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A NON-STANDARD APPROACH TO RICHARDSON
EXTRAPOLATION IN THE FINITE ELEMENT METHOD
FOR SECOND ORDER ELLIPTIC PROBLEMS

M. ASADZADEH?!:2, A. H. SCHATZ? AND W. WENDLAND?

ABSTRACT. This paper presents a non-standard local approach to Richardson
extrapolation, when it is used to increase the accuracy of the standard finite
element approximation of solutions of second order elliptic boundary value
problems in RY, N > 2. The main feature of the approach is that it does not
rely on a traditional asymptotic error expansion, but rather depends on a more
easily proved weaker a priori estimate, derived in [19], called an asymptotic
error expansion inequality. In order to use this inequality to verify that the
Richardson procedure works at a point, we require a local condition which
links the different subspaces used for extrapolation. Roughly speaking this
condition says that the subspaces are similar about a point, i.e., any one of
them can be made to locally coincide with another by a simple scaling of the
independent variable about that point. Examples of finite element subspaces
that occur in practice and satisfy this condition are given.

1. INTRODUCTION, PRELIMINARIES AND STATEMENT OF MAIN RESULTS

The purpose of this paper is to present a non-standard local approach to proving
the validity of the Richardson extrapolation procedure for increasing the accuracy
of approximations. Here, this will be done in the context of improving the accuracy
of finite element approximations of solutions of second order elliptic boundary value
problems in RV, N > 2.

An outline of this paper is as follows: Section 1.1 contains some notation and
preliminaries, and a discussion of what we shall call the ”traditional” approach
to verifying Richardson extrapolation. This approach relies on the establishment
of an asymptotic error expansion for the problem which is difficult to obtain and
have been derived only for special classes of finite elements and boundary value
problems in RV, N > 2. A discussion of some previous work will be given there
and in other sections. Section 1.2 contains some basic technical tools that will
be needed for our approach. Here we shall state two results, both referred to as
”asymptotic error expansion inequalities”. Section 1.3 contains statements of the
first results using the non-standard approach. There we shall first introduce a
so-called similarity property of the subspaces. Roughly speaking, the similarity
condition allows us to relate the finite elements solutions for different mesh sizes
to each other. In effect we shall reduce the problem to a new problem on a single
grid to which the asymptotic error expansion inequality may be applied to obtain a
higher order of convergence. The main aim of this paper is to present a method for
establishing the validity of the Richardson extrapolation procedure without relying
on exact asymptotic error expansions, but rather on the weaker, and more easily
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proved asymptotic error expansion inequalities just mentioned. For this we shall
need the similarity condition. In this section, we shall treat problems for principal
part second order differential operators with constant coefficients, where the main
ideas are transparent and proofs are very simple. In particular, Theorems 1.1 and
1.2 are concerned with Richardson extrapolation using two subspaces to increase
the accuracy for (u — up)(Z) and 67(u — up) (%), respectively, at similarity points
Z of the grid. Theorem 1.3 contains 1a generalization to more than two subspaces.
Section 1.4 deals with the case of variable coefficients. The results here are similar to
Theorems 1.1 and 1.2. In Section 2 we give examples of subspaces of finite elements
having the local similarity property about a point. Section 3 contains applications
of our main results to a variety of boundary value problems. Section 4 is devoted
to the proof of Theorem 1.4.Finally in our concluding in Section 5 (Appendix I)
we recall the usual finite element assumptions used throughout the paper. Below
we denote by C a general constant independent of the parameters involved in the
estimates unless otherwise explicitly stated or clear from the context.

1.1. Some preliminaries and a discussion of the ”traditional” approach.
Let Q be a bounded domain in RN, N > 2. For m > 0 an integer, 1 < p < oo and
G C Q, W*(G) denotes the usual Sobolev space of functions with distributional
derivatives of order < m which are in L,(G). Define the seminorms

( > IIDaullip(G))l/p if 1<p<oo,

la|=j

|U|WJ'(G) =
? Z I1D%ul| L. () if p= oo,

and the norms

(S hitye)” # 1<p<,

lullwa) = At

z |U|Wg°(g) if p=oo.
=1

If m > 0, W, ™(Q) is the completion of C§°(G) under the norm

1 1
llullwyc) = Sup / updr, —+-=1

Y € C5°(G) @ pq
Illwre) =1

Let Q4 CC Q and consider the second order differential equation

(1.1) Lu= - Z ai%(am(x)g—;) + sz(x)g—;z + c(z)u = f(z) in Qq.

3,j=1

Concerning L, it will be assumed that the coefficients are smooth and that L is
uniformly elliptic on 4, i.e., there exists a constant m > 0 such that for all z € Qg4

N
(1.2) m|¢)? < Z a;j(x)(;¢; forall ¢ e R™.

i,j=1
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Let u € W3(Qq) be, locally, a weak solution of (1.1), i.e., satisfy the interior
equations

(1.3) A(u,v) =/ fudr forall wve W;QI(Qd)
Qg4
Here
al Ou Ov
(1.4) A(u,v) :/Qd (igz:la () 9, 61’3 ;b (z )uv)d;v.

We shall be interested in error estimates at points T of Q9 CC Q4 CC Q when w is
approximated by the finite element method, and begin by giving a rough description
of the finite element subspaces. Let 0 < h < 1 be a parameter, r > 2 an integer,
and let S*(Q2y) C WL (Q4) denote a family of finite element spaces defined on €.
The precise assumptions A.1-A.4 on these spaces will be given in the Appendix
I. However, for the purposes of this introduction, the reader may think of S(,)
as any one of a large variety of commonly used spaces of continuous functions,
defined on a disjoint quasi-uniform partition of roughly size h (of a set which covers

Q4), whose restriction to each set T]h of the partition are polynomials of degree

<r-—1 Sﬁ(Qd) will denote the subspace of S”(Q4) of functions with support in
Q4. Roughly speaking, functions v € W7 (Q4) can be approximated to order h"
in Loo(Qo), and to order A1 in WL (), by elements of S*(Q;). We first wish
to briefly describe the so-called ”traditional” approach to extrapolation using the
subspaces S"(Q4). To this end, suppose we are given two mesh sizes \;h, i = 0,1,
where say A\g = 1 and A\; > 1, and let uy,;, € S}"(Q4) be approximations of u
satisfying the local Galerkin equations

(1.5) A(w—uxp, ) =0 forall ¢e SXMQy), i =0,1.

