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ABSTRACT

We study generating functions for the number of even (odd) permutations on n letters avoiding
132 and an arbitrary permutation 7 on k letters, or containing 7 exactly once. In several interesting
cases the generating function depends only on k and is expressed via Chebyshev polynomials of the
second kind.
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1. INTRODUCTION

The aim of this paper is to give analogies of enumerative results on certain classes of permutations
characterized by pattern-avoidance in the symmetric group &,,. In the set of even (odd) permutations
we identify classes of restricted even (odd) permutations with enumerative properties analogous to
results on permutations. More precisely, we study generating functions for the number of even (odd)
permutations avoiding 132 and avoiding (or containing exactly once) an arbitrary permutation 7 € &y.
Moreover we consider statistics of the increasing pattern. In the remainder of this section we present
a brief account of earlier works which motivated our investigation, we give the basic definitions used
throughout the paper, and the organization of this paper.

Let [p] = {1, ..., p} denote a totally ordered alphabet on p letters, and let @ = (a4, ..., an) € [p1]™,
B = (B1,---,0m) € [p2]™. We say that « is order-isomorphic to § if for all 1 < ¢ < j < m one has
a; < aj if and only if 8; < 8;. For two permutations 7 € &,, and 7 € &, an occurrence of T in
7 is a subsequence 1 < 43 < iy < --+ < i < n such that (7;,,...,7;,) is order-isomorphic to 7; in
such a context 7 is usually called the pattern. We say that = avoids T, or is T-avoiding, if there is no
occurrence of 7 in 7, and we say that « contains 7 exactly r times if there is r different occurrences
of 7 in 7. For example, the permutation 598376412 € &g avoids 123 and contains 1432 exactly twice.

While the case of permutations avoiding a single pattern has attracted much attention, the case
of multiple pattern avoidance remains less investigated. In particular, it is natural, as the next
step, to consider permutations avoiding pairs of patterns 71, 7. This problem was solved completely
for 7,72 € &3 (see [SimSch]), and for 1 € &3 and ™2 € G4 (see [W]). Several recent papers
[CW, MV1, Kr, MV2, MV3, MV4, BCS] deal with the case 1, € &3, T2 € 6, for various pairs 71, T2.
Another natural question is to study permutations avoiding 7; and containing 75 exactly ¢ times.
Such a problem for certain 71,7 € &3 and t = 1 was investigated in [Ro], and for certain 7, € &g,
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Ty € & in [RWZ, MV1, Kr, MV2, MV3, MV4]. For example, several authors [RWZ, MV1, Kr, BCS]
have shown that generating functions for the number 132-avoiding permutations in &,, with respect
to number of occurrences of the pattern 12...%k can be expressed as either continued fractions or
Chebyshev polynomials of the second kind.

Chebyshev polynomials of the second kind (in what follows just Chebyshev polynomials) are defined
by U,(cos6) = W for » > 0. The Chebyshev polynomials satisfy the following recurrence
U, (t) = 2tU,_1(t) — Up—2(t) for r > 2 together with Up(t) = 1 and U, (t) = 2¢t. Evidently, U,.(z) is
a polynomial of degree r in x with integer coefficients. Chebyshev polynomials were invented for the
needs of approximation theory, but are also widely used in various other branches of mathematics,
including algebra, combinatorics, and number theory (see [Ri]). Apparently, for the first time the
relation between restricted permutations and Chebyshev polynomials was discovered by Chow and
West in [CW], and later by Mansour and Vainshtein [MV1, MV2, MV3, MV4] and Krattenthaler [Kr].
These results are related to a rational function

Ur-1 (557
(1.1) Ry(w) = L“f)
ViU (57)
for all k > 1. For example, R1(z) =1, Ra2(z) = 11, and R3(z) = {:5&. It is easy to see that for any
k, Ry (x) is rational in z and satisfies the following equation (see [MV1, MV3, MV4]) for k > 1,
(12) Rele) = T—o——
’ B  1—zRip_1(2)’

Let 7 € &,,. The number of inversions of 7 is given by |{(¢,j) : m; > 7j, 1 <i < j <n}|. The sign
of , sign(w), is given by the number of inversions of # modulo 2 (equals 1 if the number inversions
of 7 is given by even number, otherwise equals —1). We say 7 is an even permutation [respectively;
odd permutation] if sign(m) = 1 [respectively; sign(m) = —1]. We say  is an involution if 7 = 7~!.
We denote the set of all even [respectively; odd] permutations in &,, by &, [respectively; ,]. For
example, if m = 4132 € &4 then the number of inversions of 7 equals 4, so sign(m) =1 and 7 € &,.

The paper of Simion and Schmidt [SimSch] generalized and considered for many directions. Here
we give two examples. The first one is paper of Chow and West [CW], which had dealt with three
cases of avoiding 132 or 123 and avoiding 7 € 6. In particular, they found the generating function
for the number of permutations in &,(132,12...k) which given by Rj(z). The second one is papers
of Guibert and Mansour [GM1, GM2], which had dealt with the cases of avoiding 132 (or containing
exactly once) and avoiding 7 € &, (or containing exactly once). More precisely, the paper [GM1] dealt
with the case of the generating function for number of involutions in &,, avoiding 132 (or containing
exactly once) and avoiding 7 € &, (or containing exactly once). The paper [GM2] dealt with the case
of the generating function for number of even (odd) involutions in &,, avoiding 132 (or containing
exactly once) and avoiding 7 € &, (or containing exactly once).

Theorem 1.1. (see [CW, GM1, GM2]) For all k > 0,

(i) The generating function for the number of permutations in S, avoiding both 132 and 12...k is
given by

Ry (z).
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(ii) The generating function for the number of involutions in &,, avoiding both 132 and 12...k is

given by
L= v (L)
BT e (R) & 2 )

J=0

(iii) The generating function for the number of even involutions in &, avoiding both 132 and 12... k
is given by

k-1 9 k
> [« (1+ G Ry ) + B s(-e0ss@)) TT Rit=o)
3=0 i=k—j

The above theorem invites the following question: Find explicitly the generating function for the
number even (odd) permutations avoiding both 132 and 12...% in terms of Chebyshev polynomials?
In this paper we give a complete answer for this question (see Subsection 2.2).

