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Abstract

A multitype Galton-Watson process describes populations of par-
ticles that live one season and are then replaced by a random number
of children of possibly different types. Biological interpretation of the
event that the daughter’s type differs form the mother’s type is that a
mutation has occurred. We study a situation when mutations are rare
and, among the types connected in a network, there is a supercriti-
cal type allowing the system to escape from extinction. We establish
a neat asymptotic structure for the Galton-Watson process escaping
extinction due to a sequence of mutations towards the supercritical
type. The conditional limit process is a GW process with a multitype
immigration stopped after a sequence of geometric times.
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Figure 1: The network of 0-1 sequences of length L. = 4. Here the edges
represent single point mutations of probability p(1 — p)f~1. More generally,
mutation between two sequences which differ in 4 sites has probability ‘(1 —
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1 Introduction

This work is motivated by a series of papers by Iwasa et al [4], [5] studying the
probability that a virus placed in a hostile environment escapes extinction
via a chain of mutations. In their basic population model the virus is coded
by a vector of zeros and ones of length L, so that the set of the sequences can
be viewed as a graph, illustrated by Figure 1, with 2% vertices representing
different forms of the virus.

Let all the sequences with exactly ¢ ones have the same fitness m; de-
fined as the mean offspring number. If we further assume that 0 < m; < 1
forv = 1,...,L and my > 1, then a reproduction process stemming from
the subcritical form (1,...,1) is doomed to get extinct unless a sequence of
mutations results in the supercritical form (0,...,0). Suppose that all point
mutations have the same probability u per site per generation. Then accord-
ing to [5] the escape probability is a small number of order u’ as u — 0.
This means that asymptotically we can disregard the possibility of backward
mutations on the path from the initial sequence (1, ..., 1) towards the escape
sequence (0,...,0).

A relevant Markov chain describing such a virus population is a multi-
type Galton-Watson (GW) process (see [3], [8]) with 2 types of particles.
Here time is measured in generations and particles are assumed to reproduce
asexually. The offspring numbers are assumed to be independent random
variables whose distributions are common for all particles of the same type.
The aim of this paper is to give the asymptotic GW process describing the
number and the types of viruses in a population escaping extinction.

We start our study with the case L = 1, when the GW process has just two
types of particles 0 and 1. In Section 2 we consider a general two-type GW



process which starts with a type 1 particle and where all the type 0 particles
are killed. Such a one type population can be viewed as a decomposable
two-type GW process or, as shown in Section 3, as a decomposable three-
type GW process. These decompositions are our basis for obtaining the limit
structures of the GW processes escaping extinction like that in Section 4.

In the two-type case mutation is modelled in a more general way than
discussed so far. Namely, in the limit theorem of Section 4 we will allow the
mutation probability for a newborn type 1 particle to depend on its family
size. We show that in the case when the initial type 1 is subcritical and the
other type 0 is supercritical, the conditional limit process is a GW process
with immigration. The immigration source is turned on during a geometric
time 77 with mean E(77) = 1_1m1. The immigration source corresponds to a
stem lineage leading to the successful mutation. The numbers of immigrants
have the size-biased distribution.

Careful asymptotic analysis of the two type case demonstrates that the
backward mutations on the path to escape are negligible. Therefore when an-
alyzing the case with the number of types larger than two we simply disregard
the possibility of backward mutations. In Section 6 we study a sequential
mutation model, where mutations may occur along an interval of types start-
ing from type L and ending at type 0. This is a natural intermediate step
between the two-type case towards the network model. Indeed, if we treat
each subset of sequences with exactly ¢ ones as a single type i, then we arrive
at a sequential model with the mutation probability between types ¢ and j
being asymptotically equivalent to (j.),ui_j, given j < i.

The asymptotic results in Section 7 address a wide class of sequential
mutation models. Section 8 discusses the asymptotic distribution of the
total time to escape and its expected value. Finally, in Section 9 we apply
the results of Section 7 to the network mutation model.

2 A two-type GW process focussed on one
type

Consider a GW process with two types of particles labelled by 0 and 1.
If Z;j(n) is the number of type i particles in generation n, then the vec-
tor {Zo(n), Z1(n)}n>o forms a Markov chain describing the population size
and type structure evolving generationwise. Proposition 2.1 below describes
the fate of type 1 particles as a decomposable GW process recognizing two
subtypes of type 1 particles. This construction reminds the well-known de-
composition of the supercritical GW process into particles with infinite and



finite lines of descent (see [1], p. 47).

We are going to distinguish between two kinds of type 1 particles: sub-
type 10 - those who have type 0 particles among their descendants, and
subtype 11 - those whose total progeny consists only of type 1 particles.
Given the process starts from a single particle, called a progenitor, there are
two possibilities to choose the type of the progenitor

B(] - {Zg(O) - 1, Zl<0) == 0},
By = {Z0(0) =0,2,(0) = 1}.
The event By, in turn, is the union of two disjoint events
By = {Z10(0) =1, 21,(0) = 0},
By = {Z10(0) =0, 21,(0) = 1},

revealing the subtype of the progenitor. We shall denote by Fy, Pi, Py, P11
the conditional probabilities specifying the type or subtype of the progenitor
and by FEy, E1, E19, E11 the respective expectation operators. Put

Ql(] = PI(BIO>7 Qll = Pl(Bll) =1- Q107

and define the two-type reproduction law in terms of the generating functions
fi(s0,51) = E; <s§°(l)slzl(1)> ,1=0,1.

