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Abstract

We consider a fractional order integro-differential equation with a weakly
singular convolution kernel. The equation with homogeneous Dirichlet bound-
ary conditions is reformulated as an abstract Cauchy problem, and well-
posedness is verified in the context of linear semigroup theory. Then we
formulate a continuous Galerkin method for the problem, and we prove sta-
bility estimates. These are then used to prove a priori error estimates. The
theory is illustrated by a numerical example.
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1 Introduction

For better understanding of the main work that has been done in the pre-
sented paper, we bring some basic concepts to see how and why the fractional
order differential/integral operators may be used to model viscoelastic ma-
terials. Afterwards, we prepare the basic aspects of the linear semigroup
theory to make the first part of the paper more understandable for whom
may not be familar with the concept. It is assumed that the reader is rather
familiar with the finite element methods, especially the continuous Galerkin
method.

2 Fractional calculus

Generalization have always been an intereting subject in mathematics. One
example is gamma function

I'(z) :/ t"le7tdt, x>0,
0

which interpolates between the factorials. Another one is the fractional dif-
ferential /integral operators which interpolates between integer order differ-
ential/integral operators. In fact analytic continution of the gamma function
for z < 0 plays an important role when we construct the theory of fractional
order differential/integral operators from the corresponding integer order
operators.

2.1 Fractional differential /integral operators

We recall the Cauchy’s formula for repeated integration

D~ f(x):/o/o /0 f(xo)dxo - drp—o dry—q
1 L) _
BRI /0 @i dt, n=1,2, ,

with DOf(x) = f(x). Replacing the integer number n with the real number
a and the discrete factorial (n — 1)! with the continuous gamma function T',
we obtain the Riemann-Liouville fractional integral

1 v t
D™ f(z) = o) /0 @ f(t))l—a dt, o >0,

where « is the order of integration. Note that the convolution kernel W

is singular but integrable.



The same definition can be used for fractional differentiation of order o
by a formal replacement of —a by o (o # 1, 2, 3, --+)

1 MPAQ

D%f(x) = dt, «a>0.
0=ty |, o

The convolution integral above is in general divergent and needs to be in-

terpreted in the sense of its regularization. A convergent expression for the

fractional derivative operator is obtained by splitting the derivative operator

into an integer order derivative and a fractional integral operator

D*=DN"?=DND",

where N is the integer that satisfies « < N < a+ 1 and 0 < p < 1.
Specializing to 0 < o < 1, which is the interesting interval in viscoelasticity,
we can write the definition of the fractional derivative as

DO f(z) = ﬁ% [/:% dt] . (2.1)

We note that the fractional order differential operator is not a local operator
as the integer order differential operator is, i.e., the derivative depends on all
function values from its lower limit ¢ = 0 up to the evaluation point ¢t = z.

In contrast to the term “fractional” the fractional order exponent « can
be irrational and even complex. However, in this context we take it to be
real.

The text books [27] and [31] are concerened with the definitions and the
properties of fractional order differential/integral operators. A survey of the
many different applications which have emerged from fractional calculus is
given in [29].

3  Fractional order linear viscoelasticity

Linear viscoelasticity in combination with fractional order operators, i.e., the
fractional order viscoelastic model, have attracted considerable attention
in the last decades. The fractional order viscoelastic model is capable of
describing the behavior of many viscoelastic materials.

A perfectly elastic material does not exist since in reality: inelasticity
is always present. This inelasticity leads to energy dissipation or damping.
Therefore, for a wide class of materials it is not sufficient to use an elastic
constitutive model to capture the mechanical behavior. In order to replace
extensive experimental tests by numerical simulations there is a need for an
accurate material model. Therefore viscoelastic constitutive models have



frequently been used to simulate the time dependent behavior of polymeric
materials. The classical linear viscoelastic models that use integer order
time derivatives in the constitutive laws, require an excessive number of
parameters to accurately predict observed material behavior.

Bagley and Torvik [8] used fractional derivatives to construct stress-
strain relationships for viscoelastic materials. The advantage of this ap-
proach is that very few empirical parameters are required (two elastic con-
stants, one relaxation constant and the fractional order exponent).

When this fractional derivative model of viscoelasticity is incorporated
directly into the structural equations a time differential equation of non-
integer order higher than two is obtained. One consequence of this is that
initial conditions of fractional order higher than one are required. The
problems with initial conditions of fractional order have been discussed by
Enelund and Olsson [17] and also by Bagley [7] and by Beyer and Kempfle
[10]. To avoid the difficulties with fractional order initial conditions some
alternative formulations of the fractional derivative viscoelastic model are
used in structural modeling. The first form, that we will use, is based on
a convolution integral formulation with a singular kernel of Mittag-Leffler
type (see [17], [14] and [4]). The second form involves fractional integral op-
erators rather than fractional derivative operators (see [13]). And the third
form uses internal variables, see [15], [16] and [1]. The main advantage of
these forms is that they lead to well-posed initial value problems.

We recall that a fractional order differential operator is not a local op-
erator, i.e., the derivative depends on the whole history of the function.
This increases the complexity of mathematical analysis and the numerical
computations of fractional order viscoelastic models.

For extensive overviews, analysis of the fractional order viscoelastic mod-
els, the hereditary theory of linear viscoelasticity and the history of linear
viscoelasticy the reader is referred to [6], [12], [30] and [1].

3.1 Convolution integral formulation

Let 0;; and u; denote the usual stress tensor and displacement vector and
define the linear strain tensor:

oG5

With the decompositions

1 1
Sij = Oij — 30kk0ij, €ij = €ij — 3€kkOij,



we formulate the constitutive equations, see [8],

Sij(t) + T{lnglsij(t) = 2Goo€ij(t) + 2G7’f‘1Df‘16ij(t),
Ukk(t) + TémD?QUkk(t) = 3Koo€kk(t) + 3KT§2D?2€kk(t),

with initial conditions
Sij(O—F) = 2G6ij(0—|—), Ukk(0+) = 3K€kk(0+),

meaning that the initial response follows Hooke’s elastic law. Note that we

have two relaxation times, 71, 79 > 0, and fractional orders of differentiation,

a1, ag € (0,1), where the fractional order derivative is defined by (2.1).
We solve for o by means of Laplace transformation, [17]:

si;(t) = 2G <eij(t) _ % /0 f (t — 8)ess(s) ds),

ok (t) = 3K<6kk(t) - % /Ot fa(t — s)exx(s) d8>,

where
i = ~ga (- (7))
and
Eo(t) :;F(%"an)

is the Mittag-Leffler function [9]. We make the simplifying assumption (syn-
chronous viscoelasticity):

a=a1=az, T=T1=", [=fi=/f.
Then we may define a parameter -, a kernel (3, and the Lamé constants pu, A,

G- Gx K-Kg B B 9

and the constitutive equations become

t
oii(t) = (Q;Leij(t) + )\ekk(t)éij) — / B(t —s) (2,ueij(s) + )\ekk(s)éij) ds.
0
Note that the viscoelastic part of the model contains only three parameters:

O<vy<l, O<a<l, 7>0.



The kernel is weakly singular:

B(t) = *W%Ea( — (;)a> = 7%(%) 71+aE{1( — (;)a) ~ O 0,

and we note the properties

B(t) = 0,
o)
IBlle) = | Ble)dt =1 (Eaf0) = Eu(o0) =7 < 1.
Various properties (e.g., regularity and convergence) of the memory kernel

function § have been investigated in [17].
The equations of motion now become:

puig — oijj = fi,  inQ,
u; = 0, on I'p,
031§ = Gi, on I'y.

Considering also initial values for displacement u and velocity u;, this can
be written as

puy(x,t) — V- oo(u; x,t)

+/tﬂ(t—s)v-a'1(u;a:,s)ds = f(x,t) in Qx1I,
0

u(x,t) =0 onT'p x I, (3.1)
o(u;z,t) - n(x) = g(x,t) onI'y x I,

u(z,0) = u’(x) in €,

ug(z,0) = v0(x) in Q,

which is equation (1.1) in the appended paper and is a Volterra type integro-
differential equation.

