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CONVERGENCE OF SCHRODINGER OPERATORS

JOHANNES F. BRASCHE and KATERINA OZANOVA

Abstract: For a large class, containing the Kato class, of real-valued

Radon measures m on R? the operators —A + ¢2A? +m in L?(R?, dx)
tend to the operator —A + m in the norm resolvent sense, as ¢ tends to
zero. If d < 3 and a sequence () of finite real-valued Radon measures
on R? converges to the finite real-valued Radon measure m weakly and,
in addition, sup,cyuE(R?) < oo, then the operators —A + £2A?% + p,
converge to —A + €2A% + m in the norm resolvent sense. Explicit up-
per bounds for the rates of convergences are derived. One can choose
point measures p,, with mass at only finitely many points so that a com-
bination of both convergence results leads to an efficient method for the
numerical computation of the eigenvalues in the discrete spectrum and
corresponding eigenfunctions of Schrodinger operators.

This article has been submitted to Journal of Mathematical Physics.

I Introduction

Weak convergence of potentials implies norm-resolvent convergence of the correspond-
ing one-dimensional Schrédinger operators. This result from [5] may be interesting
for several reasons. For instance every finite real-valued Radon measure on R is the
weak limit of a sequence of point measures with mass at only finitely many points.
There exist efficient numerical methods for the computation of the eigenvalues and
corresponding eigenfunctions of one-dimensional Schrodinger operators with a poten-
tial supported by a finite set; actually the effort for the computation of an eigenvalue
and corresponding eigenfunction grows at most linearly with the number of points of
the support [8]. Since norm resolvent convergence implies convergence of the eigenval-
ues in the discrete spectra and corresponding eigenspaces, we get an efficient method
for the numerical calculation of the points in the discrete spectra and corresponding
eigenspaces of one-dimensional Schrodinger operators.

Let us also mention a completely different motivation. In quantum mechanics neutron
scattering is often described via so called zero-range Hamiltonians (the monograph
[1] is an excellent standard reference to this research area). In a wide variety of
models the positions of the neutrons are described via a family (X;)?_, of independent
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random variables with joint distribution p. Usually the number n of neutrons is large
and one is interested in the limit when n tends to infinity and the strengths of the
single size potentials tend to zero. In the one-dimensional case this motivates to
investigate the limits of operators of the form

H, & + a En ) e
w == - ilw)» w 9
de anI XJ( )

a # 0 being a real constant and (2, F,P) a probability space. By the theorem of
Glivenko-Cantelli, for P-almost all w € Q the sequence (2 Z?Zl 0X,(w))JneN converges
to the measure au weakly. By the mentioned result from [5], this implies that

2 2 n

d . d a
R e DL)

in the norm resolvent sense P-a.s.

It is the purpose of the present note to derive analogous results in the two- and
three-dimensional case. Here one is not only interested in the absolutely continuous
case dm = Vdx for some function V' where —A + m equals the regular Schrédinger
operator —A + V, but also in the case that m is absolutely continuous w.r.t. the
(d — 1)-dimensional volume measure of a manifold with codimension one [4], [7].

If d > 1, then it seems to be impossible to work directly with operators of the form
—A + p, p being a point measure. In fact, while the operators —% + 2?21 0z,
can be defined via Kato’s quadratic form method as the unique lower semibounded
self-adjoint operator associated to the energy form

D(E) = H'R),

&5 = [Ir@lde+ S alfe)P, 1€ DE),

f being the unique continuous representative of f € H 1(R), the quadratic form
D(E) := {f e H'RY : f has a continuous representative f},

&6.0) = [Vf@Pd+ Y iR, f e D),

is not lower semibounded and closable if d > 1 and at least one coefficient a; is
different from zero.

The starting point for the strategy to overcome the mentioned problem in higher
dimensions have been the following two simple observations:



1. The lower semibounded self-adjoint operator A? 4 u can be defined via Kato’s
quadratic form method for every real-valued finite Radon measure u on R? (if d €

{1,2,3}).

2. —A +e2A? — —A in the norm resolvent sense, as € > 0 tends to zero.

For a large class of measures m, containing the Kato class, we shall prove that
~A+EA P +m— —A+m

in the norm resolvent sense, as ¢ > 0 tends to zero, cf. section III. In section II we
shall prove that the sequence (—A + 2A% + p,)nen converges to —A + e2A% +m
in the norm resolvent sense provided d < 3, € > 0, the finite real-valued Radon
measures ji, on R? converge to the finite real-valued Radon measure m weakly and
sup,ey pif (RY) < oo, p = p*t — p~ being the Hahn-Jordan decomposition of p.
Actually we shall not only prove convergence but even give explicit error estimates.

