ON STABILITY AND STRONG CONVERGENCE FOR THE SPATIALLY HOMOGENEOUS
BOLTZMANN EQUATION FOR FERMI-DIRAC PARTICLES

XUGUANG LU AND BERNT WENNBERG

ABSTRACT. The paper considers the stability and strong convergence to equilibrium of solutions to the spa-
tially homogeneous Boltzmann equation for Fermi-Dirac particles. Under the usual cut-off condition on the col-
lision kernel, we prove a strong stability in L!-topology at any finite time interval, and, for hard and Maxwellian
potentials, we prove that the solutions converge strongly in L' to equilibrium under a high temperature condi-
tion. The basic tools used are moment production estimates and the strong compactness of collision gain term.
Key words: Boltzmann Equation, Fermi-Dirac particles, stability, strong convergence, equilibrium.

1. INTRODUCTION AND MAIN RESULTS

The classical Boltzmann equation, describes the evolution of a phase space density of particles, under
the assumption that they only interact by pairwise (elastic) collisions. Under suitable hypotheses it is then
possible to derive the following equation,

a ! pl
5f+v~vzf = //]RSXS2 B(v — v, ){f' fi — f[etdwduv, . (1.1)

Here f = f(x,v,t) > 0 is a density in phase space; normally z € Q C R?, and v € R3. In the collision
integral in the right hand side, f’ denotes f(x,v’,t), et.c. where (v/,v}) and (v, v,) denote the velocities
of two particles before and after a collision. All this is described in more detail below.

From now on in this paper, only the spatially independent case is considered, and hence f = f(v,t),
and the term v - V f disappears.

The right-hand side of (1.1), the collision operator, is quadratic, because the only interactions considered
are binary collisions, and the corresponding equilibrium distribution is the Boltzmann-Maxwell distribution
(centred around a mean velocity u; R is the gas constant),

_ P —jv—u|?/2RT
M(v,t) = ORIV e
When quantum effects must be taken into account, then particles in equilibrium satisfy either Bose-Einstein
statistics or Fermi-Dirac statistics. In the latter case, which is the only one studied in this paper, the Pauli
exclusion principle holds. According to this, only one particle is allowed in each one of available quantum
states, and then the equilibrium distribution is either of the form

aefb\vao\z

M(’U) :F&a,b(’l)) = m, 5,a,b> 0, (12)
or a characteristic function
e lv] < a
M(v) = { 0 otherwise (1.3)

A modification of the Boltzmann equation that takes into account the Pauli exclusion principle is
0
0= [[ Bl vew) < (PR 0= 28— F0 - e )0 - o) dudo. . (1)
R3x .52

Here € = (h/m)3/g, where h is the Planck constant, and m and g are the mass and “statistical weight”
of a particle. In equation (1.4), the factor (1 — e f) is a ratio which decreases the probability that two Fermi-
Dirac particles share a small common velocity region. From a mathematical point of view, one can easily
normalise the equation in such a way that ¢ = 1, and most of the results of this paper are fully independent
of such a rescaling. However, one of our main results, Theorem 2, states that, when no rescaling is carried
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out, then the solutions of (1.4) converge to solutions of (1.1) as € — 0, and hence we keep the factor € in
most cases.

This modified Boltzmann equation is from now on called the Boltzmann-Fermi-Dirac equation (or
Boltzmann-FD equation).

The physical properties of equation (1.4), and its derivation, are discussed e.g. in [11], chapter 17. A
nice review of properties of quantum and relativistic versions of the Boltzmann equation, as well as new
results on for example equilibrium distributions et.c. is [16]. The classification of equilibria to (1.4) was
obtained in [20]; of course the importance of the Fermi-Dirac distribution was recognised much earlier (see
e.g. [26]).

In order to proceed, we define, in turn

My(ft) = [ fetyan, vy = MLO [ty

M) = [ Fwtl - wfdo (15
]R3
and then the temperature ' of the gas, and the Fermi-temperature, T (see [11] and [28], page 43-44):

_m Ma(fo) :<3Mo<fo>)2/3, n_
3k Mo(fo)’ r 2mkp

irrg
here kp is the Boltzmann constant, and h, m and g are the Planck constant, the particle mass, and the
statistical weight, as above.
The temperature plays a different role in the quantum case as compared to the classical case: because
of the Pauli principle, the density is limited by 1/¢ (this guarantees that the factor (1 — € f) remains non-
negative), and hence the temperature is bounded from below:

(1.6)

2
T>-Tp.
= iF

In summary, the main results of this paper are as follows. We assume the particles interact by hard cut-
off potentials or Maxwellian cut-off potentials. The norms used are || |1 = [g |f(v)[(1 + [v]?)*/2 dv
e Theorem 1 (strong stability with respect to initial data): Let f(v,t) and g(v,t) be solutions to the
Boltzmann-Fermi-Dirac equation (1.4) with initial data fy and g, and assume that these satisfy
bounds on mass and energy, as well as 0 < fo,go < 1/e. There is an increasing function ® fo
R — R (depending only on the initial data f;), and a constant ¢ such that

igge’“l\f(t) = 9@y < s (l[fo = gollzy)-

e Theorem 2 (strong continuity with respect to €): Let f(¢) (v, ) be the solution to (1.4), and f (v, t)
the solution to (1.1), with the same initial data. Then

iglge‘“tllf(a)(t)—f(t)HL; -0, (e —0).

e Theorem 3 (strong convergence to equilibrium for the Boltzmann-Fermi-Dirac eguation): There
is a constant y(1)(> 2/5), such that if the initial data fy to (1.4) have a sufficiently large tem-
perature, T'(fo) > ~(1)TF, then the solution f(v,t) converges to the unique equilibrium state F'
corresponding to My ( fo) and Ma(fo):

1f(t) = Fllgy — 0 (t —00).

With this “high temperature condition” we obtain to a large extent the same results on stability and
convergence for in this case as for the classical Boltzmann equation (se e.g. Wennberg [25], Carlen and
Carvalho [6], Toscani and Villani[23], Abrahamsson [1], or a detailed review by Villani [29] ), and with
Theorem 1 the earlier stability results for the classical Boltzmann equation are also improved.

We also prove prove for all temperatures that || f(£) — F|| .3 is in a sense non-expanding, and we believe
that the high temperature condition in Theorem 3 is only a technical condition, but it is needed in our
proof of convergence to equilibrium. The importance of a condition on temperature is observed in for
example [14], [15] and [21]. The non-expansitivity of || f(¢) — F'|| .y bears resemblance with the use of the
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Csiszar-Kullback inequality in connection with the kinetic theory of gases (e.g. [27] or [9] and references
therein).

The details of Theorem 2, and its proof is given i Section 2, and Theorem 3 is treated in Section 3; the
remaining part of this section is devoted to some notation, and som background material on the Boltzmann
equation for Fermi-Dirac particles.

Though it is relevant to consider relativistic velocities in combination with the quantum versions of the
Boltzmann equation (see [16]), we consider only small velocities here, and hence the velocities before and
after a collision are related by

VAl = o4 v, VP u)? = o+ |u]? (1.7)
which are equivalent to a family of orthogonal linear transforms (v, v ) — (v',v}):
v =0 — (v — vy, W, V. =v.+ ©— 0,0, we S

Here S? and (-, -) denote the unit sphere and the inner product in R?.

In (1.1) as well as in (1.4), B(z,w) is a non-negative Borel-function that depends on |z| and on |{-, -}
only. Its gives the rate at which a given combination of in-going velocities results in a given set of outgo-
ing velocities; for classical particles its exact form can be derived, at least in the case of repulsive forces
corresponding to inverse power laws. For Fermi-Dirac particles it is not quite so clear, and in particular
applications (for example semi-conductors), the velocity space is not R?, but periodically repeated Bril-
louin zones. Letting the velocity vary over the full R? as we do here, corresponds to the “parabolic band
approximation” used in semi-conductor theory. Here we assume exactly the same form for B in both cases:

B(z,w)=b(0)]z|°, zeR®  0<p<1, (1.8)

where cos(0) = |(-, )| /|2
also assume that

, and (3 is a constant, while b(0) is strictly positive in 0 < 3 < 7/2. For b() we

/2
0< Ap:= 47r/ b(0) sin(6)df < oo . (1.9)
0

This is Grad’s cutoff condition, which is not satisfied for the inverse potentials mentioned above. We refer
to [10] or [28] for the derivation of (1.8). The cutoff condition was introduced to simplify the mathemat-
ical treatment of (1.1), but now there is a theory also for the so-called non-cutoff case (see. Arkeryd [5],
Goudon [17] and Villani [31]). A recent article by Alexandre and Villani, [2], treats also the space depen-
dent case.

