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EXPLICIT VERSIONS OF THE BRIANCON-SKODA
THEOREM WITH VARIATIONS

MATS ANDERSSON

ABSTRACT. We give new a proof of the general Briancon-Skoda
theorem about ideals of holomorphic functions by means of mul-
tivariable residue calculus. The method gives new variants of this
theorem for products of ideals. Moreover, we obtain a related
result for the ideal generated by the the subdeterminants of a
matrix-valued generically surjective holomorphic function, general-
izing the duality theorem for a complete intersection. We also pro-
vide explicit versions of the various results, including the general
Briancon-Skoda theorem, with integral representation formulas.

1. INTRODUCTION

Let ¢, f1,..., fimn be holomorphic functions in a neighborhood of the
origin in C". The Briancon-Skoda theorem, [8], states that ¢min(m)
belongs to the ideal (f) generated by f; if |¢| < C|f|. This condition is
equivalent to that ¢ belongs to the integral closure of the ideal (f). The
original proof is based on Skoda’s L*-estimates in [16], see Remark 1
below, and actually gives the stronger statement that ¢ € (f) if |¢| <
C|f |min("’m). There are generalizations to more arbitrary rings, see,
e.g., [13].

In general this result cannot be improved but for certain tuples f; a
much weaker size condition on ¢ is enough to guarantee that ¢ belongs
to (f). For instance, the ideal (f)? is generated by the m(m + 1)/2
functions g;x = fifk, and |f|* ~ |g|, so if we apply the previous result
we get that ¢ € (f)? if |¢| < C|f|inGrm(m+1) - However, in this case
actually the power min(n, m) + 1 is enough. In general we have

Theorem 1.1 (Briangon-Skoda). If f = (f1,..., fm) and ¢ are holo-
morphic at 0 in C* and |¢| < O|f[Pnmm+7=1 then ¢ € (f)".

In [2] we gave a new proof of the case r = 1 by means of multivariable
residue calculus. In this note we extend this method to cover the
general case of Theorem 1.1, and as a by-product we get various related
results. In the first one we consider several possibly different tuples.
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2 MATS ANDERSSON

Theorem 1.2. Let f;, j =1,...,r, be mj-tuples of holomorphic func-
tions at 0 € C" and assume that

ol < CLAPE - [fr

for all s such that sy +---+ s, <n+r—1and 1 < s; <m;. Then

¢ € (fl)(fr)

Notice that this immediately implies Theorem 1.1 in the case m > n
by just choosing all f; = f. In certain cases Theorem 1.2 can be
improved, as one can see by taking f; = f and m < n and compare
with Theorem 1.1. Another case is when all the functions in the various
tuples f; together form a regular sequence.

Sr

Theorem 1.3. Let f;, j =1,...,m, be m;-tuples of holomorphic func-
tions at 0 € C" and assume that the codimension of {fi = --- f, =0}
ismy+ -+ my. If

|¢| < Cmin(|f1|m1’ ) |fr|mr)7
then ¢ € (f1) -+~ (fr)-

Remark 1. As was mentioned above the Briancon-Skoda theorem fol-
lows by direct applications of Skoda’s L?-estimate if m < n. In fact,
if 1 is any plurisubharmonic function, the L2-estimate guarantees a
holomorphic solution to f - u = ¢ such that

[uf* e VdV < oo
xX\z ‘f|2(min(m,n+1)fl+e)

provided that

Ll e VdV < oo
X\z |f|2(min(m,n+l)+e) ’

If |¢| < C|f|™, the second integral is finite (taking ¢ = 0) if € is small
enough, and thus Skoda’s theorem provides the desired solution. The
case when r > 1 is obtained by iteration. If m > n a direct use of the
L2-estimate will not give the desired result. However, see [10], in this
case one can find an n-tuple f such that (f) C (f) and |f| ~ |f|, and
the theorem then follows by applying the L2-estimate to the tuple f’.
In the same way, Theorem 1.2 can easily be proved from the L?2-
estimate if m; +---+m, <n+r—1. To see this, assume for simplicity
that 7 = 2, and that || < C|fi|™|f2|™*. Choosing v = 2(m; +
€)log | f1|, Skoda’s theorem give a solution to fy - u = ¢ such that

|ul?
————dV < 0.
/X\Z | fr[2(mate)

