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Department of Mathematical Sciences
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Sammanfattning

Vi har härlett en numerisk metod för att lösa optimala styrningsproblem. De
nödvändiga villkoren för optimum härleds med variationskalkyl och diskretiseras
sedan med en finita elementmetod. Till denna metod har vi bevisat en a posteriori
feluppskattning och använt denna för att implementera en adaptiv finita element-
metod.

En alternativ adaptiv finita elementmetod utgår från optimalitetsvillkor härledda
på funktionalform där man vill minimera felet i kostnadsfunktionalen. Feluppskatt-
ningen kan då uttryckas i dualviktade residualer. Beräkningen av feluppskattningen
blir därmed betydligt effektivare. Vi har implementerat även denna metod.

Slutligen presenteras två numeriska exempel.

Abstract

We have derived a method for solving optimal control problems using variational
calculus for the derivation of the optimality conditions and a finite element method
for the discretisation of these conditions. Further, we have derived an a posteriori
error estimate and based on this estimate, an adaptive finite element method has
been implemented.

As an alternative, we have considered a similar method where the optimality
conditions are derived in a functional form and the error estimate is derived using
the dual weighted residuals approach. With this method, the computation of the
error estimate is more effective. This method has been implemented as well.

Finally, these adaptive finite element methods have been tested on some exam-
ples.

Keywords: Adaptive finite element method, boundary value problem, optimal
control, dual weighted residual, a posteriori, error estimate
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1 Introduction
Consider a car trying to avoid an object that suddenly appears on the road. The
driver has some ability to steer the car. Obviously, the driver faces the problem of
finding the optimal way to manoeuver the car such that a collision is avoided. This
is an example of a optimal control problem which consists of a dynamical system
describing the way the car moves, and an objective function to be minimised or
maximised. Optimal control problems appear also in other fields of engineering,
such as chemical engineering, robotics and vehicle dynamics, and in economics ([4,
9, 20]).

There are two ways to obtain the solution of optimal control problems: the di-
rect and the indirect approaches. The direct approach discretises the dynamical sys-
tem and then looks for an optimal solution of the discrete problem. In the indirect
approach one determines the necessary conditions for optimality, and solves them
numerically. In this work we focus on the indirect approach and use variational
calculus for the derivation of the necessary conditions for optimality, resulting in a
system of differential algebraic equations to be solved. We choose to discretise this
system using an adaptive finite element method. We base the error control on two
different a posteriori error estimates, taking the common dual approach in the first
method and the approach of dual weighted residuals in the second.

The following section contains a mathematical formulation of an optimal con-
trol problem and the history of the solution strategies of such problems. Section 3
includes a description of the most common numerical methods used to solve the op-
timal control problems and an introduction to the finite element method. Section 4
contains a description of the solution of an optimal control problem using varia-
tional calculus and an adaptive finite element method. The error estimate which is
used for the adaptive method is also given. Section 5 describes the approach of dual
weighted residuals to an optimal control problem and includes the description of
the adaptive finite element method. Finally, Section 6 contains numerical examples
of the two methods derived in previous sections and some comparisons to Matlab’s
boundary value solver bvp4c [27] are made. The last section contains the plans for
future research.

2 The Optimal Control Problem
The optimal control problem can be formulated as follows. We have a dynamical
system ẋ = f(x, u), where x(t) ∈ R

d are the state variables which are continuous
functions of time t, and u(t) ∈ R

m are the control variables and we want to minimise
a cost functional J (x, u). This leads to the problem finding (x, u) such that

minimise J (x, u)

subject to ẋ(t) = f(x(t), u(t)), 0 < t < T,

I0x(0) = x0, ITx(T ) = xT .

(1)

The last line specifies the boundary conditions of the dynamical system.
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2.1 The direct and indirect approaches
The numerical solution of optimal control problems can be approached in two dif-
ferent ways, the direct and the indirect approaches [6]. In the direct approach the dy-
namical system is discretised and approximated by a finite number of parameters.
After the discretisation, the problem is a finite-dimensional optimisation problem
which can be solved using Non-Linear Programming solvers, for example SQP (see
[6, 10, 17]).

In the indirect approach the necessary conditions for optimality are first deter-
mined using variational techniques, such as variational calculus [8] or Pontryagin’s
maximum principle [24], and then the resulting equations are discretised and solved.
The necessary conditions for optimality consist of the differential equations from the
original problem, an additional set of differential equations called the adjoint equa-
tions and a set of algebraic equations.

2.2 Variational calculus
Variational calculus was developed in the end of the 17th century. It is used for
solving extremal problems and it was further developed for problems in mechanics
by Lagrange and Hamilton [16]. More precisely, variational calculus computes an
extreme point to a certain quantity of a system described as a dynamical system. For
example, the classical brachistochrone problem is the problem of finding the curve
which takes a particle, acted on by gravity, from point A to point B in shortest time.
Using variational calculus, one finds that this time is minimised by a hyperbolic
cosine curve, since any perturbation of this curve increases the time.

Variational calculus can also be used for optimal control problems as long as there
are no constraints on the controls [18]. The difference to the extremal problems above
is that the control problems depend not only on x and ẋ but also on the controls, u.
The controls are often signals to the system which are usually subject to limitations
and therefore the problem includes constraints on the controls. In the 1950’s Pon-
tryagin and co-workers presented Pontryagin’s maximum principle [24], which is a
generalisation of the variational calculus to handle constraints on the controls.

In this thesis we take an indirect approach to the optimal control problem and
derive the necessary conditions for optimality using variational calculus. We also
take a modern approach and present the variational calculus in a functional analytic
framework. We believe that the indirect approach in combination with the finite
element method, which is described below, gives us the possibility to control the
error in the solution and makes it possible to solve more difficult problems.

3 Numerical Solution Methods
The most common numerical methods for solving the discretised optimal control
problems are the multiple shooting method and the collocation method [5].
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3.1 Shooting and collocation
The shooting method is a numerical method for solving boundary value problems
of the form

ẋ = f(t, x), 0 < t < T (2)
g(x(0), x(T )) = 0, (3)

where x, g ∈ R
m. The name of the method comes from the procedure of aiming a

cannon so the cannonball hits the target [6, 25]. One considers the function h(c) =
g(c, x(T, c)), where x(T, c) is the value of x(T ) obtained by shooting with x(0) = c,
that is propagating the differential equation from 0 to T . The equation h(c) = 0 can
then be solved using any appropriate method.

The shooting method has been further developed into multiple shooting. In this
method the computational interval is refined into smaller sub-intervals where the
shooting method is applied in each sub-interval. This method has been used for
optimal control problems, see for example [23].

The use of sub-intervals is present also in the collocation method [2]. One de-
termines a continuous piecewise polynomial which fulfils the differential equation
in the collocation points tn + cih, where tn is the initial time of the interval, h is the
interval length and 0 ≤ ci ≤ 1 are suitable chosen points, for instance the roots of the
Legendre polynomials [11].