In the ”traditional” approach, the proof that Richardson extrapolation works at a
point T relies on the establishment of an exact asymptotic error expansion at T ,
which for some hg is valid for 0 < h < hyg, of the form

(1.6)  en(®) = u(@) — un(®@) = h"Ey(F,u) + Ra(3,u) = B Ey(F,u) + O(h™+D).

Here it is important that the error term FE;(Z,u) is independent of h. It then
follows that

(1.7) exn(T) = u(@) —uxnn(T) = (M) "R EL(Z,u) + B n (T, w).

Multiplying (1.6) by 1 and (1.7) by 72 respectively, where v; and 7y, are the
Richardson weights given by

Al 1
1. = L = ——
( 8) 71 )\{_17 72 /\71"_17
and then adding the two equations yields
(1.9) w(@) — (1un(®) + v2ur k() = O(h"H).

This argument shows that, if the expansion (1.6) holds, Richardson extrapolation
gains at least one order of accuracy when extrapolating with two approximate
solutions from different subspaces. The difficulty with this approach occurs in
establishing the expansion (1.6), which is not easy to obtain. Expansions of this type
have been known for some time for some finite difference methods (c.f., e.g. Wasow
[32] and Bohmer [5]). The main contributions to the finite element literature are
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due to Q. Lin and coworkers. In the case of finite elements with r = 2 (in particular
piecewise linear elements), such expansions were first derived at points x which are
the vertices of a uniform triangulation of the plane in Lin and Wang [14], Lin and
Lu [13] and Lin and Zhu [17]. Improvements and extensions of these expansions
were then given in the paper by Blum, Lin, and Rannacher [4] which contains an
excellent presentation of the derivation of the exact asymptotic expansion. Further
results, some of which will be discussed in more detail in Sections 1.3 and 1.4,
can be found in Lin and Wang [15], Lin and Xie [16], Blum [3], Rannacher [18],
Chen and Lin [8], Xie [33], Wang [31], Lin [12], Ding and Lin [10], and Chen and
Rannacher [9] , where other references can be found. We recommend the survey
articles by Rannacher [19] and Blum [2].

1.2. Asymptotic error expansion inequalities. Here we shall introduce some
technical results which, together with an additional idea to be presented in Sec-
tion 1.3 (a local similarity condition on the subspaces), will form the basis of our
approach to Richardson extrapolation. We begin with so-called ”asymptotic error
expansion inequalities”. They are weaker than the exact asymptotic error expan-
sion (1.6) discussed previously, but have been proven to hold for rather general
classes of subspaces defined on irregular grids in RY, N > 2. One way of viewing
them, which will not be totally apparent from the way they will be stated below,
is that they contain terms that are of the form of the expansions given in (1.6)
except that the error term F; is now a bounded function of Z, u and h. It is this
dependence on h which does not allow us to use them in the traditional approach.
For given z € Q4 and d > 0, let

Bi(z) ={y: |y —=| < d},

where throughout this paper it will be assumed that Bg(x) C Q4. Now let u €
W1 (Bg(x)) and up € SH(By(z)) satisfy

(1.10) A(u—up, ) = F(p) forall ¢ e SM(By(x)).

Here F'(v) is a bounded linear functional on Wll(Bd(x)) In the error estimates for
the variable coefficient case we shall need the following norms:

- x—xo| +h
A1) llelh = A llusaeon + || 2 vy ,
L1(Ba(z0))
and for £ > k, arbitrary but fixed integer, k =1, 2:
‘ 1\7 .
112 el =Y 3 (g) [ (e - ol + mHDlda,
=ojam M IBaeo)

where j = 1if N =2, k = 2, and j = 0 otherwise.
The following estimates can be found in Schatz [23].

Lemma 1.1. Suppose that v > 3 and Assumptions A.1-A.4 (given in the Appendiz
I) are satisfied. Let t be a non negative integer, 1 < p < oo, and s an integer,
r<s<2r—2. Letx € Q and d > kh for some k sufficiently large. Let
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u € W2 (By(z)) and up, € SH(By(x)) satisfy (1.10), then

llu — unll(Bu(e)) < C(ln %l)g[h’" Z |D%u(z)| + - -

le|=r

+h7 S |Du(@)] + b lfullws, (Ba(a))
(113) |a|=s—1 ]

N C[d_t—N/p”u — Uh||W;t(Bd($))

d\?® d
+ (1 5) BIE -1, 5u@) + (105 ) IFI]-2,Ba0) |
Here,5=1ifs=2r—2 ands=0 ifr <s < 2r—2. Furthermore, for j = 1,2,

(1.14) NEN-j,Ba) = sup F(y).
Y € C§°(Ba(x))
[¥lll; =1

Before discussing the meaning of this result, let us first state the corresponding
result for first derivatives which is as follows:

Lemma 1.2. Suppose that r > 2 and Assumptions A.1-A.J (given in the Appendiz
I) are satisfied. Let t be a non negative integer, 1 < p < oo, and s an integer,
r <s<2r—2. Letx € Qy and d > kh for some k sufficiently large, and
u € W2, (By(z)) and up, € SH(By(z)) satisfy (1.10). Then

llu = unllwz (Ba(z)) < C’(ln %)S (hT_l Z |D%u(z)| + -

ler|=r

(1.15) + 1S D% u(@)] + Bl ) )

lor|=s

d

—1-t—N

+O (NPl = unlly s, + (0 DIF1 o))
Heres =1ifs=2r—2, ands =0 ifr <s<2r—2.

Let us first briefly discuss the role of each of the terms in the estimates (1.13)
and (1.15), and then contrast them with the asymptotic expansion (1.6). The first
terms on the right of (1.13) and (1.15) are expansions in terms of powers of h, up to
a possible order of h2"~2. Notice that each term, except for the last, is multiplied
by appropriate derivatives of u which, most importantly, are evaluated only at x. It
is this expansion on which the proof of the extrapolation procedure will be based.
The term involving the negative norm ||u — Uh”WP—t( Ba(z)) Measures the influence of
the solution from outside the domain By(z), and will be referred to, as is common,
as a ”pollution” term. Estimates for terms of this type will be given for specific
boundary value problems in the examples given in Section 3. In our theorems we
will assume, a priori, that these have a certain rate of convergence. Finally, the
terms involving F' simply measure the effect of the linear functional F. Terms of
this type will be useful in Section 3 when we consider perturbations of the problem
(1.10), in particular, problems with lower order terms and with variable coefficients.
We remark that (1.10) and (1.13) are local, and that global versions for a smooth
Neumann problem are given in Schatz [24]. We shall now turn to the use of these
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inequalities instead of exact asymptotic expansions in Richardson extrapolation.
Before doing so we mention that (1.13) and (1.15) have been used to obtain new
results for problems in a posteriori estimates [11] and superconvergence.