As approximating measures p, we can, in particular, choose point measures with mass
at only finitely many points. In section IV we shall derive a result which makes it
possible to calculate the eigenvalues and corresponding eigenspaces of operators of the
form —A 4 e2A2 4 1 numerically provided p is a point measure with mass at n points
and n < co. The effort for these computations grows at most as O(n?). In particular,
we get an efficient method to calculate the eigenvalues in the discrete spectrum and
corresponding eigenspaces of Schrédinger operators —A + m numerically. Let us
emphasize that our method covers both the absolutely continuous case dm = Vdz
where —A +m = —A + V is a regular Schrodinger operator and the singular case
when m is absolutely continuous w.r.t. the (d — 1)-dimensional volume measure of a
manifold with codimension one. Actually, we will treat a fairly large class of measures
m containing the set of all finite real-valued measures belonging to the Kato class.

Notation and auxiliary results: Let i be a real-valued Radon measure on R
By the Hahn-Jordan theorem, there exist unique positive Radon measures u* on R?
such that

p=pt —p~ and p*(R?\ B) = 0= p (B)
for some suitably chosen Borel set B. We put
e [l:= g™ (RY) + = (RY) and || i= p + ™
If p is finite, then we define the Fourier transform ji of p as

a(p) == (27r)_d/2/eipzu(dx), p € RY,

f also denotes the Fourier transform of f € L2(dx) := L2(R? dzx), dz being the
Lebesgue measure.



For s > 0 we denote the Sobolev space of order s by H*(R%), i.e.
H®) = {fe (o) (451 )Pdp < o),

|l = / L+ P2 1 f@)Pdp) 2, f e HRA.

Occasionally we shall use the abbreviations L?(u1) := L*(R?, 1) and H® := H*(R?).

|| T ||, denotes the operator norm of 1" as an operator from H; to Hsy and

| T \lr:=I T Nl || f |l2 and (f, h)y denotes the norm of f and the scalar product
of f and A in the Hilbert H, respectively. If the reference to a measure is missing,
then we tacitly refer to the Lebesgue measure dx. For instance “integrable” means
“Integrable w.r.t. dz” if not stated otherwise, | 7" || denotes the norm of 7" as an
operator in L?(dx) and (f,h) and || f || denote the scalar product of f and h and the
norm of f in the Hilbert space L?(dx), respectively. We denote by C5°(R?) the space
of smooth functions with compact support.

For arbitrary e > 0 (¢ = 0 will be admitted only in section III) let £ be the nonnega-
tive closed quadratic form in the Hilbert space L?(dx) associated to the nonnegative
self-adjoint operator —A + ¢2A?% in L?(dx). Obviously we have

D(&) = H*(RY),
E(f ) = E(ALAN+(f.Af) =2 (Af,Af), fe€D(E), (1)
for every € > 0.
We put
Ealf h) == E(f, ) +a(f,h),  f heDE),
for every quadratic form € in L?(dx) and a > 0.

For every € > 0 and « > 0 there exists a function g. , with Fourier transform

1
P i 2 7
Ept+p
which is continuous on R%\ {0} (on R?if d = 1 or if d < 3 and € > 0). g. ()
is unique for every z € R?\ {0} (even every z € R?if d = 1 or if d < 3 and

e > 0). gcq is radially symmetric and g¢. ,(z —y) is the integral kernel of the operator
Gew = (—A+2A% + )7 !in L*(dz). go. is nonnegative.

R? — R,

II Weak and operator norm convergence

Throughout this section let d < 3 and p be a finite real-valued Radon measure on
R?. Then, by Sobolev’s embedding theorem, for every s > 3/2, and, in particular,
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for s = 2, every f € H*(R?) has a unique continuous representative f and

I f o= sup{lf(z)] : « € R} < || f [l f € H(RY), (2)

for some finite constant c,. Note that ¢, <1 1if s = 2.

