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ON HANKEL FORMS OF HIGHER WEIGHTS, THE
CASE OF HARDY SPACES

MARCUS SUNDHALL AND EDGAR TCHOUNDJA

ABSTRACT. In this paper we study bilinear Hankel forms of higher
weights on Hardy spaces in several dimensions (see [10] and [11] for
Hankel forms of higher weights on weighted Bergman spaces). We
get a full characterization of S, class Hankel forms, 2 < p < oo
(and 1 < p < oo for the case of weight zero), in terms of the
membership for the symbols to be in certain Besov spaces. Also,
the Hankel forms are bounded and compact if and only if the
symbol satisfies certain Carleson measure criterion and vanishing
Carleson measure criterion, respectively.

1. INTRODUCTION AND MAIN RESULTS

Schatten-von Neumann class Hankel forms of higher weights on
Bergman spaces are characterized in [10] and [11]. In the same way,
as for the case of Bergman spaces, Hankel forms of higher weights on
a Hardy space are explicit characterizations of irreducible components
in the tensor product of Hardy spaces under the Mobius group; see [7].

Recall from [10] and [11] the case of weighted Bergman spaces
L3(dw,) of holomorphic functions, square integrable with respect to
the measure

(1) diy(2) = c,(1 — |22)"~ 4T dmy(2)

where v > d, ¢, a normalization constant and dm(z) is the Lebesgue
measure on the unit ball B = {z € C?: |z| < 1}. The bilinear Hankel
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2 MARCUS SUNDHALL AND EDGAR TCHOUNDJA

forms of weight s =0,1,2,--- are given in [10] by
@) Hi(fuf) = [ (Tl ). F). (1= 2440 d(e).

B
The transvectant, 7, is given by

> S 8_(3’“12@85_’“22
e £ = 32 () 0 G

k=0

where

d
f(z)= Y 0, 05.f(2)dz, @ @ dz,
Jiy,Js=0
and (V) =v(v+1)--- (v+k—1) is the Pochammer symbol. Also, the
Mobius invariant inner product (-, ), is given in the following way; for
u,v € ®° ((Cd)/, where the tangent space at z is identified with C¢,

(3) (u,v), = (®°B(2, 2)u, v) gs(cay

where B(z,2) = (1 — |2|?)({ — (-, 2)z) is the Bergman operator on C?
and B(z, z) is the dual operator acting on the dual space of C¢. The
tensor-valued holomorphic function F' is called the symbol correspond-
ing to the Hankel form H7,.

Now, let OB be the boundary of the unit ball B of C?. The irre-
ducible components in the decomposition of tensor products of Hardy
spaces H?(OB) in [7] can be given explicitly as bilinear Hankel forms
of weight s on the Hardy space H*(OB) by

) Hu(ff) = / (To(fr, ), F). (1= 22 dm(z)

where the transvectant, 7, is here given by

_ (s s—k 8kf1(z) © as_ka(Z)
T(f1, f2)(2) = ;0 (k) (=1) (d)i(d)s— ’

where, in fact, this is the limiting case v = d of (2).
The main results for Hankel forms, Hj., defined by (4) are given
below in Theorem A and Theorem B.

Theorem A. Hj is (compact) bounded if and only if
dur(2) = | FIE1 = |2 dm(z)

is a (vanishing) Carleson measure on H?(9B), with equivalent norms.
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Remark. Note that |F||? = (F, F),.

Theorem B. Hj is of Schatten class S, 2 < p < oo, if and only if

1/p
1P llpass — ( / IF(L = [y dm<z>) < o0,
with equivalent norms.

Remark. If s = 0 we rewrite the Schatten class criterion as

5 [IRFPE - R dn) < oo,
B
where R = Zle zia% is the radial derivative. Theorem B is then

extended to 1 < p < oo where (5) is equivalent to ||F||,40, < oo for
1 <p<oo.

Remark. Janson and Peetre obtained Theorem A and Theorem B
in the case d = 1, by using paracommutator arguments; see [5]. Our
approach extend their results and provides a different proof of the case
d = 1 they have treated.

Approach. In this paper we use different techniques to deal with the
case of weight zero and the case of weight s = 1,2,---, and they are
therefore treated separately in Section 3 and Section 4, respectively.
In [10] the criteria for boundedness, compactness and Schatten-von
Neumann class for higher weights, on weighted Bergman spaces, are
natural generalizations of the case of weight zero. For Hardy spaces,
as the Example 4.2 shows, the transvectant of various weight does
not behave as in the case of Bergman spaces where the boundedness
properties for the transvectant was necessary in order to generalize
the weight zero case to arbitrary weights. This explains why we, in
this paper, treat the weight zero and nonzero cases separately. The
Hankel forms, on Hardy spaces, of weight zero can be rewritten, us-
ing the radial derivative, into the classical Hankel forms in [12] and
then we use results from [13], [14] and [15] to get the right condi-
tions for the symbols. We have results for Carleson measures which
together with invariance properties give criteria for the boundedness
and compactness for Hankel forms of nonzero weights. The Schatten
class criteria are proved by using interpolation for analytic families of
operators. For this purpose we need results about Hankel forms on
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Bergman-Sobolev-type spaces. The preliminaries in Section 2 gives
the prerequisites we need.

