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��`u`bj#di`ba�cer~di`u� zg`u�e`bdycmv:f{rth#`uz�� 
�`bfgfi`bd�cmj�cmvt�7z{`uz sbk+�pv|����`�a�`bd{l kedih[`���r~l ��` �7jp`b�
f{op` c:sbs �ph1�pv|c-fi`u�F�-cmv �p`�kml f{op`�a�cediceh#` f{`ud�c-f�`b�:`bdi�qd{`ua�cmrtd��

w@f{k:d{rtjp� h#k:d{`�f{o�cej�f{o�`#c:sbs �ph1�pv|c-fi`u�8�-cev �p`[kml f{op`[a�cmdycmh#`bf{`bdyz���k+��vt��l cm�
s rtv~r~ficmf{`Ff{op` ��z{`]kml�h#k:d{`]ce���-cmj�s `u��h#k7�p`bv|zb��s l ��`:� � � ��k7`bh#`ud#cej�� �No�r~k�s `uv
2��:��4�cmj�� ��k7`uh[`ud�cmj�����c:s apd �b�7j�z��7r 2g���(4 � �*op`Uc:���-cmj@fice�e`[kml�f{op`q` �7f{`bj�zgrtkej
f{k�fiopk:z{`qrt�p`ucez rtz�fio�c-f�f{op`Urtj�l k:d{hqc-fir~k:j/s kevtvt`us fi`u� �$�pdirtjp� ��rt�eo@f�sbcej �pr~di`us f{vt�
apdi`u��r|s f*f{o�`�d{`uh#cer~j�r~jp�#vtr�l `:� � k:zizgrt�pvt`Na�d{k:�pv~`uhqz*��r�fio�z ��syo]h#k7�p`bv|z�rtz�fiop`�oprt�eo
v~`u�e`uv kml j�ker|zg`�cmj��F�-ced{r|c-fir~k:j rtj���c-fic��ps l ����dik��Ucej�� ��z{o@�7� 2 *(4#�
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�*op`qhqcmrtj �ek:cev^kml�z5��d{�7rt��cev�cmj�cev~��z{rtz�r|z�fik���` fi`bdih[rtjp`qfiop`Uz �pd{�7rt�-cmv f{rth#`Ukml�c
a�k:a��pv|c-fir~k:j kml�rtj���rt�7rt�$��cmv|z���r~f{o�f{op`]op`bvta kel��pc-fyc ���*op` rtj���rt�7rt�$��cmv|z[sucmj/��`
a�`ukeapvt`e��cejpr~hqcevtzu��sbkeh#a�kejp`uj:fyzb��` fys!�(�*op`�h#` fiopk��pz#l ked `uzgf{rth#cmf{rtjp� z �pd{�7rt�-cmv
sbcejZ��`[��rt�7rt�p`u�Sr~j@f{k]a�cediceh[`bf{dirts�cmj��Zjpkej���a�cediceh[`bf{dirts h[`bf{opk��pz�� �^cmdycmh#`bf{dirts
h#` f{o�k7��zNced{` h#` f{o�k7��z�fio�c-f�ceziz �ph#`�fio�c-fNf{op`#z �pd{�7rt�-cmv l kevtv~k-��zNcFsb`bd{ficer~jZ�prtzg�
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f{dir~����f{rtkejZ�p`uzis dir~��`u�8�7�8cUj��ph ��`ud�kel�a�cmdycmh#`bf{`bdyz�� &�k:j�� a�cmdycmh#` fid{r|s�h#` fiopk��pz
ceziz5��h[`�vt`uziz�cm��k+��f*fiop` ��r|z�fid{rt����fir~k:j��

�L��c�� kel ��j���rtjp� c�a�cmdycmh#` fid{r|s]��rtzgf{dirt����f{rtkej fio�c-f �pfyz#f{o�`��pc-fycS��`bvtv�r|z
f{k ��dizgf ��z{`Zc/jpk:j���a�cmdycmh#` fid{r|s]`uzgf{rthqc-f{`Zkml�f{op`���r|z�fid{rt����fir~k:jAcmj�� z{`b`���o�c-f
r�f�vtk@k:��z vtr��:`�� �*op`uj(c�a�cmdycmh#` fid{r|s���r|zgf{dir~���pf{rtkejAfio�c-f�r|z]sbv~k@zg`Zf{k f{op`�jpk:j��
a�cmdycmh#`bf{dirts#`�z�fir~hqc-fi` sbcej/��`]syopk:z{`bj��8w7ficmj��pcmdy� jpkejp� a�cediceh#` f{dir|s `�z�fir~hqcmf{kedyz
cmdi` f{op` &�`bv|z{kej ��cev~`uj�`uzgf{rth#cmf{k:dxcmj��Nfiop`��dik��$��s fg� �rth[r~fx`�z�fir~hqc-fiked���cevtz{k�sbcev~vt`u�
��cmapv|cmjp��n8`ur~`ud `�z�fir~hqc-fiked�� �*o�` &�`uvtz{kejp� ��cmvt`bjU`�z�fir~hqc-fiked�`uzgf{rthqc-f{`�z�fiop`�s �ph ���
vtcmf{rt�e`*o�c��ucmdy� dyc-fi`*��opr~vt`*f{o�`���d{k��$��s fg� �rth#r�f�`�z�fir~hqcmf{ked^`�z�fir~hqcmf{`uz fiop`�z �pd{�7rt�-cmv
l �pj�s f{rtkej�� ����$ � 7�� 3�����$ ��op`bdi` 3�����$ rtz fiop`�s �ph �pv|c-f{rt�e`*��r|z�fid{rt����fir~k:j l �pj�s f{rtkej��

�*op` s �ph �pv|c-f{rt�e`�o�c��ucedi� dicmf{`�rtz���`#��j�`u�]cez
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��op`bdi` � ����$ �������� 	�� ��� ��������� �"!#$�&% ��' ��$#$� �
��op`bdi` �(rtz�f{op` z�fik7syo�cezgf{r|s���ced{r|cm��v~`���`���rtz{o�f{kF��`uzis dir~��`�� &�`uvtz{kejp� ��cmvt`bj�`uzgf{r~�
hqc-f{k:d*rtz��p`#��jp`���cez (
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��op`bdi` � 8 cmdi`qfiop`Fk:di�p`bdi`u� ke��zg`ud{�-c-fir~k:j f{rth#`uz#cmj��> ��� 8 $ cmdi`qf{op`]j��ph���`bd[kml
r~j���r~�7r|�$��cevtz�cmf�d{r|z �Ucmf�f{rth#` � 8 cmj�� � 8 f{op`�j��ph ��`ud�kml l cmrtv �pdi`uz�cmf*f{rth[` � 8 �

�*op`bdi` ` ��r|z�fNzg`u�e`bdycmvxa�cmdycmh#` fid{r|s���r|z�fid{rt����fir~k:j�z�fio�c-fNcmdi` �7jpk-��j]f{kU��`���`bvtv
z5��r�fi`u��l k:dN��`�z{sbd{rt�prtjp� z �pdi�@rt�-cmv"�Nw7k:h#`�kml^fiop`[h[k@z�f�s k:h[h#k:j�cmdi` f{o�`���`brt���pvtv
��r|z�fid{rt����fir~k:j 3�����$ � 7&�@?�A 4CBD 	 6�E � �+F : � ��GHF : �JIKF : $C�
cmj�� f{o�` �ke�e� j�kedih#cev��prtzgf{dir~����f{rtkej
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�*op` n�c ��r~h �ph �xr��:`bvtr~o�k@k���`�z�fir~hqc-fikedr|zxc�s keh#h#kej�a�cmdycmh#` fid{r|s `uzgf{rth#cmf{k:df{o�c-f
sbcej o�cej���vt`���r���`ud{`uj:f�7rtj��pz^kel�fid ��j�sbcmf{rtkej#cmj��[rtj:fi`bdi�-cmvps `uj�z{kedi`u� ke��z{`bdi�-c-f{rtkej�z��
%	j�k+�pd�cma�apv~r|sbcmf{rtkejFf{op` nZc.��r~h �ph �xr��:`bvtr~opk7k�� l �pj�s fir~k:jVU sbcmj]��`���d{r~fgfi`bjU ��G0$ �*W8�XQY[Z]\ ��� 8 $ W^ XQ_ � \ �a` ^ $ Wb XQc � � \ �ad b $ � � \ ��e b $�$