Let a > 0 be arbitrary and for f € H?(R?) put
fo(z) = flax), = eR%
Then f, also belongs to H*(RY) and we get with the aid of (1) and the Sobolev
inequality (2) that
1P~ Al < [ @8t + [ Ifuo)de
< a"ePE(f, ) + oS )

Since d < 3 it follows that for every ¢ > 0 and every n > 0 there exists an a =
a(e,n) < oo such that

I F IS n&f, f)+alf. f), |eH R (3)
By (3), for every € > 0 and every 1 > 0 there exists an a = a(g,n) < 0o such that

[ 15Pd <n €+l (G0 f € R ()
We put
D(El) = H*RY),
LD = &N+ [P f e DiEn.
By (4) and the KLMN-theorem, £ is a lower semibounded closed quadratic form in

L*(dx). We denote the lower semibounded self-adjoint operator in L?(dz) associated
to EF by —A + e2A? + ;1 and put

Gt = (CA A L pta) !
provided the operator —A + e2A% + 1, 4 « is invertible.

Let €, > 0, then the function

1

-—_  R‘—R
ept+p? +

?



and all its partial derivatives (of arbitrary order) are integrable with respect to the
Lebesgue measure. Thus the inverse Fourier transform g, , of this function is contin-
uous and

|27 9o o(x) — 0, as |z] — oo, (5)
for every j € N. By the dominated convergence theorem,

(14 p°)?

d 0, as . 6
22p% + p? + a2 P — la| — o0 (6)

H e, ||12L12:

By Sobolev’s inequality, this implies that

I 9o lloo—0, as |a] — oo. (7)

Since the operator G, , = (—A +&?A? +a)~! in L?(dz) is the integral operator with
kernel g. o(x — y), we have

/gaja(:n — ) (=A + A% + a)h(y)dy = h(z) dz-a.e., h € D(—A+*A?).

The equation above does not only hold almost everywhere w.r.t. the Lebesgue mea-
sure dx but even pointwise everywhere, i.e.

/gs,a(x — ) (=A +2A? + a)h(y)dy = ﬁ(m), r€RY heD(—A+eA%). (8)

In fact, we have only to show that the the integral on the left hand side is a continuous
function of x € R% We choose any sequence (f,)nen of continuous functions with
compact support converging to (—A+e*A?+a)h in L?(dz). By (6), g..o € H*(R?) C
L?(dx), therefore we can write

/ge,a(x —(=A+ A% +a)h(y)dy = lim [ geolz —y)fuly)dy, x€R%

Obviously the mapping z — [ g.o(z —y) fn(y)dy, R — C, is the unique continuous

representative G, f, of G.,f, for every n € N. Since G, , is a bounded operator
from L?(dz) to H*(RY) (even to H*(R?)), the sequence (G.ofn)nen converges in
H*(R?) to G.o(—A + €2A% + a)h = h. By Sobolev’s inequality (2), this implies
that the sequence (CZEL)%N of the unique continuous representatives converges to
a continuous function uniformly. By the last equality, z — [ g.o(z—y)(—A+2A%+
a)h(y)dy, RY — C, is this continuous uniform limit and we have proved (8).

By Sobolev’s inequality and (5),

Gem * Fu() = / geale — ) f)u(dy), =R,
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defines a bounded continuous function for every f € H*(R?). We put
GLof(@)i= [ goale )i Wnldy)  de-ac. € HR).

Using Sobolev’s inequality, we arrive at

Fu@)? < @) F I s P< @) | F el nlP, peRY,  fe HA(RY.

Then the convolution theorem and Sobolev’s inequality yield

1 GEf I = / (1% 522 (go # 1} (0) 2

— 9 d ( 2d

@) | +p2+a|2 | u(p)|"dp
14 p?)? ;

[ i VPl dp

(1+p%)? ;
/|€2p4 +p2+&‘2dp || f ||§-I2|| % ||2< 0, f S HQ(Rd)

Therefore G, is an everywhere defined bounded operator on H 2(R%) and we get an
upper bound for the norm || G¥, ||z of G¥, as an operator on H?*(R?) and a
uniform upper bound for the norm of G¥ , f in terms of the supremum norm of the

continuous representative f of f:

1+ p?)? 1
< dp)*/?
I Gl <l [ i 5 o)
(14 p°)? z
I Gt el | [ st 2 | F e f € HA@®Y. (10

Moreover

/|G z)|2dx

- / /g“‘ T =)/ )”+<dy)—/ge,a(ﬂf—y)f(y)u‘(dy)ﬁdx

< //g ) )t (dy) de+2/ /gm (y)u (dy) de

< //!gea:v— Eat () [ 17wt dy)da
+ 2//|ge,a(w—y)| 1~ (dy) /If(y) - (dy)dz
< 2/|ga,a|2dx |l /If(y)|2|ul(dy), fe H*(R?). (11)
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In a similar way we get

JIGEF@PIl ) <2 1 gea I 1 1P [ 170)Plaa) (12)