When (1.9) holds, the collision integral in (1.1) and in (1.4) (which we now denote by Q(f)) can be
decomposed as a difference of the “gain term” Q+(f) and the “loss term” Q™ (f):

QU = (NE) - @ (1))
+ v) = v— v, w)f fL(1 - — ef)wdvy,
QD) = [ B F = e - ef)ud

@) = [ Bl @) (=1 =)o

A solution of the Boltzmann-Fermi-Dirac equation is defined as follows. As usual, we consider the
weighted L'-spaces

L) = {f £l eaces) = / @I+ o) v < oo} ,
£ lzacesy = 111122 -

Assume that B satisfies (1.8) and (1.9). Moreover, assume that the initial data fo(v) to eq.(1.4) satisfy

0< folv) <1/, fo€ L3.
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Then f(v,t) € L ([0,00); L}) is a solution to (1.4) if there is a null-set Z C R? such that for all

loc

vER3\ Z,and all t € [0, 00),
/tQJr(f)(v,lf)dT<oo7 /tQ_(f)(’U,t)dT<OO,
0 0

F(0,1) = folw) + / QU (v, 7)dr . (1.10)

If in addition f conserves mass, momentum and energy, i.e. if
@i = [ fauods, te(0.00)
R R

for ¢)(v) = 1,v or |v|?, then we say that f is a conservative solution.
For Fermi-Dirac-particles, the entropy is defined by

S(£) =2 [ [~ =& loa(1 = ) — = log(eldo

3

it should be noted that —(1 — ef)log(1 — €) and —¢ f log(e f) are both nonnegative for all f satisfying
0 < f < 1/e. Atleast formally, the corresponding entropy dissipation identity is given by

S(F(1) = S(fo) + / e(f()dr,  te0,00), (L1D)
where

(=7 [, B v N F0 = P = ). £ 1.0 = )1 = <))

and where I'(-, -) is a nonnegative function defined on [0, 00) x [0, 00) by I'(a,b) = (a — b)log (%) for
a > 0,b>0,and I'(a,b) = 400 whena > b = 0 or when 0 = a < b; and finally I'(a,b) = 0 for
a = b = 0. Here and below we always denote f(t) = f(-,t).

In a space-homogeneous setting, with no source terms, equilibrium solution is the same as a stationary
solution to Eq.(1.4), and this is equivalent to saying that it is a solution of the following equation,

F'F/(1—-¢eF)(1—¢F,) = FF.(1 —eF')(1 —¢F)) ae.on R?xR®xS?,

combined with the conditions ' € L'(R?) |[F||z: # 0and 0 < F < 1/¢ on R3; as noted above, this
is either a Fermi-Dirac distribution (1.2) or a characteristic function, depending on the temperature (this is
established in [20]).

Some additional properties of the solutions to (1.4) are the following (taken from Lu [20], but see
also [16]). For the classical Boltzmann equation, a rather complete review of the state of the art is [33].

e When the temperature T' > %Tp, the only equilibrium solution is given by (1.2). The coefficients
a and b are determined by the moments My and M5 as defined in (1.5). Moreover, T, T and the
coefficient a are related by

T = (=T (1.12)
ea
where
) oo 7“4 o] T2 —5/3
=—= ——d —d , x>0. 1.13
V(@) 35/3 (/0 1+ zer? T) (/0 1+ zer? T) . (1.13)
The function 7 is strictly increasing on (0, co) with the limits lim, g+ (2) = £, limy oo ¥(2) =
0.

e The Boltzmann Fermi-Dirac equation has a conservative solution which satisfies the entropy iden-
tity (1.11). Moreover, if 3 > 0 in (1.8), then for all s > 2,

If)L < Ca(L+¢7C728) v o0, (1.14)
where the coefficient

0 < Cs =Gy sl follzy, 1 follLy) < oo (1.15)
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depends only on || fo| 1, [| foll 3, B, s and the angular function b(-), and for fixed b(-), 3 and s, the
function (z,y) — Cy(.) 3,s(, ) is continuous on (0, 00) x (0, 00).
If 3 =0andif fo € LL(R?) for some s > 2, then sup, || f ()] 11 < oo.
o If T = %TF, then the conservative solution of (1.4) is the second type of equilibrium, the charac-
teristic function (1.3).
IfT > 2Tp, and if 3 > 0, then

f(,t) =~ F (t — 0) weakly in L'(R3). (1.16)

The weak convergence, (1.16), holds in general for the Boltzmann-FD equation for all 8 with —3 <
G <0, if for some ty > 0,

t>to

sup/ fv,t)|v]Pdv — 0 as R — o0,
[v|>R

i.e. if the the solution satisfies a “tightness of energy”; however, in this paper only the case § > 0 is
considered.

The L°°-bounds that hold automatically for solutions to the Boltzmann-FD equation makes it compa-
rably easy to prove the existence of solutions, also for spatially inhomogeneous solutions (Dolbeault [12],
PL.Lions [19]). However due to this factor, the two equilibria at very low temperatures are hardly possible
to distinguished in L'-topology , because

1 T 2
/]R3 |Fa,b(v)fg]l{‘v_vo‘gpb”dvﬂ() when 0< T—F*EHO

(Here and below 1 4 denotes the indicator function for a set A). Therefore the study of strong convergence
to equilibrium is more difficult than for the classical Boltzmann model Eq.(1.1), where the proof of conver-
gence to equilibrium does not depend on the temperature, or not necessarily even on the entropy (see [1],
[9]1, [27], or the review [32]).

The main components in the proofs of Theorems 1 and 2 are an efficient use of the collision invari-
ants 1.7, and the moment estimates (1.14) and (1.15), and in the proof of Theorem 3, we use a generalised
version of P.L. Lions’ result on regularity for the gain term of the Boltzmann equation.

2. STRONG STABILITY ESTIMATES

This section contains two stability results for the Boltzmann Fermi-Dirac equation. The first one states
that the solutions are stable with respect to perturbations of the initial data, and this implies at the same
time, of course, the uniqueness of solutions; the second deals with stability with respect to variations in
parameter €.

Three rather technical lemmas are needed for the proofs of the theorems, and we begin by stating these
lemmas; the proofs are postponed until after the proofs of the main results.

Lemmal. Lete > 0 beaconstant, let f = f(v),g = g(v) bereal functions satisfying 0 < f(v),g(v) <
1/e. Let p(v) = 1 + |v|2. Then

(Ffs(@—ef) A —efi) = 99:(1 — eg')(1 — £g)))
X (O Wipingy + Sl (s5g0y = Olisog) = Dullifi5g.))
< (O = gl + (fO):lf — gl +ef £ (I = 910 + 1 f2 — gl1¢'). 2.1
This kind of expression appears naturally when differentiating norms of the collision operator.
The second lemma deals with certain transformations of the gain term in the collision operator. It is

taken from Lu [20], and we refer to that paper for the proof; it is in many ways similar to the “Cancellation
lemma” that can be found in [3].
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Lemma 2. Let w(t) and ¥(r) be nonnegative Borel functions on [0,1] and [0,00) respectively. Let
W (z,w) = w(]z|~t[{z,w)|). Then for any nonnegative measurable function f on R3 and for all v € R3

//R3><5'2 W (v = ve, ) ¥ (o — va] ) f (0)dvx deo

B /2 sin(0)w(cos 0) v — v,
=dr / 79{ /‘I’(iﬁf <”*>d“*}d9’

//]R3><S2 W (v = v 0)¥(Jo = ve]) f (0 ) dv dw

_ ™/2 sin(0)w(cos 0) v — v,
- 47T/0 W{ /R ‘I’(W)f(v*)dv*}de.

