THESIS FOR THE DEGREE OF LICENTIATE OF PHILOSOPHY

Branching of some holomorphic representations of SO(2,n)

Henrik Seppänen

Mathematical Sciences CHALMERS UNIVERSITY OF TECHNOLOGY AND GÖTEBORG UNIVERSITY Göteborg, Sweden 2004

Branching of some holomorphic representations of SO(2,n) HENRIK SEPPÄNEN

© Henrik Seppänen, 2004

ISSN 0347-2809/NO 2004:45 Department of Mathematics Chalmers University of Technology and Göteborg University 412 96 Göteborg Sweden Telephone +46 (0)31-772 1000

Matematiskt centrum Göteborg, Sweden 2002

Abstract

In this licentiate thesis we consider a family of Hilbert spaces of holomorphic functions on a bounded symmetric domain D = SO(2, n)/S(O(2) × O(n)) and corresponding holomorphic unitary (projective)representations of SO(2, n) on these spaces. These representations are known to be irreducible. Our aim is to decompose them under the subgroup SO(1, n) which acts as the isometry group of a totally real submanifold X of D. We give a proof of a general decomposition theorem for certain unitary representations of semisimple Lie groups. In the particular case we are concerned with, we find an explicit formula for the Plancherel measure of the decomposition as the orthogonalising measure for certain hypergeometric polynomials. Moreover, we construct an explicit generalised Fourier transform that plays the role of the intertwining operator for the decomposition. We prove an inversion formula and a Plancherel formula for this transform. Finally we construct explicit realisations of the singular part appearing in the decomposition and also for the minimal representation corresponding to the given family of Hilbert spaces.

Keywords: Bounded symmetric domains, Lie groups, Lie algebras, unitary representations, spherical functions, hypergeometric functions, Fourier-Helgason transform.

AMS 2000 Subject Classification: 32M15, 22E46, 22E43, 43A90, 32A36

Acknowledegment

First of all I would like to thank my supervisor Genkai Zhang for having introduced me to a fascinating area of mathematics, for his constant support and for being so generous with his time. He suggested the topic of this licentiate thesis and I have since then benefited from his valuable explanations and comments.

I also want to thank Fredrik Engström for having helped me struggle through the everyday trials of bureaucratic and technological nature that are inflicted upon us in the present-day world. Finally I would like to thank all my friends and colleagues at the department of mathematics at Göteborg University and Chalmers University of Technology.

Contents

1 Introduction and background 1

2 The Lie ball as a symmetric space SO(2, n)/S(O(2) × O(n)) 1

3 Bounded symmetric domains and Jordan pairs 4

4 The real part of the Lie ball 6 4.1 Iwasawa decomposition of h . . . . . . . . . . . . . . . . . . . . . . 11 4.2 The Cayley transform . . . . . . . . . . . . . . . . . . . . . . . . . 12

5 A family of unitary representations of G 14 5.1 The function spaces H_ν . . . . . . . . . . . . . . . . . . . . . . . . 14 5.2 Fock-Fischer spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

6 Branching of π_ν under the subgroup H 17 6.1 A decomposition theorem . . . . . . . . . . . . . . . . . . . . . . . 17 6.2 The Plancherel measure . . . . . . . . . . . . . . . . . . . . . . . . 23 6.3 The principal series representations π_λ on L^2(S^{n−1}) . . . . . . . . 26 6.4 The Fourier-Helgason transform . . . . . . . . . . . . . . . . . . . . 29

7 Realisation of the discrete part of the decomposition 35

8 Realisation of the minimal representation π_{(n−2)/2} 38

1 Introduction and background

One of the main problems in representations of Lie groups and harmonic analysis on Lie groups is to decompose some interesting representation of a Lie group G under a subgroup H ⊂ G. Among other things, this has lead to the discovery of some new representations. This decomposition is also called the branching rule.

Since the work by R. Howe, M. Kashiwara and M. Vergne (cf [8]), it has turned out to be fruitful to study the branching of singular and minimal holomorphic representations of a Lie group acting on a function space of holomorphic functions on a bounded symmetric domain.

In this licentiate thesis we will study the branching of a holomorphic representation of SO(2, n) under the subgroup H = SO_0(1, n). The subgroup H here is realised as the isometry group of a totally real manifold of the Lie ball SO(2, n)/S(O(2) × O(n)). The branching for a general Lie group G of Hermitian type under a symmetric subgroup H has been studied recently by Neretin ([14]) and Zhang ([21], [23],[22]). The branching rule for regular parameter and for some minimal representations is now well understood. However there is still no complete theory for the general case.

We find in this thesis the branching for arbitrary scalar parameter v in the Wallach set and we give an explicit realisation of the discrete part appearing in the decomposition.

2 The Lie ball as a symmetric space SO(2, n)/S(O(2) × O(n))

In this thesis we study representations on function spaces on the domain D = {z ∈ C^n |1 − 2⟨z, z⟩ + |zz^t|^2 > 0, |z| < 1}. (1) We will only be concerned with the case n > 2. (If n = 1 it is the unit disk, U, and if n = 2, D ∼= U × U). In this section we prove that D is the quotient of SO(2, n) by S(O(2) × O(n)) by studying a holomorphically equivalent model on which we have a natural group action induced by the linear action on a Grassmanian manifold.

Consider R^{n+2} ∼= R^2 ⊕ R^n equipped with the non-degenerate bilinear form

(x|y) := x_1y_1 + x_2y_2 − x_3y_3 − . . . − x_{n+2}y_{n+2},

where the coordinates are with respect to the standard basis e_1, · · · , e_{n+2}. Let SO(2, n) be the group of all linear transformations on R^{n+2} that preserve this form and have determinant 1, i.e., SO(2, n) = {g ∈ GL(2 + n, R)|(gx|gy) = (x|y), x, y ∈ R^{2+n} , det g = 1} (2) Let G^+_{(2,n)} denote the set of all two-dimensional subspaces of R^2 ⊕ R^n on which (·|·) is positive definite. Clearly R^2 ⊕ {0} is one of these subspaces. It will be the reference point in G^+_{(2,n)} and we will denote it by V_0. The group SO(2, n) acts linearly on this set and we shall see that this action is actually transitive. Let therefore V ∈ G^+_{(2,n)} and let V^⊥denote the set of vectors that are orthogonal to V in the sense of (·|·). Since the form (·|·) is positive definite, we can construct an ordered orthonormal basis, {v_1, v_2}, for V . Given x ∈ V , x − (x|v_1)v_1 − (x|v_2)v_2 is in V^⊥ and since V ∩V^⊥ = {0} we have R^{n+2} = V ⊕V^⊥. It is now sufficient to prove that the form is strictly negative on V^⊥, since in that case we can construct an ordered orthonormal basis, {w_1, . . . , w_n}, for V^⊥ and by defining a linear mapping that maps the standard basis onto {v_1, v_2, w_1, . . . , w_n}, we have found an element, g in SO(2, n) that maps V_0 to V .

Now we decompose the basis vectors for V as v_1 = ξ_1 + η_1, v_2 = ξ_2 + η_2 with ξ_i ∈ R^2 , η_i ∈ R^n and ‖ξ_i‖ > ‖η_i‖, i ∈ {1, 2}. A vector u + ũ in V^⊥ satisfies (u + ũ | αv_1 + βv_2) = 0, i.e. ⟨u, αξ_1 + βξ_2⟩ = ⟨ũ, αη_1 + βη_2⟩. Since {ξ_1, ξ_2} forms a basis for R^2 , we have

‖u‖ = sup_{α,β ∈R} ‖αξ_1 +βξ_2‖=1 |⟨u, αξ_1 + βξ_2⟩| = sup_{α,β ∈R} ‖αξ_1 +βξ_2‖=1 |⟨ũ, αη_1 + βη_2⟩ ≤

sup α,β ∈R ‖αξ_1 +βξ_2‖=1 ‖ũ‖‖αη_1 + βη_2‖ < sup_{α,β ∈R} ‖αξ_1+βξ_2 ‖=1 ‖ũ‖‖αξ_1 + βξ_2‖ ≤ ‖ũ‖

i.e. (· | ·) is negative definite on V^⊥.

The element g constructed above is not unique. Indeed, g and h map V_0 to the same element precisely when gh^{−1} fixes V_0. We denote by K the stabilizer subroup of V_0, i.e.,

K = {g ∈ SO(2, n)|g(V_0) = V_0}. (3) Any element g ∈ SO(2, n) can be identified with a (2 + n) × (2 + n)- matrix of the form ( A B C D ) , (4)

where A is a 2 × 2-matrix. With this identification, K clearly corresponds to the matrices ( A 0 0 D ) , where A and D are orthogonal 2 × 2- and n × n-matrices respectively, i.e., K ∼= S(O(2) × O(n)). The space G^+_{(2,n)} can be realised as the unit ball in M_{n2}(R) with the operator norm. Indeed, let V ∈ G^+_{(2,n)}. If v = v_1 + v_2 ∈ V , then v_1 = 0 implies that v_2 = 0, i.e., projection onto the R^2 -component is an injective mapping. This means that there is a real n × 2 matrix Z with Z^tZ < I_2, such that V = {(v ⊕ Zv)|v ∈ R^2 }. (5) Conversely, if Z ∈ M_{n2}(R) satisfies Z^tZ < I_2, then (5) defines an element in G^+_{(2,n)}. Using (2) to identify g with a matrix and letting V correspond to the matrix Z, then clearly gV = {(Av + BZv ⊕ Cv + DZv)|v ∈ R^2 )} = {v ⊕ (C + DZ)(A + BZ)^{−1}v)|v ∈ R^2 )}. In other words, we have an SO(2, n)-action on the set M = {Z ∈ M_{n2}(R)|Z^t Z < I_2} given by Z → (C + DZ)(A + BZ)^{−1}. Since the elements of M correspond to the cosets of SO(2, n) modulo SO(2) × SO(n), a smooth manifold structure is induced on M by this identification. The matrix Z = (XY ) can be identified with the vector X + iY in C^n . Thus we have the almost complex structure J(XY ) = (−Y X) which is equivalent with multiplication with i. We now have an action of SO(2, n) on the manifold M = {Z ∈ M_{n2}(R)|Z^t Z < I_2} (viewed as an open submanifold of R^{2n} ). In fact, the action is holomorphic with respect to J. Moreover we have the following result by Hua (see [7]):

Theorem 1. The mapping z → Z = 2 (( zz^t + 1 i(zz^t − 1) zz^t + 1 −i(zz^t − 1) )_{−1} ( z z ))t

is a holomorphic diffeomorphism of the bounded manifold D = {z ∈ C^n |1 − 2⟨z, z⟩ + |zz^t|^2 > 0, |z| < 1} onto M.

We will call this mapping the Hua transform and denote it by H. It allows us to describe D as a symmetric space D ∼= SO(2, n)/S(O(2) × O(n)). Remark. SO(2,n) has two connected components (cf [6] 10.2) and one can in fact easily prove that the identity component SO_0(2, n) acts transitively on D (cf the proof of Prop. (5)). Therefore we can also desribe D as the symmetric space SO_0(2, n)/(SO(2) × SO(n)).

3 Bounded symmetric domains and Jordan pairs

In this section we briefly review some general theory on bounded symmetric domains and Jordan pairs. All proofs are omitted. For a more detailed account we refer to Loos ([11]).