As a consequence of [MV2, MV4], we present a general approach to the study of even (odd)
permutations avoiding 132 and avoiding an arbitrary pattern 7 of length k, or containing 7 exactly
once. We derive all the previously known results for this kind of problems, as well as many new results.

The paper is organized as follows. The case of even (odd) permutations avoiding both 132 and 7
is treated in Section 2. We derive a simple recursion for the corresponding generating functions for
general 7. This recursion can be solved explicitly for several interesting cases, including 12...k, (d +
1)(d+2)...k12...d, and odd-wedge patterns defined below. In particularly, we prove the generating
function for the number of even (odd) permutations avoiding both 132 and 7 € Si(132) is a rational
function for every nonempty pattern 7. Observe that if 7 itself contains 132, then any 132-avoiding
permutation avoids 7 as well, so in what follows we always assume that 7 € S;(132). The case of
permutations avoiding 132 and containing 7 exactly once is treated in Section 3. Here again we start
from a general recursion, and then solve it for several particular cases. Finally, in Section 4 we describe
several directions to extend and to generalize the results of the pervious sections.

Most of the explicit solutions obtained in the next sections involve Chebyshev polynomials of the
second kind.

2. AVOIDING AN ARBITRARY PATTERN

Consider an arbitrary pattern 7 = (71,...,7%) € 6¢(132). Recall that 7; is said to be a right-to-left
mazimum if 7; > 7; for any j > 4. Let mg = k,mq,..., m, be the right-to-left maxima of 7 written
from left to right. Then 7 can be represented as

_ 0 1 r
T= (T, Moy T , M1,y T M),

where each of 7¢ may be possibly empty, and all the entries of 7¢ are greater than m;,; and all the
entries of 7¢11. This representation is called the canonical decomposition of 7. Given the canonical
decomposition, we define the ith prefiz of T by 7 = (7, mg,...,7%,m;) for 1 <i < r and 7° = 70,
7~! = (. Besides, the ith suffit of 7 is defined by o' = (7¢,m;,...,7",m,) for 0 < i < r and
o™t = (). Strictly speaking, prefixes and suffices themselves are not patterns, since they are not
permutations (except for 77 = ¢° = 7). However, any prefix or suffix is order-isomorphic to a
unique permutation, and in what follows we do not distinguish between a prefix (or suffix) and the
corresponding permutation.
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The set of all T-avoiding even [respectively; odd] permutations in &,, we denote by &, (T") [respec-
tively; ©,(T)]. Let e-(n) [respectively; or(n)] be the cardinality of the set €,(132,7) [respectively;
9,(132,7)]. The corresponding generating function let us denote by €, (x) [respectively; O, (z)], that
is,

¢ (z) = Z e-(n)z™ |respectively; O, (z) = Z o-(n)z™
n>0 n>0
The generating function for the number of permutations avoiding both 132 and 7 we denote by F,(z).
Clearly,
(2.1) Fr(z) = € () + O (z).
The following proposition which is the base of all the results in this section.
Proposition 2.1. Let k> 1 andn > 1, then

r 2n r 2n

er(n+1) =3 3 (era(d) —erar(f))esa(n —5) + 30 3 (07a(d) — 0ga-1(4))0ga (20 — j),
d=0j5=0 d=0 j=0
er(2n) = 3 > (exa(y) —eqa-1(4))oga(2n — j — 1) + (0za(j) — 0ga-1(j))esa(2n —j — 1)

d=0 j=0,2,4,...,.2n—2

+ ZTI S (exa(J) — exa-1(j))ega(2n — j = 1) + (07a(j) — 0ga-1(j))0sa(2n — j — 1).
d=0 j=1,3,5,....2n—1

Proof. We use induction. Clearly, the result holds for n = 1. Now let 7 € &,(132) such that 741 = n,
0<j<n—1. Then g = (m,...,n;) is a 132-avoiding permutation on the letters n—1,n—2,...,n—j
and v = (7j41,...,7,) is a 132-avoiding permutation on the letters n —j —1,n —j —2,...,1. If we
assume that 8 avoids 7 and contains 7¢~!, then y avoids 0%, where d = 0,1,2...,r. Besides,
sign(m) = (=1)V D Vsign(B)sign(y) = (1)U Dsign(8)sign(y),
equivalently,
. [ sign(B) -sign(y), ifn odd

sign(m) = { (=1)7+1 .sign(B) - sign(y),  ifneven

Hence, if summing over all d =0,1,...,r and 7 = 0,1,2...,n together with use of the fact that the

number of even [respectively; odd] permutations in &, [respectively; ©,] avoiding 8 and containing -y
is given by eg(n) — eg,,(n) [respectively; og(n) — o0g(n)] we get the desired result. O

Similarly to Proposition 2.1 we obtain the following result.
Proposition 2.2. Let k> 1 andn > 1, then

0@ +1)= 5 3 (exald) — exant ())ogs(2n — )+ 3 35 (052(4) ~ 0gi-s(3))ege(2n — ),
d=0 j=0 d=0j=0
o= £ T (enali) = exi (Deqs(2n = = 1)+ (0al) = 0gs-s ()ogs(2n ==
=0 j=0,2,4,...,.2n—2
+ Z Z (eﬂ'd (J) - ewd—l(j))oad (zn —J- 1) + (Oﬂ'd (.7) — Ogd-1 (j))ead (2n —-Jj- 1)

d=0 j=1,3,5,...,.2n—1

Our present aim is to find the generating functions €, (z) and O, (x); thus we need the following
lemma which holds immediately by definitions.
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Lemma 2.3. let {an}n>0 and {b,},>0 be two sequences, and the corresponding generating functions
are a(x) and b(z); respectively. Then

(1) ngo azn@®" = 3(a(z) + a(-2));

(2) n; azn—12°" " = §(a(z) — a(~2));

3) g; J_:O’z,g;.znﬁ ajban-1-j2°" " = 1(a(z) + a(~2))(b(z) - b(~2));
) X > ajbap—1-j2*""" = 1(a(z) — a(~2))(b(x) + b(~2)).

n>1 j=1,3,5,....2n—1

Theorem 2.4. For any nonempty pattern 7 € G (132), the generating functions €.(z) and O, (x)
are a rational functions in x satisfying the relations

