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POINTWISE A POSTERIORI ERROR ESTIMATES FOR
THE STOKES EQUATIONS IN POLYHEDRAL DOMAINS

ERIK D. SVENSSON AND STIG LARSSON

ABSTRACT. We derive pointwise a posteriori residual-based error es-
timates for finite element solutions to the Stokes equations in polyhe-
dral domains. The estimates relies on the regularity of the of Stokes
equations and provide an upper bound for the pointwise error in the
velocity field on polyhedral domains. Whereas the estimates provide
upper bounds for the pointwise error in the gradient of the velocity
field and the pressure only for a restricted class of polyhedral domains,
convex polyhedral domains in R?, and polyhedral domains with angles
at edges < 37/4 in R3. In the cause of this study we also derive L7 a
posteriori error estimates, generalizing well known L? estimates.

1. INTRODUCTION

Let Q2 C R™, n = 2,3, be a polyhedral domain and consider the Dirichlet
Stokes problem in dimensionless form

—Au+Vp=f inQ,

(1.1) V-u=g inf),

u=0 onodf,
where u = (uq, ..., u,) is the unknown velocity field, p the unknown pres-
sure, f = (fi,..., fn) is an external body force and g is a function pre-

scribing the compressibility of the flow, for incompressible flows g = 0.
The purpose of this paper is to establish residual-based pointwise a
posteriori error estimates for conforming finite element approximations
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2000 Mathematics Subject Classification. 65N15, 65N30, 76D07.
Key words and phrases. a posteriori, pointwise error estimates, maximum norm,
Stokes equations.
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2 ERIK D. SVENSSON AND STIG LARSSON

(un, pr) to the Stokes problem (1.1). Only requiring that the finite el-
ement mesh is regular, allowing adaptively refined meshes, we obtain a
number of error estimates.

(1) For polyhedral domains we derive pointwise error estimates for the
velocity field

Huh - uHLOO(Q) S 51<uhaph7faga Q7T)

(2) For convex polyhedral domains in R?, and for polyhedral domains
in R? with angles at edges < 37/4 we derive pointwise error esti-
mates for the gradient of the velocity field

||v<uh - u)HLOO(Q) S 82(uh7ph7 fvgv QvT>

(3) For polyhedral domain as specified in Item 2 above we derive point-
wise error estimates for the pressure

th - pHLOO(Q) S 53(uh7ph7 f797 Q? T)

(4) For polyhedral domains and for g € [2n/(n+1),2n/(n—1)] we also
derive the following L%-estimate

|V (up — )| za) + |pn = Pllza) < Ea(un,pn, f,9,92,7T).

The right hand sides & 23 4 in the estimates above are functions derived
from the residuals, depending on the finite element solution, the data, the
domain and the triangulation.

The first estimate in Item 1 relies on the fact that, for sufficiently regular
data, the velocity field is Holder continuous in polyhedral domains. Simi-
larly, the pointwise estimates for the gradient of the velocity field, Item 2,
and the pressure, [tem 3, require continuity. This is generally not obtained
in polyhedral domains without imposing extra constraints, convexity for
polyhedral domains in R? and a minimum inner angle condition, < 3 /4
at edges, for polyhedral domains in R? [13]. We note that estimating
the gradient of the velocity field is somewhat more involved since Vuy, is
discontinuous at the (n — 1)-faces of the triangulation.

The fourth estimate in Item 4 relies on Li-regularity estimates stated in
[3] for Lipschitz domains and also in [13] for polyhedral domains. It is a
straightforward generalization of the L?-based estimates in [19].

The techniques used to prove the pointwise error estimate is inspired
by [14], where an a posteriori residual-based pointwise error estimate was
derived for Poisson’s equation in two dimensions, later this analysis was
also done in three dimensions [4]. We remark that the gradient of the
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solution was not considered in these studies. The pointwise a priori error
analysis for the Stokes problem was worked out in two dimensions for con-
vex domains and quasiuniform triangulations [5], and in three dimensions
for polyhedral domains with the similar type of constraints as mentioned
above and for quasiuniform triangulations [10].

1.1. Assumptions and notation. We only consider functions defined on
bounded domains w C 2 C R", n = 2, 3, with measure denoted by |w|, and
where € is associated with the Stokes problem (1.1) and the dual problem
(1.4).

Let {e;}! , denote the canonical unit vectors, e; = (1,0) and ey = (0,1)
for n =2 and e; = (1,0,0), e = (0,1,0) and e3 = (0,0,1) for n = 3.

We denote the i:th partial derivative by

0
D, =
‘ 3@-’

1=1,...,n,

and the gradient by
V= (Dl, .. .,Dn),

and the matrix of second order derivatives

V? = (D;D;)?

ij=1"

We use standard notation for spaces of smooth functions, for exam-
ple, C"™(w), C{°(w) and C™7(w), and for Lebesgue and Sobolev spaces,
L(w) = W (w), Wh4(w) and W (w), see for example [1]. For u € LI(w)
or u € W"4(w) we use the following notation for the norm

[ulloy = llullge — and flullworw) = llullgne,

and likewise for the corresponding seminorms |u|y -
When ¢ = 2 LY(w) = L*(w) becomes a Hilbert space and we denote the

scalar product by
(u,v)y, ::/uv dx.

For u € Wy%w) or for u € Wh9(w) with [, u dz = 0 for some non
empty wy C w, the norm is equivalent to the seminorm, ||u|1,4w ~ |¢]1,4.0,
see for example [18, Lemma 1.1.1-2, pp. 43-44]. We will use this equiva-
lence without further notice throughout this work.
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We denote the dual exponent to g by ¢ = ¢/(¢ — 1) and the dual space
to W (w) by W54 (w) with the dual norm

U, Y
(1.2) lil g = sup Hw@l
PeC (w) ||S0||k,q,w

where (-, -) denotes the duality pairing.
Generally, for a vector space V' we denote its dual space by V' with dual
norm

HUHV’ = sup |<u790>|7
eev llellv

for example, We(w) = W54 (w).

When w = €2 we sometimes write L? instead of L?(2) and ||-||, instead
of |||/, and likewise for Sobolev spaces and their norms and the L? scalar
product.

