GENERALIZATIONS OF SOME IDENTITIES

INVOLVING THE FIBONACCI NUMBERS

March 7, 2003

Toufik Mansour !

Department of Mathematics, Chalmers University of Technology, S-412 96 Géteborg,
Sweden

toufik@Omath.chalmers.se

1 Introduction

The generalized Fibonacci and Lucas numbers are defined by

n__ An

P Va(psq) = o™ + 87, (1)

Un(p,q) =

where o = %(p +/p?>—4q) and 5 = %(p — /p? —4q). Clearly, U,(p,q) and V,(p,q)

are the usual Fibonacci and Lucas sequences {F,} and {L,} when p =1 and ¢ = —1.
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Definition 1.1 Let d > 0. For any n > 0, we define

samip k)= > [ Uki(p0)-

ditiatetia=n i=1

For the Fibonacci numbers, Zhang [3] found the following identities:
1
so(n;1,—1;1) = g((n —1)F, +2nF,_1), n>1, (2)

1
s3(n;1,—1;1) = %((5712 —9n—2)F,_; + (5n® —3n—2)F,5), n>2, (3)
and when n > 3,
1
s4(n;1,-1;1) = ﬁ((4n3 —12n* —4n +12)F,_5 + (3n® — 6n* — 3n + 6)F,,_3). (4)
Recently, Zhao and Wang [2] extended these identites to the case of {U,(p,q)} and
{Va(p,@)}; forn > 1

sa(n;p, q; k) = % ((n — 1)Unk(p, ) Vi(p, @) — 2nq" Upn—1yx (p, Q)>, (5)

for n > 2,
U2(p,
s3(n;p,a; k) = sags ((n — D = 2)Vi(p, ))Un(p, q)

—¢"Vi(p, ¢)(4n* — 6n — ) U1y (P, 9) (6)

- (4n? — 280 + 28(n — 3)Va(ps @) + 80)Uin_aye(p: q>) |



and when n > 3,

3
si(mip @ k) = gratee s (‘/zf(p, g)(n = 1)(n = 2)(n = 3)Unk(p; )
—6¢*V2(p,q)(n — 2)(n — 3)(n + 1)Upm-1)x(p, @)
+12¢°*Vi(p, q) (n — 3)(n* +n — 1) Un—2)x(p, q)

—8¢**n(n* — 4)Upn—su(p, Q)> :

In this paper, we extend the above conclusions. We establish an identity for the case

sa(n; p, q; k) for any d > 2.

2 Main results

We denote by Gi(z;p, q) the generating function of {U,.«(p, q)}, that is, Gy(x; p,q) =
Y n>0 Unk(p;@)2™, where k is a positive integer. Clearly, by Definition 1 and the

geometric formula,

, _ zUx(p, )
Gk(xapa CI) - 1— Vk(p,q)m_i_qkmg‘

We define Fy(z) = Fi(z;p,q) = W. Then

Uk (p, q)
(p, @)= + ¢ka?

(8)

Fi(@) =) Uni(p,)2" ' = -— T

n>1

Definition 2.1 Let a(0,d) = 4¢ for any d > 0, and a(¢,0) = 0 for any £ > 1. We

define a(¢,d) for £,d > 1 by a(l,d) =4({+1)-a(l,d—1)+£-a(l —1,d—1).



Using this definition we quickly generate the numbers a(/,d); the first few of these

numbers are given in Table 1.

d\¢ 0 1 2 3 1 5 6
0 1 0 0 0 0 0 0
1 4 1 0 0 0 0 0
2 16 12 2 0 0 0 0
3 64 112 48 6 0 0 0
4 256 960 800 240 24 0 0

) 1024 7936 11520 6240 1440 120 0

6 4096 64512 154112 134400 53760 10080 720
Table 1: Values of a(¢, d) where 0 < £,d < 6.

We can also use Definition 2.1 to find an explicit formula for a(¢, d).

Lemma 2.2 For any £,d > 0,

a(l,d) = 4%+ é(—ﬁj (f) (+1— 4"



Proof. By Definition 2.1 it is easy to see that the lemma holds for £ = 0 or d = 0.

Using induction on d and ¢ we get that

40+1)-al,d—1)+L-a(l—-1,d—1)

— (£_+_ 1)4:1—1& Z(_l)j(ﬁ)(£+ 1 _j)d—l 4/ 4d—£§(_1)j(é;1) (g_j)d—l

1
Jj=0 J=0

l ) ? )
=4+ ) () () e+ 1= e (- () e+ 1= )
J=0 j=1
=4+ 1)+ () () e+ 1= 5)*| = alt,d+ 1),
j=1
as requested. O

Definition 2.3 Let b(1,d) = (—2)%! for any d > 1, and b(¢,1) = 0 for any £ > 2.