Let D be a bounded open domain in C^n and H^2(D) be the Hilbert space of all square integrable holomorphic functions on D,

H^2(D) = {f, f holomorphic on D| ∫ D |f(z)|^2dm(z) < ∞}, where m is 2n-dimensional Lebesgue measure. It is a closed subspace of L^2(D). For every w ∈ D, the evaluation functional f → f(w) is continuous, hence H^2(D) has a reproducing kernel K(z, w), holomorphic in z and antiholomorphic in w such that

f(w) = ∫ D f(z)K(z, w)dm(z). K(z, w) is called the Bergman kernel. It has the transformation property K(φ(z), φ(w)) = J_φ(z)K(z, w)J_φ(w), (6) for any biholomorphic mapping φ on D with complex Jacobian J_φ(z) = det dφ(z). Hereafter biholomorphic mappings will be referred to as automorphisms. The formula

h_z (u, v) = ∂_u∂_v log K(z, z) (7)

defines a Hermitian metric, called the Bergman metric. It is invariant under automorphisms and its real part is a Riemannian metric on D.

A bounded domain D is called symmetric if, for each z ∈ D there is an involutive automorphism s_z with z as an isolated fixed point. Since the group of automorphisms, Aut(D) preserves the Bergman metric, s_z coincides with the local geodesic symmetry around z. Hence D is a Hermitian symmetric space.

A domain D is called circled (with respect to 0) if 0 ∈ D and e^{it}z ∈ D for every z ∈ D and real t.

Theorem 2. Every bounded symmetric domain is holomorphically isomorphic with a bounded symmetric and circled domain. It is unique up to linear isomorphisms.

From now on D denotes a circled bounded symmetric domain. G is the identity component of Aut(D), K is the isotropy group of 0 in G. The Lie algebra g will be considered as a Lie algebra of holomorphic vector fields on D, i.e., vector fields X on D such that Xf is holomorphic if f is.

The symmetry s, z → −z around the origin induces an invoulution on G by g → sgs^{−1} and, by differentiating, an involution Ad(s) of g. We have the Cartan decomposition g = k ⊕ p into the ±1-eigenspaces.

For every v ∈ C^n , let ξ_v be the unique vector field in p that takes the value v at the origin. Then ξ_v (z) = v − Q(z)v where Q(z) : V → V is a complex linear mapping and Q : V → Hom(V , V ) is a homogeneous quadratic polynomial. Hence Q(x, z) = Q(x + z) − Q(x) − Q(z) : V → V is bilinear and symmetric in x and z. For x, y, z ∈ V , we define {xyz} = D(x, y)z = Q(x, z)y (8) Thus {xyz} is complex bilinear and symmetric in x and z and complex antilinear in y, and D(x, y) is the endomorphism z → {x, yz} of V . The pair (V, { }) is called a Jordan triple system. This Jordan triple system is positive in the sense that if v ∈ V, v ≠ 0 and Q(v)v = λv for some λ ∈ C , then λ is positive.

We introduce the endomorphisms B(x, y) = I − D(x, y) + Q(x)Q(y) (9) of V for x, y ∈ V , where Q(y)x = Q(y)x̄.

We summarise some results in the following Proposition 3. a) The Lie algebra g satisfies the relations [ξ_u, ξ_v ] = D(u, v) − D(v, u) (10) [l, ξ_u] = ξ_{lu} (11) for u, v ∈ V and l ∈ k b) The Bergman kernel k(x, y) of D is m(D)^{−1} det B(x, y)^{−1} (12) c) The Bergman metric at 0 is h_0(u, v) = trD(u, v), (13) and at an arbitrary point z ∈ D h_z(u, v) = h_0(B(z, z)^{−1}u, v) (14) d) The triple product { } is given by h_0({uvw}, y) = ∂_u∂_v∂_x∂_y log K(z, z)|_{z=0} (15)

We define odd powers of an element x ∈ V by x^1 = x, x^3 = Q(x)x, · · · , x^{2n+1} = Q(x)x^{2n−1}. (16) An element x ∈ V is said to be tripotent if x^3 = x, i.e., if {xxx} = 2x. Two tripotents c and e are called orthogonal if D(c, e) = 0 In this case D(c, c) and D(e, e) commute and e + c is a tripotent.

Every x ∈ V can be written uniquely x = λ_1c_1 + · · · + λ_nc_n, where the c_i are pairwise orthogonal nonzero tripotents which are real linear combinations of odd powers of x, and the λ_i satisfy 0 < λ_1 < · · · < λ_n. This expression for x is called its spectral decomposition and the λ_i the eigenvalues of x. Moreover, the domain D can be realised as the unit ball in V with the spectral norm ‖x‖ = max |λ_i|, where the λ_i are the eigenvalues of x, i.e., D = {x ∈ V |‖x‖ < 1}. Let f(t) be an odd complex valued function of the real variable t, defined for |t| < ρ. For every x ∈ V with |x| < ρ we define f(x) ∈ V by f(x) = f(λ_1)c_1 + · · · + f(λ_n)c_n, (17) where x = λ_1c_1 +· · ·+λ_nc_n is the spectral resolution of x. This functional calculus is used in expressing the action on D of the elements exp ξ_v in G:

exp ξ_v (z) = u + B(u, u)^{1/2}B(z, −u)^{−1}(z + Q(z)u) (18) and d(exp ξ_v )(z) = B(u, u)^{1/2}B(z, −u)^{−1}, (19) where u = tanh v, for v ∈ C^n and z ∈ D.

4 The real part of the Lie ball

We consider the non-degenerate quadratic form q(z) = z^2_1 + · · · z^2_n (20) on V = C^n . In the following we will often denote q(z, w) by (z, w). Defining Q(x)y = q(x, y)x − q(x)y, where q(x, y) = q(x + y) − q(x) − q(y), we get a Jordan triple system. The Lie ball D = {z ∈ C^n |1 − 2⟨z, z⟩ + |zz^t|^2 > 0, |z| < 1} is now unit open ball in this Jordan triple system. An easy computation shows the following identity.

D(x, y)z = 2( n∑ k=1 x_k y_k)z + 2( n∑ k=1 z_ky_k)x − 2( n∑ k=1 x_kz_k)y

Recalling that B(x, y) = I − D(x, y) + Q(x)Q(y). The Bergman kernel of D is K(z, w) = (1 − 2⟨z, w⟩ + |zz^t|^2|ww^t|^2)^{−n}. (21) We will hereafter denote it by h(z, w)^{−n}.

Consider the real from R^n in C^n . Observe that D ⋂ R^n is the unit ball of R^n .

We will hereafter often denote it by X. On X we have a simple expression for the Bergman metric: B(x, x) = (1 − |x|^2)^{−2}I, x ∈ X. (22) X is a totally real submanifold of D in the sense that

T_x(X) + iT_x(X) = T_x(D), T_x(X) ⋂ iT_x(X) = {0} This implies that every holomorphic function on D that vanishes on X is identically zero. In fact, more is true

Lemma 4. X is a totally geodesic submanifold of D, i.e., for every p ∈ X and v ∈ T_p(X), the geodesic t → Exp_p(tv) in D lies in X for all real t.

Proof. First we prove that complex conjugation is an isometry of the Riemannian metric on D. We let ψ(z) = z. Clearly it is a smooth function with real differential dψ(z)v = v. Observe that h(z, z) = h(z, z). Hence h_{ψ(z)}(dψ(z)u, dψ(z)v) = ∂_u∂_vh(ψ(z), ψ(z))^{−n} = ∂_u∂_vh(z, z)^{−n} Clearly ℜ(∂_u∂_v h(z, z)^{−n}) = ℜ(∂_u∂_vh(z, z)^{−n}), i.e., the real part of the Bergman metric is preserved.

Let p ∈ X and choose neighbourhoods V ⊆ T_p(D) = C^n , U ⊆ D of 0 and p such that

Exp_p|_V : V → U is a diffeomorphism. Suppose that v ∈ Exp^{−1}_p (U ⋂ X) and that Exp_p(v) = x.

Since complex conjugation is an isometry, and fixes p and x, it also fixes the geodesic from p to x, i.e., the geodesic is in X. This proves that Exp^{−1}_p (U ⋂ X) is an n-dimensional submanifold of V ⋂ R^n . Hence it equals V ⋂ R^n .

We let G denote the identity component of Aut(D), K the isotropy group of 0 in G. We define the subgroup H as the identity component of {h ∈ G|h(x) ∈ X if x ∈ X} We will denote H ⋂ K by L.

Proposition 5. H acts transitively on X and X ∼= H/L as a symmetric space.

Proof. X is a Riemannian manifold with the Riemannian structure given by the restriction to X of the Bergman metric. Since the geodesics of X are geodesics in D, X is geodesically complete. Hence for any p, q ∈ X, there is a w ∈ T_p(X) such that

Exp_p(tw) = q. (23)

Writing w = ξ_v(p) with v ∈ R^n , (23) can be stated as

exp ξ_v (p) = q,

and hence the group action is transitive. Moreover the local symmetries s_p for p ∈ X preserve X. Indeed, s_o(x) = −x and clearly preserves X. The symmetry s_p at p is given by hs_0h^{−1} where h ∈ H is chosen so that h(0) = p. Thus we have proved the claim.

We now study the image of X in the M_{n2}(R)- model of the Lie ball. For computational convenience, we now work with the transposes of these matrices. Note that the letter X is used to denote both the real manifold in D and the first column in the n × 2 matrix Z. In this section we will therefore temporarily denote the real part of D by X_D.

The defining equation of the Hua-transform can be written as 1 2 ( zz^t + 1 i(zz^t − 1) zz^t + 1 −i(zz^t − 1) ) Z = ( z z ) (24)

In coordinates, this identity takes the form

z_k = 1 2 ( (zz^t + 1)x_k + i(zz^t − 1)y_k). (25)

This gives

4zz^t = (zz^t)^2(X + iY )(X + iY )^t + 2(XX^t + Y X^t)zz^t (26) +(X − iY )(X − iY )^t, (27) which is a quadratic equation in zz^t with unique solution zz^t = 2 − (XX^t + Y Y^t) − 2 √ (1 − XX^t)(1 − Y Y^t) − (Y X^t)^2 (X + iY )(X + iY )^t . (28)

From (25) we see that if z is real, then y_k = 0 for all k. On the other hand, if Y = 0, then (28) shows that zz^t is real and therefore z is real by (25). Hence the image of X ∈ D under the Hua-transform is the set

H(X_D) = {Z = (X 0) |X ∈ M_{n1}(R)}. (29)

For an element Z = (X 0), the condition that Z^∗Z < I_2 is clearly equivalent with |X| < 1. Recall that the real n-dimensional unit ball can be desribed as a symmetric space SO_0(1, n)/SO(n) by a procedure analogous to the one in the first section. One first considers all lines in R^{1+n} on which the quadratic form x^2_1 −x^2 −· · · x^2_{n+1} is positive definite and identifies these lines with all real n × 1-matrices with norm less than or equal to one. If we write elements g ∈ SO(1, n) as matrices of the form

g = a − b − | c D | , (30)

the action is given by X → (c + DX)(a + bX)^{−1}. (31) The group SO(1, n) can be embedded into SO(2, n). Indeed, the equality

1 0 − 0 − 0 a − b − | | c 0 D | |

1 0 − 0 − 0 a^′ − b^′ − | | c^′ 0 D^′ | |

= 1 0 − 0 − 0 aa^′ − ab^′ + bD^′ − | | c + Dc^′ 0 DD^′ | | shows that we can define an injective homomorphism θ : SO(1, n) → SO(2, n) by a − b − | c D | → 1 0 − 0 − 0 a − b − | | c 0 D | | .