02) ¢, (z) — € (—2) = :vdZT)O(@wd(w) = €a-1(2))€,4(2) + (€ra(—2) — €ra-1(-2)) € a(—2)
2.2 I=
+2 3 (D74(@) — Dza-1(2))04a(7) + (Oga (=) — Oga-1(-17))Oga(—1)),

d=0

03 O:(2) = O-(—2) =2 dZTIO(wad (7) = €ra=1(2))D0a(2) + (€ra(—2) — Era-1(=2)) D54 (1)
2.3 T
2 3 (Dra() = Ora-1(2)) €4 () + (Ora(=2) = Ora-1(=2))€a(-1)),

d=0

€ (2) + € (—a) —2 =
= g dZ::O(@nd (#) + €ra(—2) = €ra-1(2) = €ra-1(=2))(Dga (2) = Dga(—2))
(24) +g dZL:O(DFd (.’E) + Dwd(_x) — Oga-1 (.CL') — O (_x))(ead (Z‘) — €, (—.’E))
+g 2 (Era(@) = Era(=2) = Eracr (2) + Eramr (=2))(Eou(2) + Eoa(—2))
+ 2 (97(2) = D a(=2) = D (1) + O rans (=) (Da(2) + D,a(-),
and
O (x) +DT(_€) =
= g 2 (Era (@) F Era(=2) = Erama (2) = Erams (=2))(Ea(7) — Epu (=)
(2.5) +; dZ;:O(D,rd (@) + Opa(—2x) = Opa-1() — Opa-1(—2))(Opa(r) — Oya(—1x))
+5 2 (€s(0) = €qs(0) — s (o) + Epans(-2)) (s () + Dou(~)
+5 2 (Dra(z) = Dra(=2) = Dy (&) + Dpics (~0)) (€5 2) + €(~))

Proof. Using Propositions 2.1 and 2.2 together with Lemma 2.3 we get Equations 2.2-2.5. Rationalities
of €, (z) and O, (z) for 7 # & follows easily by induction. O
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As a remark, the above theorem holds for the empty pattern without rationalities of €. (z) and
O, (x).
Using Theorem 2.4 we get the main result of [MV2].

Corollary 2.5. (see Mansour and Vainshtein [MV2, Theorem 2.1]) For any nonempty pattern T €
G (132), the generating function F,(x) is a rational function in x satisfying the relation

Frlx)=14x Z(}'ﬂd () — Fra1(x))Fpa(z).
d=0

Proof. If adding Equations 2.2 and 2.3 we have
(26)  Fr(2) = Fr(=2) =2 ) (Fra(x) = Fra-1(2) Fpa (@) + (Fra(=2) = Fra-s (—2)) Fpa(—2).
d=0

If adding Equations 2.4 and 2.5 we get
fr(x) +f'r(_m) -2=

-2 dlo(}}d(m) t Fra(=2) = Fracs () = Fracs (—2))(Fya (@) — Fpa(—2))
4 d;(f,rd (@) = Fra(=) = Fracs (z) + Fyior (=) (Fya (@) + Fya(=2)).

N8

equivalently,

(2.7) Fr(@) + Fr(—2) —2=2 Y (Fra(@) = Fra-1())Fpa(z) = (Fra(=2) = Fra-1(=2)) Fpa(—2).
d=0
Hence, if adding Equations 2.6 and 2.7 then we obtain that

Fr(@) =142 (Fra() — Frar () Fpa ().
d=0

Rationality of F,(z) for 7 # @ follows easily by rationalities of O, (z) and €,(z) (see Theorem 2.4
and Equation 2.1). O

Our present aim is to find explicitly the generating functions €, (z) and O, (x) for several cases of
7; thus we need the following notation. We denote the generating function €, (z) — O, (z) by I, (x)
for any pattern 7.

Theorem 2.6. For any 7 € G;(132),
(2.8) V(@) = My (=2) = 23" (M () = Myacs (2)) M (&) + (M=) — Mot (~2)) M (—2),
d=0

and
T

(2.9) M (2)+M(—2)—-2=2 ) (M a(x) =M a-1(2))Mya(—2)— M a(—2) =M a-1(—2))Mya ().
d=0

Proof. If subtracting Equation 2.3 from Equation 2.2 then we get Equation 2.8, and if subtracting
Equation 2.5 from Equation 2.4 then we get Equation 2.9. d
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Corollary 2.7. Let 7 = (8,k) € 64(132). Then
2(1 + 2905(—2))

M- (z) = (1 —2Mp(z))? + (1 + 2Mp(—2))*

Proof. Equation 2.8 for 7 = (8, k) yields
(1 — 2Mp(2))M, (z) — (1 + 2Mp(—=))M, (—z) =0,
and Equation 2.9 for 7 = (8, k) yields
(1 + zM(—z)) M- (z) + (1 — 2Ma(z)) M, (—z) = 2.
Hence, the rest is easy to check by the above two equations. d

Example 2.8. Let 7 = 12 and B = 1. Since €z(x) = 1 and Og(x) = 0 we get that Ma(z) = 1.

Corollary 2.7 for T = 12 yields
2(14+=x 1+z
Pz(z) = E1z(2) — D12(2) = 1- a:)(2 + (1)+ 2?2  1+22

On the other hand, Corollary 2.5 together with Equation 2.1 we have

1
.7:12(1') = 612(31') +012(CL') = 11—z
Hence,
1+ 22(1 + )
elz(l') = 1— $4 and Du(l’) = ﬁ

2.1. Pattern 7 = &. Let us consider the case 7 = @ as the first case which examined by Simion and
Schmidt [SimSch].

Theorem 2.9. We have

&(@) = 5(C(a) +1) + 20(?) and O(z) = 3 (C(x) ~1) - 2C().

In other words, for alln > 1,

(2) [D20-2(132)| = L Cons;
(3) €2n-1(132)] = 3(Can1 + Cn1);
(4)

Proof. First of all, let us define M(x) = My (z), F(z) = Fu(z), €(z) = €x(z), and O(z) = Ou(x).
Using the same arguments in the proof of Corollary 2.7 we get

(1 =z (z))M(z) — (1 4+ 29M(—z))M(—2z) =0,

(14 2z (—2))0(z) + (1 — 20(z))M(—2) = 2,
therefore,

M(z) = €(x) - O(z) = 1 +2C(a?).
On the other hand, Corollary 2.5 for 7 = @ yields F(z) = 1 + zF(x)?, so by Equation 2.1 we have
that
F(z) = €(z) + O(z) = C(x).