�



��op`bdi`�� r|z�f{op`�z{` f�kml cmvtv l cmrtv ��d{`�f{rth#`uzu��� rtz�fiop`�zg`bf�kml dirt�eo@fg�	s `uj�zgk:d{`��#ke��z{`bd{�
�-c-f{rtkej�zb�pcej�� ) rtz�fiop` zg`bf�kml cmvtvr~j@fi`bdi��cev��	s `uj�z{kedi`u�qk:��zg`ud{�-cmf{rtkej�z��%�l rtj���rt�@r|�$��cev
� r|z�r~j@f{`ud{�-cev��	s `uj�zgk:d{`��[��` �7jpk-� f{o�cmf�rtj���rt�7rt����cmv � o�cez��pd{k:�e`ujU��`bf���`u`bj f{rth[`�zd b cej�� e b ���*o�`Na�cmdycmh#` fi`bd*�e`�s f{k:d G rtz*`�z�fir~hqc-fi`u��cezG �����.P��	��
\ U ��GB$ 8
��s k:h#a�cmdirtz{kej���` f���`b`bj�fiop`Ua�cediceh[`bf{dirts#cej�� jpkejp� a�cediceh#` f{dir|s�`�z�fir~hqc-fi`uz sucmj
��`#hqce�p` �7��s k:h#a�cmdir~j��qf{op`ur~d�o�c!�ucedi��dicmf{`uz�f{o�d{k(�p�eo�o7�7a�kmf{o�`uz{rtz�f{`�z�fir~j����z{`b`
n8k7`uzisyo7��`ud{�:`bd�cej�� ��vt`brtj 2 )+4 � ����dic�����ces � ��r~f{o�z5��syoZc sbkeh#a�cmdir|zgk:j8rtz�f{o�c-f
f{op`qa�cmdycmh#` fid{r|s �prtzgf{dir~����f{rtkej r|z�kml fi`bj d{`���`us f{`u��r~l�fiop`U�pcmfic�zg`bf rtz vtced{�:`��q�*op`
f{d �p`U��r|z�fid{rt����fir~k:j kml fiop`Urtj���rt�7rt�$��cmv|zNl kevtv~k-��z�jpk�sbkeh#h#kej�a�cmdycmh#`bf{dirts[��r|z�fid{r~�
����fir~k:jZ����f�o�c:z�r~fizNk-��j���rtzgf{dirt����f{rtkej�� �*oprtz���k7`�z�j�kmf�jp`usb`uziz{ced{rtv~�]h#`ucej�f{o�c-f
f{op`qa�cmdycmh#` fid{r|s#��rtzgf{dirt����f{rtkej r|z c]��ce��h#k���`bv"� �*opr|z�h ��z�f ��`qfyc!�e`ujSrtj@f{k�c:s �
s k(�pj@f ��op`bjF��`usbrt��rtjp� r�l fiop`�a�cediceh#` f{dir|s���rtzgf{dirt����f{rtkej rtz�c �ek7k��#`bj�k+�p�:oqh[k���`uv
l kedUk(�pdUcma�apv~r|sbcmf{rtkej�� �L�@r|z ��cmv�sbkeh#a�ced{r|zgk:j sucmj ��`Zh#c:��`8rtj z{`b�:`bdycmv*�*c��7z��
��jp`��*c��]rtz�f{k]s keh#a�ced{` f{op`#��`bj�zgr~f��]l �pj�s fir~k:j�zN��`bf���`u`bj8fiop`[jpkej���a�cediceh[`bf{dirts
cmj���a�cmdycmh#` fid{r|s�`uzgf{rthqc-f{rtkej����*op`�jpk:j���a�cmdycmh#` fid{r|sN`uzgf{rthqc-f{rtkej8kel f{op`[��`bj�z{r~f��
l �pj�s f{rtkej sbcmj ��`]k:��ficer~j�`u� �7� a�`bd{l kedih#r~j���c �e`ud{jp`uv�zgh#k7kmfiopr~j�����z{`b`Fl �pd{f{op`ud
n8k7`uzisyo7��`ud{`u�e`bd*cmj�����vt`brtj 2 ) 4#�
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n8rtv~r~ficed{��cmrtdisbdicml f `bjp�:r~jp`�z sbcej/k!� `bd �:d{`�c-fi`bd k:a�`udicmf{rtkej�cev�c���cer~v|cm��r~vtr�f���cmj�����`
h#kedi`�`usbkejpk:h#rtsucmvtv~�#hqcmrtj@ficmrtjp`��qf{o�d{k(�p�eoqfiop`���z{`�kelx��`bfgfi`bd�h#k���`bv|z�f{k[apd{`���r|s f
f{rth#`uz f{k�l cer~v �pdi`�� �x��k h#k���`bv|z�ced{` ��zg`��#f{k�cej�cmvt� �b`��pcmfic��@c-fiop`bdi`u�[l dikeh �^kevt�ek
�*`bdik } kedia�k:dicmf{rtkej r~jA� dikevtv~o��mfgfycmj�� �S`Scmdi`8r~j@f{`ud{`�z�fi`u� rtj f{op`�l cmrtv �pdi`�f{rth#`
��r|z�fid{rt����fir~k:j8kml f{op` ��cmh#`bo�kev|��`bd�rtj�f{o�`�jp`u� ��n/���[`ujp�ertjp`�� ��` o�c��:`�v~rth#r�fi`u�
�7jpk-��v~`����e` ce��k(��f�r~fN���p`�fikqf{o�` vtr~h#r~f{`��8j��ph���`bdNkml��n/���q`ujp�ertjp`uz�s �pdidi`bj@f{vt�
r~j zg`ud{�7r|s `:� ��`]o�c��e`]c�v|cmdi�e`F��c-ficSzg`bf#sbkej@ficer~j�r~jp�Sd{`ua�cmrtd#cmj���h#cer~j@fi`bj�cej�s `
f{rth#`uz^l k:d�fiop`�zicmh#`*f��7a�`�kml��` fycmrtvtz�r~jqfiop`�k:vt��`ud ��n�* `bjp�:r~jp`:� �*o�rtz a�cma�`bd���r~vtv
jpkmf���r|z{s ��ziz�o�k-�=f{kFf{dycmj�zgl kedih �@j�k-��v~`����e` kml�fiop` ��n�*F`bjp�:r~jp` f{kFf{o�` ��n/���
`bjp�:r~j�`q����f���rtv~v r~j�zgf{`�ce� apdi`u�prts f d{`ua�cmrtd�ked�hqcmrtj@f{`uj�cmj�sb`#f{rth#`uz�l k:d�f{op` ��n�*
`bjp�:r~j�`��

�*op` ��dizgf[h#k���`uv�r|z#cZj�kej��	z�fyc-fir~k:j�cmdi�Sdi`bj�`b�*cmv a�d{k�s `�z{z32 &Nw���� 4#cej�� fiop`
zg`�s k:j��8r|z�c jpkej���opk:h[k:�e`ujp`bk(��z�� ker|z{z{kejZapd{k�sb`uziz12 & $ �� 4 ����`[ced{`�r~j@f{`ud{`�z�fi`u�
r~jZ`uzgf{rth#cmf{rtjp�Ufiop`#z5�pdi�7r~�-cevl �pj�s f{rtkej�cmj���fiop`[o�c!��cmdy��dicmf{`�� %	j8f{o�` &Nw����&��`
hqc!�e`�c�jpkejp� a�cediceh#` f{dir|s*`uzgf{rth#cmf{rtkejqkel f{op`Nz5�pdi�7r~�-cev�l �pj�s f{rtkej ��r~f{oUf{op`�op`bvtaUkml
f{op` ��dik��$��s f{� �xr~h#r~f�`�z�fir~hqc-fiked��@s l � $��m�7v|cmj�� cmj�� ��c ��zicmj�� 2>,+4#� �S` ��z{`%�e`ud{j�`bv
zgh#k7kmfioprtjp���@s l � ��v~`ur~jqcej��qn8k7`uzisyo7��`ud{�:`bd 2 ) 4 �:f{k hqc!�:`�c��7rtz ��cevpr~vtv ��z�fidicmf{rtkej#kml
f{op`���`uj�zgr~f��#l �pj�s f{rtkej�� � o�`bjFf{op`���`bj�zgr~f��#l �pj�s f{rtkej]rtz�`uzgf{rthqc-fi`u� c�a�cmdycmh#`bf{dirts
h#k7�p`bvpr|z syopk@zg`uj�fik ��`uzis dirt��`*fiop`�f{rth#`uz^��` f���`b`ujqd{`ua�cmrtdyz�� _�r���`ud{`uj@f�`uzgf{rth#cmf{rtkej
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h#` f{o�k7��z�cmdi`[��r|zis ��zizg`��*�1%	jSf{o�` &%$ � �(��` ��zg`[fiop` &�`uvtz{kej ��cmvt`bj�`uzgf{rthqc-fiked
f{k]`uzgf{rthqc-f{` f{o�`#s �ph1��vtcmf{rt�e`�o�c!�ucedi�8l �pj�s fir~k:j�xs l �1��j��p`bdyzg`uj�` f�� cev � 2g��4#���*op`
&%$%��&r|z ��zgrtjp�Ufiop`�h#rtjprth#cev di`ba�cmrtd�ceziz �ph#a�f{rtkej��s l �&$��e�@v|cmj��8cmj�� ��c ��zicmj��
2>,(4 ����opr~vt`�rtj8fiop` &Nw���� fiop` fir~h#` fik ��dyzgf�d{`ua�cmrtd�r|z�rtj���`ua�`uj���`uj:fNkml f{o�` f{rth#`
f{kqz{`us k:j��Fd{`ua�cmrtd��

��j�`bdid{k:d�h#`uc:z5�pdi`�r|z���`#��jp`u��f{k�s keh#a�ced{` opk-�!��`bvtvxfiop`q��r���`ud{`uj:f�h#k���`bv|z
cmdi`Nz �pr~f{`�� fik#h[k���`uvxs ��d{di`bj@f��pc-fycp�pcmj�� ��`�s kej�s v ����`Nf{o�cmf�f{op` &Nw���� apdik�s `uziz
rtz�fiop`���` fgfi`bd�h#k���`uv �

�*op` &Nw����&a�d{k�s `�z{z�rtz���`b�:`bvtkea�`u��fikUh#k7�p`bv ��r � `bdi`bj@f%�7rtj��pz�kml^di`ba�cer~dNz�fyc-�
f{rtkej�z�� �*op`bdi`�r|z�kej�`�d{`ua�cmrtd�zgfic-fir~k:jUc-f � � } cmj��qz{hqcmvtv~`ud�di`ba�cer~d zgficmf{rtkej�z s vtk:z{`bd
f{kZf{op`Fo�cmjp�@cmdyz�� %�l�`ujp�ertjp`�z���`bdi`qd{`ua�cmrtdi`u�/c-f f{op`Fd{`ua�cmrtd zgficmf{rtkej cmf r~f�f{k7k:�
v~k:jp�e`ud�fir~h#`Nl ked ��� } f �pdijp`u�Fz5����zg`�+-�p`bj@f l cer~v �pdi`uz f{k[k�sbs ��d�� ( r~j�cev~vt�#f���k f{`�z�fyz
��`ud{`#hqce�p`#f{k�z{`b`qr~l�fiop` sbkeh#a�k:jp`bj@fyz�cmdi`Ucm�ertjp�������f�j�k�cm�ertjp���*cez�apdi`uz{`bj@f
kmfiop`bd*fio�cmj�cqz5����z�fycmj@f{r|cmv�p`b�e`ujp`bdyc-fir~k:jFcml f{`bd*fiop`&��dyz�f�di`ba�cer~d��
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Error measure as function of number of points of support, alpha=1
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Error measure as function of number of points of support, alpha=2
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