1.3. Similarity of subspaces at a point and a non-standard approach to
Richardson extrapolation in a special case. The method we will use to val-
idate the extrapolation procedure is based on the observation that, assuming the
pollution error is small enough, it follows from either (1.13) or (1.15) (in the case
that F' = 0) that higher order accuracy for the errors occurs if

D%u(z) =0 forall |a|=r.

We, of course, have no right to expect that this condition holds for the solution
u. However, we will construct a function v for which it does hold and which is
equal to u at a point Z. From this we will be able to deduce that Richardson
extrapolation attains higher order accuracy at the point Z. In order to accomplish
this, we shall require a condition which links the subspaces with different values of
h that are being used for extrapolation. This condition will allow us to combine
the approximate solutions for two different subspaces so that an appropriate linear
combination of finite element solutions is now the finite element solution vy, of a new
relevant problem on a single subspace. This is the key, namely it is this problem on
a single mesh to which we may apply the asymptotic error expansion inequalities
(1.13) and (1.15). The following assumption says that two subspaces are similar in
a neighborhood of a point Z, if they coincide under a simple scaling. More precisely,

A.5. Let h < hy = AMh, with A\; > 1, and let T be a fixed point in Q with
d > 0, so that By, q4(Z) C Q. The subspace S}"(By,q(Z)) is said to be similar to
the subspace S"(B4(Z)) (under scaling about Z), if the mapping

(1.16) (To)(2) = 0@ + M (z — 7))

is a one-to-one mapping of S}M"(By,4(%)) onto S*(B4(2)).

Examples of subspaces satisfying A.5 will be given in Section 2. We now turn
to our first results.

In this section we consider the special case where A(,-) is of the form

N

Ou Ov
1.17)  A(u,v) = " aijpe < )de, ay = constants, i,j=1,...,N.
(1.17)  A(u,v) /Q(M—lajaxi &Ej)m a;; = constants, i, j

We begin with extrapolation using two subspaces to obtain a higher order accurate
approximation for u(z) at similarity points Z.

Theorem 1.1. Suppose that

(a) v > 3, and that the conditions of Lemma 1.1 hold with A(u,v) of the form
(1.17).

(b) Given T, there exists a d > 0 and 1 = A\g < A1 such that By,q4(Z) C Qq.

(¢) The similarity condition A.5 holds for the pair S} (By,q(Z)) and S (B4(2)).
(d) up, and ux,n satisfy

(1.18) A(u —ux;n,0) =0 for all ¢ € SM"(By,a(%)), j=0,1.
Set
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(1.19) vr(z) = Nun(T) + Y2ur 1 (T + M1 (z — 7)),
where
Y _ 1
AL VIS L C S VI

i) If u € WH (Bx,a(%)), then

o~ ~ T d "
[w(@) ~ on(@] < O (10 1) Tellwzss s,

(1.20) 1
+Cd NP Z llu — U)\thWp—i(BAjh(;))-

7=0
Here7™ =1 ifr =3 and T = 0 otherwise. C is independent of u, up, ur,n, h, d and
z.
it) If, in addition, for somet > 0,1 <p < oo, and o >0

(1.21) AN = unll e gy, awy < CWF7 5 =001,
then
I\T
) ~ r+1 - r+o
(1.22) u(E) — va(%)] < C max (h (mh) R )

where C is independent of h, and Z.

Let us remark that the estimate (1.22) says that the Richardson extrapolation
procedure results in higher order accuracy at a similarity point Z provided the
”pollution” error (1.21) also has an order of convergence greater than r. We also
remark that the distance d associated with the region of similarity of the subspaces
can be small with h. As some of the examples in Section 3 will show, there are
cases where d = Ch? for some 0 < § < 1 and extrapolation yields, modulo possible
logarithmic factors, a rate of convergence of h™t! . It is important to remark that
Theorem 1.1 is restricted to 7 > 3, which excludes the piecewise linear case (r = 2).
One factor that contributes to this is that the similarity condition is only assumed to
hold locally in a ball about a point T and there are no other mesh restrictions outside
of B4(Z) other than quasi- uniformity. In general then, the best rate of convergence,
in the piecewise linear case, in any negative norm that can be expected under our
assumptions is O(h?), which is essentially attained without extrapolation. Let
us briefly discuss some results obtained using exact asymptotic expansions which
are generally proved under more stringent conditions. As previously mentioned,
the paper, Blum, Lin, and Rannacher [4] gives an excellent derivation of such
an expansion that is an extension of the paper by Lin and Wang [14]. Among
other things, they treat a Dirichlet problem with homogeneous boundary data for
Poisson’s equation on a smooth two dimensional domain using piecewise linear finite
elements. The mesh is uniform except for a layer near the boundary and they prove
on O(h?) rate of convergence at interior vertices for Richardson extrapolation. In
Lin and Xie [16], an exact asymptotic expansion is established at interior vertices
of a grid which is a piecewise smooth mapping of a piecewise regular grid in the
plane. An O(h*) rate of convergence for Richardson extrapolation is established.
The analyses of the methods are rather delicate and it seems hard to generalize to
higher order elements and more space dimensions. Before proving Theorem 1.1, we
remark that the case r = 2 is included in Theorem 1.2 where extrapolation is used
to achieve higher accuracy for derivatives.
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Proof of Theorem 1.1. For convenience we take T to be the origin. As previously
remarked, the first important observation is that we can use the similarity assump-
tion A.5 to link the two finite element solutions via scaling, and reduce the problem
to one on a single grid. In fact we shall first show that for arbitrary scalars v, and
72, the function

(1.23) un(z) = Nun(@) + Y2usn(hiz) € S}(Ba())

is, locally, a finite element approximation of the function

(1.24) v(z) = nu(z) + v2u(liz),

on the ”finer” grid. In fact we will show that for any choice of scalars v, and 7z,
(1.25) A —vp,0) =0 forall ¢ e SH(By(x)).

