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ABSTRACT

Input estimation problems in structural dynamics often lead to solving damped
least squares problems. Explicit block inversion algorithms are developed to
invert the associated upper triangular block Toeplitz matrix. Moreover, the
inversion algorithms are used to introduce a new type of regularization technique.
For optimal regularization parameters, it is demonstrated by a numerical example
that the solution using the proposed regularization technique has an upper bound
equal to zeroth-order Tikhonov regularization.

1 INTRODUCTION

Accurate knowledge of the operational loading conditions acting on a physical struc-
ture through its designated life is a crucial component in the design of all mechanical
systems. In some cases, it is impossible to measure these forces directly. The structure
may prohibit the use of a force transducer without it being destroyed or the transducer
itself may alter the system properties. In these situations; when the force/input loca-
tions are inaccessible for direct measurements, indirect methods need to be utilized.
Input estimation problems are difficult since frequently only a fraction of the poten-
tially available response data is used to estimate all inputs. Moreover, measurement
noise may render the identified inputs useless if it is not treated correctly.

Input estimation procedures dealing with transient input histories applied with
known spatial distribution have received increasing attention, see [1], [2], [3], [4], [5],
[6], [7] and [8], to mention just a few. Different methods are usually developed to
accommodate a specific application.

Generally, input estimation problems are ill-posed. Treatment of these problems
requires additional information about the solution sought. Regularization methods are
commonly used to restrict the computed solution to be smooth and thereby consistent
with complementary physical observations, see e.g. [9], [10], [11] and [12].

This paper focusses on the upper block triangular Toeplitz matrix, which is readily
derived from the governing equations of motion. For a survey on techniques for solving
systems with Toeplitz matrices see [13] and the references therein, cf also [14]. Here,
the resulting regularized deconvolution problem is solved by explicit block inversion,
which gives valuable insight to the exact sequence of operations performed in the
inversion. The formulation is used to introduce a new type of regularization procedure.
An extensive tutorial survey of numerical algorithms associated with these discrete
regularized deconvolution problems is given in [15].

The paper is organized as follows. In Section 2, the input estimation problem is
defined and the dynamic programming algorithm is outlined. A modified version of
this algorithm is used in Section 3 to derive general formulations of the explicit inverse
of the Toeplitz matrix. The advocated formulation with Markov parameters is used to
introduce a new type of regularization procedure in Section 4. A numerical example
is given to illustrate certain properties of the regualization procedure in Section 5.
Finally, conclusions are drawn in Section 6.

2 PROBLEM DEFINITION

2.1 Theoretical preliminaries

Consider the continuous-time governing equations of motion for a causal, linear and
time-invariant mechanical system with ng.s degrees of freedom

Mq(t) +Vq(t) + Kq(t) = £(t) (1)

where ¢(t), g(t) and q(t) are vectors of accelerations, velocities and displacements,
respectively. M denotes the symmetric and positive definite mass matrix; V' and
K denote positive semidefinite damping and stiffness matrices, respectively; f(¢) is
the excitation vector. Introducing the state vector z(t) = [q(t)T ¢(t)"]" € R™ where
ns = 2ngof and the dummy equation ¢(t) = ¢(t), Eq. (1) can be rewritten in first order
state-space form according to

() = Acx(t) + Beu(t) < 7M°,1K MIlv]w(tH




Here, P, € R"et*™ g of full column rank and relates the excitation vector to n;
independent inputs u(t) € R™ as

f(t) = Pyu(t) 3)

In this paper, measured quantities g(¢) € R"™ are assumed to be accelerations which
are directly related to @(t). Thus, the output y(t) € R™ relation becomes

y(t) = Ca(t) = CaAcx(t) + CaBeu(t) 4)

Time discretization of the continuous-time state-space matrices A, — A, B, — B,
and the input yields the discrete-time counterpart of Eq. (2) and (4) as