Notation. If || - ||; and || - || are two equivalent norms on a vector
space X, then we write ||z||; =~ ||z||2, x € X. Also, for two real-valued
functions, f and g, on X we write f < g if there is a constant C' > 0,
independent of the variables in questions, such that C'f(z) < g(z).

Acknowledgement. The main results in this paper are the outcome
after the authors visited each other in Goéteborg and Opava, respec-
tively. We are therefore grateful to the Mathematical Sciences at
Chalmers University of Technology and Goteborg University and to
the Mathematical Institute at the Silesian University in Opava for
their generous hospitality. We would also like to thank Professor
Genkai Zhang in Goteborg and Professor Miroslav Englis in Opava
for useful encouragement and advise.

2. PRELIMINARIES

For a > —d, let A% be the Bergman-Sobolev-type space of holo-
morphic functions f : B — C with the property that

B I'(d+ a)m!
”f”i - Z |C(m)‘2f(d+ ’m‘ +CK) < 00,

meNd

where f(z) = >, oy ¢(m)z™ is the Taylor expansion of f. Then A2
is a Hilbert space with the inner product

I'(d+ a)m!
(d+|m|+a)’

(fi, [2)a = Z Cl(m)CQ(m)F

meNd

where f;(2) =Y, cna Ci(m)z™, i = 1,2. A2 has a reproducing kernel,
K¢ for w € B, given by

1
(1= (z,w))ere

(6) K(2) =

If & > 0, then A2 is the weighted Bergman space L?(dtyq), where
diyq is given by (1). Also, A2 is the Hardy space H?(0B).



HANKEL FORMS OF HIGHER WEIGHTS ON HARDY SPACES 5

2.1. Decomposition of A2 ® A3. Let G be the group of biholo-
morphic self-maps on B. If ¢ € G with g(z) = 0, then there is a
linear fractional map ¢, on B and a unitary map U € U(d) such that
g = Uyp,. The fractional linear map, ., is given by

z— Paw— (1—|2])2Q,w
1—(w,2z) ’

where P, = (-,2)z/||2]|> and Q, = I — P.. The complex Jacobian is
therefore given by J, = det U - J,,_, where

(7) (W) =

(1= [z

(8) ‘]Soz (w) ( ) (1 . <Z, w))d“

The group G acts unitarily on A2 via the following:

(9) T (9)f(2) = fg™H(2) Iy (2)" D,

where v = « + d, and it gives an irreducible unitary (projective)

representation of G. In addition, for 3 > —d, the group G acts on the
Hilbert space tensor product A2 ® A% by,

(10) m,(9) ® m, (9)(f1(2), fo(w)) =
Filg™ () falg™H (w)) Ty (2) /D g (w) 2/ D
where 11 = a +d, v, = [+ d, and it gives an unitary (projective)

representation of G. However this is not irreducible and the irreducible
decomposition is given in [7]. In particular, if « + 5 > —d — s:

(11) AL @ Af Z Hi+,@+2d,s 5
5=0
where H2. , u > d — s, is the space of holomorphic functions F : B —

©*(C%) with the property that

JIFIE = oy () < oo,
B

where we recall that ||F||2 = (F, F). = (°B"(z, 2)F(2), F(2))gs(cay-
The group G acts unitarily on Hi,s by

(12) Tus(97 ) F(2) = @°dg(2)" F(g(2)) Iy (2)"/V,
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where dg(z) : T.(B) — Ty.)(B) is the differential map, and gives an
irreducible unitary (projective) representation of G. Via the transvec-
tant, 7.7, defined on A2 ® A% by

(13) ﬁﬂhngxg“mk%%%ﬁiif>

the irreducible components in the decomposition (11) are realized in [7]
as Hankel forms of higher weights (order s):

(14> Haﬁs(fl?fQ) <Taﬁ<f17f2) >a+ﬁ+2d,s,2 )
where (-, -)u,s2 is the H -pairing, and F € A2, 5,54,

Remark 2.1. For « = § = 0 in (14) we get the Hankel forms of
weight s on Hardy spaces defined by (4).

The transvectant 7 : A2 @ A% — A2, 5,54, is onto and has an
intertwining property:

(15) T2 (Tara(9) f1. Tara(g) f2) = Tarpizas(9) T (i fo) -

Hence,

(16)  Hp"*(wara(9) fr. mo4a(g) f2) = HEO® yr (1 f2) -

H, a+B+2d,s

2.2. Spaces of symbols and Schatten class Hankel forms. Let,
for 1 <p < ooandu>d— 5, HE be the space of all holomorphic
functions F': B — ©*(C?)’ such that

Ta- /MW Py dm(z) < oo

Also, for u > —3, let H7°, be the space of holomorphic functions
F :B — ©%(C?’ such that

1P s = sup | FL(1 — [2f?)" < oc.
z€B
Then HY, , for 1 < p < oo, are Banach spaces.