This subgroup acts on H(X_D) as (X 0) → ( (c + DX)(a + bX)^{−1} 0 ) and the action is transitive. Suppose now that h ∈ SO(2, n) preserves H(X_D). Let p = h(0). We can choose a g ∈ SO_0(1, n) such that g(0) = p (here we identify g with θ(g)). Then g^{−1}h(0) = 0 and hence we can write it in block form as

g^{−1}h = ( I_2 0 0 D ) , with D ∈ SO(n). This is an element in θ(SO(1, n)) and hence h ∈ θ(SO(1, n)). We have now proved the following theorem

Theorem 6. The Hua transform H : D → M maps the real part X_D diffeomorphically onto

H(X_D) = {Z = (X 0) |X ∈ M_{n1}(R)} (32)

by x →^{2x}_{1+|x|2} . Moreover, the induced group homomorphism h → H h H^{−1} is an isomorphism between the groups H and SO_0(1, n)

Remark. The model H(X) of SO_0(1, n)/SO(n) is the real part of the complex n-dimensional unit ball SU(1, n)/SU(n) with fractional linear group action. It is therefore equipped with a Riemannian metric given by the restriction of the Bergman metric of the complex unit ball. If x ∈ H(X), x ≠ 0, we decompose R^n = Rx ⊕ (Rx)^⊥ . We let v = v_x + v_x⊥ be the corresponding decomposition of a tangent vector v at x. In this model, the Riemannian metric at x is (cf [15]) g_x(v, v) = |v_x|^2 (1 − |x|^2)^2 + |v_x⊥ |^2 (1 − |x|^2) . We recall from equation (22) that if x ∈ X, then the Riemannian metric at x is h_x(v, v) = 1 2n |v|^2 (1 − |x|^2)^2 . The Hua transform thus induces an isometry (up to a constant) of the real ndimensional unit ball equipped with two different Riemannian structures.

4.1 Iwasawa decomposition of h The Cartan decomposition g = k ⊕ p induces a decomposition h = l ⊕ q. Proposition 7. h has rank one.

Proof. Take u and v in R^n and assume that [ξ_u, ξ_v ] = 0. Then, for any x ∈ R^n we have D(u, v)x = D(v, u)x. A simple calculation shows that this amounts to (u, x)v = (v, x)u, which can only hold for all real x if u = v.

We can thus choose a maximal abelian subalgebra a = Rξ_{e1} in q. (Henceforth we will denote the vector e_1 by e.) The vector e is a maximal tripotent in the Jordan triple system corresponding to D.

Proposition 8. The roots with respect to a = Rξ_e are {α, −α}, where α(ξ_{e1}) = 2. The corresponding posive root space is q_α = {ξ_v + 1 2 (D(e, v) − D(v, e))|v ∈ Re_2 ⊕ · · · ⊕ Re_n } Proof. Suppose that [ξ_e, ξ_v +l] = α(ξ_e)(ξ_v +l). Identifying the q- and l-components yields D(e, v) − D(v, e) = α(ξ_e)l (33) −ξ_{le} = α(ξ_e)ξ_v (34) From (34) it follows that le = −α(ξ_e)v and, thus, applying both sides of (33) to e gives D(e, v)e − D(v, e)e = −α(ξ_e)^2v, i.e., D(e, e)v − D(e, v)e = α(ξ_e)^2v, An easy computation gives 4v − 4(e, v)e = α(ξ_e)^2v. Hence e is orthogonal to v and α(ξ_e)^2 = 4.

We shall fix the positive root α. Elements in a^∗_C are of the form λα and will hereafter be identified by the complex numbers λ. In particular, the mean value of the positive roots (with multiplicities), ρ, will be identified with the number (n − 1)/2.

4.2 The Cayley transform The Cayley transform is a biholomorphic mapping from a bounded symmetric domain onto a Siegel domain. We describe it for the domain D and use it to express the spherical functions on D in terms of the spherical functions on the unbounded domain.

We fix the maximal tripotent e. Then C^n equipped with the bilininear mapping (z, w) → z ∘ w = 1 2 {zew} (35) is a complex Jordan algebra. Observe, that since e is a tripotent, it is a unity for this multiplication. The Cayley transform is the mapping c : C^n → C^n defined by c(z) = (e + z) ∘ (e − z)^{−1}, (36) where (e − z)^{−1} denotes the inverse of (e − z) with respect to the Jordan product. Proposition 9. The Cayley transform is given by the formula c(z) = 1 − zz^t 1 − 2z_1 + (zz^t)^2 e + 2z^′ 1 − 2z_1 + (zz^t)^2

, (37) for z = z_1e + z^′ ∈ D. Moreover, it maps X onto the halfspace {(x_1, · · · , x_n} ∈ R^n |x_1 > 0}. Proof. We first find the inverse for an element x. Suppose therefore that e = 1 2 {xez} =^1_2 D(x, e)z, i.e., e = (x, e)z + (z, e)x − (x, z)e = x_1z + z_1x − (x, z)e Identifying coordinates gives 1 = 2x_1z_1 − (x, z) 0 = x_1z^′ + z_1x^′ These equations have the solution z_1 = x_1/(x, x) z^′ = −x^′/(x, x). If we apply this to the expression (e − z)^{−1} in the definition of c, we get (e − z)^{−1} =

1 − z_1 (1 − z_1)^2 + (z^′, z^′) e + z^′ (1 − z_1)^2 + (z^′, z^′) . Now the formula (37) follows by an easy computation. Moreover, we observe that the inverse transform is given by w → (w − e) ∘ (w + e)^{−1} = −c(−w).

Hence both c and c^{−1} preserve R^n and therefore c(X) = c(D) ⋂ R^n . We now determine this set. From ([11]) we know that (since e is a maximal tripotent) c(D) = {u + iv|u ∈ A^+, v ∈ A}, (38) where A is the real Jordan algebra {z ∈ V |Q(e)z = z} and A^+ is the positive cone {z ∘ z|z ∈ A} in A. By a simple computation we see that A = Re ⊕ Rie_2 ⊕ · · · ⊕ Rie_n . Since we have the identities z + Q(e)z = 2u, z − Q(e)z = 2iv and Q(e)z = 2z_1 − z, we get expressions for u and v: 2u = (z_1 + z_1, z_2 − z_2, · · · , z_n − z_n) 2iv = (z_1 − z_1, z_2 + z_2, · · · , z_n + z_n) The condition that x = u + iv is real thus implies that u = (x_1, 0, · · · , 0), iv = (0, x_2, · · · , x_n). Moreover we require that u = w ∘ w = 2w_1w − (w, w)e, for some w = c_1e + c_2ie_2 + · · · c_nie_n.

This yields (x_1, · · · , 0) = (c^2_1 + · · · + c^2_n, ic_1c_2, · · · , ic_1c_n).

Hence c^2_1 = x_1, c_2 = · · · = c_n = 0, and thus u + iv = (c^2_1, x_2, · · · , x_n).

This proves the claim.

Recall the expression for the spherical functions on a symmetric space of noncompact type (cf [5] Thm 4.3)

φ_λ(h) = ∫ L e^{(iλ+ρ)A(lh)}dl, where A(lh) is the (logarithm) of the A part of lh in the Iwasawa decomposition H = NAL. The integrand in this formula is called the Harish-Chandra e-function. For the above Siegel domain it has the form e_λ(w) = (w_1)^{iλ+ρ} (cf [17]). Hence we have the following corollary.

Corollary 10. The spherical function φ_λ on X = H/L is

φ_λ(x) = ∫ S^{n−1} ( 1 − |x|^2 1 − 2(x, ζ) + xx^t )_{iλ+ρ} dσ(ζ). (39) where σ is the O(n)-invariant probability measure on S^{n−1},

5 A family of unitary representations of G

5.1 The function spaces H_ν The Bergman space H^2(D) has the reproducing kernel h(z, w)^{−n}. This means in particular that the function h(z, w)^{−n} is positive definite in the sense that m∑ i,j=1 α_iα_j h(z_i, z_j )^{−n} ≥ 0, for all z_1, · · · z_n ∈ D and α_1, · · · , α_n ∈ C . It makes sense to ask for which real numbers ν the function h(z, w)^{−ν} is positive definite. It has been proved by Wallach ([19]) and Rossi-Vergne ([18]) that h(z, w)^{−ν} is positive definite precisely when ν in the set {0, n − 2 2 } ⋃ ( n − 2 2 , ∞) This set will also be referred as the Wallach set (cf [3]). For ν in the Wallach set above, h(z, w)^{−ν} is the reproducing kernel of a Hilbert space of holomorphic functions on D. We will call this space H_ν and the reproducing kernel K_ν (z, w).

Proposition 11. The mapping g → π_ν (g), where

π_ν (g)f(z) = J_g−1 (z)^{νn} f(g^{−1}z)

defines a unitary projective representation of G on H_ν .

Proof. Comparison with the Bergman kernel shows that h(z, w)^{−ν} transforms under automorphisms according to the rule h(gz, gw)^{−ν} = J_g (z)^{− νn} h(z, w)^{−ν} J_g(w)^{− νn} (40)

Recall that for functions f_1 and f_2 of the form

f_1(z) = l∑ k=1 α_kK_ν (z, w_k), f_2(z) = m∑ k=1 β_kK_ν (z, w^′_k), the inner product is defined as

⟨f_1, f_2⟩_ν = ∑ i,j α_iβ_j K_ν (w_i, w^′_j ) (41)

Equation (40) implies that

K_ν (g^{−1}z, w) = J_g−1 (z)^{− νn} K_ν (z, gw)J_g−1 (w)^{− νn} (42)

Hence

π_ν (g)f_1(z) = l∑ k=1 α_kJ_g−1 (w_k )^{− νn} K_ν (z, gw_k)

π_ν (g)f_2(z) = m∑ k=1 β_kJ_g−1 (w^′_k )^{− νn} K_ν (z, gw^′_k)

The unitarity

⟨π_ν (g)f_1, π_ν (g)f_2⟩_ν = ⟨f_1, f_2⟩_ν

now follows by an application of the transformation rule (40) in the definition (41). Since functions of the form above are dense in H_ν , it follows that each π_ν (g) is a unitary operator and it is easy to see that g → π_ν (g) is a projective homomorphism of groups.

In fact, π_ν is an irreducible projective representation, see [2]

5.2 Fock-Fischer spaces

It can be shown that for ν > (n − 2)/2 all holomorphic polynomials are in H_ν and that polynomials of different homogeneous degree are orthogonal. In this context, the spaces H_ν are closely linked with the Fock-Fischer space, F , which we will now desribe.