The third lemma, finally, is a point-wise estimate of moments of the gain term.
Lemma3. Let0 < k < 3 beaconstant,and let0 < f < 1/eand f € L,{,W(IR?’) with 0 < 8 < 1. Then
forallv € R3

S B v B P dode, <250y, 0+ 0P 22)
R3xS2

where o = max{g, (k + 3)(3 — k)/3}.
For the class of collision operators studied here, hard cut-off potentials, the main difficulty when study-

ing stability is to control the behaviour at high velocities. To this end we introduce a “control function”
@, (r), defined for all non-negative functions fo € Li(R?) (see [23]):

Dy (r)=r—+ ﬁ—i—/ ) fo()(A + [v})dv, r>0; ®(0)=0. (2.3)
|’U‘>7?

Theorem 1. Let the kernel B(z,w) be given by (1.8)-(1.4) with 0 < 3 < 1. Lete > 0 be a constant. For

any given 0 < fo, go € L3(R?) satisfying e fo < 1,e90 < 1, and || fol|; > 0, let f, g both be conservative

solutions of Eq.(1.4) (¢ > 0) or Eq.(1.1) (¢ = 0) with initial data f|:—o = fo, and g|t—o = go respectively.

Thenfor 3 > 0

§1>110>€_Ct||f(t) = 9Oy < CPg(fo — gollry) 2.4)
andfor 6 =0

iggef”ﬂf(t%g(t)lm < Cllfo—gollrs, (2.5)

where @ (-) is defined by (2.3); the constants

0 <c=cpe)sllfollze: I follzy), €= Cupy Ul follzs, I follzy) < oo

depend only on || fol| s, [[foll 3, 3, and the angular function b(-). Especially, ¢ and C' do not depend
on . Moreover for fixed b(-) and 3, the functions cy(.) 5(z,y), Cy(.y,5(,y) are continuous on (z,y) €
(0,00) x (0, 00).

Remarks.

e For soft potentials (—3 < # < 0), and under the same condition as in Theorem 1 fore > 0 (BFD
model), it is easily proved that the estimate (2.5) still holds but in that case, the constants ¢ and C'
depend on €.

e In the proof of Theorem 1, the exponent (s — 2)/3 is essential. This was first written explicitly
in [22], but it is implicit also in [25].

Proof of Theorem 1. The case § = 0 is easy. Now suppose 3 > 0. Let f, g be the conservative
solutions given in the theorem. We first assume that f satisfies the moment production estimate (1.14)-
(1.15) (including the case € = 0). Since in our proof the moment estimate (1.14) is used only for s = 2+ (3,
the letter C' below always denotes different constants that have the property mentioned in this theorem.
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To prove (2.4) we can assume || fo — go[[3 < 1. Let

Us(t) = £ () = 9(t)
Then following the same argument as given in [22, sect. 5], we need only to check the following estimates:
foranyO0 <r <1

0< k<2

Us(t) < Uz(0) + %U1(t) +C Dy, (1), t €[0,r]; (2.6)

Ur(t) < UL(0) + C/t Us(7)dr, t € [0, 00); 2.7
0

Ug(t) SUQ(T)"’C/t(l‘i’%)Ul(T)dT, te [T,OO). (28)

Very briefly, Theorem 1 follows by the steps below (see [22] for details). Uz (-) < Us(-), and hence (2.8)
and the Gronwall inequality imply that, for some constant c

Us(t) < Uy(1)ect=1), t>1.
Next, from (2.7) and (2.8) one sees that, if Uz(0) < r

Us(t) < sup Us(7) + Cr|log(r )|+C/ o(7)| log(7)| d7, ter1l].

0<r<r

The same holds in the interval 0 < ¢ < r, and hence, by Gronwall again

Us(t) < ( sup Ua(T) + Cr|log(r)|)eCt.

o<r<r

Finally, the inequalities (2.6) and (2.7) combine to
sup Us(1) < C (r+r+ ®4(r)) ,

o<r<r

and once can easily conclude from this.

Proof of (2.6): Let ¢(v) = 1 + |v|%. By the integral equation (1.10), we have for a null set Z C R3,

flu,t) > fo(v / dT// — Vs, w) [ frdwdu,, veR*\ Z, t>0.
]R3><S2

This together with the conservation of mass and energy implies that

[ senswdo= [ fenswdo- [ feed
[v|>1//T R3 [v|<1/+/7

<[ hlowd - [ fao)oe)ds
R3 [v|<1/v7r

t
+A0/ dT/ f (v, 7)) f(vs, T) v — v, |Pdvsdv
0 lo|<1/y/r JRS

1+8

§/|v>1/ff0( v)é(v dv+—/ NF e Nf(r HleT

<[ pE P+ ZR Rl < Con ), te o)
ol>1/v/7 vr
Therefore by identity | f — g| = g — f + 2(f — g)T (here ()T = max{z,0} ) we obtain (2.6):

0a(t) = [ (o) = foto)oto)do +2 [ (7(0.0) = g(w. ) olo)do

R3

4
< Us(0 —Uq(t 2 v, t)o(v)dv
U0+ Zh@+2 [ fe0ew

1 Ui(t) + C®y, (1), teo,r].

< Uz(0) + 7
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Proof of (2.7): Denote
IL(f, f«) =1 —cf)(1 —efs) and dp = dw dv.dv.
It follows from the three inequalities

|fLI(f £ = 99:00(g", G| < flfe — gl + 92l f — gl +ef f(If = g'| + |2 — g]),
¢ < b+ o and

B < 2b(0)\/¢ + s,

and Lemma 3 with k¥ = 0 and k£ = 1 that

t
Ui(t) — U1(0) §2/O dT///Rz y SZBIff*Ha(f’,fi)—gg*Ha(g’,gi)I\/aﬁJrqb*du

t
<am [ [ (1ol = a0+ o)dvds

+4/Oth/RS |f—g|\/$(E/ASXSZBf’f;dwdv*) dv
+4/Oth/RS If =g (E/ABXSZBf’f;@dde*) dv

t
< C/ Us(7)dr, t>0.
0
This proves (2.7).

Proof of (2.8): We first prove an integrability result for the gain and the loss terms in the collision operator:

/t dr . Qi(g)(v, T)(b(’l))]l{f(m.,.)>g(v,7.)}d’ll < 0, t>r>0. (2.9)
Using the integral representation of solution s to the Boltzmann equation (1.10), we find that
(fw.t) =g, )" = (f(v,r)) —glv,r))"
+/Tt (QUN(v,7) = Q(9)(v, 7)) Ly f(0,m)>g(v,m)1dT - (2.10)
This implies that forall t > r > 0,

t
/Q*(g)(v,T)]l{f<v,7>>g<v,r>}d7

< (f(v,r)) = g(v,r)) " +/ QT (N, ) +Q7(9)(v, 7)) Ly f(o,r)>g(v,m)}dT-

Since0 <1—c¢f,1—eg <1land ¢ + ¢, = ¢+ ¢, it follows that

[ [ (@ ()07 + Q@) ) Ligrrsatom o)
r R3

t
S/ dr/// B (f'fi + 99+) Lifs g ddwdv,.dv
T R3 xXR3x 52
t
S/ dT/// B(f'fl + fg«) pdwdv,dv
T R3xXR3x 52
t
:/ dT/// Bf(f«+ g+)ddwdv,.dv
T R3xXR3x 52

t t
< Ao [ 1Oy, 150 + 9llydr <€ [ (14 Dydr < oc.
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In the last inequality, we have used (1.14). This proves (2.9). Together with (2.10), Lemma 1 and Lemma 3
(for k = 2), we obtain

vty - v = [ar [ BRI - g0t o)

X (' Liprsgy + Sl prngy — Sligsgy — Pullifng,)) du

< 2/: dr///mwz Bfolf. —g*ldu+25/: df///RWst BfL.If — g'\éLdp

t
A @H/2( 1. _ o (6.1 2dv.
<20 [Lar [[ @R = g0 2 dv.do

+2/Tth/RS If =gl (E//st Bf’fiqb*dwdv*) dv

< [ 1@, I - gllgar < [ @+ Daar, 1>

This proves (2.8). As mentioned above, the three inequalities (2.6)-(2.8) imply the stability estimate (2.4).

