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On Adaptiv e Finite Elemert Methods Basedon A
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Axel M alqgvist
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Abstract

In this thesis we dewelop a posteriori error estimation techniques and
adaptive algorithms for nite elemen approximations of secondorder prob-
lemsin three di erent applications. The adaptive algorithms are used for
automatic tuning of critical parametersin the nite element method.

First we consider the boundary penalty method for weakly imposing
Dirichlet boundary conditions. We prove error estiamtes in the L2 and
energy norms and use these to relate the penalty parameter to the mesh
parameter.

Secondwe study the Galerkin least-squaresmethod for minimizing pol-
lution when solving the Helmholtz equation. We shav how existing methods
derived for structured grids needsto be modi ed to work on unstructured
grids. Again the analysisis basedon a posteriori error estimates.

Finally, we dewelop a framework for a posteriori error estimation in mul-
tiscale problems. We presert a method for solving decoupledlocalized ne
scaleproblemson patchesand an a posteriori error estimate that relatesthe
coarsescalemeshsize,the ne scalemeshsize,and the patch size.

Keyw ords: nite element method, Galerkin, duality, a posteriori er-
ror estimation, adaptivity, Poisson equation, boundary penalty method,
Helmholtz equation, pollution, variational multiscale method
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This thesis consists of the follo wing pap ers:

Paper I: A Posteriori Error Analysis of the Boundary Penalty Method,
Finite Element Center Preprint 2004-09. (Submitted)

The Boundary Penalty Method enforcesDiric hlet boundary conditions weakly
by a penalty parameter. We derive a posteriori error estimatesin the L 2()-
norm and energy semi-norm for this method and we proposean adaptive
strategy to choosethe penalty parameter and the mesh parameter h by
equidistributing the error betweenthe terms in the energy semi-norm esti-
mate. Finally, we considerthree numerical exampleswhere we successfully
usethe adaptive algorithm to solve the Poissonequation with both smooth
and non-smaoth boundary data.

Paper II: A Posteriori Error Analysis of Stabilized Finite Element Ap-
proximations of the Helmholtz Equation on Unstructured Grids, Finite Ele-
ment Center Preprint 2004-10. (Submitted)

In this paper we study the Galerkin least-squaresmethod for minimizing
pollution when solving Helmholtz equation. We especially consider how
stochastic perturbations on a structured mesha ects the optimal choice of
the method parameter . The analysisis basedon an error represenation
formula derived by a posteriori error estimates using duality. The primary
goal with this work is not to presen a brand new method for this problem
but to showv how existing methods derived for structured meshescan be
modi ed to work on unstructured grids. We concludethat a parameter op-
timized for a structured meshneedsto be increasedby a term proportional
to the variance of the perturbation to be unbiased on a perturbated grid.
We present numerical examplesin one and two dimensionsto conrm our
theoretical results.

Paper Ill: Adaptive Variational Multiscale Method Basal on A Posteri-
ori Error Estimates, Finite Elemernt Center Preprint 2004-11. (Submitted)

The variational multiscale method (VMM) provides a generalframework for
construction of multiscale nite elemen methods. In this paper we propose
a method for parallel solution of the ne scaleproblem basedon localized
Dirichlet problemswhich are solved numerically. Next we present a posteri-
ori error estimatesfor VMM which relatesthe error in linear functionals and
the energynorm to the discretization errors, resolution and sizeof patchesin
the localized problems, in the ne scaleapproximation. Basedon the a pos-
teriori error estimateswe proposean adaptive VMM with automatic tuning
of the critical parameters. We study elliptic secondorder partial di erential

equationswith highly oscillating coe cien ts or localized singularities.
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A Posteriori Error Analysis of the
Boundary Penalty Metho d

Kenneth Eriksson Mats G. Larsory and Axel Malqvist*
April 7,2004

Abstract

The Boundary Penalty Method enforcesDiric hlet boundary con-
ditions weakly by a penalty parameter. We derive a posteriori error
estimates in the L?()-norm and energy semi-norm for this method
and we proposean adaptive strategy to choosethe penalty parameter

and the meshparameter h by equidistributing the error betweenthe
terms in the energysemi-normestimate. Finally, we considerthree nu-
merical exampleswhere we successfullyusethe adaptive algorithm to
solve the Poissonequation with both smooth and non-smaoth bound-
ary data.

1 Intro duction

The Boundary Penalty Metho d. The Boundary Penalty Method (BPM)
has beenknown and used for more than thirt y years. The basicidea is to
imposeDirichlet boundary conditions weakly by using Robin type bound-
ary condition with a penalty parameter . We considerthe following model
problem: nd u sud that

4 Uff in (1.1)
u=g on ;

where is a polygonal domain in RY, d = 1;2 or 3, with boundary .
Further f 2 H () andg2 H'¥?() are given data, see[1] for de nitions
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of thesespaces.The nite elemen formulation using BPM [3, 4] now reads:
nd U 2V sud that

(rUirv)+ ( Uv) = (F;v)+ ( lgv) forallv2V; (1.2)

where ( ;) is the L?() scalarproduct, (; ) isthe L%() scalar product,
andV  HZ() is the spaceof cortinuous piecewisepolynomials of degree
p with respect to a given triangulation K = fK g of into elemens K of
diameter hx . We de ne the meshfunction (meshparameter) h(x) sud that
h(x) = hx whenx 2 K. We assumethat the meshis locally quasi-uniform.

We immediately note that this method is not consistent since u does
not solve equation (1.2). Multiplying equation (1.1) with a test function
and integrating over the domain using Green's formula gives the following
identit y for the exact solution u,

(ru;rv) (@Qu;v) = (f;v) forallv2H?), (1.3)

where @Qu = n r u is the normal derivative of u. Howewer, there is a
more complicated method for weakly imposing Dirichlet boundary condi-
tions called Nitsche's method [15, 12] which is consistert. The ideain this
method is to include the term (@U;v) that appearsin equation (1.3) in
equation (1.2) together with a compensating term that makesthe method
symmetric.

Both BPM and Nitsche's method have beenusedfor problems with in-
terior sub-domaininterfaces. One of the rst paperson the interior penalty
method is Babuska [2] from 1970. In a recent paper [14] this method has
beenusedfor gluing together non-matching grids.

There are various reasonsfor studying the BPM. One is that it allows
Dirichlet ( small), Neumann ( large), and Robin ( as a function on )
boundary conditions in the sameframework. It is also very easyto imple-
ment and it has for these reasonsbeenusedin many nite elemen codes
over the years. Another reasonfor studying this method is that it seresas
a simpler compliment to Nitsche's method e.g. when solving problems on
non-matching grids. As mentioned before Lazarov et.al. [14] choosesthis
method in their work on non-matching grids.

Previous Work. Oneofthe rst works onthis subject is Babuska [3] from
1973. His results was then improved and extendedamong others by Barrett
and Elliott [4] during the eighties. Their work are all in an a priori setting
and hasinspired usto do an a posteriori error analysisof this method. Some
important results from these papers are that for piecewiselinears = h in
the boundary penalty formulation, equation (1.2), yields an optimal H ()

error estimate but this choice leadsto a suboptimal L?() error estimate.
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As merntioned earlier BPM is not a consistert method i.e. (1.2) will not
hold if U is replacedby u. For higher order polynomials this will force the
penalty parameter be proportional to a higher power of h. The reason
why h is desiredis that this choice will not a ect the condition number
of the stiness matrix. High condition number leadsto slov corvergence
for iterativ e solvers. For higher order base functions Nitsche's method is
optimal for h.

As far as we know this is the rst a posteriori paper on the boundary
penalty method. Howewer, there are seeral related papers on a posteriori
error estimatesfor discortin uous Galerkin and non-conforming nite elemern
methods [8, 5, 12.

New Contributions. The aim of this paper is to derive an a posteriori
error estimate in terms of the meshparameterh and the penalty parameter
and basedon theseresults construct an adaptive algorithm to solve problem
(1.2) e cien tly.

Our main results are the following boundsof the energyand L2() norm
of the errore=u U:

kr ek C khR(U)k+ kg Ukj. (1.4)
kek C kh?R(U)k+ kg Uk 10 (1.5)

wherek ks. isthe H3() norm, R(U) is a computable bound of the residual,
f+4U2H ), on, and C denotesthroughout this paper various
constarts independert of h and .

To design an adaptive algorithm from the energy semi-norm estimates
we needto seeexplicitly how the a posteriori quartity kg Uk;-,. depends
on . Weintroduce P asthe L?() projection onto the restriction of V on

and get,
0 1

X
kPg Uk C @QkP(@U)ki—p + KR(U)kg A : (1.6)
@\ 6;

Combining equation (1.4) and equation (1.6) yields the nal error esti-
mate that will be usedfor the adaptive algorithm,

kr ek C khR(U)k+ kg Pgki-z . (1.7)

X
+ C QkP(@U)kyp + kR(U)kg A :
@\ 6;

Obviously there exists an upper bound on in equation (1.2) for which
the approximation getsto poor. We can capture this bound by considering
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the error estimate in equation (1.7). We alsoneedto imposea lower bound
on for at least two reasons:the condition number of the sti ness matrix
growswhen decreasesand we may get undesiredoscillationsin the solution
when solving problemswith rough boundary data (seeExample 3 in section
4). The conclusionof this discussionis that needsto be small enoughto
balancethe two terms in equation (1.7) but not smaller.
We also presert an estimate of the term kPg Uk 31-,. in the L2()-

norm bound, seeequation (1.5), and by using this estimate we get the fol-
lowing bound of the L2()-norm of the error,

kek C k(h*+ h+ ?R(U)k+ kg Pgk 1 + kg Pgkip  (1.8)
+ C kP(@QU)k 1. + KP(@U)ki—:
Here we seethat h is not enoughto get an optimal order error estimate
sincethe estimate cortains the term kP (@U)K 1. .
In this work we consider piecewiselinear approximations since in this

casehave an optimal a priori estimate in the energysemi-norm. We are not
interestedin tracking the constarts in the error estimates.