General results of [2] (cf. also section III below) provide, in particular, an explicit
formula for the resolvent of the operator —A + £2A% + p. In this resolvent formula
there occur operators acting in different Hilbert spaces. This is inconvenient when
we investigate the convergence of sequences of such operators and we shall derive
another resolvent formula. While this could be done with the aid of the mentioned
result from [2] it may be convenient for an uninitiated reader to start from the very
beginning: by the dominated convergence theorem,

1—|—p4

dp — 0, as o — 0.
e2p% + p? + af? p

Hence according to (9), we can choose o > 0 such that || G¥,, [|g2 g2< 1. Then the
operator I + G is invertible and its inverse is everywhere defined on H?(R?) and
bounded; here I denotes the identity on H*(R?). By (4), we can choose o > 0 such
that, in addition,

ELLL ) =EX(f ) +alf, [) = (f, f), | € DE). (13)
Let f € L*(dz). Since & and EF is associated to —A + £2A? and —A + £2A? + p,
respectively, it follows from Kato’s representation theorem that

EealGenf, h) = (f,h) =EL(GEf ), he€ H*(RY). (14)
Moreover we have

SE,Q(Gg,awa h) = (Gg,a ’ (_A + €2A2 + &)h)

= [ [ gealz — ( Yu(dy) (—A + g2 A2 —i—_oz)h(x)dx
= [ gealr = y) (=D + A% + a)h(x)dwd (y)u(dy)
= fh@/}p dy), w € HXRY), he D(—A+e2A?). (15)

We could change the order of integration in the second step. In fact, as p* are finite
Radon measures and g. , is square integrable w.r.t. the Lebesgue measure dx, the
mappings [ 19z.0(z—y)|p*(dy), R? — R, are square integrable w.r.t. dz. Since
¢ is bounded and (—A + £2A2 + a)h € Lz(dx) it follows that

[ [ 5ale = D3@IE ] (-5 + 28 + )b < o

and, by Fubini’s theorem, we could change the order of integration in the second
step. In the last step we have used (8). Employing Sobolev’s inequality and the



fact that D(—A +¢2A?) is dense in (D(E.), €. o), we can extend (15) to all functions
¥, h € D(E:).

Put
¢ = Ga,af - Gg,a(l + Gga)_lGa,af'
Then ¢ € H?(R?) = D(E*) and (14) and extended (15) yield

ELo(0,h)
= ( aaf h’) aa(GM (]_I_Gg,a)_lGaafv h’)

; / (Gonf — G2 (14 G.) G fld
= () [0+ 6L G flhd

+ / (I + Gt )T+ G ) Geof = GEL T+ G2 ) 'Geg flhdu
= (f,h), he H*RY).

Due to (13), £, is a scalar product on D(EF,) = H?(R?). Thus (14) and the
calculation above imply that ¢ = G¥,f and we have derived the following new
resolvent formula:

Glo=Gea—GEL(I+GEL) ' Gea (16)

for every a > 0 satisfying (13) and

1+ p?)?
Il [ i <

le2pt 4+ p? + af?

We are now well prepared for the proof of the main theorem of this section:

THEOREM 1 Let m and p,, n € N, be finite real-valued Radon measures
on R%. Suppose that the sequence (fi,)nen converges to m weakly and sup,cy || ftn ||<
0o. Let e,a >0 and d € {1,2,3}. Then the operators —A + e2A?* + p,, converge to
— A+ 2A? +m in the norm resolvent sense.

Proof: Let € > 0 be arbitrary. We choose 0 < ¢ < 1 and « > 0 such that

(1+p*)? < 2

2
n , €N, 17
L [ g << (17)
and
1+p 9
dp < . 18
/|€2p TPl e (18)
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By (4), we can choose o > 0 such that, in addition,

E(f, /)= (f. ). feH*RY), neN (19)

Since (fiy )nen converges to m weakly, (19) also holds when we replace p,, by m. By

(9), (17) and (18),
| G, |lm2m2<c, meN, and | G”, |r2.m2< c, (20)
and, by (10) and (18),
1 G2 f < el flloos  f € H(RY).

By (19) and (20), the resolvent formula (16) is valid both for y = m and for u = p,,
n € N. By (6), (7), (11) and (12), we can choose a > 0 so large that also

/|G 2)2de < & /|h| dm| and /|G )2 m|(dz) < & /|h| dim| (21)

for every h € H%(R?).

