ = p+ 1+ |7"|, so ¢ is an odd number, a contradiction.

Hence, by induction on n we get the desired result. O

The second direction is to consider more than one additional restriction. For example, the following
result is true.

Theorem 4.2. Let k > 2. The generating function for the number of Dumont permutations of the
first kind in 6,(1-3-2,1-2-3-- - -k, 2-1-3- - - -k) is given by

Gi_1(z) + 2Gp_2(x).
A comparison of Theorem 4.2 with Theorem 2.8 suggests that there should exist a bijection between

the sets &,,(1-3-2,2-1-3-- - --k) and &,,(1-3-2,1-2-3 - - - -k, 2-1-3- - - - -k). However, we failed to produce
such a bijection, and finding it remains an open question.
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The third direction is to consider another 3-letter pattern instead of 1-3-2.

Theorem 4.3. The number of Dumont permutation of the second kind in &,(3-2-1) is the same as
the number of Dumont permutation of the first kind in &,(2-3-1) (or in &,(3-1-2)) which is equal to

Cln/21-
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