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Abstract

We consider Merton’s portfolio optimization problem in a Black and
Scholes market with non-Gaussian stochastic volatility of Ornstein-Uhlenbeck
type. The investor can trade in n stocks and a risk-free bond. We assume
that the dependence between stocks lies in that they partly share the
Ornstein-Uhlenbeck processes of the volatility. We refer to these as news
processes, and interpret this as that dependence between stocks lies solely
in their reactions to the same news. We show that this dependence gen-
erates covariance, and give statistical methods for both the fitting and
verification of the model to data. Using dynamic programming, we derive
and verify explicit trading strategies and Feynman-Kac representations of
the value function for power utility.

1 Introduction

A classical problem in mathematical finance is the question of how to optimally
allocate capital between different assets. In a Black and Scholes market with
constant coefficients, this was solved by Merton in [15] and [16]. Recently, [6]
solved the same problem for one stock and a bond in the more general market
model of [3]. In [3], Barndorff-Nielsen and Shephard propose modeling the
volatility in asset price dynamics as a weighted sum of non-Gaussian Ornstein-
Uhlenbeck (OU) processes of the form

dy (t) = =Xy (t)dt + dz (t),
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where z is a subordinator and A > 0. This framework is a powerful modeling
tool that allows us to capture several of the observed features in financial time
series, such as semi-heavy tails, volatility clustering, and skewness. We extend
the model by introducing a new dependence structure, in which the dependence
between assets lies in that they share some of the OU processes of the volatility.
We will refer to the OU processes as news processes, which implies the inter-
pretation that the dependence between financial assets is reactions to the same
news. We show that this dependence generates covariance, and give statistical
methods for both the fitting and verification of the model to data.

In this extended model we consider an investor who wants to maximize her
utility from terminal wealth by investing in n stocks and a bond. This problem
is an n-stock extension of [6]. We allow for the investor to have restrictions on
the fractions of wealth held in each stock, as well as borrowing and short-selling
restrictions on the entire portfolio. For simplicity of notation, we have formu-
lated and solved the problem for two stocks and a bond. However, the general
case is completely analogous. The stochastic optimization problem is solved
via dynamic programming and the associated Hamilton-Jakobi-Bellman (HJB)
integro-differential equation. By use of a verification theorem, we identify the
optimal expected utility from terminal wealth as the solution of a second-order
integro-differential equation. For power utility, we then compute the solution
to this equation via a Feynman-Kac representation, and obtain explicit opti-
mal allocation strategies. All results are derived under exponential integrability
assumptions on the Lévy measures of the subordinators.

Recently, portfolio optimization under stochastic volatility has been treated
in a number of articles. In [9] and [11], Merton’s problem is studied with sto-
chastic volatility being modelled as a mean-reverting process. The paper [18]
use partial observation to solve a portfolio problem with a stochastic volatility
process driven by a Brownian motion correlated to the dynamics of the risky
asset. Going beyond the classical geometric Brownian motion, [4], [5], and
[8] treat different portfolio problems when the risky assets are driven by Lévy
processes, and [12] derive explicit solutions for log-optimal portfolios in terms
of the semimartingale characteristics of the price process. For an introduction
to the market model of Barndorff-Nielsen and Shephard we refer to [2] and [3].
For option pricing in this context, see [17].

This paper has seven sections. In Section 2 we give a rigorous formulation of
the market and the portfolio optimization problem. We also discuss the market
model and the implications of the dependence structure. In Section 3 we derive
some useful results on the stochastic volatility model, and on moments of the
wealth process. We prove our verification theorem in Section 4, and use it in
Section 5 to verify the solution we have obtained. Section 6 states our results,
without proofs, in the general setting. We discuss our results and future research
in Section 7.



2 The optimization problem

In this section we define, and discuss, the market model. We also set up our
optimization problem.

2.1 The market model

For 0 <t < T < oo, we assume as given a complete probability space (2, F, P)
with a filtration {F,}i<s<7 satisfying the usual conditions. Introduce m in-
dependent subordinators Z;, and denote their Lévy measures by [;(dz),j =
1,...,m. Remember that a subordinator is defined to be a Lévy process taking
values in [0, 00), which implies that its sample paths are increasing. The Lévy
measure [ of a subordinator satisfies the condition
o0
min(1, 2)l(dz) < co.
0+
We assume that we use the cddlag version of Z;. Let B;, i = 1,2, be two Wiener
processes independent of all the subordinators. We now introduce our stochastic
volatility model. It is an extension of the model proposed by Barndorff-Nielsen
and Shephard in [3] to the case of two stocks, under a special dependence struc-
ture. To begin with, our model is identical to theirs. We will discuss the
differences as they occur.
The next extension of the model, to n stocks, is only a matter of notation.
Denote by Y;, 5 = 1,...,m, the OU stochastic processes whose dynamics are
governed by

(2.1) dY;(t) = = \;Y;(t)dt + dZ; (M),

where the rate of decay is denoted by A; > 0. The unusual timing of Z; is
chosen so that the marginal distribution of Y; will be unchanged regardless of the
value of ;. To make the OU processes and the Wiener processes simultaneously
adapted, we use the filtration

{U (Bl (3) , Bo (S) A O‘IS) soes Lm ()‘ms))}tgng :

From now on we view the processes Y}, j = 1,...,m in our model as news
processes associated to certain events, and the jump times of Z;, j = 1,...,m as
news or the release of information on the market. The stationary process Y is
representable as

Y, (s) = ffoo exp (u)dZ; (N\js+u), s>t
but can also be written as
(2.2) Yj(s) =yje N 4 [FerNEmwdz (Nu), s>t

where y; := Y] (t), and y; has the stationary marginal distribution of the process
and is independent of Z; (s) — Z; (t), s > t. In particular, if y; = Y; (¢) > 0,



then Yj (s) > 0, since Z; is non-decreasing. We set Z; (0) =0, j =1,...,m, and
set ¥ := (Y1, ..., Ym) . We assume the usual risk-free bond dynamics

dR (t) =rR(t) dt,
with interest rate » > 0. Define the two stocks S1, S5 to have the dynamics

(2.3) ds; (t) = (Mi + Bio; (t)) S; (t) dt + +/ O'i(t)Si (t) dB; (t) .

Here p; are the constant mean rates of return, and f3; are skewness parameters.
We will call u; + 5,0, (t) the mean rate of return for stock ¢ at time t. For
notational simplicity in our portfolio problem we denote the volatility processes
by o; instead of the more customary o2. We define o; as

(2.4) i (s) :=0pY (s) == ZT:l w;;Y;(s), selt,T],

where w; ; > 0 are weights summing to one for each i. The notation ol denotes
conditioning on Y (¢) . Our model is here not the same as just two separate mod-
els of Barndorff-Nielsen and Shephard type. The difference is that the volatility
processes depend on the same news processes. These volatility dynamics gives
us the stock price processes

(2.5) S;(s) =85 (t)exp (/té (i + (Bi — 1) 0 (w)) du + /tS Vi (u)dB; (u)) .

This stock price model does not have statistically independent increments and
it is non-stationary. It also allows for the increments of the returns R; (t) :=
log (S; (t) /S; (0)), i = 1,2, to have semi-heavy tails as well as both volatility
clustering and skewness. The increments of the returns R; are stationary since

w0 -m(347) e (349 - (357) <o

:ﬁ 9

where ” denotes equality in law.

2.2 Discussion of the market model

This section aims to show that the dependence structure proposed in Section 2.1
is not only simple from a statistical point of view, but also has very appealing
economical interpretations.