Outline.  In Section2, we preseri the a posteriori error analysisfor cortrol
in energy semi-norm and L2()-norm. In Section 3 we use the error esti-
mates to derive an adaptive algorithm for choosing the penalty parameter.
In Section 4 we preser three numerical examples,and nally we preser a
small summary in Section5.

2 A Posteriori Error Estimates

2.1 The Error Representation Formula
Subtracting (1.2) from (1.3) yields the error equation
(rerv)+( tev) = (@u;v) forallv2V. (2.1)

Green'sformula gives,

(f+4U;v)+ (@e+ 'eyv) = (@u;v) forallv2yV, (2.2)
wherethe rst scalar product is de ned in the following way,

x 4 X 4 a

(f+4U;v) = (f + 4 U)vdx @Tvds: (2.3)

K

K K @n K
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We also needto take weighted L?() norms of f + 4 U. We de ne our
domain residual accordingto [10] as a piecewiseconstart function,

R(U) = jf + 4 Uj + %&ax h [@Ull onK 2 K; 2.4)
n

where[] is the di erence in the function value over the edge. We note that
j(f + 4 U;v)j kh®R(U)kkh Svk for s 2 R. Next we introduce a dual
problem: nd sud that

4 = in ;

0 on : (2.5)

where 2 H 1(). Multiplying (2.5) by the error e and using Green's
formula yields,

(e )=(4 )=(er ) (@) =(f+4U;) (9 U@):

(2.6)
It follows from equation (2.2) that (f + 4 U;v) = 0 for v 2 V sud that
v=0o0on. Wethenget(f + 4U; )= 0,where isthe Scott-Zhang
interpolant of , see[6]. Togetherthis gives,

(e )=(F+4uU; ) (g U@ ) | (2.7)

2.2 The Error Estimates

We start this section by proving estimatesof the error in energyand L ?()
norm.

Theorem 2.1 It holds

ki ek C KhR(U)k+ kg Ukyp. (2.8)

If we assumethat there exists a constant C suchthat k k, Ck4 k we
also have

kek C kh’R(U)k+ kg Uk 1. (2.9)

Pro of. For the energysemi-normestimate we start from equation (2.7) and
let = 4 ¢

(e;4 = (f+4U; ) (9 U@ ): (2.10)



We have (e;4 €) = kr ek? (e;@e€) and together with equation (2.10)
this gives

kr ek? = (f + 4 U; ) (5@ ) + (e;@e) (2.11)
(2.12)
We recall the trace inequality,
X
kn vk 1o C (kvkg + hkr  vkg); (2.13)
@\ 6;

wherek kg isthe L?(K) norm whereK refersto elemers in the mesh, see
([11], Theorem 2.2) and apply this result twicewith v=r andv=r eon
equation (2.12) to get,

X
kr ek? :—ZLCZKhR(U)kZ + %kr k? + kekq-p. (kr ek + khR(U)kg )
X @\ 6;
+ kek;-p. (kr kg + khR(U)kg): (2.14)
@\ §;
Next we usethe following obsenation,
ki k*=(4 e; )= (rer ) krekkr k; (2.15)

i.e. kr k kr ek to get,
kr ek?> CKhR(U)K? + %kr ek? + 2kekyp (kr ek + khR(U)k)  (2.16)
C KhR(U)K* + kek?_, + Zkr ek?: (2.17)

Subtracting 3=4kr ek? on both sidesprovesthe rst part of the theorem.
For the L?() estimatewe use = e=kek in (2.7) to get,

kek=(e; )= (f +4U; ) (@ vu@): (2.18)

Now we usethe assumptionthat there existsa constart C such that k ks,
Ck4 k and usethe trace inequality k@ ki-» Ck k> to get

kek Ckh?R(U)kk kp+ Ckg Uk 15 k ko (2.19)
C kh®R(U)k+ kg Uk 1o (2.20)
O



In Theorem 2.1 we get boundswith the dependencehidden. To beable
to construct an adaptive algorithm we wish to know how kg Uk;-,. and
kg Uk 31—, dependson . We usethe triangle inequality

kg UKks: kg Pgks. + kPg Uks: ; (2.21)

fors=1=2ands= 1=2. The rst part is independent of and the second
part can be estimated. We start with kg Uk .

Theorem 2.2 It holds

0O
U

X
kPg Uk C @kP(@U)ki—,. + kR(U)kg A (2.22)

@\ 6;

wher Pgis the L2() projection of g onto the restriction of V on the bound-
ary.

Pro of. Welet z= P( @ U) 2 V and start by using the triangle inequality,
kPg Uklzz; kalZZ; + kPg U Zk]_:z; (223)
kP(@U)ki-p. + Ckh 2(Pg U 20k ; (2.24)

where we usean inverseestimate [6] in the secondinequality. Next we need
to estimate kh ¥2(Pg U 2z)k .
From the error equation (2.2) we have,

f+4U;v)=(g U @U;v) =(Pg U zv) forallv2V. (2.25)

We let w 2 V be equalto zeroon interior nodes,w = P(h {(Pg U 2))
on , and choosev = w in equation (2.25) to get,

kh ¥2(Pg U 2)k*=(Pg U zw) (2.26)
=(Pg U @Uw) (2.27)
= (f + 4 U;w): (2.28)

The right hand sidein equation (2.26) can now be estimated in the following
way,

0 1
X
i(f +4U;w)j Cc@ kR(U)kg A kwk (2.29)
o &' & 1

X
c@ kR(U)k A kh ¥2(Pg U 2)k : (2.30)
@\ 6;



We needto take a closerlook at the secondinequality. Let K be a triangle
at the boundary and E the corresponding boundary edge of this triangle.
For w asabove and the nite elemern basefunctions' ; we havek’ ilzzwkﬁ
Chk k' ilzzwké, by equivalert norms in nite dimensional spaces,and scal-
ing. The assumption of local quasi-uniform mesh gives an estimate of kwk
in the following way,
' 2 x 2 X x Z
kwk? = Liw C "2w? C Tiw? (2.31)
i i i jkK\ jso K
X X 1= X _ _
C Chi k' ;™" wk2 Ckh¥™wkZ = Ckh¥wk?; (2.32)
i E E

which meansthat kwk Ckh ¥(Pg U 2z)k . Combining equation
(2.26) and equation (2.29) gives

X
kh ¥2(Pg U 2k C kR(U)k : (2.33)
@\ 6;

Together equation (2.33) and equation (2.23) now gives,

X
kPg Uklzz; kalZZ; + C kR(U)kK, (234)

@\ 6;

which provesthe theorem. 0

Finally we closethis sectionby nishing the L?()-norm estimatein the
sameway aswe did with the energy norm estimate. From Theorem 2.1 we
seethat we needto estimate kg Uk ;- in terms of the meshparameter
hand .

Theorem 2.3 It holds,

kPg UK 1= C kP(@U)k 1o + kr ek+ khR(U)K (2.35)

Pro of. We start in the sameway as in the proof of Theorem 2.2. We let
z= P(@U) 2 V and usethe triangle inequality,

kPg Uk 1. kzk 1. + kPg U zk 1o (2.36)
kP(@U)k 1. + kPg U zk ;- : (2.37)



We study the secondterm equation (2.37). By de nition we have,

(Pg U zw)

kP U zk ;. = su 2.38
J 2T weh 1F(J) kwky; (2.38)
(Pg U ziw Qw)

= su 2.39
WZHle) kwky; (2:39)

+  sup (Pg kUk Z,Qw)

w2H1() WKi;

=1 +11; (2.40)

where Q is the L2()-pro jection onto the nite elemen spaceV. We start
with the rst term I,

kh(Pg U Z) k1:2; k%(W QW)k 1=2:

| su 2.41
W2H1F()) kal; ( )
ki k
kh(Pg U 2)kip  sup w (2.42)
w2H1() WKi;
Ckh(Pg U 2)ki (2.43)
Ckh'?(Pg U 2)k ; (2.44)

wherethe last stepis doneby an inverseinequality [6]. By a similar argumert
asin the proof of Theorem 2.2, with the function w equalto P (h(Pg U 2))
on instead we get,

kh'2(Pg U 2k  C khR(U)k; (2.45)

sup (Pg U z;w Qw)
w2H1() kwks;

From equation (2.25) we have (f + 4U;Qw) = (Pg U z;Qw) .
We usethis result to estimate the secondterm || asfollows,

(f +4U;Qw)

C khR(U)k: (2.46)

= sup —————= 2.47
w2H1F?) kwka, (2.47)
(4 eQw)
= sup ——— 2.48
W2H1‘?) kwk;; (2.48)
_ sup (rer Qw) (@e;Qw) (2.49)
w2H1() kwky, |
kr Qwk kQwky=,
kr ek su + k@ek 1. sup ——— : (2.50
W2H1F()) kwky, Qe 1= W2H1F()) kwky, (2:50)



From [7, 9] we know that kQwkj. Ckwk;. for locally quasi-uniform
meshes.Togetherwith the estimate, kQwk;-,. CkQwk;. , and equation
(2.50) this gives,
sup (Pg U zQw)
w2H1() kwky;

C kr ek+ k@ek 1. (2.51)

Equation (2.13) can now be usedagain with v = e. We get,

(Pg U zQw)
su
w2H 1F()) kwky;

C (kr ek + khR(U)K) : (2.52)

Combining equation (2.37), (2.38), (2.41), and (2.52) nally provesthe The-
orem. 0

Combining the estimate (2.9) of Theorem 2.1, Theorem 2.3, and the en-
ergy semi-normestimate in Theorem2.1we nally end up with the following
L2()-norm estimate,

kek C k(h>+ h+ ?)R(U)k+ kg Pgk 1o + kg Pgkip
(2.53)
+ C kP(QU)K 1o + kP(@U)ki—.

Remark 2.1 Inthe nal L?()-norm estimate, equation (2.53), we seethat
for su cien tly smooth boundary data, g, letting h would give an optimal
order error for all terms but the CkP(@U)k 1-,. term. Soif @Qu 6 0 we
needto let h? to get optimal order corvergence.