We have used the Boundary Value Problem solver bvp4c [27] in Matlab to bench-
mark our results. This solver is based on the collocation idea. An improved colloca-
tion method that controls the error and the residual in the solution has recently been
presented [26].

3.2 The finite element method
The finite element method was developed in the 1950’s and 1960’s, mainly by engi-
neers, to solve equations in elasticity and structural mechanics. It was developed as a
geometrically more flexible alternative to the finite difference method (see for exam-
ple [28]). The finite element method is a special case of the Rayleigh-Ritz-Galerkin-
methods which are used to approximate partial differential equations and it has a
solid foundation in functional analysis [7]. This is one of its strengths, as is the pos-
sibility to use it on complicated domains. The mathematical foundation makes it
easier to derive analytic error estimates which can be used to improve the approxi-
mate solutions.

Traditionally the finite element method has been used for partial differential equa-
tions. However, some work has been done on adaptive finite element methods for
ODE:s, see for example [21, 22, 14, 15].

We illustrate how the finite element method works in the context of a simple
boundary value problem:

− ẍ = f(t), 0 < t < T,

x(0) = a, x(T ) = b.
(4)
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We start by reformulating the problem in weak form by introducing a set of test func-
tions V which satisfy the boundary conditions v(0) = v(T ) = 0, multiply equation
(4) by a test function v ∈ V , integrate over the interval [0, T ], and then integrate by
parts. The weak form is: Find x ∈ C1([0, T ]) such that,

x(0) = a, x(T ) = b, (5)
∫ T

0

ẋv̇ dt = −

∫ T

0

fv dt, for all v ∈ V. (6)

Let Vh be a subspace of V consisting of for instance piecewise linear functions on
[0, T ] with sub-intervals of size h. We want to solve (6) for all v ∈ Vh with the Ansatz
xh(t) = aϕ0(t)+

∑N−1

n=1
xnϕn(t)+ bϕN (t), where ϕn, n = 1, . . . , N −1 is a basis for Vh

and ϕ0 and ϕN are additional basis functions such that ϕ0(0) = ϕN (T ) = 1. In this
example the so called trial space and test space, that is the spaces containing x and v,
respectively, are discretised in the same way, but this need not be the case. The fact
that the finite element methods are based on the weak form (6) rather than (4) makes
it easier to use tools from functional analysis to derive error estimates.

There are two types of error estimates, a priori and a posteriori error estimates. The
first type gives a bound of the error e = x−xh, in terms of x, h, and the data a, b and
f . Since the estimate depends on the unknown exact solution it cannot be explicitly
computed and is used to investigate the convergence of the numerical method. In
the second type of error estimate, the a posteriori error estimate, the error bound is
expressed in terms of the data, xh and h. The a posteriori error estimates can be ex-
plicitly computed, since they depend only on known or computable quantities. The
a posteriori error estimates are used in constructing adaptive algorithms, see Algo-
rithm 1, which solve the equation repeatedly on refined meshes.

Algorithm 1: An adaptive finite element method
Solve the equation on an initial mesh;
Compute the error estimate est;
while |est| ≥ TOL do

Refine the mesh according to the error estimate, i.e., refine intervals that
give large contributions to the error;
Solve the equation on the refined mesh;
Compute the error estimate on the refined mesh;

end

More about error estimates and adaptive finite element methods can be found in
[7, 12, 13, 19].

In this work we use an adaptive finite element method similar to the one in [15].
We only consider a posteriori error estimates since we want to construct an adaptive
algorithm. We derive an a posteriori error estimate minimising the error expressed in
an arbitrary linear functional G. Further, we take a different approach and derive an
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a posteriori error estimate estimating the error, J (x, u)−J (xh, uh), in the minimised
objective functional J . This approach is called dual weighted residuals [3].

4 The Finite Element Method for Optimal Control
In this section we solve an optimal control problem using an adaptive finite element
method and the section is a summary of Paper 1.

4.1 Necessary conditions for optimality
Consider the optimal control problem

minimise J (y(t), u(t)) = l(y(0), y(T )) +

∫ T

0

L(y(t), u(t)) dt,

subject to ẏ(t) = f(y(t), u(t)), 0 < t < T,

J0y(0) = y0, JT y(T ) = yT ,

(7)

where

l : R
d × R

d → R,

L : R
d × R

m → R,

f : R
d × R

m → R
d,

are smooth functions and J0 and JT are diagonal matrices with zeroes or ones on
the diagonals. We assume y0 ∈ R(J0), yT ∈ R(JT ), where R(A) denotes the range of
a matrix A. We note that the boundary conditions are equality conditions and that
there are no constraints on the controls u. We want to determine pairs (y, u) that fulfil
(7). Taking an indirect approach, as described in Section 2, we first write down the
necessary conditions for optimality derived by variational calculus. We introduce
the Hamiltonian

H = L(y, u) + zTf(y, u),

and then the optimal (y∗, u∗, z∗) fulfil

ẏ =
∂H

∂z
= f(y, u),

ż = −
∂H

∂y
= −

∂L

∂y
−

(

∂f

∂y

)

T

z,

0 =
∂H

∂u
=
∂L

∂u
+ zT

∂f

∂u
,

J0y(0) = y0, JT y(T ) = yT ,

(I − J0)z(0) = z0, (I − JT )z(T ) = zT ,

(8)

where z ∈ R
d are called the co-states or adjoint variables, and z0 and zT are ob-

tained from J . We note here that since y0 and yT are in the ranges of J0 and JT ,
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respectively, the boundary conditions are imposed on those components of z that
are complementary to the components of x with boundary conditions.

4.2 Reducing the problem
To simplify the problem we assume in Paper 1 that the algebraic equation on the
third line in (8) can be solved explicitly for u∗ which is then substituted into the
other equations. We then have a two point boundary value problem. In the case
that (8) cannot be solved explicitly our equations constitute a system of differential
algebraic equations (see Paper 2). We reformulate the problem by joining y and z

into the new variable x and end up with the system

ẋ = f(x), 0 < t < T,

I0x(0) = x0, ITx(T ) = xT ,
(9)

where x(t) ∈ R
2d and I0 and IT are diagonal matrices with zeroes or ones on the

diagonals and rank(I0) + rank(IT ) = 2d.

4.3 Discretisation of the problem
We begin the discretisation of the problem (9) by writing it in a weak form and then
continue with the definitions of the appropriate function spaces. Take the scalar
product between (9) and a test function v ∈ V = C1([0, T ]), integrate over the in-
terval [0, T ], leading to the weak formulation of the problem is: Seek x ∈ V such
that

I0x(0) = x0, ITx(T ) = xT ,

F (x, v) =

T
∫

0

(ẋ− f(x), v) dt = 0, ∀v ∈ V.
(10)

The problem in (10) is an infinite dimensional problem which we discretise to get
a finite problem. We choose the following discretisation.