The paper [3] suggests a model with n stocks with dynamics

[N

dS () ={u+8Z®)}SE)dt+X(t)% S (t)dB(t),

where X is a time-varying stochastic volatility matrix, 4 and 8 are vectors, and
B is a vector of independent Wiener processes. This model includes ours as a
special case with ¥ being a diagonal matrix. However, in the classical Black



and Scholes market, dependence is modelled by covariance. In the case of two
stocks this means that for s > t,

S1(s) = 51 (t) exp ((Ml 2011 - 2012) (s —t) + v/o11B1 (s) + /012B2 (8)) ;

and

Sa (s) = S2 (t) exp ((M2 - 021 %022) (s —t) + v/021B1 (s) + /022B2 (S)) )

for a volatility matrix o, and By (t) = B2 (t) = 0.

In our model, stock prices develop independently beside from reacting to the
same news. From an economic viewpoint, one can expect the model parameters
to be more stable than in the classical Black and Scholes market. For example,
we do not require stability over expected rate of return. Instead we ask that
every time the market is "nervous” to a certain degree, i.e. for every specific
value of the volatility o;, the mean rate of return p; + 5;0; will be the same.
We can interpret this as that we only need stability in how the market reacts
to news.

As we will see, for the purpose of portfolio optimization we do not need to
know the weights w; ;. More importantly, the model generates a non-diagonal
covariance matrix for the increments of the returns over the same time period,
which is the most frequently used measure of dependence in finance. Since the
returns have stationary increments, it is sufficient to show this result for R;,
1 = 1,2. Note that we have

Cov (R (s) — R1 (t), R2 (u) — Rz (v))
= Cov (Ry (8),Rs (u)) — Cov (R (s), Rz (v))
— Cov (R (t),Rs (u)) + Cov (Ry (t), Ry (v)),

for s,t,u,v € [0,T]. As will be shown below, for s,t € [0,T], we have that

(2.6) Cov (R1(s), Rz (%))
= (81— 3) (B2 — 3) Y _wiwa,;Var (¥;(0))
j=1
e % et — el 1 4 2\ min (s, 1)
X 32 ,
J

which for s = t simplifies to
(2.7) Cov (R; (t), Rz (1))

- e Nt — 1+ At

=2(f1—3) (B2~ 3) D wiwnVar (¥;(0) —/\2

j=1

This result says that the model generates a covariance matrix between returns,
but we do not immediately know which correlations that can be obtained. It



turns out that we can get correlations Corr (R (t), Rz (t)) in the entire interval

(—1,1).

To derive Equation (2.6), by definition of o; we have that
B[Ry (s) Rz (1))

5 |( [+ - Haas [ Vet w)

0

x(/tuz—&-(ﬁ—Q) du—i—/ Voo (u)dBs (u )}

= pipast + puis (Bo — 1 Zw% [/ Y; ( du}
+ it (1 1) ;me [ vwad
+(B1—3) (B2—3) i wi,iw2,; {/OSYi (u) du/Oth (u) dU} :

ij=1

Similarly,

B[R: (8)] = mt + (8 — Zwu [/y du].

This gives that

Cov (Ry (s), Rz (1))
SR IR jg’:’;lwm,jcov ([ viman [ v @an).

By stationarity, we have that E [Y} (t)] = py,, for some constant py; > 0, for all
t € R. If we assume that u < v, the independence of the increments of Y; gives
that

Cov (Y (u),Y; (v))

=E[(Y; (w) = py;) (Y5 (v) = ;)]

=B | MY @+ ) [ ez ) -
— M- [Yj (0)2} _ eij(vfu)/g/j
= eIV ar (Y5 (0)) .

The same calculations for v < u shows that

Cov (Y; (u),Yj () = e "= Var (Y; (0))



and we get

(2.8) C’ov< Y (u) du, Ot j(u)du>

//Cov Y (v)) dudv

= Var (Y; (0)) e N8 e Nt e Alsmtl 1 4 2); min (s,t).

2
)‘j

By Ito’s isometry (see [22]) we get, similar to above,

e Nt — 14 M\t
Var (R - Z ( 2 w?,jvar (Y5 (0)) TJ Fwijiy;t |,
j=1 J

for ¢ = 1,2. This gives
Corr (Ry (s), Rz (1))

L(Bi=3) (o= 3) Z wr o Var (Y, (0))

T2 0a - 3[1 -3l I
e~ e_/\ft — e Nls=t — 1 42X, min (s, ¢)
X 32
j
1
X

—Xjs_ . . .
S w2 Var (v (0) S g St
J 2(51*5)

=Xt _ ) iyt
S w2 Var (v (0)) St SR
J 2([3275)

and, for s =t,

Corr (Ry (t),Ra (1))

B3 (B—5) -~ et o1
BRI R e
y 1
(5 (s =t
y 1

—Ajt_ X Wo i t
m 2 v Y. (0)) ¢ T =14t 2,j1Y;
\IZJ_1 (wz,g ar (Y5 (0)) X2 + 2(627%)2



There is always a trade-off between accuracy and applicability when design-
ing models. An obvious advantage of our model is that we do not have to
estimate a stochastic volatility matrix, and hence we need less data to obtain
good estimates of the model parameters. A drawback is that, to obtain high
correlations, we need the model to be very skew. This might not fit observed
data. It remains to see if the trade-off was a good one.

2.3 Statistical methodology

In this section we describe a methodology for fitting the model to return data.
We will do this for a Normalized Inverse Gaussian distribution (NIG), which
has been shown to fit financial data well, see e.g. [1], [7] and [20]. Our
choice plays no formal role in the analysis. We assume that we are observ-
ing R; (A),R; (2A) — R; (A), ..., R; (kA) — R; ((k — 1) A), where A is one day,
and k+1 is the number of consecutive trading days in our period of observation.

The NIG-distribution has parameters a = /2 + 2, 3, i1, and 0. Its density
function is

fNIG (ZC,O[,B,M,&)
—1
- exp (5\/a2 - B2 - B,u) q (xgﬂ) K (éaq (T)) e’
™

where ¢ (z) = 1+ 22 and K; denotes the modified Bessel function of the
third kind with index 1. The domain of the parameters is 4 € R, § > 0, and
0< 8| <o

A standard result is that if we take o to have an Inverse Gaussian distribution
(IG), and draw a N (0, 1)-distributed random variable €, then x = p+ Bo++/oe
will be NIG-distributed. The IG-distribution has density function

fre (@36,7) = <= exp (37)a~F exp (<4 (%1 +4%2)) . @ >0,

where § and ~y are the same as in the NIG-distribution. The existence and
integrability of Lévy measures [; such that the volatility processes o; will have
IG-distributed marginals is not obvious. See [2] and [21, Section 17] for this
theory. The Lévy density [ of the subordinator Z of an IG-distributed news

process Y is
_1 5 Pt

l(z)=(2m) 2 3 (271 +47) xTre T,
where (9,v) are the parameters of the IG-distribution.

The method described in [3], which we will further extend, uses that the
marginal distribution of the volatility processes o; are invariant to the rates of
decay A;. These parameters A; are then used to fit the autocorrelation function
of the o; to log-return data. The autocorrelation p is defined by

_ Cov(o(h),s(0))
po (h) = ooy > heER



For simplicity of exposition we will assume that we only need one \ to cor-
rectly model the autocorrelation function of both stocks. However, for reasons
to be explained later, we will assume that m = 3, and that all A\ = Ao = A3 = A.
For our model calculations show that, for general m,

Po; (B) =wi1exp (=A1|h]) + ... + wimexp (—Am |B]),

where the w; ; > 0, are the weights from the volatility processes that sum to
one. Observe that since we have assumed the rates of decay A; to be equal, we
immediately get that p,, (k) = exp (—A |h|) . We proved this more simple result
in Subsection 2.2. The proof of the general case is analogous.