We use the quotient space W#?/R with the norm

vllwra/m = Cigff{HU + llkq-
For vector fields

Q32— ulx) = (u(x),...,u,(z)) € R"

we set
Vu := (Dlu])zjzl,
VQU = (DiDjuk)Zj’kzl,
and for u = (uy, ..., u,) € Wk(Q)" we use the Sobolev (Lebesgue) norm

n 1/q
[wllk,g == (ZHU@H%) 7
i=1

and the corresponding seminorms, the maximum norms
oo = max||ui oo,
1Vulloo = max Dij|o,

and the scalar product

(u,v) = Z(ul,vl)

i=1
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We also use the product spaces W4 := W, 4(Q)" x LI(Q)/R with the
norm
I, p)lbwra := Nlullrg + [1pll2/m.
and W24 := (W24(Q)" x WH(Q)) N Wh* where s = nq/(n — q), see
Theorem 1.3, with the norm
1w, p)llwea = llullzq + [[pllwra/m.

Finally, throughout this work we use C' or C;, « = 1,2,..., to denote
various constants, not necessarily with the same value from time to time.

1.2. Weak formulation. We follow the standard notation, c¢f. [11, 19],
and define the bilinear form

L((u,p), (¢, ) := alu, ¢) +b(¢,p) — b(u, A),

for test functions (¢, A) and where

a(u, @) = /Q Z Ou; 9¢: dx and b(p,p) == — /Q(V - ¢)pdz.

i1 637]‘ 81’]'

For data f € W~ and g € L? such that [, g dz = 0 and for 2n/(n +
1) < ¢ <2n/(n—1) there is a unique weak solution to (1.1), see Theorem
1.1 for a more precise statement. The weak formulation of (1.1) now reads.
Find (u,p) € WH(Q) such that

(1.3)  L((wp), (3, N) = (f. ) + (3, \) V(¢ \) € W (),

where (-, -) denotes the appropriate duality pairing.
The dual problem to (1.1) is

—AG—Vp=/f inf,
(1.4) —V -

U

g inQ,
0 on 012,

where f € W1 and § € LY such that Jo g dz = 0 and for 2n/(n +
1) < ¢ < 2n/(n —1). The corresponding weak formulation is. Find
(@, p) € WH(Q) such that

(1.5) L((&, ), (@) = (6, f) + (A 3) V(oA € WHi(Q).
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1.3. Existence and regularity in non-smooth domains. For any do-
main @ C R", n = 2,3, and data f € W 1%(Q)" and g € L*(Q) such
that fQ g dxr = 0, it is well known that there exists a unique weak solu-
tion (u,p) € Wy ()" x L*(Q)/R to (1.1), see for example [18, Chaper
3] and references therein. For sufficiently regular domains and data there
are several extensions such that (u, p) € W,%(Q)" x LI(Q) /R, see Remark
1.1 below. In Theorem 1.1 we quote one example of such an extension
where the Stokes problem is formulated on Lipschitz domains. This is a
slight modification of [3, Theorem 2.9] where it was provided with g = 0.
However the case g # 0 is readily included.

Theorem 1.1. Let 2 C R", n = 2,3, be a bounded Lipschitz domain.
There exist e > 0 such that if (3+¢)/(24¢) < q¢ < 3+ and f € W H4(Q)"
and g € LI(Q) with [, g dx = 0, then there exist a unique weak solution

(u,p) € Wy (Q)" x LI(Q) /R to (1.1). Moreover, the solution satisfies the
imequality

(1.6) [ullig + pllze/m < C(1fll-1q +lglly),

for some C = C(n,q, ).

Proof. For g = 0 this is [3, Theorem 2.9]. For g # 0 we use the method of
subtracting the divergence, see for example [18, Theorem 1.4.1, p. 114], to

handle the non-homogenous compressibility constraint.
For Q and g as stated there exists v € W,4(Q)" such that

(1.7) Veov=g and |ullg < Cllgllg,

see, for example, [18, Lemma 2.1.1, p. 68]. Taking w = u — v we see that
(1.1) is equivalent to

—Aw+Vp=f+ Av, V-w =0, in Q,
and w|pg = 0. Now [3, Theorem 2.9] implies that there exist a unique
pair (w,p) € Wy 9(Q)" x LI(Q)/R satisfying the above equations and the
inequality
[wll1g + [IPle/r < ClIf + Av|[—14,
for some C' = C(n, ¢, ).

Thus, (u,p) € Wy?(Q)" x L4(Q)/R. is a unique solution to (1.1) and the
estimate above implies that

lullig + lPllze/r < C(I1fl-1q + IWll1g + A0 -14)-
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The inequality (1.6) now follows from the estimate in (1.7) and the fact
that [[Av]l 14 < [v]lg- D

Remark 1.1. (1) For n = 2 the results of the theorem actually holds with
(44 ¢)/(3+¢€) < g < 4+ e. This is provided in the same way as for
n = 3 [17]. (2) For polyhedral domains a similar theorem was established
in [13], in particular, for convex polyhedral domains the result holds with
1 < g < co. (3) For C'-domains there is a similar theorem again with
1 < ¢ < 00, see for example [8].

As a consequence of Theorem 1.1 and Remark 1.1 we obtain the following
inf-sup like estimate.

Corollary 1.2. For q and Q) as in Theorem 1.1 we have

[£((u.p), (6, )]
1.8) [I(u,p)lwra < C
(L) NG p)bwee <C 800 =G D

where C'= C(n,q, Q).

¥(u,p) € WH(Q),

Proof. Let (¢;, A;) be the solutions to the following problems

—Ap =V =Ff V-¢=0 inQ  ¢iloa =0,
—Apy — VA =0, V- -¢pg=9g—go, inf b2lan = 0,

where f € W= (Q)" and § € L7 (Q) with the mean go = || ! [, § dx.
With Theorem 1.1 applied to the above problems and with (1.5) we get

[£((u, p), (¢, N))]

oot 16 Ml
1(1£((w.p), (61, 7))] |c<<u,p>,<¢2,A2>>|>
(1.9) 22( 1@ A T @2 A2y

> C( [{u, )] N I(p,é—éo)!)

1F -1 G — dolly

Since W4 and LY are reflexive for 1 < ¢ < oo we get

wp P

few-1a @ | Fll-1q

= [lull1q;
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and since (p, § — go) = (p — po, §), where po = Q7" [, p dz, we have
- 1 N
sup (P9 —go)l S 1. . sup [(p+¢,9)

1
29 S0 I pllsam,
seriy 19— Gl = 2eem i lally 20

where we also used the estimate ||§g — golly < 2]|g]]4 -

Now since (1.9) is valid for any f € W14 (Q)" and for any § € LY ()
we may take the supremum with respect to f and §, which together with
the last two estimates above completes the proof. O

The next theorem concerns the W24(Q)" x W4(Q)-regularity of the
solution to (1.1) in polyhedral domains. The theorem is due to [13], for a
review see [12], although it is formulated somewhat differently here.