We should mention that there are also models with exponential kernels,
smooth kernels, which describe polymeric materials, e.g., natural and syn-
thetic rubber. The drawback with this kind of model is that it requires a
large number of exponential kernels to describe the behavior of the mate-
rials. This is the reason for introducing kernels of Mittag-Leffler type or
fractional operators. In [17] and [6] Enelund and Adolfsson have shown that
the classical viscoelastic model based on exponential kernels can describe the
same viscoelastic behavior as the fractional model if the number of kernels
tend to infinity.



4 Semigroups of linear operators

Semigroup theory is the abstract study of first-order ordinary differential
equations with values in Banach spaces, driven by linear, but possibly un-
bounded, operators. This approch provides an elegant alternative to some
of the well-posedness theory for evolution equations that is one of the many
applications that the theory has in different branches of analysis (such as
harmonic analysis, approximation theory and many other subjects). In this
section we outline the basics of the theory, without any proof, and present
as well the Lumer-Phillips theorem, which will be used in §2 of the the
appended article.

Troughout this section we let X denote a real Banach space.

For more complete and advanced details of the theory and its application
to partial differential equations one may refer to [28] and [18].

4.1 Definitions and properties

Definition 4.1. A one parameter family 7'(¢), 0 < ¢t < oo, of bounded linear
operators from the Banach space X to X is a semigroup of bounded linear
operator on X if

(1)T(0) =1, ([ is the identity operator on X),
(1)) T(t+s) =T(t)T(s), foreveryt, s>0 (thesemigroup property).

Definition 4.2. The linear operator A defined by

_ +
N — Tim Tt)r —x _d T(t)x
t\0 t dt

lt=o for x € D(A),

is the (infinitesimal) generator of the semigroup T'(t), where D(A) is the
domain of A defined by
T(t)x —x

D(A) = {xGX . lim

exists} .
N0

Definition 4.3. A semigroup 7'(t), 0 < ¢t < oo, of bounded linear operators
on X is a strongly continuous semigroup if

limT(t)xr =2 VreX.
t\0

A strongly continuous semigroup of bounded linear operators on X will be
called a C( semigroup. If moreover | T(¢)|| < 1 for ¢t > 0 it is called a Cjy
semigroup of contractions.



Lemma 4.1. Let the linear operator A be the generator of a Cy semigroup
T(t). Then for z € D(A), T(t)x € D(A) and

ST(t)e = AT (1)

Definition 4.4. For every x € X we define the duality set F(x) C X* by
F(z)={2": 2" € X" and (z*, ) = ]2 = ||=*|? },

where X * denotes the dual of X. And we note that by Hahn-Banach theorem
F(x) # @ for every x € X.

Definition 4.5. A linear operator A is dissipative if for every x € D(A)
there is a z* € F(z) such that (Az,z*) <0.

Lemma 4.2. Let A be dissipative with R(I — A) = X. If X is reflexive
then D(A) is dense in X, i.e., D(A) = X.

We use the first part of the following theorem in §2 in the appended
paper.

Theorem 4.1. (Lumer-Phillips). Let A be a linear operator with dense
domain D(A) in X.

(a) If A is dissipative and there is a A > 0 such that R(A\ — A) =
then A is the infinitesimal generator of a Cy semigroup of contractions on
X.

(b) If A is the infinitesimal generator of a Cy semigroup of contractions
on X, then R(AI — A) = X for all A > 0 and A is dissipative. Moreover, for
every ¢ € D(A) and every z* € F(x), (Ax,z*) <0.

4.2 The abstract Cauchy problem

Let A be a linear operator from D(A) C X into X. Given z € X the abstract
Cauchy problem for A with initial data = consists of finding a solution u(t)
to the initial value problem

d

Zu(t) = Au(t) + f(1), >0,

u(0) =z,

(4.1)

where f : [0,7) — X. And by a solution we mean an X-valued function
u(t) such that wu(t) is continuous for ¢ > 0, continuously differentiable and
u(t) € D(A) for t > 0 and (4.1) is satisfied. Note that since u(t) € D(A)
for ¢ > 0 and w is continuous at ¢ = 0, (4.1) cannot have a solution for

z ¢ D(A).



From Lemma 4.1 it is clear that if A is the (infinitesimal) generator of
a Cy semigroup T'(t), the abstract Cauchy problem (4.1) when f = 0 has a
solution, namely, u(t) = T'(t)z, for every z € D(A). So T'(t) is called the
operator solution. It can be proved that the solution is unique.

Definition 4.6. A function u which is differentiable almost everywhere on
[0, T] such that v’ € L1(0,T; X) is called a strong solution of (4.1) if u(0) = z
and u'(t) = Au(t) + f(t) a.e. on [0,T].

In the following lemmas we find the sufficient assumptions under which
we get a unique strong solution of (4.1).

Lemma 4.3. If A generates a Cjy semigroup T'(t), f is differentiable a.e. on
[0,T] and f" € L1(0,T; X) then for every x € D(.A) the initial value problem
(4.1) has a unique strong solution.

In general, the Lipschitz continuity of f on [0,77] is not sufficient to
assure the existence of a strong solution of (4.1) for x € D(A). However, if
X is reflexive, for instance a Hilbert space, and f is Lipschitz continuous on
[0,T7] that is

[f(t1) = f(t2)|| < Clt1 —t2| for ti,t2 €0,7],

then by a classical result f is differentiable a.e. and f’ € L1(0,T; X). There-
fore Lemma 4.3 implies the following.

Lemma 4.4. Let X be a reflexive Banach space and A generates a Cj
semigroup T'(¢t) on X. If f is Lipschitz continuous on [0,7] then for every
x € D(A) the initial value problem (4.1) has a unique strong solution u on
[0,T] given by the variation of constants formula

u(t) =T(t)x + /OT(t —5)f(s)ds.

4.3 Application to partial differential equations

One important application of the theory of linear semigroups is analysing
partial differential equations, e.g., well-posedness and numerical solution. In
order to reformulate a PDE’s into a first-order ordinary differential equation,
an abstract Cauchy problem, we need to construct suitable spaces and a
suitable linear operator A. It should be noticed in the previous sections
that an important property for a linear operator A is to generate a Cj
semigroup (of contractions) of T'(t). This is what we have done, inspired
by [19], in §2 of the appended paper to prove well-posedness and regularity
properties.



To make reading §2 of the paper independent of looking for the theorems
in [28], we correspond the important lemmas and theorems in this draft with
the main ones in [28] as follows:

here Lemma 4.2 Theorem 4.1 Lemma 4.3 Lemma 4.4

0 ) ) ) )

[28] | Theorem 1.4.6 Theorem 1.4.3 Corollary 4.2.10 Corollary 4.2.11

5 Earlier works

A lot of work have been done during the last decades regarding well-posedness
of the fractional order linear viscoelasticity and also several methods have
been investigated to solve these kinds of models numerically. We try to give
just some references to earlier works, but it does not seem to be possible to
give a complete list.

Thomée and McLean [25] have proved the existence, uniqueness and
regularity of the solution of a reformed model of (3.1) by means of Fourier
series. One can also see [11] where Desch and Fasanga have used the context
of analytic semigroups.

For more details on semidiscretization in time or space and the relevant
methods that have been used, namely discontinuous Galerkin approximation
as well as first and second-order backward difference methods in time or
continuous Galerkin approximation in space, we refer to, e.g., [5], [2], [3],
[21], [34], [26] and [25].

Numerical methods for quasistatic viscoelasticity problems, i.e., puy ~ 0,
have been studied, e.g., in [3] and [33] where basically they have used discon-
tinuous Galerkin approximation in time and continuous Galerkin approxi-
mation in space.

The drawback of the fractional order viscoelastic models is that the whole
strain history must be saved and included in each time step that is due to
the non-locality of the fractional order differential operators. The most com-
monly used algorithms for this integration are based on Lubich convolution
quadrature [23] for fractional order operators. One example of the applica-
tion of this approch to integro-differential equations with a memory term is
in [24]. The Lubich convolution quadrature requires uniformly distributed
time steps or alternatively logarithmically distributed time steps as outlined
in [20]. These are cumbersome restrictions because it is not possible to
use adaptivity and goal oriented error estimation. Some efficient numeri-
cal algorithms to overcome the mentioned problem of Lubich convolution
quadrature can be found in [32] and [22]. Also sparse quadrature as a pos-
sible way to overcome the problem with the growing amount of data, that



has to be stored and used in each time step, has been studied in [26], [2] and
[3]. In this approach variable time steps can be used.