Consider k = ko + k; daughters of the progenitor assuming that Zy(1) =
ko among them have type 0 and Z;(1) = k; have type 1. We label the
type 1 daughters by the numbers 1,...,k; and the type 0 daughters by
ki +1,..., k. Within the types the labeling is done uniformly at random.
For an event A concerning the original GW process we will denote by A® its
analog associated with the GW process stemming from the i-th daughter of
the progenitor. Let R denote the smallest label among the type 1 children
having the subtype 10,

Rw)=min{l <i< Z;(1):we€ B%)},

with the usual convention that the minimum of the empty set is infinity. The
next lemma is analogous to Lemma 2.1 in [2].

Lemma 2.1 The conditional distribution of R is given by

j—1 .
Pi(R = j|Zy(1) = ko, Z1 (1) = ky) = { Qllchil , 1<) <k, (1)

11> j - OO7

4



implying 0
S&J10

Els® =2 1-f(01 .
[s7] 1 _SQH( fi(1,sQn))
and
Qu = f1(0, Q). (2)
PROOF Let {Ay, ..., Ay} be some random events concerning the GW process

generated by a single progenitor particle. For k = ky+k; due to independence
of particle lives we have

PU(Zo(1) = ko, Z1(1) = ki, AV 1 < i < k) (3)

k1 k
= Pl(Zo(l):ko,Zl(l):kl)HPl(Ai) [T oA

i=k1+1
With a specific choice of A; = C;, where
By, 1<i<j-1,
BIO7 1= ja

Ci=90 B, j+l<i<h, (4)

By, ki+1<Z0<k,
and j € [1, k1], we get
{R=17,2Z0(1) = ko, Z1(1) = k1 } = {Zo(1) = ko, Z:(1) = ky,CV, 1 < i < k),
Thus according to (3)
Pi(R = j|Zo(1) = ko, Z1(1) = k1) = Q1; " Quo- (5)
Now it remains only to note that
Pi(R = 00| Zy(1) = ko, Z1(1) = k1) = Q11
and that equation (2) follows from
B = {Zy(1) = 0, R = oo} (6)
0

Lemma 2.2 Let {A;,i = 1,2,3,...} be random events concerning the GW
process generated by a single progenitor particle. The daughter versions of



theses events {Agi),z’ =1,...,k}, k = ko + k1 are conditionally independent
given R = j, Zo(1) = ko, Z1(1) = ki with

)7 1§Z§]_1/\kla
), i= i,

y ]+1§Z§k17

C km+l1<i<k

Pa(A
PUAYR = j, Zo(1) = ko, Z1(1) = ky) = (5:143
Fy(Ai)

PROOF Let j € [1, k;]. In terms of the system of events (4)

{R=j,20(1) = ko, Z:(1 )—k1,A 1<z<k:}
= {Zo(1) = ko, Z1(1) = ky, AV N CP 1 < i < k).

The stated conditional independence follows now from (3) and (5)

P(A(i) 1<i<k,R=jlZ(1 ):kO;Zl< ) = k1)

7j—1
_leA ﬂBH)Pl(A mBlO H P1 H PO
i=1 1=7+1 i=k1+1

= Pl( =jlZ(1) = ko,Zl(l) = kl)

XHPH PlO le HPO

i=7+1 1=k1+1

OJ

Proposition 2.1 Let the two-type GW process start from a I-particle and
kill every O-particle appearing in the population. The resulting process can be
treated as a decomposable GW process { Z19(n), Z11(n) }n>o0 with two types of
particles: 10 and 11. The progenitor’s type has distribution (Q19,@11), and
the new two-type reproduction law is defined by

By ( Z1o(1)81211(1)> _ f1(0&261211131)7 (7)
o ( Z10(1)81Z11(1)) _ J1(1, Q1050 + ng;) - f1(07Q11S1)_ (8)

PrROOF Since
EH( ZlO(l) Zu >Q11 —|—E10( Z10(1) Zu(l)) Q0 = < 510(1) Zn(U)

and due to the basic branching property
Ey ( ZIO(l)SZ“ 1)) fi(1, Q1080 + Quis1),

6



to prove (7) and (8) it suffices to verify that
Ey (85“’(1) ), Bll> f1(0, Qu151).
But this follows from (6) and (1):
By (s st 20(1) =0, R =00) = By (s7'"; Zo(1) = 0, R = o)
= f1(0,Qu151).

Finally, the claimed independence of particle lives in the framework of the
new two-type system follows from Lemma 2.2.

