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Multidimensional operator multipliers

K. Juschenko, I. G. Todorov and L. Turowska

Abstract

We introduce multidimensional Schur multipliers and characterise
them generalising well known results by Grothendieck and Peller. We
define a multidimensional version of the two dimensional operator mul-
tipliers studied recently by Kissin and Shulman. The multidimensional
operator multipliers are defined as elements of the minimal tensor
product of several C*-algebras satisfying certain boundedness condi-
tions. In the case of commutative C*-algebras, the multidimensional
operator multipliers reduce to continuous multidimensional Schur mul-
tipliers. We show that the multipliers with respect to some given
representations of the corresponding C*-algebras do not change if the
representations are replaced by approximately equivalent ones. We es-
tablish a non-commutative and multidimensional version of the char-
acterisations by Grothendieck and Peller which shows that universal
operator multipliers can be obtained as certain weak limits of elements
of the algebraic tensor product of the corresponding C*-algebras.

1 Introduction

A bounded function ¢ : N x N — C is called a Schur multiplier if (¢(2, j)a;;)
is the matrix of a bounded linear operator on ¢? whenever (a;;) is such. The
study of Schur multipliers was initiated by Schur in the early 20th century. A
characterisation of these objects was given by A. Grothendieck in his Résumé
[14], where he showed that Schur multipliers are precisely the functions ¢ of
the form o(i,5) = > o, ax(i)b(j), where az, by, : N — C are such that
sup; Yooy |ak(@)]* < oo and sup; > ;7 [be(5)]* < co. Schur multipliers have
had many important applications in Analysis, see e.g. [2], [10] and [23]. One
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of the forms of the celebrated Grothendieck inequality can be given in terms
of these objects [23].

One of the most important developments in Analysis in recent years has
been “quantisation” [12], starting with the advent of the theory of operator
spaces in the 1980’s in the work of Blecher, Effros, Haagerup, Paulsen, Pisier,
Ruan, Sinclair and many others, and based on Arveson’s pioneering work in
the 1970’s. Operator space (or non-commutative) versions are presently be-
ing found for many results in classical Banach space theory [7, 19, 24]. A
construction underlying many of the developments in operator space theory
is the Haagerup tensor product, as well as its weak counterpart, the extended
Haagerup tensor product [8]. Grothendieck’s characterisation can be formu-
lated by saying that the set of Schur multipliers coincides with the extended
Haagerup tensor product £ ®.p, £>° of the space > of all bounded complex
sequences, with itself.

Schur multipliers are elements of the commutative von Neumann algebra
(>(NxN), or equivalently of the (von Neumann) tensor product of (the com-
mutative von Neumann algebra) ¢ with itself. Subsequently, they form a
commutative algebra themselves. Their quantisation was initiated by Kissin
and Shulman in [18]. Suppose that A and B are C*-algebras and 7 and p
their representations on H and K, respectively. The Hilbert space tensor
product H ® K can be naturally identified with the Hilbert space Co( HY, K)
of Hilbert-Schmidt operators from the dual H4 of H into K. It follows that 7
and p give rise to a representation o , of the minimal tensor product 4 ® B
of A and B on Co(HY, K). Kissin and Shulman call an element ¢ € A® B
a 7, p-multiplier if o ,(¢) is bounded in the operator norm of Co(H4, K). In
[18], they study two sets of problems: the dependence of 7, p-multipliers on
7 and p and the description of the norm of an operator multiplier. Most
of their results are established in the more general setting of symmetrically
normed ideals.

Assume that A and B are commutative, say A = Co(X) and B = Cy(Y),
for some locally compact Hausdorff spaces X and Y, and that the representa-
tions 7 and p arise from some spectral measures on X and Y. The notion of a
m, p-multiplier is in this case closely related to double operator integrals. The
theory of these integrals was developed by Birman and Solomyak [3, 4, 5, 6]
in connection with various problems of Mathematical Physics and in partic-
ular of Perturbation Theory. If (X,€) and (Y,F) are spectral measures on



Hilbert spaces H and K, they defined the double operator integral

Ly(T) = b(x,y) dE(x)T dF (y)
XxY

for every bounded measurable function ¢ and every operator 7" from the
Hilbert-Schmidt class Co(H, K). A function ¢ is called a Schur multiplier
with respect to £ and F if I, can be extended to a bounded linear transformer
on the space (B(H,K),|| - |lop) of bounded operators from H to K, i.e., if
there exists C' > 0 such that ||1,(T)||op < C||T||op for all T € Co(H, K).
Peller [21] (see also [17]) characterised Schur multipliers with respect to &
and F in several ways. In particular, he showed that the space of Schur
multipliers with respect to £ and F coincides with the extended Haagerup
tensor product L°(X) ®, L*(Y') and the integral projective tensor product
L®(X)@;L>(Y).

Several attempts were made to generalise the Birman-Solomyak theory to
the case of multiple operator integrals [20, 28, 27]. Such integrals appear, for
instance, in the study of differentiability of functions of operators depending
on a parameter. A recent definition of multiple operator integrals of Peller’s
[22] is based on the integral projective tensor product. For some fixed spectral
measures (X1,&1),...,(X,,&,) on Hilbert spaces Hy, ..., H,, he defines

L/,(Tl, . ,Tnfl) = / z/;(xl, . ,.’L’n) dEl(xl)Tl d52<x2) e Tn,1 dgn(ﬂfn),
X1 X...xXp

where ¢ € L®(X,)®; ... ®;L>(X,,) and T1,...,T,_; are bounded linear op-
erators, and shows that

o (Trs s Tt llop < il Tillop - o1 llops

where ||1]]; denotes the integral projective tensor norm of . If the spectral
measures are multiplicity free and T7,...,T,_1 are of Hilbert-Schmidt class
and have kernels fi, ..., f,_1, respectively, then I, (T3, ..., T,,—1) is a Hilbert-
Schmidt operator with kernel Sy(fi,. .., fao1) € L*(X1 x X,,) equal to

/ ’(/)(ZL‘l, e ,I’n)f1(3?1, ZL‘Q) N fn—l(wn—la £L'n) dgg(l'g) N dgn—l(xn—l)'
XoXx..xXn_1
(1)

This was the starting point for our definition of multidimensional Schur
multipliers in Section 3. Let (X, p;), i =1,...,n, be standard o-finite mea-

sure spaces and ['( X, ..., X)) = LA (X1 x Xo) OL?( Xy x X3)®. . . O L*( X, x
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X,,) be the algebraic tensor product of the corresponding L?-spaces equipped
with the projective tensor norm, where each of the L?-spaces is equipped with
its L?-norm. An element ¢ € L*°(X; x - -+ x X,,) determines a bounded lin-
ear map Sy from I'(Xy,...,X,) to L*(Xy, X,,) given on elementary tensors
h®...® f, € I'(Xy,...,X,) by (1) (where the integration is now with
respect to p; instead of &;). On the other hand, for any measure spaces
(X, ) and (Y,v), the space L*(X x Y) can be identified with the class of
all Hilbert-Schmidt operators from L?(X) to L*(Y); to each f € L*(X x Y)
there corresponds the operator Ty given by Tré(y) = [y [z, y)é(x)du(x),
¢ € L?(X). Using this identification, one can equip the space L*(X xY') with
the opposite operator space structure arising from the inclusion of L*(X xY)
into B(L*(X), L*(Y)). We further equip I'(X,..., X,) with the Haagerup
tensor norm ||-||,,, where the L?-spaces are given their opposite operator space
structure described above, and say that an element ¢ € L>®(X; x ... x X,,)
is a Schur multiplier (with respect to p,..., ) if there exists C' > 0 such
that

1Sy () |lop < C| Py, for all @ € I'(Xy,...,X,). (2)

Using a generalisation of a result of Smith [25] on the complete boundedness
of certain bounded bimodule maps to the case of multilinear modular maps,
we obtain a characterisation of multidimensional Schur multipliers as the
extended Haagerup tensor product L>®°(X1)®ep. . .®en L°(X,,) (Theorem 3.4).
This generalises Grothendieck’s and Peller’s characterisations in the case n =
2. We show that the integral projective tensor product consists of multipliers
and, therefore, L>®(X1)®;...®;L®(X,,) C L®(X1) ®ep - - - @en, L2(X,,). The
converse inclusion is true in the case n = 2 [21] but remains an open problem
for n > 2.

In Section 4 we consider a non-commutative version of multidimensional
multipliers following the Kissin-Shulman approach in the two dimensional
case. We replace the functions ¢ by elements of the minimal tensor product
A @ ... A, of some given C*-algebras A;,..., A, and the measure y;
by a representation m; of A;. We thus obtain a class of operator my,...,m,-
multipliers. If each A; is a commutative C*-algebra, say A; = Cy(X;) for
some locally compact Hausdorff space X, and m;(f) is the operator of multi-
plication by f € Cy(X) acting on L*(X;, i;), then ¢ is a 7y, . . . , m,-multiplier
if and only if ¢ is a Schur multiplier with respect to pi,..., u, (Proposi-
tion 4.5). As in the two-dimensional case, we show that the set of 7y, ..., 7,-
multipliers does not change if we replace each 7; by an approximately equiv-



alent representation (Theorem 5.1). A consequence of this result is the fact
that the class of continuous (multidimensional) Schur multipliers depends
only on the supports of the measures ;.

In Section 6 we study universal mutlipliers, i.e., the elements of A; ®
... ® A, which are m,...,m,-multipliers for all representations m; of A;,
1 =1,...,n. We characterise such multipliers as the elements of a certain
weak completion of the algebraic tensor product A, ®...®.A, (Theorem 6.6).
In the case where the C*-algebras are commutative and n = 2 this was proved
in [18]; the case of arbitrary C*-algebras was left as a conjecture. Our result
may be thought of as a non-commutative and multidimensional version of
Grothendieck’s and Peller’s characterisations of Schur multipliers. The key
ingredient in the proof is the observation that a universal multiplier deter-
mines a completely bounded multilinear modular map from the Cartesian
product of the C*-algebras of compact operators into the C*-algebra of com-
pact operators which allows us to use a result by Christensen and Sinclair
[9] providing a description of all such mappings.
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2 Preliminaries

In this section we collect some preliminary notions and results which will be
needed in the sequel.

Let H be a Hilbert space. The dual space HY of H is a Hilbert space
and there exists an anti-isometry 0 : H — H4Y given by d(z)(y) = (v, z),
z,y € H. We set 24 = J(z).



If H; and H, are Hilbert spaces, we let B(H;, Hy) be the space of all
bounded linear operators from H; into Hs, and || - ||op be the usual operator
norm on B(Hy, Hy). We let KC(H;, Hy) be the subspace of all compact opera-
tors, and Co(Hy, Hs) be the subspace of all Hilbert-Schmidt operators, from
Hj into Hy. For each T € Cy(Hy, Hy), we denote by ||T'||2 the Hilbert-Schmidt
norm of T'. The space Co(H;, Hs) is a Hilbert space with respect to the inner
product (7',S) = tr(T'S*), where S* denotes the adjoint of the operator S.
We let B(H) =B(H,H), K(H) =K(H,H) and Co(H) = Co(H, H).

If T € B(H,, Hy) we denote by T4 € B(HY, H{) the conjugate of T'. We
have that ||79|op = ||T||op and 7424 = (T*x)4, whenever x € H,. Another
way of expressing the last identity is

T4 = 9T 0. (3)
We also have
(T*)d = (Td)* and ()\T)d =\T4, MeC. (4)

We let H; ® Hy be the Hilbert space tensor product of H; and Hs. There
exists a unitary operator 0y, z, : Hi @ Hy — Co(H{, Hy) given on elementary
tensors r ® y € Hy ® Hy by

9H17H2(:E ® y)(zd) = (ZL‘,Z)y, Zd € Hil

If Ae B(Hy), B € B(Hy), z € Hy and y € Hy, we have that 0((A®B)(z®y))
= BO(z®y)Ad, and hence

(A2 B)E) = BO(E)AL for all £ € Hi @ Hy. (5)
If o € B(H®H,), let o, 11,(p) € B(C2(HY, Hy)) be given by the formula

UH17H2<90)<‘9<€>) = 6(905)7 5 € H; ® H,.