Theorem 1.3. Let Q2 C R", n = 2,3, be a polyhedral domain and let
1 < q<4/3. Suppose f € LIY(Q)" and g € W(Q) such that [, g dx = 0.
Then there exist a unique weak solution (u,p) € W, ()™ x L*(Q)/R. to
(1.1) for s = ngq/(n—q) such that (u,p) € W>1(Q)" x Wh4(Q). Moreover,
the solution satisfies the inequality

(1.10) [ull2q + lIpllwram < C(1fllg + lglq)-
for some C = C(n,q, ).

Proof. By virtue of Theorem 1.1 and Remark 1.1 we obtain the existence,
since by Sobolev’s imbedding theorem we have LY C W1 and W4 C L*
for s = ng/(n —q), 1 < ¢ < 4/3 and we readily check that 2 < s < 4 for
n=2and (3+¢)/(24+¢) <s<3+4c¢cforn=3and any ¢ > 0.

The regularity (u,p) € W29(Q)" x Wh(Q) follows from [13, Theorem
5.3] which is also true provided (u,p) € W, *(Q)" x L*(Q)/R [15]. The
estimate (1.10) is then as consequence of the open mapping theorem, see
for example [6, Corollary 5.11, p. 162]. O

Remark 1.2. (1) For n = 2 and if the maximum inner angle in the poly-
hedral domain is less than m — ¢ for some 6 > 0, then the result can be
extended to hold with 1 < ¢ < 2 + ¢ for some ¢ > 0 [15] and cf. [13,
§5.5]. (2) For n = 3 and if the maximum inner angle at the edges in the
polyhedral domain is less than 37/4 — § for some 6 > 0, then the result
can be extended to hold with 1 < ¢ < 3 4 ¢ for some € > 0 [15] and cf.
[13, §5.5]. (3) For C''-domains there is a similar theorem with 1 < ¢ < oo,
see for example [8]. In cases (1) and (2) the existence is also true since for
convex domains Theorem 1.1 is modified as in Remark 1.1.
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We now state a corollary where we assume that we have the higher
regularity in Remark 1.2.

Corollary 1.4. Suppose that the solution (u,p) to (1.4) with data as in
Theorem 1.8 belongs to W29 (Q)™ x W9 (Q) for some ¢ > n. Then the
solution (u,p) to (1.1) satisfies

(1.11) lully + lIpllwre @p/m < CUF =24 + lgllwro @)

for some C = C(n,q,Q) and where 1/q+1/¢ =1 and W'(Q)' /R is the
dual space to W (Q)/R.

Proof. We use the same technique as in the proof of Corollary 1.2. With
(1.3) we estimate

b 7A
1llza + ooy = sup L2 g, )]

¢€C°° " 10]]2.q Aewhd' /R ”AHleq'/R

1£((u, ), (6 1))
oo @ N

Let (¢;, ;) be the solutions to the following problems
—Ap1 — VA = f Vg1 =0, in; ¢1lon =0,
—Apy =V =0, V-go=g—go, nf Palon =0,
where f € L7 (Q)" and § € W7 (Q) with the mean gy = |Q|7! [,,§ dx.
We assumed that (¢, \;) € W27 (Q)" x W' (Q) and thus we estimate
|£((u, p) (¢, )]

wmons (0 szq
1 1£(w0). (61 M) 1£((n,p), (6, 2)]
(112) =3 rwl byer 162 Ao) e )
>C

for some C' = C(n, ¢,
Since L7 and W' (0

!/

| p7§ — §0>|
|f||q 9y )
).
) are reflexive for 1 < ¢ < oo we get

[(u, )]

feLd () Hf”q

= [lullg,
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and since (p, § — go) = (p — po, §), where po = Q7" [, p dz, we have
sup ‘<p7.€_g0>‘ Z inf sup |<pj_c7g>|

GewLa (Q) 19]1.¢ R Gewd () 1911,

Now since (1.12) is valid for any f € L7(Q)" and any § € W (Q) we
may take the supremum with respect to f and g, which together with the
last two estimates above completes the proof. O

= HpHWLLZ'(Q)’/R'

1.4. Finite element formulation. Let {7 },-( denote a family of regular
triangulations of €2 and let hy denote the diameter of an n-simplex T' € T
and set hpi, = minpeg, hp.

We only consider conforming finite element spaces, X, C Wy?(Q)" for
the velocity and, M,/R C L?(§2)/R for the pressure and define the prod-
uct space Wy, = X;, x M;/R. From (1.3) we obtain the finite element
formulation. Find (up,pn) € W, such that

(1.13) L((un,n), (Dn, An)) = (f, 0n) + (9, An)  V(dn, An) € Wh.

As usual we also require that W), satisfies the inf-sup condition [11], that
is,

(1.14) (s p) e < C sup |£((uns pn), (Dn, An))|
(Ph AR)EWS, |(dn; An) |2

for all (up, pp) € Wi, which implies that (1.13) is well posed.

We particularly have in mind the family of Taylor-Hood finite elements,
see fore example [11], which satisfy the above requirement.

We recall a few standard results from interpolation theory, see for ex-
ample [16]. Let St denote the union of all simplices adjacent to T' and
let Zx, and Z), denote interpolation operators Zx, : Wy (Q)" — X,
and T, : W™ 1(Q)/R — M, /R. For integers £ = 0,1, m = 1,..., and
(p,\) € Wma(Sp)" x Wm=14(Sr) /R, we have

(1.15) V(6 = Tx,0)lgr < ChE " blimg.5rs
and
(1.16) IA = Zap Ml aerym < CREH A wm-va(sp) /R

On the boundary, 9T, we use the trace inequality [8, Theorem 3.3, p. 43]
and scale it appropriately, i.e., for w € WH4(T) we obtain the estimate

—1 1—1
lwllgor < C(hrNwllgr + by 9 w]iqr),
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and hence

(1.17) 6 — Zx, llqor < Chy™ " 6lmg,50-

We also use inverse estimates, see for example [2, Theorem 4.5.3, p. 111].
For any T' € 7, let V be a finite dimensional subspace of W*4(T) N
Wms(T), where 1 < ¢ <oocand 1 <s<ooand0<m < k. Then there
exist a constant C' such that for all v € V

(1.18) [0]lkqr < CREFI 5 0| g

2. ERROR ANALYSIS
We consider the error in the finite element solution to (1.13),
ey =up,—u and e, :=p,—p,

and note that (e,,e,) € W"4, since the finite elements are conforming.
Define the residual in the momentum equation (me) by

(2.1) Rue = f + Auy, — Vp, € WH(Q)",
and the residual in the compressibility constraint (cc) by
(2.2) R :=9—V -u, € LYQ),

where we note that [, Re. dz = 0.
In weak form the residual becomes

(2.3) R((un, pn); (9, 7)) := (f, ¢) + (9, A) = L((un, pr), (¢, A)),

for all (¢, \) € Whe'
From (1.3) we obtain the identity

(24)  L((eusep), (&, 0) = R(un, p), (6, A)) V(g A) € WHT
and from (1.13) and it follows
(2.5) R((un, pn), (P An)) =0 V(P An) € Wh,

which is the classical Galerkin orthogonality.
Inspired by [7, Lemma 3.1] we now provide the following lemma.