OJ

3 A refined structure of the two-type GW
process focussed on one type

With the same two-type GW process let us now distinguish between two
kinds of type 0 particles which will be labelled as 00 and 01 depending on
the explosion (00) or extinction (01) of the GW process stemming from a
O-particle in question. This allows us to refine our earlier classification of the
type 1 particles after the subtype 10 is further divided into subtypes 100 and
101. A subtype 100 particle is a 10-particle with at least one 00-descendant.
It means that the other subtype 101 must have 0l-descendants but never
00-descendants. Let Zjgo(n) and Zjp1(n) stand for the number of particles of
subtypes 100 and 101 in generation n. Put

Qo0 = Pr (Z100(0) = 1, Z101(0) = 0, Z11(0) = 0)
Qo1 = Pr (Z100(0) = 0, Z101(0) = 1, Z11(0) = 0)
so that Q100 + Q101 = Q1o
It is well-known that the extinction probabilities
g = Pi ((1im (Zo(n) + Zi(n)) = 0)
satisfy the following pair of equations (see [1], p.186)
90 = fo(qo, q1),
@1 = fi(qo, q1)-

Clearly, Q100 = 1 — ¢1, since for the progenitor of type 1 to be classified
as a subtype 100 particle the corresponding branching process must survive
forever. This yields the following equation

1 — Qi = fl(QO7 1- Qloo)- (9)



Proposition 3.1 Let the two-type GW process start from a 1-particle and
kill each O-particle appearing in the population. The resulting process can
be treated as a decomposable GW process {Z100(n), Z101(n), Z11(n) }n>o with
three types of particles 100, 101, and 11.

The progenitor’s type has distribution (Q100, Q101, Q11) and the new three-
type reproduction law is defined by

0
By (s m® ) - 10 Lus), (10)
Qu
Eior (Sozéoo(1)sozlm(1)slzu(1)> _ f1(QO,Q101801 + Q1181) - fl(oa Q1181), (11)
Q101
Euo (s Vs Vst ) (12)
_ f1(1, Q100500 + Q01501 + Q1151) — f1(qo, Q101501 + Q1151)
Q100 .

PROOF [t is easy to adjust Lemma 2.1 and Lemma 2.2 to verify the branching
property of the three-type process, and it directly follows from Proposition
2.1 that (10) holds. Now, in view of the branching property of the three-type
process

Ey (55500(1)3021101(1)51211(1)) = f1(1, s00Q100 + S01Q101 + 51Q11)

and because of
E, (SOZSOO(U551101(1)81211(1)) = Q100F100 (800100(1) 0Z1101(1)31211(1)>
+ Q101 E101 <50800(1)851101(1)81211( )>

1+ QuEL (sgéoo(l) 021101(1) Z11(1 ))

to prove (11) and (12) it suffices to show that the sum of the last two terms
equals f1(qo, Q1151 + Q101501), or equivalently

B, (35&00(1)551101(1) 1Z”( ). the process dies out)

_E ( Z101(1) Z“ the process dies out)

= f1(qo, Q101501 + Q1151)-

But the last equality follows from the branching property saying that for the
process to die out all the daughter processes should die out independently,
and when it comes to type one daughters there are two possible ways toward

extinction: either with or without type 0 descendants.
OJ



4 Limit theorem in the two-type case

In the previous two sections we considered a two-type GW process with a
general reproduction law described by a pair of generating functions fo(sq, s1)
and f1(sg,s1). In this section we deal with a family of the two-type GW
processes labelled by a parameter 0 < p < 1 regulating communication rates
between types 0 and 1. We will assume a particular kind of the reproduction
law for the type 1 particles:

Fs0.s) = 3 k) (s1(0 — palf) () + sopuall) (1))
k=0

[e.o]

= ) (514 (50— small ) (13)

Here {p;1(k)}32, is the distribution of the total offspring number for a type 1
particle. Notice that the offspring number is independent of the parameter
i which controls mutation or change of type.

According to (13) each out of k offspring independently chooses its type:
type 1 with probability (1 — ua%)(k)) or type 0 (mutation event) with prob-
ability ua%)(k). In our asymptotic analysis i goes to zero making mutations

rare events. We will assume the uniform convergence

sup | off (k) — aro(k)| = 0, 1 =0, (14)

where the limit sequence is uniformly bounded

sup ajp(k) < oo. (15)
k>0

Obviously, £ (sq,s1) — ¢1(s1), where
$1(s) =D pik)s”.
k=0

We assume a similar convergence for the offspring numbers of the type 0
particles

£ (50, 81) — do(s0), (16)

where the limit generating function ¢q(s) describes the limit reproduction
regime of type 0 with no mutation to type 1.



The limiting mean offspring numbers m; = ¢}(1), ¢ = 0,1 are always
supposed to be positive and finite. Condition (16) implies q(()“ ) — ¢, where
qg=1if myg < 1, and q € [0,1), ¢ = ¢o(q) if my > 1. In terms of the

generating function
io(s) = Y kpr(k)azo(k)s* "
k=1

condition (15) ensures ¥10(1) < oo.