3 Adaptiv e Strategies

We designan adaptive strategy for the energy semi-norm estimate starting
from (2.8) in Theorem 2.1. Combining this result with equation (2.21) and
Theorem 2.2 givesthe following equation:

kr ek C khR(U)k+ kg Poki . (3.1)

X
+ C @kP(@U)kyp + kR(U)kg A
@\ 6;
We introduce the notation,
r, = khR(U)k + k Poki—. ;
) 1 (V) |9 OK1=2; (3.2)
rz=  kP(@U)ki=p, + \ g KR(U)kk

10



Adaptiv e Algorithm. The aim isto choose sud that r; andr, becomes
equally large.

Let o= h.
Solve equation (1.2) for U.
Calculate r1 and r, accordingto equation (3.2).

Determine if h-adaptivity is necessaryfrom the sizeof r;.

If a meshre nement (with new mesh parameter hnew) was neededin step
4 we replacery with khpew R(U)k+ kg PgKj=p. in step 5. This procedure
canthen be doneiterativ ely going from step 5 to step 2.

Remark 3.1 From experienceand numerical tests for examplein [13] we
know that the rst term in rq is in general over estimated due to the in-
equalities usedto derive it. This is not the casewith the other terms and
this fact could be a reasonto decrease ewen further. So ewven though in
practice we want to use < gri=r, aslarge as possibleit can we wise to
choose a bit under the bound.

Remark 3.2 We can also use other norms for the adaptive strategy. One
reasonto choosethe energysemi-normis that h sincer; handr;,

If we instead considerthe L2() norm we would get h? to achieve opti-
mal order. Theseresults agreewith earlier a priori results [6].

Remark 3.3 The main reasonfor not choosing too small is that the con-
dition number of the sti ness matrix will be very large which leadsto slow
corvergencefor iterativ e solvers. The choice h is optimal sincein this
casethe condition number of the matrix will not increasedramatically while
for h? it will. The other reasonwill beillustrated in Example 3 below.

4 Numerical Examples

We presern three numerical examplesto verify the theoretical results of the
error analysis.

11
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Figure 1: Error in energy semi-normfor dierent h and .

Example 1. In the rst example is the unit squareand g = 0 on the
boundary. The load f is chosen sud that the exact solution u(x;y) =
x(1 x)y(1 y). The aim isto useour adaptive strategy to choose in suc
a way that the error from the penalty method is of the sameorder as the
discretization error. Sincethe exact solution is known we rst presen a plot,
Figure 1, with the energy semi-norm of the error calculated for di erent h
(we use quasi-uniform meshes)and . We seeclearly for eacy h how the
error evertually corvergesto the discretization error and we get no further
improvemert by decreasing .

The adaptive strategy is designedto nd the biggest for which we
achieve discretization error by considering the error estimators r1 and r».
Figure 2 shows the valuesof the error estimatorsfor a x value of h = 0:025.
We seethat the discretization part of the error rq is fairly constart and
that the dependert part r, is proportional to . It is clear that the two
terms r; and r, captures the essenceof the behavior of the error in the
energy semi-norm. The adaptive strategy would in this situation suggest
that = ori=r,. As seenwhen comparing the gures we get a slight over
estimate of arising from the fact that r; is over estimated.

To sumup this examplewe analyzethe h-dependenceof in our method.
In this particular example = ory=r, for dierent ¢ in the range10 ! to
10 7. As seenfrom the small clustersin Figure 3 we get very similar results
on fordierent . We alsorecognizethat is proportional to h.
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Figure 3: The penalty parameter chosenaccordingto adaptive strategy
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Figure 4: Solution to the secondtest problem

Example 2. Next we turn our attention to a situation where g 62V on
onepart of the boundary. Welet g = 0 on three parts of the unit squareand
on the fourth part we let g be sav shaped as seenin Figure 4. The peaks
and valleys are chosensothat they do not coincide with the mesh. Using a
constart would in this example not be the best approac sincewe needa
very small just on a part of the boundary where the normal derivative of
the solution is large. Motivated by the results in Theorem 2.2 we use two
di erent valuesof , 1 on the simple part and , on the complicated part.
In Figure 5 we seethe result of using our algorithm with ¢ = h asa starting
guessfor di erent h. The penalty parameter is chosenas

_ il khRU)k

' % ikg Uk [

(4.1)

wherej jj is the length of the boundary segmen ;. If the function g allows
it can be corveniert to replacekg Ukj—,. by kg Uks. in practice. This
gives a lower value of but is simpler to compute. It is clear that the
algorithm suggestsus to choosea much higher on the simple part of the
domain. We also seethat both ; and , are proportional to h just with
dierent constarts.

Example 3. Finally we study an interesting e ect that can arise from
choosing to small. From the earlier a priori work [3, 4] it is clear that
this can lead to problems. This e ect can not be seenexplicitly from the
a posteriori error estimatesbut it can be taken care of using the proposed
adaptive strategy.
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Figure 5: The boundary error kek and ; calculated for di erent valuesof
h.

We let g be closeto discortinuous, zeroon one part of the boundary and
oneon the other with a very steepsloop that connectsthe parts, seeFigure
6. Further we let f = 1. We solve the problem by iterating the adaptive
algorithm starting from = h = 1=40and nd an optimal = 1=151, see
Figure 6 (right). Then we solve the sameproblem using a ten times smaller

= 1=1510(left). We seeclearly that atoo small choiceof for this problem
leadsto oscillationsin the solution. If is decreasedurther the e ect is even
stronger.

The reasonfor this behavior is that equation (1.2) will force U  Pg
if is very small and it is known that the L? projection P has oscillating
behavior for discortinuous data. This exampletogether with the size of the
condition number motivates using the adaptive procedurewhen choosing .

5 Conclusion

We have derived two a posteriori error estimatesand designedan adaptive
strategy for choosing the penalty parameter in BPM for one of these.
We present numerical examplesthat conrms our theoretical results and
we concludethat by this strategy we achieve optimal order corvergencefor
piecewiselinears which agreeswith earlier a priori work.
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Figure 6: 10times the optimal to the left and optimal to the right.
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A Posteriori Error Analysis of Stabilized
Finite Element Appro ximations of the
Helmholtz Equation on Unstructured

Grids

Mats G. Larson Axel MalqgvistY
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Abstract

In this paper we study the Galerkin least-squaresmethod for mini-
mizing pollution when solving Helmholtz equation. We especially con-
sider how stochastic perturbations on a structured mesh a ects the
optimal choice of the method parameter . The analysisis basedon
an error represertation formula derived by a posteriori error estimates
using duality. The primary goal with this work is not to presen a
brand new method for this problem but to show how existing methods
derivedfor structured meshescanbe modi ed to work on unstructured
grids. We concludethat a parameter optimized for a structured mesh
needsto be increasedby aterm proportional to the variance of the per-
turbation to be unbiasedon a perturbated grid. We presen numerical
examplesin oneand two dimensionsto con rm our theoretical results.

1 Intro duction

It is well known that the standard Galerkin nite elemen method su ers

from a substartial lossof accuracywhen solving the Helmholtz equation for

higher wave numbers. The problem is basically that the wavespropagate to

slow when using the standard Galerkin method. The solution is to increase
the numerical wave number.
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Previous work. The choice of numerical wave number have beensolved
by dispersion analysis in one and two dimension. In one dimension it is
actually possibleto achieve nodal exactnessby the Galerkin Least-Squares
(GLS) method, see[6, 9, 5], or the Generalized Finite Element Method
(GFEM), see[2], and in two dimensions these methods gives signi cant
improvemert comparedto the standard Galerkin method. The expression
"p ollution" is often usedto describe this phenomenonand it was rst stated
in [2]. A draw bad of using thesemethods to determine the numerical wave
number in higher dimensionsis that they are designedto be optimal for one
certain direction on a structured grid.

Recen work on variational multiscale methods and subgrid modelling
[8, 7] has given an understanding of the origin of GLS. It alsorepresers an
alternativ e to the dispersionanalysisthat worksindependert of the structure
of the mesh. In a paper dealingwith edgeelemerts for electro-magneticmod-
elling [10] an improvemert in accuracy when solving the vector Helmholtz
equation was discovered on unstructured grids. This e ect can alsobe seen
in numerical studies for example in [5]. These results encouragedus to
further investigate this area.

New contributions. Our goalwith this paperis to understand how meth-
ods for minimizing pollution on structured grids needsto be modi ed to suit
unstructured grids. To create the unstructured grid we start with a struc-
tured grid and add perturbations to the nodesfrom a given distribution. We
need a method for computing an optimal method parameter on a given
mesh. We adieve this by deriving an error represenation formula using
a posteriori error estimation techniques iterativ ely and choosing so this
error functional equalszero. This method is independert of the structure
of the meshand corvergesto an optimal in the sensethat a given linear
functional of the error is zerofor this choice of

We then study a family of mesheswith stochastic perturbations i, in
ead interior node i, and calculate the expected value of , E[ ]. In one
dimension we get the following result:

E[ ]= Ch2k?(1+ 6Var( ;)); (1.1)

where C < 0 is a constart that can be calibrated by a standard method on
a structured grid e.g. see[5]. This meansthat the numerical wave number
kn modi es in the following way, k2 = k?(1  k2). From equation (1.1) we
seeclearly that the averageof calculated on perturbated girds will not be
equalto calculated on the structural grid. However we also seethat for
small perturbations, from the structural calculation is a good estimate.
The challengeis to extend this analysisto two dimensionswhereit is much
harder to nd an optimal



In two dimensionswe again derive an optimal independert of the struc-
ture of the mesh by using an error represertation formula basedon an a
posteriori error estimate. The procedure needsto be done in an iterative
fashion. A typical linear functional of the error we study could be an integral
over the error over an out 0 w boundary. Again we recognizea modi cation
of proportional to the variance of the perturbation. For a plane wave in
two dimensionsnumerical calculations shows improved results comparedto
a plane wave in one dimension. We argue that this e ect arisesfrom the
fact that the variance of on integral of the error on the out o w boundary
is smaller than the variance of the error measuredin one point. This could
explain the e ect in [10].