Since the stability estimate (2.4) implies the uniqueness, the proof is complete once the existence of an
energy conserving solution which satisfies the estimates (1.14) and (1.15).

But for € > 0, the Eq.(1.4) does have a conservation solution f which satisfies the moment estimate
(1.14)-(1.15). So the theorem holds for € > 0. For the classical case, the same estimates are implicit in
e.g. [25] (see also [24]) and references there in, but to be complete, we give some details here. As usual,
one constructs a sequence of solutions, f,, which are obtained by a suitable truncation of initial data and
of the equation. By inequality [v — v,|® > (1 + [v]?)%/2 — (1 + |v,|?)?/? and the conservation of mass
and energy, we have

// fn(’l},t)(l + |U|2)S/2fn(v*at)|v —’U*|Bd’U*d’U
R3 xR3

> £l ()]
This can now be used to prove that there are constants C,, ; such that

1/ Ol € Crs(M47072/0) 0 p>0, s> 2 (2.12)

What is essential is that the constants C), s depend only on initial data, and actually only on the mass and
energy; moreover the constants are continuous as functions of || f2(|3 and || f3'|3-
Applying the estimate (2.4) to the solutions f™, f™ of the truncated Eq.(1.1), we have

Stglgefc"tl\f"(t) =" Olley < Cu®po (6 = "Iy )

— el eallf™ @Ol s (2.11)

1
Ls+;3

where the coefficients ¢,, and C,, are uniformly bounded in n (because of their continuous dependence of
the norms of the initial data). It follows that if the sequence of initial data is a Cauchy sequence in L3, then
so is the sequence f,,(-,t), for all ¢. The limiting function f is a solution to the Boltzmann equation, and
by applying Fatou’s lemma, (2.12) holds also for f. (|

Our next result is about the strong stability (continuity) with respective to the parametere € [0, 00).
The most interesting case is the continuity at ¢ = 0 which in particular shows that the classical Boltzmann
equation Eq.(1.1) is a strong limit of the quantum Boltzmann equation Eq.(1.4). A weak stability result
of this kind has been obtained by Dolbeault [12]; his result is not restricted to the spatially homogeneous
case.

Theorem 2. Let the kernel B(z,w) be given by (1.8)-(1.4) with 0 < 3 < 1. Let fo, f§ € Li(R?)
satisfying fo > 0,0 < f§ < 1/e. Let f, f* be conservative solutions of Eq.(1.1) and Eq.(1.4) respectively
withinitial data f|i=o = fo, f*[t=0 = f§. Supposethat || f§ — fol[z3 — 0 ase — 0. Then

supe || f5(t) = f()]Ly =0 (e —0), (2.13)
t>0

where the constant 0 < ¢ < oo dependsonly on || fol[ s, [| foll 1. 3, and on the angular function b(-).
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Proof: Let
Us@) = /) = f@ly, 0<r<2.
We shall prove the following estimate, which implies (2.13):

supe “'U5 () < C®y, (A(e)), V0 <e<egg (2.14)

t>0
where

l
M) = U0+ b + A+ [ 01 st

A(0) := 4~ (/06 b(0) sin(6)do + /W/2 b(6) sin(@)d@) ) 0<d<m/4.

/25
As before ¢(v) = 1 + |v|?, and the constant 0 < g9 < (5)? is to be taken so small that
Ale) <1 Ve e (0,e0].

The constants 0 < ¢, C' < oo depend only on || fo|| s, || follz1, 3, and on the angular function b(-). It is
easily seen that A(¢) — Oase — 0.

We first prove (2.14) for 0 < 8 < 1. In this case, the solution f satisfies the moment estimate (1.14)-
(1.15). Let 1. (g, g«) = (1 — €g’)(1 — €gx), dp = dwdv,dv, and

g=f5 go =[5

and denote by ¢, C the (different) constants mentioned above. Suppose € € (0, £g]. Our proof consists of
several steps:

Step 1: Prove that for all € [A(e), 1]

4
Us(t) < CPypy(r) + %Uls(t)v t>0. (2.15)
This can be proven in the same way as (2.6) provided one notices that U5(0) < A(e) < r < &y (r),
etc.
Step 2: Prove that
Ui (t) <UL (0 +C/ Us(r
+C/ [VICoL e €,E}||L1dT+C[se+A( es)|t,  t>0. (2.16)
Because ¢, ¢’ < ¢, L= g9l (g,9:)| < |FfL = 9'9.10c(g, 94) +

f'f1(1 = (g, g+)), and a similar inequality in the “un-primed” variables, it Tollows that

Ui (t)-U3(0) <

/dT///Rdedxsz (f'f. — 9'910e(g, 9.)) — (£ f+ — 9911 (g, 9)) | Vb dp

32/0 dT///RsXRsstB'ff* AN
+z/0t dT///Rsstxsz Bff.[1 — TL(g', g1)]\/00- di. 2.17)
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Using v — v.|? < \/é(v)¢(v.) one can estimate the first of the terms in the right hand side by

/ot ar [[[, BN =gl s ol B0

<o [ar [[ 408~ glooudvan

t
SC/ Us (T)dr
0

In the second term in the right-hand side of (2.17), we let § = et and R = 5_%; as before, § =
arccos(|{v — vy, w)|/|v — vs|). We look separately at three parts of the domain of integration:

M :{f*v¢* >R}7
Qo ={fivVo- <RIN({0<O<stu{n/2-6<6<7/2}) and
Qs ={fuv/o. <R}N{0 <O <w/2-6}.
Integration over the set €2y, using the fact that | g2 BV@g.dw < ¢, gives a term bounded by

t
Aol foll s / 1) Lisimrommy ladr - 2.18)
0

For the set (25, we similarly get a bound of the form
§
A follzyt where A(0) = C/ b(0) sin(6) db . (2.19)
0
Finally, for the third part, involving the domain (23, Lemma 2 can be used to obtain a bound of the form
™23 p(@)sin(d)  b(6)sin(6) !
R4 { bas- [ ][ o — v Pdvadvd
<Bir | o T g TPl =0 Pttt

< CeR6™| foll pyllgoll s t- (2.20)

The terms (2.18), (2.19) and (2.20) together add up to the upper bound

t
¢ [ 1) Vgmosmllydr + ClAEH + bt e 0,
0

which completes the proof of (2.16).
Sep 3: Prove that

Us(t) <U3(r) + c/t(1 + 1)U () dr

¢ 1 \ \ t 1
+c/ (1+;)||f(7)11{f(7)>3}||L%d7'-i-C(EE—i—A(gE))/ 1+ Ydr,  t>r @21

T

The calculation is similar to that of Step 2. We have

—Us(r)
f2/ dT///Rsstxs2 (f'fi—g'9.10(g, 9+)) — (f fgg*Hs(g’,gi)))¢]1{f>g} dp
<2/ dT///Rsstxs2 (f'fi—g'g)n (g,g*)f(ff*fgg*)ﬂe(g’,gi))¢ﬂ{f>g} dp

+2 / o ] Bff (1 -N.(g.9.) pdu,  t>r (2.22)
r R3 xR3 x S2

Us*(
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For the first term, the identity ¢’ 4 ¢, = ¢ + ¢, and the inequality (f f. — gg.)* — (ff« — 99:) N {j>q) <
f1f« — g«| can be used together with the moment estimates (1.14)-(1.15) to get

2/T dr ///mesz B((ffe—99)% = (ffe — 990 y>0) (g, g2)d dpe

< 2/Ttdf///RaxR3Xs2Bf¢|f*—g*ldu

t t
1
<240 [ 1), Uindr <© [ 14 DUF@r, ez

To conclude the proof of (2.21), one can proceed as in Sep 2 to see that the second term in (2.22) is smaller
than

| 1 VAP
O/ (1+;)Hf(T)]l{f(T)>R}||L%dT+C(€G+A(€6))/ (1+;)d7’, t>r.

