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@3�²Ø�E

�



X̃ = X X̃ � X

dX̃(P, P̃ )
rP (X, X̃)

a(X, X̃, P, P̃ )
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[gt+1(
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F0(x0, X, P ) := f0(x0) + � P
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[g1(x0, ξ1, X, P )].
@ � E

�§ß�Ô°×lâ�ÛµÜ°â��CÚ¤Õ
�XÙ�Ù�âAÖcÔ°Ú¤Õ²ßnØ¦ã¤ãvâ�Ü°Ü�Õ²Ü9Ù�Ú¤ß
F
Ù�Ô°â�Þ�Þ�â�
 	¬Ü°Õ1Þ�Ô°×µâ�ÛlÜ°Õ1äµØ¦äµÚÂã¤Ú�Ô�å�Þ�âAØ²Ù��lÜ�âM�µÙ°â�
·à¹Ô�×lâ"	��lßµÖ�Ô°Ú¤Õ²ß

g
�£Ø1Ù�Ø²Ù�Ù��lÞ�â�
^Ô�Õ4äXâ¨Ö�Õ²Ü�Ü�â�ÖcÔ�ãÂå Ù°Û;â�Ö�ÚW�µâ�
Té �§ß ØnÞM�lã�Ô�ÚD!§Ù�Ô�Ø¦Ý1âÃÛlÜ°Õ1älã¤â8Þ Ô�×lÚ¤ÙVÖ8Ø²ß ßµÕ4ãÂÕ1ßlÝ²â�Ü�äXâÃÔ�Ü��lâ��.Ø²Ù

Ô�×lâ7Ö9×lÕ1Ú¤Ö8âVÕ
	fÛlÜ�Õ²äµØ²älÚ¤ãÂÚÂÔ�å Þ�â�Ø1Ù��lÜ�âÃØ¦ß&
R	¬â�Ø1Ù�Ú¤älã¤âÃÙ°â�ÔP�.Ú¤ãÂã»Ø�,;âAÖcÔ
g1
é �d×lâ�ß ��âV�µÙ°âJÔ°×lâV	��lßXÖcÔ°Ú¤Õ²ß

F0
Ô°Õ

Õ1ä{Ô�Ø²ÚÂßHØ �µÜ9Ù�Ô !§Ù�Ô9Ø¦Ý²âVÙ�Õ1ãW�{Ô�ÚÂÕ1ß)� �£âVÙ°×lÕ
�lã!
 Ö9×lÕ�ÕCÙ�â�Õ��lÜ�Ü°â�
%�µÖ�â�
 Ù°â�Ô��
X̃
�sØ¦ß&
 ÛlÜ°Õ1äµØ¦äµÚÂã¤Ú�Ô�ånÞ�â�Ø1Ù��µÜ°â��

P̃
��Ù�Õ

Ô�×µØ5Ô
g1(x0, ξ1, X̃, P̃ )

Ú¾ÙxØ�Ý²Õ�Õ%
4Ø¦ÛlÛlÜ�Õ-�{ÚÂÞ�Ø¦Ô°Ú¤Õ²ßnÕ�	
g1(x0, ξ1, X, P )

��Ù°ÚÂßXÖ�âÆâ�Ü°Ü�Õ²Ü9Ù�Ú¤ß Ô�×lâS
{â��µßlÚÂÔ°Ú¤Õ²ß Õ
	
g1�.Ú¤ã¤ã·ÚÂß�
%�µÖ�â	â8Ü�Ü°Õ1Ü�Ù�ÚÂßJÔ�×lâ��µÜ9Ù�Ô !�Ù�Ô�Ø²Ý²â%Ù�Õ1ãW�lÔ°Ú¤Õ²ß·é6�§ßJÔ°×µâ	Ù°Ø²Þ�âB	LØ1Ù�×µÚÂÕ1ß)�lâ8Ü�Ü�Õ²Ü9ÙsÚ¤ß

g2
�.ÚÂã¤ã·Ú¤ß&
%�µÖ8â�â8Ü�Ü°Õ1Ü�Ù�Ú¤ß

g1
é

��â8ßµÖ8â
��Ø5Ô�Ù�Ô9Ø¦Ý1â
t
��Ô°×lâ�Ù°Ú¤ç8â�Õ�	�Ô°×lâ"	¬âAØ²Ù°ÚÂälã¤â�Ù�â8Ô	Ù�×µÕ
�lã!
�Þ�Ø¦Ô�Ö9×¨Ô°×lâ � �µØ²ãÂÚÂÔ�å7Õ�	�Ô°×lâ�Ù�Ö�â�ßµØ¦Ü�Ú¤ÕÆÔ�Ü°â�âV@LÚgé â²é��·Ô�×lâ

ß��lÞxäXâ�Ü»Õ�	�älÜ9Ø¦ßµÖ9×lâAÙ E£Ø¦Ô.Ô°×lÚ¾Ù»Ù�Ô�Ø¦Ý1â%Ú8	���â�Ø²Ü°â Ô°Õ�Õ1ä{Ô�Ø²ÚÂßÃØ²Ù
Ý1Õ�Õ�
JØ¦ßÃâAÙ�Ô�ÚÂÞ�Ø5Ô�â%Õ�	
gt

Ø²Ù
Ú¾Ù
Û;Õ1Ù�Ù�Ú¤älã¤â²évá�Ù»Ú�Ô»Ú¾Ù
Ö8Õ²Þ�Þ�Õ²ßJÔ°Õ"�µÙ°â�Ù�Ö�â8ßXØ¦Ü�ÚÂÕxÔ°Ü�â8âAÙ��.Ú�Ô�×(Øx×µÚÂÝ1×lâ8Ü»ß��lÞxäXâ�Ü.Õ�	�älÜ9Ø¦ßµÖ9×lâAÙ
ßlâ�Ø²Ü
Ô°×lâ�Ü�Õ�Õ¦Ô���Ô°×lÚ¾Ù.Ú¤ß&
{Ú¾Ö8Ø5Ô�â�Ù
Ô�×µØ5Ô.Ô�×lâ
	¬âAØ²Ù°ÚÂäµãÂâ Ù�â8Ô�Ù£Ù�×lÕ��lã!
�äXâ%Ù�Þ�Ø²ãÂã¤â8Ü£Ø¦ß&
�Ù°Þ�Ø¦ã¤ãÂâ�ÜL	��lÜ°Ô°×µâ8Ü 
{Õ��.ß�Ô°×lâ%Ù�Ö�â8ßXØ¦Ü�ÚÂÕ%Ô�Ü°â�â
�CÚÂß�Õ1Ü 
lâ8ÜL	¬Õ1ÜsÔ�×lâ 	¬âAØ²Ù°ÚÂäµãÂâ Ù�â8Ô�Ù
Ô�Õ�Þ�Ø5Ô�Ö9×VÔ°×µâ�älÜ�Ø²ßµÖ9×lÚ¤ßlÝ�Õ�	�Ô°×lâ�Ù�Ö�â�ßµØ¦Ü�ÚÂÕxÔ°Ü�â8â1é