Of coursethere are numerous advantages of using randomized unstruc-
tured meshesnstead of structured ones. When it comesto wave propagation
on of the most important are that a randomized meshis isotropic i.e. "lo oks
the same" in all directions. This meansthat if we can nd an optimal
for one direction it will work well for waves propagating in an arbitrary
direction.

Outline  In x2 we presert a one dimensional model problem, derive an
a posteriori error estimate and state a formula for choosing the method
parameter . We then study how this choice of dependson the structure
of the mesh. In x3 we presert numerical results for this problem and in x4
we turn our attention to a two dimensionalmodel problem. Again we derive
an a posteriori error estimate from which we can calculate the parameter .
In x5 we preseri numerical results for two test examplesand nally in x6 we
draw someconclusionsof this work.

2 One Dimensional Mo del Problem

We considerthe following one dimensional model problem: nd u sud that

8
< u% K2uy=0 in ;

uY0) = ik; (2.1)
uq ) =iku( );
where = [0; ]. This setting makesthe wave propagate freely from left to

right with analytic solution u(x) = €**. The corresponding weak formula-
tion reads: nd u2 H() sud that

(v  k2(u;v) iku( )v() = ikv(@) ; forallv2H() : (2.2

where ( ;) is the ordinary L?() scalar product and v(x) is the complex
conjugate of v(x).



2.1 The Galerkin Least-Squares Metho d

The GLS stabilization, see[6], of the weak form reads: nd u2 H1() sud
that

WV K2 (u;v)+( Lu;Lv)- iku( )v( ) = ikv() ; forallv2 H() ;
(2.3)
where is acomplexnumber, L = —@2 k2, and ~ is the union of elemert

interiors. This method can now be discretized and we can introduce p =
1 k2 asthe new parameter. If we for the sake of simplicity only consider
the spaceV of piecewiselinear basefunctions we get: nd U 2 V sud that

(U  Kk2p(U;v) ikU()v( ) = ikv() ; forallv2V. (2.4)

Here we seethat the stabilization is done basically by changing the wave
number in the Galerkin method, see[6]. Next we presert an a posteriori
error analysis for the piecewiselinear case.

2.2 Error Representation Formula

We would like to choosep in order to minimize a given linear functional of
the errore= u U i.e. (e; ), where is agiven function in H (). We
begin the a posteriori analysis by presening the dual problem: nd  sud

that 8
< 0 k2 = in
%0) = ©; (2.5)
)= ik ();
We proceedwith the following calculation,
(e )=(es ® K ) (2.6)
=% ) (Ke ) [e° (2.7)
= (UGS 9+ (KU )+ W T ike( ) () (2.8)
= (U )+ (K*U; ) (US ) (2.9)
+(K2U; )+ ikU() () ik (0)
= (U )+ (K2 U; Y+ ( K*U; ) (2.10)
= (k% U; )+ ( K*U; ) (2.11)
This calculation suggeststhat = %7)) or in terms of p,
_ 2_ (U5 )
p=1 k= U ) (2.12)




would make (e; ) small.

Remark 2.1 We also note that if there exists a » such that (e; ) = 0 it

can always be written on the form » = (k(zkfui)) orp= %

Remark 2.2 In practice will not be known so we have to calculate it
numerically. Sincewe needto subtract the interpolant we use higher order
elemers for the dual problem. Howeer this is a computationally expensive
way of getting high accuracy and should primarily be usedif error cortrol
is essetial.

It is possibleto proceediterativ ely starting with pg = 1 solving equation
(2.4) for U, and choosing,

_ (Un; )

Pn+1 = ﬁ forn=0;1;:::: (2.13)
ns

In section 3 we presert numerical results that shows fast cornvergencefor
this particular algorithm for nodal error control. We are going to usethe
iterativ e algorithm described in equation (2.13) to calculate optimal values
of p on perturbated grids. In this way we can study how an optimal p
dependson the size of the perturbation

2.3 Unstructured Mesh

We introduce a new parameter 0 < 1 which is a measureof how un-
structured the meshis. We divide [0; ] into n subintervalsin the following
way, 8
< Xg = 0
Xi = L+ fori=1:n 1
Xn = ;

where j 2 U([ 5; 57]), seeFigure 1. From this de nition we note that the
interval length h; = x; X; 1 the perturbated meshis equalto h+ ;| ; 1.
With this notation we needto dene ¢ = , = 0. We are interested in
how the expected value and the variance of the error (e; ) dependson ,
h= =n, and k. We now seep as a stochastic parameter  and useequation
(2.11) to get,

(e; ) = K¥(U; ) K 1)U ) (2.14)

Our aimisto nd p= E[f] suc that E[(e; )] = O for a given . We start
with the following Lemma.



Figure 1: One dimensional unstructured meshwith n = 19and = 0:4.

Lemma 2.1 Letz 2 C?([0;h]) suchthat z(0) = z(h) = 0, =1 ¥, and
' 1= §. Then we have,

R, R Ry,
h2 "*h. 2. h?2
F\% "ozdx = 32F\91 2 O(HX TF\% 01
b o 3 12%x —h3 o' 0 2z%x:

2.15
1zdx = ( )

0

R
Pro of. We start with Oh' izdx for i = 0;1 and integrate by part. We
usethe fact that ( h' ¢)°= 1, (h' 1)°= 1 and that the boundary term will
vanish sincez(0) = z(h) = 0 to get,

R, h

"ozdx = B 270dy:
RO, AR O (2.16)
o 1Zdx= 5 7" 1Z°dXx

Next we proceedwith the rst equation in (2.16) and usethat (h' 1)°= 1
and integrate by parts,

Zy Zy Zy Zy
'32%x= h 'y 'ZOOdX—Z "o 12%x h g 32%x:
0 0 0
(2.17)
Since' g+ ' 1 = 1 on[0; h] we have,
Zy Zy
0= . (" o+ ' 1)%2%x = . ("3+2 ¢ 1+ 2)2%x; (2.18)
inserted in equation (2.17) this yields
'32%x= = " 320%x - 3 2% (2.19)
0 2 9 2 o
A similar calculation gives
"22%x = = " %20%x = o 32%x (2.20)
0 2 9 2 ¢
Together equation (2.19) and equation (2.20) now gives
Ry, on Rno, n Rh
) 520dx = R0 2" 12%%x RO O 22%%x; (2.21)
o' 220%dx =9 & 20%x+ 2y lzoc}jx.



Finally we combine equation (2.16) and (2.21) to prove the Lemma. 0

We initially needto study how the rst term i equation (2.14) depends
on the stochastic parametersf jgL,*.

(U; ) = LU ) dx (2.22)

On ead elemernt [x; 1;xi] we assume 2 C?([x; 1;%;]) and apply Lemma

X z Xi
(Y; ) = U( ) dx (2.23)
i=1 Xi 1
Z Xi
= U Yioa )(x) dx (2.24)
i=1 Xi 1
X Z Xi
+ Ui il )(x) dx
i=1 Xi 1
he £ %
= - O U U ) dx (2.25)
i=1 Xi 1
1 z Xi 1
= hig'ﬁ 6 0 "y (UX)+ U 1+ Up) dx: (2.26)
i=1 X1

We intro duce the following notation,

k24X g
a(f g = - 5 P iU+ U U e (227)
| Xi

1

With this notation equation (2.14) and equation (2.23) now gives
0 Z
(e; )= hz (P 1) kU dx (2.28)
i=1 0
We now make the following simpli cation. We replace z; in equation
(2.28) with z; which is z; calculated on a structured grid i.e.

k2 z ih 1
7= — 2% U+ U+ U dx (2.29)
h  1n6

where' | are the basefunctions on the structured grid and U is the solution
on the structured grid. This meansthat z; are not stochastic variables.
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We also introduce w = RO k? (x)U(x)dx, where in the Scott-Zhang
interpolant, see[3], onto the structured grid, i.e w is not stochastic.

If hk is small these approximations can be motivated by linearization in
terms of but the most important argumert is the good agreememn we get
with numerical experimerts, seesection 3. We de ne an approximation to

(e; ) in the following way,

X0
e = hz (P Dw; (2.30)
i=1

and we choosep such that e = Oi.e.

— 1 X 3.
p= 1+W, hz;: (2.31)
i=1
Sincewe want to nd oneparameter p that suits many mesheswith a given
we study the expected value of p. To do this we needto do the following
obsenation,

"xn 4
E[p]= 1+ 1e h3z (2.32)
w i=1
=1+ 1 E[h3]z 2.33
= Wi:l [h{]zi (2.33)
_ 1 3
=1+ W . El(h+ i i 1))z (2.34)
=1+ = E[M+3(; i )+3n(i i)+ i )%z
i=1
(2.35)
— 1 X 3 2
=1+ W h> + 3h“E][ ; i 1] z (2.36)
i=1
1 X
il hE[Ci 1 DA+ ENi 1 1) z
i=1
1 X
=1+ = h3+ 3nE[(i i 17 z (2.37)
i=1
-1+ 1 h3+ 6hVar( ;) z (2.38)
p i
14 i=vlvhzi h?+ 6var( ;) | (2.39)



wherewe usethat f ;g",* areindependert, E[ ;]= 0,andE[ 2]= E[ ? ;] =
Var( ). We neglectthe boquary e ect dueto the fact that ¢ and , are
not stochastic. If welet z= ., hz we have

p= E[p]= 1+ %(h2+ 6Var( 1)) (2.40)

Remark 2.3 For the uniform distribution Var( ) = % i.e.

7 2
=1+ —h? 1+ — 2.41
P w 2 ( )

Remark 2.4 Given we can nd p by using onefor the standard methods
[5, 2] for structured meshesand then add the cortribution suggestedn equa-
tion (2.41). For exampleif we want nodal exactnessin the right endpoint
X = we can usethe formula from [5] for nodal exactnesson structured
meshto nd z=w.