We assume that we have fitted NIG-distributions to the empirical marginal
distributions of two stocks, and that we have found a A such that our model has
the right autocorrelation function. This can be done by empirically calculating
the autocorrelation functions p,, (h) for different values of h, and then find a
A so that the theoretical and empirical autocorrelation functions match. We
denote the IG-parameters of the volatility processes o; by (d;,7v:), i = 1,2.
By Equation (2.7) we can now fit the covariance of the model to the empirical
covariance from the return data. This can be done by letting the two stocks
”share” the news process Y3, and each have one of the news processes Y;, i = 1, 2,
”of their own.” In general, this is done for each rate of decay. We formulate this
mathematically as

o1 =wi1 Y1 +wi3Ys ~ IG(61,7)
092 =w21Ys + wo 3Y3 ~ IG (02, 72) .

We now state two properties of IG-distributed random variables that we will
need below. For X ~ IG (0x,vx), we have that

aX ~IG (aééx,a_%v)() .

Furthermore, if Y ~ IG (dy, vy ) and is independent of X and we assume that
vx =7y =: 7, we have that X +Y ~ IG (0x + dy,~) . Because of this formula

we can let
wi,1Y1 ~ I1G (d1,1,71)
wi,3Y3 ~ IG (01,3,71)

where
(29) 5171 —+ (5173 = 51,
and
w21Ys ~ IG (02,1, 72)
wa3Y3 ~ IG (02,3,72) s
where
(2.10) (52,1 + (5273 = 9,



We see, by the scaling property of the IG-distribution, that the two expressions
for the distribution of Y3,

(2.11) Y3~ IG (Wigél,&wi;{ﬂ)v
and

_1 1
(2.12) Yo ~ 1G (w33 02.8, w37

must be identical. With the aid of Equation (2.8), in which we use that the
variance Var (Y (0)) of a stationary inverse Gaussian process Y is §/v3, we see
that Equation (2.7) becomes

w1,3 (52’3 e~ NA 1 + )\]A .

C
w2,3 ’73 /\?

(2.13) 2(8—3) (B2 - 3)

where C' is the covariance that we want the returns to have. It is now straight-
forward to check that there are non-unique choices of w;; such that we can
obtain both the right autocorrelation function of ¢; and a specific covariance
for the returns. The autocorrelation function parameter A is already correct by
assumption, and we constructed the news processes Y; so that their marginal
distribution would not depend on it. Hence we only have to take care of the
covariance of the returns R;. We do this by using Equations (2.9),..., (2.13).
Note that there is nothing crucial in our choice of covariance as measure of
dependence, nor does it matter how many different rates of decay we use.

We now give a simple approach to determine how well our model captures
the true covariance. We begin by fitting a marginal distribution to return data,
thereby obtaining the parameters u; and f;, ¢ = 1,2. Since we have that the
return processes R;, ¢ = 1,2, are semimartingales, their quadratic variations, de-
noted by [-], are fts o; (u) du, s > t. That is, for a sequence of random partitions
tending to the identity, we have

llog (S1/5; (1))] (s) = / o (u) du,

where convergence is uniformly on compacts in probability. This is a standard
result in stochastic calculus. For each trading day we now empirically calcu-
late the integrated volatility, that is, we calculate the quadratic variation of
the observed returns over a trading day and, by the formula above, use that
as a constant approximation of the volatility during that day. If we do this
for a number of trading days, we get approximations of the volatility processes
o; for that period of time. Using the fitted parameters u;, 5; and generated
N (0, 1)-distributed variables in Equation (2.5), we can now simulate ”alterna-
tive” returns. We then calculate the covariance-matrix of both the return data
set and the simulated alternative returns and compare them statistically.
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2.4 The control problem

A main purpose of this paper is to find trading strategies that optimizes the
trader’s expected utility from wealth in a deterministic future point in time.
The utility is measured by a utility function U chosen by the trader. This
utility function U is a measure of the trader’s aversion towards risk, in that it
concretizes how much the trader is willing to risk to obtain a certain level of
wealth. Our approach to finding these trading strategies, and the value function
V', is dynamic programming and stochastic control. We will make use of many
of the results found in [6], since most of their ideas are applicable in our setting.
However, we need to adapt their results to our case.

In this section we set up the control problem under the stock price dy-
namics of Equation (2.3). Recall that o1 and o9, are weighted sums of the
news processes, see Equation (2.4). We begin by defining a value function V
as the maximum amount of expected utility that we can obtain from a trad-
ing strategy, given a certain amount of capital. We then set up the associated
Hamilton-Jakobi-Bellman equation of the value function V. This equation is a
central part of our problem, as it is, in a sense, an optimality condition. Most
of the later sections will be devoted to finding and verifying solutions to it.

Denote by 7; (t) the fraction of wealth invested in stock ¢ at time ¢, and set
m = (71, 72) . The fraction of wealth held in the risk-free asset is (1 — w1 — 72).
We allow no short-selling of stocks or bond, which implies the conditions 7; €
[0,1], ¢ = 1,2, and 7 + 3 < 1, a.s., for all t < s < T. However, these re-
strictions are partly for mathematical convenience. We could equally well have
chosen constants a;,b;,c,d € R, a; < b;, ¢ < d, such that the constraints would
have taken the form m; € [a;,b;], i = 1,2, and ¢ < 7 + 72 < d, a.s., for all
t < s < T. The analysis is analogous in this case, but more notationally complex.
This general setting allows us to consider, for example, law enforced restrictions
on the fraction of wealth held in a specific stock, as well as short-selling and bor-
rowing of capital. We state the main results in this setting, further generalized
to n stocks, in Section 6.

The wealth process W is defined as

1 (8) W (s) . o (8) W (s)
S T e
(1= (s) —ma(s)) W(
R(s)

Wi(s)=

V2]

where 7; (s) W (s) /S; (s) is the number of shares of stock ¢ which is held at time
s. We also assume that the portfolio needs to be self-financing in the sense that
no capital is entered or withdrawn. This can be formulated mathematically as

W (s) = W(tHZ /ts sti(u)+/: (1-— 771(“)};(2)2(“)) W(u)dR (u),

for all s € [t,T]. See [14] for a motivating discussion. The self-financing condi-

11



tion gives the wealth dynamics for ¢t < s < T as

(2.14)  dW(s) =W (s) w1 (8) (1 + Pro1 (s) — r) ds
+ W (s) 72 (s) (2 + B202 (s) — r) ds + rW (s)ds

+’/T1 \/0’1 W dBl +7T2 \/02 W dBQ

with initial wealth W (t) = w.
Our definition of the set of admissible controls now seems natural.

Definition 2.1 The set A; of admissible controls is given by Ay = {m =
(m1,ma) @ m; is progressively measurable, m; (s) € [0,1],1=1,2, and m + 73 < 1
a.s. for allt < s < T, and a unique solution W™ of Equation (2.14) exists}.

An investment strategy m = {7 (s) :t < s < T} is said to be admissible if
m € A;. Later we will need some exponential integrability conditions on the
Lévy measures. We therefore assume that the following holds:

Condition 2.1 For a constant c; > 0 to be specified below,
/ (€% — 1) 1,(dz) < 00, j =1, .ym
0+

Recall that the Lévy density [ of the subordinator Z of an IG-distributed
news process Y is
_19 2,
l(z)=(2m) 3 3 (27! +77) zTre T,

where (0,7) are the parameters of the IG-distribution. Hence Condition 2.1 is
satisfied for ¢; < +?/2.
We know from the theory of subordinators that we have

(2.15) E {eazj(kft)] = exp ()\j/o

as long as a < ¢; with ¢; from Condition 2.1 holds.
Denote (0,00) by Ry and [0,00) by Ro, and assume that y = (y1, ..., ym) €
R7: . Define the domain D by

D = {(w,y) € Ry xR, }.