6 Summary of the appended paper

In the appended paper we prove well-posedness of the problem in the context
of linear semigroup theory as well as regularity properties. We formulate
a continuous Galerkin method of arbitray order ¢ in time and continuous
Galerkin approximation of any order p in space. The stability property is
investigated and some a priori error estimates, for the linear case p = ¢ =1,
that are optimal in Loo(L2) and Lo (H') are obtained for displacement and
velocity, respectively. At the end we illustrate the theory for the linear case
p = q¢ = 1 by a simple but realistic numerical example. In the presented
work we only study the original form of the numerical method and we do not
discuss fast or adaptive strategies such as sparse quadrature and adaptive
strategy based on a posteriori error estimates, e.g., [25], [2] and [3], to speed
up the performance and decreasing the neccessary memory. We postpone
this to the forthcoming work.
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THE CONTINUOUS GALERKIN METHOD FOR AN
INTEGRO-DIFFERENTIAL EQUATION MODELING
DYNAMIC FRACTIONAL ORDER VISCOELASTICITY

STIG LARSSON AND FARDIN SAEDPANAH

ABSTRACT. We consider a fractional order integro-differential equation
with a weakly singular convolution kernel. The equation with homo-
geneuos Dirichlet boundary conditions is reformulated as an abstract
Cauchy problem, and well-posedness is verified in the context of linear
semigroup theory. Then we formulate a continuous Galerkin method for
the problem, and we prove stability estimates. These are then used to
prove a priori error estimates. The theory is illustrated by a numerical
example.

1. Introduction

R. L. Bagley and P. J. Torvik [5] have proved that fractional order oper-
ators (integrals and derivatives) are very suitable for modeling viscoelastic
materials. Basic equations of the viscoelastic dynamic problem, with surface
loads, can be written in the strong form,

pu(w, t) -V O-O(U; Z, t)

+/tﬂ(t—s)v-al(u;w,s)ds:f(:z:,t) in Qx1,
0

(1.1) u(x,t) =0 onI'p x I,
o(u;z,t) -n(x) =g(x,t) onI'y x I,
u(z,0) = u’(x) in Q,
i(z,0) = v°(x) in Q,

(through out this text we use ’-’ to denote ’%’) where u is the displacement
vector, p is the (constant) mass density, f and g represent, respectively, the
volume and surface loads, oy and o1 are the stresses according to

o(t)=oo(t) — /0 e(t —s)oi(s)ds, with

oo(t) = 2upe(t) + Motre(t)I, o1(t) = 2u1€(t) + A\tre(t)I,
1

(1.2)
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where A\g > A1 > 0 and po > p1 > 0 are elastic constants of Lamé type,
€ is the strain which is defined through the usual linear kinematic relation
€ =3(Vu+ (Vu)?), and e is the convolution kernel

e(t) = —%

~Ct e ¢ 0.

(Ba=/m)™) = 2 (5)" Bal-/m))

(1.3)

k

Here 7 > 0 is the relaxation time and Eq(z) = ),2, m is the Mittag-

Leffler function of order a € (0, 1), and +y is introduced to be vy = % = i—é <1,
so we have o1 = vyo( and we define 3(t) = ~ye(t). The convolution term is
weakly singular and 3 € L1(0,00) with [;°3(t)dt = 7. And we introduce

the function

(1.4) £(t) = - /0 B(s)ds = / “B(s) ds,

which is decreasing with £(0) = , tlim £(t) =0, so that 0 < &(¢t) <.

We let © € R% d = 2,3, be a bounded domain with boundary T' =
I'p UT'y where I'p and I'y are disjoint and meas(I'p) # 0. We intro-
duce the function spaces H = Ly(Q)?% H'™ = Lo(T'y)? and V = {v €
HY(Q)? : v|p,= 0}. We denote the norms in H and H'~ by |[-|| and
|||l respectively, and we equip V' with the inner product a(-,-) and norm
|v]|? = a(v,v). We also define a bilinear form (with the usual summation
convention)

(15)  a(v,w) = /Q (206 (v)eij (w) + Aocis(v)e;(w)) dz, vw eV,

which is coercive on V. Setting Au = —V-o¢(u) with dom(A) = H2(Q)INV
such that a(u,v) = (Au,v) for sufficiently smooth u,v € V, we can write
the weak form of the equation of motion (1.1) as: Find u(t) € V such that
u(0) = u®, 4(0) = v° and,

(1.6) p(i(t),v) + a(u(t),v)— /0 Bt — s)a(u(s),v)ds
=(f(

),v) + (g(t),v)ry, YvevV,
with (g(t),v)ry = fFNg(t) -vdS. For more details see [4], [1], [2], [3] and
references therein.

We define u; = v and us = w, and henceforth we set fo = f. Then
we can write the weak form (1.6) as: Find wu;(t), u2(t) € V such that
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(0) = u’, uz(0) = v’ and
u1(0) =u”, ue(0) = v° and,

a(u1(t),v1) — a(ua(t),v1) =0,
(1.7)  p(aa(t), v2) + alu (t), v2) — ; B(t — s)a(ui(s),v2) ds
= (.fz(t)77)2) + (g(t)7UQ)FN7 Vv, v € V.

In the next section, using (1.6) with g = 0 (I' = I'p),we reformulate
the problem as an abstract Cauchy problem and prove well-posedness. We
also discuss the regularity properties and we obtain some regularity esti-
mates. In §3 we use (1.7) to formulate a continuous Galerkin method based
on polynomials of degree at most ¢ in time, and polynomials of degree at
most p in space. Then in §4 we show stability estimates for the continuous
Galerkin method, and in §5 we use them to prove a priori error estimates,
for the linear case p = ¢ = 1, that are optimal in Lo, (Lo) and Lo (HY).
Finally, in §6,we illustrate the theory for the linear case by computing the
approximated solutions of (1.1) in a simple but realistic numerical example.
In this paper we only study the original form of the numerical method and
we do not discuss fast or adaptive strategies such as sparse quadrature or
adaptive strategy based on a posteriori error estimates, e.g., [8], [1] and [2].
We postpone this to the forthcoming work. We also do not discuss adap-
tive, fast and oblivious convolution quadrature [10] and [7], to speed up the
performance and decreasing the necessary memory.

2. Existence and uniqueness

In this section, using the theory of linear operator semigroups, we show
that there is a unique solution of (1.6) for ¢ > 0, when g = 0 (I' = I'p),
provided the data is regular enough. The techniques are adapted from [6].

We consider the strong form of (1.6), for any fixed 7' > 0, that is

(2.1) pu(t) + Au(t /ﬂt—sAu (s)ds=f(t), 0<t<T,

with the initial data
(2.2) u(0) = u®, 4(0) = v°.
We extend u by u(t) = h(t) for t < 0 with h to be chosen. Then adding

- ff)oo B(t — s)Ah(s)ds to both sides of (2.1), changing the variables in the
convolution terms and defining w(t, s) = u(t) — u(t — s), we get

(2.3)
pu(t) + YAu(t) /5 YAw(t, s)d /ﬁ YAh(t — s)ds
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where 5 =1—~v=1— [~ B(s) ds.

2.1. An abstract Cauchy problem. We choose h(-) = u® in (2.3), so
that

(2.4) pu(t) + yAu(t) / B(s)Aw(t,s)ds = f(t),
where, in view of (1.4),
(2.5) Ft) = f(t) — Au’¢(t).

Then we reformulate the equation (2.4) as an abstract Cauchy problem and
prove well-posedness.
We set v = pu and define the Hilbert spaces

W = L%(0,00;V) = {'w :(0,00) =V ||wH12/V = p/oooﬂ(s)\'w(s)H%/ds < oo}7

Z=VxHxW={z=(uvw):|z[Z =7p|ul} + ||v||2 + ||w||12/V < OO}-

So the inner products in W and Z are, respectively, (-, =p fo ) ds

and <( ')7 ( ’ 7)) ’Ypa( )+('7')+(‘7')W-
We also define the linear operator A : dom(A) — Z such that, for z =

(u,v,w)
Az = (; 'yu+/ B(s ) —v—Dw)
with

dom(A) = {(u,'v,'w) cZ:veV,ju-t /Oooﬁ(s)w(s) ds € dom(A),

Dw € W, w(0) = 0},
where
Do = %qﬁ with dom(D) = {¢p € W : D¢ € W and ¢(0) = 0}.