Givenaformula (2.41)to nd pwewould liketo estimate the error (e; )
in terms of h, k, and . We start by estimating the variance of e .

Prop osition 2.1 It holds

3 3 1
Var(e ) = h® > 2+ 2 4+ 8 6 z? (2.42)

Pro of. We start from equation (2.30) with p chosenaccordingto equation

9



(2.32). We note that E[e ]= 0 soVar(e ) = E[€?],

Var(e ) = EEez]

X 3
E 4 hizi  (p
2 1 3
X0 $ 2
= E 4 hi32i 5

(2.43)

1,3

Hw S (2.44)
" #
xXo

2E h¥z E[(p 1w+ E[(p Lw]?

(2.45)
2 | 23 " H# " H# " #2
X X X X
= g4 hi‘?Zi 2E hi‘?Zi E hiszi + E hi?’zi
i=1 i=1 i=1 i=1
2.46
2 ! 23 " #, ( )
X xXn
= E 4 higzi E hi?’zi (247)
i=1 i=1
X
= E[h®] E[N)? z% (2.48)

i=1

We needto calculate the expected value of di erent powersof ;. We have

E[ 2" Y= 0and

on 2nh2n
E[{]= n+ D2z (2.49)
for all n 2 N. We usetheseresult and h; = h+ i 1to get,
X
Var(e ) = E[h®] E[M)? 22 (2.50)
i=1
5 1 1
= h®1+Z%2+ 4+ =26 1 2 =4 2 2.51
_ 2 28 2 A @S
3 3 1
= ht §2+Z4+2_86 z?; (2.52)
i=1
which provesthe proposition. 0

We needto estimate the sum in equation (2.42) in terms of h and k. For
2 H () independert of h and k we havej j C=k for someconstart
C and thereby j %9 Ck. The magnitude of the numeric solution U is

10



independert of k sofrom equation (2.27) we get jzjj Ck3. This yields

X X k6
z? Cck® C— (2.53)
i=1 i=1

We are not interested in tracking the constarts in the following theory, only
the h, k, and dependence.If we neglectthe # and © termsin Proposition
2.1 and useit together with equation (2.53) we get

Var(e ) Ch%k® 2 (2.54)
SinceE[e ] = 0we canusethe Chehyshevinequality to get a bound of je |,

Var (e )
2

P(ej> ) : (2.55)
By choosing = D h%2k® wegetP je j> D h®2k® & hencewith D
large we can make this quartity arbitrarily small i.e. there exists C inde-
pendent of , h, and k suc that

P(ej C h>k%>1 (2.56)

for eadh > 0.

3 Numerical Results in One Dimension

We study pointwise error cortrol. This is done by choosing asthe Dirac
delta measurein a chosennode. We can actually nd an analytic formula
for the dual solution in this case,

gkl 2 1
2(x) = Wcos(kx) K Sn (kX 2) x>z g (3.1)
wherez indicates a point massin x = z. Wenotethat ,(x) 2 C%([x; 1;%;])

iterativ e algorithm describedin equation (2.13) convergesand givesan opti-
mal value of p. Figure 2 shows rapid corvergencefor the iterativ e algorithm
towards machine precision. Here is chosenasthe dirac measurein x =
ie. = .

In Figure 3 we illustrate how well equation (2.41), where z=w is cal-
culated on a structured mesh, comparesto numerical experimens of the
iterative a posteriori method, equation (2.13). For eadcx , 5000 meshes
have been evaluated, by iteration until corvergence,and the stars are the
mean value of these. The dashedline is the theoretical value of equation

11



Convergence for GLS-solution on random mesh in 1D
T T T T T
X true error
O estimates error
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10° B

le®)!

10° | ® B

w0k i

10
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1 15 2 25 3 35 4 4.5 5 55 6
iterations

Figure 2: The error ju( ) U( )j versesnumber of iterations

(2.41). We seequite a good agreemeh between numerics and theory. Re-
member that the theoretical value is basedon approximations. The variance
is proportional to the squareof which agreewith the theoretical result in
equation (2.41).

By changing h and k separately while holding = 0:1 we also get an
idea of how the variance of p depends on these variables, see Figure 4.
In this particular casewe get Var(p) h’3k%® or var((e; )) h"3k&1,
sinceVar((e; )) k*WU:; )2var(p) k?Var(p), which is even better than
Var(e )) Ch®k® that we got from theory, seeequation (2.54).

Another interesting measureof the error is the meanvaluei.e. = 1.
Letting v = 1in (2.4) givesus, (U;1) = ¢5(1  U( )). Wehaveu = ¥ so

(u; 1) = "E 20D \which makes

(P 1)
p
Since p is closeto one this calculation shaws that the nodal error in s

very closelyrelated to the mean of the error and coincidesif k = 2n; n 2 N,
since(u;1) = 0in that case.

(e:1) = ki—pe< )+ (u; 1): (3.2)

4 Two Dimensional Mo del Problem

In two dimensionswe considera plane wave with wave number

k = k(cog );sin( )) (4.1)

12
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propagating on a unit square, seeFigure 5. We use a model problem from
[5] with inhomogeneousRobin boundary conditions chosen such that the
solution u is equalto €kK*: nd u2 HY() sud that
4 u K2u=0 in ;
@Qu= ik(u g on ;

where is a polygonal domain in RY, d = 2; 3 with boundary .

(4.2)

4.1 The Galerkin Least-Squares Metho d

The corresponding discretized GLS method reads: nd U 2 V. H()
sud that

(r U;r v) K?(U;v)+ ( LU;Lv)- ik(U;v) = ik(gv) ; forallv2V;

(4.3)
where (;) isthe L?() scalarproduct, L = 4 k? and V is the nite
elemen spaceof piecewisepolynomials of degreep. Again we want to nd
a criteria for choosing that minimizes a given linear functional of the
error. We proceedas in the one dimensional casestarting with the error
represermation formula.

4.2 Error Representation Formula
The corresponding dual problem reads: nd  suc that

4 k2 = in
@ = ik( ) on ;

where 2 H () and 2 H¥2(), see[1] for a de nition of these
spaces.To the right in Figure 5 we have the dual solution calculated for
asa point massin (0:5;0:5). In this setting we considertwo typesof linear
functionals of the error at the sametime, namely (e; )and(e; ) . The
a posteriori analysis gives,

(4.4)

(e; ) ik(e; ) =(rer ) (k% )+ (ejik ) (4.5)
=(@u; ) (rUir )+ (K°U; )+ (esik ) (4.6)
= (k(U g); ) (rUur ) + (K2U; )

4.7)
(rUsr )+ (K°U; )
= (4 U+ K2U; ) (@U k(U g, )
(4.8)
+(LUL )

14



Figure 5: Real part of the solution to the primal problem with = =4 and
to the dual problem with = [5:5]

wherethe rst scalarproduct in the last row is de ned in the following way,
X x £ @
(4 U;v) = 4 Uvdx —vds; forallv2 HY() ;
Kok K K2k @&n =K
(4.9)
whereK refersto elemernts in the meshwith boundary @& and K = fK gis
the set of elemerts in the mesh. We get the following error represenation
formula,

(e; ) ik(e; ) =( LU ) (4.10)
+( @QU+ik(U o9); ) +(LUL ).
We derive a method for choosing by letting (4.10) be equal to zero,
_ UrKRUL ) @YU KU @i ) | gy
(LU;L )-

Wedene (R ;v) = (4U + k?U;v), for all v 2 H(), and (R :v) =
(@QU + ik(U g);v) ,forall v2 H1(), asdomain and boundary residual.

Again weend up with a strategy for choosing . Asin the one-dimensional
casethis approad is independert of the structure of the mesh. We consider
plane waves sent in dierent anglesover the unit square. The one dimen-
sional analysis suggeststhat there exists a parameter that gives us a good
approximation if asafunction of is closeto constart. This is the caseon
atotally unstructured meshbut cannever bethe casefor a structured mesh.
This implies that we only needto optimize for one angle by the method
describedin equation (4.11) to get a good approximation for all angles. The
reasonfor this is that a totally unstructured is much more isotropic than a
structured mesh (if the domain is large enough).
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Figure 6: Delaunay triangulations with various

5 Numerical Results in Two Dimensions

We study problemson two di erent geometries.

Example 1. First we study a plane wave on the unit square. We usethe
same setting asin [5] i.e. Robin type boundary conditions that approxi-
mately makesthe wave propagate freely over the boundaries. Sincewe are
interested in calculating a correction for unstructured meshesand also how
this correction comparesto earlier work on structured grids we start with
a regular mesh constructed by the Delaunay algorithm on a two dimen-
sional lattice. Then we add small perturbations to the interior nodesand
proceedwith another Delaunay triangulation, seeFigure 6. We introduce a
parameter in analogywith the onedimensionalcasethat measurehow un-
structured the meshis. Now the perturbation of the interior nodesare done
both in x and y direction so hastwo ertries ( x; y). Below y = =
if nothing elseis mentioned. On these mesheswe calculate an optimal p for
error control on the out o w boundary , when the wave propagatesin the
x-direction i.e. = 0. This meansthat = f(x;y):x=1,0 vy 1g
In equation (4.10) this is adchieved by letting =0and =1 , to get
and then using equation (4.11). To get small error i.e. nd the optimal p
we repeat this processiterativ ely in analogy with equation (2.13) until the
error is about one millionth of the Galerkin error.

In Figure 7 we seehow p dependson . It is slowly increasingfor small
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d

Figure 7: p optimized for error cortrol with = 0and =1 , onvarious
unstructured meshes.

excepta jump between = 0and = 0:05depending on the big structural

changein the grid. For = 0 we have a regular meshand for = 0:05 we
get an approximate union jack shape. For bigger we seethat p increases
in the sameway as in the the one dimensional case. The dashedlines are
from a classicGLS-method optimized for the regular mesh, = 0in Figure

6, and the standard Galerkin method, p = 1. In this examplek = 20.