Theorem 4.1 Consider the p-labelled two-type GW process stemming from
a type 1 particle which satisfies conditions (13)-(16). If my < 1 and 11p(1) >
0, then the probability of the mutation event has asymptotics

QW (D)
H I —my

, 1 — 0, (17)

and conditioned on the mutation event, the process {Z19(n), Z11(n) tn>o con-
verges in distribution to a limit process {X10(n), X11(n) }n>0, which is a de-
composable two-type GW process described below.

If furthermore, mqy > 1, then the probability of the escape event has asymp-
totics

(w)
100 wlo(l)
2100 (1 —
( q)l —my’

0, (18)

and conditioned on the escape event, the process { Zip0(n), Z101(n), Z11(n) tn>0
converges in distribution to {Xio(n),0, X11(n)}n>o0-

In view of Propositions 2.1 and 3.1 this theorem is a consequence of three
convergences as p — 0 proven in the next section

B[00 o a9
- /
E(u) [8210(1)32“(1) s ¢1(31) +(1—m %0(31)’ 20
10 |50 1 150" ) ( 1) ool (20)
- /
E(N) |: Z100(1) Z101(1) _Z11(1) Cbl(sl) 1— wl()(Sl) 91
100 [So0  So1 51 —  M1S00 & () + (1 —my) Do(1) (21)

The limit generating functions in (19)-(21) imply the following reproduction
rules in the limit process.

The limit {Xi0(n), X11(n)}n>0 is & GW process with two types 10* and
11* corresponding to the escape (stem) lineage and extinct (side) lineages
respectively. It starts with a single 10*-particle, whose reproduction law is

10



described by the limit generation function in (20)-(21). At the time of death
this particle either produces one 10*-particle with probability my, or zero 10*-
particles with probability (1 —m4). In both cases it also produces a random
number of 11*-particles: in the former case the generating function for the
number of 11*-offspring is ¢/ (s)/m1, and in the latter case it is ¥10(s)/110(1).
It follows that asymptotically the stem lineage stays alive for a geometric time
Ty with mean E(T}) = 1_1m1 (cf. [7]).

Relation (19) says that the 11*-particles reproduce themselves accord-
ing to the generating function ¢;(s). Therefore, the process Xii(n) can
be viewed as the number of particles in a GW process with a stopped im-
migration. Think of the stem lineage described above as the immigration
source, with every immigrant initiating an independent GW process with
the offspring generating function ¢;(s). At times 1,...,7; — 1, the indepen-
dent numbers of immigrants have a common distribution with the generating
function ¢} (s)/my. At the time 77, when the stem lineage stops, the num-
ber of immigrants has a possibly different distribution with the generating
function 1(s)/110(1).

Notice that if mutation probability is independent of the family size
ajo(k) = ¢, then ¥19(s) = e¢i(s) and ¥19(1) = emq, so that even the
last number of immigrants has the generating function ¢}(s)/m;. Observe
that this generating function corresponds to the so-called size-biased ver-
sion of the offspring distribution ¢;(s), see for example [6]. In this case
{X10(n), X11(n) }n>0 becomes a size-biased version of the single type GW
process with the offspring generating function ¢;(s), whose distinguished
line is stopped at the geometric time 7T} .

5 Proof of Theorem 4.1

Throughout this section we assume (13)-(16) and m; < 1. We prove (17)-
(21) (where relations (18) and (21) additionally require that mgy > 1) using
the following lemma.

Lemma 5.1 As u — 0 uniformly over (sq,s1) € [0, 1]2

f(s0,81) = ¢1(s1) + pu(so — s1)no(s1)
+ o(u(so —s1)) + O (M2(50 — 51)? () > ,

1—81

where n(s) = my — ¢ (s) is such that n(s) \, 0 as s — 1.

11



ProOOFIf 0 <a<a+b<1,then

k-1
] 1— k—1
0< (a+b)f —a* —ka" b <0 ) (k—i)a™ ' <hP——r  (22)

i=1

and therefore

Zlﬁ [s1 + p(s0 — s1)aio(k )]k — ¢1(s1) — 1 (80 — 51)¥10(51)

< Zlh |[s1 4 p1(so = s1)aro(k)]" = st — kpaio(k)(so — s1)s7|

VAN
e I
=
—
—~
x>~
S~—
—N—
=
[\
—~
w
S
|
wn
7
SN—
)
S
IS
—~
w
S~—
e
N
—~
5~
|
-~
SN—
w
=Y
iR
——

k=1 i=1
< (0 — 5 kI
Sg— S
= H-So 1 Y4 1= s
k=1
o
= O%P(sy — 51)° m 1(51)'
1—81

On the other hand, (13) implies

SO, 31 Z]h 81 + ,U 0— Sl)alo(k)]k'
<M|So—81|2p1 Jklafs) (k) — aro (k)|

which gives the o(pu(sg—s1)) term due to the uniform convergence condition.