Lemma 2.1. For q € [1,00|, and m = 1,2, there is a constant C such
that

R ((un, pr), (6. )] < Cthng (18lmgr + [l )
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for all (¢, \) € W™ where

1/q
<ZT6’T ngn,q,T) fO?” qEc [17 OO)?

maxXre7r Nm,co, T fO’f’ q =00,

Tim,q

with
m 1 —1/q m—
g = W || Busellgr + 517~ 0w lqomon + hE [ Recllgr-

Here [0,uy] denotes the jump across OT in the normal derivative, 0,uy, =
v - Vuy, where v denotes the outward normal to OT .

Proof. By (2.5) and by integration by parts

R((uhaph)v <¢7 A)) = R((uhvph>7 (¢ - Ixh¢7 A— IMh)\))
= ((f + Aup — Vpn, ¢ — Ix, d)r

TeT
1
+ 5([@%]» ¢ — Ix,P)or\o0
+ (g -V Up, A — IMh)\)T)

Since [,(g — V - uy) dz = 0, we have

(9 =V -up, A\ =TIy, N = iélff{(g—v-uh,)\—IMh)\—l—c)T

and hence by Holder’s inequality,

|R((Uh,ph)a (o, /\))|

< (I + Aun = Voullgrlld — T, Sllgr
(2.6) Tef
+ 5 ll10vunllgoronlld — Ix,dlly.omon

+lg =V~ UhHL‘I(T)H)‘ - IMh)‘HLq'(T)/R)'
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Thus, with the interpolation estimates (1.15)—(1.17) in (2.6) we get

IR ((wn,pn), (¢, N))]

<3 (m(IF + dun = Vpllys,
TeT

1

1 !
+ he | Butun)lo.om o0l Slm.g. ¢

+ 1 g = V-t oy Al s/

Finally, we conclude the proof by using Holder’s inequality for sums and
the notation in (2.1) and (2.2). O

Let (u, p) be the solution to the dual problem (1.5). By choosing (¢, ) =
(u,p) in (2.4) we get

L((ew ep), (@, ) = R((un, pn), (4, p)),

and by choosing (¢, \) = (ey, €,) in (1.5) we obtain

£((€U>€p)7 (ﬁ,ﬁ)) = <€u7 f> + (epug])'
Thus

(2.8) (eus ) + (ep9) = R{(un, pn), (@, )

In order to proceed in the error analysis we need to choose the data in the
dual problem in a certain way. Let 6 = 0, ,/2 € C5°(12) be a regularization
of the Dirac distribution at xq € (2, that is, let

(2.9)  supp(d) C Blzo; p/2), ddr=1, 0<6<Cp™,
Rn

where B(xg; p/2) denotes the ball with center in z( and radius p/2 chosen
such that

(2.10) p<he

min»

where o > 0 will be specified in the proofs of Lemmas 2.2-2.4 below. For
q € [1,00] it follows that

(2.11) 0lg < CpmU-Va=k,
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In the remainder of this section we state and prove three lemmas pro-
viding estimates of the following kind

”eUHOO 5 |(eui753~707p/2>|7
Hveunoo N |(euv Diéxo,p/2€j)|a

||6PHOO SJ |(6P76$0,p/2)|7

where e,, denotes the i:th component of e, and where e; is the j:th unit
vector. We stress that zy may be different in the there estimates. With
these estimates we will be able to make a connection to the estimate in
Lemma 2.1, which in turn is crucial for the final pointwise error analysis.

In order to obtain these estimates we will have to assume that e, and e,
are continuous. This will be the case for e, provided the data is sufficient
regular due to Theorem 1.1, whereas for e, we also have to impose further
constraints on the domain €2, see Remark 1.2. We note that Ve, is not
continuous since Vuy is discontinuous. However, with the same assump-
tions as for e, we derive an estimate that includes jump terms of the same
type as in the right hand side of the estimate in Lemma 2.1.

Lemma 2.2. Let Q2 C R", n = 2,3, be a polyhedral domain and let xq € €2
and i be such that ||ey||co = |€u,(x0)|. Then for data to (1.1) as in Theorem
1.1 and for some q > n there is a constant C' such that

lewlloo < 1€uss O + Chipin (1 -1 + ll9lla)

where § = 0g 572 5 the regularized Dirac distribution (2.9) and 3 may be
chosen arbitrarily large.

We note that the lemma is meaningful since due to Theorem 1.1 and
Remark 1.1 there is ¢ > n such that e, € W,%(Q)".

Proof. By Sobolev’s imbedding theorem, see [1, p. 98], W, 9(Q)" c C7(Q)"
for some v such that 0 <~ <1 — ﬁ/ q. Consequently, by the mean value
theorem there is x; € B(zo, p/2) N§2 such that (e,,,d) = ey, (z1) and thus
lewlloo < (€w;s 0)] + lew, (x0) — eu,(21)]-

We estimate the last term in the right hand side above. By Sobolev’s
inequality

lew; (20) — ew, (21)] < Cp7lew,
By the triangle inequality,

O Blzopr2)) < Cp7leull1,q-

leullng < llullig + lunllq,
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and by Theorem 1.1,

lullig < C(I1Fl-1q + lglla)
and by the inverse estimate (1.18) and the inf-sup condition (1.14),

unllig < CREY T g |lo < CRES D (£l =10 + 1l9lla)-

min min

Thus, with (2.10) we obtain

e (20) = ew (@) < Chis (1 ll-1 + ll9lla)

where = yo 4+ n(1/q — 1/2) may be chosen arbitrarily large by taking o
large. U

Lemma 2.3. Let Q@ C R", n = 2,3, be a polyhedral domain such that
the solution to (1.1) with data as in Theorem 1.3 is continuous in the
sense that (u,p) € W4, for ¢ > n. Let xg € Q, i and j be such that
[Veulloo = [Diew, (x0)|. Then there are constants Cyo such that

IVeullso < I(ew, Dides)] + Cuhign (£l + 19l1.0)

+ Cy r%lea%dl [0y un)|| so.0m\00;

where § = 04,/ 15 the reqularized Dirac distribution (2.9), 8 may be
chosen arbitrarily large, and [0, uy) is the jump as described in Lemma 2.1.