For notational brevity we put
90 =901, 9:=0Gea, G:=Gecn, G':=GLy, and G =G,
With this notation we have

(—A+2A% + pp+a) P — (A + A2+ m+a)t
= G™I+ G| 'G - G I + GG
(G™ — G#)[I + G™)7'G + (GH — G™)[I + G™ 1 (G — G™)[I + G*] G
+G™[I + G™)~ Y G — G™)[I + GG

Since G is a bounded operator from L?(dz) to H?(R?) we have only to show that
| G™ — G" || w2, 12(de)— 0, as n — o0, (22)

| G™I+G™ HG™ — G") ||g2.12(40— 0, as n — oc. (23)

We introduce

Vp = m — py, and v, (dy) := g(x — y)vp(dy), = €R?, neN.
As d < 3, the function
Y /go(y —a)f(a)da, R? — C,

10



is continuous and bounded for every f € L?*(dz) (this well known fact can be proved
in the same way as (8)).

Since the function ¢ is bounded and gq is nonnegative it follows that
[ 1ota =)l [ ooty = lI(=2 + Dha)ldar (dy)] < o0, « € R b € 1R

Hence by Fubini’s theorem, the function k,, . : R — R, defined by

b (a) = { J 90y — a)g(@ — y)va(dy),  if defined,

otherwise,

is Borel measurable, the integral on the right hand side is defined and finite for almost
all a € R? (almost all w.r.t. the Lebesgue measure) and

(En@E = | [ o= P
— 1 [ota-v) / 0ly = @)(=A + Dh(a)dav, (dy)

/lkum )|*da - /| —A +1)h(a)|*da

21| b |3 /|kl,m(a)]2da, r€RY he H*(RY), n e N. (24)

IN

IA

Thus in order to prove (22) we have only to show that

// |k, (a)|*dadz — 0, as n — oc. (25)

We have
[ [ ks, (a)*dadz
= J [ ko () Pdpda
= ff ’90 P)? |7z (p) [P dpda
= ffmfel yg — y)vn(dy) [ e P g(x — z)v,(dz)dpdz. (26)
Since p — T + T and g are integrable w.r.t. the Lebesgue measure, g is bounded and

the Radon measures v,, are finite, we can change the order of integration.

As (2m)~/? feipye_ipz

dp is the inverse Fourier transform of the integrable func-

|1+ 2|2
tion p — |1+ e at the point z — y, the function
) ) 1
,2) = | ePe P ——( 2 € RY,
f(y,2) / TR

11



is bounded and continuous. Let y € R? and K be any compact neighbourhood of .
By (5), there exists a constant a < oo such that

l9(z —y)g(z —2)| <all g llo dist(z, K)™*, zeR'\K, zeR’ yekK.
Moreover g is continuous. Thus the function
hy.2)i= [ gl =gl — 2o, gz RS
is bounded and continuous. By Stone-Weierstrass theorem, the set of functions of the
form (z,y) — Zjvzl fi(®)g;(y), N € N, f;,9; are bounded and continuous, is dense
in the space of bounded continuous functions w.r.t. the supremum norm. Since the

measures v, tend to zero weakly and sup,,.y || v ||< oo this implies that the product
measures v, ® v, tend to zero weakly, too. Hence we get

[ [ [ emota=omtan [ eato =it
= /f(y, 2)h(y, 2)vn @ vn(dydz) — 0, as n — o0.

By (26), it follows that we have proved (25) and therefore also (22).

It only remains to prove (23). For this purpose we first note that
Cp 1= // |k, (a)|*da|m|(dz) — 0, as n — oo.
This can be shown by mimicking the proof of (25). By (24), it follows that
5/ (G h) (@) Plm|(dz) < 2¢, || b 32, b € H*(RY).

Thus, in order to prove (23), we have only to show that that there exists a finite
constant C' such that

|G+ G i< O Pdml)' 2, e HARY, (27)
By (20), we have
GMI+G™) ==Y (-G"). (28)
j=1
According to (21),
(G h e o [ 1@ VhFdm))'? < - [ Pam]),

12



for every j € N and hence
e . o ~ I ~
IS a3 ([ a2 = ([ b))
7=1 7=1
By (28), this implies (27) and the proof of the theorem is complete. O

REMARK 2 We have shown that

I (=A+eA? +p+ )™ = (mA+eA’ +m+ o) |
€1 f f ‘ f90,1(y - a)QE,a(x - y) (m - un)(dy)Pda dz
+C2 f f | fg(),l(y — a)geo(z —y)(m — Mn)(dy)Pda |m|(dx)

IN

for some finite constants ¢; = ¢;j(e, @), j = 1,2, which can be computed with the aid
of the proof of the theorem. Thus the proof provides explicit upper bounds for the
error one makes when one replaces the operator —A + A2 4+ m by —A 4+ eA? + p,,.