• Mesh: 0 = t0 < t1 < t2 < . . . < tN = T , hn = tn − tn−1 and In = (tn−1, tn).

• Trial space: Wh = R
d × {w : w|In

∈ P 0(In)} × R
d, discontinuous piecewise

constant functions.

• Test space: Vh =
{

v : v|In
∈ P 1(In)

}

∩ C0([0, T ]), continuous piecewise linear
functions.

The notation P k(In) refers to the R
d-valued polynomials of degree k on the interval

In. We also introduce the left and right limits w±n = limt→t
±
n
w(t), and jumps [w]n =
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w+
n − w−n . The two factors R

d in Wh contain the boundary values w−0 and w+

N . Now
our finite element problem can be stated: Find a function xh ∈Wh which fulfils

I0X
−

0 = x0, ITX
+

N = xT ,

F (X, v) =

N
∑

n=1

∫

In

(Ẋ − f(X), v) dt+

N
∑

n=0

([X]n , vn) = 0, ∀v ∈ Vh.
(11)

Here the definition of the form F from (10) has been extended to include the con-
tributions from the jump terms which appear since we use discontinuous trial func-
tions. Since the trial space consists of piecewise constant functions, we have Ẋ = 0.
Hence, (11) results in a system of (N + 2)d equations, more precisely, d boundary
conditions and (N + 1)d equations. With boundary conditions at both ends, the
equations are coupled and thus we cannot use time stepping. Therefore, the equa-
tions in the system have to be solved simultaneously.

4.4 An a posteriori error estimate
In order to evaluate how good the computed solution is and to construct an adaptive
finite element method we derive an a posteriori error estimate. We introduce the
notation ‖v‖In

= supt∈In
‖v(t)‖, where ‖ · ‖ denotes the norm in R

d or R
m.

Theorem 4.1. Let e = x − xh be the error in the finite element solution of the boundary
value problem in (9). The error expressed in a linear functional G is bounded by

|G(e)| ≤

N
∑

n=1

RnIn,

where

R1 = h1

∥

∥Ẋ − f(X)
∥

∥

I1

+
∥

∥ [X]
0

∥

∥+
h1

h1 + h2

∥

∥ [X]
1

∥

∥,

Rn = hn

∥

∥Ẋ − f(X)
∥

∥

In

+
hn

hn + hn−1

∥

∥ [X]n−1

∥

∥+
hn

hn + hn+1

∥

∥ [X]n
∥

∥,

n = 2, . . . , N − 1,

RN = hN

∥

∥Ẋ − f(X)
∥

∥

IN

+
hN

hN + hN−1

∥

∥ [X]N−1

∥

∥+
∥

∥ [X]N
∥

∥,

In = Chn

∫

In

∣

∣

∣
φ̈
∣

∣

∣
dt.

C is a constant and φ is the solution to the linearised dual problem to (9) with data functional
G.
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In this error estimate, Rn mainly describes how well the approximate solution
satisfies the differential equation and In describes how sensitive the error functional
G is to local residuals.

We present an adaptive algorithm based on this error estimate (see Algorithm
1). It has been implemented (see also [1]) and bench-marked to the boundary value
problem solver bvp4c in Matlab, see Paper 1. A numerical example is given in
Section 6.

In order to compute the error estimate above we need to solve an additional dual
problem of the same size as the original one, which means that for each step in the
adaptive algorithm we double the size of the problem. For already large problems
this is a major drawback and can force the user to choose another numerical method.
However, in the following section we present a method where we have removed this
feature.

5 The Dual Weighted Residuals Approach
This section is a summary of Paper 2. We express the optimal control problem in a
general and abstract form by introducing smooth functionals F(x, u;ϕ) and J (x, u),
where we use the notation that functionals depend non-linearly on the arguments
before the semicolon and linearly on the arguments after the semicolon. For the
proofs and the details of the definitions of the different spaces and functionals we
refer the reader to Paper 2. The problem we study is this: Determine x ∈ W̃ and
u ∈ U such that

minimise J (x, u),

subject to F(x, u;ϕ) = 0, ∀ϕ ∈ V.
(12)

This is a constrained optimisation problem and the necessary condition for an opti-
mum is expressed in terms of the Lagrange functional

L(x, u; z) = J (x, u) + F(x, u; z), (x, u, z) ∈W × U × V,

where z are the adjoint variables.

5.1 Necessary conditions for optimality
The necessary conditions for an optimum are presented in the following theorem.

Theorem 5.1. The necessary condition for an optimum (x, u, z) ∈ W̃ × U × V is given by

L′(x, u; z, ϕ) := L′(x, u; z)ϕ = 0, ∀ϕ ∈ Ẇ × U × V, (13)

that is,

J ′
x(x, u;ϕx) + F ′x(x, u; z, ϕx) = 0, ∀ϕx ∈ Ẇ , (14)

J ′
u(x, u;ϕu) + F ′u(x, u; z, ϕu) = 0, ∀ϕu ∈ U, (15)

F(x, u;ϕz) = 0, ∀ϕz ∈ V. (16)
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The proof of Theorem 5.1 can be found in Paper 2. We note that equation (16)
is the original differential equation in (12) and (14) is the dual equation. We discre-
tise these equations and derive an a posteriori error representation for the Galerkin
approximation of the equations.

Theorem 5.2. Let (x, u, z) ∈ W̃ × U × V and (xh, uh, zh) ∈ W̃h × Uh × Vh be the exact
and discrete solutions of (14)-(16), respectively. Then

J (x, u)− J (xh, uh) = 1

2
ρx + 1

2
ρz + 1

2
ρu +R, (17)

with the residuals ρx, ρz , and ρu defined as

ρx = J ′
x(xh, uh;x− x̃h) + F ′x(xh, uh; zh, x− x̃h),

ρu = J ′
u(xh, uh;u− ũh) + F ′u(xh, uh; zh, u− ũh),

ρz = F(xh, uh; z − z̃h).

(18)

Here (x̃h, ũh, z̃h) ∈ W̃h × Uh × Vh is arbitrary. The remainder term R is given by

R = 1

2

∫ 1

0

(

J ′′′(xh + sex, uh + seu; e, e, e)

+ F ′′′(xh + sex, uh + seu, zh + sez; z, e, e, e)
)

s(s− 1) ds,

(19)

where e = (ex, eu, ez) ∈ Ẇ × U × V , ex = x− xh, eu = u− uh, and ez = z − zh.

The remainder term is cubic in the error and can therefore often be neglected. In
particular, we note that R = 0 in the case when F(·, · ; ·) is tri-linear and J (·, ·) is
bi-quadratic.