Trpi1 = Az + Buy
yr = Cxy + Duy,

o .B. A is the plant matrix, B the input influence matrix,

with C & C,A and D
C' the output influence matrix and D the direct throughput matrix. The direct or
forward problem, i.e. computing the system response from a known input sequence

def . e . .
u = [ul uk_; ... ul]T with initial states zo at time k = 0, can be written as

k
Xy = Ay + Z A'Buy,_; (6a)
=0
k-1
yp = CA'zy+ Duy + Y CA'Buy_y_; (6b)
i=0

def

for times k = 0,..., N, with the definition Z;:lo . = 0. Equation (6b) can be

written in the form .

i=0

H, - Y (8)

H ' i =0,..., 9)
Here, H; € R"*" are the Markov (impulse response) parameters and H ? € Rnoxns
represents the influence from initial conditions &y on the output at time step i. The
output of the system for a given input can be solved in a straightforward manner if the
parameters H; and H ? are known (from analysis or experiments) for all time steps.

Equation (7) can be re-arranged into

k
def
Y =y — Hizy = g Hu,_; (10)
i=0

where y{ is the output at time k, which has been compensated for effects of non-zero
initial conditions. Expressing this relation for each discrete time £ = 0,..., N in block
matrix form yields

H, H,
0 H,

0 0

wH,

The coefficient matrix H, is in upper block triangular Toeplitz form and consists of
(N +1)? matrix blocks, each of dimension n, x n;. The condition number of Hy grows
as its size increases, i.e. as the number of time steps N increases. Thus, for long time
series, H, may become ill-conditioned. For extensive treatment of basic linear system
theory, see [16].

2.2 Input estimation problem

The inverse or input estimation problem constitutes computation of the input seq-
uence u for a known sequence of measurements gy o [ Un_1 - Da]" compen-
sated for effects of non-zero initial conditions 4° < [(#%)T &% )T ... HTT
Oy — (H o)™ (HS_ x0)T ... (Hjxo)"|" of the outputs. Solving the input esti-
mation problem in the least squares sense corresponds in the algebraic problem that

minimizes the norm of the residual Hou — §° as
min | Hou — §°||2 (12)
u

with the straightforward solution

urs = H(J)rgo (13)

Here, Far = [ﬁgﬁo]_lﬁg is the Moore-Penrose pseudoinverse of H. For a case
where n,=n;, H will be a square matrix and Ha— becomes the regular matrix inverse
H, ' Tt follows that the existence of a unique solution requires that the block diagonal
element H, in Hy must be of full column rank. Moreover, this implies that the
entire block matrix Hy is of full column rank and that there must be at least as




many equations as there are unknowns, i.e. n, > n;. This will be assumed to hold
throughout the rest of this paper. It should be noted that H drops rank if at least one
of the inputs does not have instant influence on any of the outputs, the so-called non-
collocated input /output configuration. This problem can be overcome by reformulating
the Markov parameters according to (8].

Equation (12) represents a discretization of an ill-posed problem. Consider the
associated continuous-time convolution integral relation of Eq. (12) given as

y(t) = /0 H(t — 7)u(r)dr (14)

where H denotes the continuous-time impulse response kernel representation of Hy. In
Eq. (14), u(t) does not depend continuously on the output y(¢). The integral operator
diminishes the effects of rapid oscillations (noise) in w(t), i.e. small changes (noise) in
the outputs may correspond to large changes in the predicted inputs. In general, any
attempt to solve Eq. (12) with Eq. (13) will produce meaningless results unless w is
restricted. Regularization methods are frequently adopted to incorporate additional
information of the sought solution, i.e. they impose restrictions on w.