OJ
PROOF OF (17)-(18)
The probability Q%) that a 1-particle will have at least one 0 type descendant
is estimated from below by

Y41 (k?)k:,ua%) (k)[1 — /La%) (k.)]kf1

whatever is k = 1,2,3,.... Since 119(1) > 0, there exists such a k that
p1(k)aip(k) > 0. Thus in view of the condition (15) we can conclude that

lim sup 12/ QY < oo, (23)
pu—0

12



By Lemma 5.1

(u)
F20,Q%) = 1) + 4 Q ra(Q) = o) + 0 ( g >>

10

which combined with (2) and (23) yields
QW = 61(Q) + 1R w10 (1) = o) + O (m(@))

It follows immediately that Q1) — 1 and therefore

01(Q1) — QY
1

— wlo(l).

This implies (17), since ¢1(s) —s ~ (1 —mq)(1 —s) as s — 1.
Applying Lemma 5.1 once again we obtain

a1 — Q%) — o1(1 — Q)
2p(1 — Q)

= N(q( Q. Qmo)wlo(l - Q100) +o(p) + 0 (MT> ’

100

(»)

where ¢y’ — ¢ with ¢ € [0, 1) given mg > 1. Using (9) we can derive

1- 100 —¢1(1— 100)
=pulg—1+ Q100)¢10(1 - 102)) +o(u) + O (Wl(l - %2})) )

since Q%z) /v is bounded away from zero. Now it is obvious how to finish the
proof of (18).

O
ProOF OF (19)-(21)
In view of Proposition 2.1 relation (19) is obvious. The other two relations
have similar proofs - here we give a proof of (21) based on the next observa-
tion. If 0 < 's; < s5;+9; <1 for i = 0,1, then according to (22)

0 <[5 (sg+ 0,51+ 01) — f¥(s0,51) — R™(s0, 51,00, 61) (24)

k-1
21— (14 pls0 = s1)alf) (1)

1 — sy — p(so — s1)ayg (k)

< Z kpy (k) (51 + p1(do — 51)%0 (k))
k=1

13



where

R(’u)(s[b S1, 50; 51)

> k—1
=3 ki (k) (s1+ nlso — s)aly) (0)) (61 + o — 81)alf ()
k=1
Relations (24) and (12) yield
0 < 100 10()) [55500(1)351101(1)51211( )} R" )(qé“), s 1 - q(()u)’ %2}300)

2
< Z kp1 (k <Q100500 +u(l—qp — Q%ésoo)a%)(kD

1 (0 1 (g™ — sa® (x))"
s+ p(gy” Jaiq' (k)
1— st — (g — s0)alf) (k)

with st = Qg‘f)sl + Q%)lsm — s1. It remains to observe that the right hand
side is O(p?) and

R(“)(qé“),s(“),l CIo >Q100500>

C?100
= Z kp1 (k)
k=1
) ()
% (s(#) + ,u(q(u) - s("))a%)(k’)>k 1 (300 + 1 (1 _(E?N Soo) ago)(k)>
Q100
1(s1) Y1o(s1)
TS0 (1) - )@/)10(1)

6 The sequential mutation model

Suppose we can distinguish between L+1 types of particles, labelled 0, . . ., L.
Type ¢ particles can only produce particles of the types 0, ..., 7, whatever is
i € [0, L]. Notice that this sequential mutation model only partially extends
the previous two-type model. We prohibit the reverse mutations for the sake
of simplicity. As the asymptotic analysis of the two type case shows, the
more general sequential model with reversed mutations should lead to the
same asymptotic behavior.

14



Let Z;(n) be the number of type j particles existing at time n given that
the branching process stems from a single particle whose type is specified
by the index of the probability measure P;. Adjusting the notation of the
two-type case put

Z z Z
fi(s0,81,--.,8) = E; (soo(l) 311(1) ... S (1)>

(2

and
Qil = PZ[Z()(TL) = 07 fOI all n Z 0], QiO = 1 — Qﬂ.

Then
Qi = fi(0,Q11,Qa1, - - ., Qi) (25)

since to avoid descendants of type 0 nor the progenitor itself can have daugh-
ters of type 0, neither the progenitor’s daughters can have descendants of type
0. We split each type in two subtypes in a way similar to our decomposition of
Section 2. Consider the future of a particle of type i: with probability Qo it
will eventually manage to produce a particle of type 0, in which case the parti-
cle is labelled 70, and otherwise with probability @);; it is labelled i1. Arguing
as in Lemma 2.1 we see that the process {Z10(n), Zr1(n), ..., Zio(n), Z11(n)}
is a decomposable 2L-type GW process.