To prove (1.25) first note that, by our similarity assumption, ux, s (A1z) € S*(B4(Z)).
We shall now show that

A(u(Miz) —uxpn(Miz),0) =0 for all ¢ € S"(By(Z)).
In fact by the trivial change of variables y = Az and (1.18)
A(u(Arz) —uxn(Mz), )

=/ S 0., dnz) —urnn(e)) 9p(s) .
Ba(@) ;521 ! Oz; oz
S L
= AN Z a” — uxih(Y)) ‘P(Al)dy —0
B)\ld($)z] 1 0y; 6?}3’

Here we have used the fact that (L) € S}*(Bx,4(%)). It follows from (1.16) that
(1.25) is satisfied. Hence by linearity, v, and v given by (1.23) and (1.24) also satisfy
(1.25). By this procedure, we have connected the two approximate solutions to a
new problem on a single grid where we can apply the asymptotic error expansion
(1.13) to the function v(z) — vp(z). From Lemma 1.1 we obtain

[v(Z) — vn(2)|

(1.26) SC(I —) (h,T z |D°‘ |+hT+1||’U||WT+1(Bd(w)))

la|=r
N/p=t||yy _
+Cd [|v Uh”W;
Note that v(Z) = u(Z) with the choice
(1.27) M+ =1

As observed previously, higher order accuracy O(h™*!) in the expansion term for
the local interpolation error in (1.26) will occur if (D*v)(Z) = 0, for all multi-indices
a, with |a| = r. A simple computation now yields

"(Ba(x))

(1.28) (D)(Z) = (n + A1) (D%u)(Z) =0,
for all |a| = r, when y; and 7, are chosen to satisfy
(1.29) 7+ (A1) 2 = 0.

The unique solution of (1.27) and (1.29) is given by (1.8), which are the Richardson
weights. The inequality (1.20) follows immediately from (1.26) on using the triangle
inequality on the last term. This completes the proof of Theorem 1.1. |
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We now turn to the problem of extrapolating for higher order accuracy for first
derivatives. If T is a point of the mesh where giz’; is discontinuous, then we define

ovy .. . Vh /1~
where 8 = (B1,...,0n) is any unit vector chosen so that for s sufficiently small,

say 0 < s < s, % exists and has a limit as s = 0. There may be many possible
(2

Oup, .. Oon Bup o 5

613): (@ 8)- ObVIOUSIY’ 8 - (3,8) = 6:7]1 (%) at points Z where 8::’:

is

continuous. The analogue of Theorem 1.1 for first derivatives is as follows:

Theorem 1.2. Suppose that the conditions of Theorem 1.1 hold, except that now
Lemma 1.2 holds with r > 2, and v1 and ~y2 are given by
At 1
=1 _ ¢ 12T T o1y
AT -1 AM(ATT =1)

i) Then for anyi=1,...,N,

(@) _om(.8)| _

(1.31) "=

< 0 (10 ) W lullyz s, oy
(1.32)

+CdI TN Z lu = wxnllw;+(By,42)):
7=0
where T =1 if r =2 and T = 0 otherwise. C is independent of u, up, ux,p, d, h,
and T.
it) If in addition, for somet> 0,1 <p< o0, and o >0

(1.33) d_l_t_N/pHu—u)\JhHW (Ba,a@) < CH'™ e j=0,1,
then

au('fl"\) aﬂh(f,ﬂ) T I\ r—1+4o
(1.34) Bo  hp | < Clwmax (h (mE) h )

Proof: Again for simplicity we take Z to be the origin. We have from the proof of
Theorem 1.1 that (1.23) holds, and therefore Lemma 1.2 may be applied. It follows

that for any direction § along which lim w exists,
5—0 oz;
0(E) _ 0G|
ox; 8332
(1.35) <C( ) (h’" ! Z |D%v(Z |+hrl|v|lw"+1(3d(z)))
(1

+Cd7t N/”||v—vh||wgt(3d(5))'

From (1.28) we have D*v(Z) = 0 for all |a| = r when v, and 7, are chosen to
satisfy

(136) T+ ()\1)7-’}/2 =0.
Furthermore, we want (22)(Z) = (£%)(%). For any i = 1,...,m we have

o . ou .
oz, @)=+ )\172)633,- (),
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and therefore we choose

The equations (1.36) and (1.37) lead to (1.32), which proves part i). The inequal-
ity (1.34) follows trivially from (1.32), and (1.33), which completes the proof of
Theorem 1.2. |

The reason that we have first treated the case when A(-,-) is of the form (1.17)
is that our results are better than those for the general variable coefficient case,
which will be treated in Theorem 1.4. It is specifically the present case that we
can generalize to obtain higher order accuracy, up to order h2"~2, by extrapolating
with an appropriate number of subspaces. We shall now state this generalization.
Let 1 = )Xo < A1 < -+- < A, for m an integer, 1 < m < r — 2. Suppose that, at the
point Z, each pair of subspaces S,%"'h(B)\jd(;’f)) and S*(B4()), j = 1,...,m satisfy
(A.5) for some d > kh (k sufficiently large). Suppose further that for A is of the
form (1.17) the uy,s € S27"(By,a(%)) satisfy

(1.38) A(u—upn,9) =0 forall ¢e S}"@), j=0,...,m.
We seek an approximation to u of the form
m
(1.39) vp(x) = Zvju,\jh(:’f + )\j(ib' —7I)) € S,I:L(Bd(.'/f))
7=0
Theorem 1.3. i) Suppose the conditions of Lemma 1.1 hold and that, with \; and
S{«\"h(BAJ.d(ZE)) as above, the functions u—wuy;n satisfy the equations (1.38). Let vy;,

7 =0,...,m be the unique solution of the system of equations
(1.40) Y yi=1
§=0
m
(1.41) DNty =0 for £=0,...,m—1.
j=0

Furthermore, let w € W™ (B, 4(%)), and suppose there exists a o > 0 such that
forj=0,...,m

(1.42) A NP u — uxhllg sy, a3y < CP7-
Then
1\m
_ ~ r+m - r+o
(1.43) |(u — vp)(®)| < C max (h (1n h) h )

Herem =1 ifm=1r—2 and m = 0 otherwise and C is independent of h and .
it) Assume the conditions of i) hold, except now Lemma 1.2 holds, and the v;,
j=0,...,m satisfy

m
(1.44) Y=L
§=0
m
(1.45) Z,\;’Hyj:o, 0=0,...,m—1.