We note that the lemma is meaningful since with additional constraints
on the domain 2 as in Remark 1.2 there is ¢ > n such that u € W24(Q)"
so that u € W1*°(Q)". Note also that Vuy is discontinuous across 9T for
T € T which need to be taken into account proving Lemma 2.3. However,
Vuy, is continuous in the interior of each 7' € 7.

Proof. The idea of the proof is the same as for Lemma 2.2. Let
Br =\ J{T € T : TN B(xo, p/2) # 0},

where we for simplicity assume that B is convex and note that card(Bzr) <
C' due to the regularity in the triangulation.

By the mean value theorem there are xp € B(xg, p/2) NT for T € Br
such that

(Dieuj-aé) - Z (Dieujaé)B(xo,p/Q)ﬂT = Z Dieuj (IT)/ 5dl’,

TeBr TeBT B(zo,p/2)NT
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where fB(aso o 2NT ddx < 1 and thus

(212) Vel < l(eus Dide)l + 3 [Diew (o) — Dyew, (wr)],
TeBr
since by integration by parts (Dje,,;,0) = —(eq, Dide;).

We estimate the terms in sum above. For T' € By consider the line from
xo to xzp and for T, € Bz suppose this line intersect m + 1 n-simplices
T, and m boundaries 0T, at points x, for £ = 1,...,m. Note that m is
bounded from above since card(Br) < C. Let z; and z; be the limits at
x¢ going from z¢ and xp respectively. Set zj = z and z,,,, = zp. We
estimate

| Diew, (20) — Die, (x7)| <Y | Diew, (7)) — Diew, (27,,)|
(2.13) =0

+ Z’Dlew(m;> - Dleug(xzﬂ
=1

For each term in the first sum above we may now proceed as in the proof
of Lemma 2.2. By Sobolev’s and the triangle inequality we get

|Diew, () = Diew,(vg1)| Cp7|| Diew, llcos ooy
SOPWHGUHQ,%Te
<Cp" (lull2,g + [unll2.q7)-

By Theorem 1.3 we have
lullz.g < C(I1fllg + 19]14).

and by the inverse estimate (1.18) and the inf-sup condition (1.14)

—14n(1/g—1/2 —14n(1/g—1/2
lunllzgr < Chy ™YY lugllom, < Chit ™2 ([ 1|10 + llglla)

since ¢ > n.
Thus, with (2.10) and for T, € Br we obtain the uniform estimate

(2.14) |Djew () = Dyew, (x7)] < Chigiy (£l + 19h.0)

where f = yo —1+n(1/q—1/2) may be chosen arbitrarily large by taking
o large.
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As for the terms in the second sum in (2.13) and for T, € By we use the
following uniform estimate

(215)  Denler) - Dyes ()] < maslByun] e
Finally, (2.13) — (2.15) in (2.12) concludes the proof. O

Lemma 2.4. Let Q C R", n = 2,3, be a polyhedral domain such that the
solution to (1.1) with data as in Theorem 1.8 is continuous in the sense
that (u,p) € W1, for some q > n. Let e, be such that fQ ep, dr =0 and
let xg € Q be such that |le,||o = |ep(x0)|. Then there is a constant C' such
that

leplloo < [(eps )] + CHYu ([1Flly + 1911,4),
where § = 0g 572 5 the regularized Dirac distribution (2.9) and 3 may be
chosen arbitrarily large.

We note that the lemma is meaningful since with additional constraints
on the domain Q as in Remark 1.2 there is ¢ > n such that e, € W4(Q)
so that e, € L>().

Proof. The idea of the proof is the same as for Lemma 2.2. By assumption
p € WH4(Q) for ¢ > n and hence it follows by Sobolev’s imbedding theorem
that e, is continuous. Consequently, by the mean value theorem there is
x1 € B(xg, p/2) N Q such that (e,,d) = e,(r1) and thus

leplloo < [(ep, )] + lep(z0) — ep(a1)].

We estimate the last term above. By Sobolev’s inequality
lep(20) — ep(21)| < Cp[lepllcon (Biag pr2nm) < CPllepll1g-
By the triangle inequality
lepllig < Pllg + IPallig,
and Theorem 1.3

Iplhg < C(I1£llg + lgla)
and by the inverse estimate and the inf-sup condition (1.14)

pallig < Chpi ™ 2 py[ly < Cht T YYD (| Fll g + [lglly).

— min min

Thus with (2.10) we obtain
lep(20) = ep(@1)] < Chyggy (I1F g + 19110)
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where § = yo —1+4n(1/g—1/2) may be chosen arbitrarily large by taking
o large. O

3. A PRIORI ESTIMATES OF THE DUAL SOLUTION

We consider the dual problem (1.4) for specific choices of data so that
we may estimate the scaling of the constants in (1.6) and (1.10) as ¢ | 1.
For (1.6) we will consider (f,§) = (D;de;,0) or (f,§) = (0,6 — |Q|~") and
for (1.10) we will consider (f, §) = (de;, 0), where § is the regularized Dirac
distribution (2.11). We proceed as in [14, Theorem 3.1] and [4, Lemma
2.2]. The analysis relies on the explicit knowledge of how the constant in
Sobolev’s inequality scales as ¢ | 1, which can be estimated by using the
the best constant in the Sobolev inequality, where the dependence on the
dimension n and the exponent ¢ appear explicitly. We quote Sobolev’s
inequality from [9, Theorem 7.10, p. 155]. Let w be a bounded domain in
R”, n = 2,3. Then there is a constant C' such that for any v € W,"*(w)?,
d=1,...,n,and for 1 <s<n

(31) HUHTLS/(n—s),w S C|/U‘1,s,wa

where C' = C(n, s) scales like

. 1-1/s
(3.2) Cgfy(ns 1) ,

n—s

and where v = 7v(n,s) < oo as s T n.

In the analysis below we will find it useful to have (3.1) and (3.2)
formulated somewhat differently. By rearranging the exponents in (3.1)
and estimating the constant (3.2) accordingly we conclude that, for any

v e W™ () and for n/(n— 1) < r < oo,
(33) ||U||r,w < Orl_l/n|v|1,nr/(n+r),w'

The following lemma is a consequence of (3.3).

Lemma 3.1. Let w C R", n = 2,3, be a bounded domain. Then there is
a constant C such that, if v € L4(w)?, d=1,...,n,

(3-4) IV 0l kg < Cla— 1) 0]l g,

forg=mnq/(n—q) and 1 < g < n.