Using these theorems we derive the necessary conditions and error representa-
tions for an optimal control problem of the form (7) and for a linear/quadratic opti-
mal control problem of the form,

minimise J (x, u) = ‖x(0)− x̄0‖
2
S0

+ ‖x(T )− x̄T ‖
2
ST

+

∫ T

0

(

‖u− ū‖2
R + ‖x− x̄‖2

Q

)

dt,

subject to ẋ = A(t)x+B(t)u, 0 < t < T,

I0x(0) = x0, ITx(T ) = xT ,

(20)

The finite element discretisation of this problem is described in the following
section.
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5.2 A finite element discretisation
Applying Theorem 5.1 to the linear quadratic optimal control problem (20) we obtain

∫ T

0

(ϕx, 2Q(x− x̄)− ż −ATz) dt

+ (ϕ−x,0, 2S0(x
−

0 − x̄0)− z0) + (ϕ+

x,N , 2ST (x+

N − x̄T ) + zN ) = 0, ∀ϕx ∈ Ẇ ,

(21)

∫ T

0

(ϕu, 2R(u− ū)−BTz) dt = 0, ∀ϕu ∈ U, (22)
∫ T

0

(ẋ−Ax−Bu,ϕz) dt = 0, ∀ϕz ∈ V. (23)

We discretise the state equation (23) with the same discontinuous Galerkin method
as in the previous section and Paper 1, using Wh as trial space and Vh as test space:
Seek xh ∈Wh which fulfils

I0x
−

h,0 = x0, ITx
+

h,N = xT ,

∫ T

0

(ẋh −Axh −Buh, ϕ) dt+

N
∑

n=0

([xh]n , ϕn) = 0, ∀ϕ ∈ Vh.

Since we have discontinuous trial functions we get an extra sum arising from the
jump terms. The dual equation (21) is discretised using the continuous Galerkin
method: Seek zh ∈ Vh which fulfils

∫ T

0

(ϕ, 2Q(xh − x̄)− żh −ATzh) dt+ (ϕ−0 , 2S0(x
−

h,0 − x̄0)− zh,0)

+ (ϕ+

N , 2ST (x+

h,N − x̄T ) + zh,N ) = 0 ∀ϕ ∈ Ẇh,

(24)

and finally we discretise the equation for the controls, (22), using a continuous Galerkin
method: Seek uh ∈ Uh

∫ T

0

(2Ruh −BTzh, ϕu) dt = 0, ∀ϕu ∈ Uh. (25)

We have three sets of equations which must be solved simultaneously in order to
obtain the approximate solutions (xh, uh, zh).

5.3 An a posteriori error estimate
In order to implement an adaptive finite element method (see Algorithm 1) we de-
rive an a posteriori error estimate, using Theorem 5.2 with R = 0 since we have a
linear/quadratic problem.
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Theorem 5.3. The a posteriori error estimate for the finite element discretisation of the
linear quadratic optimal control problem described above is given by

|J (x, u)− J (xh, uh)| ≤ 1

2

N
∑

n=1

(

Rz
nω

x
n +Ru

nω
u
n +Rx

nω
z
n

)

, (26)

where the residuals and weights are defined by

Rz
n = hn‖żh +ATzh + 2Q(xh − x̄)‖In

,

ωx
n = ‖x− x̃h‖In

,

Rx
n = hn‖ẋh −Axh −Buh‖In

+
hn

hn + hn+1

∥

∥ [xh]n
∥

∥+
hn

hn + hn−1

∥

∥ [xh]n−1

∥

∥,

ωz
n = ‖z − z̃h‖In

,

Ru
n = hn‖2Ruh −BTzh‖In

,

ωu
n = ‖u− ũh‖In

,

where h0 = hN+1 = 0.

The error estimate depends only on the already computed numerical solution.
This means that we do not need to compute any new solutions in order to use the
error estimate. This can be compared to the adaptive finite element method in Sec-
tion 4, where an additional dual problem of the same size as the whole system (21)–
(22) has to be solved. However, using this method we can only control the error in
J .

In the explicit calculation of the error estimate (26) we use that the interpolation
errors in ωx, ωz and ωu are bounded by

‖x− x̃h‖In
≤ hn‖ẋ‖In

,

‖z − z̃h‖In
≤ h2

n‖z̈‖In
,

‖u− ũh‖In
≤ h2

n‖ü‖In
,

where the derivatives are approximated by difference quotients of the discrete solu-
tion.

The refinement of the mesh in the adaptive algorithm is done according to the
principle of equidistribution, that is, we want each interval to give equally large
contribution to the error estimate and insert new nodes to fulfil this criterion.

A numerical example is given in the following section.

6 Numerical Examples
In this section we present numerical examples which have been solved by using the
numerical methods described in the previous sections.
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Figure 1: The collision avoidance manoeuvre.

6.1 A collision avoidance manoeuvre
The simplest way to model a vehicle is to model it as a point mass on which a force
acts. We let β be the angle between this force and the direction of the initial track.
We introduce the X-axis as the direction of the original track and the Y -axis as the
axis perpendicular to theX-axis. The equations of planar motion for the vehicle then
become

Ẍ = −µg cos (β) ,

Ÿ = µg sin (β) ,
(27)

where µ is the friction coefficient and g is the gravitational acceleration. This model
is used in Paper 1.

We test our solver on an example from vehicle dynamics. It is a collision avoid-
ance manoeuvre, where a vehicle should be steered in such a way that it avoids an
object in the road and minimises the final velocity, see Figure 6.1.

We use the equations (27) to describe the dynamics and then the equations of
motion for the vehicle are

ż =









Ẋ

Ẏ

U̇

V̇









=









U

V

−µg cos(β)
µg sin(β)









,

where U and V are the velocities in the X and Y directions, respectively, and β is the
steering angle. In this model U , V , X , Y are the states and β is the control. We want
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Figure 2: The position of the vehicle when it is manoeuvred in the optimal way for the ma-
noeuvre distances a = 60 m and b = 9 m.

to minimise the speed at the time of the accident in order to reduce the damage.
Therefore we formulate an optimal control problem: Find the state z(t) ∈ R

n and
control β(t) ∈ R

m which fulfil the following minimisation problem

minimise J (z, β) = cTz (T )

subject to ż(t) = f(z, β),

J0z(0) = z0, JT z(T ) = zT .

Here J0 and JT are diagonal matrices with zeroes or ones on the diagonals, f is given
by the right hand side of (28) and cT = (0, 0, 1, 0). We solve this problem using the
method described in Section 4.