One of the most successful and widely known regularization methods is Tikhonov
regqularization or damped least squares. Tikhonov regularization was originally invented
independently by Phillips [9] and by Tikhonov [10], cf also [11] and [12]. The restric-
tions on u are imposed by an a priori bound on || L;ul|» modifying Eq. (12) to

min{|[Hou — §°)3 + A Liu3} (15)

where A is a real regularization parameter that controls the balance between the re-
strictions on w and the minimization of the residual norm. L; € RN+ wwhere
n, < ni(N + 1), is typically a discrete approximation to the ith-order derivative
operator. For example, zeroth-order Tikhonov regularization corresponds to choos-
ing Ly = I € RuWHxnN+1) and first-order Tikhonov regularization corresponds to
choosing

I -I 0 ... O

0 I -1 .. 0 c Rmeni(N-%—l)7 Ic RM*ni

o ... I -I
except for a scaling factor. For simplicity, Lo will be utilized throughout the rest of
this paper.
The regularization parameter A is still to be determined. Denote the regularized

A

solutions of Eq. (15) by u*. A log-log plot of the residual norm and the norm of

the solution, i.c. a log-log plot of (|[Hou* — §°||a,|Liu||s) for A € [0,00), will in
general produce an L-shaped curve. The regularization parameter can be chosen in
correspondence to the maximum curvature in this graph. Since the true solution @
is unknown, the optimal regularization parameter minimizing ||% — u*|» cannot be
obtained in general. The use of L-curves to find near optimal regularization parameters
is analyzed and advocated by Hansen in [12].

2.3 Dynamic programming algorithm

Dynamic programming (abbreviated DP) is a classical method for solving certain kinds
of optimization problems, see [17]. In [2] the DP algorithm appears as a recursive and
explicit algorithm that solves

H&n{llx/ Wi(y — 9|5 + Al L3} (16)

for a given A and with the output sequence y o vy v%_ 1 ... y&]T given by Eq. (5b).
Equation (16) differs from Eq. (15) in Wp only. Wp is a block diagonal weighting
matrix with (N + 1) equal, positive definite and symmetric block diagonal elements
W € R"*" . The derivation in [2] sets out from a discrete first order state-space
formulation, see Eq. (5), but without the direct throughput matrix in Eq. (5b). Thus,
it does not allow for direct coupling of the inputs and outputs. An extended derivation
including the direct throughput matrix is given by Nordstrém in [18].

The DP algorithm constitutes two principle steps: a descending and an ascend-
ing sweep. The descending sweep establishes the input/output relationships at each
discrete time, whereas the ascending sweep calculates the input that minimizes Eq. (16)
using the relationships established during the descending sweep and state sequences
given by Eq. (5a). The algorithm derived for zeroth-order Tikhonov regularization in
[18] is outlined next, with minor modifications.

2.3.1 Descending sweep

Define the following matrices

EY _(D"WD+ \)'D'"W

W ¥ (I+ DE)"W(I + DE) + \E'E

For time step k = N calculate
Ry =C"WC, sy=C"Wi,
Vn=EC, wy=-Ejyy




For time steps k=N — 1, N — 2,...,0 calculate

Gy = (D"WD 4+ M+ B"R;,1B)™!
Vi=-G..(DTWC + B"R;,, 1 A)
wy, = Gt (D"Wg, + B sp41)
R, =C™WC + A"R;,,A+ (D™WC + B"R;,, A)"V,,
sy = (C™W + VID™W)g, + (A+ BV;) sy

This is known as the descending sweep, from which the matrices Vi, and the vectors
wy, need to be stored for later use in the ascending sweep.

2.3.2 Ascending sweep
For time steps kK = 0,1,..., N compute the optimal inputs according to
u‘,zpt = Vixy, + wyg

t
Tpy1 = Az, + Buy®

for a given initial state xy. This is known as the ascending sweep.

3 EXPLICIT BLOCK INVERSION ALGORITHMS

The damped least squares problem given by Eq. (15) with L; taken as Ly = I, i.e.
zeroth-order Tikhonov regularization, is equivalent to an expanded or enlarged formu-

|| Ho 3’
min {\[\I} u— { 0 :| (22)

2

lation given as

The solution to Eq. (22) may be formed in numerous ways, e.g. by use of QR decompo-
sition, (truncated) singular value decomposition, or computation of an inverse matrix
by forming the corresponding normal equations. For solution methods for this kind
of enlarged system see [15], [19] and [20]. Moreover, extensive treatment of numerical
methods for least squares problems is given in [21]. Here, explicit block inversion algo-
rithms are derived in state-space matrix form, see Section 3.2.2 and Markov parameter
form, see Sections 3.1 and 3.2.3. The algorithms give valuable insight to the exact
sequence of operations in the matrix inversion. The explicit block inverses formulated
in this section, are used to introduce a new regularization procedure, see Section 4.