The basis vector e_1 is a maximal tripotent which is decomposed into minimal tripotents as e_1 =^1_2 (1, i, 0, · · · , 0) +^1_2 (1, −i, 0, · · · , 0). (We omit the easy computations.) In order to expand the reproducing kernels K_ν into a power series consistent with the treatment in ([2]), we need to introduce a new norm on C^n so that the minimal tripotents have norm 1, i.e., the Euclidean norm multiplied with √ 2. Then {f_1, · · · , f_n} := { 1 √ 2 e_1, · · · , 1 √ 2 e_n} is an orthonormal basis with respect to this new norm. We write points z ∈ D as z = w_1f_1 + · · · + w_nf_n}. For polynomials p(w) = ∑ α a_αw^α, we define

p^∗(w) = ∑ α a_αw^α. The Fock-Fischer inner product is now defined as ⟨p, q⟩_F = p(∂)(q^∗)|_{w=0}, where p(∂) is the differential operator ∑ α a_α^{∂α}_{∂wα} , for p as above. The space F is the completion of the space of polynomials with respect to this norm. It is easy to see that polynomials of different homogeneous degree are orthogonal in F . Moreover, the representation of SO(n) on P^m, the polynomials of homogeneous degree m can be decomposed into irreducible subspaces as (cf [16])

P^m = ⨁ m−2k≥0 E_{m−2k} ⊗ C (ww^t )^k, (43)

where E_i are the spherical harmonic polynomials of degree i (cf [16]. The following relation holds between the Fock-Fischer - and the H_ν -norm on the space E_{m−2k} ⊗ C (ww^t )^k (cf [2]).

‖p‖^2_ν = ‖p‖^2_F (ν)_{m−k} (ν −^{n−2}_2 )_k

, (44)

for p ∈ E_{m−2k} ⊗ C (ww^t )^k. We have the following decomposition of H_ν under K:

Proposition 12. (Faraut-Korànyi, [2]) a) If ν >^{n−2}_2 , then

H_ν |_K = ∑ m−2k≥0 E_{m−2k} ⊗ (zz^t)^k, (45)

where E_{m−2k} are the spherical harmonic polynomials of degree m − 2k. Moreover, we have the following expansion of the kernel function:

h(z, w)^{−ν} = ∑ m−2k≥0 (ν)_{m−k} ( ν − n − 2 2 ) k K_{(m−k,k)}(z, w), (46)

where K_{(m−k,k)} is the reproducing kernel for the subspace E_{m−2k} ⊗ C (zz^t )^k with the Fock-Fischer norm. The series converges in norm and uniformly on compact sets.

b) If ν =^{n−2}_2 , then

H_ν |_K = ∑ m E_m (47)

We will later need the norm of (zz^t)^k in H_ν .

Proposition 13.

‖(zz^t)^k ‖^2_ν = k! (_n 2 ) k (ν)_k ( ν −^{n−2}_2 ) k (48)

Proof. A straightforward computation shows that ( ∂^2 ∂z^2_1 + · · · + ∂^2 ∂z^2_n )(z^2_1 + · · · + z^2_n)^k = (2^2k(k − 1) + n2k)(z^2_1 + · · · + z^2_n)^{k−1}

Proceeding inductively, we obtain ( ∂^2 ∂z^2_1 + · · · + ∂^2 ∂z^2_n )_k (z^2_1 + · · · + z^2_n)^k = k∏ j=1 2j(2(j − 1) + n)

= 4^kk! (n 2 ) k The Fock-Fischer norm is computed in the w-coordinates w_i = √ 2z_i, so

(zz^t)^k = 2^{−k}(ww^t)^k and ( ∂^2 ∂z^2_1 + · · · + ∂^2 ∂z^2_n )_k = 2^{−k} ( ∂^2 ∂w^2_1 + · · · + ∂^2 ∂w^2_n )_k . Hence

‖(zz^t)^k‖^2_F = k! (n 2 ) k and an application of Prop (44) gives the result.

6 Branching of π_ν under the subgroup H

6.1 A decomposition theorem Recall the irreducible (projective)representations π_ν from the previous section. Our main objective isto decompose these into irreducible representation under the subgroup H . We saw that X is a totally real submanifold and this fact is reflected in the restrictions of the representations π_ν to H.

Proposition 14. The constant function 1 is in H_ν and is an L-invariant cyclic vector for the representation π_ν : H → U (H_ν ).

Proof. First note that K_ν (z, h0) = J_h(h^{−1}z)^{−ν/n}K_ν (h^{−1}z, 0)J_h(0)^{−ν/n} = J_h(0)^{−ν/n}J_h−1 (z)^{ν/n}K_ν (z, 0) = J_h(0)^{−ν/n}π_ν (h)1(z) Suppose now that the function f ∈ H_ν is orthogonal to the linear span of the elements π_ν (h)1, h ∈ H. By the above identity we have f(h0) = ⟨f, K_ν (·, h0)⟩_ν = 0.

Since H acts transitively on X, f is zero on X. Hence it is identically zero.

We want decompose the representation of H into a direct integral of irreducible representations. For the definition of a direct integral over a measurable field of Hilbert spaces we refer to Naimark ([13]). The following general decomposition theorem is stated in several references, but the author has not been able to find a proof of it in the literature. The proof we present below is based on Gelfand- Naimark representation theory for C^∗-algebras.

Theorem 15. Let π be a unitary representation of the semisimple Lie group, H, on a Hilbert space, H . Suppose further that L is a maximal compact subgroup and that the representation has a cyclic L invariant vector. Then π can be decomposed as a direct integral of irreducible representations, π ∼= ∫ Λ π_λ dμ(λ), (49) where Λ is a subset of the set of positive definite spherical functions on H and for λ ∈ Λ, π_λ is the corresponding unitary spherical representation. Proof. Recall that the representation π extends to a representation of the Banach algebra L^1(H) by f → ∫ H f(x)π(x)dx We will also denote this mapping of L^1(H) into B(H ) by π. This representation will also be cyclic. Indeed, if ξ is the L-invariant cyclic vector for H, vectors of the form π(f)(π(h_1)ξ + · · · + π(h_n))ξ are dense in H and since

π(f)(π(h_1)ξ + · · · + π(h_n)ξ) = π((L_{h1} + · · · + L_{hn} )f)ξ, we see that the vectors π(f)ξ form a dense subset in H

Consider now the subalgebra, L^1(H)^#, consisting of all L^1-functions that are left- and right L-invariant, i.e.,

L_lf = R_lf = f, for all l in L. If we denote by H^L, the subspace of L-invariant vectors in H , the following calculation, in which f is in L^1(H)^#

π(l)π(f)v = ∫ H f(x)π(lx)vdx = ∫ H f(x)π(x)vdx shows that H^Lis invariant under all the operators π(f), f ∈ L^1(H)^#. We claim that the subrepresentation of L^1(H)^# is also cyclic. To see this, suppose that v ∈ H^L is orthogonal to all π(f)ξ, f ∈ L^1(H)^#. Then we have for an arbitrary f in L^1(H) ⟨π(f)ξ, v⟩ = ∫ H f(x)⟨π(x)ξ, v⟩dx = ∫ H ∫ L ∫ L f(l_1xl_2)dl_1dl_2⟨π(x)ξ, v⟩dx = 0, since f^# := ∫ L ∫ L f(l_1 · l_2)dl_1dl_2 ∈ L^1(H)^#. Hence v = 0.

The function φ defined as π(f) → ⟨π(f)ξ, ξ⟩ (50) is a state on the commutative C^∗-algebra generated by π(L^1(H)^#) and the identity operator (we may assume that ξ is a unit vector). It is a well known fact from the theory of C^∗-algebras that the norm-decreasing positive functionals form a convex and weak* compact set (cf [12]). For a C^∗-algebra with identity, its extreme points are the pure states. In the case when the algebra is commutative, these coincide with the characters. Therefore, φ can be expressed as

φ = ∫ X φ_xdμ, (51) where X is the set of characters and μ is a regular Borel measure on X. We recall the Gelfand-Naimark-Segal construction of a cyclic representation of a C^∗-algebra associated with a given state. In this duality, the irreducible representations correspond to the pure states. So each φ_x in (51) parametrises an irreducible representation of π(L^1(H)^#) on some Hilbert space E_x. On the other hand, we know that φ_x ∘ π : L^1(H)^# → C is a homomorphism of algebras and is therefore of the form (cf [5] ch.4) f → ∫ H f(h)ϕ_x(h)dh, (52) where ϕ_x is a bounded spherical function. Since this mapping also preserves the involution ∗, it is a positive linear functional, i.e., ∫ H f(h)φ(h)dx ≥ 0, (53) for every f ∈ L^1(H)^#, such that f = g∗g^∗, for some g ∈ L^1(H)^#. In fact, (53) will still hold if we allow f and g to be in L^1(H). Indeed, if f = g ∗ g^∗, then a simple computation shows that f^# = g_1 ∗ g^∗_1 , where g_1(x) = ∫ L g(lx)dl. This function is not in L^1(H)^#, but considered as operators on H^L, π(f^#) and π((g^#_1 )^∗(g^#_1 )^∗) coincide, as can be seen from the following calculation, where u and v are vectors in H^L: ⟨π(f^#)u, v⟩ = ⟨π(g_1)π(g_1)^∗u, v⟩ = ⟨π(g_1)π(g_1)^∗u, v⟩ = ⟨π(g_1)^∗u, π(g_1)^∗v⟩ = ⟨π((g^∗_1 )^#)u, π((g^∗_1 )^#)v⟩ = ⟨π((g^#_1 )^∗)u, π((g^#_1 )^∗)v⟩ = ⟨π((g^#_1 ) ∗ (g^#_1 )^∗)u, v⟩

Since π(f^#) is positive, we have that φ_x ∘ π(f^#) ≥ 0, i.e., ∫ H f(h)ϕ_x(h)dh = ∫ H f^#(h)ϕ_x(h)dh ≥ 0 (54)

Lemma 16. Suppose that φ is a bounded spherical function such that ∫ H f(h)φ(h)dh ≥ 0 for all f ∈ L^1(H) of the form f = g ∗ g^∗ for some g ∈ L^1(H). Then φ is positive definite.

Proof. For any f = g ∗ g^∗ as in the statement, we have ∫ H f(h)φ(h)dh = ∫ H ∫ H g(y)g(h^{−1}y)dyφ(h)dh = ∫ H g(y) ∫ H g(h^{−1}y)φ(h)dhdy = ∫ H ∫ H g(y)g(z)φ(yz^{−1})dzdy Pick any complex numbers c_1, . . . , c_n and elements x_1, . . . , x_n in H and fix ϵ > 0. We can choose a compact set K ⊂ H, containing all x_i in its interior, and a neighbourhood U of the identity such that

|φ(xy^{−1}) − φ(x^′y^{′−1})| < ϵ (55) for all (x, y) and (x^′, y^′) in K ×K such that (xx^{′−1}, yy^{′−1}) ∈ U ×U. We now choose disjoint neighbourhoods E_i of x_i such that E_i ⊂ K and x^{−1}_i E_i ⊂ U for all i. Next, we choose an L^1-function g in such a way that its support lies in ⋃ E_i and g has the constant value c_i/|E_i| on E_i, where |E_i| = ∫ E_i dh. Now we have ∫ H ∫ H g(y)g(z)φ(yz^{−1})dzdy = ∑ i,j ∫ E_i ∫ E_j g(y)g(z)φ(yz^{−1})dzdy = ∑ i,j g(y_i)g(y_j )φ(y_iy^{−1}_j )dh(E_i)dh(E_j ), (56)

for some y_i in E_i. The choice of g implies that the sum in (56) equals ∑ i,j c_ic_j φ(y_iy^{−1}_j ).

This yields | ∫ H ∫ H g(y)g(z)φ(yz^{−1})dzdy − ∑ i,j c_ic_j φ(x_ix^{−1}_j )| < ∑ i,j |c_i||c_j ||φ(y_iy^{−1}_j ) − φ(x_ix^{−1}_j )| < n^2 sup_i |c_i|ϵ.