F.õ�� � 7 ��øaû8HI587��T÷ 587�ü�þ
� 	¹Ô°×lâ�Ù°ÛµØ²Ö8âfÕ
	�Û;Õ1Ù�Ù�Ú¤älã¤âfÕ��{Ô�Ö8Õ²Þ�â�Ù

Ω
Ú¤ß<@ Z E£Ø¦ä;Õ��²âfÚ¤Ù£Ú¤ß%�µßlÚÂÔ°â��{Ô°×µâ8ßÃÙ�ÕxÚ¤Ù£Ô�×lâ%ß �µÞ	ä;â8Ü
Õ�	�Û;Õ1Ù�Ù°ÚÂälã¤â2
{â�Ö8Ú¤Ù°ÚÂÕ1ßµÙ

xT (ξT )
Ô�×µØ5Ô�ßlâ�â�
(Ô�ÕVä;â�Ö�Õ²ßXÙ�Ú!
{â8Ü�â�
 �.×lâ8ßnÙ�Õ1ãW��Ú¤ßlÝ�Ô�×lÚ¾ÙfÛµÜ°Õ1älãÂâ�ÞÃé�á�Ù Þ�â8ßCÔ°Ú¤Õ²ßlâ�
�Ø²äXÕ��1â	Ú¤ß�Ó�âAÖcÔ°Ú¤Õ²ß*	�Ô�×lâ

Ù°ÛµØ1Ö�â»Õ
	�Ø¦ã¤ãXÛ;Õ1Ù�Ù�Ú¤älã¤â»Ü9Ø¦ß&
{Õ1Þ Õ��{Ô�Ö8Õ²Þ�â�ÙsÞ��µÙ�Ô�ä;â2
{Ú¤Ù�Ö�Ü�â�Ô�ÚÂç�â�
�Ú¤ß�Õ²Ü'
{â�ÜvÔ°Õ	Þ�Ø
�²â.Ô�×lâ ÛlÜ°Õ1älã¤â8Þ Ö�Õ²Þ�ÛH�lÔ�Ø5Ô�ÚÂÕ1ß�!
Ø²ãÂã¤å�Ô°Ü9Ø²Ö�Ô�Ø²älãÂâ1é C7Ø¦ß�åT
{Ú¾Ù°Ö8Ü°â8Ô°Ú¤ç�Ø¦Ô°Ú¤Õ²ß�Þ�â�Ô�×lÕ%
lÙ
â0�{Ú¾Ù�Ô���Ü�Ø²ßlÝ²Ú¤ßlÝU	¬Ü�Õ²Þ Ù°Ú¤Þ�ÛµãÂâ%Õ²ßµâ�Ù
Ù��XÖ9×VØ²Ù£Ü9Ø¦ß&
lÕ²Þ Ù°Ø²Þ�ÛlãÂÚ¤ßlÝ

�



	¬Ü�Õ²Þ Ô�×lâM
{Ú¾Ù�Ô°Ü�ÚÂäH�lÔ°Ú¤Õ²ßR@LÚ8	vÔ�×lâ"
{Ú¤Ù�Ô°Ü�Ú¤äH�{Ô°Ú¤Õ²ß�Ú¤ÙB��ßlÕ��.ß�E.Ø²ß&
(Ü9Ø¦ß&
{Õ1Þ Ù�Ø¦Þ�Ûlã¤Ú¤ßlÝÆØ��µÝ²Þ�â8ßCÔ°â�
(ä�åS�5Ø²Ü°Ú¾Ø¦ßµÖ8â�Ü�â?!

H�µÖcÔ�ÚÂÕ1ßÃÔ°â�Ö9×µßlÚ � �lâAÙ�@gÙ�â�â��»Ú¤Ý²ã¤â�� Z
� 
�E �XÔ°Õ�Ö8Õ²Þ�Ûlã¤â0�(Ù°Ö9×lâ�Þ�â�Ù��.×lâ�Ü°â�Ô°×lâ�
lÚ¤Ù�Ô�Ø²ßµÖ�â�	¬Ü�Õ²Þ Ô°×lâ�
{Ú¾Ù°Ö8Ü°â8Ô°Ú¤ç�Ø5Ô�ÚÂÕ1ß

P̃Ô�Õ�Ô°×lâ�ÛlÜ�Õ²äXØ¦älÚ¤ãÂÚÂÔ�å�Þ�â�Ø1Ù��lÜ�â
P
Ú¾Ù
Þ�ÚÂßlÚ¤Þ�ÚÂç�â�
 @LÙ°â8âA# Q��lÝ�� Z
� 
�Ecévá#Ý²Õ�Õ%
�Õ��1â8Ü ��ÚÂâ��dÕ�	 
{ÚD,aâ8Ü�â8ßCÔ»Ù�Ö�â8ßXØ¦Ü�ÚÂÕxÔ°Ü�â8â

Ý1â8ßlâ�Ü�Ø¦Ô°Ú¤Õ²ßÆÔ°â�Ö9×µßlÚ � �lâAÙ.Ú¾Ù
Ý²Ú��²â8ßJä�å�&�Ø��lÔ.Ø²ß&
S��Ø²ãÂã¾Ø²Ö8â � Z ��
Fé
�§ß�Ô�×lÚ¾Ù ��Õ1Ü�����âB�lÔ£Ô°×lâ%Ù�Ö�â8ßXØ¦Ü�ÚÂÕ�Ô�Ü°â�âB�XÙ�Ú¤ßlÝ�Õ²Û{Ô�ÚÂÞ�Ú¤ç�Ø5Ô�ÚÂÕ1ß)��Ø²Ù
Ù��µÝ²Ý²âAÙ�Ô�â�
�ä�åT� (Må�ã¾Ø¦ß&
ÆØ¦ß&
(��Ø²ãÂã¾Ø²Ö8âL� Z �

 �

Ø1Ù &�Õ�����â�ßCä;â8Ü�Ý�� Z+� 
�×µØ²ÙX	¬Õ��lß&
VÔ°×µÚ¤Ù.Þ�â8Ô°×lÕ%
VÔ°Õ�Û;â8Ü�	¬Õ²Ü�Þ ��â�ãÂã��.ÚÂÔ°×µÕ
�{Ô»ä;â8Ú¤ßlÝ�Õ��²â�Ü°ã¤å�Ö�Õ1Þ�ÛlãÂâ��Té

F.õ�� � � ��HI5 ø ��÷ � � ��H��JH�ø 587�üsþ
á 	��µß&
lØ¦Þ�â�ß1Ô9Ø¦ã{ÛµØ²Ü�Ô�Õ
	µÔ°×µâ»Ù�Û;â�Ö8Ú8�XÖ�Ø5Ô�ÚÂÕ1ß	Õ�	TØ¦ß�áNAOC Þ�Õ%
{â�ã{Ú¤Ù�Ô�×lâ.Ö�Õ1ßµÙ�Ú!
{â�Ü�Ø¦Ô°Ú¤Õ²ß	Õ
	��.×lÚ¾Ö9×�Ø²Ù�Ù�â8Ô�Ù�Õ²ÜvÖ8ã¤Ø1Ù°Ù°â�Ù
Õ
	£Ø1Ù°Ù°â�Ô9Ù»Ô�ÕJÖ8Õ²ßµÙ°Ú�
lâ8ÜAé�á Ù°Þ�Ø¦ã¤ã�ß �µÞ	ä;â8Ü%Õ�	�Ø1Ù°Ù°â�Ô9ÙJ�.ÚÂã¤ã�ßlÕ¦Ô%Ý²Ú��²â�â8ßlÕ��lÝ²× 	¬Ü°â�â�
{Õ1Þ�Ô°ÕJÔ°×lâ�Þ�Õ%
{â8ã�Ô�Õ(�µß�
¨Ø
Ý1Õ�Õ�
�Ù°Õ²ã��{Ô�ÚÂÕ1ß·é�Y
×µâ�â0��Ô�Ü°â�Þ�âfÖ8Ø²Ù°â»Ú¾ÙsØ�Ù°Ú¤ßlÝ²ã¤â�Ø²Ù�Ù°â�Ô��CÜ�â�
%�µÖ8ÚÂßµÝ�Ô°×lâfÛlÜ�Õ²älã¤â8Þ Ô°Õ	Ù°Ú¤Þ��lã¾Ø5Ô�ÚÂßlÝ�Ô°×lâJ
{â��1â8ã¤Õ²ÛlÞ�â8ßCÔ
Õ
	sØÆÙ�Ô°Ü9Ø5Ô�â8Ý²åJÖ�Õ1ßµÙ�Ú¾Ù�Ô°Ú¤ßlÝ�Õ�	vÛ;â8Ü�Ú¤Õ�
lÚ¤Ö�Ø¦ã¤ãÂåJÜ°â�äµØ¦ã¾Ø¦ßXÖ�Ú¤ßlÝ�Ô°×µâ	Û;Õ²Ü°Ô�	¬Õ²ã¤Ú¤Õ�Ô°ÕJØ�ÛlÜ�â�
{â8Ô°â�Ü°Þ�Ú¤ßlâ�
(Ø1Ù°Ù°â�Ô Þ�ÚW�TéB��â8Ü�â
�
ßµÕJÕ1Û{Ô°Ú¤Þ�ÚÂçAØ5Ô�ÚÂÕ1ß�Ú¾Ù�
{Õ1ßlâ�Ø5Ô	Ø¦ã¤ãFà�Ô�×lâ�Õ²ßlã¤å 	¬âAØ²Ù°ÚÂälã¤â�Ù�Õ1ãW�lÔ°Ú¤Õ²ß�Ú¤Ù Ô�×lâ�Õ²Û{Ô�ÚÂÞ�Ø²ãvÙ�Õ1ãW�{Ô�ÚÂÕ1ß·éTY¹Õ��£Ø²Ü 
lÙ�Ô°×µâ�Õ¦Ô°×µâ8Ü
â�ß&
VÕ�	�Ô�×lâ�Ù°Ö�Ø¦ã¤â
�{Ø