Figure 2 shows some results from the case with initial velocity u0 = 90 km/h (25
m/s) of the vehicle and the manoeuvre distances a = 60 m and b = 9 m, that is, the
object appears 60 m in front of the vehicle. We see in Figure 2 that the solutions from
the FEM solver and bvp4c almost coincide. The final velocity which is the quantity
we minimise, is 31.0 km/h from both bvp4c and the FEM solver. More results can
be found in Paper 1.
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6.2 A linear quadratic optimal control problem

We test the method described in Section 5. In order to get a linear/quadratic problem
we use a simplified model from vehicle dynamics describing a vehicle that is braked
on a surface with different friction on the wheel pairs.We let the control variable u
be u1 = δf and u2 = δr and the state variable x is

x(t) =

















x1

x2

x3

x4

x5

x6

















=

















VX

VY

r

ψ

X

Y

















. (28)
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The differential equations are

ẋ(t) =

















V̇X

V̇Y

ṙ

ψ̇

Ẋ

Ẏ

















=

















a11

a21VY + a22r + bf1δf + br1δr
a31VY + a32r + bf2δf + br2δr + rbrake

r

VX

VY

















= Ax(t) +Bu(t) + b. (29)

The goal functional is

J(x, u) =

∫ T

0

1

2

(

Y 2 + r2 + V 2
Y + δ2f + δ2r

)

dt =

∫ T

0

(

‖x‖2Q + ‖u‖2R

)

dt.

We have used the boundary condition x1(0) = 25 and x2(0) = x3(0) = x4(0) =
x5(0) = x6(0) = 0. The numerical solution for the optimal states and controls can be
found in Figures 3 and 4. The initial discretisation was made with 10 intervals and
when the given tolerance of 10−6 was achieved the adaptive method had refined
the mesh into 1072 intervals. The convergence rate of the solution in the numerical
example is 2.03 and the theoretical order is 2 (see Paper 2).

7 Future Research
In this thesis we have presented a new approach to adaptive finite element solution
of optimal control problems using the approach of dual weighted residuals. The
theory for this method, including derivation of necessary conditions for optimality,
error estimates, and finite element discretisations, is presented.

The numerical method has been tested on a linear/quadratic optimal control
problem, but more extensive testing of the method on non-linear problems will be
done. We also want to compare the performance of our method to direct methods.
In addition, we plan to include constraints on the control and state variables over
the entire interval in order to be able to solve more sophisticated models.
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[9] C. Büskens and H. Maurer, Nonlinear programming methods for real-time control of
an industrial robot, J. Optim. Theory Appl. 107 (2000), 505–527.
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Abstract
The optimal manoeuvering of a vehicle during a collision
avoidance manoeuvre is investigated. A simple model
where the vehicle is modelled as point mass and the math-
ematical formulation of the optimal manoeuvre are pre-
sented. The resulting two-point boundary problem is solved
by an adaptive finite element method and the theory behind
this method is described.

Keywords: Vehicle dynamics, collision avoidance
manoeuvre, optimal control, boundary value prob-
lem, adaptive finite element method.

1 Introduction
Historically, active safety systems for vehicles are de-
signed to ensure that the driver can steer and brake
the vehicle. Automatic controls are being incorpo-
rated in conventional safety systems such as ESC with
the ability to minimise driver errors. It is important to
evaluate how such systems perform in various situa-
tions. For this purpose the American National High-
way Traffic Safety Administration has proposed a test
called ”sine with dwell” to evaluate the performance
of a car during a collision avoidance manoeuvre. In
such a manoeuvre the driver of a vehicle tries to avoid
an object that suddenly appears in front of the vehicle
[1].

This article is a theoretical investigation of how to
combine braking and steering to perform a collision
avoidance manoeuvre in an optimal way. The optimi-
sation function has two goals. The primary objective
is to achieve a vehicle trajectory distance to avoid col-
lision. If the primary objective cannot be met, then a
secondary objective is to minimise the final velocity
of the unavoidable collision. This is an optimal con-
trol problem, since we want to find controls and states
which minimise a quantity subject to constraints con-

sisting of a dynamical system.
Methods for solving optimal control problem can

be classified as either a direct or an indirect approach
[4]. The direct approach approximates the dynamical
system and then looks for a solution, such that the ob-
jective function is minimised. The indirect approach
determines the necessary conditions for optimality,
and then seeks their solution. Taking the indirect ap-
proach means that we have to derive the adjoint equa-
tions and optimality conditions explicitly. However,
we use this approach because the indirect approach
in combination with the finite element method gives
us the possibility to control the error in the numeri-
cal solution of the optimality conditions over the en-
tire interval. We believe that this is important for an
efficient solver. Our first attempts in this direction
are described in the present work. The most com-
mon numerical methods for solving optimal control
problems based on either a direct or an indirect ap-
proach are multiple shooting or collocation methods
[4]. However, in this work we use an adaptive finite
element method similar to the one in [8] to solve the
necessary optimality conditions that arise in an indi-
rect approach. In the presented adaptive finite ele-
ment method we derive an a posteriori error estimate
which is used as a basis for error control and adap-
tive mesh refinement. Since we estimate the error over
the entire time interval we can use the computational
power where it is best needed. This gives us the abil-
ity to choose the level of modelling for the FEM solver
and we also believe that we will be able to solve opti-
mal control problems for more advanced vehicle mod-
els.

2 The collision avoidance man-
oeuvre

A traffic situation that presents a safety risk is defined
for the investigation. A vehicle is driven on a plane



homogeneous surface. There is an obstacle in front of
the vehicle. How shall the driver manoeuver the ve-
hicle in the best way in order to avoid collision and,
if that is not possible, minimise the collision severity?
In Figure 1 we show a picture of the steering in a col-
lision avoidance manoeuvre. The driver performs the
avoidance manoeuvre by braking and steering simul-
taneously. The manoeuver starts at time t = 0, at a
distance a from the obstacle and with velocity U0. Af-
ter the manoeuvre the car hits or passes the obstacle
at time T , with velocity UT and at distance b from the
original track.

obstacle

damage
severe 

less
severe
damage

PSfrag replacements
U0

UT

t = 0

t = T
a

b

Figure 1: The collision avoidance manoeuvre

We know that the higher speed the vehicle has at
the time of collision, the more severe the accident.
Therefore we want to determine the best braking and
steering strategy to avoid collision or minimise the
speed perpendicular to the object at impact. This opti-
misation problem can be formulated as follows: given
the manoeuvre distances a and b determine the brak-
ing and steering strategy that minimises the final ve-
locity component UT .

3 Point mass vehicle dynamics
model

The driver controls the braking and steering but it is
the friction forces acting on the car tyres that makes
the vehicle move in a certain direction. For our pur-
poses, the dynamics of the vehicle due to these forces
can be modelled as a point mass [10]. We introduce
the X-axis as the direction of the original track and
the Y -axis as the axis perpendicular to the X-axis. The
equations of planar motion for the vehicle then be-
come

Ẍ = −µg cos (β) ,

Ÿ = µg sin (β) ,
(1)

where β is the angle between the X-axis and the sum
of the forces between the tyres and the road, µ is the
friction coefficient and g is the gravitational accelera-
tion.