The rest is easy to check. d
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2.2. Pattern 7 = 12...k. Let us start be the following example.
Example 2.10. (see Simion and Schmidt [SimSch, Proposition 7]) Corollary 2.7 together with Fx-
ample 2.8 yield

Mya3(z) =1+ z.

On the other hand, using the fact that Fia3(x) = €123(x) + O123(x) = 11:2zz (see [SimSch]) we get

x? x?

d = .
2 O Pus(e) = oo

Co3(z) =14+

The case of varying k is more interesting. As an extension of Example 2.10, let us consider the case
T = [k], where we define [k] =12...k.

Theorem 2.11. For all k > 1,

(i) €Epp_yy(z) = %(R%_l(x) +2Ry_1(2%) + 1) and Epy(x) = % (Rzk(x) + 4 +1$f;§”}’%%)2$’3($ )),
X 1'2 .’13'2
(i) Dpe_yy(z) = %(ng_l(w) — 2Ry (#2) — 1) and Oy (z) = % (R2k(a:) _a s f;g Rézﬁ’“)( )).

Proof. We use induction on k. Using Example 2.8 we get that 9% (z) = 1 and M2(z) = =t%. Now,
let us fix k£ and assume that

(1 + 2Ry (z?))Ri (2)
1+ 22R%(x?)
Therefore, by the hypothesis of the induction and Corollary 2.7 we get

z(1—zRi(2)) Ry (2
2(1 4 HizshE N ))

M2k—1)(x) = 1+ zRy_1(z”) and Mz (z) =

M =
- (1 — z(1+sz(z2))Rk(z2))2 + (1 + z(lfﬂ:Rk(w2))Rk(z2))2
1+22RZ(2?) 1+ Ri(2?)
1+z2R%(z2)

= —_ 2
T (1—zRi(22))2 (1+aRe(z2))2 1+ 1’Rk($ )

(122 R2(eD)2 T (14222 (22))2

Also, by the induction hypothesis, Corollary 2.7, and Identity 1.2 we have that
2(1 + (1 — 2Rk (2?)))
(1 —2(1 + 2Rk (22)))* + (1 + (1 — 2Rk (22)))”

Mioky2) =

2 (2 + mriey)
(remy —2) + (mtem +0)

2(1 4 zRp11(2%)) Re41 (=) _ (L4 2Rp41(2”)) Ry (2°)

(1 —2Rp41(22))? + (1 + zRp41(2?))? 1+ 22R; | (2?)
Hence, for all & > 1,

(1 + 2Ry (2?)) Ry (2?) -

Mrop_11(z) =1+ zRy_1(z?) and M, T) =
[2k 1]( ) k 1( ) [2k]( ) 1+.’L’2R%($2)
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On the other hand, in [CW] (see also [MV1, Kr, MV2, MV4]) was proved

Fim) (@) = € () + Opmi () = R (),
for all m > 1. Hence, by the above two equations we get the desired result. a
Example 2.12. Theorem 2.11 for k = 3,4,5 yields

¢i5)(n) —op5)(n) = 5 (1+ (~)"*);
er(n) —opy(n) =27 (14 (=1)™*);
e(n) = og(n) = 75 (1+ (=1

where Fy,_3 is the (n — 3)th Fibonacci number.

2.3. Pattern 7 = 213...k. Let us start by the following example.

Example 2.13. (see Simion and Schmidt [SimSch, Proposition 7]) Corollary 2.7 for T = 213 together
with the fact that Mo (z) = €21 (x) = 1% and Oq1(x) = 0 yield

(1 —z)(1 — 422 + 42%)
(1 —2z)(1 — 322 + 4z4)’

(1—2x)a?
(1 —2z)(1 — 322 + 4z*)’

€213 (ﬂU) = 9213( )

The case of varying k is more interesting. As an extension of Example 2.13, by using Corollary 2.7,
and induction on k (Similarly to Theorem 2.11) we get

Theorem 2.14. For all k > 1,

Mo134...(2k) (z) =

(1+22) (Ui (35) = Ui (55) + “75)
£)+

Usk (35) — 22002411 (35) + 72%s ’

(1+2.’L‘)(U2k 2( ) Usj— 1( )+$21—"__2732;1)
Usk—1 (55) — 2aUs (55 )—M

1-3z2

Ma134...(26—1) (T) =

By Theorem 2.14 together with use of the fact that Fa134. 1 (z) = Ri(z) (see [MV2, Theorem 2.6))
we get

Corollary 2.15. Forall k> 1,

Uag— 1(
fUzk(

Usp (ﬁ)—2$U2k+1 (%)-‘r

1—322

(i) €a134...20) () = [

)) (120) (Vs () Vs (2 —r)]

2
.. _1 U2k—1(2\1/5) _ (l-i-2$)(U21e—1(ﬁ)—U2k(2m %222—1) .
(i) 02134”'(%) (@) = 2 lﬁUZk(g}/;) U2k(%)*2$U2k+1(2L)+1 s ’

(i) €134, (20—1)(2) = &

l Una(shs) <1+2w>(vzk-2(;m)—Uzk-1<2;)+”'i+§:-rl)],
)
1

=) Use—1 (2 ) 20U () - 205550

iv) © ) =3
(V) 2134...(2k 1)( ) 2 Qﬁ) U%_l(ﬁ)qugk(ﬁ),2m1(1_;igz)

1 l U2k—2(2\1/5) _ (1+2w)(U2)c—2(21m)—U2k—1(21m)+2i+§22_—1)‘|
1 .
1
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2.4. Pattern (d + 1)(d + 2)...k12...d. In this subsection we consider the case 7 = [k, d] where
[k,d] = (d +1)(d +2)...k12...d. Following to Theorem 2.11, our present aim is to find explicitly
the generating functions € (z) and O, (x) where 7 = [k, d]; thus we need to consider four cases either
k even or odd, and either d even or odd. First of all, using Theorem 2.6 for 7 = [k, d] we state the
following fact.