&
{ÚÂßµÝ�Øxã¤Ø²Ü°Ý1â�ß��lÞxäXâ�Ü.Õ�	¹Ø1Ù°Ù°â�Ô9Ù �.Ú¤ã¤ãTÝ²Ú��²â»Ô�×lâ%Þ�Õ�
lâ8ãTÞ�Õ²Ü�âN	¬Ü�â8â�
{Õ²ÞV��äH�{Ô»Ü�â � �lÚ¤Ü�â�Ù �µÙ£Ô°ÕÞ�Ø
�²â�Ô�×lâxÙ�Ö�â�ßµØ¦Ü�ÚÂÕ�Ô°Ü�â8âU�.Ú!
{â8ÜfÚÂß�Õ²Ü'
{â8Ü�Ô°ÕVÖ�Ø¦Û{Ô �lÜ�â�Ô°×lâxÛlÜ�Õ²äµØ²älÚÂã¤ÚÂÔ�å#
{Ú¾Ù�Ô°Ü�ÚÂäH�lÔ°Ú¤Õ²ßµÙ�Õ�	I
{Ú",;â�Ü°â�ßCÔfÚ¤ß �1â�Ù�Ô°Þ�â8ßCÔ
Õ��{Ô�Ö8Õ²Þ�â�ÙsØ²Ö8Ö��lÜ9Ø5Ô°â�ãÂå	â8ßlÕ��lÝ²×·é�ádÖ�Õ1Þ�Þ�Õ1ß�Ü°â � �µÚÂÜ�â8Þ�â8ßCÔvÕ1ß�Ø�Ù�Ö�â�ßµØ¦Ü�Ú¤ÕfÔ�Ü°â�â.Ú¤Ù�Ô°×µØ¦ÔsÚ�Ô�Ú¤Ù�	¬Ü�â8â 	¬Ü�Õ²Þ Ø¦Ü�älÚÂÔ°Ü9Ø¦Ý²âÕ1ÛlÛ;Õ²Ü°Ô��lßlÚÂÔ°Ú¤â�Ù�é*�§ß^Õ²Ü'
{â�Ü�Ô°ÕnØ²Ö9×lÚ¤â��1âP	¬Ü�â8â�
lÕ²Þ 	¬Ü°Õ1Þ3Ø²Ü°äµÚ�Ô�Ü�Ø²Ý²â
��Ô�×lâÆß��lÞxäXâ�Ü�Õ
	»älÜ9Ø¦ßµÖ9×lâAÙ�Ú¤ß4Ô°×µâJÙ�Ö�â�ßµØ¦Ü�ÚÂÕ
Ô�Ü°â�â�Ø5Ô.â��1â8Ü�å�Û;Õ²Ú¤ßCÔ»Þ��µÙ�Ô.äXâ�Ø¦Ô
ã¤â�Ø1Ù�Ô»Ø1Ù�Þ�Ø²ßCå�Ø1Ù£Ô°×lâ%ß��lÞxäXâ�Ü.Õ�	�Ø1Ù°Ù°â�Ô9Ù��{Ø1Ö8Ö�â�ßCÔ��µØ¦Ô°Ú¤ßlÝ	Ô�×lâ%ßlâ8â�
T	¬Õ1Ü��.Ú�
lâ8Ü
Ù�Ö�â�ßµØ¦Ü�Ú¤Õ	Ô�Ü°â�â�Ù �.×lâ�ßVÔ�×lâ�ß��lÞ	ä;â8Ü.Õ
	�Ø1Ù°Ù°â�Ô9Ù£ÚÂßµÖ8Ü°âAØ²Ù°â�Ù�é

Y
×lâ�Ü°â�	¬Õ²Ü�â
�sØ²ß^Ú¤Þ�Û;Õ²Ü°Ô�Ø²ßCÔ�Û;Õ²Ú¤ßCÔ�Õ
	J
{Ú¾Ù�Ö0�µÙ�Ù�Ú¤Õ²ßR�.×lâ8ß Ù�Û;â�Ö8Ú8	¬å�Ú¤ßlÝnÕ
�lÜ�Þ�Õ%
{â8ã.Ú¾Ù��.×lÚ¤Ö9× Ø²Ù�Ù°â�Ô�ÙxÕ²Ü�Ø1Ù°Ù°â�Ô
Ö8ã¤Ø1Ù°Ù°â�Ù�Ô�Õ Ö9×lÕ�Õ1Ù°â²é$Y¹Ü�Ø�
{Ú�Ô�ÚÂÕ1ßµØ¦ã¤ã¤å
��Ø1Ù°Ù°â�Ô�Ö8ã¤Ø1Ù°Ù°â�Ù�Ø²Ü°â(Ø¦Ý1Ý²Ü�â8ÝCØ5Ô°â�
 Ø²Ö�Ö�Õ1Ü 
{Ú¤ßlÝ¨Ô°Õ Ö�Ø5Ô°â�Ý²Õ1Ü°åaà
Õ²ßlâ(Ø²Ý²Ý²Ü�â8ÝCØ5Ô�â
Ø1Ù°Ù°â�Ô»Ú¾Ù»Ö8Ü°âAØ5Ô°â�
T	¬Õ1Ü�Ù�Ô°Õ{Ö'�{Ù��lÕ1ßlâJ	¬Õ²Ü»ä;Õ²ß�
lÙ��XÕ²ßlâJ	¬Õ1Ü»Ü°âAØ¦ãTâAÙ�Ô9Ø5Ô°â�Ø²ß&
ÃÙ�Õ"	¬Õ1Ü�Ô�×)�lÛ;Õ1Ù�Ù�Ú¤älã¤åT	��lÜ°Ô°×µâ8ÜN
{Ú���Ú�
lâ�
Ãä�å
Þ�Ø²Ü��1â�Ô�Ù�é Y
×lÚ¤Ù �CÚ¤ß&
ÃÕ
	 