J=0
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Furthermore, suppose that for j =0,...,m there is a o > 0 such that

(1.46) d NPy — uy, h||W (Br,a(z) S CH'™ 4o,
Then
Ou(z ) Ovn (%, B) 1+ —1+
. < Tr— m T g
(1.47) 5. o | C max (h (1n h) h )

where m=1ifm=1r—1, and m = 0 otherwise.

The proof is an easy generalization of the proofs of Theorems 1.1 and 1.2 and
will be left to the reader.

1.4. Equations with variable coefficients. Here we shall consider the case when
the differential operators have variable coeflicients, and where we are extrapolating
with only two subspaces. Here we will be concerned with bilinear forms A of the
form

N

(1.48) A(u,v):/Q (Z ij(x) 66u 66;:]] Zb v+c( )uv)dm,

ij=1
where the a;;(x), b;(z) and ¢(z) are smooth functions. We first have the following
extension of Theorems 1.1 and 1.2.

Theorem 1.4. i) Let r > 3, and suppose that the conditions of Theorem 1.1 hold
except that A(-,-), is of the form (1.48). Then, with vy (z) defined by (1.19),

(1.49) u(E) — va(3)] < C(u) (1n %)2 max(h"+, hT+).

i1) Suppose that the conditions of Theorem 1.2 hold except that now A(-,-) is of
the form (1.48). Then, with W defined by (1.30), and v1 and v2 satisfying
(1.31), '

ou(z)  Oun(z,B)
6a:i 6.2;’,

The proof will be given in Section 4.

(1.50) ‘< Clu ( 2)max(h”,hr_1+"), i=1,...,N.

2. EXAMPLES OF SUBSPACES WHICH ARE SIMILAR UNDER SCALING ABOUT A
POINT

In this section we shall give some simple examples of subspaces which satisfy the
local similarity condition A.5. Although it will not be stated explicitly each time,
we wish to emphasize that this condition is local, i.e. for some d > 0 and A > 0,
A.5 is required to only hold in some balls B;(Z) and Byx4(Z) respectively of radius
d and Ad about the point Z. As is customary, we shall define our examples of finite
element spaces in terms of

1) a disjoint partition of a set in RY, and

2) a space of functions defined relative to the partition.

Specific examples will be given in a moment, but in general, for a given 0 < h < 1,
let {7F} denote a quasi-uniform partition of set which contains a ball B4(Z), for
some d > 0. Here it will be assumed that the sets T,Z, j=1,...,m(h), are disjoint
and roughly of size h. Our examples of finite element spaces S*(By(Z)), for r > 2,
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will be taken to be subspaces of the space of functions ¢ that are in CY(B4(2)), for
some integer 0 </, and which on each set 7] are of the form

(2.1) p= anxa, Cq constants.
a€cl

Here, a = (a1,...,an) is a multi-index, and I is some fixed index set, specific
examples of which will be given below. In order to show that, for a given A > 0,
two subspaces S"(By(%)) and SM(Bxq(Z)) satisfy A.5, it is sufficient to show that
they possess the following two properties:

Property i) Under the scaling z — Z + A\(z — ), the partition {T;L N Bai(z)} of
Bq4(Z), coincides with the partition {73, (| Baq(Z)} of Bxa(Z) .

Property ii) For a given index set I, the set of functions ¢ of the form (2.1) is
invariant in form under the same scaling as in i).

It is easy to verify that the following two examples of classes of functions of the
form (2.1) satisfy Property ii).
Pr_1 : The set of functions of the the form (2.1), with a € I if and only if |a| =
Z?Ll a; < r —1. Thus, on each 7F, the functions of this class are the set of all
polynomials of degree < r — 1. For r = 2 these are just the linear functions and for
r = 3 the quadratic functions etc.
Q,—1: The set of functions of the form (2.1), with a € I if and only if o; <7 —1,
i = 1,...,N. Examples of such functions are, for r = 2, the piecewise bilinear
functions (in two dimensions) and the trilinear functions (in three dimensions) etc.,
and for r = 3 the bi-quadratics functions (in two dimensions) etc.

Remark. One general way of constructing two subspaces in RV satisfying A.5
for any N is as follows: Simply take any quasi-uniform mesh together with any
set of functions of the form (2.1) defined on it, and scale them by a factor A;
about any fixed point Z of the mesh. Then Properties i) and ii) above are
automatically satisfied. We shall now give some more specific related examples of
such subspaces which arise in practice, and which are defined in the neighborhood
of certain points, when so called "nested subspaces” are constructed for multigrid
methods. We mention however that the nested spaces that will be constructed
below have other properties at symmetry points which could be exploited to obtain
other extrapolation result.

2.1. A. Nested subspaces in two dimensions with triangular elements.
Consider a quasi-uniform triangulation {7 } of size ho (henceforth referred to as
the coarse mesh size), of a polygonal domain Q . Let h; = 277hg,j=0,...,J and
construct the sequence of grids M; in the usual way by, starting with the finite
element space defined on the coarse mesh My, subdividing each triangle of the
previous mesh into four new triangles by introducing new vertices at the midpoints
of the sides. This is done until hy = h for some integer J. We are now in a position
to give our first example of finite element subspaces and then identify the points at
which they satisfy A.5.

Example 2.1. Let S () be a space of continuous functions on € whose restric-
tions to each triangle in M are elements of P,_y, the set of polynomials of degree
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< r — 1 in two variables. As remarked above these may be taken to be the usual
Lagrange or Hermite finite elements relative to this triangulation (cf., e.g. Brenner
and Scott [6]).

Let Vp; denote the set of vertices and &, the set of edges of the triangulation
M. We shall separate the similarity points of these subspaces into two categories.

SP.1. Similarity points which are interior points of triangles of the coarse
mesh

Consider a coarse mesh triangle T,’fo, and let T be an interior point such that T € Vy,
and T € Vsop, (i.e. T is a vertex of triangles in both M; and M _1), and such
that dist(7,&) = 2d, where h < d. Then S!(B;(%)) is similar to S2"(Ba4(%)).
If dist(z,E) = 4d then S(B,(7)) is similar to S (B4a(Z)) etc. We remark that
any interior point of the triangles of the coarse mesh, which is also the vertex
of a finer mesh, eventually becomes a similarity point of the subspace provided
enough further subdivisions are performed. We also remark that if we had created
finer meshes by successively subdividing edges into three parts instead of two and
creating 9 new triangles, then the interior points T with Z € Vj, T € Vs, and
dist(Z,&) = 3d where h < d are similarity points, then S?(B,(%)) is similar to
S3h(B34(Z)). This is also true if 7 is the midpoint of an edge of two successive
grids with dist(Z,&1) > 3d and h < d.