The similarities with the one dimensional result doesnot comeas a sur-
prise. Sincethe dual solution is independert of y in this particular example
we can use equation (4.11) to proceedwith the following heuristic calcula-
tion,

(Ly;L )-=(R ; )+ (R ) (5.1)
Z,2Z,
= R ( ) dy dx (5.2)
OZ 0
+ R ( ) dx
fo2[0;1]; y=0g
R ( ) dx
v lfx2[0;1]; y=21£i Z,
( ) R dydx+ C(x)( )dx (5.3)
20 0 0
1
= D (x)( ) dx: (5.4)

17



Slope 2.1
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log(k) log(k)

Figure 8: Var(p) (left) and Var (ik(e;l ) ) (right) dependenceof k when
= 0:3 and kh is hold constart.

Using the one dimensional result in equation (2.41) and that (LU;L )-
should not depend heavily on  we get that h?+ CVar( ) h?@+C 2).
The additional assumptionwe needto doin this caseis that also  is almost
constart in the y direction.

We note one di erence that actually suggestsbetter results in the two
dimensional casewhen the errorFé's integrated over the out o w boundary.
Instead of having essetiglly e= R dx, whereR is the residual, we get in
two dimensionse = ( Rdy) dx i.e. an integral over the residual in the
y-direction. This would decreesthe variance of the error and therefore also
the error bound by the Chehyshevinequality in equation (2.54).

Numerical results con rms this. We let and hk be constart and k to
be free. The variance of ik (e;l ,) is computed for 100 di erent meshesin
Figure 8. As seento the left in Figure 8 Var(p) (hk) k 2for some . With
asimilar calculation asin the onedimensionalcasewe get Var (ik (e;1 ,) ) =
k*(U; )?Var(p) andsince(U; ) 1wegetVar((e;l ,) ) k?Var(p)
(hk) . We seethis in the right plot in Figure 8 wherewe plot Var (ik (e; ,) )
versesk while holding hk constart. To determine we perform another test
wherewe vary h while holding k constart. The result is presered in Figure
9. We seethat is approximately equalto 10i.e. aswe suspected we gain
oneh comparedto the one dimensional case,

var((e;l ,) ) (hk)¥; (5.5)

and from the Chebyshevinequality we get from these numerical tests

P(i(e;1 ) i C(hk)®) 1 (5.6)
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Figure 9: Var (ik(e;l ,) ) versesh with constart k = 4and = 0:3.

for > 0i.e. we have no pollution e ect for error cortrol in this specic
norm on mesheswith constart

The variance of the error can also measurethe angle dependsin the
method. With this result we would not expect worse angle dependence
when k increasesand hk is hold constart which is a very nice result.

Example 2. Finally we considera bit more complicated problem where
we simulate wavestravelling through aslit of width  and thickness . The
domain is a rectangle of length =2 and hight =4 with two » wide walls
in the middle only leaving a gap of y betweenthem. The wave number is
setto 20 sowe expect v e full wavesin the certre of the domainy = =8.
The real part of the solution of the primal and dual are presened in Figure
10 and Figure 11. The dual solution is calculated for nodal error cortrol

in (x;y) = ( =2, =8). The wave plane propagatestowards the slit and
createsapproximately a point sourceat the slit. We get the characteristic
circular wavesaswhenrocks falls into the seacontin uously in onepoint. The
amplitude decreasesasthe wave propagatesaway from the slit in the same
way asthe dual solution decas from the point massin (x;y) = ( =2; =8).

6 Conclusion

We have discussechow and when standard methods for solving the pollution
problem on structured grids needsto be modi ed to suit unstructured grids.
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Figure 10: Real part of the solution using our method to determine
x = 0:03and y = 0:1.

Figure 11: Real part of the dual solution for error cortrol in (x;y) =
( =2 =8).
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The analysisis basedon a posteriori error estimates of model problemsin
one and two dimensions. We presert numerical simulations that con rms
our theoretical results on both one and two dimensions.
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Adaptiv e Variational Multiscale Metho ds
Based on A Posteriori Error Estimation

Mats G. Larson and Axel MalqgvistY
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Abstract

The variational multiscale method (VMM) providesa generalframe-
work for construction of multiscale nite elemen methods. In this pa-
per we proposea method for parallel solution of the ne scaleproblem
based on localized Dirichlet problems which are solved numerically.
Next we presert a posteriori error estimates for VMM which relates
the error in linear functionals and the energy norm to the discretiza-
tion errors, resolution and size of patchesin the localized problems, in
the ne scaleapproximation. Basedon the a posteriori error estimates
we propose an adaptive VMM with automatic tuning of the critical
parameters. We primary study elliptic secondorder partial di eren tial
equationswith highly oscillating coe cien ts or localized singularities.

1 Intro duction

Many problemsin scienceand engineeringinvolve modelsof physical systems
on many scales.For instance, models of materials with microstructure sud
as compositesand ow in porous media. In sud problemsit is in general
not feasibleto seekfor a numerical solution which resolesall scales.Instead
we may seekto dewvelop algorithms basedon a suitable combination a global
problem capturing the main features of the solution and localized problems
which resolvesthe ne scales.Sincethe ne scaleproblemsare localizedthe
computation on the ne scalesis parallel in nature.
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Previous work. The Variational Multiscale Method (VMM) is a general
framework for derivation of basic multiscale method in a variational context,

seeHughes[8] and [10]. The basic idea is to decomposethe solution into
ne and coarsescalecorntributions, solve the ne scaleequation in terms of
the residual of the coarsescalesolution, and nally eliminate the ne scale
solution from the coarsescaleequation. This procedureleadsto a modi ed

coarsescaleequation where the modi cation accours for the e ect of ne

scalebehavior on the coarsescales. In practice it is necessaryto approxi-
mate the ne scaleequation to make the method realistic. In seweral works
various ways of analytical modeling are investigated often basedon bubbles
or element Green'sfunctions, seeOberai and Pinsky, [11] and Arb ogast[1].
In [7] Hou and Wu presert a di erent approad. Here the ne scaleequa-
tions are solved numerically on a ner mesh. The ne scaleequations are
solved inside coarseelemerts and are thus totally decoupled.

New contributions. In this work we preseri a simple technique for nu-
merical approximation of the ne scaleequation in the variational multiscale
method. The basicideais to split the ne scaleresidual into localized con-
tributions using a partition of unity and solving corresponding decoupled
localized problems on patcheswith homogeneoudiric hlet boundfyy condi-
tions. The ne scalesolution is approximated by the sumU; =, Ut of
the solutions Us ; to the localized problems. The accuracyof Us dependson
the ne scalemeshsizeh and the sizeof the patches. We note that the ne
scalecomputation is naturally parallel.

To optimize performancewe seekto construct an adaptive algorithm for
automatic cortrol of the coarsemeshsizeH, the ne meshsizeh, and the
sizeof patches. Our algorithm is basedon the following a posteriori estimate
of the errore= u U U in the energy norm for the Poissonequation
with variable coe cien ts a:

X 1
keka, C KHR (Ug)ki kp—akLl D) (1.1)
i2C
X  p_ 1
+ C k H ( Uf;i)k@i + thi(Uf;i)k!i kp—akLl )
i2F
where
( (Uni)ivi)e, = (F+r ar U’ ive), a(Uri;ve) s forall ve 2 V(1);
1.2)
Crefersto nodeswhereno local problemshave beensolved, F to nodeswhere

local problemsare solved, U, is the coarsescalesolution, U = U+ Uz, R(U)
is a computable bound of the residualf + r ar U, R;(U;) is a bound of
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the ne scaleresidual’ i(f +r ar Ug)+r ar U, ( U,) isrelated to the
normal derivative of the ne scalesolution Us.; and measuresthe e ect of
restriction to patches. If no ne scaleequationsare solved we obtain the rst
term in the estimate; the rst part of the secondsum measuresthe e ect of
restriction to patches;and nally the secondpart measuresthe in uence of
the ne scalemeshparameter h.

In addition to the energynorm error estimate we also derive error repre-
sertation formulas for errors in linear functionals of the computed solution
using duality techniques. The framework is fairly generaland may be ex-
tendedto other typesof multiscale methods, for instance, basedon localized
Neumann problems.

Outline.  In Section2 we intro ducethe model problem and the variational

multiscale formulation of this problem we alsodiscussthe split of the coarse
and ne scale spaces. In Section 3 we presert a posteriori estimates of
the error leading to Section 4 where we presert an adaptive algorithm. In

section Section 5 we presert numerical results and nally Section6 consists
of concluding remarks and suggestionson future work.

2 The Variational Multiscale Metho d

2.1 Mo del Problem

We study the Poissonequation with a highly oscillating coe cient a and
homogeneousDirichlet boundary conditions: nd u2 H3() sud that

r aru=f in ; (2.1)

where is a polygonal domain in RY, d = 1;2; or 3 with boundary ,
f2H 1), anda2 L' () suchthat a(x) o> Oforallx2 . The
variational form of (2.1) reads: nd u2 V= H}() sud that

a(u;v) = (f;v) forallv2yv, (2.2)

with the bilinear form
a(u;v) = (ar u;r v) (2.3)

forall u;v2 V.

2.2 The Variational Multiscale Metho d

We employ the variational multiscale scaleformulation, proposedby Hughes
see[8, 10] for an overview, and introduce a coarseand a ne scalein the
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problem. We choosetwo spacesV, V andV; V sud that
V=V, Vi (2.4)

Then we may pose(2.2) in the following way: nd uc 2 V. and us 2 V¢ sud

that
a(Uc; V) + a(us ;ve) = (f;ve) for all ve 2 Ve;

a(uc;vs) + a(us;vg) = (fF;v) forall v 2 Vi (2.5)
Introducing the residualR : V! V%de ned by
(R(v);w) = (f;w) a(v;w) forallw?2V; (2.6)
the ne scaleequation takesthe form: nd u; 2 V¢ sud that
(f;vi)  a(us;ve) = (R(ug);vs) forall vy 2 Vi (2.7)

Thus the ne scale solution is driven by the residual of the coarsescale
solution. Denoting the solution u; to (2.7) by uy = TR(uc) we get the
modi ed coarsescaleproblem

a(uc;ve) + a(TR(ug);ve) = (fF;ve) for all v 2 Ve: (2.8)

Here the secondterm on the left hand side accourts for the e ects of ne
scaleson the coarsescales.