Then oy, m, implements a unitary equivalence between B(H; ® H) and
B(Co(HE, Hy)). An element ¢ € B(H; ® H,) is called a concrete (opera-
tor) multiplier if there exists C' > 0 such that ||om, 1, (©)(T)]lop < CTops
for each T' € Co(H{, Hy). Suppose that H, = I*(X), Hy = [*(Y) for some
sets X and Y and ¢ is the operator on H; ® Hy = £*(X xY') of multiplication
by a function ¢ € £*°(X x Y'). The concrete operator multipliers of this form
are precisely the classical Schur multipliers on X x Y (see e.g. [23]).
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Let A; and Ay be C*-algebras. We denote by A; ® Ay the minimal
tensor product of A; and A,. Let m; : A; — B(H;) be a representation of
A;; i =1,2. Then m @ mo : A ® Ay — B(H; ® Hs), given on elementary
tensors by (m ® m)(a ® b) = m(a) ® ma(b), is a representation of A; ® As.
Let 0y my = Om, 1, © (M1 ® ma); clearly, o, ., is a representation of A; ® A,
on Co(H{, Hy), unitarily equivalent to m; ® 7. We moreover have

Orime(a @ b)(T) = ma(b)Tmi(a)!, a € A b€ Ay, T € Co(HY, Hy).

An element ¢ € A; ® Aj is called a 71, mo-multiplier [18] if there exists C' > 0
such that

10712 () (T)llop < ClIT |lop,  for each T' € Co(HY, Ha), (6)

in other words, if (m ® m)(p) is a concrete operator multiplier. The set
of all 7y, me-multipliers in A; ® A is denoted by My, , (A1, As), and the
smallest constant C' appearing in (6) is denoted by |[¢]|x,.r,- If ¢ is & w1, ma-
multiplier for all representations m; of A;, 7 = 1,2, then ¢ is called a universal
multiplier. The set of all universal multipliers is denoted by M(Ay, As); if
¢ € M(A1, Az) we let ||@]luniv = Supy, 1, [0l ,m- It is not difficult to see
that in this case ||¢|uiv < 00 [18].

We now recall some notions from Operator Space Theory. We refer the
reader to [7], [13] and [24] for more details. An operator space is a closed
subspace of B(H;, Hs), for some Hilbert spaces H; and Hy. If n,m € N,
by M, .(E) we will denote the space of all n by m matrices with entries
in £ and let M,(E) = M, (). Note that M, ,,(£) can be identified in
a natural way with a subspace of B(H", H}) and hence carries a natural
operator norm. If n = oo or m = oo, we will denote by M, ,,,(€) the space
of all (singly or doubly infinite) matrices with entries in £ which represent
a bounded linear operator between the corresponding amplifications of the
Hilbert spaces. If a = (a;;) € Mym(E), where a;; € €, we let ad = (ag;); thus
ad € B(Hy™, H"™). We also let a* = (a;;) € My, ,(E); thus a* € B(H, H").
We have f[a]op = fla*op and [lat*]lop = flalop.

If £ and F are operator spaces, a linear map ® : £ — F is called com-
pletely bounded if the map & : My(E) — My(F), given by @y((ai;)) =

(®(as;)), is bounded for each k € N and || @[, % sup, || @4 < oo.
Let £,&,...,&, be operator spaces. We denote by & © --- ® &, the
algebraic tensor product of &;,...,&,. Let a; = (afj) € My myi, (Ek), k =



1,...,n. We denote by
at ®--0ae Mm1,mn+1(gl ® QSn)

the matrix whose i, j-entry is

12,13 nsJ”

Za;Q@az ®®CL?

Let ®: & x --- x &, — & be a multilinear map and
D, 0 M, (E1) X M (E) X -+ X My, (E,) — M. (E)
be the multiliear map given by
D, (al, ... a") = ( > @(a§7i2,a§27i3,...,a?mj)> :
i2,0mvin i

The map @ is called completely bounded if there exists C' > 0 such that for
all m € N and all elements a* € M,,(&), k=1,...,n, we have

1@ (a’,....a")l < Clla'].... [la™].

Every completely bounded multilinear map ¢ : & x --- x &, — & gives
rise to a completely bounded linear map from the Haagerup tensor product
&1 ®y - ®y &, into €. For details on the Haagerup tensor product we refer
the reader to [13].

If Ry,..., R,y are rings, M; is an R;, R;;;-module for each i =1,...,n,
and M is an Ry, R,;1-module, a multilinear map ® : M; x --- x M,, — M
will be called Ry, ..., R,y1;-modular (or simply modular if Ry,..., R, are

clear from the context) if
O (aymyag, maas, maay, . .., Mpan1) = ayP(my, agma, agms, . .., ayMy)an41,

forallm; e M; (i=1,...,n)and a; € R; (j=1,...,n+1). f R, = A; are
C*-algebras and M; = &; are operator spaces, we let Ba, . a,,,(E1,..., & E)
(resp. CBua,,. ... (E1,...,E0;E)) denote the spaces of all bounded (resp.
completely bounded) Ay, ..., A, 1-modular maps from & x --- x &, into £.



3 Multidimensional Schur multipliers

In this section, we define multidimensional Schur multipliers on the direct
product of finitely many measure spaces. The main result of the section is
Theorem 3.4 which characterises multidimensional Schur multipliers gener-
alising the results of Peller [21] and Spronk [26].

Let (Xj, ), ¢ = 1,2,...,n, be standard o-finite measure spaces. For
notational convenience, integration with respect to u; will be denoted by
dz;. Direct products of the form X; x ---x X; will be equipped with the
corresponding product measure. We equip the space L*(X; x X5) with an
L>(Xy), L*(X3)-module action by letting (a&b)(z,y) = a(z)é(x, y)b(y). We
will denote by M, the operator of multiplication by the essentially bounded
function a acting on the corresponding L?-space.

Theorem 3.1 Let p € L>®(X; X --- x X,,). Then the mapping
Syt LP(Xy x Xo) x L*(Xg x X3) x -+ x L*(X,1 X X,,) — L*(X; x X,,)
where Sy(f1, ..., fuo1)(x1, %) is defined as

/ o1, .., x0) fr(21, 22) fo@2, 23) - - frm1(Tno1, Tp)das . doy g
XoXXXp_1

is a bounded modular map and [|S,|| = ||¢||-
Conversely, if

S LX) x Xo) x L*( Xy x X3) x --- x L*(X,_1 x X,)) — L*(X; x X,,))

is a bounded modular map then there exists p € L>®(X1 X ---x X,,) such that
S =_8,.

Proof. In the case the variables of the functions appearing in the expressions
below are clear from the context, we will omit the corresponding symbols
in our notation. Fix ¢ € L®(X; x --- x X,,) and f; € L*(X; x X;41),
1=1,...,n—1. We have

2
||S<p(f17‘-'7fn—1)“§S/X . (/|§0f1-~fn—1|d$2---d$n—2) dxidxy,

2
HsOHio/X . (/!fl.--fnlldxz.--d:cn2> dzdx,
1XXn

Il / ( / oo fosl
X1 ><Xn X2><~~-><Xn,2

IN

IN



X

</ |fn2fn1|dxn1) dQZQ R dl’n,Q)ZdQ?ldl’n
Xn-1

1

2

< elz [ (f |f1.--fn_3|(/ |fn_2|2dxn_1)
X1><Xn X2><"'><Xn—2 Xn—l

2
X ( / |fn_1\2da:n_1) dxy . .. dw, o) dridz,
anl
= el a2 / ( / Feo Fosl
X1 X2><~~><Xn_2
2
X (/ |fn—2|2dxn—1) dl’g...dxn_g)2da?1
anl

N|=

< Nl funrl2 / ( / oo fod ( / yfngmm)
X1 XoxX-XXpn_3 Xn_o

2
X (/ |fn_2|2dl’n_2d$n_1) dl‘g Ce dxn_2)2d$1
Xn_QXXn_l

ANt ] fos 2 / ( / e fod

X1 XoxXXXp_3

1
|fn3‘2dxn2) dwg Ce dxn,3)2d$1 S

< lellzll fa-tll2ll fa-allz - - 1£2112-

Conversely, let

S LX) x Xp) x L*(Xg x X3) x -+ x L*(X, 1 x X,,) = L*(X; x X,,)

X
A/~
T
3
|

be a bounded modular map. We first assume that the measures p; are finite.
Write K; = L*(X; x X,,) and let

Sy LA(X5) x L*(X3) x L*(X3) x L*(X3) X - - x L*(Xp_1) X L*(Xp_1) — K,
be given by
Sl<€277727£37 N3, .- 7§n717 777171) = S(l & 627 T2 & 537 cey -1 & 1)

(here and in the sequel we denote by 1 the constant function taking value
one). The fact that S is modular implies that

51(52@, N2, §3as3, ..., En—10n_1, 77n—1) = 51(52, az7)2, 537 . 7an—177n—1)a
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whenever a; € L>®(X;), i = 2,...,n — 1. For fixed &,n3,...,&—1,Mn1, let
SQ . L2(X2> X L2(X2) — Kl be given by

32(527 772) = 31(527 2, §3a ng,... afn—l: nn—1>-

For h € Ky, let St : L2(X,) x L% X3) — C be defined by Sk(&,m0) =
(S2(&2,m2), h). Clearly,

n—1
1S5 (&2, me)] < IS T T 1€l
i=2
Hence there exists a bounded operator T3 : L?(X,) — L?*(X,) such that

S5(&2,12) = (T362,7), for all &, 7 € L*(X,) and || T3] < R[S T 14l
lm:]. For each a € L>(X3) and &, 12 € L*(X2) we have that

(TélMag?a%) = Sg(a&ﬂ??) = SS(S% 6“72)
= (I3&,am) = (136, MaTR) = (Mo T562,T5).

Thus, there exists @ € L>(X5) such that T0 = M_y. Moreover,

n—1

leblloe < IRNISH T T M€l
1=3

For each f € L'(X3), the functional on K, given by h — [, f(x2) ol (xs)dws
is conjugate linear and bounded of norm not exceeding || £||1[|S| TTr= l1€:l[|7:]!-

Hence, there exists ®,(f) € K; such that

(@2(f), h) = | flxz)es(w2)drs,

X
and [|®(f)llre, < [|FI1 IS TTSs 1€l Thus, the mapping 5 : L'(X,) —
K, is bounded and ||®,|| < ||S|| TT7= |||l Since Hilbert spaces pos-
sess Radon-Nikodym property, the vector valued Riesz Representation The-
orem [11, Theorem 5, p. 63] implies that there exists ¢y € L>®(Xo, K7)

(L*(X3, K1) being the space of essentially bounded K;-valued measurable
functions on X5) such that

Do(f) = [ flz2)pa(r2)dry,

Xa

11



where the integral is in Bochner’s sense. Moreover,

n—1
12 oe (x5, 061) = esssup lpa(@s)llie, = 2]l < ST [T N6l liml-
Faea2 i=3

For &,my € L?(X3), we have that &, € LY(X;) and hence

(Sol€om) h) = (ThenTH) = / o (2) o )l

- ([ @(m)f:((;)n?(@) i)

in other words,

Sa(€amn) = /X 2 2)Ea (2o (2)dr,

where the integral is in Bochner’s sense.
We consider 9 as a function on X; x Xy x X,, by letting oo (1, x2, x,) =
wo(w2) (w1, x,). Note that ¢y depends on 3,73, ..., &1, Mn_1; We denote this

dependence by 2 = a5, 60 1m01-
Let K2 = L2<X1 X X2 X Xn) We have

loslli = / / (pa(wa) (1, 2) Pdardands = / oo (e2) % des
X2 X1><Xn X2
< a(Xo) |l e

It follows that the mapping S3 : L?(X3) x L?(X3) — K, given by

S3<§37 773) - 8027637773’~~~7£n71177n71

is well-defined and

n—1

155 (&3, 1) 112 < pia (XIS T €N Il
=3

Hence, S3 is bounded and ||Ss]| < pa(X2)||S| 15, 1€l l|mi]l- An argument
similar to the above implies the existence of p3 € L (X3, K5) with

n—1
sl 0w (s 12y < pa(X)ISI T T 1€l Il
i=4
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such that
S3(&3,1m3) :/X p3(3)E3(w3)n3(23)ds,

where the integral is in Bochner’s sense. We may consider ¢3 as a function
on X; x X x X3 x X, by letting ps(x1, 2, 23, 2,) = w3(x3)(x1, 2, x,). We
express the dependence of w3 on &y, ..., n,—1 by writing 3 = @3¢, .. .. We
have that

51(627 N2, - .- >€n—1a 77n—1) =
//s03,g4,...,nn_1(9€1,562,$3,xn)fz(ﬂfz)%(l’z)fs($3)773(373)d$3d952>
X2 J X3

where both integrals are in Bochner’s sense.
Continuing inductively, we obtain ¢ € L*(X,,_1, K, _2), where K, o =
L2(X) x -+ x X,_9 X X,,), such that

51 52,7727.- &n1, M 1)
/ / 1’1, . ,xn)§27]2 e gn—lnn—ldxn—l e dl‘g,
X2 Xn-1

where the integrals are understood in Bochner’s sense and ¢ is viewed as a
function on X7 x- - -x X, by letting ¢(x1,...,2,) = @(xn_1)(T1,. .., Tn_2, Tp).