SP.2. Similarity points on the boundary of triangles of the coarse trian-
gulation

Let T € Vo Ehy, T € Van () Eny, dist(Z,Vh,) > 2d , where d > h, then it is easily
seen that S*(B4(Z)) and S2"(By4(Z)) satisfy A.5. On the other hand, if 7 € Vj,,
i.e. is a vertex of the coarse triangulation, then z € V; for all, j = 0,...,J. This

means that Z is a vertex for each mesh, and is always a similarity point with
Sh(By(%)) similar to S2*(Baq(Z)).

Example 2.2. As mentioned above, the similarity condition A.5 is local and
is satisfied by some nested subspaces defined on refined grids. We illustrate this
with an example of a nested family of geometrically refined grids that generalize
Example 2.1, and are often used to resolve corner problems. For simplicity we
assume that ) contains a sectorial neighborhood of the origin given in polar co-
ordinates {(r,0) : 0 < r <1 and 6 < a} for some 0 < a < 27. For some fixed K
we decompose this region into the union of the annuli

O ={(r0):27*V <r<2*0<f<a} k=0,...,K,

and the ball
Qr ={(r,0) :r <2-**+D 0 <9 < a}.

We construct a nested sequence of meshes M, for j = 0,...,J, which for each
j is a geometrically refined grid defined as follows: On the annulus j, the mesh is
a mesh of the type given in Example 2.1 this time with a mesh size h;dy, where
hj = 277hg and dy = 2-*+1) | Furthermore, on the ball Q;, the mesh size is
h;2- (1) We leave the identification of similarity points of these meshes to the
reader since they are locally the same as those given in Example 2.1.
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2.2. B. Subspaces in two dimensions with rectangular elements. Finally for
the two dimensional case, we consider a partition consisting of rectangles of roughly
size hg, which covers a domain 2, and which we again denote by Mjy. Similar
to the triangular case, the partitions M;,j = 0,..., J are obtained by successively
introducing new nodes at the midpoints of the edges and subdividing each rectangle
into four equal rectangles. We shall now give our third example of finite element
subspaces and then briefly identify the similarity points at which they satisfy A.5.

Example 2.3. Let S"(2) be the space of functions which are at least continuous
on 2, and whose restrictions to each rectangle are elements of Q, 1 (as defined
above). The similarity points Z, given in SP.1 and SP.2 above for triangular
elements, remain similarity points of the rectangular grids if we replace the word
triangle with rectangle there and in the definitions of Vy,; and &;. The centers of
the rectangles are also similarity points if each edge is equally subdivided into 3
parts, thus leading to a rectangle with 9 equal rectangles.

Example 2.4. Serendipity elements. We mention in passing that a subspace of
the subspaces given in Example 2.3 above are the Serendipity elements. As an
example of these we consider the piecewise quadratic case. These are then the
continuous functions, which on each rectangle are in Qs, whose value at the center
of the rectangle is a fixed linear combination of the values at the vertices and
midpoints of the edges.We again refer the reader to [6] for an exposition, and leave
the verification that the similarity points are the same as those in Example 2.2 to
the reader.

2.3. C. Subspaces in three dimensions. The subspaces defined for two dimen-
sional rectangular elements in Examples 2.2 and 2.3 can be easily generalized to
the three (or higher) dimensional case without any difficulties. For example, the se-
quence of meshes M;,j =0, ..., J can be obtained by successively introducing new
nodes at the midpoints of the edges and the centers of faces of rectangular solids.
This results in 8 new rectangular solids. Unfortunately, a similar construction for
tetrahedra does not lead to meshes which satisfies Property i) above. We shall
now briefly discuss the rectangular case.

Example 2.5. We obtain an obvious generalization of Example 2.3 by taking
Sh(Q) to be the space of functions which are at least continuous on Q and whose
restrictions to each rectangle are elements of Q,_;. If we had equally subdivided
the edges into 3 parts (instead of 2), and the faces into 9 equal parts (instead of
4), then in addition to the vertices, the midpoints of the edges and the centers of
the faces are similarity points. There are other three dimensional elements with
which similar spaces can be constructed. One such class is the so called prismatic
elements which are sort of hybrid being triangular in one direction and rectangular
in another.

3. APPLICATIONS OF THE MAIN RESULTS TO SPECIFIC BOUNDARY VALUE
PROBLEMS

In this section we shall apply the main results of this paper to specific boundary
value problems. For simplicity we shall treat the same problems as treated in Schatz,
Sloan and Wahlbin [27] (Section 3) and Schatz [25]. In all of our examples, 2 will
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be an interior point of Q which is a similarity point of the subspaces S"(B4(Z)) and
S} Bx,a((%)), where By,a((@)) C 9.

Example 3.1. A homogeneous Neumann problem on a smooth domain in RV,
N > 2. Let Q be a smooth domain in RV, N > 2, with boundary 09 and consider
the boundary value problem

N ) i} N ) .
{ Ly ==0 g (e 82) + XX b g2 +Cu=f mQ,
ol -
ﬁ =0 on 80,
ou . .
where e denote the exterior conormal derivative. Suppose that the correspond-
nr

ing form (1.48) is coercive over W4 () and that the elements are taken to fit the
boundary exactly. Let u; € S*(Q) satisfy the global equations

A(u—up, ) =0 forall ¢ e SHQ).

It was shown in Rannacher and Scott [20] in 2 dimensions, and for arbitrary di-
mensions in Schatz and Wahlbin [28], that

llellw @) < Ch™ 1.

Using a duality argument (see [6]) we have that
1y2 2r—2
(3.1) = unllyyz—r g gc(mz) 272,

If » > 3 and we extrapolate using two subspaces, then with variable coefficients,
Theorem 1.4 yields, after disregarding logarithmic factors,

(3.2) [(u — vp)(F)| ~ C(h™+! + d> "R ~2).