III Dependence on the coupling constant

In this section we are going to prove that
—A+AN +m— —A+m, ase |0, (29)

in the norm resolvent sense. Here m denotes a real-valued Radon measure on R% and
we assume, in addition, that for every 7 > 0 there exists a 3, < oo such that

it <o [ 19520+ 0, [ 15000, e cree) (30)

Note that we neither require that m is finite nor that d < 3. On the other hand, the
condition (30) implies that m(B) = 0 for every Borel set B with classical capacity
zero and, for instance, it is excluded that m is a point measure if d > 1.

The inequality (30) holds, in particular, provided m belongs to the Kato class, i.e.

sup |m|([n,n +1]) < oo, d=1,
nez

€0 cRr2

mnwy/(Jmmu—mnmmw>= 0, d—2,
B(x,e

1
lim sup/ Im|(dy) = 0, d=3,
B(z,e)

€0 ;cRrs3 |ZE - y|

13



with B(z,¢e) denoting the ball of radius € centered at z (cf. [9], Theorem 3.1). We
refer to [6], ch. 1.2, for additional examples of measures satisfying (30).

In general, the elements f in the form domain of —A do not possess a continuous
representative f. Therefore we shall give a definition of £ different from the one
in the previous section 2 but equivalent to the definition in section II in the special
cases treated there.

Since the space Cg°(RY) of smooth functions with compact support is dense in the
Sobolev space H!(R?), there exists a unique bounded linear mapping .J,, : H*(RY) —
L?(|m]) satisfying

Jmf:f7 f € Cgo(Rd)a

(strictly speaking J,,, maps the dz-equivalence class of the continuous function f €
Cs°(R?) to the |ml|-equivalence class of f).

We put
DiE") = DIE),
ENLT) = &L )+ (Andn, I f)r2qm, | € DED),
where D(E.) = HY(R?) for ¢ = 0, D(€.) = H?(R?) otherwise and

_ ] W), z € B, 2
Aph(x) = { h(x), 1z eRI\B, h € L*(|m]),
with B being any Borel set such that m™(R¢\ B) =0 = m~(B).

By (30) and the KLMN-theorem, the quadratic form £™ in L?(dx) is lower semi-
bounded and closed and

T (f f) =0, feD(EM.

We denote by —A +£2A2 +m the lower semibounded self-adjoint operator associated
to £" and put

Geo = (—A+2A* + o)™ and Gl = (-A+ A’ +m+a)t
provided the inverse operators exist.

One key for the proof of the convergence result (29) is the observation that

1 <o) B c(e)
ept+p+a pPtale)  pP+ B

,ase |0,

with
1

C(g) = \/1_—m — ]., as & l 0, (3].)
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and —a(e) and —3(e) being the roots of the polynomial €22 + x + a, i.e.

(&) 1 —+vV1—4e2a 200 10 (32)
ale) = = — q, as €
2¢e? 1++V1—4e2a ’ ’

Ble) := L 2152_ it — 00, as € | 0. (33)

Using the parameters introduced above, we have

9e.a(7) = c(€)go.0(e) () — c(€)gopie) (), = € RT\ {0},

and hence

GE,O[ = C(&)Go,a(e) — C(E)Go,g(s). (34)

The other key for the proof of the convergence result (29) is a Krein-like resolvent
formula from [2], cf. (37) below. First we need some preparation.

Let @« > 0 and ¢ > 0. We introduce the operator J,, ., from the Hilbert space
(D(E.), &) to L*(|m]) as follows:

D(Jmea) = D(E),
Jm,a,af = Jnf, feD(Jm,a,a)- (35>

By (30), the operator norm of J,, . , is less than or equal to n provided o > f3,,. Thus
we can choose ag > 0 and ¢ < 1 such that

| Jimea (DE) 6wy r2qmp< Ve, €20, a> a. (36)

By (35) and (36), the hypothesis of Theorem 3 in [2] is satisfied (with H = L?(dx),
Howe = L2(|Im|), € = &, J = Jy, Ua = 5. A = A, H — —A + £2A2 and

m,e, o

H# = —A + ¢>A? + m) and this theorem implies that —a belongs to the resolvent
set of —A 4+ &2A? +m and

Gl =Gea = (Jmea) AL+ T c 0 Am) " InGear €20, a>ag.  (37)

m,e,o* "M

In fact, we can write
) = (JnGew)', €20, o >0, (38)

m,e,a’

since we have

(J;qkz,g,o/fy h) - gz’:‘,a/(‘];l’57a’f’ Ge,a’h) = (f: Jm,a,a’Ga,a’h)L2(\m\) = ((JmGa,a’)*f7 h)
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for every h € L*(dz), e > 0 and o > 0.
We choose any a > «g, then from (35) and (36) we get

1
1—¢’

| (1 + T caAm) ™" | L2(mp <

m,e,o* "M

e >0.