It is easy to see that if ¢ € L1(Y, L*(Z)), where Y and Z are ﬁnite measure
spaces, then [, [¢(y)(z)|dydz is finite and ([, ¥ (y)dy) (2) = [, ¥ (y)(2)dy,
for almost all z € Z (the first integral is in Bochner’s sense, Whlle the second
one is a Lebesgue integral with respect to the variable y). It now follows
that the last equality holds when the integrals are interpreted in the sense of
Lebesgue.

The modularity of S implies

(@®&m®E, ..., Mm-1®D) =

/ / / $1, ce >$n)a§2772 1M bdx, .. da,
Xo J X3 Xn-1

for all a € L>(X;), b € L>®(X,) and &,n; € L*(X;),i=2,...,n—1. Letting
@ = Xays 0 = Xa, and & =1, = Xa;s ¢ = 2,...,n — 1, the boundedness of S
implies

/ oz )|z .. dwn < | Sa(as) . . - jn(cn).
a1 X+ XOnp

13



It follows that the mapping

N
[= Z /\iXalix---Xa% - Spfa
i=1

X1 x--xXp

where {a® x - -+ x o} is a finite family of disjoint Borel rectangles, is a linear
functional on a dense subspace of L'(X; x .-+ x X,,) of norm not exceeding
IIS||. Therefore, p € L=(X; X --- x X,,) and [|¢]loo < |IS]|-

We have that the mappings S and S, coincide on the tuples of the form
a®&,ne @&, ...,N_1 ® b; by linearity and continuity, they are equal. By
the first part of the proof, ||S|| < ||¢]ls and hence ||¢]ls = |I5]|-

Now relax the assumption on the finiteness of p;, and let XF, k € N,
be a measurable subset of X; such that yu;(XF) < oo, XF C X' and
X;=U2 XF i=1,...,n. Foreach k € N, let

S LA(XT x X5y x L2(XE < Xy < - x LA(XF | < XF) — LA(XT x XP)

be the map given by Sp(f1,..., fac1) = S(f1,..., fa_1), where f; coincides
with f; on X* and is equal to zero on the complement of X¥. Since

Sk(fis- s fo1) = S(XXffla~-afn—1XX5)
= XX{CS<f17"'7fn—1)XX57

the map Sy, is well-defined and ||Sy|| < ||S||. Since Sy is obviously L>(X¥),
..., L>® (XF)-modular, the above paragraphs imply that there exists ¢, €
L®(XF x -+ x XF) such that Sy = S,,, for each k € N. The space L*(X} x
X |) can be considered as a subspace of L*(X/*! x XF1!) in a natural way.
We have that the restriction of Sy to L2( X5 x X5) x L2(XFx X%) x ... x
L*(XF | x XF¥) coincides with Si. This implies that the restriction of ¢ to
XFx ... x XF coincides (almost everywhere) with ¢,. Hence, there exists a
function ¢ defined on X; x - - - x X,, which coincides with ¢ on X¥x...x X*
for each k € N. Since [|¢kllco = ||kl < ||S]|, we have that ||¢|e < [|S]]. We
have that S and S, coincide on the union of L*(X} x X§) x L*(X} x X})
X ... x L*(X*F | x XF), k € N, which is a dense subset of L?(X; x X3) X
LA Xy x X3) X ... x L*(X,-1 x X,,). It follows that S = S, and by the
first part of the proof, ||S]| = [|¢]|c- <

Let (Y1,14) and (Y3, 12) be measure spaces. A subset £ C Y] x Y is called
marginally null [1] if F C Ax YUY x B, 11(A) = 1»(B) = 0. It is well-known
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that the projective tensor product L?(Y;)®L2(Y3) can be identified with a
space of complex-valued functions, defined marginally almost everywhere on
Yy x Yy: the element Y00 f; ® g; € L*(Y1)®L*(Ya), where f; € L*(V}),
gi € L2(Ya) Y2 |Ifill? < oo and D7) ||lgil|> < oo, is identified with the
function h given by h(z,y) = > "=, fi(z)g:(y) (see e.g. [1]).

Let
D(X1,..., X)) =LA(X1 x X3) O 0 LA (X1 x X,).
We identify the elements of I'( X7, ..., X,,) with functions on

X1XXQXXQX"'XXn_1XXn_1XXn

in the obvious fashion. We equip I'(X,...,X,) with two norms; one is
the projective norm || - ||a.1, where each of the L?-spaces is equipped with
its L?>-norm, and the other is the Haagerup tensor norm || - ||,,, where the

L?-spaces are given their opposite operator space structure arising from the
identification of L?(X x Y") with the class of Hilbert-Schmidt operators from
L?(X) into L*(Y") given by

(T¥&)(y) Z/Xf(%y)f(:v)dﬂf, fe XX xY),€ € L*(X).

For a function ® € I'(Xy,...,X,) (of 2n — 2 variables), we write ® for the
function (of n variables) on X; X .-+ x X, given by

O(x1, 02, Tp1, %) = P(21, %2, T2, . .., Tyt T, ). (7)

It is easy to see that @ is well-defined up to a null set with respect to the
product measure on X; X --- X X,,.
Let ¢ € L>®(X; x --- x X,,). We define

Se t (P(X1, -, Xa) [ ll2n) = (L5 x Xa), - l2)

by
Sp(P) (21, ) = / O(1, .. )0z, ... xn)dsy .. dry_ .
XoX-XXp—1
By Theorem 3.1, S, is well-defined, bounded and ||.S,|| = ||¢||-

15



Definition 3.2 Let ¢ € L*(X; x -+ x X,,). We say that ¢ is a Schur
multiplier (relative to the measure spaces (X1, p1), - .. (Xn, tin)) if there exists
C > 0 such that ||Sy(@)|lop < Cl|®|y, for all & € T'(Xy,...,X,). The
smallest constant C' with this property will be denoted by ||¢]|m-

Note that in the case where n = 2 and the measure spaces are discrete, the
definition above reduces to the definition of the classical Schur multipliers.
In the case of arbitrary measure spaces and n = 2, we obtain the Schur
multipliers studied by Peller [21] (see also [26]).

We will present next a characterisation of the n-dimensional Schur mul-
tipliers which generalises Grothendieck’s and Peller’s characterisations. We
will need the following generalisation of a result of Smith [25].

Lemma 3.3 Let & C B(H;,Hiy1), 1 =1,...,n—1and C C B(Hy), D C
B(H,) be C*-algebras with cyclic vectors. Assume that & is a right C-module
and &, is a left D-module. Let ¢ : €, X ---x & — B(Hy, Hy,) be a multilinear
D, C-module map (that is, ¢(dy,...,xc) = do(y,...,x)c, whenever x € &,
y € &y, c €C and d € D) whose linearisation &, © -+ © & — B(Hy, H,) is
bounded in the Haagerup norm. Then ¢ is a completely bounded multilinear
map.

Proof. The proof is a straightforward generalisation of the argument given by
Smith [25]. We will denote the linearisation of ¢ defined on (£,®- - -©&,, |- |lw)
by the same symbol. Assume that ||¢|| = 1. We will show that ||¢|ls = 1.
Suppose, to the contrary, that ||¢||c, > 1. Then there exists m € N, matrices
(Thyyy) € Mi(E), 1 =1,...,m and column vectors & = (&1,...,&n) € H"
and 1y = (M1, ..., M) € H" of norm strictly less than one such that

’(¢m([xj7kn—1]7 R [xkhi])g()a 770)| > 1. (8>
If £ and n are cyclic vectors for C and D, respectively, we may moreover
assume that § = a;§ and n; = b;n, for some a; € C and b; € D, where
i,j=1,...,m. Let a = 37" aja; and b = 377" bib;. Assume first that

a and b are invertible, and let ¢; = a;a”V? d; = bib™V? € = a/?¢ and
il = b'/%n. Then & = ¢;¢ and n; = d;7j. The left hand side of (8) becomes

Z Z <¢(xj,kn—17 Ce 733161,1'7 )Cié, djﬁ)
i,j=1k;=1
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m

Z <¢ (Z d;xjkn—u LRI Z xlﬂ,’iCi) ’57 77’) | . (9>
i=1 j=1

k=1

We have that
€]l = (a'/2€,a"/%¢) = (a&,&) = > flas|* < 1,
k=1

and similarly ||77|| < 1. By assumption, (9) does not exceed the product of
the norms of

(Z djx]kn—1> € Mlvm(gn% """ 9 <Z xkl,ici> S Mm,l((c;l). (10)
j=1 k k1

i=1

n—1

But, the first matrix appearing in (10) is equal to the product of (d); €
M, (D) and (2, )ik, 1 € Mm(E,). We have

> &
j=1

and hence the norm of the first matrix appearing in (10) does not exceed one.
Similarly, the second matrix in (10) is the product of (z4,i)k,i € Mmm(Er)
and (¢;); € My, 1(C) and its norm does not exceed one. Hence (9) does not
exceed one, a contradiction.

In the case a or b is not invertible, as in [25], one can replace the ma-
trices (jp, 1)y -+, (Tkyi) With (Tpp, ) B0 € Mpia(En), ..., () B0 €
M,,+1(&1), respectively (obviously keeping the same norm), and the vectors

(&1, .-, &m) and (1, ..., ) With (&1, ..., &n, €€) and (01, - . ., D, €7), TESPEC-
tively, for e small enough so that the norms of these vectors remain less than

one.

The main result of this section is the following

1(d5);1l = =1l =1,

Theorem 3.4 Let ¢ € L>®(X; X --- x X,,). The following are equivalent:
(i) ¢ is a Schur multiplier and ||p||m < 1;
(ii) there exist essentially bounded functions ay : X1 — My 1, an @ X, —
M anda; : X; = My, @ =2,...,n—1, such that, for almost all x1, ..., z,
we have

o(x1, ..., xn) = an(Tn)an-1(Tp-1)...a1(x1) and esssup H l|la;(z;)] < 1.

r,€X; i=1

17



Proof. (i)=(ii) Let ¢ € L>®(X; x --- x X,,) be a Schur multiplier with
llollm < 1. Then the map S, induces a map, denoted in the same way, from
L2(X) % X») % -+ x L2(X,_1 x X,,) into L2(X, x X,,). Let H, = L*(X;), D,
be the multiplication masa of L*(X;),i=1,...,n, and

Sy Co(Hy, Hy) X -+ x Co(Hy1, Hy) — Co(Hy, Hy)

77777

multiplier, the linearisation of the map S‘w is bounded when the space on the
Cy-spaces on the left hand side are given the operator space structure opposite
to the natural one, the tensor product is given the Haagerup norm and the
space on the right hand side is given its operator norm. If a; € L*>(Xj;),
1=1,...,n, then

N

Sp(Ma,Th, Mo, Ty, oo, My, Ty Ma,) = So(TartisTastsr s Lan i fran)

TS (a1 f1.a2 fresan—1 fnan)
= Ta15w(f1a27f2a3 77777 fn)an
= MaISW(TflMa ., Tfn)Ma

27 °° n )

in other words, &, is modular.
By continuity, the map S, has an extension (denoted in the same way)

~

Se  K(Hi, Ha) ®y, -+ @y K(Hn-1, Hy) — K(Hu, Hy)

to a modular map with norm less than one, where the spaces C(H;, H;;1) are
equipped with the operator space structure opposite to their natural operator
space structure. It follows that the map

S‘P . }C(Hn—la Hn) ®h s ®h IC(Hl, Hg) — K(Hl, Hn)

given by

N

ST ®--@T) = S,(Th © -+ @ Ty v)

is modular and bounded when the spaces K (H;, H;,1) are given their natural
operator space structure. By Lemma 3.3, S, is completely bounded. It
follows that the second dual

S:;* : B<Hn—17Hn) Qoh *** Qoh B(Hla H2) - B(Hl’ Hn)
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is a weak™ continuous map with ¢.b. norm less than one, which extends the
map S,. (Here ®,, denotes the normal Haagerup tensor product, see e.g.

[7].)

Denote by 5’@ the corresponding multilinear map
Sy B(H, 1, Hy) x --- x B(Hy, Hy) — B(Hy, H,).

The map Sw is separately weak™ continuous and hence modular.