We will seek to maximize the functional

oo

(€2 — 1) lj(dz)t>

+

J(t,w,y;m) = E-"Y [U (W™ (T))],

where the notation E“*¥ means expectation conditioned by W () = w, and
Y;(t) = yj, 5 = 1,...,m. The function U is the investor’s utility function. It is
assumed to be concave, non-decreasing, bounded from below, and of sublinear
growth in the sense that there exists positive constants k& and v € (0, 1) so that

12



U(w) < k(1 4+ w?) for all w > 0. Hence our stochastic control problem is to
determine the value function

(216) V(tvwvy) = Ssup J(t7w7y;7r)’ (tvwvy) € [OaT] X Dv
TEA,L

and an investment strategy 7* € Ay, the optimal investment strategy, such that
V(t,w,y) = J(t,w,y; 7).
The HJB equation associated to our stochastic control problem is

(2.17) 0=wv + egnax {(m1 (1 + Proy — ) + w2 (p2 + Baoz — 7)) Wy,
17r1-7i-7r72£1’ 1

m

2 2 2
(71'101 + 71'202) w wa} + rwvy, — E AjY;vy;
=1

_|_

N | =

+Z>\J/ (U(t,w,y+2'€j)—U(t7’w,y))lj(d2),
= Jo

for (¢t,w,y) € [0,T) x D. We observe that we have the terminal condition
(2.18) V(T,w,y) = U(w), forall (w,y) € D,
and the boundary condition
(2.19) V(t,0,y) = U(0), for all (t,y) € [0,T] x R,

We now give a formal motivation to this equation. The HJB equation is
obtained by setting the supremum of the ”infinitesimal generator” A of (W,Y)
applied to the value function V' to zero. In other words, if we assume that
V € C%2, the HIB equation is

max (AV) (w,y)

mi€[0,1],i=1,2,

T1+me<1

SR O I AAUR 40 ESA LX) WY
w; €[0,1],5=1,2, ( tl0

m1+me <1

where we have used the definition of A in the first equality, and It6’s formula
(see [19]) to evaluate E [V (¢, W (¢),Y (t))] . If we denote the continuous part of
the quadratic covariation by [-, -], use the notation V (¢) for V (¢, W (t),Y (t)),

13



and set AX (t) := X (t) — X (t—), Ito’s formula gives that

V(1) =V (0)
- | v @+ [ myaw @+ [ v
3 ), Vo o) AT (0
+ V(s)—V(s—)—ZVw (s—) AY; (s)
0<s<t i=1

Let N; denote the Poisson random measure in the Lévy-Khintchine represen-
tation of Z;. We have used that [Y;,Y;]° =0, j = 1,...,m, by Theorem 26 in
[19]. The Kumta Watanabe inequality (see [19, p. 69]) tells us that d [X,Y;]" is
a.e.(path by path) absolutely continuous with respect to d [Y;,Y;]°, j =1,...,m
for a semimartingale X. Equations (2.1) and (2.14) now give Equation (2.17)
once we have seen that, under quite general integrability conditions,

YoV W(s),Y(s) = V(s— W (s-).Y (s—))}

0<s<t

_ g Z/ /mv(s,w(s),Y(s—Hz.ej)_V(S,W(s),Y(s—))Nj(Ajds,dz)
+

=30 [0 [ BV W @Y (02 =V (W (.Y (s )

where we have used Fubini-Tonelli’s theorem and the fact that, for Borel sets
A, N; (t,A) —tl; (A) is a martingale, j = 1,...,m.
3 Preliminary estimates

This section aims at relating the existence of exponential moments of Y to
exponential integrability conditions on the Lévy measures, as well as developing
moment estimates for the wealth process and showing that the value function
is well-defined.

Lemma 3.1 Assume Condition 2.1 holds with c; = &;/\; for & > 0. Then

E [eXp(Ej /ts Yj(U)dU)] < exp (ijjyg + A /: {GXP (5;] ) - 1} Li(dz)(s — ﬁ))
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Proof. We get from the dynamics (2.1) of Y} that

Aj /ts Yi(u)du = y; + Z;j(N;s) — Zj(Ajt) — Y;(s)
<yj+ Zj(Ajs) — Zi(Ajt)
=%y + Zi(Ni(s — 1)),

since Y;(s) > 0 when y; = Y; (t) > 0, and ” =* ” denotes equality in law. Recall
that we have defined Z; (0) = 0. We thus have, using Equation (2.15) in the last
step, that

B [exp <5j /t Yj(u)du)] < exp (iﬁjy]) E [eXp (iZj(Aj(s - t)))]
~ oxp <f\jjy] ey Aio {exp @j) _ 1} L (dz)(s — t)) .

Lemma 3.2 Assume Condition 2.1 holds for some positive constant c;. Then

E [exp(c;¥;(s))] < exp (cjyj o f fexp (¢52) — 131y (d2)(s — t))

Proof. We see from Equation (2.1) that
¢;Yj (s) < cjys + ¢ 25 (Ajs) — ;25 (Ajt)
=£ cjy; +¢iZi (A (s — 1))
The result follows from Equation (2.15). m

Lemma 3.3 Assume Condition 2.1 holds with

_ 20(B1|+0)wi1,;+20(B2]|+0)w2 ;5 j=1

Aj

for some 8 > 0. Then

sup B (W7 (5))"]
TEAL

< w’exp 292(|Bl|Jra)wl’j;\r('ﬁﬂ+9)w2’jyj+0(9)(57t) ,
J

=1
where

CO)=0(p —r[+|p2 —r[+7)
1 ¢ > + 0w+ (82| +6) wa,;
+ 5;)\3' /0+ (exp <20(|51 )@, y (B2 +0) wa; z— 1>) l;(dz).
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Proof. We have by Equation (2.14) and It&’s formula that
W (s) = wexp ( [ w1 (@) 02 (w)
¢
t ¢
+/ 71 (u) /o1 (u)dBy (u) + / o (u) /o2 (u)dBs (u)) ,

S

where
a(u,01,02) = mi(u)(p1 + froy — 1) + ma(u) (2 + f2o2 — 1)
+7r— %(71’1(10)20'1 — %(Wg(u))Qoz.
Define
X(s) =exp (/fs 2071 (u) /o1 (u)dB; (u) + /fs 2075 (1) \/ o2 (u)dBs (u)

_% /:(29)2 (m1 (w)® o1 (u) du — % /ts (20)% (m2 ()" 2 (1) du) '

Since the processes Y;(s) are right-continuous we have that o;(s), ¢ = 1,2, are
right-continuous. Due to the exponential integrability conditions on Y; we have

that .
1
exp (2 /0 o1 (t) + o2 (t) dt)] < 0.

This implies that fot mi(u)y/oi(w)dB;(u), ¢ = 1,2, are well-defined continuous
martingales. Then X(s) is a martingale by Novikov’s condition (see [19, p.
140]), and E[X(s)] = 1. Lemma 3.1 with & = 202 (wyj + w2 ), j = 1,...,m,
gives

E

E [e% 11 20)% (w1 (w) o1 (w)dut-§ [1(20)% (2 (w)) 02 (u)du

<E [6292 IT o1(u)dut26? [T Ug(u)du}
— H E [6202(%44—@4)ftTYj(u)du} < 0.
j=1
Hence, by Holder “s inequality and using that m; € [0,1], 4 = 1,2,
E[(W7(5))"]
=w’E [exp (9/ alu,o1(u), oz (u))du
t
S S
+9/ m1(u)v/o1(u)dBy (u) + 9/ ﬁg(u)\/ag(u)ng(u)ﬂ
t t

16



— W [exp (9 /t " (ut, 01 (1), 02 (w))ds
(

< wE |exp (/ 20a(u, o1(u), oa(u))du
¢

2

+262 t (m1(u))?o1 (u) + (m(u))zag(u)du)} x E[X(s)]

< wfe(s= 00U —rl+|pa—rl+r)

N

< B {exp (29 (18] +6) /t o1 (w)du + 20 (18] + 0) /t ag(u)duﬂ :

— P (500 —rl+|pa—rl+r)

m

<18 o (2051 + 0)r -+ (8al + 01 [ Vi)

j=1

2

Applying Lemma 3.1 with
§ =20 (11| +0)wr; +20 (|82 +0)waj, J=1,...,m,

proves the result. m
We now use the result above results to show that the value function of our
control problem is well-defined.