In [10] and in [11] there are several results about H%,  for v > d
and we can use the same arguments as in [10] and [11] to generalize
these results to HY .. Hence, the results below will be stated without
proofs. The reader is referred to [10] and [11] for more details.
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Lemma 2.2. Let uw > max(0,d — s). Then the reproducing kernel of
M2 is, up to a nonzero constant c, given by

Kys(w,2) = (1 — (w,2)) ™ ®° B'(w,2)"".
Namely, for any x € ©*(C%) and any F € H},,
(F(2), X)gscty = ¢(F, Kus( 2)X)us2
= c/ (F, Ky (-, 2)x),, (1 — lw[?)*~ 1 dm(w) .

B
Lemma 2.3. Let 1 <p<oo and 1/p+1/q=1. Foru>d—% and
v >d— L the following duality

(i) =Hi,
holds, with respect to the Hi+§’s—paim’ng. That is, for any bounded

linear functional, 1, on H{’L’spthere exists an element G € Hi , such

that I(F) = (F,G)zy2p for all F € HE (, and [[l]| = [|Gllo,sq-

Lemma 2.4. Letu> —d—s and v > —d —
(H12L+2d,s> Hiﬁd,s)[lf%] =H

Lemma 2.5. Let o, > —d with a« + 8 > —d — s. Then there is a
constant C(a, 3,s,d) > 0 such that

“H;7673H52(A3,A%) = C(CK, ﬂ? S, d)HFHa+ﬁ+2d,s,2 )
for all holomorphic F : B — &*(C?)'.

5. If 2 <p < oo then

P
(p—2)v+u+pd,s

Remark 2.6. By cumputing the norms for F' = ®°dz; we can see
that C'(«, 3, s,d) is continuous in o and 3, since for some C'(d, s) > 0

we have
S

Lemma 2.7. Let a, 3 > 0. Then H¥™* is bounded on A2 x A% if and
only if I € 'H‘f( with equivalent norms.

a+B)+d,s’

For «, 3 > 0 define an operator ’j;a’ﬁ on Sy (A2, A%) by

- sy (e oAy KD)) (2, 2)
1) 72 = 3 () g

k=0
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where K¢ is the reproducing kernel for A2 given by (6).

Remark 2.8. If A has rank one then 7.*% is the transvectant given
by (13).

In the following next two results in this subsection we get use
of Lemma 2.4. Namely, to get the results we need to interpolate
the spaces H2 5,54, and H§a+ﬁ)+d,s’ where o, 3 > 0. In fact, by
Lemma 2.4,

2 e} _ P
(19) <H0¢+ﬂ+2d,s7 H%(a+ﬁ)+d,s)[1—%] o H%p(a—&—ﬂ)—l—pd,s
Lemma 2.9. Let a,f > 0 and 2 < p < oo. Then TP maps
Sp(AZ, A3) into ng(ﬁ_ﬁ”pd’s boundedly, and if H¥"* e Sp(AZ, A3),
Jor a,0 > 0 and 2 < p < o0 ora = =0 and p = 2, then
T Hy ™) = F.

Using Lemma 2.5, Lemma 2.7 with (19) on one hand and Lemma 2.9
on the other hand we get the following theorem.

Theorem 2.10. Let o, f > 0 and 2 < p < co. Then HY* is in
2 2 . . p . .

Sp(AZ, A%) if and only if F € H%p(a—&—,@)—l—pd,s’ with equivalent norms.

Remark 2.11. We want to extend this result to o, 3 > —1/p, to

include the Hardy case, and need therefore the theory for families of

analytic operators. We use the approach by Bergh-Janson-Lofstrom-

Peetre-Peller and Theorem 2.12, given below, can be found in [6].

Let Xy, X; be Banach spaces continuously imbedded into a Banach
space X and Yy, Y; be Banach spaces continuously imbedded into a
Banach space Y.

Theorem 2.12. Let I' be a bounded holomorphic function on the strip
0 < R(2) < 1, continuous on 0 < R(z) < 1 and taking values in the
space of operators from Xo N Xy to Yy + Yi. Suppose that

1) For anyy € R the operator I'(iy) can be extended to a bounded
operator from Xo to Yy and sup,eg ||T'(iy)| x,—v, = Mo < 00.

2) For any y € R the operator I'(1 + iy) can be extended to a
bounded operator from X; to Y1 and sup,cg [|[T(1+3y)||x, v, =
M1 < 0.
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Then for any 6 € (0,1) the operator I'(0) can be extended to a bounded
operator from Xy = (Xo, X1)p) to Yig = (Yo, Y1)jg and

HF(G)HX[G]"Y[O] < M(}ier'
3. HANKEL FORMS OF WEIGHT ZERO

To find the Schatten-von Neumann class Hankel forms of weight
zero on Hardy spaces we shall rewrite HY in terms of the small Hankel
operators studied in [12]. The problem then boils down to finding the
relationship between the corresponding symbols.

The Hankel form, Hg, in [12] is given by

(20) Ha(f1, f2) = . fi(w) fo(w)G(w) do(w),

where do is the normalized Lebesgue measure on 0B. Denote by R
the radial derivative, defined as

d
0
Rf() =Y a5t (2),

where f : B — C is holomorphic. If
R':=(R+2d—1)(R+2d—2)---(R+d),

then for holomorphic functions f; and fy we have, by means of Taylor
expansion,

(21)
. fi(w) fow) do(w) = C(d>/]Bf1<z)Rdf2(z)<1 — [z dm(2).