A modification of Corollary 5.9 of [9] now implies that there exist bounded
linear operators V; : Hy — H*, V, : H*® — H, and V; : H* — H>,
1=2,...,n — 1, such that the entries of V; belong to D; and

So(Toery .. 1)) = Vi(Tpoy @ DVt (Tyy @ 1) ... (Ty @ I)VA.

Moreover, the operators V; can be chosen so that [, ||Vi|| < 1. Let 1} =
(Mg, Mgz, .. )% Vi = (Mgw)rg and 'V, = (Mg, Maz, ... ), for some a; =
(af)p € L®(X1, My o), an = (a); € L®(X,, M1 ) and a; = (af)y,; €

n

L>®(X;, M), i=2,...,n— 1. Moreover,

esssupH llai(z:)|| = H Vil < 1.

wze i

Let &,m; € H;, i =1,...,n. Then

S@(T§n71®nna s 7T§1®772>(771) - Vn(T§n71®77n ® I) s <T§1®772 ® I)‘/i(nl)
= Vn(Tfn—1®77n ® I) s ‘/2(T§1®772 ® [)(Ma’flnl)h

= Ville o ©0). Vil ol @ mle)dnm)s

= Voo (Teoen ® I)( Z/X ay' (1) (z1)m (1) dzy)as> ),

k1=1
= Ve (X [ ) Em) (o) o) () ),
k=1 X1x X2

-y S ) o) »

kp=1 Y X1 XXn—1 g k=1
X fl(xl)m(azl) .. .fnfl(ll?nfl))dl'l Ce dl’n,I)Maﬁnnn.
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Thus,

S@(Tﬁn—1®nn7 cee aT£1®n2)(771)(In)

= (Y s ) ) ¢
1 X X Xp—

X €1<LU1)771($1> R §n,1(xn,1)dx1 . dxnfl)nn<xn)
On the other hand,

S@(Tﬁnq@nn? s 7T§1®7)2>(771)(xn>
TS¢(§1®772 ~~~~~ £n71®77n)<771)(xn)

— (/)(1><~~-><Xn1 (X1, ey 1, Ty
X 51(331)7]1(371) .. .fn,l(xn,l)d:lzl . dxn,l)nn(a:n)

It follows that

o(x1, .., xn) = ap(zp)an_1(Tn_1) ... a1(xy),

for almost all x4, ..., z,.

(ii)=(i) Assume that ¢ is given as in (ii), where a; = (a}), € L>®(X;,
My1), a, = (al); € L®(X,, M1 o) and a; = (af); € L®( X, Mioo), i =
2,...,n—1. Let Vi : Hi — H}° be the operator corresponding to the
column matrix Vi = (Mg, : Hi — H{®, V, : H;* — H,, be the operator
corresponding to the row matrix V;, = (Mg ); and V; : H — H® be the
operator corresponding to the matrix V; = (Mafz)k,l, i=2,...,n—1. Then

[T, ||Vill < 1. It follows from the first part of the proof that

S<P(T§n—1®77n7 e 7T§1®T]2) = VTL(Tfn—l@?]n ® [) s (T§1®772 ® [)‘/17

forall & € Hy, n, € H, and &;,nm; € H;, i = 2,...,n — 1. Since the operator
norm is dominated by the Hilbert-Schmidt norm, we conclude that

So(Thy 1y Th) =Vo(Ty, , @I)... (T @ 1)V,

for all fl € L2(XZ X XZ'+1), 1= 1, N (2 1.
Let

F=F0 - 0F_cl*(X|xXy)® 0L X,_1 x X,),
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where I} € M17OO(L2(X1 X XQ)), F,_, € Moo,l(L2(Xn—1 X Xn)) and F; €
Mo (L*(X; x Xi11),i=2,...,n — 2. Lemma 4.6 implies that

Ts,ry = VoulTp,_, ®1)...(Tk, @ I)V1,

7

where Tr, = (T )k whenever F; = (fF) k. Tt follows that

n—1 n
15, llop < TTIE Non T TIVAL-
=1 =1

Taking infimum with respect to all representations of F', we conclude that
I Ts, ) llop < I1F s Tz [IVi]l and so [|oflm < 1. &

Remark The space of all functions ¢(z1, ..., z,) satisfying condition (ii) of
Theorem 3.4 is the extended Haagerup tensor product L>(X;)®., L>(X2)
Reh - -+ Ben L(Xp).

The next proposition relates our approach with a recent work of Peller
[22] on multiple operator integrals. For some fixed spectral measures, Peller
defines a multiple operator integral I,(T%,...,T,-1) of a function ¢ and
n — 1-tuple of operators (73,...,7,-1), and shows that if ¢ belongs to
the integral projective tensor product of the corresponding L*>-spaces, then
I,(Th,...,T,—1) is well-defined and, moreover,

1o (T1, s T ) llop < [lellill T llop - - - 1 T5—1lop-

Recall that the integral projective tensor product L®(X;)®; ... ®;L>®(X,,)
is the space of all functions ¢ for which there exists a measure space (7 ,v)
and measurable functions g; on X; x 7 such that

go(:cl,...,:vn):/Tgl(xl,t)...gn(:cn,t)dy(t), (11)

for almost all x; ..., z,, where

/ 191+ )l - - 9+ 8) ol () < 0.
T

The integral projective norm ||¢l|; of ¢ is the infimum of the above expres-
sions over all representations of ¢ of the form (11). It was proved by Peller
in [21] that in the case where n = 2 the integral projective tensor product
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L>®(X1)®;L>(X5) coinsides with the set of all Schur mulipliers. The next
proposition shows that for n > 2 the integral projective tensor product con-
sists of multipliers. We do not know whether it coincides with the space of
all Schur multipliers.

Proposition 3.5 Let p € L®(X)®;...®;L=(X,,). Then ¢ is a Schur mul-
tiplier and [|¢|[m < [@]l:-

Proof. Suppose that

go(xl,...,xn):/Tgl(xl,t)...gn(xn,t)dy(t),

for almost all z; ..., x,, where (7, v) is a measure space, g; is a measurable
function on X; x 7,4 =1,...,n, such that

ottt D) < o0
Let F=F0® -0 Fn—l; where F} € ML]Q(Lz(Xl X XQ)), F,_, € Mkn72’1
(L*(Xpo1 xX,)) and F; € My, 5, (L*(X; X Xi41)), @ = 2,...,n — 2, and
G = F (see (7)). We have

156 (F)llop = pGdry . .. drp1|lop

XoX-XXp_1

= | </ g1(x1,t) ... gy, t)dt> Gdzy ... dz,_1||op
X2><---><Xn_1 T

[ / </ g1(x1,t) ... gu(zp, t)de,y .. .dlL’n_1> Gdt||op
e XoX-XXp_1

<1/ Myt Fr( My @ 1) (@1,2)) © ...
X2>< ><Xn 1

® n 1M (I’n 1,$n)d£L‘2 dﬂ?n 1)dt”op

< /H/ Mg, () F1 (M) @ I) (21, 22)) © ..
X2>< ><Xn 1

© n lM n (-5t )(xn 1,In>dl’2 dxn IHopdt

< L|1Mg1(-,t)|||!F1\|3p|| el M llop | My, dt

< llellallFullSy - - - 1 Fa-allop
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The claim follows by taking infimum over all representations F' = F; ©®---®
anl- <>

Corollary 3.6 LOO(X1)®Z N ®ZLOO(Xn) g LOO(Xl) Reh - - - Ren LOO(Xn)

In the case where n = 2, it follows by Peller’s characterisation of Schur
multipliers [21] that there is an equality in the inclusion of Corollary 3.6. We
do not know whether equality holds in the general case.

We finally point out another interesting open question, namely the one of
characterising the class of multipliers defined by using the projective tensor
norm instead of the Haagerup tensor norm in (2); equivalently, the class of
multipliers obtained after replacing (2) with the weaker condition

1Sy (f1@ ... @ fi)llop < Cllfillop - - - | fullop for all f; € L*(Xy),i=1,...,n.

4 Multidimensional operator multipliers: the
definition

In this section we generalise the notion of operator multipliers given by Kissin
and Shulman [18] to the multidimensional case.

We recall the mapping 0, x, : K1 ® Ky — Co(K{, Ks), where K; and K,
are Hilbert spaces, which is the unitary operator between the Hilbert spaces
K| ® Ky and Cy( K¢, K5) given on elementary tensors by

Ok, k2 (61 @ &) (1) = (&1, m)&2-

Note that there is a natural identification of (K; ® K3)4 and K{ ® K¢. Tt
follows that Co( K{, K3)4 can be identified with Co( Ky, K¢) = Co((K{)d, K9);
we have that Oxa xa(€9) = O, 1, ()

Let Hy,..., H, be Hilbert spaces and H = H; ® ... H,. For any permu-
tation 7 of {1,...,n}, we will identify H with the tensor product Hrn) ®

.. Hz () without explicitly mentioning this. The symbol &;, . ;, will denote

an element of H; ® ... Hj,.

We define a Hilbert space HS(Hy, ..., H,), isometrically isomorphic to
H. Let HS(Hy, Hy) = Co(H{, Hy). In the case where n is even, we let by
induction

.....

HS(Hy,...,H,) =Cy(HS(Hy, H3)4, HS(Hy, Hy, ..., H,)),
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and let

be given by
Om, . i, (&3 ®E) = O S (Fa,Hy), HS(Hy, Ha,.., Hn)(eHz,Hg (&23) ® Oy m,....m,(§)),
where £ € Hy ® Hy ® --- ® H,,. In the case where n is odd, we let
HS(Hy,...,H,)=HS(C,Hy,...,H,).

If K is a Hilbert space, we will identify Co(Cd, K) with K via the map
S — S(19). Thus, HS(Hy,...,H,) can, in the case of odd n, be defined
inductively by letting HS(H;) = H; and

HS(Hy,...,H,) = Cy(HS(Hy, Hy)4, HS(Hs, ..., Hy,)).
The isomorphism 6y,

7777

We will usually omit the subscripts and write simply €, when the correspond-
ing Hilbert spaces are understood.

Lemma 4.1 (i) Assume n is even. Let £ € H be of the form { =& ,®---®
Sn1n- If i1 € Hi @ Hiyq (i even) then

‘9(5)(9(773,3))(6(772,5)) <o (9(773_2,n_1)) = e(fn—l,n)‘%??g—zn—l) cee 9(77(21,3)‘%51,2)'

(ii) Assume n is odd. Let & € H be of the form £ =& ®&a3- - @ 1 n.-
If Nii+1 € H;® Hi+1 (Z Odd) then

9(5)(9(77?,2))@@7%,4)) e (9(77272,%1)) = 9(5n—1,n>9(77272,n71> e 9(”?,2)(&)
P’FOOf. (1) Assume first that fi—l,i = éi—l X éz and Nii+1 = 1 (24 7Mir1 (Z GVGH).
Fix n{ € HY. The image of n{ under the operator on the right hand side of
the identity in (i) is

(Sla nl)(g% 772) s (Sn—la nn—l)gn-

24



On the other hand, the image of n{ under the operator on the left hand side
is

(01,115 (§2 @ &3), Oty 11, (112 @ 13))
X Oy, (G Q& Q- ®E)(0N15)Y) .. (0(Np—2.n—1)) (F)
= (&,12)(&5m3)
X Oy, (6@ 6@ @ E)(0(a5)?) - - - (O(Mn—2,0-1)") (0])

By induction, (i) holds in the case of elementary tensors.

By linearity, (i) holds for finite sums of elementary tensors. Assume that

. . . ks .
i1y — &1 and nfi%i“ — Nii1 (i even), where £ i and 7%, are finite

sums of elementary tensors. Since the operator norm is dominated by the
Hilbert-Schmidt norm, we have that the mapping

(51,52,...,Sm) — 5152...Sm,

defined on the direct product of spaces of the form Cy( K7, K5), is continuous
with respect to the product Hilbert-Schmidt norm - topology (on the left)
and the operator norm topology (on the right). It follows that

kn— kn—2,d k
e(fnfﬁn)e(??nfzfnfl) 9(77223d)9( 1 2)
converges in the operator norm to

9(£n—1,n)9(n272,n71) (772 3) (51 2)

as ki,...,k,_1 tend to infinity.
On the other hand, since 6 is an isometry, we have that

0( 512 " ® fn 1 n) - 0(51,2 K- ® 571—1,71)

in the Hilbert-Schmidt, and hence in the operator, norm as ki, ks, ..., k,_1
tend to infinity. Thus,

O(&rh @ -~ @ &1 (00155) — 0(612® - ® &) (0(nS5))

in the Hilbert-Schmidt, and hence in the operator, norm, as ki, ks, k3, ks, . . .,
k,_1 tend to infinity. Continuing inductively, we conclude that

O(ErL ® - ©E1,)0055) - (00, 550))
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tends to
(&r2®--® Snfl,n)(H(nS,s)) e (9(772—2,71—1))

in the operator norm. The identity in (i) now follows.