To describe the reproduction law in the 2L-type GW process observe that

B, <SzZOZ (1) SiZlil(l) 81Z010(1) 81Z111(1)>

= QuEo (5500 S50 s sZp )
+ Qi Eq (sfow(” $Za) | gZwm 812111(1)>

where the left hand side is
fi(1, Q10810 + Q118115 - - -5 QioSio + Qi18i1)

and
. (g2 Zin(D) Z1w(1) Zu() _ ¢ 0.
Qu i1 | S0 Si1 - Sy0 S11 = fz(O, 811Q11, 321Q21, cee Sleu)-
It follows
; ; 7 07 ) y ey OF )
E; (siZozo(l) Sizl(l) 512010(1) 812111(1)> _ f( s11Qn 5261;221 5i1Q 1)7
il
(26)
Ej (siZJO(l) siZl“(l) . 512010(1) 81Z111(1)> (27)
_ fi(1, Qo510 + Q118115 - - -, Qiosio + Qirsin) — fi(0, s11Q11, - .., 51 Q)

Qio
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Our forthcoming asymptotic analysis turns to an extension of the two-
type case (13)

fi(u)<50’ S1yenn) Si) _ Ez(u) (SOZO( ) 121(1) o SiZz‘(l)) (28)
00 r i—1 i—1 k
= Yonlk) | (1 -2 waE;-”(k)) + Zwag"(msj]
k=0 L =0 j=0

oo r i1 k
= > pi(k) sﬁzm-jagf%k)(sj—si)] :
L j=0

which says that each out of the k offspring of an i-particle independently
chooses its type: it mutates to a type j € [0,7—1] with probability ,ui_ja(“)(k:)
or retains the maternal type type ¢ with probability 1 — Z T a(“ )(k)
Here again parameter p controls mutation rates so that as u — 0 mutatlons
become rare

fi(“)(so, Sy, 8) = ¢i(Si), ¢l sz . (29)
Put m; =Y oo, kpi(k). We will assume that all types, possibly except 0, are
asymptotically subcritical, i.e.,
O<m;<1,i=1,...,L 0<my< oco. (30)
As in Section 2 we will assume the uniform convergence

sup sup | a “(k) — a;;(k)] — 0, p— 0, (31)
0<j<i<L k>0

where the limit sequences are uniformly bounded

sup sup a;;(k) < oo. (32)
0<j<i<L k>0
Put
Wiy (s kal Jai(k)s* ™', 0<j<i<L (33)
and define a matrix A = [A;]};_, by
1, i=j=0
Aj=q 2 0<j<i-1,

0, otherwise.

16



Define a vector (xo,- .., xr) recursively

i—1

Xi = ZAinj7 Xo = 1. (34)

J=0

If all ¢;;(1) > 0, then all components of this vector are strictly positive.

(nL

In terms of the matrix powers A" = [A;;”];";_, we can write

1—1
Xi = A+ Z AijX;
j=1

i1 j—1
= Ao+ Z Ajj (Ajo + Z Aijk)
j=1

k=1
i—2
2 2
AP Y APy =
=1
- A

i—1
=Y > Ajy - Ajo

k=0 0=j0<j1<j2<...<Jp <t

It follows from (34) that the i-th row of the matrix B = [B;;]F,_, with

1,5

defines a probability distribution on the set {0,...,7 — 1}. Notice that the

matrix powers A" and B" are connected by Bgl) = %Agl)

7 Limit theorem for the sequential model

The following result partially extends the two-type Theorem 4.1. It is clear
how a full extension would look like.

Theorem 7.1 Consider the p-labelled 2L-type process GW process described
in Section 6 that starts from a type L particle and satisfies conditions (29)-
(32). Let all ¢;j(1) > 0. The probability that the process produces at least
one particle of type 0 has asymptotics

a — Xz, f#— 0. (36)
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Conditioned on the event that a O-particle is produced, the process
{Zro(n), Zpi(n), ..., Zw(n), Z11(n) }nso converges in distribution to a limit
process { Xro(n), Xpi(n), ..., X10(n), X11(n) }n>o0 which is a decomposable 2L-
type GW process described below.

The limit process {Xro(n), Xr1(n),..., X1w(n), X11(n) },>o starts with a
single particle of type LO*. This particle lives a geometric number 77, of
generations with P(T, = n) = m7 (1 —my). At times 1,2,...,7;, — 1
the stem LO*-particle gives birth to particles of type L1* according to a
size-biased distribution with generating function ¢ (s)/my. Each particle of
type L1* initiates an independent single-type subcritical GW process with
the offspring generating function ¢ (s). At time 77 the stem particle is
replaced by a stem particle of type i0*, where index ¢ chosen from the set
{0,1,...,L — 1} according to the distribution {Byro,...,Br -1}, see (35).
The number of L1* particles born at time 77, has a different distribution: the
p.g.L. is given by ¢ri(s)/¢ri(1).

After time T}, the scheme above is repeated with L being replaced by 1.

1

The particle of type 10 lives a geometric time T; with mean =—, in that

. . 1, TLE{TL,...,TL—I—T;;—l}
Xio(n) = { 0, otherwise ’

At times T, +1, ..., T, +T;—1 particles of type i1* appear from the stem par-
ticle according to the size-biased distribution ¢.(s)/m; and each one of them
initiates an independent single-type subcritical GW processes with offspring
generating function ¢;(s). At time 77, + T the stem particle changes its type
to jO*, where j is chosen from {0,1,...,7 — 1} according to the probability
measure {Bj, ..., B;;—1}. The distribution of the number of type i1* par-
ticles produced at time 77, 4+ T; has generating function v;;(s)/v;;(1). And
the whole process restarts from this type j particle until the type 0 particle
is produced.