Then (2.4), with the initial values (2.2), can be written as an abstract Cauchy
problem

2(t) = Az(t) + F(t), 0<t<T,
(2.6) 2(0) = 29,
where F(t) = (0, f(t), 0) and 2° = (u’, v°, w°(-)) with

(2.7) w’(-) = w(0,-) =0,

)
since w(0, 5) = u(0) — u(—s) = u(0) — h(—s) = u® — u® = 0. We also note
that w(t,0) = u(t) —u(t) = 0.
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A function z which is differentiable a.e. on [0, T'] such that 2 € L1([0,T7]; Z)
is called a strong solution of the initial value problem (2.6) if z(0) = 2°,
z(t) € dom(A), and 2(t) = Az(t) + F(t) a.e. on [0,T].

Remark: By a solution of (1.6) we mean a weak solution in the way that
is defined in (1.6), and by a solution of (2.1), that is often called strong
solution in the literature, we mean a function w such that

(2.8)  wu(t) € dom(A), a(t)e H and Aue Li([0,T); H),

and also satisfies (2.1) a.e. on [0,7] and the initial conditions (2.2). Hence-
forth, to avoid confusion, we call a weak solution of (1.6) and a strong
solution of (2.1) just a solution of the relevant problem. We note that a
solution u of (2.1) is also a solution of (1.6), when I' = T'p.

Lemma 1. Let z = (u,v,w) be a strong solution of (2.6). Then u is a
solution of (2.1) with initial data (2.2).

Proof. For a given strong solution z of (2.6), considering (2.7), we get
u(0) = u® and v(0) = v°, which are the initial conditions (2.2). Indeed for
u€eV,v eV (since z € dom(A)) and w € W the components of the strong
solution z of (2.6), we have

u(t) = —v,
o(t) = ~A(yul) + [ Alopwlt.s)ds) + F)
0
w = 1'U — Dw.
P

The first and the third equation with initial value (2.7) imply that w(t, s) =
u(t) — u(t — s). This and the fact that (2.4) is obtained from the first two
equations, imply that w satisfies (2.1) a.e. on [0, 7] by backward calculations
from (2.3). From the definition of the operator .4 and its domain we deduce
(2.8), and this completes the proof. O

Theorem 1. There is a unique solution u = w(t) of (2.1)~(2.2) for all
u’ € dom(A) and v° € V, if f : [0,T] — H is Lipschitz continuous.
Moreover, we have the regularity estimate

t
(2.9) wmﬁwWScmwmmw+w%aAwwﬁ.

Proof. For any u’ € dom(A) and v° € V, considering (2.7), we have z° =
(u?, v, w’(-)) € dom(A). We first show that F in (2.6) is differentiable a.e.

on [0,7] and F' € L1([0,T]; Z). We then show that the linear operator A is
an infinitesimal generator of a C(y semigroup 7'(¢) on Z. These prove that
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there is a unique strong solution of (2.6) by [9], Corollary 4.2.10, and the
proof of the first part is complete by Lemma 1.

1. By assumption f is Lipschitz continuous on [0, T|. Hence f is differen-
tiable a.e. on [0,T] and f € Ly([0,T]; H), since H is a Hilbert space. Since

£(t) = —B(t) by (1.4), from (2.5) we get
F(t) = £(t) + Au’B(0),
which shows that f is differentiable a.e. on [0,7]. Thus F is differentiable
a.e. on [0,7] and F' € Ly([0,T]; Z).
2. We use the Lumer-Philips Theorem [9] to show that A generates a C
semigroup on Z (in fact, A generates a Cp semigroup of contractions on 7).

To this end we first justify that A is dissipative. For z = (u, v, w) € dom(.A)
we have

(Az, z)z = Ja(u,v) ’yu—i—/ B(s ))ds v) + (%U —Dw,w)w

= —p/o B(s)a(Dw(s),w(s))ds = —50/0 B(s)Dlw(s)|3 ds.

To prove that the last term is non-positive, and hence A is dissipative, we
consider for € > 0,

/wﬁwﬂww@n@ds

m/ﬁmwmw
— lim B [w(M)|E - B w(e)l

M—o0
/5wum
> —B(e)llw(e)I7,
using the facts that 3'(s) < 0 and limp/— o0 B(M)||w(M)||?, = 0, since
JoB(s)|lw(s)||} ds < oo. Since w(e) = [ Dw(s) ds, by the Cauchy-Schwarz

mequahty we have

lw(e)} < /IID’w ||vds S/OﬁdS/oﬁ(S)llDw(S)H%ds,

and consequently we get

/g )Dw(s)|? ds > — /ﬁ /ﬁ )[Dw(s)|} ds.

But ﬂ((eg < 1, which yields fe 5) ds < fo ds = €, so that

/ B(s)Dllw(s)[IF ds > —6/065(8)||DW(8)||2vd8-
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Since (u, v, w) € dom(A) implies Dw € W, i.e., [5 8(s)||Dw(s)|[3 ds < oc.
Therefore

1 €
(Az.2)7 <~ Splime / B(s)| Dw|? ds = 0,
e\.0 0

and A is dissipative.

Next we show that R(I —.A) = Z. To see this, for an arbitrary (¢, ¢, w) €
Z we must find (u,v,w) € dom(A) such that (I — A)(u,v,w) = (¢, 9, w),
that is,

o

(2.10) v+ A(au | Bls)us) ds) _

1
w——v+Dw=w.
p

From the first and third equations and w(0) = 0 we get
v =p(u—9),

S’"_Slv w(r))dr
w(s)—/oe (p + ())d

Substituting these into the second equation of (2.10), we get

plu— @)+ A(au + /Oooﬂ(s) /Oser—s(u — ¢+ w(r))dr ds) —
and hence
(2.11) u+ kAu = ¢ + %(’w + /Oooﬁ(s)e_s /OseTA(qi) — w(r)) dr ds),

where k = %(1 — 57 B(s)e~*ds). Now we need to show that this equation
has a solution. We define

A =1+ kKA.

Consider the bilinear form
(u,v)a = (u,v) + ka(u,v) for u,v €V,

and the linear form

1 L[~ = r —w(r),v)drds
L<v>=<¢,v>+;<¢,v>+;/o B(s)e /ea(¢ (r),v) dr ds.

s
0
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Then for some positive constants C7, Co and C'5 by the boundedness and
coercivity of a(-,-)

|(u,v)a| < Cillullv|v|ly for u,v €V,

(w,u)a > Collul? for u eV,

|L(v)| < Cs||v||y forveV.
Therefore by Riesz representation theorem, there is a unique solution of the
problem: find w € V' such that,

(u,v)a = L(v) Yv eV,
that implies there is a unique solution of the problem (2.11). Hence R(I —
A)=1Z7.
Since Z is a Hilbert space, it follows from [9], Theorem 1.4.6, that dom(A) =

Z. So we have verified all the hypotheses of the Lumer-Philips theorem to

complete the first part of the proof.
3. Now we have the unique strong solution of (2.6), i.e.,

2(t) = T(1)2 + /0 T(t — $)F(s) ds,

and ||T'(t)||z < 1, since A generates a Cjy semigroup of contractions. There-
fore we have

t t
1zllz < IIT(t)Izllzo|z+/0||T(t—8)F(8)||zd8 < ||z0||z+/0||F(S)||zd8-

Then considering v = pit, 20 = (u®, v°, 0) and ||F(s)| 2z = || f(s)|| = || f(s)—
Au®¢(s)]|, we have

B . oo 1/2
(inllll -+ 21l + o [ 506 )3 )

t
SWMWWAWWWYM+AUV@H+WWm@£®D®-

Consequently, we have the estimate(2.9) with C' = C(7,p,T). O

Remark: Due to singularity of the kernel 3 at the origin, £ = £(¢) in (1.4)
is not Lipschitz continuous. With a smoother kernel 3, £ = £(t) would be
Lipschitz continuous so that we could get a unique strong solution of (2.6)
by [9], Corollary 4.2.11, instead of [9], Corollary 4.2.10, when f is Lipschitz
continuous on [0, 7.