In Table 1 we have listed the rate of convergence given by (3.2) for different
values of r, and also the minimal value of the radius d of the ball in which the
subspaces have to be similar in order to guarantee a rate of convergence of h™+!.
Notice that the higher order subspaces are more local in that they require smaller
domains of similarity,

minimal radius for

r |u@) @)= A similarity d= h=
3 ht Bo
4 ho pl/2
5 h h2/3
Table 1

O(u(z) — vn(, B))
61’,’
garding logarithmic factors, for equations with variable coefficients.

Table 2 contains results from Theorem 1.4 for

, again disre-
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minimal radius for

0u@) (@ 0) n  pr similarity d = =

Ox;
2 h? Ko
3 h? /2
4 ht h2/3
Table 2

Example 3.2. Consider Dirichlet problem on a smooth domain in RV, N > 2,
with the homogeneous boundary conditions v = 0 on 9. Near the boundary, the
finite element space consists of isoperimetrical elements, which approximate the
boundary to order A", with imposed boundary conditions. It was proved in Schatz
and Wahlbin [28] that if » is sufficiently smooth then

I\T
(3.3) lu = wnllzo@) < Ch"(In )

Because of our approximation hypothesis on the boundary, we cannot deduce a
higher rate of convergence than A" in negative norms. This is not as good as the
rate of convergence achieved in (3.2) which could be achieved if super-parametric
elements were used to approximate the boundary. If we only have (3.3), then the
theory does not predict any better rate of convergence for u(Z) —vy, (%) using extrap-
olation than for u(x) — up(z). However, extrapolation does improve the accuracy
O(u(z) — vn(, B))

6a:i ’

of first derivatives. Table 3 gives values from Theorem 1.4 for

neglecting logarithmic factors.

minimal radius

r %ﬁ(ﬁﬁ)) ~ h" for similarity
2 h? h?
3 h? ho
4 ht ho
Table 3

Example 3.3. Dirichlet’s problem on a smooth plane domain. Scott [30] proposed
a special way of treating Dirichlet’s problems on smooth domains in R? which was
shown to satisfy

(3.4) ||u - uh”WzQ—r(Q) S ChQ’r‘—Q.

Table 4 contains results from Theorem 1.4 for u(Z) — v4(Z) and Table 5 contains
ou(z)  Oun(%,B)
6:c,~ é)a:i
as compared to N > 2 in Example 3.1 and that the estimate (3.4) is, modulo

logarithms, not as strong as (3.1).

results from Theorem 1.4 for

. We emphasize here that N = 2
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minimal radius for

r Ju@) —u@)| = A similarity d = b1
3 R4 Ko
4 Ko Bl/3
) R p1/2
Table 4

minimal radius for
B(u(ﬁ)fﬁh(ﬁ,ﬁ)) ~ hr

<

similarity d = R

Bx;
2 h? ho
3 h3 h/3
4 ht h1/2
Table 5

Example 3.4. Dirichlet’s problem on a plane polygonal domain Q. We consider the
problem

—Au = fin Q, u =0 on 0.
It is well known that using suitable mesh refinements (see Babuska and Rosenzweig
[1]), then

i r—1
Zin e = xllwy o) < Ch =20

A standard duality argument then gives
||u— uh||W22—r(Q) < C(u)h? 2.

Let By,q(Z) C Q9,7 = 0,1, where () is an interior domain in which u is smooth and
no refinement is done. Then in view of (3.4) and Theorem 1.4, we have that Table
4 and 5 hold. We finally remark that, using the results of Schatz and Wahlbin [28],
the local results of this paper could be applied to do Richardson extrapolation to
increase accuracy in regions where refined grids, like those given in Examples 2.1
and 2.2 of Section 2, are constructed.

4. PROOF OF THEOREM 1.4

Here we have that A(-,-) is of the form (1.47). As in the proof of Theorem 1.1 we
take Z for convenience to be the origin then using change of variables y = A1z it is
easy to see that for all ¢ € S*(By(%)),

Y A(u(M\iz) — ur,n(Miz)) dp()
/Bd(i) Z aij (A1) 0x; Oz; de

3,j=1

N
_ ) O(u(y) —uxnn(y)) 9py/M))
— )\2 N a;j 1 d .
! Bya(@) i i) Oyi Oy; !
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Similarly
N
[ S noun M) o g,
Ba(®) =1 i
X O(uly) — ura(y))
= AN / bi(y) 2 = un W)y gy
! By, a(%) ; Oy;
and

/| o, O EOE) —unn(Cua))o(o) do
AN / ) (uly) — un(v)) 9(u/M) dy
Bxld(f)

Thus by change of variables y = A1z, u(Ax) — ur,n(A12) = e(A1x) satisfies

e(A17)
/Bd(i) Z a” /\1 633'1 61'] +;)\1 /\11' 6 ( )

1,7=1

+ )\%c()\lw)e()\lx)go(x)) dz = 0 for all ¢ € SM(By(%)).
Hence for v(z) and vy (z) defined by (1.24), and (1.25), it follows that

(4.1)  A(v—vn, ) = Fi(p) + Fy(p) + Fs(p) = F(p) forall ¢ e S"(By(%)),

where
(4.2) =7 /B - ”ZI ai;(Mz) — aij (@ )) aeé?;w) gai iz,
(4.3) Py (p) = 7 /B - %1 (bi@) = Mbi(Aas)) 6e2;x) (),
and _

(4.4) Fy(0) = /B . (cle) — Neeu2)) e a)p(a)da.

Below we shall set E := e(A\1z), and estimate each F;, i = 1,2, 3 term separately in
the norms ||| - |||;, j = 1,2. Starting with F for ¢ € W} (B4(Z)), and C = C()\1),

Py |<cn2(/Bm - |8x] )‘

z]l

< C’hz =
=1

OE
61’,’

Loo(Ba)

{1

Loo(Ba)
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As for the |||-]||2-norm, it follows on integrating by parts that,for all ¢ € W (B4(Z)),

¥) == /Bd(a) i_ (aia:i(aij (M) —ayy (x)))e(’\lx)%b &

J

(4.6) 62¢
o /B - Z (M) — aig(D)e(nz) 5o da

i,j=1

= F1.(¥) + Fip(¥).

an Vel |<CZ(\ (o) = a5 @) 3] ) 1Bz

<C ||E||W;,1(Bd) %112

where C = C()1). Continuing with a similar argument for Fy;(¢)) we have that

|Fip(¢)| < C Z (|<a” (A1z) aij(x))%‘W%(Bd)) ||E||W;,1(Bd)

7.7_

< CEly=1 (5, Z (‘\/3:2+h2

(4.8) = 6:17,637] ‘Wl(Bd)>
0 H?
< CBly= (5, HT(‘/””Q R

6:1),'87}]'
A/ 12 2
+‘ v+ h 8;626‘33]

ClElwz gy I41]]2-
We proceed to F; (), using partial integration we get

Ay
Fy(y) = —72/B o2 Z o2 (bi(w) - /\1bi(/\1$))6(/\1$)'€b($)dm

- /Bd A)Z Alx))e()\lx)g;i dz.