4 Optimal control theory for the
collision avoidance manoeuvre

4.1 State-space formulation
To derive the necessary conditions of optimality, the
final speed optimal control problem is formulated in
state space by transforming differential equations (1)
to first order differential equations. The equations of
planar motion for the vehicle then become

ż =







Ẋ

Ẏ

U̇

V̇







=







U

V

−µg cos(β)
µg sin(β)







, (2)

where U and V are the velocities in the X and Y di-
rections, respectively.

We want to minimise the speed at the time of the
accident in order to reduce the damage. Therefore we
formulate an optimal control problem: Find the state
z(t) ∈ R

n and control β(t) ∈ R
m which fulfill the fol-

lowing minimisation problem

min J (z, β) = cTz (T )

s.t. ż(t) = f(z, β),

J0z(0) = z0, JT z(T ) = zT .

(3)

Here J0 and JT are diagonal matrices with zeroes or
ones on the diagonals and f is given by the right hand
side of (1) and cT = (0, 0, 1, 0).

Since this problem has a free terminal time we
transform the time interval t ∈ [0, T ] into a normalised
time interval τ ∈ [0, 1] by introducing the new inde-
pendent variable

τ =
t

T
, (4)

rewrite the equations in (3) for the new variable τ and
add the trivial equation Ṫ = 0. This results in a prob-
lem of the form (3) but with a fixed time interval.

4.2 Necessary conditions for optimality
Introducing the Hamiltonian,

H = λTf(z, β),

and then applying variational calculus [6] to (3) leads
to the following necessary conditions for optimality.



The optimal solution (z∗(t), λ∗(t), β∗(t)) fulfills the
optimality conditions

ż =
∂H

∂λ
= f(z), (5)

λ̇ = −
∂H

∂z
= −

(
∂f

∂z

)T

λ, (6)

0 =
∂H

∂β
=

(
∂f

∂β

)T

λ, (7)

the boundary conditions

J0z(0) = z0, JT z(T ) = zT , (8)

and the transversality conditions

(J − J0)λ(0) = λ0, (J − JT )λ(T ) = λT , (9)

where λ0 and λT are obtained from J . We note here
that x0 ∈ R(J0) and xT ∈ R(JT ) which means that the
components of the adjoint variable λ that have bound-
ary values are the ones complementary to the compo-
nents of x that have boundary values. To simplify the
problem we assume that the optimality condition (7)
can be solved explicitly for β∗.

4.3 Reformulating the boundary value
problem into standard form

General purpose software for treating boundary value
problems for ordinary differential equations usually
requires the problem to be reformulated into standard
form [3]. We make this conversion by joining the
states z and the costates λ into a new variable x ∈ R

d

for d = 2n, and then redefining f by merging the right
hand sides of (5) and (6). The resulting system is a two
point boundary value problem with fixed time inter-
val and separated linear boundary conditions,

ẋ = f(x),

I0x(0) = x0, IT x(1) = xT ,
(10)

where ẋ denotes the derivative of x with respect to the
new independent variable τ .

5 An adaptive finite element
method

5.1 Weak formulation
In this section we derive an adaptive finite element
method. It consists of the discretisation of the problem
with definitions of the right function spaces and an a
posteriori error estimate. We start with the so called
weak formulation. To obtain the weak formulation we
multiply (10) by a test function v ∈ V = C1([0, T ]),

integrate over the interval [0, T ] and the weak formu-
lation of the problem is: Seek x ∈ V such that

I0x(0) = x0, IT x(T ) = xT ,

F (x, v) =

T∫

0

(ẋ− f(x), v) dt = 0, ∀v ∈ V,
(11)

where (·, ·) is the Cartesian scalar product in R
d.

5.2 Discretisation of the problem

The problem in (11) is an infinite dimensional problem
which we discretise as follows to get a finite problem.
We discretise the time axis and introduce the trial and
test spaces as follows.

• Mesh: 0 = t0 < t1 < t2 < . . . < tN = T ,
hn = tn − tn−1 and In = (tn−1, tn).

• Trial space: Wh = R
d×{w : w|In

∈ P 0(In)}×R
d,

discontinuous piecewise constant functions.

• Test space: Vh =
{
v : v|In

∈ P 1(In) ∩ C0([0, T ])
}

,
continuous piecewise linear functions.

The notation P k(In) refers to the R
d-valued polyno-

mials of degree k on the interval In. We also introduce
the left and right limits w±n = limt→t

±
n

w(t), and jumps
[w]n = w+

n −w−n . The two factors R
d in Wh contain the

boundary values w−0 and w+
N . Now our finite element

problem can be stated: Find a function X ∈ Wh which
fulfills

I0X
−
0 = x0, IT X+

N = xT ,

F (X, v) =

N∑

n=1

∫

In

(Ẋ − f(X), v) dt

+

N∑

n=0

([X]n , vn) = 0, ∀v ∈ Vh.

(12)

Here the definition of the form F from (11) has been
extended to include the contributions from the jump
terms which appear since we use discontinuous trial
functions. Since the trial space consists of piecewise
constant functions, Ẋ = 0. Hence, (12) results in a
system of (N + 2)d equations that have to be solved,
more precisely, d boundary conditions and (N + 1)d
equations. With boundary conditions at both ends,
the equations are coupled and thus we cannot use
time stepping and therefore the equations in the sys-
tem have to be solved simultaneously.



5.3 An a posteriori error estimate
An adaptive finite element method gives us the pos-
sibility to control the error in the numerical solution.
In order to derive an a posteriori error estimate we
introduce φ as the solution to the adjoint problem to
(10) with data functional G. We want to construct an
equation for the error, e = X − x where e ∈ W =
R

d×
{
w|In

: w ∈ C1(In)
}
×R

d, the difference between
the real and the computed solution. The details of the
a posteriori error estimate are given below.

5.3.1 Proof of the error estimate

We subtract (11) from (12),

F (X, v)− F (x, v)
︸ ︷︷ ︸

=0,∀v∈V

=

N∑

n=1

∫

In

(Ẋ − ẋ− (f(X)− f(x)), v) dt

+
N∑

n=0

([X − x]n , vn).

(13)

Since f is nonlinear we linearise f(X)−f(x) by rewrit-
ing it as follows

f(X)− f(x)

=

1∫

0

d

dθ
f(θ(X(t)− x(t)) + x(t)) dθ

=

1∫

0

Df(θ(X(t)− x(t)) + x(t)) dθ

︸ ︷︷ ︸

=A(t)

(X(t)− x(t)).