Lemma 3.1. Let HY be given by (4) and Hg by (20). Then HY = Hg
if and only iof

RIG(2) = c(d)F(z).
Proof. Since

HO(fo, fo) = / £1(2) Fa()FE(L — |22 di(2)

and

Ha(fi, f2) = - fi(w) fo(w)G(w) do(w)

then the result follows by applying (21) on f; = fifo and fo =G. O
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3.1. Schatten-von Neumann class S, Hankel forms. In this sub-
section we present sufficient and necessary conditions for Hankel forms
of weight zero to be in Schatten-von Neumann class S, 1 < p < oo
(see Theorem 3.2).

Theorem 3.2. The Hankel form HY is of Schatten-von Neumann
class S,, for 1 < p < oo, if and only

/ |RF(2)[P(1 — |2]))® DD gm(2) < oo
B

This theorem is a direct consequence of Lemma 3.1 and Theorem 1
in [12] (see also Theorem C in [4]):

Theorem 3.3. Let « > —1 and 1 < p < co. Then the Hankel form
He, defined by (20), is of Schatten-von Neumann class S, if and only

if
/ |IR™LG(2)|P(1 — |2[H) P~V g (2) < 0.
B

3.2. Bounded and compact Hankel forms. In this subsection we
present necessary and sufficient conditions for Hankel forms of weight
zero to be bounded and compact; see Theorem 3.17. First we need
some preliminaries, which basically can be found in [14] and [13]. We
also remark that the one dimensional case of Lemma 3.14 is already
proved (see Corollary 15 in [15]) but since we have not been able to
find an explicit version of this result in several variables we prove this
result.

Once we have results for Carleson measures and BMOA spaces, then
the corresponding results for vanishing Carleson measures and VMOA
spaces will be easily deduced. When necessary we will give brief proofs
for the cases of vanishing Carleson measures and VMOA spaces, but
in most cases these results will only be stated without proofs.

Definition 3.4 (See [14]). Let ¢ € 0B and r > 0 and let

Q-(¢)={z€eB:d(z() <r}

where d(z,¢) = |1 — (2,¢)|"/? is the non-isotropic metric on dB. A
positive Borel measure p in B is called a Carleson measure if there
exists a constant C' > 0 such that

n(@Q(Q) < Cr?,
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for all ( € dB and r > 0, and called a vanishing Carleson measure if

lim Q7€)

r—07t rd

=0
uniformly for ¢ € OB.

Remark 3.5. By Lemma 3.9 below, the definition above concerns
Carleson measures on Hardy spaces H%(0B). The Hardy space H?(0B)
consists of all holomorphic functions f : B — C such that

1/2
1l = sup ( / 1f<rg>|2da<<>) ‘0.
0<r<1 OB

Lemma 3.6 (Theorem 45 in [13]). A positive Borel measure p in B
is a Carleson measure if and only if, for each (or some) s > 0,

sup/ﬂd,u(w) < 00.

zeB Jp |1 — (2, )|

Remark 3.7. This is a generalization of Theorem 5.4 in [14]: A pos-
itive Borel measure p in B is a Carleson measure if and only if

sup/P(z,w) du(w) < oo,
z€B JB
where

P(z,w) = %; z,weB.

Lemma 3.8 (See [13]). A positive Borel measure p inB is a vanishing
Carleson measure if and only if, for each (or some) s > 0,

lim — |Z|
2| —1- |1 11— (z,w)|d¢+s

du(w) =0.

Lemma 3.9 (Theorem 5.9 in [14]). A positive Borel measure p in B
1s a Carleson measure if and only if there exists a constant C > 0 such
that

/B )P du(z) < O pomy
for all f € H*(OB).

Lemma 3.10 (Theorem 5.10 in [14]). Let p be a positive Borel mea-
sure on B. Then u is a vanishing Carleson measure if and only if, for
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every sequence { f;} bounded in H*(OB) such that f;(z) — 0 for every
z € B, we have

lim [ |f;(2)]* dp(z) = 0.
j—oo Jp

Lemma 3.11 (Theorem 50 in [13]). Let u be a positive Borel measure
in B. Then the following conditions are equivalent

(a) There is a constant C > 0 such that

j£|«Rfv<zn2du<z>f;crnfnzz@3>,

for all f € H*(OB).
(b) There is a constant C' > 0 such that
1(Q +(¢)) < Crldt?
for all ¢ € OB and r > 0.

Lemma 3.12 (See [13]). Let p be a positive Borel measure in B. Then
the following conditions are equivalent
(a) For every sequence { f;} bounded in H*(OB) and f;(z) — 0 for
every z € B, we have

(Rf;)(2)2 du(z) = 0.

lim | |
J—7X JB

(b) If r — 0T, then

Q7€) 0

uniformly for ( € OB.

Also, we need a result about the radial derivative, which can be
obtained by using Taylor expansion.