Lemma 2.16. Letk >2,1<d<k—1, and 7 = [k,d]. Then
(1 + &M g—1) (=) — @My (—2))M7(2) + (1 — 2M—q—1)(z) + 2M(q)(2)) M- (—2)
=24 M g—1) (—2)Mg) () — M g—1) (2)M[g) (—2),

(1 = 2M—g_1)(x) — M) (%)M (z) — (L + 2 1) (—7) + 2 (—2)) M (— 1)
= =M q1)(@) Mg (@) — 2M g 1)(—2) Mg (—2).

2.4.1. k and d are odd numbers. Now, we ready to consider the first case k and d are odd numbers.
Theorem 2.17. Let 0 < d < k. Then

Mizkt1,2441](T) =1+ 2Ry, (:1:2)

Proof. Theorem 2.11 yields Moy _oq_1(x) = 1+ Ry_q_1(x?) and Mogy1(x) = 1+xR4(2?). Therefore,
by use of Lemma 2.16 for 7 = [2k + 1,2d + 1] we get

sD'z‘l'(x) + sInT(_m) = 27

(1 -2z — 22R4(2?) — 2 Ri_q_1(2?))M, (z) — (1 + 22 — 22 R4(2?) — 2®Ri_q_1(2%)) M, (—x)
= -2 — 2.’L‘3Rd(.’1}2)Rk,d,1($2),
so,
2(1 — 2?Ry(2®)Ri_q_1(2?))
1—22(R4(22) + Rp—_q_1(2?))’
By using the following identities (see [MV2])

Up+q (ﬁ)

M (z) =1+

2Uptqt1 (55)

(2.10) 1 —2’Ry(s*)Ry(z*) = — 22— and 1 — 2?(Ry(2?) + R,(z?)) = 2ol
e Up (25) Ua (35) ' ! Up (25) U (35)
we have ( . )
Uk—1 (5=
M, (z) =1+ 222
ST ES
and by Identity 1.1 we get the desired result. O

By Theorem 2.17 together with use of the equation Fi 4(x) = Ry (x) (see [MV2, Theorem 2.4]) we
get

Corollary 2.18. For all0 < d <k,

1 1
€l2k41,2a41](T) = §(R2k+1(w) + 2Ry (2) + 1) and Oapy1,2441)(x) = §(R2k+1(x) — zRy(z°) — 1).

A comparison of Corollary 2.18 for values of d suggests that there should exist a bijection between
the sets €,(132,2...(2k + 1)1) and €,(132,(2d + 2)(2d + 3)...(2k + 1)12...(2d + 1)) for any d.
However, we failed to produce such a bijection, and finding it remains a challenging open question.
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2.4.2. k odd number and d even number. Now, let us consider the case where k£ odd number and d
even number.

Theorem 2.19. Let 1 <d < k. Then
Mpkt1,2q)(T) =1+ TRy, (z?).

Proof. Let m = k — d; solving the system equations in Lemma 2.16 for 7 = [2k + 1, 2d] together with
use of Theorem 2.11 we get

2(Rm(2?) + Ra(2®) — Rin(2)Ra(2?))
1—22R,,(22)Ra(x?) '

Using Identities 2.10 we get the desired result. O

M2py1,2q)(T) = 1+

By Theorem 2.19 together with use of the equation F 4(x) = Ry (x) (see [MV2, Theorem 2.4]) we
get

Corollary 2.20. For all1 <d <k,

1 1
€lapt1,24) () = §(R2k+1 + 1+ 2R (2%)) and Oppi1 241 (x) = §(Rzk+1 — 1 —zRy(2?).

A comparison of Corollary 2.18 with Corollary 2.20 suggests that there should exist a bijection
between the sets €,(132,12...(2k + 1)) and €,(132,[2k + 1,d]) for any d. However, we failed to
produce such a bijection, and finding it remains a challenging open question.

2.4.3. k even number and d odd number. Similarly as above subsections, we can consider the case
where k even number and d odd number.

Theorem 2.21. Let 0 < d < k—1 and m =k —d— 1. Then the generating function Mok, 24+1)()
is given by
(1 — 2*(Rm(2?) + Ra(a?)) + 2(1 — 2° Ry ( 2%))) (1 + 22 R (2*) Rq(2?))
1 —;EZ(I+R,2H($2))(1+:1:2R2 (z?)) '

By Theorem 2.21 together with use of the equation F 4(x) = Ry (z) (see [MV2, Theorem 2.4]) we
get

Corollary 2.22. Let0<d<k—1andm=%k—d—1.

(i) The generating function €y 2q41(x) is given by

1<R2k(w)+ (1 — 22(Rm (22) + Ra(2?)) + (1 — 22 Rn( 22))) (1 4 22 Ry ( )Rd(m‘z)))_

1-a2?(1+ R?n(wz))( + 96232 (2?))
(ii) The generating function (o 2441)(x) is given by

1 R (1 — 2*(Rm(2?) + Ra(2?)) + 2(1 — 2° Ry ( 2%))) (1 + 22 Ry (2*) Ra(2?))
3 (B = 1—22(1 +Rgn(:c2))(1 a:2R2 2 (22)) '
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2.4.4. k and d even numbers. Similarly as above subsections, we can consider the case where k and d
even numbers.

Theorem 2.23. Let 1 <d < k—1and m =k —d— 1. Then the generating function Moy 2q)(x) is
given by

1 (1—2*(Rm(z?) — Re(3%))) (1 — 2*(Ra(2?) + Rm(2?)) — 2(1 — 2’ Ra(z®)Rm (2?))) -

x z +23(1 4+ 22R%(2?))(1 — 2R (22) + 22 R2,(2?))

By Theorem 2.23 together with use of the equation Fj,q(z) = Ry (x) (see [MV2, Theorem 2.4]) we
get
Corollary 2.24. Let 1<d<k—1andm=%k—d—1.

(i) The generating function €y 2q41)(x) is given by

(1= 2 (Rn(@?) = Ra(?))) (1 = 2*(Ra(a?) + Ron(@?) = a(1 = 5 Raa?) Ron(52)))
z + 23(1 4+ 22R%(22))(1 — 2R (2?) 4+ 22 R2,(2?))