lÚW��Ú¾Ù�Ú¤Õ²ß(Ú¾Ù��µÙ°â�
ÃÚ¤ßÃÔ°×lâ	Þ�Õ%
{â�ã¤ÙB
{â�Ù�Ö�Ü�Ú¤äXâ�
ÃÚÂß<����� ��� �+
 � � Z 	+
 �;� � 
 �;� Z
1 
 �XØ¦ß�
0� � 
Fé Y
×lâ
Ü9Ø5Ô�ÚÂÕ1ßµØ¦ã¤â
äXâ�×lÚ¤ß&
P
{Õ²Ú¤ßlÝ�Ù°Õ�Ú¤ÙL�µÙ��XØ¦ã¤ãÂå	Ô°×µØ¦ÔvÚ�Ô�Ù°Ú¤Þ�ÛµãÂÚW�µâ�Ù�Ô°×lâ»ÛµÜ°Õ1älãÂâ�Þ Ù�Ô�Ø¦Ô°â8Þ�â�ß1ÔL�.×µâ8ß�ã¾Ø-�»Ù�Ø¦ß&
�Ü�â8Ý
�µã¤Ø¦Ô°Ú¤Õ²ßµÙ
Û;Õ1Ù°â(Ü�â�Ù�Ô°Ü�Ú¤Ö�Ô°Ú¤Õ²ßµÙ�Õ1ßHÔ�×lâ7Õ��.ßlâ�Ü�Ù°×lÚ¤ÛHÕ
	U
{ÚD,aâ8Ü�â8ßCÔÆØ1Ù°Ù°â�ÔÆÖ8ã¤Ø1Ù°Ù°â�Ù�é �»Õ��£â��1â8Ü��sßlÕ²Ô°×lÚ¤ßlÝ Ù�Ô°Ú¤ÛH�lã¾Ø5Ô�â�Ù�Ô�×µØ5Ô�Ô�×lâ
Õ1Û{Ô°Ú¤Þ�Ø¦ãTØ¦Ý1Ý²Ü�â8ÝCØ5Ô°â»Ø1Ù°Ù°â�Ô
Ö�ã¾Ø²Ù�Ù�âAÙvÞM�µÙ�Ô.Ö�Õ1ßµÙ°Ú¤Ù�Ô�Õ
	�Õ²ßlã¤å�Õ²ßlâ�Ô�å�ÛXâ Õ�	¹Ø1Ù°Ù°â�Ô2@¬â1é ÝXéW�{Ù�Ô°Õ{Ö'��Õ²Ü£äXÕ1ß&
&Ecé��I�²â8ßÆÚ8	���â
�.Ú¾Ù°×7Ô°ÕÃÜ�â�Ô9Ø¦Ú¤ß(Ô°×lâ�Ü �lã¤âxÕ
	sÕ²ßlã¤å(Õ²ßµâ	Ô�å�Û;âxÕ
	£Ø²Ù�Ù°â�ÔfÚ¤ßnØ¦ß¨Ø²Ý²Ý1Ü°â�Ý1Ø5Ô�â�Ö�ã¾Ø²Ù�Ù�� �£â�Ù�Ô°Ú¤ã¤ã�ßlâ8â�
(Ô°ÕÃÖ9×lÕ�Õ1Ù°â��.×µÚ¤Ö9×
Ù��lä�!§Ø²Ù�Ù°â�Ô�Ù�Ô�Õ�Ø²Ý²Ý²Ü�â8ÝCØ5Ô�â
�1Ø²ß&
VÚÂß#�.×lÚ¾Ö9×VÛlÜ�Õ²Û;Õ²Ü°Ô°Ú¤Õ²ßXÙ8é��¨â%ä;â8ã¤ÚÂâ��²âfÔ°×µØ¦Ô.Ý1Ø¦Ú¤ßµÙ£Þ�ØMå�äXâ%Þ�Ø

lâ ä�å�Ô9Ø���Ú¤ßlÝxÚ¤ßCÔ°Õ
Ö8Õ²ßµÙ°Ú!
{â8Ü9Ø5Ô�ÚÂÕ1ß�ßµÕ¦ÔsÕ1ßlãÂåxÔ°×µâfØ²Ù�Ù°â�Ô�Ù�K¦Ú¤ßCÔ°â8Ü�ßµØ²ãXÖ�Õ1Ü°Ü�â8ã¾Ø5Ô�ÚÂÕ1ß)�¦äH�lÔ£Ø¦ã¾Ù°Õ%Ô°×lâ Ö�Õ��5Ø¦Ü�Ú¤Ø²ßµÖ�âAÙ�Õ�	aÔ°×µâfØ¦Ý1Ý²Ü�â8ÝCØ5Ô°â.Ö8ã¤Ø1Ù°Ù°â�Ù
Ø²ß&
xÔ°×lâ»Ö8Õ²Ü�Ü°â�ã¤Ø¦Ô°Ú¤Õ²ßxäXâ8Ô ��â�â8ß�Ø¦Ý²Ý1Ü°â�Ý1Ø¦Ô°â�Ö8ã¤Ø1Ù°Ù°â�Ù�Ø²ß&
xÔ°×lâ.ã¤Ú¾Ø¦älÚ¤ãÂÚÂÔ°Ú¤â�Ù�é��¨â.Ü�â�Ô �lÜ°ßxÔ°Õ%Ô�×lÚ¾Ù � �lâ�Ù�Ô°Ú¤Õ²ß�Ú¤ß�Ó{â�ÖcÔ�ÚÂÕ1ßµÙ
�lé ��Ø²ß&
 �lé �µé

� � ��ó � �&
�ó��&�.ð ����� � ï�ð$� 


�§ß�Õ²Ü'
{â8Ü�Ô°Õ�Ô�â�Ù�Ô�Ô�×lâxÚ!
{âAØ²Ù»ÛµÜ°âAÙ�â�ß1Ô�â�
(Ø²äXÕ��1â
�>��â	Ö8Õ²ßµÙ�Ô°Ü �µÖ�Ô Ø�Ù°ÚÂÞ�Ûlã¤âxáBADC ÛlÜ°Õ1älã¤â8ÞÃé ��âxÚ¤Þ�Ø¦Ý²Ú¤ßlâ	ØT	��lß&

Þ�Ø²ßµØ¦Ý1â8Ü�Ü�â � �lÚ¤Ü°â�
�Ô�Õ7Ö�Õ��1â8Ü�ØÃÜ�â�Ù°â8Ü �²â�ä�å¨Ú¤ß��²â�Ù�Ô°Ú¤ßlÝÃÝ²Ú��²â�ß<	��lß&
lÙ	ÚÂßG
{Ú",aâ8Ü�â8ßCÔxØ²Ù�Ù°â�Ô	Ö�ã¾Ø²Ù�Ù°â�Ù�é��§ß4Ø