Lemma 3.13. Lett > —1 and a > 0. Then
/B [(R+a)f(2)*(1 = [2]*)F2 dm(z) ~ /B [F(2)P(L = [2[*) dm(2),
for all holomorphic f : B — C.

Lemma 3.14. Lett > —1 and a > 0. For any holomorphic function
g:B — C, dui(2) = |g(2)2(1 — |2*)! dm(z) is a (vanishing) Carleson
measure if and only if dus(2) = |((R+ a)g)(2)|*(1 — |2*)"T* dm(z) s
a (vanishing) Carleson measure.
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Proof. We only prove equivalence for the Carleson measure case, the
vanishing Carleson measure case then follows by using the same tech-
niques. Also, we may assume that a > 0 since exactly the same
arguments then can be applied on h = g — ¢(0) instead of g (for
estimating |g — ¢(0)|; see proof of Theorem 2.16 in [14]), and then
the result follows by using the triangle inequality and the fact that
19(0)]2(1 — |2]?)" dm(2) is a Carleson measure.

Assume first that du, is a Carleson measure. Then there is a con-
stant C' > 0 such that

/ (1— 1212 duy(2) < 47‘2/ dp (2) < ACH @+
Q0 Q=)

for all ¢ € B and r > 0, so that (1 — |z|*)2du;(z) satisfies the condi-
tion (b) in Lemma 3.11. Hence, by the triangle inequality, there is a
constant C'; > 0 such that

1/2
(2 ( [+ aneea- |Z|2)2du1(2)) < Cullflzzeom
for all f € H?(0B). By Lemma 3.13 and by the inequality (22),

(/ |f(2)|2du2(2))1/2
<

</}B [(R+a)(fg)(2)P(1 — |2*)* dm(z)> 1/2 N
(/B [(R+a)f)(2)]*(1 - ’Z|2)2du1(z))1/2
1/2

< o ( / |f(Z)|2du1(Z)> Gl flleom) < Gl fllaegom

for all f € H?(OB), so that dus, is a Carleson measure by Lemma 3.9.
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Assume now that dus(z) = [((R + a)g)(2)]*(1 — |z])*2dm(z) is a
Carleson measure. Then, by Lemma 3.13,

(/B 1f(2)g(2)?(1 — |Z|2)tdm(z))1/2
C (/ I(R+a)(fg)(2)]?(1 — |z]*)"*? dm(z))1/2
</| (R+a)f)(2)]Plg(z)P(1 - |z[2)t+2dm(2))1/2

+(/ !f(Z)IQduz(2)>l/2 ,

for all f € H*(OB). Since du, is a Carleson measure, then

/B £ dalz) < Cllfllae

for all f € H*(OB). By Lemma 3.11 it remains to prove that

(23) / 9(2) 21— |2)*2 dim(z) < Cri+2
Q=)

IN

IN

By Lemma 3.6, (23) is equivalent to that for each (or some) s > 0 it
holds that

(1—Jwl?)?
24
(24) i}gé |1 —{C, w)|drers

where dy/(¢) = — |¢]?)*2 dm(¢). Now, again by Lemma 3.6,
since dpus is a Carleson measure, then for each (or some) s > 0 there
is a constant C' > 0 such that

(R +a)g)(Q)I*(L — [¢]*)"*? c
(25) / dm(¢) < ——
i N R TTRE
for all w € B. Let k = [(t+1)/2] + 1. Then we have the reproducing
property

(Rt algle) = [ B 1 = G dm).

dp'(¢) < 400,

This implies that

_ [ MR+ 2)IQ) 1 2yk g
g(Z) - /IB; (1 o <Z,C>)d+k (1 |C| ) d (C)a
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where h is a polynomial of degree 1. Hence

(4D o
© T s ¢~ )

so that

(26)
(F <7 (/Il—dﬂ Id+5> (/|1— o QIZ:;QS (O)'

Since t > —1 we can choose s such that 0 < s < ¢+ 1. By (25) and
Proposition 1.4.10 in [9] we have

C/
2 < -
) < Ty

Thus, again by Proposition 1.4.10 in [9],
|9(Z)|2(1 — =)
/ 11— (2, w|d+2+s dm(2)

1 _ Z|2 C//
< -
/ 11— (2, w)|2+s dm(z) < (1= w2’
which proves (24). U

Definition 3.15 (See [14]). Let BMOA denote the space of functions
| € H*(OB) such that

1o = £ O+ sup / FO)—fawen do(€) < .

Q(C} r)

where, for any ¢ € 8IB3 and r >0,
Q¢,r) ={€€dB: 1 (O <r},

and
1

faten = Gy /Q RICEE)

VMOA is the closure in BMOA of the sets of polynomials, namely the
space of functions f € H?(9B) such that

1
5 _ . 24 =0.
Tir(% QS(%Ii) Q) /Q(CJ‘) |f(§) fQ(c, )| 0(5)

As a direct consequence of Lemma 3.14 we get a generalized version
of (Theorem 5.19) Theorem 5.14 in [14].
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Lemma 3.16. Let k be a positive integer, aq,...,a; > 0, and [ be
holomorphic on B. Then the following properies are equivalent:
(i) f € (VMOA) BMOA .
(ii) |((R+a1) - (R+ap) f)(2)2(1—|z>)?* L dm(2) is a (vanishing)
Carleson measure.