3.1 Square system

Consider the special case n, = n; of Eq. (11). As previously stated, H, will be square
and ﬁ:,r =H, ' The inverse can be written in explicit block form according to

H, H,
| 0

0 0
with block elements defined as

Hy“H;' (24a)

k
H.“ - H,_HH' k=12..N (24b)

i=1

Proof. The proof follows from the definition of the inverse. ﬁ; 1ﬁg is upper triangular
and given as
I, I,
1 0 I
H, #Hy=| '

0 0

k
Ik:ZfIk,iH,- k=0,1,...,N (25)
=0

which can be verified by using Egs. (11) and (23). Insert Eq. (24a) in Eq. (25) with
k=0
I,=HH,=H;'Hy=1
and Eq. (24b) in Eq. (25) with & > 0
k k

I, = Zﬁkfz'Hi = Zﬁk—iHi+ﬁkH0 =

i=0 i=1

yielding

ie H, " is the inverse of H, by definition. O




An alternative explicit solution can be derived setting out from the discrete state-
space formulation given by Eq. (5). Extracting uy from Eq. (5b) and inserting it into
Eq. (5a) yields the inverse representation

L1 = (A - BD710)$k + BDilyk (26&)

u, = —D7'Cx, + D'y, (26Db)

in which the input/output relation has been interchanged. The corresponding explicit
inverse block elements are

H,%p! (27a)

HY_D'C(A-BD'C)"'BD' k=1.2,..., (27b)
with the same matrix structure as Eq. (23). The two principally different approaches

to the explicit inverses are mathematically equivalent.

It should be noted that Hal does not exist when n, > n;. A mere substitution
of Hy' (or D7) to Hf = (HIH,) 'Hy (or D* = (DTD)"'DT") in Eq. (24) (or
Eq. (26)) will not produce the least squares solution of Eq. (11) in this case.

3.2 Regularized system

Consider the damped least squares problem given by Eq. (22) where n, > n; and
A € [0,00). The problem satisfies the normal equations

(HyH, + \)u = H, §° (28)

ﬁ:ﬁo + AI is symmetric and positive definite, yielding a unique regularized solution
u* to Eq. (28) according to

w = (HyHo + M) Hy g’ (29)

for a given A > 0. The block elements in

Hyy ... Hyy Hpyyp

~ -~ | Y@, H,+\)'H,
Hl,]\" HL,l Hl.(]

Hyy ... Ho Hyp

10

can be derived explicitly by use of the DP algorithm, see Section 3.2.2. Here, the block
elements are expressed in the state-space matrices. In Section 3.2.3, the block elements
of

»

HNN IU{N‘l ﬁN,O

def

H N S L | Y (H Hy+ ) (31)
H,xn ... H,; H

-EIO,N ﬁo,l ﬁo,o
are expressed in the Markov parameters. Note the indexing order of the block ele-
ments in ﬁ and H. The two principally different approaches in forming the explicit
inverses; in state-space matrix form and in Markov parameter form, are mathematically

equivalent.
3.2.1 Dynamic programming algorithm - modified

Three issues concerning the DP algorithm Eqgs. (17)-(21) need to be addressed before
the block elements of Egs. (30) and (31) can be derived. These issues are:

e The weighting matrix W introduced in the DP algorithm needs to be accounted
for.

e Effects of non-zero initial conditions on the measurements g need to be compen-
sated for.

e The explicit state sequence z < [2T «T_, ... zg]T that the DP algorithm
depends on, Eq. (21), needs to be embedded in the formulation.