1 1
5 (Rzk(ﬂf) + E -

(ii) The generating function Oy 2441)(x) s given by

1 (R (z)— l+ (1 — x2(Rm($2) - Rd(:z:2))) (1 - ;L'Q(Rd(g;2) + Rm($2)) —z(1- szd(x(")Rm(w?))))
2\ T z + 23(1 + 22R%(32))(1 — 2R, (22) + 22 R2,(2?)) .

2.5. Wedge patterns. For a further generalization of the results in the pervious subsections, consider
the following definition. We say that 7 € & is a wedge pattern if it can be represented as 7 =
(1, p%,...,7", p") so that each of 7¢ is nonempty, (p!,p%,...,p") is a layered permutation of 1,...,s
for some s, and (r!,72,...,77) = (s + 1,5 + 2,..., k). For example, 645783912 and 456378129 are
wedge patterns. Evidently, [k, d] is a wedge pattern for any d. We say that 7 € &, is an odd-wedge
pattern if it a wedge pattern such that the length of (1, p!,...,7P,pP) is given by odd number for
all p=1,2,...,7. For example, 23145 and 34251 are odd-wedge patterns. Evidently, [2k + 1,d] is an
odd-wedge pattern for any d.

Theorem 2.25. M, (z) = 1 + xRy (z?) for any odd-wedge pattern T € Gap11(132).

Proof. We proceed by induction on r. If = 1 then 7 = [2k + 1, d] for some d, and the result is true
by Theorems 2.17 and 2.19. For an arbitrary » > 1, 7 looks like either

r=(",2p+2d+2,2p+2d+3,...,2k+1,1,2,...,2d),
or
T=(",2p+2d+3,2p+2d+4,...,2k+1,1,2,...,2d + 1),
for some d and p, where 7/ = (7%, pt,..., 7771, p"1).

The first case; 7' contains 2p+ 1 elements and it is an odd-wedge pattern, so by induction M (z) =
1+ zR,(z?%), so Corollary 2.7 gives
(L + oRy11(2%)) Ry (a2)

M7 2p+2at2)(T) = 1+22R7 |, (2?) 7
P

and then
M1 2p+2dto,2pi2ats) (@) =1+ zRpy1(2°).
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Therefore, by induction we have

m (z) = (14 zRy_q(2*))Re—a(2?)
(77,2p+2d+2,2p+2d+3,...,2k) 1+ $2Ri7d($2) -

Hence, Theorem 2.6 for 7 = (7',2p+2d + 2,2p+2d + 3,...,2k + 1,1,2,...,2d) yields (similarly as
Theorem 2.19)

z(Ry—a(2) + Ra(z®) — Rx—a(2®) Ra(2?))
1- £L‘2Rk_d($2)Rd(!L'2) ’
and using Identities 2.10 we have that 9, (z) = 1 + zRx(2?).

M (z) =1+

The second case; similarly as the first case we have that

M (1 2p42d43,2p+2d+44,...20) (€) = 1+ TRp_q—1(2”).
Hence, Theorem 2.6 for 7 = (7,2p+ 2d + 3,2p + 2d + 4,...,2k + 1,1,2,...,2d + 1) yields (similarly
as Theorem 2.17)
z(1 — 22 R4(2?) Rg—a—1(z?))
1—22(Ryq(2?) + Rg—q—1(2?))’
and using Identities 2.10 we have that 9, (z) = 1 + 2R (2?). a

M (z) =1+

A comparison of Theorem 2.11 with Theorem 2.25 suggests that there should exist a bijection
between the sets €,(132,12...(2k + 1)) [respectively; ©,(132,12...(2k+1))] and €,(132,7) [respec-
tively; 9,,(132,7)] for any odd-wedge pattern 7. However, we failed to produce such a bijection, and
finding it remains a challenging open question.

Corollary 2.26. For any odd-wedge pattern T € Sapy1(132),

€.(2) = ~(Rops1 (2) + 2R (2?) + 1) and O (z) = =

2 5 (Boks1 (2) — 2Re(a?) — 1).

3. CONTAINING A PATTERN EXACTLY ONCE

Let e,,.(n) [respectively; o,-(n)] denote the number of even [respectively; odd] permutations in
6,(132) that contain 7 € &;(132) exactly r times, and e.,(n) [respectively; of,.(n)] denote the
number of even [respectively; odd] permutations in &,(132,p) that contain 7 € &;(132) exactly
r times. We denote by €...(z) and €7 () [respectively; Or.-(z) and O? . (z)] the corresponding
ordinary generating functions. Using the argument proof of Theorem 2.4 we get as follows.

Theorem 3.1. For any 7 = (7°,mg,...,7",m;) be the canonical decomposition of nonempty T €
Sk(132), then

r+1 d 41 d 41
€ri(z) — € (—2) = de: Gﬂd_l;l(m’) od;1 (z) + @Wd_l;l(—m') odi1 (—z)+
=0
(31) r+1 ol 41 d gd-1
+z d;o Dnd—l;l(x) od;1 (:E) + Dﬂ—d—l;l(_'r) od;l (_m)a
r+1 d 41 d 41
0,1(2) = Dra(=2) =7 32 €11y, (PO () + €5y, (~0)D7 (—2)+
(3'2) gig d-1 d—1

+z dgoozi_l;l(x) Ton (@) + OTa  (—2)€. (—2),
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g+l d d d—1 a-1
€ra(z) + €ra(—2) = 5 P ( :d—l;l(x) + eid-l;l(—x))(ﬁgd;l (z) — ng;l (=x))+
T+1 d d—1 d—1
S (0714 (0) + ]y (D)€, () — € (o)
(3.3) 2 i d -
+:2 S (@r (@) — €T (~2)(€0) () + €0 (—a)+
ol i

Z( T (@) = DTy (—2) (D50 (@) + D50, (—2)),

and
x rtl d d—1 d—1
Dr@) + Dra(=2) = § 2 (€7hs, () + €7y, (-2 (€52 () — €717 (=) +
r+1 d d—1 d—1
+3 2 (07 (0) + 0T (<2) (972 () = 972 () +
(34) 7'+1 d d—1 d—1
5 L (€Thns, (@) = €T, (<) (O (0) + D727 (o) +
7'+1 P

z (OTams,y (@) = OTairy (-2)) (€70 (2) + €201, (—2)),

Remark 3.2. Strictly speaking, Theorem 3.1, unlike Theorem 2.4, is not a recursion for €..(z) or
Or1(x), since it involves functions of type €7.,(x) and D7, (x) (unless T = 0; see the next subsection).
However, for these functions one can write further recursions involving similar objects. For example,

-1

&, () - €ry (- )—xze,ﬁ @ @)+ €, (o€ (o)t
+:1:EDF, e )ojéil(x)+Dgi_11(—x)00i1(—w),
and
O, (2) = O (—a )—xzz e (@ )g“ifﬂ(xnegi_l 1(—:6)92331(—55)"'
—i—xZDﬂ, e )E‘Eaézil(m) +o;§_11(—m)ejil(—m),

where 0;71 is the ith suffix of ™. Though we have not succeeded to write down a complete set
of equations in the general case (for €°(x) and D (x)), it is possible to do this in certain particular
cases.