(i) By (i),

0(&)(0(n55)) - (005 _2n-1)) = O(Ea-1,0)0(M 5. n—1) - - - O(nf,)0(1 ® &1)
is a Hilbert-Schmidt operator from C9 into H,,. Since (1 ®&;)(19) = &, this
operator can be identified with the vector

9<fn—1,n)9(n272,n71) S 9(7751,3)(51) € Hy.

¢

We define a representation oy, . g, of B(H) on HS(Hy,..., H,) by let-

ting

.....

Oy, (A)0(§) = O(AL);

clearly, og, . m, is unitarily equivalent to the identity representation of B(H).

.....

If Hy,...,H, are clear from the context we will simply write o in the place
of o, m,. If Ay,..., A, are C*-algebras and 7y, ..., m, corresponding rep-
resentations on Hy,..., H,, we let

0'771 ~~~~~ 7'l"rL:O'I{l ----- Hno<7-r1®®ﬂ.n)7

thus, ox, ., is arepresentation of A;®---®A4,, on HS(H;, ..., H,), unitarily
equivalent to m ® - - - ® 7,.

Lemma 4.2 Let A; € B(H;),i=1,....n, and A=A, - -® A,.
(1) Assumen is even. Let &1, € Hi_1 @ H;, 041 € H; @ Hiq (i even).
If£=82®...8 10 then

o (A)OE)O0E)) .- (00 5,0 1)
Ane(gn—l,n)Ag_19(nn—27n—1)dAn—Q cee /129(51,2)A(f1
= A0(8)(0((A; @ A3(123))1)) -+ - (O((Af_g ® As_ i (Mn-2.n-1))")) AT
(ii) Assume n is odd. Let & € Hy, &1, € Hiy @ Hy, miiv1 € H; ® Hiq
(’l Odd) ]ff = 51 X 52’3 X ... fnfl,n then
A OENOL)) - (0 »,))
= An@(gn—l,n)Agfle(nn—Z,n—l)dAn—2 . ASQ(U?Q)(Algl)
= A0 (0((AT @ A3(m2))) - (0((A_o ® A1 (Nn-2,0-1))"))-
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Proof. (i) Let first n = 2. If nd € H¢ and € = & ® & then

a(A)(0(E)(n?) = 0(A1& ® Al)(n?) = (A€, ) Axé,
= (&, Ain)Ax& = Ax0(&H @ &) ((Ain)d)
= Axf(& @ &)AT () = AL0(€) A (n?).

It follows by linearity and continuity that o(A)(0(£)) = Ax0(£)Ag, for every
¢ € H ® Hy. Using Lemma 4.1 (i) we now obtain

a(A)(0(€))(O(m23)?) - (O(15-9-1))
= (A1 ®... A)(€)O(n23) 1) - (0(05-20-1))
= (4,1 ® An(fn—l,n))e(ng—z,n—l) cee 9(7751,3)‘9(141 ® A2(§1,2))
= Ane(fn—l,n)Ag—le(nn—Zn—l)dAn—? e A2‘9(§1,2)A(1jl
= A0 (O((A5 @ A3(12,3))) - - (O((Af_2 ® A5 1 (M—2.0-1))")) AT
(ii) By Lemma 4.1 (ii),
a(A)(0(€)(O(m2)?) - (0(n-—20-1))

= (A1 ®@ ... A)(E)Om2)?) - (O(1m—2n-1)?)

= (A1 ® An(fnfl,n))e(ng—Zn—l) = -9(77?,2)(14151)

= Ane(gn—l,n)Ag—lg(nn—ln—l)dAn—Q - 'A(Qje(ntli,Q)(Algl)

= A0 (0((AT @ As(m2))h) - (0((A5_o @ Ay (Nn-2.0-1))"))-

Let Hy,..., H, be Hilbert spaces. If n is even, we let
L(Hy,...,H,) =(H®Hy)®(HYQ H}) ® (H3 @ Hy) ® -+ ©® (H,_1 ® H,,).
If n is odd, we let
[(Hy,...,H,) = (H®@ H) ® (H,® H3) © (H{ @ HY) © -+ © (H,_1 ® H,).
After identifying C ® H; with Hy, for n odd we have the identification
I'C,Hy,...,H,) = H ©'(Hy,...,Hy).

Fix ¢ € B(H). We define a mapping S, on I'(Hy, ..., H,) taking values
in Co(H{, H,) in the case n is even, and in Co( Hy, H,,), in the case n is odd.
Let first n be even. On elementary tensors

CZ 51,2 ®77(21,3 ®£3,4 Q- ®€n—1,n € F(flla s 7Hn)a
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we let

So(Q) =0()0(£12 @4 ® -+ ® é‘nfl,n)(@(n%g)) e (6(772—2771,—1))

and extend S, on the whole of I'(Hy, ..., H,) by linearity.
Now assume n is odd. Let ( € I'(Hy,..., H,) and & € H;. Then

& @CeH oT(H,,... H)="0(CH,... H).
We let S, (C) be the operator defined on Hy by

Sp(€)(&1) = Siee(€1 ® Q).

Note that Sig, (& ® €) is an element of C2(C?, H,,), which can be identified
with H,, in a natural way. In this way, S,(¢)(&1) can be viewed as an element
of H,. We want to show that the operator S,(¢) : H; — H, belongs to
Co(Hy, H,,). Clearly, it suffices to show this in the case ( is an elementary
tensor, say

(=11, ®&E3Q Q&1

Fix an orthonormal basis {¢]}; of H;. We have

ZIIS@( OEDI? = Znsm 0
= lealw 1@@@523@ @ ) (O(L)) - (B0 )P

< ZIIU 1@ E)(10) @& @ @& 1,)001) - 0y )5,

x ||77n 201

< ZHU DP(10E) @&z @ @& 1)0012) - (00 _0s))l3
x ||77n_2,n_1||

<

< 1@ elPlmal?- Mm2nal® D 100E) ©&5 0+ @ ural?

J
L@ @lPllmall® - - 1m-2n1l?[23 © - @ &nmrall®
= llelPlmall? - 1m-2n-1 P l€301% - - a1l

28



hence

1S (Ollesrr,mny < lellsanllmall?- - 1mm—2n—1 P &sl? - - - [n-1all®. (12)

Before proceeding, we identify two norms with which the space I'(Hq,
..., H,) can be equipped. The first norm on I'(Hy, ..., H,) is the projective
tensor norm || - ||2,4, where each of the terms H; ® H;yy (vesp. HY |, ® HY)
is given its Hilbert space norm. In order to describe the second norm, note
that if K; and K5 are Hilbert spaces then K; ® K5 can be endowed with an
operator space structure by letting

1€ = 10CEa)lar,. sxcq 12y (&i5) € Min(K1 @ Ka).

We write (K7 ® KQ)gp for this operator space. Note that this is the opposite
operator space structure on Co(K{, K5), after the identification of K} ® K»
and Cy(K{, K3). The norm | - ||,, is the Haagerup norm on I'(H,..., H,)
when I'(Hy, ..., H,) is viewed as the algebraic tensor product of the operator
spaces (H; ® Hiy1)3, (vesp. (H, ® H{)J,). Thus, the norm [Ju||,, of a finite

sumu =3 ,§{,®...0¢ € I'(Hy,..., H,) of elementary tensors equals

n—1n

the Haagerup norm of the element y°, (&, ;,) ® ... Q@ 6(&] ).

n—1n

Remark 4.3 For each ¢ € B(H) and each ¢ € I'(Hy, ..., H,), we have

156(Oll2 < llell s lICTl2.n-

Proof. In the case where n is odd and ( is an elementary tensor, the inequality
coincides with (12). In the case n is even and ( is an elementary tensor, this
is verified similarly. The general case now follows by linearity. <

Definition 4.4 An element ¢ € B(H, ® --- ® H,,) is called a concrete (op-
erator) multiplier if there exists C > 0 such that

1S5 (O)llop < ClC|ys  for each ¢ € I'(Hy, ..., Hy).

The smallest such C' is denoted by ||¢|m-

Let Ay, ..., A, be C*-algebras and m, . .., m, be corresponding representa-
tions on Hilbert spaces Hy, ..., H,. An element p € A, ®---® A, is called a
Ty ..oy Tp-multiplier if (m @ ---®@m,)(p) is a concrete multiplier. We denote

the set of all wy, ..., m,-multipliers in Ay ®---® A, by M,
]fSO € M7r1 Wn('Alﬁ - An); we let ||90||7T1

..... (A, AL).
..... ro = T @ @ 7) (9) lm:

77777
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The element ¢ € A1 @ --- ® A, is called a universal multiplier if p is a
T, ..., Tp-multiplier for all representations m; of A;, 1 =1,...,n. We denote
by M(Ay, ... A,) the set of all universal multipliers in A; ® -+ ® A,,.

Remark In the case n = 2, Definition 4.4 reduces to the definition of
Coo-multipliers studied in [18].

Next we show that an element ¢ € L>®(X;) ® ... ® L®(X,,) C L>®(X; X
... x X,) is a Schur multiplier as defined in Section 3 if and only if ¢ is a
71, ..., Tp-multiplier, where ; is the canonical representation of L*°(X;) on
L?(X;) acting by multiplication.

Let A be a commutative C*-algebra with maximal ideal space X, acting
on a Hilbert space H. It is well-known that, up to unitary equivalence,
H = &,erH,, where H, = Ly(X, p1,) is invariant under A for each v € T,
and an element f € A acts as on H, by multiplication. Let j : H — H be
given by {&(\)} — {&(\)}. Then V = 95 is a unitary operator from H
to Hd such that Ad = VAV ! for all A € A. If K is another Hilbert space
then U(T) = TV (resp. W(S) = V~18) is an isometry from Co(H4, K) to
Co(H, K) (resp. from Co(K, HY) to Co( K, H)).

Let A4,..., A, be commutative C*-algebras and let 7y,..., 7, be cor-
responding representations on Hi,..., H,. Let V; : H; — H¢ be uni-
tary operator defined above with the property m;(a;)d = Vimi(a;)V,"' for
each a; € A;, i = 1,...,n. Define U;y : Co(HE, Hy) — Co(H;, Hy,) and
Wi : Co(Hy, HY) — Co(Hy, Hy) to be U (T) = TV; and W (S) = V'S,
Then for ¢ =m®...Qa, the mapping Sir,..or,) () can be identified with
a Mapping S, e..am)(p) from Co(Hy, Hy) © Co(Ha, H3) @ ... © Co(Hy—1, Hy,)
to Co(Hy, H,) such that

S(7r1®‘..®77n)(g0) (Rl ®...Q Rn—l) = 7"-n(an)Rnflﬂ-nfl(alnfl)Rnf2 cee Rlﬂ-l (al)
In fact, let U = U1 20w, 1, @ WaosO0m, 1, @ ... @ Up—100m, , m, if nis even and
U =Wi20u, 1, @Us 30,1, @ ... @ Up_10,0m, , m, if nis odd, which maps
the Space F(Hl, H2 ey Hn) to CQ(Hl, HQ) @CQ(HQ, Hg) ®... @CQ(Hn_l, Hn)
Then, in the case where n is even, we have

Ul,nSﬂ1®...®7rn(go)u_1(Rl K...Q Rn—l)

= Ul,n(ﬂ-n<an)UgjLn<Rnfl)anl(anfl)defZ,nfl(Ran) cee 7Tl(a1>d)

= Wn(an)Rn—lvn__lﬂn—1(an—l)dvn—an—2 e Rlvl_1771(a1)dv1 (13)
= 7Tn<an)Rn717Tn71<anfl)Rnf2 ce Rlﬂ'l(al)

= S(m@“@ﬂn)((p)(Rl XR...Q Rn—l)
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In the case where n is odd one obtains in a similar way that Si ¢..er, U -1 =

S(m®...8m)(¢)-
Let now A; = L>®(X;) and let m; be the representation of A; on L*(X;)

given by (m(f)¢)(x) = f(x)é(x), £ € L*(Xy), i=1,....n.
Using (13) and the identification ¢y, : f — Ty of Lo(Xy, X;) with the
class of Hilbert-Schmidt operators from Lo(Xj) to La(X;), where

(Tff)(y) = f(l‘,y)f(l‘)dl‘, f € LQ(Xk X Xl)af € Lz(Xk)ay € Xla

Xk

we obtain for fi ® ... ® f,_1 € I'(Xy,...,X,) and even n

¢1_,711(S7T1®-..®7rn(<p)<¢1,2 ®...Q wn—l,n)(fl &...Q0 fn_1)>(l’1, CL’n) (14>

o1,y zn) fi(zr, x2) o fom1 (X1, xp)dxs . dX, g

X2><.A.><Xn,1

= S,(f1® ... ® fuor) (w1, 20),

Similarly, if n is odd we get

wiigm..@m(@) W12® . @Ypan)(/i @ @ o)) (@1, 20) (15)
= So(f1® ... ® fo1)(1,20)

By linearity and continuity we have that (14) and (15) hold for any ¢ €
L®(X))®...® L*(X,) and any f € I'(Xy,...,X,). This implies the fol-
lowing

Proposition 4.5 Let ¢ € L¥(X;) ® ... ® L>*(X,,). Then ¢ is a Schur
multiplier if and only if ¢ € My, . (L>®(X1),...,L®(X,)).