We define b(¢,d) for £,d > 2 by b(£,d) =b({ —1,d—1) —2¢-b(¢,d —1).

Using this definition we quickly generate the numbers b(¢, d); the first few of these

numbers are given in Table 2.

3 4 —6 1 0 0 00
4 -8 28 -12 1 0 00
5 16 —-120 100 —-20 1 O O

6 —-32 496 —-720 260 -—-30 1 O
Table 2: Values of (¢, d) where 0 < £,d < 6.

We can also use Definition 2.3 to find an explicit formula for the numbers b(¢, d).



Lemma 2.4 For any {,d > 1,

Proof. By Definition 2.3 it is easy to see that the lemma holds for £ = 1 or d = 1.

Using induction on d and ¢ we get that

bl —1,d—1)—20-b(t,d — 1)

yd—20d—¢ =2 o ] B o(—1)d—29d—-1 -1 o ) B
=Sl S (G + ) = o S () G+ )
J= j=

J=0 J=0

- EX () G+ - (- 1) (I + 1)d—2]

R (S +j‘z::z(—1)f (e(h - =) G+ 1>“]

C1od— 2 .
= GO gyttt S (1) (51 G + 1)‘“]
§=0
_1\d—19d—¢ =1 - . _
= S LV ()0 + D = e d),
J:
as requested. O

Now we introduce a relation that plays the crucial role in the proof of the main result

of this paper.

Proposition 2.5 Let d > 1. The generating function Fy(x;p,q) satisfies the following

equation:

> [0 (S0 @6+ 1-00) (Ee) 77 @na)
=2 [% (Jf(—l)i(jil) (i + 1)‘“) (Vi(p, q) — 2¢*2) FP (x;p, Q)] ,

=0



where Fk(j)(x;p, q) is the jth derivative with respect to x of Fy(x;p,q).

Proof. We define A = %}Z?qk and B = V,(p, q) — 2¢*z. Let us prove this theorem

by induction on d. Noticing that

(Vi(p, @) — 2¢*z) Fy(z; p, q)
1—=Vi(p,q)r + ¢k

F{V(x;p,q) =

we get

AP Fy(z;p,q) + A - F(;p,9) = B- F{V(z;p, q),

therefore, the theorem holds for d = 1. Now we suppose that the theorem holds for d,

that is,

d , i .
ZOa(J,d)q(d‘”)’c (%) F " (2;p.0)
‘7:

= 3 b(j, d)g“k (Vi(p, q) — 2¢%z)" F9(z; p, ).

=1

Therefore, derivative this equation with respect to x we have that

> (j + Dalj, d)g P* AT F (230, 0) F (a3 p, q)

i=0

d d j
= 200 d)g I BIR (30, ) = X 2j600, d)a BT (59, ).
j=1

]:

If multiplying by B and using Equation 9 then we get that

d N a , o
_ZO(J' + 1)a(j, d)g' Dk ATHLEI (25 p, q) + _204(.7 + 1)a(j, d)g =Dk ATFI (25 p, q)
J= J=
= () SPy 2k 77 )
ZQb(J —1,d)q" D BIF (25 p, q) — Z b(j, d)qg" IR BIF (x;p, q),
]_ :



equivalently,

d+1 ) ] .
S (ja(j — 1,d) + 47 + Da(j, d)) g+ =Dk AT+ (z;p, q)

7=0
d+l1 . . . . . ()

= Zl(b(J —1,d) — 24b(j, d))g =Pk BIF (z;p, q),
]:

Therefore, using Definition 2.1 and Definition 2.3 we have that

d+1 N d+1 N
> a(j,d+ 1)g =R ATF] (a5 p, q) = > b, d + 1)g =Dk BIFY) (25, q).
Jj=0 Jj=

Hence, using Lemma 2.2 and Lemma 2.4 we get the desired result. a

By the above proposition, we have the main result of this paper.