Step 4: This concerns the interval ¢ € [0, 1], and the purpose is to prove that
Us(t) < Cy (Ae)), t €[0,1]. (2.23)
Let r = A(e). Then the estimates (2.16) and 2.21) together show that, for r < ¢ < 1,
Us(t) < Us(r) + CUL(0)[logr]

t 1 T . .
w0 [ ([T vsono + [ 1500 n i)
¢ 1 1 1
+C/ (% + Ae?)) rdr

t
1 ) )
+C/ ;Hf(T)]l{f('r)>R}HLidT+C(EG +A(56))|10gr|.
Let _ 1
M= Va0 dt, R=c"%.
©) /0 \/E(1+t2)”f() rwe>ryllzy

By the Fubini theorem, we have

tl T T
| 2( [ vit@ao+ [ 150015001002y o)

!
t
< [ 05) + 1 ist0r05 1) 06l do

t
S/ Us (0)|log o|do + CA(e), terl]
0
and
[ o gernluer <o, e
T T)L{f(r)>R} Li T > \/7_" €)s r, L.

Since A(e) < A(e) =r and |logr| < %, it follows from definition of A(g) that

¢
US(t) <U5(r) +Cyr+ C/ US ()| log 7dr, t e r1].
0

On the other hand, combining (2.15) with (2.16), gives
UQE(t) < C(I)fo (T) = C(I)fo (A(E))’ te [O’T]'
Thus

Us(t) < C®ys(Ale))+ C/t Us(7)|log 7|dT, te0,1].
0

and the Gronwall lemma implies (2.23).
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Step 5: Estimate on [0, 00):
Us(t) < C®y, (A(e)) et t € [0,00). (2.24)

We first prove this estimate on [1, c0): Taking » = 1 in (2.21) and using the Gronwall lemma together with
U5(1) < C®y,(A(e)) ( this comes from (2.23) ) and the inequality t* < e** (o > 0 ), we obtain

t 1
Ui < (050 +C [ 15O e mligdr +OC 4 AED), ) et
1
< C{Us(1) + A(e)}e < Oy (A(e))e®’,  te[l,00).
This together with Step 4 (2.23) implies (2.24), and the proof of theorem is completed. [l

The remaining part of this section is devoted to the proofs of Lemma 1 and of 3; Lemma 2.

Proof of Lemma 1: The calculations carried out here are fully independent of the value of ¢, and hence we
set ¢ = 1. We then prove (2.1) by separately checking the following eight different cases, which together
cover all possibilities:

(1) >4, fli>9gs B f'>d, fL<d f>9 fe <94
(2) <4, fl<gl 6) f'<dg, fi>d [>9 [« <gs
(3) f>g fe>gs (1) f'>9, fi<de, [ <9, fo > gs
(4) f<g [« <gu 8) f<g,fi>dg f<g, fu>0s

The proof for cases (1)-(4) and (5)-(8) have many points in common. Here we only give the case (1)
and case (5). Let A(f, g; ¢) be the left-hand side of the above inequality:

Alf.g:0) = (A=fHA=fl)—gg9.(1—g)1—4gl))
x(Mgprsgy + Oliprsgy — Oliogy — Sull(f.50.3) -

Case (1): Here f’ > ¢’ and f. > ¢.. Because ¢' + ¢, = ¢ + ¢, we can deduce that

O prsgy + S lipsgy — Olipsgy + Oull(fngy = Ollr<gy + Ol <4y

Againbecause 0 < 1— f/<1—¢',0<1— f. <1-—g.,andbecause f and g are non-negative,

Af,9::0) = (FRO =)A= ) = 99.(1 =g )1 = gl)) (Dl s<g) + DT 1. <q.3)
< (ffe =999 =91 = g (Dl p<gy + Dull(r.<g.3)
= (ffe—99:)A =91 =g )Pl p<gy + (ffe —99:) (1 — g ) (1 — gi)ull s, <.y
< f(fe—9)A =g = gl)dliy<gy + o (f —9) (1 — g ) A — gh)dulyf. <4y
< Sl = gelo + fllf = glow = (fOfs — 94| + (fO)«|f — gl

which concludes this case.

Case (5): Here f' > ¢, fL. < g., f > gand f. < g.. We have
Pipsgy + Ollipogy = Pigsgy + 0elli50y = ¢ =9,
and

A(f,g50) = (ffQ—=f)1=f)—99.1—g)1—9gL)(¢ — ).
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Here it is convenient to treat separately the cases ¢’ > ¢ and ¢’ < ¢. In the first case,

Af,9,50) = fRA=A=f)-0-g)1-g)) (¢ —¢)
(ff* gg*)( -9 )(1 _gi)(qjl - ¢)

< fRA=-g)A=f)—1—-4))¢ —¢) (because 0 < 1 — f'<1—g")
+(f =9)fs(1=g")A =g ) (¢ —¢)  (because gg. > gf.)

< fRIfe =gl = o) +|f —glf(@' — )

< fRIf =gl 1 f = glfeg (because ¢' — ¢ < ¢, )

(fO)ulf — gl + ffelfi — gL1d".
On the other hand, when ¢/ — ¢ < 0, we have

A(f.g.50) = (gg*(l—g)(l—g*) f(=f (1—fi))(¢—¢’)

< f(g**f*)(lfg)(lfg*)(a5 ¢')  (because g < f)

A=) =g) =1 =f))(¢—¢)  (because 0 <1—g, <1—fi)
< flge = folo+ fflg — FI(& — &) (because 0 < ¢ — ¢’ = ¢, — ps < ., )
< (O fe — gul + F 11— g0

In a similar way analysing the cases (2) — (4) and (6) — (8) gives the desired estimate for all cases. [

Proof of Lemma 2: We need to estimate € [[p5 g0 B(v — vs,w) f/ f1(1 4 [0.]*)*/?dwdv,. We can assume
that 0 < k£ < 3; in fact, the case k£ = 0 is contained in the proof for £ > 0, and the case k = 3 can proven
by taking the limit & — 3. It is clear that the integral is bounded by 2%/ (I(v) + J(v)), where

I(v) = e// B(v — v, w) f' fldwdu,,
R3x 52

10 = e [[ B e .
R3x S2

Let B = By + B, where By (v — vy, w) = b(0)1[g x4 (f)|v — vs|” and (on the complementary set)
By (v—v,,w) = b(0)|v—v, |5]1(7T/477T/2] (0). Similarly, b1 (0) = b(@)]l[o,,rm (0), and b2 (0) = b(0) — b1 ().
By assumption, 0 < f < 1/e and then using Lemma 2, we can deduce

// By (v — vs,w) f(v)dwdv, +// Ba(v — vy, w) f(v))dwdv,
R3xS2 R3x.S2
7r/2 w/2
by (0) sin(6 )d9+/ by (0) sin(0 de}/ Fofo —unlPdv,
0

{ cos(6)) 3+B (sin(0)) 3+03

n(6)
”/4 b(0)sin(0) ™/2 b(6) sin(0
d9+/7r ( d9 / fw)|o —v.|Pdv.,

(cos())3+8 /1 (sin (sin(6))3+8

I(v)

IN

and finally see that I(v) < 22A0||f||L1 (1+ |v]?)5/2.
Next split J(v) = J1(v) + J2(v )+Jg( ) + Ju(v), where

Jl(’U) = E// Bl(’U —v*,w)f’f;|v*|k 1{|v*\§2|v’\}deU*a
R3x 52

JQ(’U) = E// BQ(’U fv*,w)f’fi|v*|k 1{|U*‘§2|U;|}dwdv*,
R3x 52

J3(U) = E// Bl(U —v*,w)f’fi|v*|k 1{|v*‘>2|v/‘}dwdv*,
R3x S2

J4(’U) € // BQ(’U - v*,w)f'f;|v*|k 1{|U*‘>2|U;|}dwdv*.
R3x 52

(99« — ff) A1 = g)(1 g)(¢ N+ LF((=g)A—g) = (1= )1 = f)) (6~ ¢)
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For J; (v) and J3(v) we can again use Lemma 2 to find the inequalities
Ji(v) + Ja(v
< Qk// {Bl — Uy, W ) (U/)|v/|k+Bz(v*U*,W)f(v;)|v;|k}dwdv*
R3x 52

7/ . x/ .
— Qk.4ﬂ-{/ 4Md9+ QMCZQ}/ F0)|velFlo — v, |Pdv,
0 R3

(cos(6))*+7 wja (sin(6))3+0
2 Ao fllpy, (1 + [o]*)?/2.