Next we want to give a generalisation of Lemma 4.2 for the case where ¢
is a sum of elementary tensors. Let V' V;,...,V,, be vector spaces, L(V}, V3)
be the space of all linear mappings from V; into V3 and L(V) = L(V, V).
Recall that if f : V4 — V4 is a linear map, we let fi; @ My (V1) — M (V2)
be the mapping given by fi;((vi;)) = (f(vi;)), for each (v;;) € My (V1).
For an element v = (v;;) € M, (V) we denote by v* = (v;;) € M; (V) the
transpose of v. Denote by d : B(K) — B(K?) the mapping sending A to its
dual Ad. If A € Mk,l<B(K)) let Ad = ko(A).

We will identify M, ,(C2(K7, Ks)) with Co( K{, K5). If £ € M, (K ®
Ks) then 0,,(&) € M, ,(Co( K¢, Ky)); using this identification, we will be
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considering 6, ,(§) as a Hilbert-Schmidt operator from Kj to K§. If A €
B(K}, K) then A® I}, € B(K¥, KY) is the k-fold ampliation of A; under the
identification B(KT, K§) = M, (B(Ky, K3)), the operator A® I} has a k by
k diagonal matrix, whose every diagonal entry is A.

Lemma 4.6 Let Vi,...,V, be vector spaces, L; C L(V;,Viy1) a subspace,
1=1,...,n—1, and

S (L(Va) © L(Var) © - © L(V1)) X (L1 © -+ © L4) — L(V1, V)
be a mapping satisfying
S(an R R ai, )\n,1 X R )\1) = Gn)\nflanfl ce )\1a1.

Assume that Al c Mkl,l(L(‘/I)); A2 € ng,lﬁ (L(‘/Q)), - ,An € Ml,kn71 (L(Vn)),
and that A1 - Mll,l(ﬁl); AQ € Mlz,h (,62), ceey An—l S Ml,ln_Q(En—l)- Then

S(An© - OALN 1 O OA) = A (M ® Iy ) (A @ 1y ) (A @ I, ) A
Proof. “A few moments’ thought.” <
Lemma 4.7 Let Al € Ml,kl(B(Hl))y AQ € Mkl’kQ(B(Hg)), cee An c Mkn—1,1
(B(Hy,)) and p = A1 © Ay ® - O A,.

(i) Assume n is even. Let &2 € My, (Hy @ Hy), oz € My ,,(HS ®
Héi)» R Sn—l,n € Mln72,1<H’n—1 & Hn) and

C = 51,2 O] 12,3 ORERNO) gnfl,n € F(Hh s 7Hn)

Then
So(Q) = Al (A5T @ 1) (01,1, (12,3)" @ Iy ) (A5 @ L) (014, (€12)" ® Ly ) AT

(it) Assume n is odd. Let mo € My, (HY ® HY), &3 € My ,(He ®
Hg), ceey gn—l,n c Mln7271(Hn_1 & Hn) and

(=m2®&3® - O& 1, €T(Hy,..., Hy).
Then

S<p(§) - A% s (Ag ® Ilz)(eh,b (62,3)t ® Ik2)(Agd ® Il1)(91,l1 (77172)t ® [k1)At1
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Proof. Let f: Vi ©---©V, - V,®---©V; be the flip, namely the map
given on elementary tensors by f(v; ® -+ ®wv,) = v, ® - - - ® v1. Note that if
Al c Ml,’fl (‘/1), A2 € Mk1,k2(‘/2>7 cee An - Mkn7171(vn) then

f(ALO - 0 4,) =4, 0 0 AL
Let
D:B(H,)®B(Hy) ®---® B(H,) — B(H,) ®B(H! |)®---® B(HY)

be the map
D=fo(d®id®d® - ®id).

We have that
D(A) = A, © A, © - © A,

Define a mapping S from
(B(Hn) © B(Hy_y) © -+ © B(HY)) x (Co(Hyyy, Hn) © -+ © Co(HY, Hy))

into Co(HY, H,,) by )
S, ¢") = Sp-1)(07(¢"),

where .
6 : F(Hl, R Hn) — CQ(HS_I, Hn) (ORER @CQ(H?,HQ)

is given on elementary tensors by
5(51,2 RMN23 @ @E—1n) = 0(En—10) @ @ 0(023) ®0(&12).

By Lemma 4.2 (i), the mapping S satisfies the requirements of Lemma 4.6
and

Sp(Q) =S(AL @AM - @ AT 0, L 1(Enmin) @ 001, (&12)").

The claim now follows from Lemma 4.6.
The proof of (ii) is similar. <
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5 Multipliers for tensor products of represen-
tations

It was proved in [18] that the space of all (, p)-multipliers does not change
if the representations 7 and p are replaced by approximately equivalent rep-
resentations. In this section we will prove a corresponding result for multidi-
mensional multipliers. We first recall the notion of approximate equivalence
and approximate suborditation introduced by Voiculescu in [29].

Let m and 7’ be *-representations of a C*-algebra A on Hilbert spaces H
and H', respectively. We say that 7’ is approzimately subordinate to m and

write 7' < 7 if there is a net {U\} of isometries from H' to H such that
|7 (a)Uy — Us'(a)|| — 0 for all a € A. (16)

The representations 7’ and 7 are said to be approzimately equivalent if the
operators Uy can be chosen to be unitary; in this case we write 7 ~ 7.

For C*-algebras A, ..., A, and corresponding representations 7y, ..., m,,
we will denote the collection of all 7y,...,m,-multipliers in 4; ® --- ® A,
simply by My, . ., in case there is no danger of confusion.

Theorem 5.1 Let Ay, ..., A, be C*algebras and m; and w, be representa-
tions of A; on Hilbert spaces H; and H], respectively, i = 1,... n.

(i) If . < m, 1 =1,...,n, then
Mz, © May o and [[9]lny ot < 1 @llny s fr @ € Mgy 1,
(i) If 7 ~ 7w, i =1,...,n, then
My, o, = My and ||@|ny,.mn = [|@l]7,mr s for @ € My x, -

Proof. (i) Let first n be even and {U,, }, be nets of isometries from H/ into
H; satisfying

|mi(a;)Uy, — U, mi(a;)|] — 0, for all a; € A;.

Set ™= ®?:17TZ', 7T/ = ®?:17T£ and W)\17...7,\n = U)\l ® e ® U)\n. Then W>\1,...7>\n
are isometries from ®!_ ,H] to @ ,H, and, for z € 4; ®...® A,, we have

17 ()W s — Warda ™ () — (0,0 O
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= U0 O(Wayam25)Y)) - - (O((W, s p s i2n1)))(UF,)*

where Wy, \,,, = Uy, ® Uy,,,. Therefore, if ( = &5 ® (123)? @ ... ® &uim,
then

SW;l AAAAA A T(OIWx An(C): (17)

-----

.....