2.2. Regularity. By Theorem 1 there is a unique solution of (1.6), if the
data are smooth enough. To find sufficient conditions on the data for more
regularity, we assume that the data are smooth enough to justify the follow-
ing calculations.
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We first choose h(t) = tv” in (2.3), so that

(2.12) pi(t) + yAu(t) / B(s)Aw(t,s)ds = f(t),
where

0o
(2.13) fit)= 7@ A'vo/t (t — s)B3(s) ds.
Then differentiating the equation (2.12) in time we get
(2.14) U (L) + yAu(t) / B(s)Aw(t, s) f(t)
which, with an underline instead of one time derivative, can be written as
(2.15) pin(t) + 7 Au(t) / B(s)Aw(t, s)ds = F(t),
with the initial values
216) w0 = =", () =2’ = < (F0) - Au’).
and
(2.17) F(t) = F() = F(2) — A% (o)

and w = w(t,-) = u(t) —a(t —-) = u(t) — u(t — -), so that w(t,0) = 0.
Then, in the same way as in §2.1 with v = pa, we can reformulate (2.15)—
(2.16) as the abstract Cauchy problem

(2.18) 2(t)=Az(t) + E(t), 0<t<T,
z(0) = 2°,
where E(t) = (07 i(t)y 0) and éo = (g(), 207 QO()) with

(2.19) w’(-) = w(0,-) =0,

since w(0, ) = uw(0) — u(—s) = u(0) — Lh(t —s) [i=o=v° —v° = 0.

Lemma 2. Let z = (u,v,w) be a strong solution of (2.18). Then u(t) =
u’ + fo s)ds is a solution of (2.1) with initial data (2.2).

Proof. For a given strong solution z of (2.18), considering (2.16) and
(2.19), we have

(8(0), 5(£(0) = 4u(0)). 0) = (+°. 5 (F0) = 4u"). 0),
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v

that gives us the initial data (2.2). Then since 2(t) = Az(t) + F(t) a.e. on
[0, 7], we have

a(t) = —A(5u() /B () ds) + F(0)

w = ly — Dw.
p
The third equation with initial value (2.19) has the unique solution w(t, s) =
u(t) — u(t — s) that implies, after integrating with respect to ¢, w(t,s) =
u(t) — u(t — s). And the first two equations give us (2.14) recalling the
notation ¢ = ¢(t). Then integrating (2.14), we obtain

(2.20) pu(t) — pu(0) + FAu(t) — FAu(0 // B(s (r,s)dsdr

From (2.12) for ¢t = 0, we have

(2.21) pu(0) + FAu(0 /ﬁ )Aw(0, s) ds = £(0).

And the integral in(2.20) is

//‘ﬁ ADIUTQ%dW—//%)/;DIMT@mdS

(2.22) /,ﬁ YAw(t, s)d

—/ B(s)Aw(0, s) ds
0

Hence (2.20), considering (2.21), (2.22) and w(t,s) = u(t) — u(t — s), gives
(2.12), that implies w satisfies (2.1) a.e. on [0, 7] by backward calculations
from (2.3). Finally from the definition of the operator A and its domain we
deduce (2.8), and this complete the proof. O

In the next theorem we find the circumstances under which, there is a
unique solution of (2.1) with more regularity.

Theorem 2. There is a unique solution u = u(t) of (2.1)~(2.2) for all
v’ € dom(4), Au’ € V and £(0) € V, if £ : [0,T) — H is Lipschitz
continuous. Moreover, we have the regularity estimate

t
(2.23) [y + il < C (e srgaye + 10| sr2geye + IF O] + / 151 ds)-
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Proof. 1. From the assumptions on u’, v¥ and f(0) and recalling (2.16),
we have 20 = (u”, v%, w()) € dom(A). Also considering

F(t) = F(t) + A0°B(1),
obtained from (2.1.7 ), and the assumptions on v° and f , E is differentiable

a.e. on [0,T] and F € L1([0,T); Z). Then, since the linear operator A is an
infinitesimal generator of a Cp-semigroup (of contractions) 7'(t) on Z by the
second step of the proof of Theorem 1, there is a unique strong solution of
(2.18) by [9], Corollary 4.2.10. Hence the first part of the proof is complete
by Lemma 2.

2. We have the unique strong solution of (2.18), i.e

2(t) = T(1)2 + /0 T(t — 5)F(s) ds,

with || T(t)||z < 1, since A generates a Cp—semigroup of contractions. Then
we have

t
lzllz < 12902 + /0 1E(s)ll2 ds.

Therefore considering v = pis, 20 = (u’, °, 0) and ||E(s)]z = | £(s)] =
1 £(s) — AvO&(s)|, we have

- . o . 1/2
(ol + 2l + o [ () i) )

~ 1 1 2 t .
< (Fpll0° 1% + Fllf(o) — Au?|?)Y +/O(Hf(8)|! + 00 r2()e€ (9)) ds.
Consequently, for some C' = C(%,p,T), we get (2.23). O

2.3. Higher regularity. We want to generalize the procedure in §2.1 and

§2.2 to obtain higher regularity. To this end we choose, for n > 2,
t’n
h(t) = s (0),

in (2.3) to get
pi(t) + YAu(t) / B(s)Aw(t,s)ds = f(t) —Aun(O)/t

where by ¢,,(t) we mean ng)( ), considering the trivial cases ¢g = ¢ and

C(t—s)"
n!

B(s) ds,

o1 = qb The cases n = 0 and n = 1 have already been discussed in the
previous sections.
Then differentiating n times with respect to t, we have

(2.24)  piin(t) + FAun(t) + /Oooﬁ(S)Awn(t, s)ds = f,(t) — Aun(0)§(1),
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with initial values

(2.25) w,(0) =ud and  u,.1(0) = 4, (0) = v

n no

where

um(0) = =(f_2(0) — Aup,2(0)), for 2<m<n+1,

DI

is obtained from
2k(k=1,2,--)

—

2.1) and (2.2) by recursion, and implies that for n =

Ak o k ' 1Aj—1
(2.26) un (0) = P > (=1 o Far-24(0),
j=1
and forn=2k+1(k=1,2,--)
Ak k . Ajfl
(2.27) u,(0) = FUO +) (-1t i For—2i4+1(0).
j=1

Similar to §2.1 and §2.2 we can reformulate (2.24)—(2.25) as an abstract
Cauchy problem

(2.28) Zn(t) = Azn(t) + Fp(t), 0<t<T,

2,(0) = 22,
where Fy,(t) = (0, f,(t) — Aun(0)£(2), 0) and 28 = (ul, v9, wl(-)) with
(2'29) w?L() = wn(07 ) =0,

since wy,(0,8) = up(0) — up(—s) = u,(0) — %h(t — 8) |t=0= ud —ul = 0.
We also note that w,,(t,0) = un(t) — un(t) = 0.

Theorem 3. Let %f = f,:10,T] — H be Lipschitz continuous. Recalling
dom(A) = H2(Q)1N 'V, we also assume that:
form=2k(k=1,2,---)

AFu0 € dom(4), A*0 eV,
(2.30) For2;(0) € HI( )NV,  for_9;11(0) € HYH Q) NV,
forj=1,---, k,
and formn=2k+1(k=1,2,--)
AFv? € dom(A), AFu® eV,
(2.31) For_2511(0) € HF(Q) NV, forj=1,---,k,
For_2j12(0) € HF 1) NV, forj=1,---,k+1,
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where H™()? is the standard Sobolev space with the standard norm denoted

by ||-[lm-
Then there is a unique solution of (2.1)~(2.2). Moreover, for some C =

CHy, p, T):

k
[unllv + [[wn ]| < C(HUOH2k+2 + {102k + Dl Faro ()2
(2.32) =

k t
F 3 Mo 2aOlly2+ [ |rfn<s>||ds),
j=1 0

forn=2k(k=1,2,---), and

k

[wnllv + [l < C(Huolbm + 0% Nowr2 + Y For—2j1(0) |2
j=1
(2.33) "

t
F D fon 2o Olya+ [ |rfn<s>||ds),
j=1 0

form=2k+1(k=1,2,---).

Proof. 1. The assumptions in Theorem 1 and Theorem 2 are fulfilled
from the given hypothesis here, respectively, for even and odd n. Therefore
existence and uniqueness of the solution w of (2.1)—(2.2) is proved.