Proposition 3.1 Assume Condition 2.1 holds with c; defined as in Lemma 3.3.
Then

U(0) < V(t,w,y)

- (1 vl o (292 811+ 0)ony + (Bl + O)n;

bV
j=1 !

+C0)(T - 1)),
where C(0) is defined as in Lemma 3.3 and k > 0.
Proof. We have that U(w) > U(0) since U is non-decreasing. This gives
that E[U (W™(T))] > U(0), for 7 € A;, which implies that V(¢,w,y) > U(0).

The upper bound follows from the sublinear growth condition of U and Lemma
3.3:

V(t,w,y) = S;l}t) E[UW™T))] <k (1 + Sél}t) E[U (W”(T))V)

1P| + 0) wi,; + (|B2] +0) wag,
J

<k 1+w9exp 292( y

j=1

+C (0) (T —1))).

17



]
From now on we assume that Condition 2.1 holds with

_ 20(|B1]+0)wi,;+20(|B2|+0) w2, ; =1
= Y , J=

sy M.

This ensures that the value function is well-defined.

4 A verification theorem

We state and prove the following verification theorem for our stochastic control
problem.

Theorem 4.1 Assume that
o(t,w,y) € CV*1([0,T) x (0,00) x [0,00)™) N C([0,T] x D)

is a solution of the HJB equation (2.17) with terminal condition (2.18) and
boundary condition (2.19). For j=1,...,m, assume

T oo
fé‘ii/o /0+ B v (s, W™ (5),Y (s=) + 2 ) — v (s, W7 (5),Y (s-))[] lj(d2)ds < o0,

and
S, fo B [(i())” ai(s) (W (5))? (0 (5, W7 (5),Y (5)))°] ds < 00, i =1,2

Then _
v(tﬂu,y) > V(taw,y)v fO’I“ all (tvway) € [O,T} x D.

If, in addition, there exist measurable functions ©f (t,w,y) € [0,1], i = 1,2, being
the maximizers for the maz-operator in Equation (2.17), then m* = (7}, 75) de-
fines an optimal investment strategy in feedback form if Equation (2.14) admits
a unique solution W™ and

V(t,w,y) = v(t,w,y) = E""Y {U (W”(T))] , for all (t,w,y) € [0,T] x D.

The notation CH21([0,T) x (0,00) x [0,00)™) means twice continuously differ-
entiable in w on (0,00) and once continuously differentiable in t,y on [0,T) X
[0,00)™ with continuous extensions of the derivatives to t = 0 and y; = 0,
j=1..,m.

Proof. Let (t,w,y) € [0,T) x D and 7 € A;, and introduce the operator

M7 = (1 (g1 + Pror — 1) + o (p2 + B202 — 7)) oy

m

1
+ 3 (71'%01 + 77%02) WV + TWV, — Z AjYjVy, -

j=1

18



Ito’s formula gives that
v(s,W"(s),Y (s))

=o(t,w,y) + /ts {vs (u, W™ (u),Y (u—)) + M™0 (u, W™ (u),Y (u))} du
+ /tS m (u) Vo1 (W™ (u) vy (u, W™ (u),Y (u))dB; (u)
+ /ts 7o (1) \/ o2 (W)W (u) vy (u, W™ (u),Y (u)) dBs (u)

+Z/ / (v (u, W (u),Y (u=) + 2z €;) = v (u, W7 (u) Y (u—))) N;(A;du, dz),
=/t Jo

where Nj is the Poisson random measure coming from the Lévy-Khintchine
representation of the subordinator Z;. We know from the assumptions that

the Itd integrals are martingales and that the integrals with respect to N; are
semimartingales. This gives us that

Ev(s, W7(s),Y (s))]

=v(t,w,y)+E L/: (ve + L) (u, W™ (u), Y (u)) du

<wv(t,w,y) +E / ve+  max LT | (u, W (u),Y (u))du
] mi€l0,1],i=1,2,
m1+ma<1

= ,U(t7 w’ y))

where

LTy :=M"v+ Z Aj / (v(t,w,y+z-ej) —v(t,w,y))li(dz).
0+

j=1

We now get that
v(t,w,y) 2 BIU(WT(T))],

for all m € A;, by putting s = T" and invoking the terminal condition for v. The
first conclusion in the theorem now follows by observing that the result holds
fort =T and w = 0.

We prove the second part by observing that since for each ¢ = 1,2, 7} (¢, w, y)
is assumed to be a measurable function, we have that 7 (s, W (s), Y (s)) is Fs-
measurable for ¢ < s < T. This, together with the assumptions that 7} € [0,1]
and the existence of a unique solution W7 of Equation (2.14), implies that
7 (s, W(s),Y(s)) is an admissible control. Moreover, since 7* is a maximizer,

max LTv=L" v

m;€[0,1],i=1,2,
m+me<1
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The above calculations using [t0’s formula go through with equality by letting
m = w*. Hence,

v(t,w,y) =B U (W (D)] <V (twy).
Together with the first part of the theorem, this yields
oltw,y) =V (Lw,y) =B[U (W (D)),

for (¢t,w,y) € [0,T] x D, since the equality obviously holds for t = T and w = 0.
[

5 Explicit solution

In this section we construct and verify an explicit solution to the control problem
(2.16), as well as an explicit optimal control 7*, when the utility function is of
the form

U(w) =vy"'w?, ~v€(0,1).

5.1 Reduction of the HJB equation

In this subsection we reduce the HJB equation (2.17) to a first-order integro-
differential equation by making a conjecture that the value function v has a
certain form.

We conjecture that the value function has the form

v(t,w,y) =y~ wh(t,y), (t,w,y) €[0,T] x D,
for some function h(t,y). We define the function II : [0, 00) x [0,00) — R as

(6.1)  II(o1,02) = e {m1 (p1 + Broy — 1) + 72 (2 + P20z — 1)
m1+m2<1
—% (w%al + w%ag) (1-— 'y)} + 7.
If we insert the conjectured value function into the HJB equation (2.17) we get
a first-order integro-differential equation for h as

(52) ht(ta y) = _PYH(Ulv UQ)h (t7 y) + Z )\jyjhyj (t7 y)

m

—;&-/M (h(toy+z-e5) — h(t) L (d2),

where (¢,y) € [0,T) x [0,00)™. The terminal condition becomes

h(T,y) =1, Vye€0,00)™,
since v(T,w,y) = U (w) =y~ 1w.
For our purposes, we will need II to be continuously differentiable.
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5.2 Continuous differentiability of II

Here we prove that II is continuously differentiable. We also obtain candidates
for optimal fractions of wealth.
A first-order condition for an interior optimum of II (o1, 09) is

(i + Bioy — 1) —mo; (1 —v) =0, i=1,2.

If we denote the interior optimum by 7; = 7;(0;), i = 1,2, then we have

Ti(03) = = (Lgr + ﬁz) , =12

1—~

We get from inspection that Equation (5.1) is continuous and differentiable
whenever 7; € (0,1), ¢ = 1,2, T1 + 72 < 1. Elementary calculus now gives that
7w =0, when 7; <0, ¢ = 1,2, and that for 7; + 72 > 1, the vector of optimal
fractions of wealth is of the form

(nf,73) = (%, 1—7), #€l0,1].

In the latter case, Equation (5.1) alters to

9

(5.3) I (01,02) = max {m (p1+ Broy —r) + (1 = 7) (u2 + 202 — 1)
-1 (7r201 +(1- 77)2 02) (1- 7)} + 7.
Here the first-order condition for an interior optimum is

(1 + Broy —71) = (p2 + f2oa — 1) — (o1 — (1 = 7) 02) (1 =) = 0.