IN

Next, to estimate J3(v) and J4(v), we first note that

|vi] > 2[v'| implies |v.| < 2|v — vi|sin(6),

|vi| > 2[v}| implies |v.| < 2|v — v,|cos(6).

Beginning with J3(v) (the calculations for J4(v) are essentially the same), we split this term once more:

Jg(’l})

IN

2’“5// B1(v — vy, w) f' fL|v — v.|* sin® (0)dwd,
R3x S2

= 2k // bi(0) sin®(0) f' f1 v — v.|* TP dwdw,
R3x 52

= J31(v) + J32(v),
where
J31(U) = 2%e // by (9) sink(é’)f’fﬂv - ’U*lk+ﬁﬂ{|v/ ‘<‘U/|}dwdv*, and
R3 x 52 T
Ja2(v) = 2Fe // by (0) sin®(0) £ f1lv — v g r |50y dwdvs.
R3 x 52 )
Because |v — v, | = |v’ — v,|, Lemma 2 can again and this gives

Jai(v) < 2F.okts // b1(6) sin®(0) f (") |v'|* P dwdw,
R3x S2

/4 b(o k-‘,—l
92k+p ~47r/ ()Ldﬁ/ FCRIEA k+8 dy,
0

cos3
2% Aol| £l 2

b+’

IN

and for Js2(v), finally, we use Holder’s inequality which leads to the estimate

1/p
s <2 ([ ni@l - o)y v,
]R3><S2
1/q
(// ) sin®(6)[v — U*|k+ﬁ(f(vi))q]1{|v;>v'|}dwdv*> '
R3x 52
In the integrals, we replace € by 1/ f, which shows that Js2(v) is bounded by
1/p
2’“(// byx(0)|v — U*|k+5f(v')dwdv*)
R3x S?
1/q
<2k+ﬁ // ) sin®4(8) f (v!) |0 |k+ﬁdwdv*) .
]R3><S2



16 XUGUANG LU AND BERNT WENNBERG

By choosing 1—17 =1— % and 7= %, and once more referring to Lemma 2 gives the following bound for
Jgg (’U)I

/4 b(6) sin(0) (3=k)/3
k L k48
2 (47r/0 cos3+k+5(9)d9 /]RS fua) v — vy dv*)

™/4 b(6) sin(0 oo
x <2k+ﬁ4w / b(O)sin(6) .5 ()a0 / f(v*)|v*|k+ﬁdv*>
0 R3

sin®()
(3-k)/3 k/3
<o (202 A gy (1 o)) O (g gy )

<27 Ao fllny, , (1 + o]/,

k+p3

This gives

J3(v) < 2040 flly, (1 + )72,
and in the same way

Ja(w) < 2°Aoflly (1 -+ [o]?)/2

Combining the estimates of the different terms gives the estimate in the lemma. O

3. STRONG CONVERGENCE TO EQUILIBRIUM

The main result of this section, is that the solutions to the spatially homogeneous Boltzmann equation
for Fermi-Dirac particles converge strongly to equilibrium, at least under the “high temperature” condition
mentioned in the introduction. The weak convergence in L' has already been established in [20]. As for the
classical Boltzmann equation, the strong convergence is related to regularity properties of the gain term; it
is close to being strongly compact in L'.

We begin by stating the main theorem, and then, before entering into the details of the proof, we state

and prove some lemmas that are the main ingredients of the proof.
Theorem 3. Suppose the collision kernel B(z,w) is given by (1.8)-(1.9). Let fo € LI(R?) satisfy 0 <
fo < 1/eonR3, and My := || fol|» > 0. Let T', Tr be the corresponding temperature and the Fermi
temperature respectively, and supposethat 7' > %TF. Let f bethe unique conservative solution of Eq.(1.4)
with f|;—o = fo, andlet F' = F, ; be the Fermi-Dirac distribution having the same mass, mean velocity
and temperature. Then

1£(t) = FlIZs < 2l foll [S(F) = S(F@) < ClLfF(E) = Fllpy, 20, 3.1
where C' < oo dependsonly on || fo|| 1, || fol[ 23 @nd e. Furthermore, if 3 > 0 and 7" > v(1)Tp, then
If(t) = Fllgy =0 (£ — 00) 3.2)
where v(z) is the function defi ned in (1.13). If3 = 0 and f, € L(R?) for some s > 2, then with same
conditionT > ~(1)TF, the strong convergence (3.2) still holds.

For this section, one can change from one value of € to another, simply by rescaling the equation,
and hence it is convenient to set ¢ = 1, and in the same way there is no restriction in assuming that

Jgs fo(v)vdv = 0.
The first inequality in (3.1) has been established in [20]; it is really a kind of Csiszar-Kullback inequality.
The second inequality follows by an elementary inequality,

(1—y)log(l—y)+ylogy — (1 — x)log(1l — z) — zlogx

< (y — ) log( !

l—z)7

T 1
?)+|y—x|(1+10g( )+

1 - 0<zr<1,0<y<1)

(3.3)



BOLTZMANN EQUATION FOR FERMI DIRAC PARTICLES 17

which can be proven by using
(1—y)log(l —y) +ylogy — (1 —z)log(l —z) — zlogx

= (y— =) log(—) + (1 - >log<} Y)+ylog(Y)  and

ylog(L) = (y — ) log(L) + wlog() < (y — ) log() +y — (v >a).

Then (3.1) follows by choosing 2 = F(v) = ae "I’ /(1 4+ ae~?1**), and y = f(v,1), and then using the
conservation properties of the solutions.

The proof of (3.2) is much more complicated, and relies a number of auxiliary results. The most im-
portant of these is a version of Lions’ compactness result for the gain term of the collision operator (see
P.L. Lions [18], but also Lu [23], or [8] and [30] for related results).

Let C be the set of all complex numbers. For any s € R, let L!(R? x R3) be the weighted L!-space as
introduced before, i.e.

LI R? x R?) := {\I/ R*® x R® = C| ¥ is measurable on R® x R?® and

@lsmon =[] @I+ o + o) 2 < o).
R3xR3

The gain term (and in the same way, the loss term) in the collision operator, corresponds in a natural
way to linear operator QF : L1(R3 x R3) — L!,(R3), and in the Fermi-Dirac case it is also natural to
consider a modified operator Q7 (¥ |F):

v) :// B(v — v, w)¥ (v, v))dw dv,,
R3xS2

(W IF)(v // B(v — vy, w)¥ (v, v ) F(vy)dw dv,.
R3x S?

For our main result, F' will be chosen a Fermi-Dirac distribution (1.2).
Lemma 4. Let B(z,w) be given by (1.8)-(1.9) with 0 < § < 1. Let K be a subset of Lj;(R? x R?) N
L?(R3 x R3) satisfying the following conditions:

sup {[[W]| 10 + [ Wlry, + [[¥z2} < oo, (3.4)
ek s
sup // [T (v, 0)|(1 4 0] + |vs]?)? dvdv, — 0 (R — o). (3.5)
Vel JJ |v|+|ve|>R
Here
1Pl = /R (1%, YLoe + [T, 0)[Loe ) (1 + [v]*)P2do. (3.6)

Let F be any given smooth function such that F € L'(R3) N L(R3) and I € L'(R?). ( F(§) =
Jgs F(v,)e" &) dv, denotesthe Fourier transformof £.) Then
. the sets { QT (V) byex and {QF (V| F) } yex areboth relatively compact in L2(R?), and
e theoperators Q" (-) and Q7 (:|F') are continuousin the sense that for any sequence {¥,,},>1 C
K, which is converging weakly to 0 in L1 (R3 x R3),
lim [ QF(W,) ]2 =0 and lim [ QF (¥, |F)] .2 =0.