2. To prove the regularity estimates (2.32) and (2.33) we need to find a
strong solution of (2.28). To this end, we note that 29 = (ul), v), w(-)) =
(ul, v9, 0) € dom(A) by (2.29) and the fact that u), € dom(A4) and v° € V,
since assumptions (2.30) and (2.31) and recalling (2.26) and (2.27).

The next step is to show that F,, = (0, f,, — Au&(t), 0) is differentiable
a.e. on [0,7] and F,, € L1([0,T]; Z). Since, by assumption, f, is Lipschitz
continuous into Hilbert space H, f,, is differentiable a.e. on [0,7] and f,, €
L1([0,T]; H). Indeed &(t) is differentiable a.e. on [0,T] and £(t) = —3(t) €
L1([0,T]) from (1.4), and we also have Au’ € H by assumptions (2.30)
and (2.31) and considering (2.26) and (2.27). These give us the desired fact
about Fy,.

Finally, considering the fact that the linear operator A is an infinitesimal
generator of a Cp-semigroup (of contractions) 7'(¢) on Z by Theorem 1,
there is a unique strong solution z,(t) = (u,(t), v,(t), wy(t,-)) € dom(A)
of (2.28), by [9], Corollary 4.2.10, so that

2n(t) = T(D)2° + /0 T(t— $)F, (s) ds,
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with ||T'(t)||z < 1. Then taking Z-norm ||-||z of both sides the equation and
recalling v, = pitn, 20 = (u9, ), 0) and | Fa(s)]l7 = || f(5) — AuOE(s)]],

n
we have

~ oo 1/2
(iollunlly + o+ 0 [ ") ()1} ds)

t
< GinlllFy + 1920) "7+ [ (170601 + 4ule(s) ds.

Hence for some C' = C'(7, p, T') we get

t
letnlly + 1]l < € (I l2 + 03] + /0 1.4(5)] ds ).

that implies the desired estimates (2.32) and (2.33), considering (2.25),
(2.26) and (2.27) and the assumptions (2.30) and (2.31). O

Remark: Inspired by Lemma 1 and Lemma 2, one may prove (by in-
duction) that for any strong solution z, = (un, Uy, wn(-)), u is a solution
of (2.1)-(2.2). This, of course, gives an alternative to prove existence and
uniqueness of w in Theorem 3.

3. The continuous Galerkin method

Recalling the function spaces H = Ly(Q)%, H'N = Ly(Ty)% and V =
{v e HY(Q) : v|r,= 0} (d = 2,3), we provide some definitions which will
be used in the forthcoming discussions.

Let 0=tg <t1 < - <th1 <t, <--- <ty =T be a partition of the
time interval I = [0,7]. To each time subinterval I,, = (t,—1,t,) of length

k, = t, — t,—1, associate a triangulation 7}, of {2 with meshsize function
h, defined by

(3.1) hp(x) = diam(K), where K € 7}, and z € K,

for all x € Q, and for p > 1 corresponding finite element space Vh(f;z of
vector-valued continuous piecewise polynomials in € of degree at most p,
that vanish on I'p (This requires that the mesh is adjusted to fit I'p.). We
also define the spaces, for ¢ > 0,

wap) = {w twl|oxr, = w" € W}ﬂ), n= 1,...,N},
where, with IP’g the set of all vector-valued polynomials of degree at most g,
Wian) — {w cw(z,) € PUL), w(t) € V), (x,t) € Q x I, } .

Note that w € W(@P) may be discontinuous at t = t,, and w € WOP) ig
piecewise constant in time. In the sequel we write W (@ = W@P) for short.
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The Ritz (elliptic) and orthogonal projections Rp, : V — Vh(z;z y Phm
H — V,fp) and Py, : Lo(I,) — ]P’g_l(In) are defined, respectively, by

a(Rpnv —v,x) =0, YveVandxe Vh(fg ,
(32) (Ph’nv -0, X) = 07 V’U € H and X S Vhaliz )

/(Pk,nu —v)-pdt =0, Yo € Ly(I,)" and ¢ € PI_|(I,,).

In
Correspondingly, we define Rpv and Ppv for t € I, (n = 1,--- ,N), by
(Rpv)(t) = Rpnv(t) and (Pyo)(t) = Phnv(t), and also Prv € [TN, P, (1,,)
by Prv = Prn(v|1,) on I,. We also define the orthogonal projections, R, :
Lo(I, V) — W™V Py Ly(I, H) — W™ and P~ : Ly(I,, H'V) —
Wy(bq_l), such that
(3.3)

/a(Rnu —u, ) dt =0, Yape WV we Ly, V),
I,

/(Pnu —u, ) dt =0, Vape WV we Ly, H),
I,

/(P,{Nu,w) dt = /(u,«,b)pN dt, Vip € WV w e Lo(I,, H™).
In n
Correspondingly, we define R : Lo(I,V) — W=D P Ly(I,H) — W1
and PN : Ly(I, H'~) — W= in the obvious way.

One can easily show that

(3.4) R =RyPy =PrRy, P =PrPr="PiPn,
and Yu € Wff” , VE V[/T(Lq_l)7
(3.5) / (u, v) dt = / (Pen, ) dt,
In In

(3.6) / o, v) dt = / a(Pnu, v) dt.

In In
We introduce the linear operator Ay, , : Vh(f:,) — h(I;Z by

a(vy, wy) = (App,rvr, wy) Yo, € Vh(f;), w,, € Vh(i).

We set Ay, = Apnn, with discrete norms

1/2
Oalng = 14 2vall = \/(0n, A} v0), v, € V) and [ € R,
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and Ay, so that Apv = Ay ,v for v € Vh(ﬁz . For later use in our error analysis
we note that
PhA = Ath.
We define the bilinear form B : W x W — R, and the linear forms
L, L:W—Rby

B(u,v) Z/I a(ug,v1) + a(uy, v1) + p(te, v2) + a(uy, v2) dt
/In/ B(t — s)a(ui(s), va(t))ds dt,
= ngl/[n(f%uu) + (gan)FN dt>

N
= Z /I a(fl’wl) + (f27w2) + (g,wg)rN dt,
n=1v"n

where W is the space of pairs of vector-valued functions u = (w1, ug) that
are piecewise smooth with respect to the temporal mesh. We may note that
(W@)2 c W for ¢ > 0.

The continuous Galerkin method of degree (¢, p) is based on the varia-

tional formulation (1.7) and reads: Find U = (U1,Us) € (I/I/(q))2 such that,
forn=1,---, N,

/ a(U1, V1) — a(Us, Vi) dt = 0,
I,

(3.7) /I (”(U%V?Ha(Uh‘é)—/o ﬂ(t—s)a(Ul(s),vz(t))ds) dt

2
= / (f, Vo) dt + / (9. Vorydt,  ¥(Vi,Va) € (WD),
In

I,
+ _ — + _ —
Ul,n—l - Rthl,n—l ) U2,n—1 - 73h,nUQ,n—1 )

where Uy, = u?, Usp = v0. Then U € (W(‘I))Q, which was defined in (3.7),
satisfies:

2
B(U,PV) = L(PyV), VV e (W<q>) :
Ul—’,—n—l = Rh,nUl_,n—l ’ UQ—’,—n—l = Ph,nUZ_,n—l )
Uiy =u’, Uyp = v,

where ka = (kal,PkVQ).
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Since the variational form (1.7) can be written as: Find w € W such that
B(u,v) = L(v), YveW,

we may, for later reference, note the Galerkin orthogonality
2
(3.8) B(U—u,PV)=0, VVe (W@)) .

0,p)

For ¢ = p = 1, considering the fact that functions in W,(L are constant

with respect to time, we can write (3.7) as
_ n kn,
Ahvn(Ul,n - Ul,n—l) Ah n(U2 M + U2 n— 1)

0,

kyn _ _ kn _

Ah,'ﬂ((? - ’ywn,n)Ul,n (7 - ’ywnn 1 Ul n— 1) (UQ,n - U;:nfl)
= Hp + by,

where

bn = kn(Pan + PgNg)v
n—1

Hy =~ Z kr Ap e (W + w;:r_l),

trAt
/ Bt — )y, (s)dsdt, tr At = min(t,, 1),
I

nJtr—1

tr At
Wy = / / Bt — syt (s) ds dt,
InJtr—1

and ¢, , wn , are the linear Lagrange basis functions on I,, so that, for
1=1, 2,

Ui(,t) laxt,= ¥y (DU, 1 (@) + vy (DU, ().