Another application then gives v; such that f;-v; = u;. This means that
¢ belongs to (f1)(f2). However, we do not know whether one can derive
Theorem 1.3 from the L?-estimate when mq+---+m, >n+r—1. 0O
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Now consider a r X m matrix f]k of holomorphic functions, r < m,
with rows fi,..., f,. We let F be the m!/(m — r)!r! tuple of functions
det( fjl’“) for increasing multiindices I of length r. We will refer to F' as
the determinant of f. If f; are the rows of the matrix, considered as
sections of the trivial bundle E*, then F'is just the section f.A ... fi of
the bundle A" E*. Our next result is a Briangon-Skoda type result for
the tuple F'. It turns out that it is enough with a much less power than
m!/(m —r)lrl. Let Z be the zero set of F' and notice that codim Z <
m — r + 1; this is easily seen by Gauss elimination.

Theorem 1.4. Let I be the determinant of the holomorphic matrix f
as above. If .
|¢‘ < C’F‘mm(n,mfrJrl)’

then ¢ € (F).

Remark 2. This result is closely related to the following statement
which was proved in [3]. Suppose that ¢ is an r-tuple of holomorphic
functions and let ||¢|| be the pointwise norm induced by f, i.e., ||¢] =

det(ff){(ff)7 0. 0). If
6] S |,

then fi» = ¢ has a local holomorphic solution. U

Remark 3. Another related situation is when f is a section of a bundle
E*, ¢ takes values in A°E, and we ask for a holomorphic section 9 of
A1 E such that 6;¢0 = ¢, provided that the necessary compatibility
condition d7¢ = 0 is fulfilled. Let p = codim { f = 0}. Then a sufficient
condition is that
|¢‘ < C|f‘m1n(n,m—€)

if £ < m — p, whereas there is no condition at all if £ > m — p, see
Theorems 1.2 and 1.4 and Corollary 1.5 in [2]. O

Theorem 1.4 is proved by constructing a certain residue current R
with support on the analytic set Z, such that R¢ = 0 implies that ¢
belongs to the ideal (F") locally. The size conditions of ¢ then implies
that Ry = 0 by brutal force, see Theorem 2.3 below. There may be
more subtle reasons for annihilation. For instance, in the generic case,
i.e., when codim Z = m — r + 1, even the converse statement holds; if
¢ is in the ideal (F') then actually R¢ = 0, see Theorem 2.3 (iv). The
analogous statement also holds for the equation fi) = ¢ in Remark 2,
see [3]. These results are therefore extensions of the well-known duality
theorem of Dickenstein-Sessa and Passare, [11] and [14], stating that
if f is a tuple that defines a complete intersection, i.e., codim {f =
0} = m, then ¢ € (f) if and only if ¢ annihilates the Coleff-Herrera
current defined by f. Theorems 1.2 and 1.3 (as well as Theorem 1.1)
are obtained along the same lines, by an appropriate choice of matrix

£l



4 MATS ANDERSSON

It has been discussed for several years, see, e.g., [6] and [19], whether
one can prove the Briangon-Skoda theorem with an explicit integral
formula. In [2] we discovered such a formula for the case r = 1 of The-
orem 1.1. In the second part of this paper we construct new completely
explicit integral representations of holomorphic functions that provide
effective proofs of Theorems 1.1 to 1.4. In fact, for any holomorphic
function ¢ we construct a holomorphic decomposition

(1.1) 6="To+ 50,

such that T'¢ belongs to the ideal in question and S¢ vanishes as soon
as ¢ annihilates the residue current R.