This way of treating the gain term as a linear operator acting in both v and v, was used independently
in [23] and in [8]. To prove Lemma 4, we first prove 5:

Lemmab. Let B(z,w) and 3 be given asin Lemma 4, and let ¥ be measurable on R? x R3 and satisfy
||\I/||Lé,co < 00 Where|\\Il||Lé,co isdefi nedin (3.6). Then

|QF(W)(v)] < 8A W] 1= (1 + [w|?)/?  ae. velR. (3.7)
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Proof: Let ¢1(v) = ||¥(v,-)||re,2(v) = |¥(-,v)||re=. Then by the Fubini theorem, |¥(v,v,)| <
min{y; (v), ¥2(vs)} ae. (v,v.) € R3 x R3. Therefore by applying Lemma 2, (or more directly by
Lemma 2 in ref. [22]), for all ¢ € L'(R3),

1" ()l <8Ao(lnlley + ]y el = 840 1~z

This implies (3.7). O

Proof of Lemma 4: We first extend the set K to a larger one, which still is denoted /C, with the property
thatif | x| = 1 and ¥ € K then x¥ € K, where y is any complex valued measurable function on R? x R3,
It is obvious that this extension does not change the L>°-bounds in (3.4)-(3.5). It is easy to check that the
sets { Q1 (¥)}wex and {QT (¥ |F)}yex are bounded both in Lj(R?) and L*(R?) (compare also with
estimates below; there one can set R = 0):

||Q+(‘I’)||L}3 < 2A0||‘I’HL;5,
1QF (W Py < 240l Fllz< ¥y,

1QF (W17 < 16A0[[W|l L~ [[¥]Ly,,
Qw7 < 1640 Fll7e W] ]Ly,-

Now we prove the L2-compactness of { QT (¥)}ycx and { QT (V¥ |F)}yex. Forany R > 0, Lemma 5
gives

[ et @Era <e [ 10t @m0+ g e, 69)
v|[>R R
where C' = 84 supyci H\IIHLllaco < 00, and (3.8) is in turn bounded by
C’/// B(v — vy, w)| U (v, v)|(1 + |’U/|2)ﬁ/21{|UI‘>R}deU*d’U
R3xR3 x §?
< C/// B(v — 04, w)| ¥ (v, v:)|(1 + |v]* + |U*|2)*8/21{‘U|+‘U*|>R}dwdv*dv
R3xR3x 5?2

<2C // [T (v, v.)[(1 + [v]* + v, [*)Pdwdv.dv.
[v|+|vs|>R

Thus by the condition (3.5) we have

sup / |QT (W) (v)[*dv — 0 (R — o0). (3.9)
Vel Jjv|>R
Next we prove that
sup [QT(W)(- +h) = QT (V)2 =0 (h—0). (3.10)
vek

Let
Br(z,w) = B(z,w)l:1<ry = b(0)|2°1 (2 1<R)

and let Q7 (+) be the gain operator corresponding to the smaller kernel Bg(z,w). Since [ g2 Br(-,w)dw €
L?(R3), it follows from the regularity property of Boltzmann gain operator Q™ (-) that there is a positive
measurable function £ — Kpr(|£|), which is determined only by the kernel Br(+, ), such that

[, Kl @A) (©)Pde < 1. @1

and

Kg(§]) — o as & — 0. (3.12)
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This is essentially Lions’ compactness result, (see [8], [18], [23] and [23]). Now (3.11) and (3.12) together
with the identity

IQRO)+ 1) = QDI = (2m)° [ 10RO IEHe — 1]dg

and
sup  |QR (W) ()] < sup QT (W)l < o0 (3.13)
TeK, EER3 vek
imply
;u% Q5(¥)(-+ h) — QL (V)12 — 0 (h — 0) YR >0. (3.14)
S

On the other hand, because [v' —v]| = [v—wv,|, we have QT (V) — Q% (¥) = QF (¥ ), where ¥ g(v, v,) =
Ijy—v,|>r} ¥ (v, vs). Thus by the L2-estimate and the condition (3.5),

sup|Q (V) — QA(¥)|[7 = sup [|QF(¥r)|Z:
vek vek

< 2C sup / [T (v, v)[(1 + [v]? + |ve|*)Pdvdv,. — 0 (R — 0). (3.15)
Ve J|v|+|vi|>R

Thus the triangle inequality
1QF (@) (- + 1) = Q7 (W)l 2 < [1QR(W)(- + 1) — QR (W) 2 + 2/ Q7 (V) — Qx (V)| 2
together with (3.14) and (3.15) implies (3.10) which together with (3.9) implies the compactness of { QT (V) }yex
in L?(R3 x R3).
To prove the L2-compactness of { QF (V¥ |F)}yex, we consider the inverse Fourier transform of F:
Flo) = (r)* [ B,
R3
By assumption Fe LY(R3). Since el(6ve) = =i(60) olE) 60D it follows by Fubini’s theorem, that
QN (W IF)() = (2m) [ PO @ (xeW) ) (3.16)
R3
where

Xe(v,0,) = el &) elteve)

By definition, x¢ ¥ € K, and so the Minkovski inequality can be applied to (3.16), and this gives
1QF(TF)(- + ) — QF(T|F)|| 2

< (2m)73 / E@IIQF (W) + m)eTEN — QF (W) | g
< (2 sup | QH (D) 2 / (€)1 EM — 1)d
veK R3

+n) [ FQIE sup [ QF W)+ )~ @ ()]
R3 vek
This implies that
sup | QF(U F)(- + h) — @ (¥ |F)l12 0 (h—0)
veKr

because of the assumed L?-bounds on ", and the already obtained estimate on || Q" (¥)(-+h)— QT (V)] .2
(the inequality (3.10)). And equation (3.9) leads to the estimate

sup/ O+ (U |F)(v)2dv < || F|% sup/ O+ (T) ()| 2dv — 0 (R — o0).
vek Jw|>R vek Jv|>R

Thus the set { QT (U, | F) }wek is also relatively compact in L?(R3). This proves the first part of Lemma 4.
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To prove the second part of the Lemma, let ¥,, be a sequence in K that is weakly converging to zero in
LY(R3 x R3). We have to prove that lim,, .o [|Q7(¥,,)||z2 = 0 and that lim,, ., || QT (¥,, |F)||12 = 0.
For any R > 0 we have

Qi (¥n)"(€)
= // U, (v, v4) (/ Bgr(v— v*,w)ei<£’v/>dw> dvdv, — 0 (n — o00).
R3 xR3 52

Also (3.13) we can deduce L*°-bounds on sup,,; supgcgs | Q% (¥,)" (€)] < oo. Combining this with
(3.11), (3.12) and using the dominated convergence theorem gives

Q% (Wn)||72 = (27)° /|Q+ ANEPdE—0 (n—o0)  VR>0.

Therefore in the inequality

1" (Ta)llze < Q02 + sup 197 (®) — Qi()] 22

first letting m — oo then letting R — oo (using (3.15)) we obtain that lim,,—, o || QT (¥,,)||rz = 0. Next
by (3.16) and the Minkovski inequality,

197 (W [P)lze < (27)2 [ IFOIIQT (xeWi) 22 . G.17)

It is obvious that for any £ € R?, {x¢¥,,},>1 C K and that x¢¥,, — 0 weakly in L' (R? x R3). Thus
limy, oo |QF (xe¥n)||z2 = 0, V& € R3. Since

sup || Q% (xeWn)llz2 < sup [QT(P)[[L2 < o0 (3.18)
n>1,6€R3 vek

and F' € LY(R3), it follows from the dominated convergence theorem that the right hand side of (3.17)
tends to 0 as n — oo. This completes the proof of Lemma 4. O

The next lemma is a general result about weak convergence of products. It is naturally used in the study
of kinetic equations, and one version can be found for example in [6]. The proof is short, and we present it
here for completeness.

Lemma 6. Let {P}i>e,, {Q1}e>1, be two families of complex-valued measurable functions defi ned on
R” which satisfy one of the following two conditions (x), (+*)
x { Py}, isrelatively weakly compact in LY (RY), sup,sy, [|Q¢ll~@®~) < oo,
andlim;_., Q:(v) =0ae v € RY;
sk {P Y istg, {Qt >, C LERY), P, — 0 (t — oo) weaklyin L2(RY), and {Q; }:>, isrelatively

compactin L?(RY).