H
lÚ�Ô�ÚÂÕ1ß)�
Þ�Õ1ßlâ8å(QµÕ��»Ù
ÚÂß(Ø²ß&
JÕ
�{Ô»Õ
	¹Ô�×lâ2	��lß&
ÃÚ¤ß7Ø"
{â�Ô�â8Ü�Þ�Ú¤ßlÚ¾Ù�Ô�Ú¤Ö%Þ�Ø²ßlßlâ8ÜAé � 	�Ô°×lâU	��lß&
lÙ»Ø²Ü°â%ßlÕ²Ô�Ù��
	�Ö8ÚÂâ�ßCÔ.Ô°Õ�Ö�Õ��1â8Ü
Ô�×lâJÜ°âAÙ�â�Ü��1â
��Ø7Û;â8ßµØ²ã�Ô�ånÚ¾Ù�ÚÂÞ�Û;Õ1Ù°â�
Té Y
×lâJÛXâ�ßµØ¦ãÂÔ�ånÚ¤Ù�ÛlÜ�Õ²Ý1Ü°âAÙ°Ù°ÚW�1â�Ø¦ß&
^×µØ²ÙxØ�ß��lÞxäXâ�ÜxÕ
	»ãÂâ��²â8ã¾Ù#@LÙ°â�Ö0�µÜ°ÚÂÔ�å
	LØ1ÖcÔ�Õ²Ü9Ù E�éJèµÕ²Ü	Ú¤ßµÙ�Ô�Ø²ßµÖ�â��¹Õ1ßlâ�ã¤â��²â�ãvÜ�â � �lÚ¤Ü°âAÙ%Ô°×lâT	��lß&
lÙ�Ô°Õ7â��{Ö8â8â�
 Z
Z ��� Õ�	
Ô�×lâÆÜ�â�Ù°â8Ü �²â���Ø¦ß&
4Ø7ÛXâ�ßµØ¦ãÂÔ�å�Ú¾Ù
Ú¤Þ�ÛXÕCÙ�â�
ÃÛlÜ�Õ²Û;Õ²Ü°Ô°Ú¤Õ²ßµØ²ãÂã¤åP�.×lâ8ßµâ��²â�Ü.Ô°×µâ�Ô°Õ²Ô�Ø¦ã¹Ø²Ù�Ù�â8Ô�Ù.Õ��.ßlâ�
S
lÕCâAÙ»ßlÕ²Ô»â0�lÖ�â�â�
VÔ°×µÚ¤Ù�ãÂâ��²â8ãFé Y
×µÚ¤ÙfØ¦ã¤ãÂÕ��»Ù �µÙ»Ô°Õ
Ù°Û;â�Ö�ÚW	¬å�Ô�×lâ�ÛlÜ�Õ²älã¤â8Þ0Ø²ÙX	¬Õ²ã¤ã¤Õ��»Ù �


(Î����
���LÎ��

T̂
Y
ÚÂÞ�â%×lÕ1Ü°Ú¤ç8Õ1ß·é

T = 0, 1, . . . , T̂
Ó{â�Ô»Õ�	�Ô°Ú¤Þ�â?!§Ù�Ô9Ø¦Ý1â�Ù�é

t ∈ T
��âAÖ�Ú¾Ù�Ú¤Õ²ßÃÙ�Ô9Ø¦Ý1â²é

I
Ó�â�Ô»Õ
	�Ø1Ù°Ù°â�Ô»Ö�ã¾Ø²Ù�Ù°â�Ù�é

Q
Ó�â�Ô»Õ
	¹Û;â8ßµØ²ã�Ô�åVãÂâ��²â�ã¤Ù�é

�



� �{Ï �������gË�Ñ

xt
i

á»Þ�Õ
�µß1Ô»Õ
	�Ø1Ù°Ù°â�Ô9Ù.Ö�ã¾Ø²Ù�Ù
i
Õ��.ßlâ�
JØ5Ô.Ô�ÚÂÞ�â

t
é

yt+
i

á»Þ�Õ
�µß1Ô»Õ
	�Ø1Ù°Ù°â�Ô9Ù.Ö�ã¾Ø²Ù�Ù
i
äXÕ��lÝ²×CÔ�Ø5Ô
Ô�ÚÂÞ�â

t
é

yt−
i

á»Þ�Õ
�µß1Ô»Õ
	�Ø1Ù°Ù°â�Ô9Ù.Ö�ã¾Ø²Ù�Ù
i
Ù�Õ1ã�
ÃØ5Ô
Ô�ÚÂÞ�â

t
é

zt
q

/�Ú¤Õ²ã¾Ø5Ô�ÚÂÕ1ßVÕ
	¹Û;â8ßµØ²ã�Ô�åJØ5Ô.ãÂâ��²â�ã
q
Ø¦Ô£Ô�ÚÂÞ�â

t
é

vt
Y�Õ²Ô�Ø²ã·Ø²Ù�Ù�â8Ô�Ù£Õ��.ßlâ�
Vä;â0	¬Õ²Ü�â%Ô°Ü9Ø

lâ Ø¦Ô.Ô°Ú¤Þ�â

t
@¬ßµÕxÔ�Ü�Ø�
{Ú¤ßlÝ�Ú¤Ù
Û;â8Ü�	¬Õ²Ü�Þ�â�
JØ5Ô.Ô°×µâ�ã¤Ø1Ù�Ô»Ù�Ô�Ø¦Ý1â�E�é

� �{Ï ��� Ë���ËCÏ5Ñ

pt
�»â8Ô»ÛµØMå�Þ�â�ßCÔ
Ú¤ß%QµÕ��)E5Õ
�{Ô�QµÕ��ÅØ¦Ô£Ô�ÚÂÞ�â

t
é

γi

Y�Ü9Ø¦ßXÙ°Ø1ÖcÔ°Ú¤Õ²ßJÖ�ÕCÙ�Ô.Õ�	�Ø²Ù�Ù�â8Ô
i
é

ρt
i

#vÜ�Ú¤Ö8â2
lâ��²â�ãÂÕ1ÛlÞ�â8ßCÔ.Õ�	�Ø²Ù�Ù�â8Ô
i
	¬Ü°Õ1Þ Ô°Ú¤Þ�â

t − 1
Ô°Õ�Ô°Ú¤Þ�â

t
é

x̄i

�§ßlÚÂÔ°Ú¾Ø¦ã·Ø²Ù�Ù°â�Ô�Ù�é
st

q

#�â8ßµØ²ã�Ô�å�Õ
	¹ã¤â��1â8ã
q
Ø5Ô.Ô°Ú¤Þ�â

t
é

fq

Ó�â�Ö��lÜ�Ú�Ô�åP	LØ1ÖcÔ�Õ²Ü
Õ�	�ãÂâ��²â�ã
q
é

Rt
�.â�Ù°â8Ü �²â Ü�â � �lÚ¤Ü°â�Þ�â�ßCÔ.Ø¦Ô
Ô°Ú¤Þ�â t

é

�
	 Ë���
���� Î·Ð�Ë��

max � [vT −
∑

t∈T

∑

q∈Q

st
qz

t
q],

@ � Ø�E

Ù8é�ÔAé ∑

i∈I

[yt−
i (1 − γi) − yt+

i (1 + γi)] = pt, t ∈ T \ {T̂},
@ � ä�E

y1+
i − y1−

i + x̄i =x1
i , i ∈ I,

@ � Ö�E
yt+

i − yt−
i + ρt

ix
t−1
i =xt

i , i ∈ I, t ∈ 2 . . . T̂ − 1,
@ � 
&E

p1 +
∑

i∈I

x̄i = v1,
@ � â�E

pt+1 +
∑

i∈I

ρt+1
i xt

i = vt+1, t ∈ 1 . . . T̂ − 1,
@ � 	'E

zt
q + vt ≥ fqR

t, t ∈ T, q ∈ Q,
@ � Ý%E

x, y, z≥ 0.
@ � ×>E

�§ßHÔ°×lÚ¾Ù�ÛlÜ°Õ1älã¤â8ÞV��Ô°×µâVÕ1ä���â�Ö�Ô°Ú��²âS	��lßµÖcÔ�ÚÂÕ1ß^Þ�â�Ø1Ù��µÜ°âAÙ�Ô�×lâJÔ°Õ¦Ô9Ø¦ãX��âAØ¦ãÂÔ°× Ø5Ô�Ô°×lâJÔ°â�Ü°Þ�Ú¤ßµØ¦ã£Û;â8Ü�ÚÂÕ%
 Þ�Ú¤ß��µÙ
Ô�×lâ�Û;â8ßµØ²ã�Ô�ÚÂâAÙ%ÚÂßµÖ��lÜ�Ü°â�
7Ú¤ßnØ²ãÂã�Û;â8Ü�Ú¤Õ�
µÙ8é"Y
×lâ�Ö�Õ1ßµÙ�Ô�Ü�Ø²ÚÂßCÔP@ � ä�E Ú¤Ù�ØÃÖ�Ø²Ù°×�äµØ²ã¤Ø²ßµÖ�â�Ö�Õ1ßµÙ�Ô�Ü�Ø²ÚÂßCÔ��·Ý
�µØ²Ü�Ø²ßCÔ°â8â�ÚÂßµÝ
Ô�×µØ5Ô£Ô°×µâ�ßlâ8Ô£ÛlÜ�Õ{Ö�â�â�
{Ú¤ßlÝ1ÙvÕ�	·ÛH�lÜ9Ö9×µØ1Ù�âAÙsØ¦ß�
�Ù°Ø²ãÂâAÙvâ � �XØ¦ãlÔ�×lâ â0��Ô°â�Ü°ßµØ²ãµÚ¤ß%QµÕ��)E5Õ
�{Ô�QµÕ��HÕ
	�Ö8Ø²ÛlÚ�Ô9Ø¦ãFé Y
×lâfØ1Ù°Ù°â�Ô

lâ��²â�ãÂÕ1ÛlÞ�â8ßCÔ�Ú¤Ù�Þ�Õ%
{â8ã¤â�
xä�åT@ � Ö�E���@ � 
�E�Ø²ß&
	Ù�Ô�Ø¦Ô°â�Ù¹Ô�×µØ5Ô�Ô°×µâ£Ø²Þ�Õ��lßCÔ�Õ��.ßµâ�
	Ø¦Ô�Ø Ö�â�Ü�Ô9Ø¦Ú¤ß�Ô�ÚÂÞ�â
Ú¤Ù¹Ô�×lâ.Ø¦Þ�Õ
�lßCÔ
Õ��.ßµâ�
ÃØ5Ô»Ô�×lâ�ÛlÜ�â���Ú¤Õ
�µÙ£Ô�ÚÂÞ�â	Ô°Ú¤Þ�âAÙ.Ô�×lâ�ÛlÜ�Ú¤Ö8âU
{â��1â8ã¤Õ²ÛlÞ�â�ß1Ô��{Ô°Õ(�.×lÚ¤Ö9×JÔ�Ü�Ø�
{â�Ú¤ÙfØ

H
lâ�
Té Y
×lâ	Ø²Þ�Õ��lßCÔ»Õ�	vØ¦ã¤ã
Ø1Ù°Ù°â�Ô9Ù
Õ��.ßlâ�
Vä;â0	¬Õ²Ü�â Ô°Ü9Ø

{â%Ú¾Ù
Ý²Ú��²â�ßVä�å�Ô�×lâ�â � �µØ¦Ô°Ú¤Õ²ßµÙ�@ � â�E�� @ � 	:Ecéè�ÚÂßXØ¦ã¤ãÂå���Ô°×lâVâ � �µØ5Ô�ÚÂÕ1ß$@ � Ý�E�Ù�Ô�Ø¦Ô°â�Ù�Ô°×µØ¦ÔM�£â�Þ��XÙ�ÔxÖ8Õ��²â�Ü�Ô°×lâVÜ°âAÙ�â�Ü��1â�Ù%ä�å4Ø7Ö�â�Ü�Ô9Ø¦Ú¤ß4Þ�Ø¦Ü�Ý²Ú¤ß)�¹Õ1Ü�	LØ²Ö8âVØ
Û;â8ßXØ¦ãÂÔ�å²é �»Õ²Ô°â.Ô�×µØ5ÔvÔ�×lâ�ã¾Ø²Ù�ÔsÙ�Ô�Ø¦Ý1â»Õ�	aÔ�×lâ»ÛlÜ�Õ²älã¤â8Þ Ú¾ÙsÙ°ÚÂÞ�Ûlã¤å�Ø²ß�â��5Ø¦ã��µØ5Ô�ÚÂÕ1ß·àCßlÕ�Ô°Ü9Ø

lâ.Ú¤Ù 
{Õ²ßlâfØ5ÔvÔ�×lÚ¤Ù�Ù�Ô9Ø¦Ý1â²é
áfÙvÔ�×lâ Ü°âAÙ�Ô�Ü°Ú¾ÖcÔ�ÚÂÕ1ßµÙvÕ
	TÔ°×lâN	¬â�Ø²Ù°Ú¤älãÂâ Ù�â8Ô£Ö8Õ²ßµÙ°Ú¤Ù�Ô�Ù�Õ�	�Ø�
H
{Ú¤ßlÝ	Ö8Õ²ßµÙ�Ô°Ü9Ø¦Ú¤ßCÔ�ÙvÕ1ß�Ô°×µâfØ²Ù�Ù°â�Ô�ÙsÕ��.ßlâ�
ÆØ�	¶Ô°â�ÜsÔ�Ü�Ø�
{â
�CßlÕ
Ü�â�Ù�Ô°Ü�Ú¾ÖcÔ°Ú¤Õ²ßXÙ£Ø²Ü°â%Þ�Ø

lâfÔ�Õ�Ô°×lâ2�XßµØ¦ã·Ù�Ô�Ø²Ý²â
� � �XÙ�Ô�Ø1Ù.Ø²Ù�Ù��lÞ�â�
(�.×lâ�ßV��â�
{â�Ü°Ú��²â�
�Ô�×lâ%â8Ü�Ü°Õ1Ü�Ù£Ú¤ß(Ó{â�ÖcÔ�ÚÂÕ1ß 	µé