In the name of consequence, we denote the interior optimum by @ = 7 (01, 032) .
This gives that

77'(0’1,0’2)

1 ((#1+5101T)(M2+5202r)> o2
(1-7) (01 +02) (o1 +02)

and we easily see that Equation (5.3) is continuous and differentiable on 7@ €
(0,1).

We will now prove that lim, .5, II, (61, 62) = lim, .o, f[’a (61,02),i=1,2,
for (61,62) such that 1 + 72 = 1. We prove the result for the derivative taken
in o1, the result for o2 being analogous. The key to this result is to observe
that when 7 + 72 = 1,

77T1=711 (Ml_r+ﬁ1>

5 o1

1 ((M1+5101—T)—(M2+5202—7’))+ 02
(1-7) (01 + 02) (01 +02)
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For notational simplicity, set 7; = (u; + S;0; —r), @ = 1,2. Calculations show
that

Hgl_ 1 (2(71_72)51 (01+02)—(T1—72)2>

_2(1_7) (0’1 +02)2
Bi(o1+02) — (1 — 1) (1-7)03
+O’2 3 — 5
(01 +02) 2(01 + 02)
- (11— 72)° o (n—m) (1-7)03
=mPB - 5 — - — 5
2(1=79) (o1 +02) (01 +02)" 2(01+02)
1—
=mp1 - %ﬁf
But we also have that
~ 1 2T1ﬁ10’1 —T12 _ (1 —"/) _9
H/ == — — .
=gy (77 mh Ty

The proof that II is continuously differentiable when m; = 0, i = 1,2, is
similar to the result above and we omit it.

By the results of this subsection we can now conclude that for ¢ = 1,2, our
candidates for optimal fractions of wealth are

(5.4) 7o) = (B4 a),

1—7 ;
whenever 7; € (0,1) and T + 72 < 1, and
(5.5) 7w =0,
when 7; < 0. When 7, + 75 > 1, the optimal fractions of wealth are

1 ((#1 +5101T)(N2+5202r)>+ 02

(56) 7TT (01,0'2) = (1 — ')/) (0-1 + 0-2) (0‘1 + 0'2)’

and

(5.7) ma=1—m77.

Remark 5.1 Note that we can find a constant o > 0 such that
L (o1,02)| < a+ [Bi] o1 + |B2] 0.

5.3 A Feynman-Kac formula

In this subsection we define a Feynman-Kac formula that we verify as a classical
solution to the related forward problem of Equation (5.2).
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Define the function g (¢,y) by

9(t.y) =B [exp ([ ML (01 (5) 02 (s))ds) |, (t.y) € [0,7] x [0,00)"™,

where we denote ¢? := oY = Z;nzl w; jyj, t = 1,2, for y; = Y; (0). Note that
9(0,y) = 1. We now show that ¢ is well-defined under an exponential growth

hypothesis in 07 and os.

Lemma 5.1 Assume Condition 2.1 holds with ¢; = 3 (|81 w1 j + |Ba2| wa ;) for
j=1,....m. Then '

m
Bilwi,j + B2l wa,;
g(t,y) <exp kt"‘VZ(' | J)\.| @), )|
J

j=1
for some positive constant k.

Proof. From Remark 5.1 we know that

L (o1,02)| < a+|Bi] o1 + |Ba2| 02

for some constant « > 0. Therefore,
t
(0 = [exp ([ Mo () oa 61 )
0
t
<8 Joxp ([ ra v 11101 (5) 4100 ()45 )|
0

m
< gy | [ Ul +Balena) Jo ¥, (s)ds

j=1
By independence of the Y;, j = 1,...,m, we get by Lemma 3.1 that

m .
g(t,y) < B | J[ 09 lonatlBalens) 57 (o
j=1

<t T exp (7 (|81 w1,j + |Ba|wayy)

Aj /
j=1 J

A, ) (exp (Nﬂl'%j; |ﬁ2|mj)z> - 1) g (dz)>
J

0+

Hence, there exists a positive constant k such that

(1811w j+1B2lwsa ;)
A—iyj

g(t,y) < fTPE=

and we are done. m
We now aim to show that g is continuously differentiable in y.

)

23



Lemma 5.2 Assume Condition 2.1 holds with ¢; = ):Y—] (|81 w15 + |B2| wa,s)
j=1,...,m. Then g € C% (([0,T]) x [0,00)™); that is, g (t,") is continuous for
allt € [0,T] and g (-,y) is once continuously differentiable for all y € [0,00)™.

Proof. We will use the dominated convergence theorem to prove that we
can interchange expectation and differentiation. Sufficiently general conditions
for us to do this are contained in Theorem 2.27 in [10], which essentially says
that we need to bound the derivative by an integrable function independent of

Y.
Let (t,y) € [0,7] x RT and set
F(t,y) = elo M@)ok ()ds,

For each j = 1,...,m, we have
OF (t,y) < 0 /t vy o > JEm(o¥(s).0 ()
—H = — | (07 (s),05 (s))ds | elo 7 \7118)021(8))ds
il ol LG ORE)
Since II is continuously differentiable and II’ is bounded

da¥ (s)
Ay,

I (01 (s), 02 (s)) = AIT (0¥ (s), 0% (5)) wje N° < ce™ N

for some strictly positive constant c¢. Theorem 2.27(b) in [10] now gives that
aF t t "t Y Y
( 7y) _ (/ ,YH/ (O’% (S) ,03 (S)) e/\jsds) 610 'yH(crl (s),0% (s))ds.
Iy, 0
From the assumptions we have that
t
’aF (t,y) ' < (C/ e/\jsds) eJo MI((a7(s),04(s)))ds
dy; 0
YT +11B1] fg oF (s)ds+v1Ba| fg of (s)ds

IN

c
Aj
where we once again can apply Lemma 3.1 to get that [OF (t,y) /Oy;| is finite.

Furthermore, with the aid of its proof, we can withdraw that on a compact set
with y in its interior, |0F (t,y) /Qy;| is uniformly bounded in y by the random

variable
exp (7 wl'”“’;’ Palwrs) (Ajt)> :
J

which is integrable by Condition 2.1. Once again, 2.27(b) in [10] can be applied
to show that ¢ (¢,y) = E[F (t,y)] is differentiable in y. But differentiability is a
local notion. Hence the result is independent of the choice of compact set, and
we conclude that

dg(t,y) _ IF(t,y) m .
%yjy fE[ 3yjy], Yy eRT, j=1,..,m.
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We also have that y — OF (t,y) /Oy, is continuous since y — (o7 (s),05 (s)),
(01 (s),03 (s)) = (0] (s),03 (s)), and (07 (5),05 (s)) — II' (0] (s),03 (s))
are all continuous mappings. By using Theorem 2.27(a) in [10] we now get that
the mapping (¢,y) — 0g (¢,y) /0y, is continuous. m

Lemma 5.3 Assume Condition 2.1 holds with c; = 2%_ (181 wi,j + |B2| wa,;)
forj=1,....m. Then

SR
j=1

Proof. Differentiability of g and the mean value theorem give that

T o0
// 9 (Y (W) + 2 ¢)) — g (Y (w)]§; (d=) du| < oc.
0 0+

lg (u,y+2z-e;) —g(u,y)l
dg (u,y + - e;) s

< sup i
J

z€]0,z]

< kzexp Z 2 (18] M’];r LX) (yj + Z; (Nuw) |
J

j=1

where k is a positive constant depending only on 7" and the parameters of the
problem. Since

V(5w + |Bafwa)
Aj

< 1B wij +[B2|w25)
< "

_ v (B]wr; + 182 w2 )
Aj

(Y7 (w) + Zj (A\ju))

(Zj ()\J’LL) + Yj + Zj ()\]u))

(y; + 225 (A\ju)),

we have

9 (u, Y (u) +2-¢j) = g (u, Y (u))]

i v (1B1]wij + |Ba| wa ;)

< kzexp \
J

(yj +2Z; (\ju))

Jj=1

From the Tonelli theorem, the assumptions, and Equation (2.15) we have

E

T ')

// 19w Y (w)+ 7€) — g (u, Y (w)]1; (dz) du
0 0+
T

S/o E[/O:Okzlj(dz)

m w15+ w2, j
X exp Z 7 (184 M/\, 1Bal 02,1 (y; +22; (Aju)) | | du
i=1 ’
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m

00 T . .
=k 2l (dz)/ exp Z 7 (Brlwn; + 15| w%)yj
0+ 0 =1 Aj
00/ 2y(IB1lwn,j+IB2lws5)
+)\ju/ <e X - 1> l; (dz)) du
0+
< 0.