PROOF The proof of Theorem 7.1 is similar to the proof of Theorem 4.1
therefore here we only outline the major changes. Lemma 5.1 can be extended
to

—_

11—

£ (50,51, si) = dulsi) = D i (s — sy (si)

J

i—1 i—1 2
i—j i i\ Sq S; — S
oS o) o (el ()
j=0 ¢

J=0

= (37)

Il
o
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where the ;; are the functions defined in (33) and 7;(s) = m; — ¢;(s).
Convergence (36) is proven by induction over L. The case L = 1 is
covered by Theorem 4.1. Now assume that, for any j € {1,...,i — 1} it is

QJJO — ;. We prove that %@0

known that — x; using (25). First observe

that % is bounded away from 0, since v;;_1(1) > 0, there exists a k > 1

?

such that p;(k)a;;—1(k) > 0 and the inequality

Qio > pilk)kpal  (k)Qi10(1 — palt) | (k))F!

implies lim sup p’/Qy0 < oo due to the induction assumption. Therefore, (37)
gives

i—1
F(0,Qu1, -+, Qu) = dil(Qu) = D 1 ( Qi — Qu)¥is(Qa) | =
§=0

i—1
=0 (Z 1wNQu — Qi1|> +0 [ win(Q [Z @1 — Q“ ]
=0

which combined with (25) yields that Q;; — 1 and

i—1

1= Qio — ¢i(1 — Qo) — Z,Ui_j(Qio — Qjo)¥y;(1) =

=0
i—1 i—1 2
0 (Z 1 1Qio — Qj0|> +o |y [Z Qo — Quol _ijO‘]
j=0 Jj=0 H
It follows
i—1
$i(1— Qio) — 1+ Qio = 1" Y _ xj%hij (1) + O(1Qio)
=0

and (36) for L = i is derived from (34).
In order to obtain the generating functions of the reproduction law of the
limit process we need an extension of (24): if 0 < s; <s; +0; < 1, then

0 < f-(u)(SO —I— 50, ey 5§ —|— 6@) — fi(u)(Sm . .,SZ‘) — REM)(S(), . .,SZ',(S(), e 751)

1—d£_1<80,...,8i)
< kpi(k)dz (S, ..., 6 i
Z p ku ‘ )1_dk7u(307"'7$i)

(38)
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where dy (s, ..., 5:) = s+ 32— i (s; — s;)a (k) and

J= ij
Rz(u)(SO, ey Sy (50, e ,(Sz) = Z k’pl(l{i)dZ;l(So, e 73i)dk,,u(507 e 752)
k=1
From (27) and (38) it follows that

QuEi [s500 $10 L sToe s7n ]

= RZ(M)(Ov Qu1511, - - -, Qirsit, 1, Q10510, - - -, QioSio) + O(,u%)

and it remains to check that

Qi_ole(m(O,QnSn, o Qinsit, 1, Quosio, - - - 7@1’051‘0)

i—1
— 5@D¢Z(sll) + Z 550 {@bZ] (311)
=0 X
= sziOM + (]_ _ ml) Z Bijsjowz]<311> ‘

8 The total time to escape

For application purposes, it is important to study the waiting time Wy, to
produce the escape type along an asymptotically viable path of mutations.
For the sequential mutation model studied in Sections 6 and 7, W, is a sum
of a random number of independent geometric random variables. In terms
of a Markov chain {Y'(n)},>o with the transition matrix

D = [Dylij—o, Dy = (1 —mi)Bij + milg—yy

i,j=0"
this is the waiting time until absorption at state 0
PW, <n)= P (n)=0[Y(0)=1L).

The last probability is the element D%) of the nth step transition matrix
D™ which can be computed from the Chapman-Kolmogorov equation

DY = DDl + ...+ Dy DYy Y

= (1 — mL> (BLO + BLnggfl) + ...+ BL7L71D$17117())) + mLDgL)*l)_
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Subtracting a similar formula for D(L%_l)

PL(TL) :P(WL:TL)

we get a recursion for the probability

PL(TZ) = mLPL(n—l l—mL ZBLJ n—l

Turning to the expected waiting time

M, = E(W.) =) nPy(n)
n=1
we derive
1 L—1
M; = + Br;M;
1—mp 4
7j=1
1 L—1 L—2
Lj (2)
— By M
1—myp 1—m; + Z Ly=a
1 Byt BY +... + By
1—my = 1 —m;
1 L1 XJ(ALj + .. + A(LLJ ]))
= +
1—myg P xrn(1—m;)