2. THE IDEAL GENERATED BY THE DETERMINANT SECTION

Although we are mainly interested in the local results in this paper
it is convenient to adopt an invariant perspective. We therefore as-
sume that we have Hermitian vector bundles £ and () of ranks m and
r < m, respectively, over a complex n-dimensional manifold X, and a
holomorphic morphism f: F — (). We also assume that f is generi-
cally surjective, i.e., that the analytic set Z where f is not surjective
has at least codimension 1. If ¢; is a local holomorphic frame for @),
then f = fi®e +- - -+ f, ®¢,, where f; are sections of the dual bundle
E*. Moreover, F' = f,\...Afi ® e,/ ... A€, is an invariantly defined
section of A" E* ® det Q* that we will call the determinant section asso-
ciated with f. Notice that if e; is a local frame for £/ with dual frame
e} for E*, then f; = 371" fFes, and

/
F=> FrejA...Nej,

[|=r

where the sum runs over increasing multiindices I and F; = det(FjI’“).

Let S‘Q* be the subbundle of (Q*)®¢ consisting of symmetric tensors.
We introduce the complex

21) - AR S0 @ det QL -
U ATE 9 Q" @ det QF 2 AE @ det QF 35 C — 0,

where

of = Zéfj ® 561'7
J
dy, and o, denote interior multiplication on AE and from the left on

SQ* ® det Q*, respectively, and
Op = 83/r!l = 6f, -+ 0p @0 -+ 0o,

It is readily checked that (2.1) actually is a complex. Notice that if
r = 1, then (2.1) is the usual Koszul complex and therefore exact
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whenever f is pointwise surjective. This is, however, not true when
r> 1.

In X \ Z we let 0; be the sections of F with minimal norms such
that fro; = 05 Then 0 = 01 ® €] + ... + 0, ® € is the section of
Hom (Q, E) such that, for each section ¢ of @), v = o¢ is the solution
to fv = ¢ with pointwise minimal norm. We also have the invariantly
defined section

O =01N...\o, @ €N... €]
of AE® = det Q*, and it is in fact the section with minimal norm such
that FO =1, see, e.g., [3].

Ezxample 1. Assume that F and @) are trivial and let ¢; be an ON-

frame for () and e; an ON-frame for £, with dual frame €}. If F' =
Y= Frei, A Aej, as above, then
,
Fr
O = Z Weh/\ . /\eIT.
[I|=r
O

We will consider (0, q)-forms with values in A" 'F @ S*1Q* @
det Q*, and it is convenient to consider them as sections of A"F 4= (Eg
T5,(X)) ® SF10Q* ® det Q, so that &; anti-commutes with 9, and
6p0 = (—1)"60. In what follows we let ® denote usual tensor product
all @*-factors, and wedge product of A(E @ T, (X))-factors. Thus for
instance

0'®U:(Zgj(gej)®<0-1/\"'/\0-7“®6>{/\"’/\6:):0'
1

Moreover, for each k& > 1, (0c)®*~1 is a symmetric tensor; more
precisely,

(2.2) (00)2* D = 3" (o)) A... ADo,)™ @€,

a’
|a)=k—1

where ‘ .
(@) @(e)

«

)

arl---a,!

and ® denotes symmetric tensor product. For each k > 1 we define in
X\ Z the (0, k — 1)-forms

(2.3) u, = (00)?* V0 = oA .. Aoy A(D0)2* Y @ e

(where €* = €*A ... Ae}), with values in A" 1F @ S¥1Q* @ det Q*.
Proposition 2.1. In X \ Z we have that

(2.4) dpur =1, dpupp = Ou, k> 1.
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Proof. Since ¢, act from the left, and dy, doy = 0 for all ¢, we have that

dpupyr = Oy [01/\ Ao A(00)F @ e*} =
SrloiA ... Aoy Ao | ® (00)2*=D @ ¢ =

Z §f, (01N . .. Ao )ANDT; @ (00)2* D @ ¢ =
=1

oA ... Ao )AN00)B* D @ ¢ = Ouy,.
Since dpu; = FO = 1, the proposition is proved. O

If we let w = uy +ug+---, and let 0 denote either d; or dp, then
(2.4) can be written as (6 — J)u = 1. To analyze the singularities of u
at Z we will use the following lemma (Lemma 4.1) from [3].