Inserting this in (13) we get

F (X, v)

=

N∑

n=1

∫

In

(Ẋ − ẋ− (f(X)− f(x)), v) dt

+

N∑

n=0

([X − x]n , vn)

=

N∑

n=1

∫

In

(ė−A(t)e, v) dt

+
N∑

n=0

([e]n , vn), ∀v ∈ V.

(14)

Since (14) is linear in both e and v we introduce a bi-
linear form to simplify the notation. The bilinear form

B is defined as

B(w, v) =

N∑

n=1

∫

In

(ẇ −A(t)w, v) dt +

N∑

n=0

([w]n , vn)

+ (I0w
−
0 , v0)− (IT w+

N , vN ), w ∈ W, v ∈ V,

(15)

Now we can write the equation for the error (14) with
the bilinear form as

e ∈ W

B(e, v) = F (X, v), ∀v ∈ V.
(16)

Partial integration of (15) gives us the backward
form of the bilinear form

B(w, v) =

N∑

n=1

∫

In

(ẇ −A(t)w, v) dt

+

N∑

n=0

([w]n , vn)

+ (I0w
−
0 , v0)− (IT w+

N , vN )

=
N∑

n=1

∫

In

(w,−v̇ −A(t)Tv) dt

− (w−0 , (I − I0)v0) + (w+
N , (I − IT )vN ),

w ∈ W, v ∈ V.

(17)

This suggests the dual problem with arbitrary data
functional G

φ ∈ V

B(w, φ) = G(w), ∀w ∈ W.
(18)

We put v = φ in (16) and w = e in (18) to obtain

G(e) = B(e, φ) = F (X,φ), (19)

that is

G(e) = B(e, φ)

= F (X,φ) =
N∑

n=1

∫

In

(Ẋ − f(X), φ) dt

+

N∑

n=0

([X]n , φn).

(20)

Subtracting a Lagrange node interpolant φ̃ ∈ Vh from
φ in the right hand side of (20) using (12) gives us

G(e) =

N∑

n=1

∫

In

(Ẋ−f(X), φ−φ̃) dt+

N∑

n=0

([X]n , φn−φ̃n).



Hence,

|G(e)| ≤
∣
∣
∣

N∑

n=1

∫

In

(Ẋ − f(X), φ− φ̃) dt
∣
∣
∣

+
∣
∣
∣

N∑

n=0

([X]n , φn − φ̃n)
∣
∣
∣

≤

N∑

n=1

∫

In

∥
∥Ẋ − f(X)

∥
∥
∥
∥φ− φ̃

∥
∥ dt

︸ ︷︷ ︸

I

+

N∑

n=0

∥
∥ [X]n

∥
∥
∥
∥φn − φ̃n

∥
∥

︸ ︷︷ ︸

II

.

(21)

Now we have the basis for an error estimate, but we
want the method to be symmetric, meaning that we
want each interior node to contribute to the error esti-
mate on both sides of the node. To do this we rewrite
the last term II in (21) as follows

N∑

n=0

∥
∥ [X]n

∥
∥
∥
∥φn − φ̃n

∥
∥ =

∥
∥ [X]0

∥
∥
∥
∥φ0 − φ̃0

∥
∥

+
h1

h1 + h2

∥
∥ [X]1

∥
∥
∥
∥φ1 − φ̃1

∥
∥

+

N−1∑

n=2

( hn

hn + hn+1

∥
∥ [X]n

∥
∥
∥
∥φn − φ̃n

∥
∥

+
hn

hn + hn−1

∥
∥ [X]n−1

∥
∥
∥
∥φn−1 − φ̃n−1

∥
∥

)

+
hN

hN−1 + hN

∥
∥ [X]N−1

∥
∥
∥
∥φN−1 − φ̃N−1

∥
∥

+
∥
∥ [X]N

∥
∥
∥
∥φN − φ̃N

∥
∥.

(22)

At this stage we introduce the notation ‖v‖In
=

maxIn
‖v‖ for the maximum norm of a function on an

interval. Now we note that φ − φ̃ ∈ V is continuous
and the following estimates

∥
∥φn − φ̃n

∥
∥ ≤

∥
∥φ − φ̃

∥
∥

In

and
∥
∥φn − φ̃n

∥
∥ ≤

∥
∥φ− φ̃

∥
∥

In+1
hold. Using this we can

estimate the last term in (22) by
N∑

n=0

∥
∥ [X]n

∥
∥
∥
∥φn − φ̃n

∥
∥

≤

(
∥
∥ [X]0

∥
∥+

h1

h1 + h2

∥
∥ [X]1

∥
∥

)
∥
∥φ− φ̃

∥
∥

I1

+

N−1∑

n=2

( hn

hn + hn+1

∥
∥ [X]n

∥
∥

+
hn

hn + hn−1

∥
∥ [X]n−1

∥
∥

)∥
∥φ− φ̃

∥
∥

In

+

(
hN

hN−1 + hN

∥
∥ [X]N−1

∥
∥+

∥
∥ [X]N

∥
∥

)
∥
∥φ− φ̃

∥
∥

IN

.

(23)

The term I in (21) (where Ẋ = 0) can be estimated as
follows

N∑

n=1

∫

In

∥
∥Ẋ − f(X)

∥
∥
∥
∥φ− φ̃

∥
∥ dt

≤

N∑

n=1

hn

∥
∥Ẋ − f(X−

n )
∥
∥

In

∥
∥φ− φ̃

∥
∥

In

.

(24)

Collecting the estimates (24) and (23) we now have

|G(e)| ≤
N∑

n=1

hn

∥
∥Ẋ − f(X)

∥
∥

In

∥
∥φ− φ̃

∥
∥

In

+

(
∥
∥ [X]0

∥
∥+

h1

h1 + h2

∥
∥ [X]1

∥
∥

)
∥
∥φ− φ̃

∥
∥

I1

+

N−1∑

n=2

( hn

hn + hn+1

∥
∥ [X]n

∥
∥

+
hn

hn + hn−1

∥
∥ [X]n−1

∥
∥

)∥
∥φ− φ̃

∥
∥

In

+
( hN

hN−1 + hN

∥
∥ [X]N−1

∥
∥

+
∥
∥ [X]N

∥
∥

)∥
∥φ− φ̃

∥
∥

IN

.

According to [5] we have the following error bound
for the interpolan t, φ̃,

∥
∥
∥φ− φ̃

∥
∥
∥

In

≤ Chn

∫

In

∥
∥
∥φ̈
∥
∥
∥ dt.