By the second resolvent identity
(14+A)"'=1+B)'=1+A4)"(B-4)1+B)",
it implies that

| (U4 T oA ™ = (1 T T g0 Am) ™ (12 (my— 0, as & 1 0,

m,e,o” M

provided

I T mea = ImdImoa lL2(gmy— 0, ase L 0. (39)

oe

Employing the resolvent formula (37), this implies that the convergence result (29)
is true, provided (39) holds and, in addition,

|| Gs,a - GO,a HLQ(dm)—> 07 as l« 07 (40)
|| JmGs,a - JmGO,a ||L2(dx),L2(|m|)—> 07 as € l 0. (41>

We have
| Goar 72(aey,m < (@), o >0, (42)

for some continuous function k vanishing at infinity (actually, k(z) = 1/2? for z < 2
and k(z) =1/(4(x — 1)) for x > 2). By the hypothesis (30), it follows that

| TnGo.ar 12 (aw), 2 < max(1, Br)k(a), a’ > 0. (43)

By the first resolvent formula,
Goae) — Goa = (0 — a(€))Go,aGoa(e)- (44)
Since a(e) — a, f(e) — o0, and ¢(e) — 1 as e | 0, (cf. (31), (32), (33),

respectively), the formulae (34), (42) and (44) imply (40). Moreover (34), (43) and
(44) imply (41).

From (34) and (38) follows that
JmJ:me’a = C(E)Jm(JmGoya(E))* — C(&)Jm(JmGoﬁ(E))*,
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note that c(e) is real for sufficiently small e. Using this expression and (44), (38), we
get

| T e = ImIm o lL2(imi)
< [ (ele) = DIn(ImGoae)” [[2gm) + | In(JmGoae)” = Jn(JmGo.a) | 2(m)
+ || e(&) i (ImGo,(2)" [lz2(mi)
= || (c(e) = DImoa@ Imoae l2qmy + || (@ = a(€)) JmnGo.a(JmGoae)” [|12(m)
+ C(g)Jm,O,ﬁ(E)J;,o,ﬁ(S) IL2(mpy, € > 0. (45)

By (30), the mapping o | Jmo.admoq llz2(m)) is locally bounded on (0, 00) and
tends to zero as « tends to infinity. Since a(e) — a, ¢(e) — 1, and f(g) — o0 as
e | 0, this implies, in conjunction with (43) and (45), that

|| JmJ:;L - Jm‘]'r*n,o,a ||L2(\m\)—> 07 € l 0.

ey

This completes the proof of the following theorem.

THEOREM 3 Letm be a real-valued Radon measure on R satisfying (30).
Then the operators —/A +e2A? +m converge to —/A +m in the norm resolvent sense
as € | 0.

REMARK 4 By the proof of the theorem, || GI", —G{',, || is upper bounded
by an expression of the form c - (¢2 4+ n(m,e)) where the finite constant ¢ can be
extracted from the proof and n(m, e) has to be chosen (and can be chosen) such that
(30) holds with  and (3 replaced by n(m,e) and ((e) (cf. (33)), respectively.

IV Eigenvalues and eigenspaces of the approxi-
mating operators

Throughout this section let d < 3. First let y be any finite real-valued Radon measure
on R?. By Sobolev’s inequality and [3], Lemma 19, the mapping f — f from H?(R%)
to L?(|u|) is compact. As above let

Aty ={ Mk TER 5 ne D,

where B is any Borel set such that u™(R?\ B) =0 = = (B). Then we can write
Ghof = [ goal = DAFI) b ac. f e HER.
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By the compactness of the mapping f — f and (11), G*, is compact if regarded as
an operator from H?(RY) to L?*(dz). According to the resolvent formula (16), this
implies that the resolvent difference G¥ |, — G, is compact and hence

Oess(—A + e2A* + 1) = Oess(—A + 52A2) = [0,00).