Lemma 2.2. If F = FyF' for some holomorphic function Fy and non-
vanishing holomorphic section F', then

8/ = FQU, S/ = F()O-
are smooth across Z .

Notice that |F|**u and 9|F|**Au are well-defined forms in X for
Re A >> 0.

Theorem 2.3. (i) The forms |F|**u and O|F|** Au have analytic con-
tinuations as currents in X to ReX > —e. If U = |F[?u|x= and
R = 0|F|*Au|x—o, then

(6—-0)U=1-R.

(11) The current R has support on Z and R = R, + --- + R, where
p = codim Z and p = min(n,m —r + 1).

(iii) If ¢ is a holomorphic function and R¢ = 0, then locally FU = ¢
has holomorphic solutions.

(v) If codimZ = m —r + 1 and F'V = ¢ has a holomorphic solution,
then R = R,_r110 = 0.

(v) If |¢p| < C|F|*, then R¢ = 0.

Here, of course, Ry, = 0| F|** Auyg|s—o is the component of R which is
a (0, k)-current with values in A" ~1E @ S¥~1Q* @ det Q*.

Proof. In the case r = 1, this theorem is contained in Theorems 1.1
to 1.4 in [2], and most parts of the proof are completely analogous.
Therefore we just point out the necessary modifications. By Hiron-
aka’s theorem and a further toric resolution, following the technique
developed in [5] and [15], we may assume that locally F' = FyF” as in
Lemma 2.2. Since moreover 0 ® 0 = 0, we have then that locally in
the resolution B
(88/>®(k—1) ® 9

F¥ '

U =
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It is then easy to see that the proposed analytic extensions exist and
we have that

11 -
(2.5) Uy = [ﬁ] (85')20D g ",
0
and
1 _
(2.6) Ry = 8[ﬁ} ABs)P*D @ S,
0

where [1/F}] is the usual principal value current. If R¢ = 0, then
(0 — 0)U¢ = ¢, and hence by successively solving the J-equations

Owy = Upd + w11,

we finally get the holomorphic solution ¥ = U;¢ + dws. All parts but
(iv) now follow in a similar way as in [2]. Notice in particular, that
k < min(n,m —r + 1) in (2.6) for degree reasons, so that R¢ = 0 if
the hypothesis in (v) is satisfied. As for (iv), let us assume that we
have a holomorphic section ¥ of A"F ® det Q* such that FW = ¢. If
U =1 ® e, then FU = 6y, --- 4. Since ty,—r41 has full degree in e;
we have that

Upp—ry1P = GOIN . .. /\U,,A(éa)@(m_") Q€ =
(67, - 0p0)oiA ... Ao A(00) M) @ ¢ =
YA (00)2 ™) @ g =
(00)*'" ) @ ¥ = 9(0 @ (9o)* ") @ ¥ = 0ul,_, @ V.

Since codim Z = m — r + 1 we have that R = R,,_,1 according to
part (ii), so

Ro = Ry ri10 = O|F|** ANy y10| =0 = —5(5|F|2A/\u;n# ® ‘I’!,\:o)-

However,

O|F|PAul, . @ Wlazo
vanishes for degree reasons, precisely in the same way as Ry vanishes
for k<m —r. O

Proof of Theorem 1.4. If we consider the matrix f as a morphism E: @,
for trivial bundles E and (), the theorem immediately follows from parts
(v) and (iii) of Theorem 2.3. O

Remark 4. As we have seen, the reason for the power m — r + 1 in
Theorem 1.4 (and in part (v) of Theorem 2.3) when n is large, is that
the complex (2.1) terminates at k = m — r + 1. If one tries to analyse
the section F' by means of the usual Koszul complex with respect to
the basis (e I)i I|—r» then one could hope that for some miraculous reason
the corresponding forms u; would vanish when k£ > m —r+1, although
one has m!/(m — r)!r! dimensions (basis elements). However, this is
not the case in general. Take for instance the simplest non-trivial case,
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m = 3 and r = 2, and choose f; = (1,0,&), fo = (0,1,&) and choose
the trivial metric. Then
Fipo =1, Fi3=2¢&, Fy =&,
and 0 = F/|F|?, so that
1 & &

— O15 = . O = .