Hence, by the same procedure as the estimate of F (¢)) we have that

Li1(Bg)

L1(Bd)]

(4.9)

|F2()] < ChIEL_ (54 z)) (@) = Abi(Mz)]

Lo (Ba(%))

||¢||L1(Bd(5))

(4.10) N
1B ey ( 200 (@) = Abiue) 1, o) )
i=1
S CIEly . Bacay ¢l
and as for the ||| - |||2-norm

N
(4.11) 1Bl < C”E”W;l(Bd) (; ‘ (m%)w|wll(3d(gg)) + |1“‘"’12(1-‘3d(5)))

< CllEllwz (s, 1112
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Finally for the remaining ¢ or F3(3)-term we have analogously

IFy(9)] < / le(z) — Xee(Aa)e(hz)p(z)da]

(4.12) Ba(%))

< ChENL By W WL, (Baz) < CRIENL (540 11111,
similarly
(4.13) |F3(p)| < Ch||Ellyz1p,) | (] + h)df‘wlwd(i)) < Ch||Ellyz s, 11]]2-

Summing up we have, recalling the definition of |||F|||;, j = 1,2 norms (1.11) and
(1.12), that

Flll < N )BE
IEl <o(si | 82],_ et

WEN -2 < CA+R) 1By (p,am)) -

Now we claim that

Wi (4B Bl o0 )

(4.15) |(u ~ v)(@)] < C(u)(In %)2 (4 a2/ ;0 T

|Wp_t(B)\id(5:‘)))-
To prove (4.15) we need to estimate the norms of the error E appearing in (4.14).
To this end it follows from Lemmas 1.1 and 1.2, for F' = 0, with r» > 3, that
(416) 1Ell L. (Baa)) = It = vashll Lo (Br, a@))

' < (W ullwe, (Barya(e) + 4~V Pllu = uninllse gy, aa))
and similarly

lu—uxnllwz By, a(@))

(4.17) 1 d-1-t-N/p
< C(h" Mullwy, (Barya(a)) + 1w = wxinllwz (s, @)

Using (4.16) and (4.17) and the fact that h/d < 1, the first estimate in (4.14) can
be written as

(4.18)  [[1Flll-1 < C(h"lullwy, (Bar, a@n + AP llu = wrsnllye (5, 4(a))-

Furthermore, using Lemma 1.1 and a local duality argument, (see Cameron [7] or
Schatz and Nitsche [26]), it is not hard to prove that if » > 3, and ¢ > 1, then
llu— U/\1h||W;1(B,\1d(i))
dy (,, e
< C(ln ﬁ) (h T |ullwy, (Bax,a@) +d NPl — UA1h||WP—t(B»2d@)))-
Thus in view of the second estimate in (4.14), (4.18) and (4.19) we get
1
(105 ) IIE -1+ 1F]l1-2)

152 -
<Ol 3) (W fullwg Bar,a@) + 4P llu = wrslliy (s, o)

Using (4.20), (1.27), and (1.28), in (1.13), we have proved the claim (4.15). Now
(4.15) together with (1.21) leads to (1.48). This completes the proof of part i) of
Theorem 1.4. The inequality (1.49) follows in exactly the same way, except this
time we use Lemma 1.2 instead of 1.1. O

(4.19)

(4.20)
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5. APPENDIX I. PROPERTIES OF THE FINITE ELEMENT SUBSPACES

Here we shall state our assumptions on the finite element subspaces used in this
paper. They are basically the same as those given in Schatz and Wahlbin [28] and
[29]. The precise statements here are taken from [29].

For 0 < h < 1 a parameter and r > 2 an integer, S*(Q) will denote a family
of finite dimensional subspaces of WL (). If D C € then S(D) will denote the
restriction of functions in $*(2) to D and S (D) is the subspace of S (D) consisting
of functions whose support is contained in D. In what follows Dy CC Dy CC D>,
etc. denote concentric balls which are contained in 2. Assume that there exists
a constant k such that if dist(Dg,0D1) > kh and dist(D1,0D3) > kh then the
following hold:

A.1 (Approximation) Ift = 0,1,t < £ <r,1 < p < 0o, then for each v € Wlf(DQ)
there exists a x € S*(D;) such that

llv = xllwe () < Ch£7t|U|W5(D2)-

Here
1/p )
( Z ||D°‘11||’}Jp) if 1<p<o
[v|pe = lof=¢
? > D%, if p=oo.
|a|=¢

Furthermore, if v € Wf(Do) then x € S*(D,). Here C is independent of h, v, x
and D;,1=0,1,2.

A.2 (Inverse Properties) If x € S"(D,), then for ¢t = 0,1,

”X”W;O(Dﬂ S Ch_N/Z_t”X”LQ(DQ):
and for £ =10,1,
Ixllweon) < CH = Idlgms -
Here C is independent of h, x, D1 and Ds.

A.3 (Super-approximation) Let w € C§°(D;), then for each x € S!*(D;) there
exists an n € S"(D,) such that for some integer v > 0

llwx = nllwz sy < Chllwllwa (o IXIlwz(Ds)-
Furthermore, if w = 1 on Dy, and D_; CC Dy with dist(D_1,0Dp) > k, then
n=xon D_;, and
llwx = nllwz(pyy < Chllwllwa oy lIXIlwi (Da\D_1)-

Here C is independent of w, x, 1, h, D;, i = —1,0,1,2.

A.4 (Scaling) Let 79 € Q and d > kh. The linear transformation y = z¢ +
(x — z9)/d takes By(zo) = {z : |z — zo| < d} N Q into a new domain B;(x¢) and
Sh(B4(zo)) into a new function space Sf/d(Bl (z0))- The Sf/d(Bl (z0)) satisfies

A1, A.2 and A.3 with h replaced by h/d. The constants occurring in A.1, A.2 and
A .3 remain unchanged, in particular independent of d.
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