This shows that ∑ i,j c_ic_j φ(x_ix^{−1}_j ) ≥ 0,

and hence φ is positive definite.

Since every positive definite spherical function defines an irreducible, unitary, spherical representation of H, it also gives rise to a representation L^1(H)^#. Its restriction to the subspace of L-invariant vectors will be irreducible and onedimensional (cf [5], ch. 4). If the character φ_x corresponds to the spherical function Φ_x, we denote by (π_x, E_x) both the representations of H and of L^1(H)^# that it induces. Corresponding to this cyclic representation of L^1(H)^# with cyclic unit vector ϕ_x, we have the state f → ⟨π_x(f)ϕ_x, ϕ_x⟩_x

⟨π_x(f)ϕ_x, ϕ_x⟩_x = ∫ H f(h)⟨π_x(h)ϕ_x, ϕ_x⟩_xdh = ∫ H f(h)⟨L_hϕ_x, ϕ_x⟩_xdh = ∫ H f(h)ϕ_x(h^{−1})dh = ∫ H f(h)ϕ_x(h)dh Therefore this representation of L^1(H)^# is unitarily equivalent to the one given by the Gelfand-Naimark-Segal correspondence, i.e., we can regard the representation as coming from a representation of the group H. We now want to define a unitary operator T : H → ∫ X E_xdμ that intertwines the actions of L^1(H)^#. We let

π(f)ξ → {π_x(f)Φ_x}, f ∈ L^1(H)^#. (57) To see that this is well-defined, suppose that π(f)ξ = 0. Then we have ⟨π(f)ξ, π(f)ξ⟩ = ⟨π(f^∗ ∗ f)ξ, ξ⟩ = 0 (58) i.e., ϕ(f^∗ ∗ f) = 0 (59) By (51) we have ϕ(f^∗ ∗ f) = ∫ H ⟨π_x(f^∗ ∗ f)ϕ_x, ξ⟩_xdμ = 0. (60) Therefore π_x(f)ϕ_x = 0 for almost every x and hence T is well defined on a dense set of vectors. Note that (60) also shows that T is isometric on this set and it therefore extends to an isometry of H^L into ∫ x E_xdμ. We now prove that it is onto. Suppose that the vector c = {c_x} is orthogonal to the image of T . Since each E_x is one-dimensional, c = {c(x)ϕ_x}, where c(x) is a complex valued function. We have now ∫ X ⟨π_x(f)ϕ_x, c(x)ϕ_x⟩_xdμ = 0 (61) This can be stated as ∫ x ~ π(f)(x)c(x)dμ = 0, where ~π(f) is the Gelfand transform of π(f), which is a continuous function on X, defined by π(f)(x) = φ_x(π(f)). Recalling that this is an isomorphism of the involutive Banach algebras π(L^1(H)^# and C(X), we have that the function c(x) is orthogonal to all the continuous functions in L^2(X, μ) and therefore it must be equal to zero. This establishes the claim that T is a unitary intertwining operator. Each E_x is the space of L-invariant vectors of a Hilbert space H_x on which H and L^1(H) act. We would like to extend T to a unitary operator from H onto ∫ X H_xdμ that intertwines these actions. The natural attempt is π(f)ξ → {π_x(f)ϕ_x}, f ∈ L^1(H). (62) To see that is well-defined, suppose that π(f)ξ = 0 and observe that we can assume that f is in L^1(H)^# and use the earlier argument. This also proves that T is isometric on a dense subspace. To prove surjectivity, suppose that c = {c_x} is orthogonal to T (π(L^1(H)). The following equality ∫ x ⟨π_x(f), π_x(l)c_x⟩_xdμ = ∫ x ⟨π_x(L_l−1 f)ϕ_x, c^1_x⟩_xdμ shows that c is L-invariant, and hence it equals zero. Thus T is a unitary isomorhism and intertwines the L^1(H) actions. Thefore it also intertwines the group action of H.

Remark. The measure μ in the above theorem is called the Plancherel measure for the representation π.

6.2 The Plancherel measure

In this section we find an explicit formula for the Plancherel measure μ for the representations π_ν when ν > (n−2)/2. We express it as a orthogonalising measure for some hypergeometric polynomials. In this context, we will use the mapping R : H_ν → C^∞(X) defined by (Rf)(x) = h(x, x)^{ν/2}f(x), x ∈ X (see [21]). When ν > n − 1, R is in fact an H-intertwining operator onto a dense subspace of L^2(X, dι) and the principal series representation gives the desired decomposition. This is a heuristic motivation for studying the functions R^{−1}φ_λ, where φ_λ is a spherical function on X.

Theorem 17. The function R^{−1}φ_λ(z) is holomorphic on D and has the power series expansion

R^{−1}φ_λ(z) = ∑ k p_k(λ) (zz^t)^k ‖(zz^t)^k‖_ν , where the coefficients p_k(λ) is a polynomials of degree 2k of λ and satisfy the orthogonality relation a) If ν ≥^{n−1}_2 , then 1 2π ∫_∞ 0 | | | Γ(^1_2 + iλ)Γ(^{n−1}_2 + iλ)Γ(ν −^{n−1}_2 + iλ) Γ(2iλ) | | | 2 p_{ν,k}(λ)p_{ν,l}(λ)dλ = Γ (n 2 ) Γ ( ν − n − 2 2 ) Γ(ν)δ_{kl} b) If ν <^{n−1}_2 , then 1 2π ∫_∞ 0 | | |Γ(^{12} + iλ)Γ(^{n−12} + iλ)Γ(ν −^{n−12} + iλ) Γ(2iλ) | | | 2 p_{ν,k}(λ)p_{ν,l}(λ)dλ + Γ(ν)Γ(ν −^{n−2}_2 )Γ(n − 1 − ν)Γ(^n_2 − ν) Γ(n − 1 − 2ν) ×p_{ν,k} ( i^2 ( ν − n − 1 2 )_2) p_{ν,l} ( i^2 ( ν − n − 1 2 )_2) = Γ (n 2 ) Γ ( ν − n − 2 2 ) Γ(ν)δ_{kl} Proof. Recall the root space decomposition for h. Let ⟨ , ⟩ denote the inner product on a_C that is dual to the restriction of the Killing form to a. Let α_0 denote α/⟨α, α⟩. In this setting the spherical function φ_λ is determined by the formula (cf [5], ch. 4, exercise 8)

φ_λ(exp(tξ_e)0) =_2F_1(a^′, b^′, c^′; − sinh(α(tξ_e))^2), (63)

where

a^′ = 1 2 ( 1 2 m_α + m_{2α} + ⟨iλ, α_0⟩ ) = 1 2 ( n − 1 2 + iλ ) , b^′ = 1 2 ( 1 2 m_α + m_{2α} − ⟨iλ, α_0⟩ ) = 1 2 ( n − 1 2 − iλ ) , c^′ = 1 2 ( 1 2 m_α + m_{2α} + 1 ) = 1 2 ( n + 1 2 ) . Letting x = exp(tξ_e)0 = tanh t, (63) takes the form

φ_λ(x) =_2F_1(a^′, b^′, c^′; xx^t 1 − xx^t ) (64)

By Euler’s formula (cf [4]) we have

φ_λ(x) =_2F_1(a^′, b^′, c^′; xx^t 1 − xx^t ) = (1 − xx^t)^{a′}_2F_1(a^′, c^′ − b^′, c^′; xx^t) (65)

For the function R^{−1}φ_λ we thus get the expression

R^{−1}φ_λ(z) = (1 − zz^t)^{−ν+a′}_2F_1(a^′, c^′ − b^′, c; zz^t) (66)

Expanding (66) into a power series yields

R^{−1}φ_λ(z) = ∞∑ m=0 m∑ l=0 (ν − a^′)_{m−l}(a^′)_l(c^′ − b^′)_l (m − l)!l!(c^′)_l (zz^t)^m. (67)

Next, we use the following simple identities: (ν − a^′)_{m−l} = (ν − a^′)_m (ν − a^′ + (m − l))_l = (ν − a^′)_m (−1)^l(−(ν − a^′ + m − 1))_l

(68)

(m − l)! = m! (m − l + 1)_l

. (69)

Substitution of these in (67) yields

R^{−1}φ_λ(z) = ∞∑ m=0 (ν − a^′)_m m! m∑ l=0 (a^′)_l(c^′ − b^′)_l(−m)_l (c^′)_l(−(ν − a^′ + m − 1))_l

(zz^t)^m. (70)

The inner sum in (70) can be recognised as a hypergeometric function, i.e., we have m∑ l=0 (a^′)_l(c^′ − b^′)_l(−m)_l (c^′)_l(−(ν − a^′ + m − 1))_l

=_3F_2(a^′, c^′ − b^′, −m; c^′, −(ν − a^′ + m − 1); 1).

Now we use Thomae’s transformation rule (cf [4]) for the function_3F_2:

3F_2(a^′, c^′ − b^′, −m; c^′, −(ν − a^′ + m − 1); 1) = (−(ν − a^′ + m − 1) − (c^′ − b^′))_m (−(ν − a^′ + m − 1))_m ×_3F_2(c^′ − a^′, c^′ − b^′, −m; 1 + (c^′ − b^′) + (ν − a^′ + m − 1) − m; 1)

We finally obtain the following expression:

R^{−1}φ_λ(z) = ∞∑ k=0 c_{n,ν,k}(λ)(zz^t)^k, where c_{n,ν,k}(λ) = (ν −^{n−2}_2 )_k

k!^3 F_2(−k, 1 + iλ 2 , 1 − iλ 2 ; n 2 , ν − n − 2 2 ; 1)

Recall the continuous dual Hahn polynomials (cf [20])

S_k(x^2; a, b, c) = (a + b)_k(a + c)_k (71) ×_3F_2(−k, a + ix, a − ix; a + b, a + c; 1)

We can thus write

R^{−1}φ_λ(z) = ∞∑ k=0 (ν −^{n−2}_2 )_k (^n_2 )_k(ν −^{n−2}_2 )_k k! S_k ( ( λ 2 )^2; 1 2 , n − 1 2 , ν − n − 2 2 ) (zz^t)^k

= ∞∑ k=0 p_{ν,k}(λ) (zz^t)^k ‖(zz^t)^k‖_ν . For the orthogonality relation in the claim, we refer to [20].

6.3 The principal series representations π_λ on L^2(S^{n−1}) We will now construct an explicit realisation of the decomposition in Thereom 15. For this purpose, we consider a canonical realisation of the irreducible, unitary spherical representations of H as representations. on L^2(S^{n−1}).

Lemma 18. If g ∈ H, then g transforms the surface measure, σ, on S^{n−1} as dσ(gζ) = J_g (ζ)^{n−1n} dσ(η) Proof. Clearly it suffices to prove the statement for automorphisms of the form exp ξ_v , v ∈ R^n . Moreover we can assume that ζ = e_1, since any ζ ∈ S^{n−1} can be written as le_1, where l ∈ L, and

exp ξ_v (le_1) = (exp ξ_v l)(e_1) = (ll^{−1} exp ξ_vl)(e_1) = (lσ_l−1 (exp ξ_v ))(e_1) = l exp (Ad(l^{−1})ξ_v )(e_1) = l exp ξ_l−1_v (e_1)

Consider now the tangent space of R^n at e_1. We have an orthogonal decomposition

T_{e1} (R^n ) = T_{e1} (S^{n−1}) ⊕ Re_1 .