LGP +[6P 7" T+aP+ el SR EATACENTAE

Now m —r+ 1 = 2, but if we form the usual Koszul complex, with say
that basis €1, €9, €3, so that

012

1 B B
O = 01261 + 01362 + O 9363 = W(El + &a€a + &r€3),

we have

_ 9
U/\(@O-)Q = Wd§1/\d€2/\61/\62/\63,

and this form is not zero. To get an example where Z is non-empty,

one can multiply f with a function f. U

3. PRODUCTS OF IDEALS

For j =1,...,r, let £ — X be a Hermitian vector bundle of rank
m; and let f; be a section of EY. Moreover, let E' = @]E; and let
Q ~ C" with ON-basis €1,...,¢.. If we consider f; as sections of F,
then f = Y| f; ® ¢; is a morphism E — Q. Moreover, FU = ¢ with
U = 1 ® € as before, means that o4, --- 0719 = ¢, and hence that ¢
belongs to the product ideal (fi)---(f.). To obtain such a solution
¥ we proceed as in the previous section. Notice that now o; can be
identified with the section of E; with minimal norm such that f;o; = 1.
Moreover, |F| = |fi|---|f;|. In this case we therefore have

Ry, = O|F|* Auy, = O(| fo|2 -+ - | £ P AaiA ..o Ao
Z (Do) A ... N (00,)* @ € @ €| r=o.

|a|=k—1
For degree reasons Ry, will vanish unless
(3.1) 0<o<mj—1 and oy +---+a,<n-—1

Proof of Theorem 1.2. Consider the tuples f; as sections of E;. For
each j, let ej, ¢« = 1,...,m; , be a local frame for F; so that f; =
S ;e;l After a suitable resolution we may assume that for each j,
fi= fJO 7, where fJQ is holomorphic, and f; is a non-vanishing section
of EY. Therefore, Ry is a sum of terms like

s

(e (0 e
where v is smooth and non-vanishing. By the same argument as before
this current is annihilated by ¢ if |¢| < C|fi|** - |f.|* !, and in

O(LF[ - 17 o)A
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view of (3.1) and the hypothesis in the theorem, taking s; = «a; + 1,
therefore ¢ annihilates R. It now follows from Theorem 2.3 (iii) that
FU = ¢ has a holomorphic solution, and thus ¥ € (f1)--- (f,). O

We can also easily obtain the Briancon-Skoda theorem.

Proof of Theorem 1.1. Assume that the tuple f = (f1,..., f™) is given.
Choose disjoint isomorphic bundles £; ~ C™ with isomorphic bases e;;,
and let f; =3 " f'es;. Outside Z = {f = 0} we have o; = Y " 0’¢j;.
Now Jo' are linearly dependent, since Y. fi0o' = 03 " flo' = 01 =
0. Thus the form wu; must vanish if k—1 > m—1, and therefore R;, van-

ishes unless & < min(n,m). Since |f;| = |f|, locally in the resolution,
we have 5
Ry = O|fI" "N
k /] (FOYe+—1 =g’
and hence it is annihilated by ¢ if |¢| < C|f|mintmm)+r=1, O

It remains to consider the case when the f; together define a complete
intersection. The proof is very much inspired by similar proofs in [20].