A weighted version of Eq. (29) equivalent to the solution of the DP algorithm can be
derived by a change of definitions according to

C—-C,“VWC D-D, VWD §-y" = Wpy (32

Furthermore, applying these changes to the DP algorithm eliminates W in
Egs. (17)—(20) since the weighting matrix is incorporated in the new definitions given
by Eq. (32). Throughout the rest of this paper, the weighting matrix will be chosen
as W = I for simplicity, but without loss of generality since these definitions can be
incorporated at any stage of the proceeding derivations.

The last two issues given above can be overcome by substituting ¢ in Egs. (19)
and (20) with ¢° and substituting Eq. (21) with

k
up =V Yy AP'Bup_, +w; (33)

p=1

def

where Zg=1 ... = 0. By the modifications introduced in this section, the modified

DP algorithm will produce a mathematically equivalent solution to that of Eq. (29).




3.2.2 Explicit inverse expressed in state-space matrices

Consider the bottom block row of Eq. (29), with block element definitions according
to Eq. (30), given as

ué = HOYN:IAJ(IJV +...+ HUJ:IAJ? + Ho.ggg (34)
It is also given by the modified DP algorithm as
Uy = Wo (35)

where wy is given in Eqs. (19) and (20) with /W = I and ¢ substituted with ¢°
according to Section 3.2.1. The bottom block row in Eq. (30) can be established by
expanding wy in Eq. (35) and comparing it to Eq. (34), yielding by identification of
terms _

H,,2 =G,D"

1’;{071 = GlBT(CT + V—IIDT)

Hy. =GB ([[/}(A+BV)")(C" +VID")

Hox =GBV, (A+BV)")C™W
where k =2,..., N — 1. Proceeding in the same manner, the ith block row 0 <i < N
is established by comparing

—~

w)=H,ny% + ...+ H11?;/(1) + H ;o9

u} =V, Z A" 'Bu} 4 w;

p=1

yielding

o =Viy,, A"'BH,
W =Vi¥  A"'BH, , +GD"
i =V A"'BH, 1+ G B (C" + V], D")
w  =V.Y. A"'BH,,, (39)
+Gin B IS (A+BV)T)(C" + VID")
ﬁz\/ =V, Z;=1 Ap’lBI}i,pyN
+G B ([[Y:1(A+ BV)")C™W

I=i+1

12

where j =0,1,...,i—1land k =7¢+2,9+3,..., N — 1. The Nth block row is given by

uy = HynyX + ...+ Hya@) + Hy ol (40)

N N
uy =Vx> A"7'Bu) ,+wy=VyY A"'Buy - Ej} (41)
p=1 p=1

Identification of terms yields

Hy;, =VyY,  A"'BHy_,; )
Hyy =Vy Z;Y:l A"'BHy ,v— E

where j =0,1,..., N — 1. This concludes the derivation of the explicit block elements
defined in Eq. (30). The block elements, expressed in state-space matrices, are given
by Egs. (36), (39), and (42). It can be verified that Eq. (30) becomes upper block
triangular and with equivalent block elements as in Eq. (27) when n, = n; and A = 0.

3.2.3 Explicit inverse expressed in Markov parameters

By utilizing the results given in Section 3.2.2, i.e. Egs. (36), (39), and (42), it is
possible to express the block elements of Eq. (31) in Markov parameter form, see
Eq. (8). Note that the G-matrices in Egs. (36) and (39) involve explicit inverses,
see Eq. (20). A mathematically equivalent algorithm which redefines these matrices
in Markov parameter form can be derived from Egs. (17)—(20) using Eq. (8). The
details of the derivation are very tedious and are therefore omitted. Consider G n_,., cf
Eq. (20), given as