The classical Hankel form (small Hankel operator) H¢ on the Hardy
space H?(OB), as in [12], is bounded if and only if G € BMOA and
Hg is compact if and only if G € VMOA; see [2] and [3]. Then, as
a consequence of Lemma 3.16 and Lemma 3.1, we have the following
theorem.

Theorem 3.17. The Hankel form HY is (compact) bounded if and
only if
[F(2)]P(1 = |21*)* dm(2)

is a (vanishing) Carleson measure.

4. THE CASE s =1,2,3,---

In this section we study boundedness, compactness and the class S,
properties, 2 < p < oo, for the case s > 1.

As in [10] we have the Besov characterization (see Lemma 4.1 be-
low). However, this lemma does not hold for s = 0.

Lemma 4.1. For any positive integer s,
FOF +-+ [0 5O + [ 101

for all f € H*(OB).

The difficulty for the Hardy spaces are explained by this exam-
ple, where it is shown that we can find fi, f, € H*(OB) such that

T(f1, f2) ¢ ng,&

Example 4.2. This example is based on the proof of Theorem II
in [8]. First consider the case when s =1 and d = 1. Let

A=Y ad f) =1
k=1

dm(z)
1= |27

~ £ 15

Then f1, fo € H*(OD) and since the series fi(z) is lacunary then

I T (fo. Sl = / F1(2)] din(z) = oo
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This is a consequence of a result about lacunary series by Zygmund;
see [8]. Namely, if ngr1/np > A for some A > 1, and if h(z) =
> pe o Cr2" satisfies

1
/ W (re)| dr < oo
0

for some 6, then >~ |cx] < oo.
In the general case, d > 1 and s = 1,2, -, we just change f; into

Zk’

and still let fy(z) = 1. Then

T flaes = (1= = oy %—fu\ dm(2)
Lo
> [a-pr| PR o) ),

By Theorem 2.17 in [14] there is a constant C' > 0 such that
O fr 3f1
1— s—1 ) >C
Ja-Epr5Re 52| dme2)

and the right hand side of the inequality above is infinite, as we can
see in the initial case (s =1, d = 1).

4.1. Boundedness and compactness. Criteria for boundedness and
compactness are given in Theorem 4.5 and Theorem 4.7, respectively.
To prove these theorems we need some lemmas.

For holomorphic F' : B — ®*(C%) we consider the norm || F|car
given by

(27) 11 =sup [ L )

where dpup(z) = [|[FII2(1 — |2[*)*"" dm(2).

Lemma 4.3. Let F : B — ©°(C?) be holomorphic and let k be a
nonnegative integer. If the measure dup(z) = || F||?(1—|2]?)*~1 dm(z)
is a Carleson measure, then there is a constant Cy > 0 such that

/B 10 £1P dpr (=) < Coll FIZoatl1 £
for all f € H*(OB).
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Proof. Clear if k = 0. Assume k is a positive integer. If f € H?*(OB)
then 0% f € H?Ls, by Lemma 4.1. Hence, by the reproducing property
in Lemma 2.2 and by Lemma 7.1 in [10],

_ 2\s/2(1 _ 2\s/2—-1
o715 [ (A= = Wl o 1 dim)

1= (z,w)|**>

Let 0 < e < 1. Then, by Proposition 1.4.10 in [9],

w
A e L )

and hence, by Lemma 4.1,

[ 10712 due(2)
B

Ja-topriors ([ S ) dnw

S 1P [ 104112 H RPN

AN

O

We need to consider subspaces of H;, ,, u > d—s, namely B,  which
consists of elements F = 0°f, where f B — C is holomorphic and
| E' |52 < 00.

Lemma 4.4. Let

{SEHMS ISlass =  sup \<88f,s>2d,5,21}.
10 flla,s,2=1

Then (B3,) ~ X, with respect to the pairing (0°f, S)aas2. That is,
for any bounded linear functional, [, on B s there is an element S € X
such that [(0°f) = (0° f, S)2d,s2 and ||l]| =~ ||S||3d82

Proof. Let | € (B7,). Extend [ to I e (H7,) with 1] = ||7|| and
1(0°f) = 1(&°f), by Hahn-Banach Theorem. Then, by Lemma 2.3,
there is an element S € H3,, with 1]l = 1S ll3a.5.2 50 11| = [|S]|3d.5.2-
In this sense we can imbedd (Bj,)" continuously in H3,, and can

therefore be viewed as a subspace of H3, .. Hence,

(B2 ~ {s €. [Slasa =  sup  [(9F, S)aesl } ,
102 flla,s,2=1
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with respect to the pairing (9°f, S)24.s.2. O
Now we can prove the criterion for boundedness.
Theorem 4.5. The Hankel form H3. is bounded if and only if
dpp(z) = [|F2(1 = [2[*)*" dm(2)
1s a Carleson measure, with equivalent norms.