Proof of Theorem 1.4. We now assume that codim{f; = --- = f, =
0} = my + -+ + m,. In particular, my +--- +m, < n. Let { be a
test form times ¢. If the support is small enough, after a resolution of
singularities and further localization, R.£ becomes a sum of terms, the
worst of which are like

- TN ASLA(OS)™MTIA L A(DSL) T IAEp
S|P o /\31 r 1 r 7
IR REERE

where ¢ is the pull-back of £ and p is a cut-off function in the resolution.
We may assume that each ij is a monomial times a non-vanishing
factor in a local coordinate system 7. Let 7 be one of the coordinate
factors in, say, f1 (with order ¢), and consider the integral that appears
when 0 falls on |7¢|**. If 7 does not occur in any other f7, then the
assumption |¢| < C|f;|™ implies that ¢ is divisible by 7™ . Hence ¢
and therefore also ¢ annihilates the singularity as before, so that the
integral vanishes. We now claim that if, on the other hand, 7 occurs
in some of the other factors, then the integral vanishes because of the
complete intersection assumption. Thus let us assume that 7 occurs in
f3, ... ff but not in f ..., f7. The forms s; = |f;|*0; are smooth
and, moreover,

_ 8234-1/\ .. /\S;,/\(55§€+1)mk+1—1/\ o /\(55;)77%_1/\5
(e (o

is the pull-back of
. Sk+1/\ .. /\ST/\<5Sk+1)mk+1—1/\ L /\(58,«)77%_1/\5

| fra [Prer | fR[2me
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Since the form v has codegree 1+(my—1)+---+ (mk —1) in dz, which
is strictly less than mq + -+ 4+ my = codim {f; = = fi = 0} the
anti-holomorphic factor of the denominator vamshes on {fi = =
fx = 0}. Therefore, each term of its pull-back vanishes where 7 = O,
so it must contain either a factor 7 or d7. However, because of the
assumption, the (pull-back) of the denominator contains no factor 7,
so each term of 4 will contain 7 or d7. Therefore, the integral that
appears when 0 falls on |7 will vanish when X\ = 0. O

4. EXPLICIT INTEGRAL REPRESENTATION

We are now going to supply explicit proofs of Theorems 1.1 to 1.4.
Since all of them are local, we assume that the functions f and ¢ are
defined in a convex neighborhood X of the closure of the unit ball
B in C". We first recall the construction of weighted representation
formulas for holomorphic functions from [1]. For fixed z € X, let ¢,
denote interior multiplication with the vector field

2mi > (¢

and let V,, = §, — . Then we have (lower indices denote bidegree), see
1],

Proposition 4.1. Assume that z is a fized point in X and g = goo +
- A Gnn is a smooth form in X with compact support such that V,g = 0
and goo(2) = 1. Then

(4.1) o) = [ 99= [ gut

for each holomorphic function ¢ in X.

For further reference we also notice, see [4], that:
(i) if g and g¢* satisfy the assumptions in the proposition (it is enough
that one of them has compact support), then also g = g'Ag? does.
(ii) it is enough that ¢ us smooth in a neighborhood of the point z.

Ezample 2. Let x be a cutoff function in X that is identically 1 in a
neighborhood of B. Moreover, let

1 9K)?
s¢2) = sl

2milCP—C 2
Then for each z € B,

9= X_éX/\% =X — OXA[s +8N0s+5A\(08)* +---+5A(0s)" 1] =
n

&1 OCPAdOIC)
X W,; @rifF (CP—C-2)F
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a compactly supported form such that V,-closed and goo(2) = 1. More-
over, g depends holomorphically on z. Il

Ezxample 3. Another possible choice is

(4.2) 9= (1 + VC_ZLC» L <11—_C’<|22 B w) —v

2mi(1— G2
for positive v, where w = (i/27)09log(1/(1—[¢|?)). Tt is O((1—|¢[*)¥)
near the boundary and therefore at least of class C~1. U