As a corollary of Theorem 3.1 we obtain the main result of [MV2].
Corollary 3.3. (see Mansour and Vainshtein [MV2, Theorem 3.1]) Let 7 = (7°,mq,...,7",m,) be
the canonical decomposition of T € Si(132), then for all T > 0,
r+1

—wZGW )GL (@),

where G, (x) is the generating function for the number of permutations in &,(132) containing T exactly
once, and G?(x) is the generating function for the number of permutations in &,(132, p) containing
T exactly once.
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Proof. If adding Equations 3.1 and 3.2 together with use of the fact that G2 (z) = €2 (z) + O?(x) for
any 7 and p, we get

r+1

(3.5) Gr(@) = Gr(~2) =2 Y Gras(2)Gs () + Glacs (~2)G3a (—),
and if adding Equations 3.3 and 3.4 we have
T+ d d—1 d d—1
(3.6) Gr(@) +Gr(—z) =2y Gras(@)GJa (2) = Grama(-2)GJa (—a).
d=0
Hence, by adding the Equations 3.5 and 3.6 we get the desired result. a

Our present aim is to find explicitly the generating functions &,.1(z) and O (z) for several patterns

3

7, thus we the following notations. We define M;.,.(z) = €7, (2) — Orr(x) and M2, () = €2 (2) —
©O?..(x) for any 7 and p, and IMG;.,.(z) = M,(z) for any p.

Theorem 3.4. For any 7 = (7°,mg,...,7",m;) be the canonical decomposition of nonempty T €
Sk (132), then

r4+1

(3.7) M, () — —wzzmm (@)MTur, (2) + Moy (—2)MTa, (—2),
and
T+1 d d—1 d d—1
(3.8) M1 (@) + Mt (—2) = 23 Mas,y (2) MG, (—2) — Macs,, (—2) M, (2).
d=0

Proof. If subtracting Equation 3.2 from Equation 3.1 then we get Equation 3.7, and if subtracting
Equation 3.4 from Equation 3.3 then we get Equation 3.8. d

3.1. Pattern 7 = [k]. One can try to obtain results similar to Theorems 2.11, 2.14, and 2.17-2.23, but
expressions involved become extremely cumbersome. So we just consider a simplest wedge pattern,
which is the pattern [k].

Theorem 3.5. For allm > 0,

() Mam114(+) = 77y

"Ry 14 (27) (L) <1 + 22Ri (22) —$2R3n+1(372))-

) s o
() Mzmr2p (7) = o (02202 (&

Proof. Let 7 = [k], then r = 0, and it follows from Theorem 3.4 that

M1 (@) — Mpgsr (=) = 217 (@) Mgg1 () + 2N 1) (—2) M1 (—2)
FEIM 1351 (@) My (@) + 2131 (—2) My (— ),
(3.9)
Mg (@) + Mg (—2) = 2Mpe—1) (@) Mpgg1 (—2) — M1y (—2) M1 (2)
+375m[k—1];1($)5m[k (—z) — mm[k—l];l(_x)m[k] ().
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Now, let us consider two cases either k = 2m or k = 2m + 1 as follows. (i) Let k = 2m, Equation 3.9
for k = 2m and Theorem 2.11 together with Identity 1.2 we get

(1 _ me(mz))m{z(T];l(ml)%—((l i{;;REn(w)ﬂ)fmmm];l(—w) :(1 R ( ))R ( )
+ 2R, (2?))R2, (2 ~ 2R (@) Ry, (7
- ﬁwz;%n(mz) Mo (@) + 11:52;%1(%) :

M2 —13;1 (=)

(1 + me("EQ))m[Zm];l ("IJ) + (1 - mRm(w2))m[2m];l(_$) =
2(1 — xRy (2?))R2 (22 (1 + 2Ry (2?))R2,(2?)

ST irem@)  Den-ual®) - T e )

Sy‘n[Zm—l];l (—.ZL’)

If solving the above system of Equations, then using Identity 1.2 we have

zR2,(z?)
(14 22R2 (22

(310) Mppp (2) = (- 2 R )10 (0) — 20 ()M a(-2) ).

(ii) Let k = 2m + 1, similarly as first case (i) we get

BI) Baae) = (1= 2R ) Mamae) = 208 (&) Mma(-2) ).
If using Equations 3.10 and 3.11, then we have that for m > 1,
931[2m+1];1(517) = $2R72n($2)9ﬁ[2m71];1($)-

Besides, by definitions we have that 93,1 (x) = , hence Mam 17,1 (¢) = ﬁ Using Equation 3.10
m\ 2z
together with the property U (t) = U2 (—t) for all p, we get the desired result. O

Theorem 3.5 together with the fact that the generating function for the number permutations in

6,(132) containing [k] exactly once is given by % (see [MV1]) we have
5E

Corollary 3.6. For all m >0,

B

(ii) D[2m+1 ( Vg zf) U?,L(ﬁ))’

1 &z R2 1(5’1 )
(ili) €2miap1(2) = 3 ( U2aa( T e me +1(;2))2U2 ) (1+22Rm1(a) - 2R}, 14 (w )));

M

(iv) Ol2m+2); 1(z) =

I

@®R2, 11 (%)
( U3 +2 f) (1+2*R7, +1(J$r;))w2U2 (%) (1 + 233Rm+1(33 ) -z Rm—i-l( )))
m 2

4. FURTHERMORE RESULTS

In this section, we present several directions to generalize and to extend the results of the previous
sections.
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4.1. Statistics on the set ¢,(132) and on the set ©,(132). The first of these directions is to
consider statistics on the set &,(132) (or on the set 9,(132)). First of all, let us define

Flay, x2,...) = EnZO Zwee‘n(wz) Hj21 x;z“j(ﬂ)v
€(z1,22,...) = ano Zﬂ€€"(132) HjZI m;2...j(7r)’
O(21,22,...) = Enzo Zﬂ'EDn(132) HjZl 37;2"']“)’
where 12...j(m) is the number occurrences of the pattern 12...j in m. We denote the function

&(z1,22,--.) — O(z1,T2,...) by M(z1,T2,...). Using the same arguments in the proof Corollary 2.7
together with the main result of [BCS] we get as follows.