Then
lim P (v)Q¢(v)dv = 0.

t—o0 RN

Proof: The proof for the condition (x) is easy: in fact in this case we have || P.Q¢||,» — 0 (¢ — 00). Now
suppose the condition (%) is satisfied. Choose a sequence ¢,, — oo (n — 00) such that

hmsup‘/ P (v)Q:(v / P, (v)Q4, (v)dv| =: A.
t—o0 RN RN

By the compactness of {Q;}+>+,, there exist a subsequence {t,, }7>, of {¢,}22; and a function Q €
L?(R™) such that |Qt,, — Qoollz — 0(k — oo). Since { P, }52 is weakly convergent, it is bounded:
C = sup,>, || P, || > < oo. Therefore, because P;, — 0 (n — oo) weakly in L?, we obtain

= lim ‘/RN P, (v)Q4,, (v)dv

= lim
n—oo

k—o0

<C lim [|Q:, — Qoollz2 + lim ‘/ P, (v)Qoo(v)dv| =0,
k—oo k k—oo RN k
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which ends the proof. O

All that remains in this paper, is the Proof of Theorem 3. Actually, the proof of the first part is given just
after the statement, and the full theorem is proven when it has been established that

|f(t) = Fllz2—0  (t— 00). (3.19)
In fact, using the identity |f — F| = f — F + 2(F — f)* we find that for any R > 0 and for Cy =
2(1+ R?)(4F R%)V/2,
1f(t) = FllLy < CrlIf(t) = Fllz2 + 2/| F(u)(1 + [v]*)dv
v|>R

which means that the convergence (3.19) implies (3.2).
To prove (3.19), we first prove that

2wm>ﬂm

(f — F)? <// (1—F — F;)dwdu*) dv + W (1), (3.20)
R3 R3x.S52

for some function W (¢) satisfying W (t) — 0 (t — oco). The proof is now carried out in several steps.
Sep 1: The function ¢ — || f(t) — F||2, is in C*[0, 00) and

thHf F|2, = / QU (v, t)(f(v,t) — F(v))dv, t>0. (3.21)

This is easy, however, the it requires some steps of calculation to verify that the right-hand side of (3.21) is
continuous.

Step 2: Here we expand the right-hand side of (3.21). Using the identities
FRA=HA=f) = fRO=A-f) =A== f) - fAA-f = f),
and
F'F1-F-F)—-FF.(1-F -F)=0,
we find that
(F 1= A= f) = FL— YA~ ) (f — F)
=(f'fi-FF)1-F-F)(f-F) - ffif+f.—F-F)(f - F)
— J(fe = F)1 = F' — F)(f = F) = Fu(f = F)(1— F' — F!)
+ fE(f A+ fL = F — F)(f - F). (3.22)

Then we can compute the integrals of each of the five terms in the right hand side separately. The first term
becomes

//ASXRSXS2B(fIf4 — F'F)(1 = F = F)(f = F)dwdv.dv

:/Rgu _F)(f—F) (//}RXS B(f'f, - F'F;)dwdu*) dv

(f = F) (// ff.—FF)F, dwdv*) dv,
R3 R3xS2
and the third and fourth are

///RSXRSXSQB(*f(f F)(1 = F' = F))(f - F))dwdv.dv

[ =P </Rd(f ~F) </S BO-F - Fi)dw) dv*) v,
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and

///RSXMSZB( —~ F.(f = F)*(1 — F' — F]))dwdv,dv

= 7/]1{3(13 —F)? (//Rsst BF.(1—F' F*’)dwdv*> dv,

respectively. In the second and last term of (3.22) we change variables (v, v.) — (v4,v) and (v, v,) +—
(v',v.) , which gives

///R?»xR?»xyB(_f/f’/‘(f—'—f* — F = F.)(f = F))dwdv.dv

:_%/// Bf' fi(f 4 f« — F — F.)*dwdv.dv < 0. (3.23)
R3XxR3x 52
Finally,
I BE g - B - Fdudo.do
R3XxR3xS2
-/ BY fU(f + fo — F = F)(f' — F')dwdv.dv
R3XR3xS52
:/// B(f — F)f'f.(f — F')dwdv.dv
R3 xRS x §2
B(fs — F)f fL(f — F')dwdv.dv
I B =R - F)
- [ ¢-p (//RS BIfI(f + £~ F —F*>dwdv*> dv.
Now let
\I/t(’U,’U*) = f(’l),t)f(?}*,t) - F(U)F(U*)7
\i/t(’U,’U*) = f(v,t)f(v*,t)[f(v,t) + f(’U*,t) - F(U) - F(U*)]a
(v,ve) = | Bl —ve,w)(1l—F — Fl)dw,
5‘2
and let

WO = [ (1= P)f =Pt @)in— [ (F=F)QFWIF) )

+ /Ra(f — F)Q* () (v)dv — /}RS f(f=F) (/]R3(f* —~ F*)w(v,v*)dv*) dv.  (324)

Then, omitting the negative term (3.23), we obtain

[, anw.olse. - P

< _/Rs(f —F)? (//]R3><32 BF,(1-F — F;)dwdu) dv + W (t).

This gives the inequality (3.20).

Step 3: Here we prove that W (t) converges to zero. For this it is enough to check the conditions in
Lemma 6 and Lemma 4. First of all we have

(f(-.t) = F) — 0 weakly in both L*(R®) and L*(R?). (3.25)

The weak L'-convergence is a known result, and the weak L2-convergence follows directly from this and
the L°°-bounds.

Note now that the sets K = {U; };>; and K = {\i/t}t21 all satisfy the conditions (3.4)-(3.5) in Lemma 4.
That follows from the fact that 0 < f, F < 1, that 0 < § < 1, and from the moment estimates which
implies that sup,~; || f(£)|[z1 < oo for some s > 2.
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Also, since F' is a Fermi-Dirac distribution (1.2), it is obvious that its Fourier transform F belongs to
L'(R3). Thusby Lemma 4, the sets { Q" () }+>1, { QT (V4| F) }+>1, and { QT (V) }4>1 are all relatively
compact in L?(IR?), and therefore by Lemma 6 the first three integrals in the right hand side of (3.24) tend
to 0 as t — oo. For the last integral in (3.24), we choose

Since f and F are bounded, and || f(t)[[ 13 = [[folly < oo, it follows that {F;}¢>0 is relatively weakly
compact in L' (R?). Also, by definition of ¢)(v,v.) and 0 < 8 < 1, we have

|’lb(’l},’lj*)| < Ao(l + |’U*|2)1/2
VIt RE
and so by L'-weak convergence in (3.25) we have Q;(v) — 0 (¢ — oo) for almost every v € R3. Also
it is obvious that sup,~ [|@¢]|z= < oco. Thus by Lemma 6, the last integral in (3.24) also tends to 0 as
t — 0o. This proves lim; .o, W (t) = 0.
The final step is where the high temperature condition comes into play. The game is to prove that there
is a constant c such that

// BF,.(1 - F' — F)dwdv, > ¢  Yv € R (3.26)
R3x S2

This would conclude the proof of Theorem 3, because then (3.20) and (3.26) together give the estimate
1d
S 70 = Fl3e < —lf(6) = FI3e + W(),  ¢20
and therefore
t
1F(t) = Fll72 < | fo— Fl72e7" + 26_2“/ *TW(r)dr — 0,
0

as t — oo, because W (t) converges to 0 as time goes to infinity.

This completes the proof of the strong convergence (3.2), once (3.26) has been established. Now, since
the function 7(z) is strictly increasing, the formula (1.12) implies that the temperature condition 7' >
~(1)TF is equivalent to the condition a < 1 where a > 0 is the coefficient in the Fermi-Dirac distribution
F for the rescaled number ¢ = 1. Let F(r) = a/(e"” + a). Then, since the mean velocity is zero and
a < 1, we have F(v,) = F(|v.|) < 1/2. Because the collisions conserve energy, [v'|? + [v.]? > |v.|?,
and it follows that

1

Po)l1 = FW) = FO) 2 Flon (5~ Ploslon) ) o= Gl

And G(r) > 0 for all » > 0. Thus by 3 > 0 we obtain that for all v € R?

// BF.(1 — F' — F})dwdv,
R3x 52
1
> Ao [ Gllonl)lo = v do. = 340 [ Gl Pdv. i= e > 0,
R3 2 Rs

and hence the the proof of Theorem 3 is complete. O
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