At ge_1 we have the corresponding decomposition

T_{ge1} (R^n ) = T_{ge1} (S^{n−1}) ⊕ Rhe_1

Since H preserves S^{n−1}, dg(e_1) T_{e1} (S^{n−1}) = T_{ge1} (S^{n−1}), and by completing e_1 and he_1 to orthormal bases for their respective tangent spaces, dg(e_1) corresponds to a matrix of the form c 0 | ∗ ∗ ∗ v ∗ ∗ ∗ | ∗ ∗ ∗ Hence J_Rn(e_1) = cJ_Sn−1 (e_1), where c = (dg(e_1)e_1, ge_1). Now (dg(e_1)e_1, he_1) = lim_{r→1}(dg(re_1)re_1, gre_1). For fixed r < 1 we have

exp ξ_v (re_1) = u + B(u, u)^{1/2}B(re_1, −u)^{−1}(re_1 + Q(re_1)u) = u + dh(re_1)(re_1 + Q(re_1)u), where u = tanh v. Since Q(re_1)u = 2(u, re_1)re_1 − u, we get

(dg(re_1)re_1, g(re_1)) (72) = (1 + 2(u, re_1))|dg(re_1)re_1|^2 + (dg(re_1)re_1, u − dg(re_1)u) For any z ∈ D ⋂ R^n and v, w ∈ R^n , we have

(dg(z)v, w) = (B(gz, gz)^{−1}B(gz, gz)dg(z)v, w) = 1 2n h_{gz} (B(gz, gz)dg(z)v, w)) = h(gz, gz) 1 2n h_{gz}(dg(z)v, dg(z)dg(z)^{−1}w)) = h(gz, gz) 1 2n h_z(v, dg(z)^{−1}w)) = h(gz, gz)(B(z, z)^{−1}v, dg(z)^{−1}w)) = h(gz, gz) h(z, z) (v, dg(z)^{−1}w) (73) Applying (73) in the cases z = re_1, v = re_1, and w = dg(re_1)re_1 and w = u − dg(re_1)u, repectively, yields

(dg(re_1)re_1, dg(re_1)re_1) = h(g(re_1), g(re_1))

h(re_1, re_1) r^2 (74) and (dg(re_1)re_1, u − dg(re_1)u) = h(g(re_1), g(re_1)) h(re_1, re_1)

(re_1, dg(re_1)^{−1}u − u) (75)

Next we find an expression for dg(re_1)^{−1} :

dg(re_1)^{−1} = (B(u, u)^{1/2}B(re_1, −u)^{−1})^{−1} = B(re_1, −u)B(u, u)^{−1/2} = 1 1 − |u|^2 B(re_1, −u) An elementary computation shows that B(re_1, −u)u = (1 − |u|^2)u + (2|u|^2|u|^2(u, re_1))re_1. Therefore (75) can be written as

(dg(re_1)re_1, u − dg(re_1)u) = h(g(re_1), g(re_1))

h(re_1, re_1) 1 1 − |u|^2 (re_1, (2|u|^2 + 2|u|^2(u, re_1))re_1) (76)

Comparing (72) and (76)gives us

(dg(re_1)re_1, g(re_1)) = h(g(re_1), g(re_1)) h(re_1, re_1) r^2 (1 + 2(u, re_1) + 1 1 − |u|^2 (2|u|^2 + 2|u|^2(u, re_1))) = h(g(re_1), g(re_1)) h(re_1, re_1) r^2

1 + 2(u, re_1) + |u|^2 1 − |u|^2 (77) By the transformation rule for the Bergman kernel h(g(re_1), g(re_1)) = |J_g (re_1)|^{2/n}h(re_1, re_1).

Moreover, lim_{r→1} r^2

1 + 2(u, re_1) + |u|^2 1 − |u|^2 = 1 + 2(u, e_1) + |u|^2 1 − |u|^2 = h(e_1, −u) h(u, u)^{1/2} = J_h(e_1)^{−1/n} Letting r → 1 in (77) gives (dg(e_1)e_1, g(e_1)) = J_g (e_1)^{1n} , and this proves the claim.

Proposition 19. For any real number λ, the map h → π_λ(h), where π_λ(h)f(b) = J_h−1 (b)^{iλ+ρn} f(h^{−1}b) defines a unitary representation of H on L^2(B). Proof. We have ∫ B |J_h−1 (b)^{iλ+ρn} |^2|f(h^{−1}b)|^2db = ∫ B J_h−1 (hb)^{2ρn} |f(b)|^2d(hb) = ∫ B J_h(b)^{− 2ρn} |f(b)|^2J_h(b)^{n−1n} db = ∫ B |f(b)|^2db, where the last equality follows by lemma 18.

It is well known that the representations π_λ above are unitarily equivalent to the canonical spherical representations associated with the corresponding functionals λ on a_C (cf [9], ch. 7).

We will now consider a family of Hilbert spaces indexed by parameter λ ∈ Λ. Each of these will be L^2(S^{n−1}), but we equip them with the inequivalent representations π_λ. Moreover we will follow Helgason and in this context denote S^{n−1} by B. The measure σ will be denoted by db. We thus have a family of spaces {L^2(B)_λ|λ ∈ Λ}. Recall the expression (10) for the spherical functions. In this setting we write it as

φ_λ(x) = ∫ B e_{λ,b}(x)db, where e_{λ,b}(x) = h(x, x)^{1/2} h(x, b) by Cor 10. For fixed z ∈ D and λ ∈ R, R^{−1}e_{λ,b}(z) is a function in L^2(B). Moreover, π_ν (H) makes sense as a group of mappings on O(D), the set of holomorphic functions on D. We have a relationship between these representations.

Lemma 20. For every g ∈ H,

π_ν (g)π_λ(g)R^{−1}e_{λ,b}(z) = R^{−1}e_{λ,b}(z). (78)

On the Lie algebra-level, we have the relation π_ν (X)R^{−1}e_{λ,b}(z) = −π_λ(X)R^{−1}e_{λ,b}(z), (79) for X ∈ h

The proof is straightforward by applying the transformation rules for the function h(z, w).

6.4 The Fourier-Helgason transform

In this section we let μ (=μ_ν ) be the finite measure on the real line that orthogonalises the coefficients p_k(λ) in (63). Let Λ_ν be its support. As we saw above, μ can, depending on the value of ν, either be absolutely continuous with respect to Lebesgue measure or have a point mass at λ = i(ν − (n − 1)/2), i.e., we either have Λ_ν = (0, ∞) ⋃ {i(ν − (n − 1)/2)}, ν ≥ (n − 1)/2 or Λ_ν = (0, ∞), ν < (n − 1)/2.

The results in this section apply to both cases and we will therefore suppress the index ν and simply denote the support of μ by Λ.

Any holomorphic function, f, on D has a power series expansion f(z) = ∑ α f_αz^α, (80)

where f_α =^{∂αf}_{α!∂zα} (0). We can collect the powers of equal homegeneous degree together and write f(z) = ∑ k f_k(z), (81)

where f_k is of homogeneous degree k.

We now consider the mapping (·, ·)_ν : P × O(D) → C defined as

(f, g)_ν = ∑ k ⟨f, g_k⟩_ν . (82) Observe that the definition makes sense since every polynomial is orthogonal to all but finitely many g_k Definition 21. If f is a polynomial in H_ν , its generalised Fourier-Helgason transform is the function f̃ on Λ × B defined by f̃(λ, b) = (f, R^{−1}e_{λ,b})_ν (83) Proposition 22. If the polynomial f is in H^L_ν , then f̃ is L-invariant and ‖f‖_ν = ‖f̃‖_L2_{(Λ×B,dμ×db)}

Moreover, the Fourier-Helgason transform extends to an isometry from H^L_ν into L^2(Λ, dμ), and the inversion formula f(z) = ∫ Λ f̃(λ)R^{−1}φ_λ(z)dμ(λ) (84)

holds.

Proof. Writing R^{−1}e_{λ,b} = ∑ α c_α(λ, b)z^α = ∑ k e_{λ,b,k} and R^{−1}φ_λ(z) = ∑ α c_α(λ)z^α = ∑ k p_k(λ) (zz^t)^k ‖(zz^t)^k‖_ν we see that the coefficients and polynomials of homogeneous degree k are related by c_{λ,α} = ∫ B c_α(λ, b)db (85) and p_k(λ) (zz^t)^k ‖(zz^t)^k‖_ν = ∫ B e_{λ,b,k}(z)db (86) respectively. Therefore we have f̃(λ, b) = ∑ k ⟨f, e_{λ,b,k}⟩_ν = ∑ k ⟨ ∫ L π_ν (l)fdl, e_{λ,b,k}⟩_ν = ∑ k ⟨f, ∫ L π_ν (l^{−1})e_{λ,b,k}dl⟩_ν = ∑ k ⟨f, ∫ L π_λ(l)e_{λ,b,k}dl⟩_ν = (f, R^{−1}φ_λ)_ν This proves the L-invariance. Moreover, we have (f, R^{−1}φ_λ)_ν = ∑ k p_k(λ)⟨f, e_k⟩_ν . Hence ‖f̃‖^2_L2_{(Λ×B,dμ×db)} = ∑ k |⟨f, e_k⟩_ν |^2 = ‖f‖^2_ν This proves the first part of the claim.

To prove the inversion formula, we now let f be an L-invariant polynomial and x be a point in D ⋂ R^n . Since we have the estimate |R^{−1}φ_λ(x)| ≤ (1 − |x|^2)^{− ν2} (87) independently of λ, the integral ∫ Λ f̃(λ)R^{−1}φ_λ(x)dμ(λ) makes sense. In the following we let e_k denote the unit basis vector^{(zzt )k}_{‖(zzt )k ‖ν} in H^L_ν . We then have ∫ Λ f̃(λ)R^{−1}φ_λ(x)dμ(λ) = ∑ k ∫ Λ ⟨f, e_k⟩_ν p_k(λ)R^{−1}φ_λ(x)dμ(λ) = ∑ k ⟨f, e_k⟩_ν ∫ Λ ∑ j p_k(λ)p_j (λ)e_j (x)dμ(λ) = f(x) Now let f ∈ H^L_ν be arbitrary. We choose a sequence of polynomials f_n ∈ H^L_ν such that

f = lim f_n.

Since the evaluation functionals are continuous, we have

f(x) = lim_{n→∞} f_n(x) = lim_{n→∞} ∫ Λ f̃_n(λ)R^{−1}φ_λ(x)dμ(λ) for every real point x. By Jensen’s inequality and (87) | | | ∫ Λ (f̃(λ) − f̃_n(λ))R^{−1}φ_λ(x)dμ(λ) | | | 2 ≤ μ(Λ) ∫ Λ |f̃(λ) − f̃_n(λ)|^2(1 − |x|^2)^{−ν} dμ(λ). Hence f(x) = ∫ Λ f̃(λ)R^{−1}φ_λ(x)dμ(λ). Thus the inversion formula holds for real points, x. To see that the formula holds for arbitrary points, we note that both the left hand- and the right hand side of the formula define holomorphic functions on D. Since they agree on the totally real submanifold X, they are equal.