19

Proof. By integration by parts and with Holder’s inequality in the defini-
tion of the dual norm (1.2) we estimate

kal
IVE 0] _pge = SUP [{v. V*" o)
PECE® (w)? ||§0||k,[j’,w

(3.5) 0]
< ollge  sup (PELdw

Since 1 < ¢ < n implies n/(n — 1) < ¢ < oo, we may use Sobolev’s

inequality (3.3) to estimate,

(3.6) Plh-1q0 < CE 0l
because ng'/(n + ¢') = ¢. Thus, inserting (3.6) in (3.5) concludes the
proof. O

As in [14, 4] we introduce a dyadic partition of Q. Let d; = 27p for
j € N and d_; = 0. Define the partition of €2,

(3.7) Ai={reQ:dj <|v—ux <d;},
and the supersets to A;,

(3.8) ={r e Q27 < v — 20| <24}
From this definition we get the simple estimate

(3.9) |B;| < Cd} = C2"p".

Moreover, let n; € C5°(B;) be a mollifier such that, n; = 1 in a neigh-
borhood of A; and such that for s € [1, o],

n/s—k
(3.10) 0)ls,m; < Cd3* "

Generalizing the last estimate in [14, Proof of Theorem 3.1] we get. For
a>1and as ¢ | 1 we have,

(3.11) > oretl) < L < ¢
=0

1 —o—a(-1/a) = g 1’

Finally, we recall the following two generalizations of Holder’s inequality.
Let 1 <g¢g<o0,qg<r<ooandqg<s < oo such that

1 1 1

q_T S
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and let u € L"(w) and v € L*(w). Then uv € LI(w) and
(3.12) [wvllge < flullrwllvllse.

In the second generalization we estimate the duality pairing. For a vector
space V let u € V' and v € V. Then

(3.13) [(w, 0) < ullvllv]lv.
In particular, when u € W=54(w) and v € W (w) we get

(3.14) [{w, )| < Jull-rgllllkg e

3.1. Whi-estimates as ¢ | 1. In the following theorem we assume that
we have the higher regularity in Remark 1.2.

Theorem 3.2. Let 0 C R", n = 2,3, be a polyhedral domain such that
the solution to (1.4) with data as in Theorem 1.3 is continuous in the
sense that (@, p) € W4 for some q > n. Then for 1 < q < 2 there is a
constant C such that the solution (i, p) to (1.4) with (f,§) = (Dide;,0) or
(f,9) = (0,6 — |Q|") satisfies the inequality

ti[|1,4 + Bl ze/m < Clg — 1)72FHmp=n=1/0),

Proof. Let A;, B; and n; be as in (3.7)—(3.10). Choose a fixed value § =
n/(n—1). Let p = p+ c for a fixed ¢ € R. By Hélder’s inequality

3

lllg + Pllzem < ) (lll1g.a; + 1Pllg.4,)
j

Il
o

“

<
Il
=)

(3.15) <> (Injallvgs, +lnplles,)

| B; V441l 1,q,8, + InDlla.5,)-

<.
Il
o

Notice that n;a and n;p satisfy (1.4) in Q with right hand side f= f] =
A(n;a) + V(n;p) and g = g; = V - (n;a), where f; and g; vanish outside
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B;. Hence, for each term in (3.15) we can apply Theorem 1.1,
Injullg.8, + 1niPllas, = njilliae + [npllae
< C([lAmya) + V(p)|-148, + IV - (0;9)]l3,5,)
< C(|nj(Au+ Vp) +2Vn; - Vi + Anji + V|| -148,
+ IV - @+ 0V - dllg8,)
< C(Inifll-vam; + Injdllan, + V0l 145
+ [V, - allg s, + 12V, - Vi + Anal| 1 48,),

where C' = C(n, q,).
We estimate the right hand side of (3.16) in a few steps. By integration
by parts

(3.16)

_ _ _ (Vn;, - V)p,
12V, - Vi+ Anjil| -1 g8, < V- Vil -1 58+  sup ’ z.
pECS (B;)™ ||90||1,c1’7Bj

Since (Vn;p, ) < ||pllwins,y VN, - @l1n,5;, notice that the dual expo-
nent to ¢ is ¢ = n,
N _ V0 - ¢lin,B;
Vbl -14.m; < [Dllwinesyy  sup =
vecg By @llins,
and since (V1); - Vi, o) = —(@, V(Vn; - ¢)),
_ _ V0 - ¢lin,B;
Vs Val-1gs; < lallgs,  sup  —pr—""
peCF(B;)™ HQOHL%B;‘
Now by Holder’s inequality
|V7]j ) 90|1,n7Bj < |77j|1,OO,Bj|90|1,n,Bj + ||v27]j§0||n,Bja
and moreover by (3.12) with s such that 1/n = 1/s + 1/¢/, (3.3), and
Holder’s inequality
IV*030lln,5; <[njl2,5,[10lle,5,
(3.17) <C(q) " 012,08, [ 1mg s 0.,
<C|B;|' V(g — 1)71+1/n|77j’2,s,3j|90’1,n,Bj-
Finally, by Holder’s inequality

Vn;,u-V
IV, - llas, +  sup (Vnj, 4 V)

< 2[0j|1,00,8; ||l 3.5, -
eece ) ellia.s; s e
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Thus, with the above estimates in (3.16) we obtain
Ini0ll1q,8, + 1m0l i) m < Crlnifll-145; + Crrllnidllas,
+ Crrr(1njl1,00,8; + B (g - 1)_1+1/n|77j|2,s,3j)
x (lallg.s, + IPllwrns,y)
= [, + I, + 11,

With (3.18) we now estimate (3.15) in three steps. Recall (3.9) that will
repeatedly be used in the estimates below.

(3.18)

1. For data f = D,de, and by integration by parts we obtain by the same
argument as in (3.17) and with the same exponents

[n;l1,n,B,
In; Didecll-1q8, < Cllollgs, sup  =r=r
‘PEC[C))O(BJ')” ||Q0||17n7B]’
< CN0llas, (Imilloe,5; + 1B %(q = 1) y]1,0,5,).
Since supp(d) N B; = @ for 7 > 1 and with (2.11) and for p sufficiently
small
D By ML < Cpr M D (g — 1) 75
(3.19) =0
S Cp—n(l—l/q)(q . 1)—1—‘,—1/717
where we used n/¢g—n/Gd—n(1—1/¢)+n(l—1/q¢)+n/s—1=—n(1—-1/q).