It follows from (17) and Remark 4.3 that if o € M,

~~~~~

then
1Sm) (Ollop < 19wy, mteiwn,xn (O llop
+ 18wy, w@Way =) () llop
< 1SsoTannOllon + ISws s, ()l
< l@llzrmn DA A €l
+ WA T (@ Wan, = 7 (@) lop 12
Since [|[W3 5 m(@)Wx, .x, — 7 (@)llop — 0, in order to prove that ¢ €
M, it suffices to show that [|T'x, . x,Cllh < IClh If & € Hf @ H,,y

then Q(WM,)\ngi,i—i—l) == U)\i+16(£i,i+1)U)(\1i‘ Let C S F(Hi, . ,H;L) be of the
form
(=620M,;® .. @& 1n

where &5 € My, (H] ® H3), 153 € My, (H3)? @ (H3)?), ..., and {10 €
My, ,1(H]_, ® H]) are such that

HCHh = ||‘91J€2 (5172>t||0p||9k2,/€3 (773,3>t||0p s ||9kn71,1(§n—1,n)t||op-

TaernC = W2 © (WS @ Ly )ns © . © (W, yn, @ Tiy, )nmim
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and as

Ok, (Waino612) = Unbhny (§12)(UR, @ I,),
ka,kg(((W)Tz,)\g)d ® Ik2)7]g,3) - (U)C\lg &® ]k2)9273(77§1,3)(U>\2 ® Ik3>?
eknflal((WAnflJ\n ® ]k‘nﬂ)gn—l,n) - (U)\n ® ]knfl)0]6717171(5”—177’1)0}\1”_17

we get

Tl < 103 @ T lop 101 k5 (§1.2) lop [1US, lop - - -
oo N0k 1 (Enmn) NlopllUR, @ T llop
= ||91J€2 (6172)t“0p B ”ekn—l,l(gn—l,n)tuop = ”C”h

This completes the proof for the case where n is even. Noe assume that
n is odd and let I'y, ., @ I'(H{,...,H]) — I'(Hy,..., H,) be the linear
operator defined on elementary tensors by

Dadn 2 ® oo @ Mm1n) = (Wi 20612) ! @ @ .. @ Wi,y p i1

An estimate similar to the above shows again that [|[I'y, 1, Clly < [[C]|n-
By the definition of the map Sy, and the arguments above, we obtain

1S7) (Ollop < llSwy,
FHSws, L r@way w0 (S lop

,\nW(SD)W/\ ,,,,, An (C) ||op

,,,,,

= sup  [IS1ewy @)W, (61 @ Ol
§&1€H &)=
HSws, o wWayan =) (O llop
< sup ||Sl®7r(so)(U>\1£1 ® FAl,...,AnC)“Hn
§&1€H]||&]=1
FHSws, L m@Way =) (Oll2
< sup 1S12m0) (M @ Tap a2
mEHq,||n =1
HIWS T @Wasan = T (@) lopIC 20
= ||SW(SO)(F>\17---7>\nC)||OP
WS, T @Wasan = T (@) loplIC 20
< @l T A Gl
WS T (@Wax = 7 () lop €2
< ellmymn IS0

HIW T (@Waix = 7 (9)lloplICl2.n-
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As W3 7 (@)Wa x, — T(9)|lop — O we obtain the desired statement.
(ii) is a direct consequence of (i). <

For T' € B(H), set rank(T") = dim(T'H). It was proved in [15, Theo-
rem 5.1] that for #-representations 7 and 7’ of a C*-algebra A

7 &1 <= rank(n'(a)) < rank(r(a)) for each a € A. (18)

The next statement is a multidimensional version of [18, Corollory 4.3].
Its proof follows the lines of the proof of the corresponding statement in the
two dimensional case and uses Theorem 5.1 instead of [18, Theorem 4.2].

Corollary 5.2 Let m;, m; be representations of the separable C*-algebra A;,
1=1,...,n. Assume that

min{R, rank (7 (a;))} < min{Rg, rank(m;(a;))}

for each a; € A; andi=1,... n.

-------------------------

Recall that a x-representation  of a C*-algebra A has a separating vector
if there is a cyclic vector for the commutant 7(A)’.

Lemma 5.3 Let 'H, H,,..., H, be Hilbert spaces, my,...,m, be representa-
tions of the C*-algebras Ay, ..., A, on Hy,..., H, and m; ® 1 be the amplifi-
cation of m; on H; ® H, respectively. Assume that m; and 7, have separating
vectors. Then

M7r1 ..... T — M7r1®1 ..... Th®1

and the multiplier norms on these spaces coincide.

Proof. We use ideas from the proofs of [25, Theorem 2.1] and Lemma 3.3. For
simplicity we assume that n = 3 and that H is separable. Let ¢ € My, 1, r.
with H(pHﬂ’l,ﬂ'z,ﬂ's =1andset S = S(m®1)®(ﬂ2®1)®(w3®1)(@. The mapping S can
be regarded as a mapping on

Co((Hy @ H)Y, Hs @ H) © Co((Hy @ H), (Hy @ H)9) (19)
by setting S(0(&23) ® 0(112)) = S, ® &a3) for ¢ = 1, ® &3 € N(H ®

H,Hy ® H,H; ® H). In what follows the space (19) will be denoted by
HST((Hy ® H,Hy ® H, H3 ® H). Similarly, the mapping Sr gram(p) can
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be regarded as a mapping on HST(Hy, Hy, H3) = Co(HS, H3) ® Co((Hy, HY).
It follows from Lemma 4.7 that Sy erer(s) 18 (T3(As)’, (m2(A2)"), 71 (A1)')-
modular.

Assume that ||¢]|z,@1.me1.me1 > 1. Then there exists an element

T=(T....,T>)o(T!,..., TH* € HST((H; ® H, Hy, ® H, H3 ® H)

with
DY (@ TN S TAHT?) ) =1

and vectors & € Hy ® 'H, ny € H3 ® H of norm less than one such that

1(S(T)&0,1m0)| > 1.

Fix a basis {f;} of H and denote by P, the projection onto the space
generated by the first n vectors in this basis. Then, as

(g, ® P,)S(T)(1y, ® P,) — S(T),
weakly, there exists n > 1 such that
(Lazy ® Po)S(T) (1, © Fu)&o,m0)| > 1.
Thus we may assume that £, € H; ® P,’H and ny € H3 ® P,’H, say

50:(51,...,§n,0,...),n0: (771,,77n,0)

As m1(Ay)" and m3(A3)" have cyclic vectors, say £ and 7 respectively, we may
assume that & = a;&, n; = byn for some a; € m1(A;) and b; € 73(A;3)". Let a =
Y aia;, b= b;b; Assuming first that a, b are invertible we set a; = a;a -2
b; = b;b=*/2. Then for £ = al/2¢, 7j = b1/277 we have & = @€ and n; = Bm
We write TF = (Tll,;n)lm, where TZ1 = (Igg @ P(SM))T 1k, @ P(fin)),
el 5 = (luy @ P(1))T7(1yg @ P(f5)), where P(f) is the projection onto the
one dimensional space generated by f. Using the modularity of S, gryems ()
we obtain

(S(T)éomo)l = | (S(TF & T))éo, m0)

i=1

= Z Z Z memoms(e)(Tis ® T )amé, bii))

i=1 I,;m=1 k=1

- Z Z Z mQT2®ms(p bszz ®Tz”7€imam)ga 77)

i=1 I,;m=1 k=1

(20)
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The next step is to prove that ZZ (Z lnglek ) & <Z Tklm&m) be-
i=1 k=1 \l=1 m=1

longs to IC(HS,H;),) ®h K(H,, HY). Observe first that the row operator
R, = Zb* YR Zbl 12,... is equal to the product of the row op-

erator B = (by,... bn,O .) and the Hilbert-Schmidt operator T?. Set
R=(Ry,...,R,) = (BTf,...,BTf).

As each T} is the operator norm-limit of operators T7 (13 ®@P;) as k — o0,
the operator R; 1s the uniform hrnlt of the sequence of truncated operators

= (2 1b* 127-- DY 1bl 127 ...). Thus

-3y (Z bT) (Z bT)

=1 k=1

where the series converges uniformly and the norm

1> bTy sz |—|IRR*|—IIZRR*H

i=1 k=1 [=1

= |BQ_TAHT)) B < |IBIPII ZTE(Tf)*H <L

i=1 =1

o0 n n
In the same way one shows that the series Z(Z Tzklmdm)(z leimdm)*
—

k=1 m=1
converges uniformly and

IS O T ) (3 T ) < 1.
i=1 k=1 m=1 m=1

S

Thus Zi(i ) Z T an) € K(Hy, HY) @, K(HY, Hy) and
i=1 k=1 [=1

ISR ZTH )l < 1.

i=1 k=1 [=1

Next [[€]? = (b1/2€,01/2€) = (b€,€) = 32,(b:€, b:€) = [|&]1* < 1. Similarly,
Il < 1. Since ||@||xy.r.m = 1, it now follows from (20) that

>y (Z b T) (; TZ?%)

i=1 k=1

il < 1,
h

|(S(T)&0,m0)| <
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a contradiction. .
If a or b is not invertible, let € > 0 be such that &, =) (&1, &0y €€,0,..0)

and 7o «f (M, N, 0,0, ... ) have norm less than one and |(S(T)&, )| >
1. Choose a; and b; in the same way as before, and let a,,.1 = €l, b, 1 = €l
a=S""ara; and b= 31" b:b;. Then a and b are invertible and the proof
proceeds in the same fashion.

We have proved that My, - C M1 met and that ||« oot me1 <
Il “ llx,...m- The converse inequality is easy to show, and thus the proof is
complete. <

Corollary 5.4 Let 7; be a representation of the C*-algebra A;, i =1,...,n.
Assume that m and 7, have separating vectors. If

ker(m;) C ker(7}), for eachi=1,... n, (21)

then My, 7, € Mpr o and |@llz . xr < |@llxy,...mn s for each o € My, 7.
Proof. The proof is similar to that of [18, Corollary 4.8]; we include it for
completeness. Let H be an infinite-dimensional Hilbert space of sufficiently
large dimension. Then (21) implies

rank(7i(a;)) < rank(m;(a;) ® 1), for all a; € A;.

By (18), 7! < m; ® 1. Applying now Theorem 5.1 and then Lemma 5.3 we
obtain the statement. <

Using Corollary 5.4 and results from [18] we will now show that if the
C*-algebras A; are commutative then the space M, . (Ai,...,A,) of mul-
tipliers depends only on the supports of spectral measures corresponding to
the representations ;.

Assume that A; is commutative, 7 = 1,...,n and let X; be the maximal
ideal spaces of A;; then A; ~ Cy(X;). Let m; be a representation of A; and
Ex, be the spectral measure on X; corresponding to ;.

It was proved in [18, Lemma 6.2] that if f € C(X) and the representation
7 of Cy(X) is such that rank (7(f)) < oo then

rank (n(f)) = ) dim(&({z})),

J»‘GS(f,g-,r)
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where S(f,&;) = {x € supp &, : f(z) # 0}. Thus the condition
supp En C supp &

implies ker7(f) C kern'(f). As each representation 7 of a commutative
algebra Cy(X) has a separating vector we have the following

Corollary 5.5 Let m;, ., be separable representations of the C*-algebra A; =
Co(Xi) and &, and &, be the corresponding spectral measures (i =1,...,n).
If

supp & C supp &, for eachi=1,...,n,

then Mz, z, © Mgy .

Let p; be measures on X;. Let m; be a representation of Cy(X;) on
Lo(Xi, p;) defined by (m;(f)h)(x;) = f(x;)h(x;). We call ¢ € Cp(Xy x ... %
Xn) a (p1,. .., ) -muldtiplier if ¢ € My, -, and let [|¢[|,. . = [[€]l7,..m0-

By Corollary 5.5, the set of the all (u1,. .., p,)-multipliers depends only
on the supports of measures p;. The next statement shows the connection be-
tween (pq, ..., fbn)-multipliers and multidimensional Schur multipliers (with
respect to discrete measures).

Corollary 5.6 Let X; be locally compact spaces with countable bases and let
w; be Borel o-finite measures on X; with supp p; = X;. Then ¢ € Cy(X; X
X Xp) as a (g, ..., ) -multiplier iff ¢ is a Schur multiplier on X1 X ... X
X,,. Moreover, in this case ||| u,...un = [595]]-

Proof. The proof is similar to that of [18, Theorem 6.5]. <

6 Universal multipliers

The main goal of this section is to give a full description of the multipliers
which do not depend on the choice of the representations of the C*-algebras
Ay, A, ..., A,. Recall that an element ¢ € A;®...®A, is called a universal
multiplier if ¢ is a 71, m, ..., m,-multiplier for all representations my, mo,...,
m, of Ay, As, ..., A,, respectively. The set of all universal multipliers in

A ® - ® A, is denoted by M(Ay, ..., A,).

41



Along with the universal multipliers, we will describe another class of
multipliers which we call projective universal multipliers and define as follows.
Let Hy,..., H, be Hilbert spaces. Equip I'(Hy,..., H,) with the projective
tensor norm || - ||», where each of the terms H; ® H;y; (resp. HY |, @ HY) is
given its operator norm. We call an element ¢ € B(H; ®---® H,,) a concrete
projective multiplier if there exists C' > 0 such that ||S,(¢)|lop < C||C]|A, for
all ¢ € I'(Hy,...,H,). If Ay,... A, are C*-algebras, an element ¢ € 4; ®
-+ ®A, will be called a projective universal multiplier if (1;®- - -®m,)(¢)
is a concrete projective multiplier for all choices of representations 7y, ..., m,
of Ay,..., A,, respectively. We denote by M"(A;,...,A,) the set of all
projective universal multipliers.

If pe M(Ay,..., A,) let

Plluniv = sup  [[@llzs 7,7

Note that ||¢]|univ is finite. In fact, assume that there exist representations
Tk -+ Tk, SUCh that |0z, rspmns — koo 00 and let take m = @ w4,
k

s

o =@ ok, T = P Tk Then, by Theorem 5.1,
k k

1@l s < NPl ez, s

for all £ € N, which contradicts the fact that ¢ € M(A;,...,A,).

It is clear that M(Aj,...,.A,) is a subalgebra of 4; ®---® A, containing
A0...0A,.

Recall that the Haagerup normon A1 ® A, ® ... ® A, is

lw|ly, = inf{[|wi||||wa]| - - - |lwnl] ;w =w1 QW ® ... O wy,