Observe that the last formula is a weighted sum of the individual waiting

times F(T;) = 1= The corresponding weight
J

. . A A + .+ AL AY
X L— Lj+150 0
X—Z(ALj—l—...—l—AS:j 7)) = A A(L) J
L0
= P(Y(n)=j for some n) (39)

gives the probability that the chain Y'(n) visits the state j before it is ab-
sorbed at 0. Notice that in the case of "neutral mutation” with m; =m, j =
1,..., L we get

1 LIX]AL] +A )
M; =
1-— —-m
7=1

= — +

1—-m XL
! L_AL0+...+A(LLO‘1)
- 1-m XL .
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Finally, we describe a case where there is a simple formula for the coef-
ficients x;. Suppose that a;;j(k) = a;(k) is the same for all daughter types j
given the mother type i. Then with simplified notation 1;;(1) = ¢; we obtain

i1
Ci ¢ ¢
P = - 1 k. 2
X 1—mi( +Z Z 1—m;y, l—mj1>

k=1 0<j1<jo<...<jp<i

Ci Ci—1 1
= 1+——) ... |1 .
1—mz( +1—mi_1> ( +1—m1)

In this case we can also compute the asymptotic probability (39) that the
random path from type L towards type 0 visits type j

P(Y(n) = j for some n)

—j
Xi ¢ Cii Ci
= 1+
XLl—m,;( Z Z 1—my, 1—mj1)

k=1 j<j1<je<..<jp<L

—1 —1
Cj Cr—1 Cj
= 14+ — 11
1—mj( +1—mL_1) ( +1_mj>
x (1+CL—‘1)...<1+CJ'—“)
1 —mp L —mj

%
1+cj—m]

Thus the expected total time to escape becomes

L-1

+ .
1—mL Z (1+¢ — ])(1—mj)

=1

My =

<

In particular, if a;;(k) = 1, then ¢; = m; and

1 m;
M, = i
L 1—mL+Zl—mJ

Jj=1

If furthermore m; = m, then x; = m(1—m)~7 and P(Y (n) = j for some n) =
m. In this special case the number of intermediate types has a binomial dis-
tribution Bin(L — 1, m) and

1+(L—-1)m

M, =
L 1-m
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9 The network mutation model

We now return to the network model described in the introduction. This
model was introduced in the papers by Iwasa et al [4] and [5]. Here particles
are coded with binary sequences @ = (uq,...,ur) of length L. A mutation
occurs if one of the L sites changes from 1 to 0 or 0 to 1. Therefore there are
2L possible sequences which we will group into L + 1 types each containing
sequences 4 with the same number of ones |u| = u; + ... 4+ uy. Assuming
that all sequences within a type ¢ have the same offspring number distribution
described by generating function ¢;(s), we arrive at an important example
of the sequential mutation model allowing for backward mutations.

Let m; = ¢i(1) € (0,1) be the mean offspring number for the virus of type
i whose sequence contains ¢ € [1, L] ones and (L — i) zeros. The sequence
with all zeros 0 = (0,...,0) will be assigned a supercritical reproduction
number my € (1,00). Given mutation rate u per site per generation the
mutation probability between two sequences which differ in j sites becomes
w (1 —p)E=3. Clearly, for j < i the mutation probability between types i and
j is asymptotically equivalent to (;),ui_j and does not depend on the family

size. Thus . _
1 )
Yij(s) = () di(s), (1) = (.)mi,
J J
implying
Ay = 1—m, (J) Lio<j<i—1y + Li=j=oy,
Bij &Aijy

where (xo,...,xr) is defined recursively by (34).

A proper extension of Theorem 7.1 allowing for backward mutations pro-
vides an asymptotic picture of the network mutation model conditional on
escape. On the sequence level the limit process starts with the sequence
1=(1,...,1) initiating a "stem lineage”. Each next generation the stem se-
quence either remains to be 1 with probability m, or turns to a 0-1 sequence
uy = (uq1, ..., uy) with probability

Pi - oy = LTt

For a geometric number of generations 7, ~ Geom(l — my) including the
time it switches to @;, the stem sequence 1 produces random numbers of
side lineages of mutation-free 1-viruses. The number of such lineages per

) Z1:|a1|
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generation has generating function ¢ (s)/mr. Each mutation-free 1-lineage
is a single type GW process with the offspring generating function ¢ (s).

The mutant stem sequence u; follows the same pattern only with L re-
placed by i; which is strictly less than L, unless ¢; = 0 in which case the
system stops after hitting the escape form 0 of the virus. Thus the sequence
dynamics from 1 towards 0 is described by a random path 1 — @4, — ... —
u, = 0 of a random length k& € [1, L + 1] through intermediate sequences
with strictly decreasing numbers of ones L > iy > ... > i = 0, i; = |u,].
The random path forms a Markov chain with transition probabilities
(1 - mij>B’ij,Z'l

(i)

The stem lineage spends at the type @; a geometric number of generations

with mean A(7;), where A(i) = ;=—. During this time it generates mutation-

free u;-lineages. The number of such lineages per generation has generating
function ¢ (s)/m;;. Each mutation-free u;-lineage is a single type GW pro-
cess with the offspring generating function ¢;, (s).

Plu; — w) =
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