Proof. First assume that dup is a Carleson measure. It suffices to
prove that, for k£ > 0,

‘/ 8kf ® 0~ ka,F> — 2] dm(2)

This is a direct consequence of Lemma 4.1 and Lemma 4.3, since

/(8’“]’ © 0 fo, F)_(1— |2 dm(2)

S [Eleal full 2l f2ll ez -

IN

/ 10F Aol 05 Fall N FIL (1 — |22 dim(2)

([t ) (1ot izane))

< s,k:||F|!cM||f1HH2||fz||H2

for some constant Csj > 0.

Now assume that Hj. is bounded. Let G, = maq5(¢w)F where the
action g — maq5(g) is defined in (12), and the fractional linear map is
defined in (7). Since ¢! = ¢, then by (16),

(28) Héw(fh f2) = H;(Wd(¢w)f1a Wd(SDw)fé) )

where g — m4(g) is the unitary action on H?(9B) defined in (9).
Since Taq,s(0w) is unitary on M3, (or even on L3, ; the space of
measurable F' with || F||aqs2 < 00) then

17m2a,s(0w) Fll5as2 = /BHFIE(l—!ww(Z)IQ)d(l—IZIQ)"ldm(Z)

IA

(1 - Jw?)? 2 2y2d—1
——||F||;(1 — d .
| e P = ) de)
Hence we can make the following reformulation of || F'||cas:

(29) [ Fllcar = sup 1Gwllsd,s2 -
we
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It follows by (28) that ||H¢, || = ||Hz|| and hence HE, ~is bounded
for any w € B. Define, T, (0°f) = (0°f, Gu)ads2 on Bis. Then
Tq,(0°f) = HE (f,1), and by Lemma 4.1,

e, (N < [[Hg, |- 1 a2 S NTHE, - 10°f sz
so Tg, : B3, — Cis a bounded linear functional on B3 ,. Hence, by
Lemma 4.4 and Lemma 4.1,

||Gw H3d,s,2 = sup ‘(asfy Gw>2d,s,2|

10 flla,s,2=1

sup [ Hg, (f,1)]
10° lla02=1

sup |[He, || - [[f]la
10 Flla,0,2=1

S IHe I = HE

IN

so by (29),
1Fllen < 1HE] -
U

Before we can prove the criterion for compactness we need one more
lemma.

Lemma 4.6. Let F' : B — ©°(C?)’ be holomorphic, and F,(z) =
F(rz) for 0 < r < 1. If dup(z) = [|[F|2(1 — |2>)* " dm(z) is a

vanishing Carleson measure, then
\E— Fllesr =0, as r— 17

Proof. 1f dup(z) is a vanishing Carleson measure, then

: (1 —Jw]?)?
] g —0.
lel—%/g 11— (z,w)|? pr(z) =0

Hence, this lemma is a direct consequence of the fact that

(1= JwH) 1— (1= Jrw)*
/ |1 — <Z w>]2d luFr / ‘1 Z rw |2d d:uF(Z)

and dominated convergence. O
Theorem 4.7. The Hankel form H}. is compact if and only if
dpp(z) = [|F2(1 = [2[*)*" dm(2)

1s a vanishing Carleson measure.
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Proof. First, assume that dup(z) is a vanishing Carleson measure.
Then, by Theorem 4.5 and Lemma 4.6,

I1HE, — HE|| S [Fr = Fllemw — 0

as 7 — 17. Hence, it suffices to prove that Hy, is compact. But since
F,. can be approximated in Carleson norm by its Taylor polynomials

P](\;q ) and H;(T) has finite rank, then H}, is clearly compact (see the

proof of the gufﬁciency in Theorem 1.1(b) in [10]).

Now assume that Hj is compact. As in the proof of Theorem 4.5,
let Gy = maas(pw)F. Then dup(z) is a vanishing Carleson measure
if and only if, for any sequence {w,} C B such that |w,| — 1~ as
n — oo,

(30) Tim [[Gu a2 = 0
Again, as in the proof of Theorem 4.5, by Lemma 4.4,

1Gullaase = sup  [Hg, (f,1)]
162 flla,s,2=1

— sup |Hf;(7Td<90wn)fa Wd(SOwn)l)‘
195 flla,s,2=1

The action g — 74(g) is unitary on H%(0B) and {m4(pw, )1} is a
sequence in H?(0B) converging weakly to 0. Since H§ is compact,
then there is a sequence {c,} of positive number converging to 0 such
that

|H} (7a(Pwn) fr ma( ) 1) | < call fllae -
By Lemma 4.1,

|G, ll3ds2 S cn— 0

as n — 0o, which proves (30). O

4.2. Schatten-von Neumann class. In this subsection we prove
Theorem B for s > 1. For this purpose we prove two more general
results; Theorem 4.12 (valid for s > 1) and Theorem 4.13 (valid for
s > 0), and then Theorem B follows by letting & = # = 0. The main
idea is to use the interpolation theorem for families of analytic oper-
ators. To do this we first need to rewrite Hankel forms on Bergman-
Sobolev-type spaces to forms on Hardy spaces.
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For t € C, we define the radial fractional derivative of order ¢ by

(L+R)'f(z)= Y (14 |m])e(m)=",

meNd

where f(2) = >, cna c(m)z"™ is the Taylor expansion of f. The follow-
ing lemma follows by using Taylor expansion and Stirling’s formula.