Theorem 4.1. We have

2(1 -+ mlmt(—a:l:cg,mgm, .. ))
(]. — xlm($1$2,$2$3, .. ))2 + (]. + 1‘19)2(—.%‘11‘2,.%‘21‘3, .. .))2,

M(z1,x2,...) =

and
1

a 1-— .’L‘lf(.fL'l.’Eg,.Z‘Q.’L'g, - )

f(:l)l,lli'z,...) = 6(331,332,...) +D(.’L‘1,.’L‘2,...)

An application for Theorem 4.1 we get the distribution of the number right to left mazima on the
set €,(132) or on the set ©,(132). Let 7 € &,; we say 7, is right to left maxima of « if w; > m; for
all j < i. The number of right to left maxima of © we denote by rim,.

Corollary 4.2. We have

) 1 1 1+ zy — 2%yC(a?) )
rimy — —
O % ™Y =2 (immom * oo e
. 1 1 1+ zy — 22yC(x?) )
nyrlim. _ — .
0 & et ¥ 2 (Tomem ~ T B0 eyt

Proof. Using Theorem 2.9 together with definitions we have 9M(z,1,1,...) = 1 + 2zC(2?). So, Theo-
rem 4.1 yields

1+ zy — 2%yC(?)

1 _
1 - 222yC(22) + 22942C (22)’

M(zy,y ' y,...) = Exy,y Ly,...)—Oy,y Ly,...)

and
1

f(myay_la:%yil:" ) = @(ﬂiy,y*l;y,y*l;- ) +D($yay717yay717" ) =3 AN
1—2yC(x)

On the other hand, using [BCS, Proposition 5] we get
g™y = Flry,yy,yT ),

n>0reG,(132)

a2y = E(zy,y~ty,y7h ),
n>0 reE, (132)

gy = O(zy,y Y,y )
n>0 1€, (132)

By combining all these equations we get the desired result. d
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An another application for Theorem 4.1 we get an explicit expressions for the generating func-
tion 37,50 X reen(132) xy'2#™) for given k and 12...k(w). The following result is true by using
Theorem 4.1.

Theorem 4.3. Let k > 1; we have
. . Uk(5 )+Uk—1(5=
(i) 937[2k+1];0(93) =1+ ka(xz) = LLI(Z);
U’“(2w)
i3 S)J’I . — Z .
(i) Mzp41)51 () v (L)’

T (Uk 1(

22) (2L) .
UR(s:)
Therefore, by [MV1, Theorem 4.1] together with the above theorem we get the number of even (or

odd) permutations avoiding 132 and containing [2k + 1] exactly r = 0,1, 2. For example, for r = 2 we
get (for r = 1 see Corollary 3.6)

Corollary 4.4. Let k > 1. Then

(i) Mz (@) = 8y (@Re(a®) = 1) =

(i) the generating function for the number 132-avoiding even permutations containing 12...(2k+1)
exactly twice is given by

1 ﬁUk_l(%)+ (Uir (&) - Us ()
o) Ry Ui (5) ’

(ii) the generating function for the number 132-avoiding odd permutations containing 12...(2k+1)
ezxactly twice is given by

1 [ VEUk (ﬁ) *(Ur-1 (55
aw)

4.2. Two restrictions. The second of these directions is to consider more than one additional re-
striction. For example, the following results is true. Let BT1 -2(x) be the generating function for the
number of even permutations in €,(132,7!,7%). Assume 7! = 12...k and 72 = 2134...k, then we
get as follows.

Theorem 4.5. Let V,,,(z) = (1 — aW,,(2)) W1 (z) such that

(1 — 22Rp—2(2) Rm—3(x)) Rim—1()
1—22Rp—1(x)Rpp—2(x)

N |
£ m|,_.

(%) ’

Wi(z) =

Then, for all k > 2,

(1) The generating function €19, .2k 2134...2k(2) is given by
1
5 (Wor(z) + 1 + 2Ry (2?)) .

(2) The generating function O1a..2k,2134...2k () is given by

% (War(@) — 1 — 2Ry (a?))
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(3) The generating function €15 (2k41),2134...(26+1) (T) 15 given by
1 (2(1 + 2Ry41(2”)) — Vo () — 2Ryy1(2°) Vo (—2)
2 1+ 22R;_ (¢?)

(4) The generating function D15 (2k+41),2134...(2k+1) () 5 given by

Another example to consider the case of avoiding 7! and counting occurrences of 72. For example,
2 2
the following result is true. Let €7, (x,y) [respectively; O7,(z,y)] be the generating function for the
number of even [respectively; odd] permutations in &,(132,72) containing 7' exactly r times.

Theorem 4.6. Let Gi(z,y) = GFZ]J"” (z,y) — D%z]ﬂ] (z,y). For all k > 1,

Di-1(z) — 2* + By(2)(1 — y) + 2°(Dy—3(z) — 2*~?)(1 — y)?
Dy(z) + Ey(z)(1 — y) + 2° Dy (2)(1 — y)? ’
where Ep(z) = ((—=1)™ — 1)2™*!; Bop(x) = —22™ ! and Bapmi1 = —2°™ + 22+ and

2m41

D2m($) = T_WSEQMH (%) = 2zUzp, (%) — 2x),
Dam11(z) = =57 (Uams (55) — Uzmaa (35) — 42),

R (a?) + W2k+1<x>) .

Gk(xay) = ].+.CL'

for all m > 0.
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