Gyn_r =(D"D+ M + RY) ' = (HTH, + \ + R{"H ! (43)
43
“(H{Ho+ M + B"Ry_,B)™

where r =0,1,..., N — 1 and {0,0} denotes an index pair given by row 1 of

row1: {k,j} — {0,0}

row2: {k,j} — {1,1} {0,1}

row3: {kj} — {2,2} {1,2} {0,2} {0,1}

rowd: {kj} — {3,3} {2,3} {1,3} {1,2} {0,3} {0,2} 0,1}

{5}




13

which will be referred to as the index ladder. A new row in the index ladder is con-
structed in two steps. Consider the g:th row given as

row g {k,j} — {g-1,¢-1} -~ {0,1}

where 0 < ¢ < N. The next row ¢ + 1 is given by first adding {1,1} to each index
pair of row ¢ and, secondly, the row is expanded by a decreasing set of index pairs
according to

rowq+ 1 {k.j} — {¢q¢ - {12} {0,¢} {0,¢—1} --- {0,1}

row q + {1,1} expansion

Rﬁ\?ﬁ cf Eq. (43), is given recursively for all r by a descending sweep starting the
recursion with the set of matrices

R — HI, WH,,, (44)

for appropriate pairs of indices k and j given by row r + 1 in the index ladder. W is
written in Markov parameter form as

W =+ HE)"(I+ H.E)+\E"E

(45)
E =—(H;H,+ M) 'H;

If » > 0, the descending sweep continues to the top row of the index ladder as

kyj k1,541
Rgvfjs} = H; Hj, + R§V—5+Jl !

. . (46)
—(H Hyo + R Gy o (H H o+ R

for s = 1,2,...,r with index pairs {k,j} according to row r — s + 1. Note that
Eq. (44) constitutes computation of (r + 1)(r + 2)/2 unique R-matrices. The proce-
dure given above is repeated until G is established. This concludes the algorithm for
establishing the G-matrices in Markov parameter form.

14

Example. Gy and Gy_; are established next, to illustrate the algorithm. Gy is
given by
Gy = (HJHy+ M+ R{Y)™!

according to Eq. (43). Since r = 0, the appropriate index pair on row r+1 = 1 of the
index ladder is already {0,0}. Thus, Eq. (44) becomes

R = HTWH,

yielding
Gy=(H{Hy+ M+ HWH;)™

W is defined by Eq. (45). Gy is given by
Gy_1 = (HTHy+ M + Ry

With r = 1, the set of appropriate index pairs is {1,1} and {0, 1}. The recursion starts
with the set of matrices given by Eq. (44) yielding

RYY =HJWH, R\"=HWH,
Equation (46) is used for a one-step recursion to the top (row 1) of the index ladder as
R{ = HTH, + RUY — (H{H, + RV Gy (H{ H, + R(Y)
Thus, Gy_; is established as

Gy.1= (HIH,+ M +HTH, + HY'WH,
—(HYH,+ H'WH,)"Gy(H H, + HTWH,))"' O




15

The explicit inverses H and H differ in FE only, i.e. H=-H ﬁg cf Egs. (30) and
(31). Tt is clearer to derive the the block elements of H in Markov parameter form

than the corresponding block elements of H. To accomplish this, H g needs to be

extracted and eliminated from H. Consider the block elements of the bottom row of
H given by Eq. (36). Extraction and elimination of the corresponding block elements
of HOT yields the bottom block row of H as

T ie. Hy, is a function of VT
T
k

ok(VE) =Hop o (VE = A"V + Hy BV}
= (ﬁo,Nq(V}“\/,l = ATCT) + ﬁO,N—lHl)ﬁ//mod

for k = 2,3,...,N — 1. ﬁv/mom where W = W/leong7 is identified in Markov
parameter form according to

def

Wood & (HYHy+ M) HN)THIHo(HTHy + \)™!

(48)
—OH (HYH+ M)~ + AHo(HYHo + M)~ (HYH, + \T)~!

utilizing that (Hg Ho + AI)~" is symmetric. Consider Eq. (46) for r = N — 1, i.e.
while establishing G, with the following definition
R{Y = HI Hjy+RETTY

—(H§Hpy1 + RJ{\E)fxl})TG;V—s+1(H(THj+] + R{\(f)—]:-&i) (49)

o {0,k+1}

<lél'-R5
for s = 1,2,...,N — 1. In computation, the R-matrices need to be stored during
the descending sweep. Utilizing the definition given in Eq. (49) and the fact that the

G-matrices are symmetric, Eq. (47) can be rewritten in Markov parameter form by
identification of terms as