Now assume that f is a holomorphic r X m-matrix, that we consider
as a holomorphic morphism f: E — @ with respect to some fixed ON-
bases for the trivial bundles £ ~ C™ and ) ~ C". We will construct the
decomposition (1.1) from the currents U and R in Section 2, following
an idea in [4]. First we choose holomorphic (1, 0)-forms h; in X, Hefer
forms, such that

dph; = [;(Q) = fi(2),
and let h = Y " h; ® €;. We may also assume that h;, and hence h,

depend holomorphically on the parameter z. Now 6p: Eyxi 1 — Ej, for
k > 1, and hence

(On)k: Epr1 — E1, k=0,
if (8,)¢ = 05 /L. Tt is easily seen that
(4.3) On(On )k = (0n)k-107 = O7(z)(On)-1-

So far 0 has only acted on (0, 0)-forms with values in A"E. We now
extend it to general (p, ¢)-forms, with the convention that one insert a
minus sign when p + ¢ is odd. Thus we let

Spa = (_1>(r+1)(dega+1)5fT o 8py ® 0y ey

where deg « is the degree of a in A(E® T*(X)). With this convention
dr, as well as d, will anti-commute with 0 and 9,).

It is possible to find (1, 0)-form-valued mappings H}: E, — C, such
that

(4.4) 0,H = 0p(C) = Op(),  OpHy = Hy 105(0) = Opie) (On)krs k= 2.

The form HY is a usual Hefer form. The right hand side of the second
equation for k& = 2 is now holomorphic and §,-closed, and it is well-
known then that there exists a holomorphic solution HY. We may as
well assume that it depends holomorphically on the parameter z in
X. The existence of HY in general follows by induction. For explicit
choices of solutions in X, see [4]. We now define

min(n+1,m—r+1)

HU= > (0n)eUs

k=1
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and
min(n,m—r+1)

H'R= Y  H{R
k=1

Theorem 4.2. If ¢ is holomorphic in X and g is the smooth form in
Ezxample 2, then we have the holomorphic decomposition

(4.5) o(2) zép(z)/HlU/\gqb—ir/HoR/\g(b, z € B.

Proof. First we assume that z € B\ Z, and consider the form
g =06rH'U+ HR.

We have that goo = dpUy, and hence goo(z) = 1. Moreover, using (4.3)
and (4.4) it is readily verified that V, ¢ = 0. Since g’Ag is smooth in a
neighborhood of z it follows form Proposition 4.1 and the subsequent
remarks that (4.5) holds for this z. However, since both sides of (4.5)
are holomorphic in B the theorem is proved. U

In particular, U(z) = [ H'UAg¢ is an explicit solution to dp) ¥V = ¢
if Rp = 0. We now consider this solution in more detail. In view of
(2.2) and (2.3) we have, outside Z, that

<5h)k71uk =

Z (Oh)ar =+ (On)an [O1A - Aa A (Do) A .. A(Do, )] @ €*.

|a|=k—1

Moreover, since we have the trivial metric,
m
0 = E 0i€5, ]:1,...,7“,
i=1

are just the columns in the matrix f*(ff*)~!. Suppressing the non-
vanishing section €*, we have

Corollary 4.3. Let f be a generically surjective holomorphic r X m-
matriz in X with rows f;, considered as sections of the trivial bundle
E*, and assume that the hypothesis of Theorem 1.4 is fulfilled. Then

w(Z)Z/HlUAgcb
is an explicit solution to Op)(2) = 0f () 05 (x¥(2) = ¢(2) in B,
where H'U ¢ is the value at X = 0 of (the analytic continuation of)

min(n+1,m—r+1)

(4.6) 1/ >

k=1

> Gnar e (On)ar [O1A - A A1) A A(D,)* | ¢

|a|l=k—1
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and g is the form in Ezample 2. If m —r+1 < n, then H'U¢ is locally
integrable, and the value at A = 0 exists in the ordinary sense.