]
We now show that g (¢,y) is a classical solution to the related forward prob-
lem of Equation (5.2).

Proposition 5.1 Assume there exists € > 0 such that Condition 2.1 is satisfied

with ¢; = 25- (|f1| w1, + |B2|waj) + € for j =1,....,m. Then g(t,-) belongs to
J

the domain of the infinitesimal generator of Y and

bt " dg (1,
(5.8) % =1I(o1,02) g (t,y) Z)‘jyj ga( y)
j=1 yj

+§;Aj/of<g<t,y+z-ej>g(t,y»lj(dz)

for (t,y) € (0,T] x [0,00)™. Moreover, Og (t,y) /Ot is continuous, so that g €
CHH((0,T] x [0,00)™) .

Proof. We begin by observing that the conditions in Lemmas 5.1, 5.2, and
5.3 are fulfilled. The first two terms on the right-hand side of Equation (5.8)
are continuous since II is continuous and g (¢,-) € C' by Lemma 5.2, for all
t € [0,T]. The integral operator is also continuous in both time and space. This
can be deduced from the integrability conditions on the Lévy measures [; (dz)
and Theorem 2.27 in [10] together with arguments similar to those of the proofs
of Lemmas 5.2 and 5.3. Hence, if g solves Equation (5.8) then 9g (t,y) /Ot is
continuous for (¢,y) € (0,7) x [0,00)™, and may be continuously extended to
t =T. Thus, g € CH1((0,T] x [0,00)™).

Since y — ¢ (t,y) is continuously differentiable by Lemma 5.2, we conclude
from Itd’s lemma that the mapping s — ¢ (¢,Y (s)) is a local semimartingale
with dynamics

9tV ()=o) + YA [ ¥ 5L 0y )

+ ;/0 /0+ (gt,Y (u—)+z-¢e)—g(tY (u—))) N; (N\jdu,dz),

where N; is the Poisson random measure in the Lévy-Khintchine representation
of Z;. From Lemma 5.3 we have that

T 0o
E /o /0+ lg(w,Y (u) +2z-¢e;) —g(u,Y (w)|l; (dz) du| < oo,
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and thus g (u,Y (u) +2-¢j) — g (v, Y (u)) € F', j = 1,...,m (see [13, pp. 61-
62], for this notation). This implies that ¢ (¢,Y (s)) is a semimartingale, since it
belongs to a subclass of proper semimartingales that [13], for simplicity, define
to be semimartingales. Taking expectations on both sides and applying Fubini’s
theorem gives

Blo (Y () —g (9]
=—Z / 50 5 0¥ ()]
+,Z?j/0 /0+ Elg(t,Y (u=)+z-¢;) =g (t,Y (u=))]l (dz) du.

Hence, if we note that Y is cadlag and y — ¢ (¢,y) is continuously differentiable,
by letting s | 0 we get that g (¢,-) is in the domain of the infinitesimal generator
of Y, which is denoted by G, and

m m

Z%y]a (t,y) +ZA/ g(ty+z-e5)—g(ty))l;(dz).

Since g (t,Y (s)) € L' (2, P) for all s > 0 in a neighborhood of zero, the Markov
property of Y together with total expectation yields

Elg(t,Y (s))]
_E {E[ Jiam (e (w0 5”%))@“

Jo AT (oY (uts),08 (uts))du F.
g %]

BB
E{ S (oY (), ag(m)du}
B {e S (o (w),0% (w))du ,~ [ vH(a%’(u)»U%(u))du] )

Thus,
Elg (.Y (s) —g(ty)]

EE [e oA (Y (w),0 () du = [ Ao} (u),08 (w))du _  f§ +11(o? (u),a«u))du}
S
_ lE [6 OH'S ’yH(U?{(u),ag(u))due— Is ’yH(oi’(u),og(u))du e OH'S fyl'[(oi’(u),a‘;’(u))du}
S
i } {E [ef(;wrs,y ( Y (u),08 u))du:| _E |:€f0t ’yH( Y (u),08 (u))du}}
S
—E {e AT ()oY (w)du 1 {e— S5 (o ()08 (uw))du _ 1}]
S

gt+sy)—g(ty)

27



By the Fundamental Theorem of Calculus we have that

s
— AT (¥, oY) elo LRl GHORACITNIY

I (0 ()0 (w)du L {e— Jg (o ()03 (u))du _ 1}

We now need to show that we may interchange limit and integration. To do
this we define the function

f (8) — e Iy ’yl'[(alll(u),ng(u))du.

From the mean value theorem and the linear growth assumption on IT we get
that

<= sup |f' (u)|s+ sup |AII(o? (u), oY (u))e Jo (et (W) ot (w)du

u€[0,T] u€[0,T]
< yerJo (at(1Brlot (W) +1B2lof () )du

w€[0,T]

X <a+ sup (|B1]of (u) + |B2| o3 (U))>-

Since each Z; is a non-decreasing process,

sup (|B1] o (u) +[B2] o3 (u))
we[0,T]

< (|B1l o1 + |B2| 02)

+) (Brlwr + [Bal way) Z (AT,

j=1
which implies
. T (oY (u),0 () du L {6_ I 1 (0¥ (u),o¥ (w) ) du _ 1}

S
< cet Jo (atlBuloy (u)+]B2lod (u))du

+dY_ (1Bilwr; + |Ba| waj)

Jj=1

x 2V 5 (atIBrlot @) HiBalod () 7y )

for some positive constants c, d. But by the independence of the Y; and Equation
(2.15) we have that

E|cer o (a+u31\a%<u>+w2\a;’<u>)du}

m
wi,; + w3, j
< cexp k:T-i-’yg 15 M}\j'ﬁﬂ 2Jyj )

=1
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for some constant k. In addition, we can use that there exists a positive constant
k. such that z < k.e®*, for all z > 0, which gives that

m

d> (|81 wry + |Bal way)

Jj=1

<K [627 Jo' (et 1Baler (w)HBalog (w)du 7 ( AjT)}

<dY (IBilws; + (8ol wag)
j=1

J

x B

2y (1811w, +1B2lws,
e( 'Y( 1 1&7‘ 2 2’J)+E>Z]()\]T)‘|

=dY (181w + 82| ws,y)
=1

) 2w(\/31\wl,j+|52\w2,_7‘)+>‘jfz
X exp ()\jT/ (e R - 1> i (dz)) ;
0+

for some constant d. The last sum is finite by our integrability assumption.
Therefore, by dominated convergence, we see that

B |:6 (;t+s '«/H(a?(u),a—g(u))du} {6_ N 'yH(a’i’(u),ag(u))du _ 1}:|
S

= —(o1,02) g (t,y).
Analogously, we may show that dg/0t exists. We now have that

dg (t,y)
ot ’

Gg (t,y) = =1l (0o1,02) g (t,y) +

which concludes the proof. m
Define

hit,y) :=g(T —t,y) =K [efoT_t 7H<”i}(s)7"g(s))ds} ,
or equivalently, by the time-homogeneity of Y,
(59) h (t’ y) — RY |:eftT ’yH(Ui’ (s),ag(s))ds:| )

From our conjecture of the form of the value function we now have our explicit
solution candidate, namely

(5.10) v(t,w,y) =y wh(t,y).