If we do not change the mesh, or just refine the mesh from a time step to
the next, that is V( P) 1 C Vh( P) then Ry, , and Pp, reduce to the identity,
ie. U,n—U;n—an, (n=0,1,...,N, i=1,2).

From now on, we assume that Vh(n) 1 C Vh(p), n=2,...,N. So we have
defined the 1n1t1al values of the discrete form to be Uj(-,0) = u) = Ry, 1u°
and Us(+,0) = v) = Pp, 10", In this case U in continuous with respect to ¢.

We also consider a modified problem by adding an extra load function,

say f1 = f1(t), to the first equation of (3.7). This kind of problem will
occur in our error analysis below. Then the continuous Galerkin method of
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order (q,p) is: Find U € (I/[/(q))2 such that, forn =1, ---, N,
[ a@V0) ~ aUa Vi) dt = [ ats), V),
I, In

/I (p(UQ, V) + a(Uy, Va) — /Otﬂ(t — s)a(U1(s), VQ(t))ds> dt
(3.9) """

= [(Favadrs (g g, v < (W),
Ui, Us contim:ous at t,_1, !
Ui(-,0) = u% = Rhyluo, Us(-,0) = v% = Phylvo.
Then U satisfies:
B(U,PV) = L(PV), ¥V e (W(Q))2,
(3.10) Ui, Uy continuous at t,,_1,
Ui(,0) =up, Us(.,0)=0).
4. Stability estimates

In the next theorem we prove an energy identity for problem (3.9) which
will be used for proving the error estimates in the next section.

Theorem 4. Let U = (Uy,Us) be the solution of (3.9). Then for any
leR, T >0, we have the equality

T
PV (2, + ET) UL 2 + /O BIUA[2 4, dt

T ft
+ / /ﬁ(t — 8)Dy| W (t, 5)|i21,l+1 ds dt
0 JO
= P|02’i,z + |u(i)z|i2z,l+1

(4.1) 7 r
+2/ (PfQ,AgUg)de/ (PTg, ALUS) dt
0 0

T~
+2/ Ea(Rf,, ALUY) dt
0

T t
+ 2/ /ﬂ(t — s)a(Rf (1), AL Wi(t,s)) dsdt,
0o Jo
where W1 (t,s) = Ui (t) — Uyr(s) and, recalling (1.4),

(4.2) ) =&(t) +1 -7,
with 0 <1—7v< 5(75) < 1. All terms on the left hand side are non-negative.
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Proof. Throughout the proof we take into account that U; (i = 1, 2) are
continuous, hence piecewise differentiable, so that U; exist a.e. in [0,T]. We
organize our proof in 6 steps.

1. Expressing Us in terms of Uy. For any n =1, ---, N the first equation
of (3.9) may be written as,

/Q(UZavl)dt:/a(Ul — R, f1,Va)dt, YVieWwl b,
I, I,

Then by (3.6)
/a(Pk,nU27 ‘/1) dt == / Q(Ul - R?’Lfl; Vl) dt7 vvl (= W7(lq71)'
In I,
Therefore, we get

(4.3) PelUs(t) = Ui(t) — Rf,(t), tel.

2. Recalling the definitions of the orthogonal projections P and P~ in
(3.3) and the functions W and £, we can write the second equation of (3.9)
in the form

T ~ t
/ (P(U27 Va) +&(t)a(Us, V2) + / B(t = s)a(Wi(t, s), Va(t)) dé’) dt
0 0
T
= / ((Pufa, Vo) + (PEYg,Va)) dt, WVe € WD),
0
Then choosing Vo = AthkUQ gives us
T . T~
/ (U, ALPLU) dit + / E(t)a(Un, ALPLUy) dt
0 0
T pt
(4.4) + / / B(t — 8)a(Wi(t, s), ALPuUs()) ds dt
0o Jo
T
= [((PFo AU + (Pg A1) ) .
0
There are three terms in the left hand side of the above equation.

3. Using (3.5) and U (t) € WD, we can write the first term of the left
hand side of (4.4) as

T T o [T
/p(UQ,Ang) dt:p/ (UQ,AﬁlUg) dt = 5/ Dt|U2\i7ldt
0 0 0

()

N
p
2> (102l s = Vanalir) = S (102 = 0012
n=1
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where in the last equality we have used the continuity of Us in time, due to
the assumption Vh(z)_l C Vh(l;).
4. With (4.3), we can write the second term as

/fa Uy, A}, PrUs) d Z/th\Ulfth dt—/ a(Ur, AR Rf 1) dt

Then we integrate by parts in the first term of the right hand side and use
the facts that £(t) = —3(t) and £(0) = 1, to get

1 N

T~ ~ ~
| éa( AP = > (&MUl = Eer-) Uil

\)

N
1
—Z §|U1 i1 dt — /fanAhRfl)

[\D

1
= 3 (EDI0N R 10— b 1)

T T
45 [ B0 de - [ Ealnfy Ay de
0 0

where again we used the continuity of Uj.
5. Consider now the third term in the left hand side of (4.4). Using (4.3)
and the fact that Wi (t) = Ui (t) we have

T
/ /tﬂ(t — 8)a(Wi(t, s), AL PpUs) ds dt
0 JO
1 T rt
-2 /0 /O B(t = $)DAWA(E, )2 s ds dt
T rt
—/0 /0ﬁ(t—s)a<A§lW1(t,s),Rf1(t)) ds di.

The first term of the right hand side is non-negative. To prove this, for a
fixed mesh, take € € (0,t). Then
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/ / B(t — ) Dy W (t, 8)[2 14 ds e

T—e¢
=[] st 9pawite, o) dras
0 S+€
T—e¢
= ; B(T — S)[WA(T, 3)‘%,l+1 ds
(4.5) .
- B(e)[Wi(s + e, 5)\Z,l+1 ds
0

T—e pT .
- /0 B(t — )W (t, 8)[2 1, ydt ds
s+e

T—e¢
> _4(e) / Wils+ €, )[241 ds.
0

where we changed the order of the integrals in the first equation, we inte-
grated by parts in the next one , and we considered the facts that /3 (t) <0
and ((t) > 0 for the last inequality. Then using W7 (s+e,s) = fss+€DtW1 (t,s)dt
and the Cauchy-Schwarz inequality we get

s+e

|W1(3+€as)|i,l+l < (/ |D:W1(2, 8)|ni+1 dt)

- s+e dt
- s ﬂ(t - S)

So (4.5) can be written as

s+e€
/ Bt — 8)| DeW(t, 8)[3 44 dt.

/ / B(t — )DoWa(t, )21, ds dt

T—e sTe s+e
- _/ ( s +,8(€() )dt s +’8(t_S)|DtW1(t75)|}217l+1dt> ds

T—e pste
/ B(t — s)|D:W1(t, s)|hl+1dtds

since ﬂﬁ( )S) < 1. Obviously, for a fixed mesh, the last integral in the right
hand side is bounded by

T pT
/ / B(t — $)| DeWi(E, $)[2,, di ds < oo.
0 Js
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Therefore, letting € — 0 we get

T rt
/ /ﬂ(t—s)Dt|W1(t, $)|hip1dsdt > 0.
0 JO

6. Putting the results from steps 3,4 and 5 into (4.4) completes the proof.

Remark: In [4] the auxiliary function w(t,s) = u(t) — u(t — s), was
used the same as in our §2, to obtain stability estimates for the spatially
semidiscrete finite element method. This does not work here because U; (t)—
Ui (t — s) does not belong to W9 if the temporal mesh is non-uniform.