Proof. 1t remains to verify the claim about the local integrability. In
fact, after a resolution of singularities, cf., (2.5), it follows that Uy¢p
is locally integrable if |¢| < |F|*. If m —r +1 < n, then the sum
terminates at kK = m — r + 1, and therefore the current is locally in-
tegrable; otherwise the worst term is like U, 1¢, and it will not we
locally integrable in general. Il

If all the f; takes values in different bundles £ and F = &Fj,
then we can simplify the expression for H'U further. In this case, cf.,

Section 3,
Z |f]\2€”7 =1,...,r

Moreover, with natural ch01ces of Hefer forms h;, d5; will vanish on
forms with values in Ej for k # j, and hence we get

Corollary 4.4. Let f; be m;-tuples of functions, considered as sections
of the trivial bundles E; over X. If the conditions of Theorem 1.2 or
1.3 are fulfilled, or if all f; are equal to some fized m-tuple f, and the
condition in Theorem 1.1 is fulfilled, then

= /HlUgb/\g

is an explicit solution to 0,2+ 07, -)¢(2) = ¢(2) in B, where H'U¢
is the value at A =0 of (the analytic continuation of)

@) 1Y D Grdan[iA@o) A AGh,)a, [00A(D07) "6,
k=1 |a|=k—1

N =min(n+1,m —r+1), and g is the form in Example 2.

In the case of Theorems 1.2 and 1.3, only terms such that o; < m;
actually occur. In the case of Theorem 1.1 we have only terms such
that £k < m.

We conclude this paper with some brief comments on Berndtsson’s
classical division formula from [7]. As mentioned in the introduction,
the first known explicit formula for the Briangon-Skoda theorem (r =
1) was in Theorem 9.5 in [4]; in fact, it is identical to the formula
above in the case r = 1, and it is different from Berndtsson’s formula.
Surprisingly enough it was recently discovered, [12], that the general
case of the Briangon-Skoda theorem, i.e., Theorem 1.1, actually can
be obtained from Berndtsson’s classical formula, and we will sketch
the proof below; for more details, see [12]. However, we see no way
of proving any of the variations discussed in this paper by Berndtsson
type formulas.



14 MATS ANDERSSON

As before we consider the given m-tuple f as a section of the trivial
bundle £* over X. Let s be the section of ¥ with minimal norm such
that fs = |f|. Then s = |f|?c in the previous notation. If the metric
is trivial and f = ) f;e}, then s = ) fje;. For € > 0, let

e _ 5
[fI?+€

let h = hje; be a Hefer form as before, and let

g =1-V,h-0°=——+ f(2) -0+ h- 00"

f |2
By Proposition 4.1 we have the representation formula

(4.8) ¢(z)—/<m2+6+f( z) -0+ h-0o°

At least if the form ¢ from Example 3 is used, the resulting formula is
precisely of the type in [7] though derived in a somewhat different way.

min(n+1,m)+r—1
) PG

Proposition 4.5. Assume that f,¢ are holomorphic in X and that
(4.9) 6] S |t

holds. When € — 0 the formula (4.8) converges to an explicit repre-
sentation of ¢ in B as an element in the ideal (f)".

Sketch of proof. To begin with we assume that m > n. Then the power
of ¢’ is n + r, and expanding we get that

7o = Y (g e 0or) G o

where --- denote terms in (f)". Taking for granted that these latter
terms actually converge to currents with values in (f)” when ¢ — 0,
we have to prove that the first terms tend to zero. When expanding
further, for degree reasons, the worst term that appears is

|f|2 (h 80 ) (f( ) ’ O-eyi ¢

Using the technique in Section 2 we may assume that f = fyf’ where
f"# 0, and then this term is dominated by

|dfol| fol
ThPIFE+ o
Assuming furthermore, as we may, that fy is a monomial, it is readily
checked that the expression (4.10) tends to 0 in Li,. when € — 0. We
then consider the case when m < n. When expanding (¢')™ "¢,
besides terms in (f)", the worst term that appears is

(4.11) (h-00)"(f(2) - 0)" o,

(4.10)
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Using that
m
(h0m) =mA... NpeDimi - NO5L
[fI*+e (LFP? + )t
it follows that also (4.11) is dominated by (4.10), and so the proposition
is proved. Il
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