wi € My (A1), ws € My, 4,(As), .. wn € My, 1(Ay), 1,42, .., i—1 € N

A modification of the Haagerup norm on the algebraic tensor product of
two C*-algebras was introduced in [18]. Recall the maps w — w' and w +— wd
on M,(A) = M,(C) ® A given on elementary tensors by (a ® b)' = a* ® b
and (e ® b)d = a © b4, here A is a C*-subalgebra of B(H) for some Hilbert
space H. We set

lwollpn = inf{ [T lleohaillllon-ziill :0=w1 O @... O wn, wo =1,
0<i<?

w1 € Ml,il (Al),CUQ € M’h,iQ(AQ)a S, Wy € Min_l,l(An)a Z.17/1:27 s 7in—1 € N}7
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It is well known that ||w|min < |w|, and one can easily prove that
[[llmin < flwlpn-

Lemma 6.1 ||w||uiv < ||w|lpn for allw € A © ... 0 A,.

Proof. Let m; be a representation of A;, i =1,...,n, and let w = w; G wy ®
... ® wy, where wy € MLkl(Al),wz S Mkl,kQ(A2)7 e Wy € Mkzn_l,l(An) for
some ki, ko, ..., k,_1 € N.

Let n be even, &9 € My, (Hy ® Hy), o3 € My, 1,(HI®@ HY), ..., &n1m €
Mlnfg,l(Hn—l & Hn) and

(=&20Mm3® @& 10 €T(Hy,..., Hy).
By Lemma 4.7,

SW1®...®7Fn(w)(C> = (1d Lkn—1 ® ﬂ-n)(w;ﬁz) s (‘911712 (772,3>t ® [k2>
X ((id gy by ® 2) (Wh) @ I, ) (014, (1,2)" @ Ty ) (id gy 1 ® 1) (w]) 7

Since || (idg,, 1k @7 ) (wr) 4| = [1(dky ki @7m) (i), We have
15716 .omn@ (Ol < 1010 (&2)" - 100,51 (En-1.0)"l
< T lwnaillllon-simall = lwollpnl¢ .
0<i<?

Using similar arguments, one can easily see that same inequality holds if n
is odd and

(=m2®&3® - O& 1, €(Hy,...,Hy),

where 7y 5 € Ml,ll(Hii X Héi), §23 € My 1,(Hy ® Hg), ..., &noan € My, 1
(H,—1 ® H,). The proof is complete. <

Let Ay C B(Hy), Ay C B(H,),..., A, C B(H,) be C*-algebras and
(A0 Ay ®...® A,)* be the linear space of all p € 41 ® Ay @ ... ® A, for
which there exists a net w, € A; © A, ®...® A, weakly converging to ¢ (as
a net of operators in B(H; ® Hy ® ... ® H,)) with sup ||w,||pn < o0.

Proposition 6.2 Let A; C B(H;),i=1,...,n, be C*algebras. Then (A;©®
@An)ﬁ g M(AlaaAn) g M/\(Ala---aAn)-
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Proof. Since ||C||n < ||¢||x forall { € T'(Hy, ..., H,) we have M( A, ..., A,) C
M"( Ay, ..., Ap).

Suppose that n is even, for odd n the proof of the proposition is similar.
Firstly let us prove that

(Al@@An)ugMﬂl Wn(‘A17"'7An)7

.....

in the case where m; = @id is the sum of \; copies of the identity represen-

s
tation. Let {¢,} C A1 ®...® A, be a net converging weakly to ¢ and such
that D = sup ||, ||pn < 0o. By Lemma 6.1,

,,,,, ﬂn(cpu)(OHop < D“C“h

for all v and ¢ € I'(Hy, ..., H,).
To prove that ||Sr e..@m(e.)(()llop < D¢, it suffices to show that the

net {Sr e..em(e)(¢)} of operators in B(Hy, Hy,) (where H; = @ H, and
A1

() (€). To this end,

77777

H, = P H,,), converges weakly to the operator S,
A

it is suffices to prove that

(Sﬂ'1®m®ﬂ'n(§0u) (C)xda y) - (Sﬂ'l ~~~~~ T (p) (C)‘Td7 y)

for 24 € HY and y € H,.
Fixzd € HY, y € Hy, ( =&2@01339@ ... @& 10 € T(Hy, ..., Hy). Then

( T1Q...07n (@ (C) d )

= (Oma. @wn(%)H(Em ® ... ®&m1)(0(m83)) - - (015 _2,,-1)), O(z @ Y))2

(Om®.@m (P0)0(E12 @ .. @&Eu10)(0(153)) - (005 _10—3)),
0(0(Mn—2.—1) @ 0(z ® ?/)))

= (Ono.om(@)0(2®...® énfl,n)(H(nig)) e (9(77274,%3)),

Oy Hyy o, Ho 1, Ho (T @ Mn2n—1 @ Y))2

= (Om@.em(Pn)0(§12® ... @ &1n),

(T @123 QM5 @ ... @ Np—2n—1 @ Y))2

-----

Since [|¢,|[pn < D for each v, we have that ||¢,|mn < D for each v. It
follows that m ® ... ® m,(p,) converges weakly to m ® ... ® m,(¢). Since
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the representation m; ® ... ® m, is equivalent to the representation o, .,
we have that o, . . (p,) converges weakly to o,
formuli, Sr g .@m(e,)(¢) converges weakly to Sr . .er.(»)(¢) and hence ¢ €

.....

M. oo (Ao A,
Now let 7y, ..., m, be representations of Ay, ..., A, on Hy, ..., H,, .
Then

rank(m;(a;)) < rank @ id(a;)

dim(Hy,)
for all a; € A; and i = 1,..,n. By Theorem 5.1 (i),
M@id,@id ..... @id(Ala"'7An) g M7r1,7r2 ..... 7rk<A17A27~'7An)'
Ak

AL A2

The proof is complete.
Assume that n is even. Then the mapping Siae..eid(e) acting on I'(Hj,
., Hy)=(H®Hy)®(H{® H})®...® (H,_1 ® H,) can be regarded as
a mapping on the algebraic tensor product

HS(H, 1,H,) ® HS(H, 9, H, 1)*®...® HS(Hy, Hy) (22)
of the corresponding spaces of Hilbert-Schmidt operators by letting

890(0(571—1@> ® e(nn—Q,n—l)d & 0<§n—3,n—2) ®...0 0(51,2» - S@(g)a

where ( = §12 @783 ® 34 @ ... ® &u1n. Denote the space (22) by HST
(Hy,...,Hy,). If ¢ is an elementary tensor then Lemma 4.7 (i) shows that
Side..eidp 1 Ay, (A, AL, (Ar19)-modular. It follows by continuity
that Siae.eide) 18 AL, (AS_,), ..., AL, (A19)-modular for every ¢ € A; ®
- ®@ A, If moreover ¢ € Mg, ia(Ai, ..., A,) then Sigg. giq) can be
extended to a bounded mapping (denoted in the same way) from the algebraic
tensor product

K(H ,H,) © K(HS 5, Hyor)* @ - © K(HY, Hy)

into KC(H{, H,). By continuity, this extension is also A% ), ... A}, (A;4)-
modular.

Similarly, if n is odd and ¢ € Miq,__;a(A1, ..., A,) then Sig. gid) can
be regarded as a multilinear A, (A,_1%)', ..., (A29)’, Aj-modular map from

K(HS | H,) OKH! 5 Hy )4 ® - ©K(Hy, HY)

n—1
into KC(H{', Hy,). Denote by M 1(Ai, ..., Ay) the set of all (id,...,id)-

multipliers for which the mapping Siqe.. gid(e) s completely bounded.
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Proposition 6.3 Let A; C B(H;), i =1,...,n, be von Neumann algebras.

Proof. We will prove the inclusion in the case n is even; the case of odd n is
similar. For notational simplicity we assume that H; is separable, 1 =1, .., n.
Let ¢ € MZ 4 (Ar, ..., A,). Then Sygide..sid(e) 1S a multilinear A/,

.....

KC(HS

n—1

H,) x K(HY

n—2

Hn_l)d X ... X ’C(H?ng)

taking values in K(H{, H,,). Let H* = H®I* and I, be the identity operator
on [%.

Let ( = 9(671—1,71) & 9(7’]71_27,1_1)(1 ®...RQ 0(5172) S HSF(Hl, e ,Hn) It
follows from [9] that there exist bounded linear operators A; : H{ — (H{)>,
Aj 0 H® — H3®, if jis even, A; : (H{)™® — (H{)> if j is odd (j =
2,...,n—1) and A, : H;® — H, such that the entries of A; with respect to
the corresponding direct sum decomposition belong to A7 = A; for even j

and to (A{)" = A{ for odd j,
Sid@...@id(cp) (C) - An(g(én—l,n) X ]oo)An—l(e(T/n—Q,n—l)d ® ]oo)An—Q s Ala
for all ( € HST'(Hy, ..., H,) and

ISae.ciagplle =] 14l

1<i<n

Let P, = (pi})i5=1 be the projection with pf} € B(H,,) (resp. pjj €
B(HY)), pii = In,, (vesp. pj = Iya) if m is even (resp. if m is odd) and
1 <i<v,and pjj = 0 otherwise.

Set P = Acll’tpﬂy®P2,yA2P2,u®P3,VAgP3,V e -@Pn,uAn- Cleaﬂyv ||901/th S

[T ||A:|| for each v; it hence suffices to prove that {p,} converges weakly
1<i<n

to .
As Siag..eid(e,)(C) equals

AnPn,V(e(gn—l,n) 02y [oo)Pn—l,VAn—lpn—LV(e(nn—Zn—l)d & [oo) e Pl,VAl

and P, converges strongly to Iy,, we have that Sig..gid(s,)(¢) converges
weakly t0 Sidg.eidp)(¢). By the proof of Proposition 6.2, if z4 € H{ and
Yy e Hn then (Sid®...®id(wu)(C)xd7 y) equals

(Cido..0id(@r)0(§12® ... @ &1k), 0(T RM3 @ ... @ M2 k-1 D Y))2.
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Thus o4, walp)on0(H; ®...© H,). On
the other hand, ng,,Hmm < |l¢v|lpn and hence {||¥y||min}v is bounded Since
0(H®...®H,) isdense in HS(Hy, ..., H,), we conclude that oi4 . sida(¥y)
converges weakly to giq._ia(¢). Thus ¢ E (A10...0A4,) and so MP

AL € (AG L. @An)ﬁ. o

-----

77777

Proposition 6.4 Let A; C B(H;), i = 1,...,n, be C*algebras. Then

-----

Proof. Let ¢ € M"(Ay,...,A,). Then there exists a constant D > 0 such
that

o1, () (Olop < DIICI[

for all ¢ € I'(Hy, ..., H,) and all representations 7y, ..., m, of Ay,..., A,,
respectively.
Let k € N. The space HST'(HF, ..., H¥) is naturally isomorphic to

M (HS(Hyy, Hy)) © My(HS(Hpy—2, Hy )Y ® ... © My(HS(Hy, Hy)),
(23)

and thus the mapping S(ide1,)e. .(de1,)(s) 15 Well-defined on the space (23).
One can easily check that

k) — — —_
Sl(d® ®1d(<p)(“ﬂ*1 ©...0 ‘:1) = S(id®1k)®...®(id®1k)(<p) (*:nfl ®...® *:1)7 (24>

where =; € My(HS(H;, H;y1)) (vesp. =; € My(HS(H;, Hiy1)?)) if i is even
(resp, if i is odd) and Z; € My (HS(H;, Hi1)d) (vesp. E; € M (HS(H;, Hi11)))
if 7 is odd (resp, if ¢ is even). If the matrices Z; are of arbitrary sizes such
that the product =, 1 ®...®Z; is well defined then they may be considered
as square matrices, all of the same size, by complementing with zeros, and
identity (24) will still hold. It follows that

||Sld® .®id sp)(‘_"l @ @ En—l)HOp S D H ||EZ||Op7 for a]'l El? . 'En—la

1<i<n—1

and hence the mapping Sid o...zid(,) is completely bounded and ¢ is an (id, . . ., id)-
multiplier. <
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Theorem 6.5 Let A; C B(H;), i =1,...,n, be C*algebras. Then M(Ay,

Proof. By Propositions 6.2, 6.3 and 6.4,

,,,,,

Mg a(Ar - An) SMEY (AT, AN (A ® . ® Ay).

.....

Applying Propositions 6.2, 6.3 and 6.4, we obtain

(A O...0A) C MHA,...,A)
M (A, ..., Ay)
(A, A
..... WAL AN (AR @ A,y
(Ao .0 A NA®...0A,).

N

.....

N 1N 1N
=
oS

It hence suffices to show that
(A0 .. 0AYNA®... 04 C(AO...0A)"

Let p € (A]O...0 A2NA @...0 A,. Then there exists a net
{pv}ves CTAJG®...©A” such that sup ||¢, || < co and ¢ =w-lim,c; ¢,. Write

Oy = Al,y ®...0 Ak,,,, where Al,l/ € Ml,il (Alll), AQ’V c Milﬂé (Ag), C. 7An,l/ c
M;, 1(A7).

By Kaplansky density theorem for J*-algebras ([16]) for each pair (m, v)
there exists a net { A, 1 r(m) }rm) C Mi,,_, i, (Am) converging weakly to A, ,
and such that ||A,, . )| < [|Am,|| for all 7(m). Thus if A, = Ay,-0) ©
Asvr2) © ... © Apyrny, where 7 = (7(1),...,7(n)}, then the net {A, },
converges weakly to ¢, and ||A,-|| < |l¢v]l-

The convergence of the net {¢, },cs to ¢ in weak operator topology im-
plies that for every neighborhood U of 0 there exists v(U) such that for every
A € J with A > v(U), we have that ¢, — ¢ € U. The convergence of {4, }-
to ¢, implies the existence of T'(v(U), U) such that for every 7 > T'(v(U), U),
we have that A,y — ¢,@) € U. Consider the net Ay = A, ) rww)v) in-
dexed by the set of neighborhoods of 0 directed by inclusion. It is easy to
check that Ay converges weakly to ¢. The proof is complete. <
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Denote by (A4; ©®...® A,)~ the set of all p € 4} ® ... ® A, for which
there exists a net {p,} C A; ©---©® A,, such that sup ||p,||pn < co and if 7;

is an irreducible representation of A;, i = 1,...,n, then {(m ®...®@m,)(v,)}
converges weakly to (m ® ... ®m,)(y). In [18] it was shown that M(A, B) =
(A®B)~ for commutative C*-algebras A and B, and the question of whether
equality holds for arbitrary C*-algebras was posed. As a corollary of Theorem
6.5, we have the following description of universal multipliers.

Theorem 6.6 Let A;, i =1,...,n, be C*algebras. Then
M(Al,. .. 7-/471) == M/\(Al, cee ,An) - (./41 ®... @An)N
Proof. Let m = P .. = @  w, where IrrRep(A;) is

w€lrrRep( A1) w€lrrRep(Ay)
the set all irreducible representations of A;. Then

M(Al,AQ,...,An) = (7'['1(8...(X)7Tn)_1(7'(1<./41)@...CD’/T]C(./Lln))ti
C (AO... 0A).

Using arguments similar to the ones from the proof of Proposition 6.2, one
can show that

(A10...0A,)" CM(A,..., A,
which together with Theorem 6.5 gives the statement of the theorem. <
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