Hyy =G,
. . < {0k—141)
Ho, =Y HoiR,

9 N 9 o T
Hov =30 HopmrHy_ 111 Winea

(50)

for k=1,2,...,N — 1. Proceeding in the same manner, the ith block row 0 < i < N

16

of Eq. (39) can be rewritten by identification of terms according to

. i pt0PhT
Hi; =% (R ")H,,,;

p=1 i

(2

. 1o 9 N A
H“ = 22:1( {OP}) Hi_p,,' + H“ with Hi’,' déf Gi+1
i = {0,p}\ p 25 2 o A def A {0 k—I+1}

v (R g VTH,_,p+ H;),  with H; ), = Zf:Hl H,;, R,

i {0k N - o
p:l(Ri )THifpyN + Zz:i+1 Hi,lle}“vleWmod

(51)
forj=0,1,...;i—land k =7+ 1,i+2,..., N — 1. Finally, identification of terms in

Eq. (42) yields

I:IN,J‘ =F 25:1 HPﬁN—p,j

y g (52)
Hyy =EY) H,Hy ,y_1+ (HjHy+ )"

for j =0,1,...,N — 1 with E defined by Eq. (45). This concludes the derivation of
the block elements in Eq. (31) in Markov parameter form given by Egs. (50)-(52) and
definitions therein. It should be stressed that only the upper or lower triangular part
of the block inverse needs to be established, since H of Eq. (31) is symmetric.

4 DYNAMIC TIKHONOV REGULARIZATION

Using the block inversion algorithm given in Section 3.2.3, it is possible to introduce
a new type of regularization procedure here called dynamic Tikhonov regularization.
The block matrices constituting H, given by Eqgs. (50)—(52), are all functions of the
scalar regularization parameter A, i.e. H()). Introduce the definition

Hyn(o) ... Hyi(ho) Hyolho)

def

I;I()\ =X | do) = (53)

I;II:N(AO) ﬁl:l(/\o) ﬁl:O(AO)
Hon(\o) ... Hoi(N) Hoo(No)

for a given zeroth-order Tikhonov regularization parameter A\y. The corresponding
regularized solution u*(\o | Ag) is given by

def 57T .
w(No | Xo) = HOA= o | M) Hy9° (54)
which is equivalent to Eq. (29).
It is quite simple to establish a bounded and consecutive time step varying regular-
ization Ag, A1, ..., Ay which is an advantageous property of the explicit block inversion
formulation presented in Section 3.2.3, cf also [22]. Starting with A;, recompute N x N




block elements corresponding to time steps N to 1 of H according to

Hynx(\) ... Hyi(n) Hyo(h)

I:JI(/\E/\l\)\OJ\l)d;f L R L
I:ILN()\l) oo Hoyg(A) 1311,0()\0)

Hon(ho) ... Hoa(h) Hoo(No)
for given regularization parameters A\g and A\;. The regularized solution becomes
WO | o, M) = HA= M | do, M) Hy g 6)
Proceeding in the same manner, H is defined for the ith regularization parameter as
H ~.0(Ao)

HA= M| Ao \) Y

S

ﬁO,N()\O) s EIO,@'()\O) B EI-U,O()\())

fori =1,2,..., N with corresponding regularized solutions
A def _ =T .0

For optimal choices of the regularization parameters /\3"‘7 R /\(])\‘[)L the solutions will be
bounded according to

I 8™ TA™) = wgr [l2 > [ w7 A A™) —ugr [l > ... >

o (59)

> [ w XA AR —ugr 2= 0

where )y % (AP | AP A%Y). It should be noted, that the solution given by

the dynamic Tikhonov regularization procedure ujy is not equivalent to

w*(Ap) = (Hy Ho + Ap) "Hy 3’ (60)

where Ap denotes a block diagonal matrix with Ay I, ..., Aol as diagonal blocks. Next,
Eq. (59) is verified by a numerical example.