Let m be a finite real-valued Radon measure satisfying (30) (e.g., let m be from
the Kato class). By the preceding considerations, we can approximate the negative
eigenvalues and corresponding eigenspaces of the operator —A + m in L?(R?, dz) by
the corresponding eigenvalues and eigenfunctions of operators of the form —A-+g? A%+
i, where € > 0 and p is a point measure with mass at only finitely many points. In this
section we shall show how to compute the eigenvalues and corresponding eigenspaces
of these approximating operators.

We fix € > 0. In the remaining part of this paper let y = Zjvzl ¢j0z,;, where N € N,
x1,...,xy are N distinct points in R? and ¢, ..., cy are real numbers different from
Zero.

Every f € D(E.) = H*(R?) has a unique continuous representative f and we define
the mapping J,, : D(E.) — L*(|u]) by

Jf = [ |plae., fe H*RY).

8), [ gea(- — y)f(y)dy is the unique continuous representative of G.,f. Hence
JuG. o is the integral operator from L?(dz) to L?(|u|) with kernel g. o(x — y). Thus
(J,Geo)* is the integral operator from L?(|u|) to L?(dz) with the same kernel and
we get

N
(JuGs,oz)*A,uh = chgs,a(' - xk>h(xk>
k=1
and therefore
Ju(J,Ge o) Auh(x;) chgsa —zp)h(zy), 1<j<N, (46)

for every h € L*(|u|).

By (4), the operator norm of J,, regarded as an operator from (D(E.), &. o) to L*(|ul),
tends to zero, as a tends to infinity. Moreover it can be shown as in the proof of (38)
that the adjoint of J,, with J, regarded as an operator from (D(E.),&. ) to L*(|ul),
maps every h € L*(Ju|) to (J,Geq)*h. Thus the hypothesis of Theorem 3 in [2] is
satisfied (with H = L*(dz), Houe = L*(|p]), E =&y T = J,, A=A, H=—A+*A?
and H4 = —A + £2A?% + ;1 (we recall that € > 0)) and, by this theorem, —a belongs
to the resolvent set of —A + e2A? + y and

Gty =Gen — (JuGeo) A1+ Ju(J,Geo)*AL)  ,Ge (47)
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provided a > 0 and 1 + J,,(J,Gc o)* A, is a bijective mapping on L?(|ul).

Since L*(|p|) is finite dimensional a linear operator in this space is bijective if it is
injective. By (46), the operator 1+ J,(J,Geq)*A, in L*(|p]) is injective if, and only
if

det(djk + crgealrj — T)i<jnn # 0,
with d,; being the Kronecker delta.

As the mapping @ — g. () is real analytic on (0, 00) for every z € R?, the function

a — det(jk + ckgeal(Tj — Tk))1<jr<n

is also real analytic on (0, 00). By (7), it is different from zero for all sufficiently large
«. Thus the set of zeros on (0, 00) of this function is discrete.

Since J,,G. , is surjective and (J,G¢ o )* A, injective, the resolvent formula (47) implies
that
| GE

o || 00, as a — ay,

for every ag > 0 satisfying det(d;x + cxge.a(T; — k) )1<jk<ny = 0. Thus we have proved
that the real number —a is an eigenvalue of —A + £2A2 + y if and only if

det(djn + crgeal(®; — 21))1<jh<n = 0.

Since det(dj; + ckge.a(T; — Tp)1<jhan = Hp k- det(0n/ck + gea(Tj — Th) 1<) k<N
this implies the assertion a) in the following theorem.

THEOREM 5 Let d <3 and e > 0. Let p = Z;\le ¢j0q;, where N € N,
T1,...,on are N distinct points in R? and ci, ..., cn are real numbers different from
zero. Then the following holds:

a) The real number —a < 0 is an eigenvalue of —A + 2A? + 1 if and only if

det(5jk

o + Gea(®j — 1) 1<jken = 0.

b) For every eigenvalue —a < 0 the corresponding eigenvalues have the following form

N
Do chigeal- =), () {pen € ker(Gs + chgeal®; — o) )i<jnsn
k=1

Proof: It only remains to prove the assertion b). By the preceding considerations
and Lemma 1 in [2],
h— (J,Gea) Auh

is a linear bijective mapping from ker(1+.J,(J,G:)*A,) onto ker(—A+e2A? + pu+a)
and b) follows from the preceding considerations. a
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REMARK 6 Since the Hilbert space L?(|u|) is N-dimensional with N <

oo and by the resolvent formula (47), the difference G¥ , —G. ,, is a finite rank operator
with rank less than or equal to N. Thus the number, counting multiplicity, of negative
eigenvalues of —A + e2A2% + 1 is less than or equal to N.
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