Lemma 4.8. If2R(t) + o > —1 then

1FI% = /| (L+R) f(2)P(1 = 2?0 dm(2),
for all holomorphic functions f : B — C.
As a direct consequence of Lemma 4.8 we have the following lemma.
Lemma 4.9. Let a > —d. Then
1Lz = 1L+ R)*2 o
for all holomorphic functions f : B — C.

By Lemma 4.9 the Hankel forms H®”* given by (14), defined on
A? x A%, can be regarded as forms defined on H*(0B) x H?*(9B) via

(81)  Hp™*(fu fo) = Hy™* (L + R f1,(1+ R) o).

Namely, as a direct consequence of Lemma 4.9, using (31), we have
the following result.

Lemma 4.10. Let o, > —d and p € {2,00}. Then

[ Hp ||, (pr2,m2) = HH;’B’SHSP(A?I,A;,)'

Remark 4.11. We can extend (31) to complex numbers o and 5. In
this case, if R(«), R(F) > —d then

rra,3,s T R(a),R(B),s
V2 Nl ey = IR s
for p € {2, 00}, by unitary operators.
Theorem 4.12. Let 2 < p < oo and «a,3 > —1/p. Then ﬁ[ﬁi’ﬂ’s €
S,(H* H?) if F GHp and

(a+pB)+pd,s

||H§ ’S||sp(H2,H2 || Lp(a+B8)+pd,s,p -
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Proof. Putal—oz——,ﬁl—ﬁ——pz, Oég_()é+— and By = ﬁ+—
Clearly aq,0; > —1/2 and ag, s > 0. We Wlll use 1nterpolat10n
for the analytic families of operators. For this purpose consider, for
0 < R(z) < 1, the forms H?7* given by (31), where a, = ay +
z(ag —aq) and B, = By + 2(B2 — (41). Now we can define the analytic
family of operators, {I'(z)}, on the strip 0 < R(z) < 1 into operators

from the intersection H2 | 5 104, N Hoo(ocz—f—ﬁg)—i-d into Sy + S, where

['(2)F = HP*. Consider R(z) = 0: By Remark 4.11, Lemma 4.10

and Lemma 2.5, if F € M2 | ayp24 then

1" s = 1HE " Ny = [ oy 142,02
Consider R(z) = 1: By Remark 4.11, Lemma 4.10 and Lemma 2.7, if

F e HY OHLﬂQ)ersthen

12 s = 1HE s S IF N (004 82 e -

Now we claim that there is a constant C(d, s) such that

(32) IT(2)Ells, < C(d, )1 F |y +es-+2d.s.2

for 0 < R(z) <1 and for all F' € Ha1+a2+2ds Accepting temporarily
the claim, since Sy C S, continuously and since

Ha1+51+2d s N Hl (2 +B2)+d,s - Ha1+51+2d s

continuously, then I' is bounded on the strip 0 < R(z) < 1. Hence we
can apply the interpolation theorem for the analytic families of oper-
ators (see Theorem 2.12). We obtain, for fixed 0 < 6 < 1, that I'(9)

is bounded from (Hil+ﬂ1+2d,s’H§a2+52)+d,s)[9] into (Ss, Sw)g. Put

0 = (p — 2)/p. Using Lemma 2.4 we get

o P
(Ha1+/31+2d757 H%(a2+52)+d73) [1—* 7_(21’ (at+f)+pd.s’
and hence

||H§7ﬁ7s|| ||F”1p (a+B)+pd,s,p

since ay = a and By = [ when 6 = (p — 2)/p.
Now we go back to the claim (32). We may assume that z is real,
and we therefore put z = 6 € [0,1]. By Lemma 4.10,
IT(0)F sz, m2y = 1 Hp" || sy A3

g
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and since ap > oy > —1/2, By > 1 > —1/2 then
IHE " sz, 5, < Cd )V Fllagspysaase
< C<d7 3)/||F”011+51+2d78,27
by Lemma 2.5, where C(d, s) is the constant in (17). O

Theorem 4.13. Let2 < p < oo and o, 3 > 0. ThenFEHp
if HY™® € S,(H?, H?) and

p(a+p)+pd,s

Hﬁﬂlpa+ﬁ+wd&pnuﬂffmﬁ’H&,H?H%-

Proof. Consider 77 defined by (13). By Lemma 2.9 it remains to
prove that TOO(HR™®) = F if Hy™® € S,(H? H?) for 2 < p < oo.
Let Hy"® € S, and let F.(z) = F(rz), for r € (0,1). Since Hy"® is
compact then ||F|*(1 — |2|*)?¢~1 dm(z) is a vanishing Carleson mea-
sure, by Theorem 4.7, and hence ||F, — Fl|lcapy — 0 as 7 — 17, by
Lemma 4.6. Then F, — F' pointwise and also, by Theorem 4.5, we
have ||H%TO’S — HY*®||s. — 0 as r — 1. Hence, by Lemma 2.9,

’j;O’O(H%O’S) lim TOO(HOOS) = lim F,=F.

r—1- r—1-
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