5 NUMERICAL EXAMPLE

A 20 degree of freedom mass chain, depicted in Fig. 1, is used in the following numer-
ical example. The spring stiffness is k=1 N/m and all masses are equal; m;=1 kg for
i =1,...,20. Finally, 0.1% stiffness-proportional viscous damping is added to the
model. The resonance frequencies of the system span from fu;, = 0.0122 Hz to
fmax = 0.317 Hz. The system is excited by two identical transient forces tg(t) and
G14(t) applied to masses mg and my4 respectively. The non-zero part of the excitation
is defined according to

Ug(t) = t14(t) = (1 — cos 27 fot) sin 67 fot 0<t< fl (61)
0
where fo = 0.06 Hz. The excitation is shown in Fig. 2. The analysis is carried out
for approximately 33 seconds using N 4+ 1 = 101 time steps with a sampling frequency
fsamp of 3 Hz.

Consider the collocated case of sensor placement, i.e. all inputs have instant and
distinguishable influence on the output, yielding two accelerometers attached to masses
mg and my,. Fictitious measurement data §° is generated by solving the forward
problem given by Eq. (11) and artificially adding noise to the calculated response y°.
The initial states xy are taken as zero and the input u is taken as the discrete-time
counterpart of Eq. (61), denoted @. The measurement data is established for sensor 4
and time step k =0, ..., N according to

90 =y (1+0.02- N(0,1)) + 0.01 - max(|y?|) - N(0,1) i=06,14 (62)

i.e. Gaussian white noise with zero mean and unit variance is added as an overall level of
1% of the maximum absolute value added to 2% relative to each individual value. The
input estimation is carried out using an otherwise ideal system description. Moreover,
the system is fully observable and controllable, which means that all eigenmodes can
be detected and excited by the used sensor/input configuration.

Figure 1: Mass chain with 20 degrees of freedom.
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Figure 2: Transient excitation force applied to masses mg and myy.

5.1 Classic Tikhonov vs. dynamic Tikhonov

To quantify deviations of the ith optimal regularized solution u*(AP® | AP, ... AOP%)

to the true or sought solution @, an error measure ey, is defined as

(N 100 - [[ad P | AF AP s / ]l (63)
for i = 0,1,..., N. The optimal regularized solutions are computed using the true
solution and in accordance with the procedure given in Section 4 for a realization of
Eq. (62). Typical results for the error measure given by Eq. (63) are plotted in Fig. 3.
The corresponding optimal regularization parameters are given in Fig. 4. The circles
in the two figures mark the results for optimal zeroth-order Tikhonov regularization.
Note that relatively small changes in the first half of the regularization parameters
produce a greater decrease of the error measure than the relatively larger changes
in the following half of parameters. In general, it is intuitively clear that the first
regularization parameters have the greatest influence on the error measure. Moreover,
Fig. 3 verifies the bounds given by Eq. (59).

Figure 3: Error for optimal choices of dynamic Tikhonov regularization parameters.
The first data point, marked by a circle, corresponds to optimal result of zeroth-order
Tikhonov regularization.

Figure 4: Optimal dynamic Tikhonov regularization parameters. The first data point,
marked by a circle, corresponds to the optimal zeroth-order Tikhonov regularization
parameter AJP".




6 CONCLUSIONS

Explicit block inversion formulations have been derived to solve damped least squares
problems. The dynamic programming algorithm is modified to enable the derivation of
the block inverse in state-space matrix form. Using this formulation, the block inverse
is identified in Markov parameter form. The two formulations are mathematically
equivalent. However, the Markov parameters (impulse response parameters) can be
determined directly from physical vibration tests or from an analytical model, which
is advantageous.

The inversion algorithms give valuable insight to the exact sequence of operations
performed. This knowledge is utilized to introduce a new type of regularization pro-
cedure called dynamic Tikhonov regularization. The regularization parameters in dy-
namic Tikhonov regularization have the attractive feature of being intimately con-
nected to the time steps. For optimal regularization parameters, the zeroth-order
Tikhonov solution is an upper bound of the regularized solution which is illustrated by

a numerical example.
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