II. For data g = ¢ — |Q|~! and since supp(d) N B; = 0 for j > 1 and with
(3.1) and (2.11)

(3.20) Z|Bj|l/q—1/c1Hj < CpMe/)|v5|, < Cpm-Va),

=0
where we used n/q —n/§—1=—n(1—1/q).
1II. By Holder’s inequality and since ¢ < 2
| B[V < OdY T (Injlee,s, + 42T (g = )T .08,
x (Illlg., + 1Bllwncs,y)
< Od;" (14 (g = D7) (s, + 10lwrncs,y)
< Cd;" g = )7 (il g, + [Pllwrn,y)
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where we used n/qg —n/Gg—1=—-n(l—1/q) and n/qg—n/G+n—n/q+
n/s—2=-n(l—-1/q).

Adding all the terms and by Holder’s inequality in the sum with expo-
nent ¢, with conjugate exponent ¢ = n, estimating the geometric sum as
in (3.11) and by Corollary 1.4

©© 0o 1/n
DBV < Cg — 1) 7T (Z d;"Q(l—l/‘D)
7=0

J=0

N 1/d
(3.21) X (Z(Hauq,gj + |\p!|w1,n(3jy)q>

j=0
< Cp "=V (g — 1) (||l + IB]lwrnoy/r)
< Cp YD (g — 1) (|| Fll 2 + G llwrin@y),

since p = p + ¢ for arbitrary ¢ € R we may take the infimum over all c.
For f = DZ-(Sej and since ||Di56j||—2,q S C’HDZ-(SejH_Q,nq/(n_q) we obtain
by Lemma 3.1,

(3.22) || Didej||—ag < Clg —1)~HV|5), < Cp "=V (g — 1)~ 1H+/a,

For g = 6 — |Q|~! we note that (§ — |Q|71, ) = (4,0 — ¢o) where
¢o = Q7" [, ¢ dz. Using Sobolev’s inequality as in the proof of Lemma
3.

(3.23) H(S — ‘Q‘_luwl,n(ﬂ)/ < Cp—n(l—l/n)(q _ 1)—1+1/n'
Collecting the results in (3.19)—(3.23) concludes the proof. 0

Corollary 3.3. Let Q0 C R", n = 2,3, be a polyhedral domain such that
the solution to (1.4) with data as in Theorem 1.3 is continuous in the sense
that (@, p) € W for some q >n. Then there is a constant C' such that the
solution, (4,p) to (1.4) with (f,g) = (Dide;,0) or (f,g) = (0,6 — |Q1)
satisfies the inequality,

[l + 15l 1w < Cllog pf*~H/".
Proof. By Holder’s inequality,

lll s+ 18l ym < QY ([l + 18] 2o/m)-
Thus, with Theorem 3.2, taking ¢ — 1 = 1/|log p|, we finish the proof. [
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3.2. W?4-estimates as ¢ | 1.

Theorem 3.4. Let 2 C R™, n = 2,3, be a polyhedral domain. Then for
q € (1,4/3] there is a constant C' such that the solution (t,p) to (1.4) with
(f,g) = (0e;,0) satisfies the inequality

||I~L||2’q + HﬁHWl"I/R < C'(q . 1)—anp—2(n+1)(1—1/Q)
where ay = 2, ag =4/3.

Proof. We proceed as in the proof of Theorem 1.1. Let A;, B; and n; be
as in (3.7)—(3.10). Let p = p + ¢ for a fixed ¢ € R. Choose a fixed value
go € (1,4/3]. Then for 1 < g < g9 by Holder’s inequality

o
lill2.g + [Bllwram <> (lllzg.a, + 1Pl1.q.4,)
=0

8

(3.24) <D (il + I177ll1,0.5)

<.
Il
o

<O 1B 1MV (| 2,g0,; + 11058100, ) -

K

<.
Il
o

We note that ;4 and 7;p satisfy (1.4) in Q with f = f; = A(n;a) + V(1;p)
and g = g; = V - (n;a), where f; and g; vanish outside B; for each j.
Hence, for each term in (3.24) we can apply Theorem 1.3,
1njttl|2,00,8, + M3Pll1.q0,8, = 11j8]|2.40.0 + [173Pll1.00.0

< C(1AMm) + V(0ip)lao,m; + 1V - (05%)]1,40,5)

< C(llnj (A + Vp) +2Vn; - Vi + Ayt + Vi;plgo,5,
(325) + |V77] - U+ n]V . 11|1,qO,Bj)

< Crlnjoeillgo,s; + CrillV*nyiillgo, 5,

+ Crrr([IVny - Vllgo,, + [1V05lgo,5, )

= I, + I, + 11,
where C' = C(n, qo, ?) and with —A@ —Vp = de; and V-@ = 0, and where
we also used ‘an ' ﬁ’Lquj < Hv%jﬂqu,Bj + anj ' vaHQmBj'

With (3.25) we now estimate (3.24) in three steps. Recall (3.9) that will
repeatedly be used in the estimates below.
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I. Since supp(6) N B; = 0 for j > 1 and with (2.11)

(3.26) Z|Bj‘1/qfl/qo[j < Cpn/qfn/qu(SHqO < Cpfn(lfl/q).
§=0

II. By Holder’s inequality with exponent § = ¢/(¢ —2/n) and s such that
1/go =1/s+ 1/¢ and with (3.10)

— m/qg—n ~ —(n+2)(1—-1 ~
| B[V o, < CdyY Ty, dllam, < Cd; POV g p,,

where we used n/q —n/q +n/s—2=—(n+2)(1 —1/q).

Adding all the terms and by Hélder’s inequality in the sum with expo-
nent ¢, with conjugate exponent ¢ = ng/2, and estimating the geometric
sum as in (3.11)

o0

Z ’Bj|1/q_1/q0[]j

=0
o 2/n9 / o 1/4
—(n+2)(1—-1/q9)ng/2 ~
< C(Z dj( +2)(1-1/q)ng/ ) (Z HUH ,Bj)
j=0

j=0

(3.27)

Qe

< Cp~mAU=VD (g —1)729 .