2.3 A VMM Based on Localized Diric hlet Problems

We introduce a partition K = fK g of the domain  into shape regular
elemens K of diameter Hx and we let N be the set of nodes. Further we
let V¢ be the spaceof contin uous piecewisepolynomials of degreep de ned
on K.

We shall now construct an algorithm which approximates the ne scale
equatfpn by a set of decoupledlocalized problems. We begin by writing
Us = ion Ut where

a(usi;vi) = (" iR(ue);ve) forall vy 2 Vi, (2.9)

andf' jgon is the setof Lagrangebasisfunctions in V.. Note that f' jgion
is a partition of unity with support on the elemers sharing the node i. We
call the set of elemers with onecornerin nodei a meshstar in nodei and
denoteit Sil. Thus functions us; correspond to the ne scalee ects created
by the localized residuals’ jR(uc). Introducing this expansionof us in the
right Band side of the ne scaleequation (2.5) and get: nd uc 2 V. and
Uf = oN Urii 2 Vi sud that

a(uc; ve) + a(us;ve) = (f;ve) forall ve 2 Vg,

a(usi;vi) = ("iR(uc);ve) forall v 2 V; andi 2 N: (2.10)
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We use this fact to construct a nite elemen method for solving (2.10)
approximately in two steps.

For ead coarsenodewede ne apatch ! j suc that supp(' ;) !;
We denote the boundary of ! j by @ .

On these patches we de ne piecewisepolynomial spacesvfh(! i) with
respect to a ne mesh with mesh function h = h(x) dened as a
piecewiseconstart function on the ne mesh. Functions in th(! i) are
equalto zeroon @ ;.

P
The resulting method reads: nd U; 2 V; and U; = inUf;i where Uz 2
V(1) such that

a(Ue; ve) + a(Us;ve) = (F;ve) forall ve 2 V; (2.11)
a(Uf;i;vf) = (" iR(Ug);ve) forall vy 2 th(! i)andi 2 N: '
Sincethe functions in the local nite elemernt spaces\/fh(! i) are equalto zero
on @i, U and therefore U will be cortinuous.

Remark 2.1 For problemswith multiscale phenomenaon a part of the do-
main it is not necessaryto solwve local problemsfor all coarsenodes. We let
C N refer to nodeswhere no local problems are solvedand F N refer
to nodes where local problems are solved. Obviously C[ F = N. We let
Uf;i =0fori2C

Remark 2.2 The choiceof the subdomains!  is crucial for the method. We
introduce a notation for extended stars of many layers of coarseelemerts
recursively in the following way. The extended meshstar S| = [ j2si 1S’l

for L > 1. Wereferto L aslayers, seeFigure 1.

2.4 Subspaces

The choice of the ne scalespaceV; can be donein dierent ways. In a
paper by Aksoylu and Holst [4] three suggestionsare made.

Hierarc hical basis metho d. The rst and perhaps easiestapproad is
tolet Vi = fv2 V:v(x;)= 0;j = Ng, wherefx;gon are the coarsemesh
nodes. When V; is discritized by the standard piecewisepolynomials on the
ne meshthis meansthat the ne scalebasefunctions will have support on
ne scalestars.



f L L f L L
0 0.1 0.2 03 0.4 05 06 0.7 0.8 0.9 1

Figure 1: Two (left) and one (right) layer stars.

BPX preconditioner. The secondapproad is to let V; be L?() or-
thogonal to V.. In this casewe will have global support for the ne scale
basefunctions but for the discretized spacewe have rapid decg outside ne
meshstars.

Wavelet modied hierarc hical basis metho d. The third choiceis a
mix of the other two. The ne scalespaceVs is de ned as an approximate
L2() orthogonal versionof the Hierarchical basismethod. We let Q2v 2 V,
be an approximate solution (a small number of Jacobi iterations) to

(Qdv;w) = (v;w); forall w2 Vc: (2.12)

and de ne the Wavelet modi ed hierarchical basisfunction assaiated with
the hierarchical basisfunction ' g to be,

"whe = (I Q%) ne; (2.13)

seeFigure 2.
For an extended description of these methods see[3, 4, 2]. In this paper
we focus on the WHB method.

3 A Posteriori Error Estimates

3.1 The Dual Problem

To derive a posteriori error estimatesof the error in a given linear functional
(e; Ywith e=u Uand 2H ) agivenweigh. We introduce the
following dual problem: nd 2 V suc that

a(v; )=(v; ) forallv2V: 3.1
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Figure 2: HB-function and WHB-function with two Jacobi iterations.

In the VMM setting this yields: nd ;2 Vc.and ; 2 V; suc that

a(ve; o)+ alve, f) = (ve; ); forall vq 2 Vg (3.2)
a(vi; f)+a(ve; o) = (v; ); forall vy 2 Vi: '

3.2 Error Representation Formula

We now derive an error represenation formula iri:yolving bothpthe coarse
scaleerrore; = Uuc Ucandthe ne scaleerrorer = 5y € := oy (Ui
Uz i) that arisesfrom using our nite elemern method (2.11).

We usethe dual problem (3.2) to derive an a posteriori error estimate
for a linear functional of the error e = e. + & . If we subtract the coarse
part of equation (2.11) from the coarsepart of equation (2.10) we get the
Galerkin orthogonality,

a(ec; Vo) + a(er;ve) = 0 for all ve 2 V! (3.3)

The sameargumert on the ne scaleequation givesfori 2 F,
a(eri;vi) = (f;"ivs) a(e' ivr); forall v 2 th(! i) (3.4)

We are now ready to state the an error represertation formula.

Theorem 3.1 If 2H () then,

X X
(& )= (iRWU); 1)+  (iRU); ¢ V), aU; MoVl
i2C i2F
(3.5)
for all vf, 2 V(! ;) andi 2 F.

Pro of. Starting from the de nition of the dual problem and letting v= e =
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u U; U weget

(e; )= a(e; ) (3.6)
= a(e; 1) 3.7
=a(u U ) a(U; ¢) (3.8)
= (R(Ue); 1) ?((Uf; £) (3.9)
= (R(Ue); 1) a(Ur;i; +) (3.10)

X i2F
= ("iR(Ue); 1) (3.11)
LS
+  (iR(Uo); 1) a(Urg; £): (3.12)

i2F

Since equation (2.11) holds we can subtract functions vf; 2 V{(! ;) where
i 2 F from equation (3.12). We end up with

X X
(6 )= (iR(U); 1)+ (iRUe); ¢ V) a(Uri; ¢ V) (3.13)
i2C i2F

which provesthe theorem. 0

For example we can choosev]!1 = 4 ¢, where } ¢ isthe Scott-Zhang
interpolant of ¢ onto V(! ).

Remark 3.1 In practice the dual problem hasto be solved numerically and
the solution hasto bein a ner spacethen the primal solution. To achieve
this we can increasethe number of layers when solving the dual problem.

3.3 Energy Norm Estimate

Next we introduce a notation for a bound of the residual. Let R(U) be a
bound of the residual de ned in the following way, see[6]:

RU)=jf +r ar Uj+ %(g](ax hjla@u]] onK 2 K; (3.14)
n

where K is the set of elemers in the mesh and [] is the dierence in
function value over the current interior edge. We note that j(R(U);V)j
kh3R (U)kkh Svk for s 2 R. We de ne R;(U;) in the sameway as R(U)
on the local meshbut with U replacedby Us.; and f replacedby ' iR (Ug).
We also de ne a new spaceon the patches. Let th(! i) be the space

of piecewisepolynomials of degreep on ! ;. This spaceis identic to th(! i)
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with the di erence that th(! i) is not necessarilyzeroon the boundary @ ;.
This meansthat V,"(! 1)  V{"(! ).

We now state the following estimate for the error in the energy norm,
kek, = a(e;e)1™.

Theorem 3.2 It holds,

X
kek, C  KH R(Uc)k!ikpl—aku . (3.15)
i2C
X p_ 1
+ C k H ( Uf;i)k@i + thi(Uf;i)k!i kp—akLl i)
i2F
where

( (Ui)ivi)e, = CiR(Uvi ), a(Usisve)r,; forall v 2 V()
(3.16)

Pro of. We start with similar argumerts as in the proof of Theorem 3.1.
We usethe error equation (3.3) with v asthe Scott-Zhang interpolant .e
onto the coarsespaceV, see[5], to get,

kek2 = a(e;e) (3.17)
= a(e;e € (3.18)
=alu Uge e alUs;e (€ (3.19)
= R(U)ie @ aUie o (3.20)
= ("iR(Ug);e o (3.21)

i2C X
+ ("iR(Uc); e € a(Us;;e c€)
X i2F
= ("iR(Uc);e  c€) (3.22)
i2C
+  (iR(Ue); ri(e  c€)  a(Usi; ri(e  ce)
S%F
+  (iR(Uc);e & ri(e  c8)
B%F
a(Urise e ri(e  c@)
i2F
=1+ 11+ Il (3.23)



where ¢, is the Scott-Zhang interpolant onto V; (! ). We start by esti-
mating the rst term of equation (3.23), I. From interpolation theory [5] we
have,

X X
("iR(U);e € K" iR(Uc)ki ke ek, (3.24)
i2c i2
C  kHR(Ug)ki kr ek, : (3.25)
i2c

Next we turn our attention to the secondterm of equation (3.23), |I. We in-
troduce ( U ;) which the piecewisepolynomial de ned on @ ; that uniquely
solves,

( (Uri)ivida, = (R(US);"ive)r,  a(Usiive)r,; forall v 2 V(1):