Proposition 23. The Fourier-Helgason transform intertwines the action of the group H, i.e., ~ π_ν (h)f(λ, b) = π_λ(h) ~f(λ, b), h ∈ H. (88) Proof. We consider the corresponding representations of the Lie algebra h. These will also be denoted by π_ν and π_λ respectively. Since the representations are unitary, we have the following equalities (on the respective dense spaces of analytic vectors):

π_ν (exp(X)) = e^{πν (X)} (89) π_λ(exp(X)) = e^{πλ(X)}, (90) for X ∈ h. It therefore suffices to prove that the action of h is preserved. Let X ∈ h. If f is a polynomial in H_ν , then differentiation of the mapping t → J_{exp tX} (z)^{ν/n}f((exp tX)z) at t = 0 shows that π_ν (X)f is also a polynomial, and ~ π_ν (X)f(λ, b) = ∑ k ⟨π_ν (X)f, e_{λ,b,k}⟩_ν = ∑ k ⟨f, −π_ν (X)e_{λ,b,k}⟩_ν = ∑ k ⟨f, π_λ(X)e_{λ,b,k}⟩_ν = (f, π_λ(X)R^{−1}e_{λ,b})_ν = π_λ(X)(f, R^{−1}e_{λ,b})_ν

Theorem 24 (The Inversion Formula). If f is a polynomial in H_ν , then f(z) = ∫ Λ ∫ B ~f(λ, b)R^{−1}e_{λ,b}(z)dbdμ(λ) (91) Proof. Take h ∈ H. Define f_1(z) = ∫ L π_ν (l)π_ν (h)f(z)dl This is a radial function, and we have that f_1(0) = J_h−1 (0)^{νn} f(h^{−1}0). (92) Prop 22 gives f_1(0) = ∫ Λ f̃_1(λ)R^{−1}φ_λ(z)dμ(λ) (93)

~f_1(λ) = (f_1, R^{−1}φ_λ)_ν = ( ∫ L π_ν (l)π_ν (h)fdl, R^{−1}φ_λ)_ν = (π_ν (h)f, R^{−1}φ_λ)_ν (94)

By Prop. (23) we have (π_ν (h)f, R^{−1}φ_λ)_ν = (f, π_ν (h^{−1})R^{−1}φ_λ)_ν = (f, ∫ B π_ν (h^{−1})R^{−1}e_{λ,b} db)_ν = (f, ∫ B π_ν (h^{−1})R^{−1}e_{λ,b} db)_ν = (f, ∫ B π_λ(h)R^{−1}e_{λ,b} db)_ν = (f, ∫ B J_h−1 (b)^{iλ+ρn} R^{−1}e_{λ,h}−1_b db)_ν The integrand above has a power series expansion where the coefficients are functions of b. If we integrate, we obtain a holomorphic functions for which the coefficients in the power series expansion are obtained by integrating the aforementioned coefficients over B. Hence we can proceed as follows. (f, ∫ B J_h−1 (b)^{iλ+ρn} R^{−1}e_{λ,h}−1_b db)_ν = ∫ B J_h−1 (b)^{−iλ+ρn} (f, R^{−1}e_{λ,h}−1_b)_ν db = ∫ B J_h−1 (b)^{−iλ+ρn} ~f(λ, h^{−1}b)db = ∫ B J_h−1 (hb)^{−iλ+ρn} ~f(λ, b)J_h(b)^{n−1n} db = ∫ B ~f(λ, b)J_h(b)^{iλ+ρ}n db (95) It is easy to see that J_h(b)^{iλ+ρn} = J_h−1 (0)^{νn} R^{−1}e_{λ,b}(h^{−1}0), (96) and so combining (92), (93) and (95) finally yields f(h^{−1}0) = ∫ Λ ∫ B ~f(λ, b)R^{−1}e_{λ,b}(h^{−1}0)db dμ (97) Thus the inversion formula holds for real points, hence for all points by the same argument as in the proof of Prop. 22.

Theorem 25 (The Plancherel Theorem). If f is a polynomial in H_ν , then ‖f‖^2_ν = ∫ Λ ∫ B | ~f(λ, b)|^2dbdμ. (98) Moroever, the Fourier-Helgason transform extends to an isometry from H_ν onto ∫ λ(L^2(B))_λdμ

Proof. If we write f(z) = ∑ α f_αz^α, then, according to the Inversion Formula, we have f_α = ∫ Λ ∫ B ~f(λ, b)c_α(λ, b)(λ)db dμ(λ) Therefore ‖f‖^2_ν = (f, f)_ν = ∑ α f_α⟨f, z^α⟩_ν = ∑ α ∫ Λ ∫ B ~f(λ, b)c_α(λ, b)⟨f, z^α⟩_ν db dμ(λ)

= ∫ Λ ∫ B ~f(λ, b) ~f(λ, b)db dμ. This shows that the Fourier-Helgason transform extends to an isometry from H_ν into ∫ Λ(L^2(B))_λdμ. To see that it is surjective, note that by Propositions 22 and 23 ⟨π_ν (f)1, 1⟩_ν = ∫ Λ ⟨π_λ~1(λ, ·), ~1(λ, ·)⟩_λdμ, for f ∈ L^1(H)^#, i.e., we can write the positive functional f → ⟨π_ν (f)1, 1⟩_ν as an integral of pure states with respect to some measure. By uniqueness, it is the measure in theorem 15. Since the Fourier-Helgason transform intertwines the group action, it is the intertwining operator constructed in theorem 15. Thus it is surjective.

Remark. One can now use the Plancherel theorem to prove the inversion formula for arbitrary functions by the same argument as for L-invariant functions.

7 Realisation of the discrete part of the decomposition

Definition 26. For^{n−2}_{2n} ≤ α <^{n−1}_{2n} , C_α is the Hilbert space completion of the C^∞-functions with respect to the norm ‖f‖_{Cα} = ∫ S^{n−1} ∫ S^{n−1} f(ζ)f(η)K(ζ, η)^αdσ(ζ)dσ(η) Using the action of H on S^{n−1}, we can define a unitary representation of H on C_α of the form σ_α : f → J_h−1 (·)^β f(h^{−1}·), h ∈ H, where β = −α + (n − 1)/2. The unitarity follows from ∫ S^{n−1} ∫ S^{n−1} J_h−1 (ζ)^β f(h^{−1}ζ)J_h−1 (η)^β f(h^{−1}η)K(ζ, η)^αdσ(ζ)dσ(η) = ∫ S^{n−1} ∫ S^{n−1} J_h(ζ)^{−β} f(ζ)J_h(η)^{−β} f(η)K(hζ, hη)^αJ_h(ζ)^{n−1n} J_h(η)^{n−1n} dσ(ζ)dσ(η) = ∫ S^{n−1} ∫ S^{n−1} J_h(ζ)^{−β−α+ n−1n} J_h(η)^{−β−α+ n−1n} f(ζ)f(η)K(ζ, η)^αdσ(ζ)dσ(η) In fact, this representation is irreducible (cf [1]). We denote this representation by σ_α. The following theorem states that σ_{ν/n} is the representation corresponding to the singular point in the decomposition theorem. Theorem 27. The operator T_{ν/n} defined by the formula (T_{ν/n}f)(z) = ∫ S^{n−1} f(ζ)K_ν (z, ζ)dσ(ζ) is a unitary H-intertwining operator from C_{ν/n} onto an irreducible H-submodule of H_ν .

Proof. First of all we note that T_{ν/n} maps functions in C_{ν/n} to holomorphic functions on D and thus π_ν has a meaning on the range of T_{ν/n}. We start by showing that T_{ν/n} is formally intertwining. We have T_{ν/n}(σ_{ν/n})f(z) = ∫ S^{n−1} J_h−1 (ζ)^{−ν/n+ n−1n} f(h^{−1}ζ)K_ν (z, ζ)dσ(ζ) = ∫ S^{n−1} J_h(ζ)^{ν/n− n−1n} f(ζ)K_ν (z, hζ)J_h(ζ)^{n−1n} dσ(ζ) = ∫ S^{n−1} J_h(ζ)^{ν/n}f(ζ)K_ν (h^{−1}z, ζ)J_h(h^{−1}z)^{− νn} J_h(ζ)^{− νn} dσ(ζ) = J_h−1 (z)^{νn} ∫ S^{n−1} f(ζ)K_ν (h^{−1}z, ζ)dσ(ζ), i.e., T_{ν/n}σ_{ν/n} = π_ν T_{ν/n}. The next step is to prove that the constant function 1 is mapped into H_ν and that its norm is preserved. Note that for α = ν/n, K(z, ζ)^α = K_ν (z, ζ), and by lemma 12 we have an expansion K_ν (ζ, e_1) = ∑ m−2k≥0 c_{m,k}(ν)K_{(m−k,k)}(ζ, e_1),

where the coefficients c_{m,k}(ν) are given explicitly in Prop. (12). Now, since K_ν (ζ, e_1) is SO(n − 1)-invariant and the action of SO(n − 1) is linear, each

K_{(m,k)}(ζ, e_1) must also be SO(n − 1)-invariant. Hence, K_{(m,k)}(ζ, e_1) can be assumed to be ϕ_{m−2k}(ζ)(ζζ^t)^k , where ϕ_{m−2k} is the unique element in E_{m−2k} that assumes the value 1 in e_1. Therefore ∫ S^{n−1} K(ζ, η)^αdσ(ζ) = ∫ L K_ν (ζ, le_1)dl ∫ L K_ν (l^{−1}ζ, e_1)dl (99) = ∑ m−2k≥0 c_{m,k}(ν) ∫ L (l^{−1}ζ(l^{−1}ζ)^t)^kϕ_{m−2k}(l^{−1}ζ)dl(100)

= ∑ m−2k≥0 c_{m,k}(ν)(ζζ^t)^k ∫ L ϕ_{m−2k}(l^{−1}ζ)dl (101) Since SO(n) acts irreducibly on E_{m−2k} and the function ∫ L ϕ_{m−2k}(l^{−1}z)dl is an SO(n)-invariant element in E_{m−2k} it must be identically zero unless m − 2k = 0. Since

‖1‖^2_{C νn} = ∫ S^{n−1} ∫ S^{n−1} K_ν (ζ, η)dσ(ζ)dσ(η), the computation above implies that

‖1‖^2_{C νn} = ∫ S^{n−1} ∞∑ k=0 c_{2k,k}(ν)(ζζ^t)^k dσ(ζ)

= ∞∑ k=0 c_{2k,k}(ν) = ∞∑ k=0 (ν)_k (ν −^{n−2}_2 )_k

‖(zz^t)^k‖^2_F = ∞∑ k=0 (ν)_k(ν −^{n−2}_2 )_k

k!(^n_2 )_k

(102)

On the other hand, the equalities (99)-(101) also show that T_{ν/n}1(z) = ∞∑ k=0 (ν)_k (ν −^{n−2}_2 )_k

k!(^n_2 )_k (zz^t)^k

= ∞∑ k=0 ((ν)_k (ν −^{n−2}_2 )_k)^{1/2} (k!(^n_2 )_k )^{1/2} (zz^t)^k ‖(zz^t)^k ‖_ν . (103)

If we compare (102) and (103), we see that T_{ν/n}1 ∈ H_ν and that ‖1‖_{Cν/n} = ‖1‖_ν.

Recall that C_{ν/n} = ⨁ m E_m(S^{n−1})

and that the representation of h on the algebraic sum ⨁ m E_m(S^{n−1}) is irreducible.