The candidate for the optimal feedback control 7* is given in Subsection 5.1. In
the next section we prove that Equation (5.10) coincides with the value function
in Equation (2.16).
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5.4 Explicit solution of the control problem

We will apply the verification theorem to connect our explicit solution to the
value function of the control problem. To this end, we need two integrability
results.

Lemma 5.4 Assume Condition 2.1 holds with
¢j = % (181 +4y) w1 j + (1B + 4y wa5), G =1,...,m.

Then T’
/O B [(m—(s))zai (s) (W™ ()" h(s,Y (s))| ds < o0,

forallme Ay, i =1,2.

Proof. We observe that the function A has the same growth as g. Therefore
by Lemma 5.1 and 7; € [0,1], i = 1,2,

T
[ Bl o) ((m() o1 (5) + (ma(6))? 02 ()
0
) (W™ ()20 h(s,Y (s))} ds

< /UT B [<W“ (5))* (01 (5) + 02 (5))

xexp | ks + 72 |Bl|w1’j>—\;|62| w2’ij (s) || ds

Jj=1

< kT / 'E (W ()

m

xexp (v +2) Y 5] “14;'62' Y2y (s) || ds,

j=1

where k. is a positive constant such that

e 1B1lwy j+IB2lwa j
o1 + oo < ket &i=1 AJ

J
Holder’s inequality now gives

T
| B0V ((ra(e)? o1 6) + (ma(o))? 02 5)) (W7 ()7 (s, Y (5)
0

< ksekT/OT ﬁE [exp (2(7+5) (|ﬁ1\w.1,j + \52|w2,j)yj (S)ﬂ ?
j=1

AJ

Nl=

X [(W“ (s))ﬂ ds.
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It is obvious that

2(v+e)(Br|wi.;+[B2|wa. ;) .
! )\}J PERL <y j=1,...,m,

for e sufficiently small. Hence, the integrability condition in Lemma 3.2 holds.
We conclude by invoking Lemma 3.3. =

Lemma 5.5 For j =1,...,m, assume Condition 2.1 holds with

¢ = ij (B2 +4y) wij + (182] + 47) wa,5) -

Then

T e’}
/ / B W™ ()" b (Y (1) + 2 e5) — b (u, Y (u))]]]; (d=) du < oo,
0 0+

Proof. Following the arguments in the proof of Lemma 5.3, and then ap-
plying Holder’s inequality with p = 4, ¢ = 4/3, we get

/ / (W™ (u)" |h(u,Y (u) +2-¢e;) —h(u,Y (u)]]l; (dz) du
0+

m (Pl HBalng) (o p s
<[ waﬂ/ bty ) {0 )ﬂd“
0

0+

:koeklgﬁk?‘”/ zl; (dz)
0+
T
x/ E
0
(o]

< koek1”1+k2”2/ zl; (dz)
0+

3
T 1 m 87(‘51‘W1‘j+‘52|w2,j)z_ o 4
x/o B (u))“]“EH = EYR ))1 du

o0

< koeklal+k2"2/ zl; (dz)
0+

W e (Z

2v(I1B1lwy j+IB2lwg 4
m, 2(PilengiPalegg) Sy QJ)ZJ’()\J‘H))] du

T i m
x/ {( W ‘ﬂ duHE
0
for positive constants kg, k1, k2. We observe that

8y (181 w15 + |B2| wa,5)
3N

]

3
<8w(vsl\wl jHIBalws, J)ZV(XT)>‘| 1
J

<Cj,

and apply Lemma 3.3 to conclude that
/ / w) b (u,Y (u) + 2 e5) = b (w,Y (u))]]1; (dz) du
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o0

< koekl"1+k2”2/ zl; (dz)
0+

3 m 9] (Mz>
xexp | o > )\jT/0+ e " — 1)1 (dz)
j=1

T 1
x /0 E[(Wﬂ(u))‘”] du <

]
We sum up the results in this section in the following theorem.

Theorem 5.1 Assume Condition 2.1 holds with
cj = % ((1Br]l +4v)wij + (|2 + A7) w2j), J=1,...,m.
Then the value function of the control problem is
V(t,w,y) =7""wh(ty),

where h is defined in (5.9). Furthermore, the optimal investment strategy is as
given by Equations (5.4),..., (5.7).

Proof. We see that V is well-defined under our assumption. Furthermore,
the integrability condition implies by Lemma 5.1 that h is well-defined, since
g and h has the same growth. Observe that the optimal investment strategy
depends only on (o1, 02) and not on the level of wealth w. This, together with
the fact that 7* € [0,1] x [0, 1], gives that there exists a unique solution W™
to Equation (2.14). Hence, 7* € A;.

Set v (t,w,y) =y~ *w h (t,y), and note that the assumption in Lemmas 5.4
and 5.5 hold. We also have that the integrability conditions in Lemma 5.2 and
Proposition 5.1 holds, since we may choose € > 0 as we like. This allows us to
conclude that v € C ([0, T] x D), since v is continuous in w on [0,00), and that
v is a classical solution of the HJB equation (2.17). We now apply Theorem 4.1,
and the proof is complete. =

6 Generalizations

In this section we state, without proofs, the most important results for the case
of n stocks,
7 (8) € [ag, b)), i=1,...,n,

and
n
c< Z 7 < d.
=1

It can be seen that the additional difficulty in this setting is merely notational.
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The HJB equation associated to this stochastic control problem is

n 1 n
0=+ max {wvw Zm (s + Bioi — 1) + §w2vww 27@.201}

mi€lag,bili=1,...,n, —
<> mi<d i=

m

+ TWUy, — Zx\]ijyj+2)\ / v(t,w,y+z-e) —v(tw,y))li(dz),
for (t,w,y) € [0,T) x D. We still have the terminal condition
V(T,w,y) =U(w), forall (w,y) € D,

and the boundary condition

V(t,0,y) = U(0), forall (¢,y) € [0,T] x RT".
The solution to this equation can be shown to be

v(t,w,y) =y wlh(t,y) =y "wEY [eftT "’H("?lj(s)"“v"%yl(s))ds] ,

where II is defined as
(6.1) IM(oy,...,00)

n
= ﬂie[ai,gl]zz}ilwwn’ {Zﬂ'z s + ﬂzUz g }

<y, m<d =L

*

The optimal fractions of wealth are given by the parameters 7* = (n§,..., 7))
that obtain II (o1, ..., 0,,) in Equation (6.1).

7 Future research

We view this paper as a starting point for more research on our n-asset exten-
sion of the Barndorff-Nielsen and Shephard model. Primarily, we would like to
perform the statistical analysis proposed in Subsection 2.2, in order to clarify to
what extent our model captures the true dependence between financial assets.

Another question of interest is portfolio optimization with the inclusion of
utility of consumption. Further, it would be intriguing to consider the more
general market model

dS (t) = (u+ Bo (1) S (t)dt + /o (t)S (¢ ipjitt)dzj (Ajt)

which is a modification of a model proposed by Barndorff-Nielsen and Shephard.
It allows for the so-called leverage effect to be different for the various news-
processes, but also implies a distinction between good and bad news. A difficulty
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with this problem is that the stock prices are no longer continuous. In both these
cases it ought to be feasible to solve our n-asset extension, once we have handled
the one-asset problem.

A final issue that we aim to consider is, given our stochastic volatility market,

how much higher utility an investor obtains by trading according to our optimal
portfolio model compared to someone who follows the classical Merton policy.
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