(3.26)
With this de nition we get the following estimate for the secondterm,
X
= (Ui rile e, (3.27)
i2F
X p_ 1
ki H( Uike kp= ri(e  cB)ka;: (3.28)
i2F H
We usethe the following trace inequality from [5],
1
krile ki, C K rie OkZ + Hkr fi(e Ok
(3.29)

Next we usethat the Scott-Zhanginterpolant is both L? and H* stable from
[5] to get,

kile ki, C Hike cek? + Hkr (e ce)k? (3.30)
CHkr ek? : (3.31)
We conclude X p_
Il C  k H(Ukg kr ek : (3.32)
i2F

P
We now take on the third term in equation (3.23), ¢ (' iR(Uc);e  ce
fi(e  c8) alUri;e e gi(e  c8),

X

Il C  khRi(Uri)k kr (e ki (3.33)
@F

C KhR;(Ur)ki kr eki (3.34)
i2F

10



We needto do the following simple obsenation,

kr ek!

kpl—glkLl " i)kp ar ek ; (3.35)

by Helder's inequality. We go badk to equation (3.17) and usethe estimates
of the three terms together with equation (3.35)

X
kek? ( iR(U)ie o) (3.36)
i2C
+  ("iR(Ue); fi(e <) a(Uri; ri(e  c€)
@F
+ ("iR(Uc); e c€ fi(e c€))
@F
aUri;e e fi(e  ce)
i2F
C KHR(Uok: kr ek,
i2C
X p_
+C  k H(Uike kr ek,
@F
+ C thi(Uf;i)k!ikl’ ek
i2F

(3.37)

X
C kKH R (Uc)ki , kpl—_kLl () kekg (3.38)
i2C a |
X p_ 1
+C ki H ( Uri)ke kp=ki1 1) keka
i2F a
X 1
+ C thi(Uf;i)k!ikp—akLl ) keky
i2F

Finally we get

X
keka C kHR(UC)k!ikpl—akLl 00 (3.39)
i2C

X p_ 1
+ C k H ( Uf;i)k@i + thi(Uf;i)k!i kp—akLl ()
i2F

which provesthe theorem. 0
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Remark 3.2 We needto motivate the de nition of ( Us):

( (Uridivida, = ( iR(Uive)r,  (ar Upisrove)ry; forall ve 2 V(1)

(3.40)
in equation (3.16). The function ( Us;) is a piecewisepolynomial de ned
on the boundary of patch ! . Remenber that

("iRUe);ve ), (ar Ussisrve ), = 0; forall v 2 th(! i) (3.41)

This meansthat have the samenumber of unknowns and equationsand in
practice calculating ( U; ) will comedown to solving a linear systemwith a
massmatrix de ned on the boundary of the patch. There is a closeconnec-
tion between ( Us;) andn ar Uy in fact ( Us;) isthe L?(@ ) projection
of n ar Us,i. This is further discussedin [9].

3.4 Application to A Posteriori Error Estimates for the Stan-
dard Galerkin Metho d

We usethe variational mutiscale method on a dual problem to estimate the
error of the standard Galerkin solution on the coarsemesh: nd U 2 V.
such that

a(U;v) = (f;v); forallv2 Vg (3.42)

The corresponding discigtevariational multiscale method for the dual reads:
nd c2Veand =,y i Where ;2 V(1) sud that

a(ve; o)+ a(ve; ¢)=(vg; ) forall vq 2 V;

avi; 14)= (v ) aC v o forally 2vhey): 343

Sincewe have a(u;v) = (f;v) for all v 2 V. we can subtract equation
(3.42) from this equation to get the Galerkin orthogonality,

a(u U;v)=0; forallv2V:: (3.44)

We formulate an error represertation formula for the standard Galerkin
method in the following proposition.

Prop osition 3.1 It holds

X
(u U; )= (RU); £;i)+ (RW); ¢ £): (3.45)
i2N
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Pro of. Togetherequation (3.44) and equation (3.2) gives

(u U )=a(u c+ ) al; c+ 1) (3.46)

=(f; ¢+ 1) aU; c+ ) (3.47)

= (R(U); 1) (3.48)

Finally we add and subtract the ¢ term. 0

If we canget abound of ¢ ¢ in terms of the ne meshparameter h
and the size of the subdomains! ;, the computable terms (R(U); ) will
sene aslocal error estimators that points out elemeris wherethe ne scale
in uence is signi cant. This is donein the following theorem

Theorem 3.3 It holds,

. . X p_ 1
JRU): ¢ 1) CakHR(Uk k' H ( ridke kp=ki o)) (3:49)
i2N
| X 1
+ CkHR(UK  KnRi( 1)k k=KL ()
i2N

where

(C )vida, = a( v, ( +r1 ar gvp); forall v 2 V(1)
(3.50)
andRi( ;) is de ned in analagy with with the earlier de nition for R;(Us ).

Pro of. We start with the rest term of equation (3.45),

I(RU); «+ g)i=jale; ¢+ 1) (3.51)
keka K i Ka (3.52)
kekak  ( ¢+ f)ka: (3.53)
From standard a posteriori theory we know that kek,  CikHR(U)k, for
someconstart C, dependingon a, and from Theorem3.2with f = ,u= ,
U= U= ¢,C=;,andUs; = ¢, wehave,
X p_ 1
k (¢t f)ka C Kk H( f;i)k@ikp_akLl D) (3.54)
i2N
X 1
*C KhRi( ik kp=kia ),
i2N

with ( ¢.) de ned asin equation (3.50). The theorem follows immediately
by combining equation (3.53) and equation (3.54). O
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4 Adaptiv e Algorithm

We usethe energy norm estimate in Theorem 3.2 to construct an adaptive
algorithm. We remenber the result,

X
kek, C KH R (Ug)ki kpl—akLl D) (4.1)
i2c
X  p_ 1
+ C k H ( Uf;i)k@i + thi(Uf;i)k!i kp—akLl (i)
i2F
Thesecortributions to the error can easily be understood. The rst term is
the standard a posteriori estimate for a Galerkin solution on the coarsemesh
i.e. this is what we get if we do not solve any local problems. The rst part
of the secondsum represetts the error arising from the fact that we solve the
local problems on patches! ; instead of the whole domain. Remenber that
( Ut.) is closelyrelated to the normal derivative of the ne scalesolution
on the boundary of the patches. Finally, the secondpart of the secondsum
represerts the ne scaleresolution. The two cortributions to the secondsum
clearly points out the parameters of interest when using our m%@d. The
rst one is the patch size, increasing patch size will decreasek’ H kg,
the secondoneis the ne scalemeshsizeh.
From equation (4.1) we now state the following adaptive algorithm:

Adaptiv e Algorithm.
Start with no nodesin F.
Calculate a solution U on the coarsemesh.
Calculate the residualsfor ead coarsenode, Rj = kHR(U¢)ki ;.

CalcuIBte_the cortributions from the rst term of the local problems,
Si =k H ik@i-

Calculate the cortributions from the secondterm of the local problems,
Wi = khRi(Ur;i)ki

For large valuesin R; add i to F, for large valuesin S; or W; either
increasethe number of layers or decreasehe ne scalemeshsizeh for
local problemi. Return to 2 or stop if the desiredtoleranceis reaced.

5 Numerical Examples

We solve two dimensionalmodel problemswith linear basefunctions de ned
on a uniform triangular mesh.
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Figure 3: Unit squarewith a slit between (0:5;0:5) and (1; 0:5).

Example 1. In the rst exampleweleta= 1,f = 1,and be the unit
squarewith a slit, seeFigure 5. The solution u is forced to be zero on the
boundary including the slit. We solve the problem by using the adaptive
algorithm above with a re nement level of 10 % ead iteration. Figure 5
shawvn the adaptive choice of re nement level k, whereh = H 2 k and
number of layers L for the local problems after one and two iterations. We
plot the di erence between our solution and a referencesolution in Figure
5. We seethat the Galerkin solution hasa large error in the singularity and
that we can take care of this singularity by solving local problems chosenin
an adaptive fashion.

Example 2. In this example we use a simple geometry, the unit square,
but we let the coe cien t a oscillate rapidly accordingto Figure 5. We cal-
culate a referencesolution on the ne spaceand compareit to the standard
Galerkin on the coarsemeshwith and without solving local problems. We
seethat standard Galerkin on a coarsemesh performs badly for this prob-
lem, Figure 5. Solving local problems using one layer stars give the solution
the correct magnitude and if we usetwo layerswe seethat the ne scalefea-
tures of the solution starts to fall into place. In this example no adaptivity
was used. Local problems was solved for all coarsenodes.

6 Conclusions and Future Work

We have preseried a method for parallel solution of the ne scaleequations
in the variational multiscale method basedon solution of localized Diric hlet
problems on patches and deweloped an a posteriori error analysis for the
method. Basedon the estimateswe design a basic adaptive algorithm for
automatic tuning of the critical parameters: resolution and size of patches
in the ne scaleproblems. It is also possibleto decide wether a ne scale
computation is necessaryor not and thus the proposedschememay be com-
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Figure 4: Renement level, h=H 2 k. and number of layers L for eath
coarsenode. The upper pictures are after one iteration in the adaptive
algorithm and the lower pictures are after two iterations.
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Figure 5: The error in the Galerkin solution (left), after one step in the
adaptive algorithm (middle), and after two steps (right).

Figure 6: The coe cien t is discortinuouswith the valuesa = 1 on the white
squaresand a = 0:05 on the lattice.
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Truth mesh solution. Galerkin solution.
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Figure 7: Referencesolution (upper left), standard Galerkin on coarsemesh
(upper right), solution with local problemsusing one layer stars (lower left),
and nally local problems using two layer stars (lower right).
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bined with a standard adaptive algorithm on the coarsescales. The method
is thus very general in nature and may be applied to any problem where
adaptivity is needed.

In this paper we have focusedon two scalesin two spatial dimensions.
A natural extension would be to solve three dimensional problems with
multiple scales. It is also natural to extend this theory to other equations
modeling for instance ow and materials.
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