Hence ⨁ m E_m(S^{n−1}) = Span_C {σ_{ν/n}(X_1) · · · σ_{ν/n}(X_k)1|X_i ∈ h, 1 ≤ i ≤ k}

Since T_{ν/n} interwines the representations of h, we have that π_ν is an irreducible representation of h on the space T_{ν/n}( ⨁ m E_m(S^{n−1})) ⊆ H_ν . By Schur’s lemma ([10], ch.4)

⟨T_{ν/n}f, T_{ν/n}g⟩_ν = c⟨f, g⟩_{Cν/n} , for some real constant c. Putting, f and g equal to the constant function 1 and applying, we see that c = 1. Therefore, T_{ν/n} extends to a unitary operator T_{ν/n} : C_{ν/n} → T_{ν/n}( ⨁ m E_m(S^{n−1}))

and we have proved the theorem.

8 Realisation of the minimal representation π_{(n−2)/2}

In this section we show that the representation π_{(n−2)/2} of H is irreducible by realising it as a complementary series representation.

We recall the space C_{ν/n} from the previous section and the corresponding operator T_{α/n}.

Theorem 28. T_{(n−2)/2n} is a unitary H-intertwining operator from C_{(n−2)/n} onto H_{(n−2)/n} Proof. Recall that C_{(n−2)/n} = ⨁ m E_m(S^{n−1}) (104)

and that the sum is a decomposition into SO(n)-irreducible subspaces. If we let P_{(n−2)/n} denote the set of all finite sums in (104), σ_{(n−2)/n} defines a representation of l on P_{(n−2)/n}. The polynomial (ζ_1 + iζ_2)^m is a highest weight vector in E_m for this representation. Moreover, the power series expansion of K_{(n−2)/n} shows that T_{(n−2)/2n} is a polynomial in E_m. Since T_{(n−2)/2n} intertwines the l-actions, T_{(n−2)/2n}((ζ_1 + iζ_2)^m) is a highest weight vector space for π_{(n−2)/2}(l), i.e.,

(T_{(n−2)/2n}(ζ_1 + iζ_2)^m)(z) = C_m(z + iz)^m, (105)

for some constant C_m. We now determine C_m. Choose z = w^1_2 (1, −i, 0, · · · , 0), where w is a complex number with |w| < 1. In this case zz^t = 0, (z + iz)^m = w^m. We now compute (T_{(n−2)/2}((ζ_1 + iζ_2)^m)(z). ∫ S^{n−1} K_{(n−2)/n}(z, ζ)(ζ_1 + iζ_2)^m = ∫ S^{n−1} (1 − w(ζ_1 − iζ_2))^{−(n−2)/n}(ζ_1 + iζ_2)^mdσ(ζ)

This integral only depends on the first two coordinates and can hence be converted to an integral over the unit disk, U (cf [15] Prop 1.4.4). ∫ S^{n−1} (1 − w(ζ_1 − iζ_2))^{−(n−2)/n}(ζ_1 + iζ_2)^mdσ(ζ) = Γ (_{n−2} 2 ) πΓ (_n 2 ) ∫ U (1 − wζ)^{−(n−2)/n}ζ^m(1 − |ζ|^2)^{(n−4)/2}dm(ζ). We have the power series expansion

(1 − wζ)^{−(n−2)/2} = ∞∑ k=0 ( n − 2 2 ) k (zζ)^k Recall that (1−wζ)^{−n/2} is the reproducing kernel for the weighted Bergman space H_{n/2}(U), defined as H_{n/2}(U) = {f ∈ O(U) | Γ (_n 2 ) πΓ (_{n−2} 2 ) ∫ U |f(ζ)|^2(1 − |ζ|^2)^{(n−4)/2}dm(ζ) < ∞}, Polynomials of different degree are orthogonal in H_{n/2}(U) and hence we have ∫ U (1 − wζ)^{−(n−2)/n}ζ^m(1 − |ζ|^2)^{(n−4)/2}dm(ζ) = ∫ U ∞∑ k=0 ( n − 2 2 ) k (zζ)^kζ^m(1 − |ζ|^2)^{(n−4)/2}dm(ζ)

= ∫ U ∞∑ k=0 ( n − 2 2 ) ( n 2 ) m (zζ)^mζ^m(1 − |ζ|^2)^{(n−4)/2}dm(ζ) = πw^m, where the last equality follows from the reproducing property in H_{n/2}(U). Summing up, we have

(T_{(n−2)/2}(ζ_1 + iζ_2)^m)(z) = n − 2 2π^2

(z_1 + iz_2)^m (106) From this and the intertwining of the l-action, it follows that T_{(n−2)/2n} ( ⨁ m E_m(S^{n−1}) ) ⊆ ⨁ m E_m (107)

To compute the norm of T_{(n−2)/2n}(p) where p ∈ E_k(S^{n−1}), we first fix r < 1 and consider the polynomial T_{(n−2)/2n}(p(rz)). By definition T_{(n−2)/2n}(p)(rz) = ∫ S^{n−1} K_ν (rz, ζ)p(ζ)dσ(ζ) = ∫ S^{n−1} K_ν (z, rζ)p(ζ)dσ(ζ) (108)

The integral (108) can be approximated by a sequence of Riemann sums ∫ S^{n−1} K_ν (z, rζ)p(ζ)dσ(ζ) = lim_{l→∞} R_l, (109) R_l = k_l∑

i=1 K_ν (z, rζ_i)p(ζ_i)σ(A_i) (110)

It is not difficult to see that the sequence R_l is bounded in H_ν and hence has a convergent subsequence. We can therefore assume that R_l converges to T_{(n−2)/2n}(p)(rz). Hence

‖T_{(n−2)/2n}(p)(rz)‖^2_ν = lim_{l→∞} ‖R_l‖^2_ν

The functions R_l are in the dense subspace on which we have an explicit formula for the norm

‖R_l‖^2_ν = ∑ i,j p(ζ_i)p(ζ_j )σ(A_i)σ(A_j )K_ν (rζ_i, rζ_j ) (111)

The sequence (‖R_l‖^2_ν )_l is also a Riemann sum; letting l → ∞ we get

‖T_{(n−2)/2n}(p)(rz)‖^2_ν = ∫ S^{n−1} ∫ S^{n−1} p(ζ)p(η)K_ν (rζ, rη)dσ(ζ)dσ(η) (112) Finally, we let r → 1 and obtain

‖T_{(n−2)/2n}(p)(z)‖^2_ν = ∫ S^{n−1} ∫ S^{n−1} p(ζ)p(η)K_ν (ζ, η)dσ(ζ)dσ(η). (113) From this and the orthogonality of the spaces E_k, it follows that T_{(n−2)/2n} maps ( ⨁ m E_m(S^{n−1}) isometrically onto ( ⨁ m E_m). Hence it extends to a unitary operator from C_{(n−2)/2n} onto H_{(n−2)/2}.

References

[1] Michael Cowling, Harmonic analysis on some nilpotent Lie groups (with application to the representation theory of some semisimple Lie groups), Topics in modern harmonic analysis, Vol. I, II (Turin/Milan, 1982), Ist. Naz. Alta Mat. Francesco Severi, Rome, 1983, pp. 81–123. MR MR748862 (85i:22012)

[2] J. Faraut and A. Korányi, Function spaces and reproducing kernels on bounded symmetric domains, J. Funct. Anal. 88 (1990), no. 1, 64–89. MR MR1033914 (90m:32049)

[3] Jacques Faraut and Adam Korányi, Analysis on symmetric cones, Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, New York, 1994, Oxford Science Publications. MR MR1446489 (98g:17031)

[4] George Gasper and Mizan Rahman, Basic hypergeometric series, Encyclopedia of Mathematics and its Applications, vol. 35, Cambridge University Press, Cambridge, 1990, With a foreword by Richard Askey. MR MR1052153 (91d:33034)

[5] Sigurdur Helgason, Groups and geometric analysis, Mathematical Surveys and Monographs, vol. 83, American Mathematical Society, Providence, RI, 2000, Integral geometry, invariant differential operators, and spherical functions, Corrected reprint of the 1984 original. MR MR1790156 (2001h:22001)

[6] , Differential geometry, Lie groups, and symmetric spaces, Graduate Studies in Mathematics, vol. 34, American Mathematical Society, Providence, RI, 2001, Corrected reprint of the 1978 original. MR MR1834454 (2002b:53081)

[7] Loo-keng Hua, On the theory of Fuchsian functions of several variables, Ann.

of Math. (2) 47 (1946), 167–191. MR MR0015500 (7,429a)

[8] M. Kashiwara and M. Vergne, On the Segal-Shale-Weil representations and harmonic polynomials, Invent. Math. 44 (1978), no. 1, 1–47. MR MR0463359 (57 #3311)

[9] Anthony W. Knapp, Representation theory of semisimple groups, Princeton Landmarks in Mathematics, Princeton University Press, Princeton, NJ, 2001, An overview based on examples, Reprint of the 1986 original. MR MR1880691 (2002k:22011)

[10] Anthony W. Knapp and David A. Vogan, Jr., Cohomological induction and unitary representations, Princeton Mathematical Series, vol. 45, Princeton University Press, Princeton, NJ, 1995. MR MR1330919 (96c:22023)

[11] O. Loos, Bounded symmetric domains and Jordan pairs, Lecture notes, University of California, Irvine, 1977.

[12] Gerard J. Murphy, C^∗-algebras and operator theory, Academic Press Inc., Boston, MA, 1990. MR MR1074574 (91m:46084)

[13] M. A. Naĭmark, Normed rings, Revised edition. Translated from the first Russian edition by Leo F. Boron, P. Noordhoff N. V., Groningen, 1964. MR MR0205093 (34 #4928)

[14] Yurii A. Neretin, Plancherel formula for Berezin deformation of L^2 on Riemannian symmetric space, J. Funct. Anal. 189 (2002), no. 2, 336–408. MR MR1891853 (2003c:22023)

[15] Walter Rudin, Function theory in the unit ball of C^n, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Science], vol. 241, Springer-Verlag, New York, 1980. MR MR601594 (82i:32002)

[16] Elias M. Stein and Guido Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton University Press, Princeton, N.J., 1971, Princeton Mathematical Series, No. 32. MR MR0304972 (46 #4102)

[17] A. Unterberger and H. Upmeier, The Berezin transform and invariant differential operators, Comm. Math. Phys. 164 (1994), no. 3, 563–597. MR MR1291245 (96h:58170)

[18] M. Vergne and H. Rossi, Analytic continuation of the holomorphic discrete series of a semi-simple Lie group, Acta Math. 136 (1976), no. 1-2, 1–59. MR MR0480883 (58 #1032)

[19] Nolan R. Wallach, The analytic continuation of the discrete series. I, II, Trans. Amer. Math. Soc. 251 (1979), 1–17, 19–37. MR MR531967 (81a:22009)

[20] James A. Wilson, Some hypergeometric orthogonal polynomials, SIAM J.

Math. Anal. 11 (1980), no. 4, 690–701. MR MR579561 (82a:33014)

[21] Genkai Zhang, Berezin transform on real bounded symmetric domains, Trans.

Amer. Math. Soc. 353 (2001), no. 9, 3769–3787 (electronic). MR MR1837258 (2002f:32044)

[22] , Tensor products of minimal holomorphic representations, Represent.

Theory 5 (2001), 164–190 (electronic). MR MR1835004 (2002c:22021)

[23] , Branching coefficients of holomorphic representations and Segal- Bargmann transform, J. Funct. Anal. 195 (2002), no. 2, 306–349. MR MR1940358 (2004f:32026)