Theorem 2.6 Let d > 1. For anyn > d,

5 [ (S 06+ 1-0) (Y s+ - b
= g:l [% (g(—l)i(jﬁ (i + Ud_l) (sio Vaj,s(MUntj—a-s)k(P; Q) (Z))] )

where vgjs(n) = (=2¢")°V! *(p, @) [T_,(n +j — d — s — i).

d+1

Proof. 1f comparing the coefficients of 2™ (#+1) on both sides of Proposition 2.5 we get

the desired result. O

Theorem 2.6 provides a finite algorithm for finding s4(n; p, ¢; k) in terms of Uy« (p, ¢) and
Vuk (P, @), since we have to consider all s;(n;p,q; k) for j = 1,2,...,d. The algorithm
has been implemented in Maple, and yields explicit results for 1 < d < 6. Below we

present several explicit calculations.



Corollary 2.7 (see Zhao and Wang [2, Equation 9]) For any n > 1,

Uk(p7 Q)
s2(n; p, g3 k) = Va(p,q) — igF (n = DVi(, )Uni(p, 4) = 204" Utn-1i (0, 9) |-

Proof. Theorem 2.6 for d = 2 yields

V2 , —4, k
4q4s1(n — 13, g3 k) + 0S5, (s p, s )

= (n = 1)Vi(p, )Unk(p, @) — 2(n — 2)¢"*Utn-1)x (P, 9)-

Using the fact that si(n;p, ¢; k) = Unk(p, q¢) we get the desired result. a

Corollary 2.8 (see Zhao and Wang [2, Equation 10]) For any n > 2,

s3(n3p, 45 k) = sapir s ((n — 1)(n =2V (P, )Unk(p; @)
—2¢"(n — 2)(2n + 1)Vi(p, ) Upn—1)k (p: )

+4q2k(n - 2) (n + 2)U(n72)k (p, q)) .

Proof. Theorem 2.6 for d = 3 yields

V2(p,q)—4q" 2(V2(p,q)—4q*)?
16¢%s1(n — 2;p, ¢ k) + 124" 200 sy (n — L p, g k) + 2B sy (ns p, s )

+4¢%*(n = 3)?Un—2)x (p, ).

Using Corollary 2.7 with the fact that s;(n; p, ¢; k) = Unr(p, q¢) we get the desired result.

O



Similarly, if applying Theorem 2.6 for d with using the formulas of s;(n;p, g; k) for j =

1,2,...,d—1, then we get the following result (in the case d = 4 see [2, Equation 11]).

Corollary 2.9 We have

(i) For any n > 3,

s4(n; p, ¢; k)
s (V0. ) = )00~ 20~ HUuslp
—6¢*V2(p, @) (n — 2)(n — 3)(n + U1k (p; 9)
+12¢*Vi(p, q) (n — 3)(n* + 1 — 1) U2 (p; 9)

—8¢*n(n* — 4)Upm—3)(p, Q)> :
(ii) For any n > 4,

s5(n: p, ¢; k)
= e (Vo )= D= 2 = 3 - Y0he(pr0)
—4¢*V (p, ) (n — 2)(n — 3)(n — 4)(2n + 3)Um-1)x(p, q)
+12¢**V2(p, ¢)(n — 3)(n — 4)(2n? + 4n — 1)U—2)(p, @)
—8¢* Vi(p, ¢)(n — 4)(2n + 1)(2n® + 2n — 9) U3y (p, q)

+16q4k(n — 3) (TL - 1)(n + 1)(n + 3)U(n—4)k (p, q)) .
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(iii) For any n > 5,

s6(1; P, ¢; k)
— s s (VB )0 = D= D = 3= )00 = 5Vou(r.0)
100V (9. ) — 2 = 8)(n — 4) (1 = 5)(n + 2Vu-1s 0.0
+20¢**V3(p, q)(n — 3)(n — 4)(n — 5)(2n® + 6n + 1)Un—2x (0, @)
—40¢**V2(p, ¢)(n — 4)(n — 5)(n + 1) (2n* 4+ 4n — 9)U(n_syc (p, 9)

+80¢*Vi(p, ¢)(n — 5)(n* 4 20 — 1002 — 110 + 9)Upn_ayk (p, q)

—32¢%*n(n — 4)(n — 2)(n + 2)(n + 4) U —s)(p, q)) :

From these results, it is very easy to obtain Equations 2-4. If k =1and p=—g =1,
then by using Corollary 2.9 together with the recurrence F,, = F,, ; + F,, o we arrive
to

Z FanFchFe
a+b+c+d+e=n

L: (3(n — 1)(8n® — 5n? — 27n + 50) F,, — 20n(5n* — 17)F,_;)

= 4154

> F B F FyF Fy
a+b+ctd+e+f=n

= =1 ((n — 1)(5n* — 70n® — 65n% + 490n + 264)F, + 2n(5n* + 5n? — 226)F,_1).
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