With (3.3), Holder’s inequality (ng/(n + ¢) < ng/(n — q)), Theorem 1.1,
Lemma 3.1 and (2.11)

lallg <CG ™|l ng/(n+a
<CG 16| -1 mg/ (n—a)
<CG V(1= g6,
<Cp "M (g —2/n) (L — q) Y

(3.28)

where we remark that
2n/(n+1) <ng/(n—q) <2n/(n—1),

forn =23 and 1 < ¢ < 4/3 and thus we may use Theorem 1.1.
Collecting the estimates in (3.27) and (3.28) we obtain

(3.20) 37 |By|Vam e L < Cp 2O (g g /) (g — 1)1,
7=0
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III. By Hélder’s inequality with exponent ¢ = n/(n — 1) and s such that
1/go=1/s+1/q
(B[t 111 < O g, (i, + 1P]25,)
—n(l1-1 ~ _
< Od;" P ([allgz, + 1pllas,).

where we used n/q —n/q +n/s —1=—n(l—1/q).
Adding all the terms and by Hélder’s inequality in the sum with expo-
nent ¢, with conjugate exponent ¢ = n, and estimating the geometric sum

as in (3.11)
Z‘lel/q_l/qolljj
=0

(3.30)

. 1/n 00 1/q
—n2(1-1 ~ =1 q
gc;(zdj < ”’) (z(uunmﬁj+||p||m(3j>>q)
j=0

7=0
< Cp YD (g — 1)V (aillg + |15l /m)

since p = p + ¢ for arbitrary ¢ € R we may take the infimum of all c.
With Theorem 1.1, Holder’s inequality (¢ < ng/(n — ¢)), Lemma 3.1
and (2.11)

allg + 1Bz <CI6]-14
(3.31) <C(1—q)~ ™8]l
Scp—n(l—l/q)(l . q)—l—l-l/n7

where Theorem 1.1 is applicable in analogy to the remark at (3.28).
Collecting the estimates in (3.30) and (3.31) we obtain

(3.32) > |B| et < cp T (g — 1)
=0
Finally adding (3.26), (3.29) and (3.32) concludes the proof. O

Corollary 3.5. Let Q C R", n = 2,3, be a polyhedral domain. Then there
is a constant C' such that the solution, (u,p) to (1.4) with f = de; and
g = 0 satisfies the inequality,

ill21 + [[Pllwrim < C|log p|*",

with o, as in Theorem 3.4.
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Proof. See the proof of Corollary 3.3. U

4. MAIN RESULTS

We now make a precise statement of the main results and begin with
the pointwise error estimate of the velocity field.

Theorem 4.1. Let Q0 C R", n = 2,3, be a polyhedral domain. Suppose
the data to (1.1) is as in Theorem 1.1 for some q > n. Then the error e,
in the finite element solution to (1.13) satisfies

eulloo < C|10g hunin| 2,00 + C1h°

min?

where ag = 2, ag = 4/3 and with 13 as in Lemma 2.1 and where 3 can
be chosen arbitrarily large.

Proof. Let zo € { and i be such that |le, |z~ = [ey,(20)| and let (@, p) be
the solution to (1.4) with data f = de; and § = 0. With Lemma 2.2, the
identity (2.8), Lemma 2.1 with ¢ = oo, and Corollary 3.5, we obtain

leulloo < (eu, 6€:) + Crhipun (I Fll-1.0 + llg]l4)
< R((un, pn), (1, )| + Crhigy,
< Cso (|21 + [IBllwr/r) + Cihi,
< C|log p|*" .00 + C1 ],

min*
o

Choosing p = h¢,, for o sufficiently large such that 5 becomes large as in
Lemma 2.2 concludes the proof. U

For the gradient of the velocity field and the pressure we only ob-
tain pointwise error estimates on a restricted class of polyhedral domains,
namely convex domains when n = 2 and under an inner angle condition
when n = 3, see Remark 1.2.

Theorem 4.2. Let Q) C R™, n = 2,3, be a polyhedral domain such that the
solution to (1.1) with data as in Theorem 1.3 is continuous in the sense
that (u,p) € W2 for some q > n. Then the error Ve, in the finite element
solution to (1.13) satisfies

HveUHOO < Cl IOg hmin|2_1/n771,oo + Clhﬂ

min’

with M1.00 as in Lemma 2.1 and where 3 can be chosen arbitrarily large.
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Proof. Let zo € €, i and j be such that ||[Ve,|lc = |Diey,(70)| and let
(i1, p) be the solution to (1.4) with data f = D;de; and § = 0. With
Lemma 2.3, the identity (2.8), Lemma 2.1 with ¢ = oo, and Corollary 3.3,
we obtain

IVeulloo < (ew, Dide;) + Ciipi, (1L £llg + |9l1.4) + Co max|| [0, un] || om00
< |R((wn, pn), (@, 5))| + Cihipy, + C max|| [0, up] || oo, 000
< Cioo ([ltills + 1121 /r) + Cilisn + Co max||[0,un] ||, om\00
< Cllog p|271/”7)17oo + CyhP

min*
Note that the jump term [0,up] from Lemma 2.3 is incorporated into the

error estimator 7); » in Lemma 2.1.
Choosing p = h¢.  for o sufficiently large such that 3 becomes large as

min

in Lemma 2.3 concludes the proof. U

Theorem 4.3. Let Q) C R™, n = 2,3, be a polyhedral domain such that the
solution to (1.1) with data as in Theorem 1.3 is continuous in the sense
that (u,p) € W4 for some q > n. Then the error e, in the finite element
solution to (1.13) satisfies

”ep“oo < Cllog hmin|2_1/nnl,oo + O1hﬂ

with M1 0 as in Lemma 2.1 and where 3 can be chosen arbitrarily large.

Proof. Let zo € Q be such that |e,(zo)| = |lepl/z~ and let (@,p) be the
solution to (1.4) with data f = 0 and g = § — |Q|~!. With Lemma 2.4,
the identity (2.8) and choosing e, such that [, e, dz = 0, Lemma 2.1 with
q = oo, and Corollary 3.3, we obtain
leplloo < (eps 8) + Crtian (11 £1ly + 91,0

< [R((un, pn). (@ 9)| + Ciips,

< oo ([l + 181l /m) + Cilin,

< C’| log p|2_1/n771,oo + Olhglin‘

Choosing p = h?, for o sufficiently large, such that 3 becomes large as in

Lemma 2.4 concludes the proof. U

Finally we obtain L%-estimates of the velocity gradient and the pressure.
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Theorem 4.4. Let Q) C R", n = 2,3, be a polyhedral domain. Suppose the
data to (1.1) is as in Theorem 1.1 for some 2n/(n+1) < q < 2n/(n—1).
Then the error (ey, ey,) in the finite element solution to (1.13) satisfies

leullig + llepllzam < Cmg,

where 11 4 15 as in lemma 2.1.

Proof. With Corollary 1.2, the identity (2.4), and Lemma 2.1 we get

1]
2]

[9]
[10]

[11]

[£((eus €p), (6 A))]

H(emep)HWq <C sup

wnews 1@, M)
A
_ 0 sup Rl w), (6, M)
(N EWT || ((ba )‘) ||Wq’
'+ A q
SCm,q ||¢| 1,q || ||L /R
e 1@ M) e
Sanq.
O
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