��õ�ô � úsúvû8H·úv÷ 587�þ�ú ÷ � ��HI5 ø ��÷ � ��H�� ����øaüsþ � 5{ûl÷67�þ 5 �
áfÙP�£âS�.Ú¾Ù�× Ô�Õ�â��{ÛlãÂÕ1Ü°âVÔ°×µâ(â?,aâ�ÖcÔ�Õ
	B�µÙ°ÚÂßµÝnØ�ã¤ÚÂÞ�ÚÂÔ°â�
Hß��lÞxäXâ�Ü�Õ�	%Ù�å�ßCÔ°×lâ8Ô°Ú¾ÖÃØ²Ù�Ù�â8Ô�Ù�Ú¤ßHÛlÜ�Õ²äµãÂâ�Þ @ � E �X��â
â��{ÛlãÂÚ¾Ö�ÚÂÔ°ã¤åHØ�
H
 Ö�Õ1ßµÙ�Ô�Ü�Ø²ÚÂßCÔ9Ù�Ô°Õ4Ü�â�Ù�Ô°Ü�Ú¤Ö�Ô"�.×µÚ¤Ö9×dØ²Ù�Ù°â�Ô�Ù�Þ�ØMå ä;â7Õ��.ßlâ�
��
Ö�Ü�â�Ø5Ô�ÚÂßµÝnØnÙ°â�Ö8Õ²ß&
 �²â�Ü�Ù°Ú¤Õ²ß^Õ
	fÔ�×lâ
Þ�Õ%
{â�ã�
{âAÙ°Ö8Ü°Ú¤ä;â�
(Ø¦ä;Õ��²â1é �§ß(Ô°×µÚ¤Ù�Þ�Õ%
{â�ãO�£â	Ø�
H
7Ö�Õ1ßµÙ�Ô°Ü9Ø¦Ú¤ß1Ô9Ù 	¬Õ²Ü Ø¦ã¤ã�äH�lÔ Õ1ßlâ�Õ�	�Ô�×lâxØ1Ù°Ù°â�Ô9Ù8é Y
×lâxÜ�Ø¦Ô°Ú¤Õ²ßµØ²ãÂâ

1



ä;â8×µÚÂß&
¨â0�lÖ8ãW�&
lÚÂßlÝJÕ²ßµâ�Ø1Ù°Ù°â�Ô Ú¤Ù Ô�×µØ5Ô%Ú8	X��â��£â8Ü�â�Ô°ÕÃØ

&
�Ö�Õ1ßµÙ�Ô°Ü9Ø¦Ú¤ß1Ô9Ù 	¬Õ1Ü�Ø¦ã¤ã�Ø1Ù°Ù°â�Ô9Ù�� �£âM�£Õ
�µã�
(Ý1â�Ô�ØVÙ°â�Ô%Õ�	
ã¤Ú¤ßlâ�Ø²Ü°ã¤åU
{â8Û;â8ß�
{â8ßCÔ�Ö�Õ²ßXÙ�Ô�Ü�Ø²ÚÂßCÔ�Ù��MÞ�Ø���ÚÂßµÝ�Ô�×lâ
ÛlÜ°Õ1älã¤â8Þ#ÚÂßH	¬â�Ø²Ù°Ú¤älãÂâ£ÚW	µÔ°×µâ
Ö8Õ²ßµÙ�Ô�Ø²ßCÔ�Ù

cik


{Õ ßlÕ¦ÔvÙ��lÞ#Ô°Õ â0�lØ²Ö�Ô°ã¤å
1
	¬Õ²ÜfØ²ãÂã

k
é»á�Ù Ø¦ã¤ã¹Ø1Ù°Ù°â�Ô9Ù»Õ��.ßlâ�
ÃßlÕ�� �.ÚÂã¤ã�ä;â8ã¤Õ²ßµÝ�Ô°ÕVØ�Ù�å�ßCÔ°×µâ�Ô°Ú¾Ö	Ø1Ù°Ù°â�Ô��lÔ�×lâ��5Ø¦Ü�Ú¾Ø¦älã¤â�Ù

xt
i

Ø¦Ü�â�Ü�â8Ûlã¾Ø²Ö8â�
Ãä�å
xt

ik

�{Ý²Ú���ÚÂßlÝ	Ô°×lâ%Ø¦Þ�Õ��lßCÔ£Õ��.ßlâ�
�Õ�	¹äµØ²Ù°Ú¤ÖfØ²Ù�Ù�â8Ô
i
ä;â8ã¤Õ²ßµÝ²Ú¤ßlÝ�Ô�Õ�Ù°å�ß1Ô�×lâ�Ô�Ú¤Ö Ø²Ù�Ù°â�Ô

k
Ø5Ô£Ô°Ú¤Þ�â

t
éLY
×lâ ÛlÜ�Õ²älã¤â8Þ Ú¾Ù

	��µÜ�Ô�×lâ8Ü»Þ�Õ%
{ÚW�µâ�
Jä�åÆØ�
H
{Ú¤ßlÝ�Ô°×lâ2	¬Õ1ãÂã¤Õ��.ÚÂßµÝxßlÕ²Ô�Ø¦Ô°Ú¤Õ²ß��

K
Y
×lâ�Ù°â�Ô»Õ
	�Ù°åCßCÔ�×lâ�Ô�Ú¤Ö�Ø1Ù°Ù°â�Ô9Ù��{Ú¤ßS�.×µÚ¤Ö9×V�£â Þ�ØMå�Ú¤ß��²âAÙ�ÔAé

Î
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