From now on we specialize to the case p = ¢ = 1. We use (4.1) to obtain
a stability estimate to be used in the error analysis. To this end, from (4.1)
with g = 0, we have

T
plU2 5+ EDNULN R 141 < ploplig + [ lh g + 2/0 (A Pf,Us)dt

T
+2/ a(AL Ry, Uy dt
0
T t
+ 2/ /ﬂ(t - s)a(AﬁlRfl(t), Wi(t,s)) dsdt.
0 Jo
Therefore using (3.4), 1 —v < £(t) <1 and [;5(s) ds < 7, we get

plUsn iy + (L= NULN 141

< plo},

T
hit udlh e +2 /0 (A PyPrfa, AU dt
T
+2/ a(APPR£1, AV dt
0
Tt 1/2 1/2
+2 Bt — s)a(A) “PeRnf1(t), A" Wi(t, s)) dsdt
0 JO

< plof)

hi|Uz2|p, dt

T

ol + 2/ |PrPrfo

. 0

+2 [ PR iU de
"

+ 2’7/0 IPeRuF1()nis1 OISIlSaSXT|W1(t, 8) |1 dt

< plvj)

1 r 2
lzz,l + |u2|i21,l+1 + 5/?1[%1%4(]2\}21,1 + C(/ |PrPufalni dt)
9 O

T 2
_ 2
+ 5= iVl + ([ PR s )

1
2
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where C'= C(p, ). Using that, for ¢ = 1, we have

max|U;| < max|U; |,
[0,T] [0, 7

and

T T
/|Pkfrdts/ £l dt,
0 0

and that the above inequality holds for arbitrary N, we conclude in a stan-
dard way

|Ua, N

ni+ Ui N

hi+1

(4.6) L r
< C| |vplng + [up|hae1 + <\Rhf1\h,z+1 + !th2|h,l) dt |,
0

with C' = C(p, 7).

5. A priori error estimates

To simplify the notation we denote the Sobolev norms ||| i) by [|[|:-
We define the standard interpolant I,v € W1 by

(5.1) Lw(t,) =v(ty), n=0,1, -, N.

By standard arguments in approximation theory we see that, for ¢ = 0, 1,
T T )
(5.2) / | Txv — v|;dt < C’kq“/ | DIt || dt, fori=0,1,2,
0 0

where

k= max k,.
1<n<N

We assume the elliptic regularity estimate ||v|2 < C||Av||, Vv € dom(A),
so that the following error estimates for the Ritz projection (3.2), hold true

(5.3) |Rpv — ol < Ch®|vlls, Yve H NV, s=1,2.
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Theorem 5. Assume ¢ =p =1 and let w and U be the solutions of (1.7)
and (3.9). Then, withe =U —u and C = C(p,), we have

T
Jean ] < CH (0%l + frunvll + [ il de)
0
T
+C’k;2/ (1D2us)y + | D2us ) dt,
0
T
exvly < Ch(luwle+ 100+ [ el dt)
0
T
+ CkQ/ (IDfuzly + (| Dfual2) dt,
0
T
lexnl < O (e + [ sl de)
0
T
+ czﬁ/ (I1D2us | + | D2usly) dt.
0

Proof. We set
(5.4) e=0+n+p=U—7u)+ (ru—Ju) + (Ju — u),

for some suitable operators m and J which will be specified in terms of
the time interpolant Ij in (5.1) and projectors R, and P, in (3.2), so that
7u € W and i and p will correspond to the temporal and spatial errors,
respectively. Due to (5.2)—(5.3) we just need to estimate 8. To this end,
using the Galerkin orthogonality (3.8) and the definition of 6, we get

(5.5)
B(ea ka) = _B(na ka) - B(pv ka)

= /07;6(772,PkVi)—a(m,PkVﬁ—p(maPkV2)—a(771773kV2)dt
+ /OT/Otﬁ(t — s)a(m(s), PaVa(t) ds dt
+ a0, PeVe) —alpr, PuVi)— (s PiVa) —a(py, PeVa) di
v ' [ 86— alon(s) PLvate) dsa
"

=3 E;, vve(Wwh)?

J=1
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We consider two different choices of the operators = and J. In order to prove
the first two error estimates we set, for i = 1, 2,

0; =U; — L Rpu;, m; = Ix —DRpui, p;=(Rp—Du,.

Integrating by parts in Ey and E3 with respect to time and using (5.1)
we have for both cases

(5.6) Ey=FE3=0.
Moreover, by the definitions of 1 and p, we have
Eg=FE7;=FE9=Fqp=0.

Therefore,

T
B(0,PV) = / a(ny, PLVA) dt
0

b [ a5t mi o), Piaa) — ol PLYE) )

= L(PV), vVe (WD)

which is of the form (3.10) with f, = ny, fo = Ax( —ny + féﬂ(t —
111 (s) ds) — ppy and g = 0.

Applying the stability inequality (4.6) with [ = 0, and considering the
fact that |-|o, = ||-|| and |-|p1 = |-|1, we have
102, n]14161,5 |1

T
<C(16:0)] +103(0)11) + € [ [Rum}s e
0
T t
[ (IPuawm + [Paan [ 3¢ = syma(s) ds] + Pl )

where 61(0) = 0, since U;(0) = Rp1u’. Since [Rpvli < |v|1, ||Pro| <
llv|l, Vv € V and Ry A, = PrA, we have

Ramal = [(Ik — IRpuszlt < [(Ix — Dusls,
[PrApmll = [[Anmll = (T = DARpur || = [[(Ix — I)PrAu ||
< (e = D) Awa || < C[|(Z — Duaf2,
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and
[P [0 - omoyas|ar< [an 50 meo)as] a
T rt
§C’/O /Oﬁ(t—s)H(Ik—I)u1(5)||2dsdt
< C/OTﬁ(t)dt /OTII(Ik — Duy |2 dt

T
<y [ 1= Dl
0
Therefore by 8 = e —n — p, n(t,) = 0 and 01(0) = 0, we get
leawll < llpan |l + CO:(0)
T
+C / (100 = Tywaly + (T = D2 + | (Rn ~ Dy ) d,
0

lern|1 < [p1 ] + CO2(0)
T
€ [ (10 = Duahy + (0 = Dwnll + (R~ D] ) at,
0

wich implies the first two estimates by (5.2) and (5.3).
Finally, we choose

0, =U1 — L Rpur, my=Up—DRpur, py=Rp—1u,
0> = U — I Prua, my = Iy — I)Pru, py = (Pn— I)us.

By the definitions of R, and P}, in (3.2), this implies
Er =Eg=Ey= L =0,

and we still have (5.6). Therefore, (5.5) becomes

T
B(O.PV) = / a(ny + o, PVA) dt
0

T t
s [a=m+ [ o omi(s)as, P a
= L(PV), YV e (W)

which is of the form (3.10) with f; = my + py, f2 = An(—m + fgﬁ(t -
s)n1(s)ds) and g = 0.



CG METHOD FOR FRACTIONAL ORDER VISCOELASTICITY 27

Again applying the stability inequality (4.6), this time with [ = —1, and
using |-lno = |-, we have

T
161x11 < C [ (IRunall + IRl

T t
+ C/ (|7DhAh"71|h,—1 + |7DhAh/ﬁ(t — 5)"71(5)d5’h,—1) dt,
0 0

where we used that 6(0) = 0, since U1(0) = Rp1u’ and Us(0) = Py 10"
Then, since

[Remall = [|(Zx — DPpual| < ||(Zk — Dusl,

IRupall = 1Pl = Rp)uz| < [[(Ra — Tuszl|,

|PrArN -1 = [AnRE(I — Dwi|p,—1 = Rl — Dualp < (I — Duilr,

and

T t T rt
/0|7DhAh/Oﬁ(t8)771(8)d8|h,—1d75§/0 /Oﬁ(ts)|(lkl)u1(5)|1 dsdt

T
SV/K&—Dmh%
0

we conclude
T
lex < vl +C [ (10 = Duall+ 1 (Rn = sl + (7 = Ty 1) .

which implies the last estimate by (5.2) and (5.3). O

6. Numerical example

In this section we demonstrate the numerical method by solving a simple
but realistic example for a two dimensional structure, see Figure 1 (a), using
piecewise linear polynomials, i.e., g =p = 1.

We consider the initial conditions: u(x,0) = 0m, u(x,0) = 0m/s, the
boundary conditions: u =0 at x =0, g = (0, —1) Pa at x = 1.5 and zero on
the rest of the boundary. The volume load is assumed to be f = 0 N/m?>.
And the model parameters are: v = 0.5, 7 = 0.25, v = 0.3, E = 5M Pa and
p = 7000 kg/m3. The deformed mesh at t/7 = 9 for a = 1/2 is displayed
in Figure 1 (b), with the displacement magnified by the factor 10°, and the
computed vertical displacement at the point (1.5,1.5) for different a are
shown in Figure 2.
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FIGURE 1. (a) Undeformed mesh. (b) Deformed mesh at
t/T=9for a=1/2.

x107°

FI1GURE 2. Vertical displacement for different a.
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