With

R1 = h1

∥
∥Ẋ − f(X)

∥
∥

I1

+ h1

∥
∥ [X]0

∥
∥+

h1

h1 + h2

∥
∥ [X]1

∥
∥,

Rn = hn

∥
∥Ẋ − f(X)

∥
∥

In

+
hn

hn + hn+1

∥
∥ [X]n

∥
∥

+
hn

hn + hn−1

∥
∥ [X]n−1

∥
∥, n = 2, . . . , N − 1,

RN = hN

∥
∥Ẋ − f(X)

∥
∥

IN

+

hN

hN−1 + hN

∥
∥ [X]N−1

∥
∥+

∥
∥ [X]N

∥
∥,

and
In = Chn

∫

In

∥
∥
∥φ̈
∥
∥
∥ dt,

we can write the error estimate as

|G(e)| ≤
N∑

n=1

RnIn, (25)



where e = X − x is the error and Rn is essentially
the residual, Ẋ − f(X), expressing how well the dif-
ferential equation is satisfied by the numerical solu-
tion. The weights In depend on the solution to the
adjoint problem, φ, and express the sensitivity of the
error quantity G(e) to the local residuals. The func-
tional G is chosen to be the quantity in which we want
to measure the error, for example, G(e) = e

‖e‖ . The
error resulting from approximate nonlinear equation
solver is small compared to the error resulting from
the discretisation and is therefore neglected in this es-
timate. Checking which intervals give large contribu-
tions to the error estimate (25), we can refine the inter-
vals where the contributions are large and vice versa.
Using (25) we obtain an adaptive procedure where we
refine those intervals that give large contributions to
the estimate and vice versa, see below.

5.4 Implementation
The finite element discretisation of (10) results in the
system (12) to be solved. Since we have boundary con-
ditions at both ends it is a coupled system of equations
that we have to solve simultaneously. The system is
also nonlinear and the nonlinearity is handled using
a damped Newton method [7] to extend the conver-
gence region. The initial guess is decided by a homo-
topy process [3]. Once a solution is calculated the er-
ror estimate above is computed. Then we apply the
criterion ∑

n=1

RnIn ≤ δ,

where δ is a given tolerance. If the error is too large
compared to the tolerance an iteration is made over
the intervals and the mesh is refined where the error
is large. New nodes are inserted according to the prin-
ciple of equidistribution, that is, we want to insert nodes
such that the contribution to the error is the same from
each time interval. A new solution is calculated on the
refined mesh and so on until the solution has reached
the desired accuracy. In theory the mesh can also be
coarsened but we have not implemented this.

The error estimate is dependent of the solution to
the dual problem. We need to approximate the un-
known data G(e) = e

‖e‖ to solve the dual problem nu-
merically. We do this by a Richardson extrapolation
using twice the number of nodes. Then the dual prob-
lem is solved with the finite element method.

The solver is a prototype solver and it has been im-
plemented in Matlab. More information regarding the
implementation can be found in [2].

6 Results
The indirect approach to our optimal control problem
results in a boundary value problem. This makes it

possible to compare our new approach to the bound-
ary value solver bvp4c in Matlab [11]. In Table 1 we
can see the results from various choices of the ma-
noeuvre distances a and b. We have used the same
initial velocity u0 = 90 km/h and constant friction µ

for all cases. We can see that the FEM code is almost
always about three times slower than bvp4c but it al-
ways uses fewer nodes. There is also a remarkable
case where bvp4c solves the problem in about 30 sec-
onds and with 3415 nodes compared to 1.3 seconds
and 21 nodes for the finite element solver. The prob-
lem becomes difficult to solve but our FEM solver per-
forms well, maybe due to the adaptivity. There is also
one problem that the finite element solver can solve
but bvp4c cannot.

In some cases where bvp4c finds a solution the
FEM solver seems to compute the wrong one, maybe
by missing a singularity. On the other side of the sin-
gularity it continues on another solution. Some results
about existence and uniqueness of solutions to bound-
ary value problems can be found in [7] and [9]. This
aspect of our solver is something that we have to in-
vestigate further.

Figure 2 and 3 show some results from the case
with initial velocity u0 = 90 km/h (25 m/s) and the
manoeuvre distances a = 50 m and b = 8 m. We see
in the figures that the solutions from the FEM solver
and bvp4c coincide. The final velocity is 53.32 km/h
from bvp4c and 53.37 km/h from the FEM solver.

FEM FEM bvp4c bvp4c
a [m] b [m] CPU [s] nodes CPU [s] nodes

40 6 2.54 15 0.27 25
50 9 1.59 90 0.36 41
50 8 0.61 10 0.24 28
50 5 0.52 10 0.27 37
50 3 1.45 10 - -
60 8 1.45 21 18.39 1287
60 6 1.46 10 0.63 81
60 5 3.45 10 3.06 286

Table 1: Performance of the FEM solver and bvp4c
measured in CPU time and number of nodes for dif-
ferent combinations of manoeuvre distances.
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Figure 2: The optimal velocities in the X and Y -
directions for the manoeuvre distances a = 50 m and
b = 8 m.
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Figure 3: The position of the vehicle when it is ma-
noeuvered in the optimal way for the manoeuvre dis-
tances a = 50 m and b = 8 m.

7 Conclusion
In this article we have presented an adaptive finite
element method for solving optimal control in vehi-
cle dynamics. Modelling the vehicle as a point mass,
we obtain a system of ordinary differential equations
which is solved, together with the constraints im-
posed by the manoeuvre, using the adaptive finite ele-
ment method. With this approach, we can control the
error and concentrate our resources to the most sensi-
tive parts of the computations.

We have compared the finite element method to
the Matlab solver bvp4c and found that there are
at least some cases where our solver outperforms
bvp4c. It is noteworthy that in all studied cases, our
method uses fewer nodes to find the same solution. At

the moment the finite element solver is slower than
bvp4c, but up to this point no extra effort has been
put in optimising the code. Thus, it is expected that
the computation time can be reduced by a more effi-
cient implementation. Further, these comparisions are
very preliminary, since the accuracies of both methods
depend on error tolerances that are not directly com-
parable. We are not sure that the settings are equal.
Still, since the quality of the solutions have been sim-
ilar throughout our computations, we feel confident
that our comparision is reasonable.

We have also noted that our solver is sensitive to
the initial guess. If we give the solver a poor initial
guess for some component, it may fail to solve the
problem or show a dramatical increase in computa-
tion time. To make the solver more useful we have to
make it more robust to poor initial guesses.

The model used in this article may look simple.
However, when it comes to evaluation of combined
steering and braking versus braking and then steer-
ing, the behaviour of this model gives insights into
the behaviour of the more realistic vehicle models and
manoeuvres we will consider. In our future work we
also intend to compare the performance of our indi-
rect approach to the direct approach.
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¬0­¯®,°(®�±p­¯²K³A²R´µ²R¶z·}²L¸ ¹Rº�»z¼t½�¾c¿ÁÀLÂKÃ�¾�¹ÅÄ�¾iÆi¿H¹RºA»R¼sÆ�Ç0ÈRÉ ³A®�Ê{®�´µ²RË�®/³}ÌÁÍÏÎ ¡�Ð ÌÁÍ}±p­¯®

Ñ ²RÍK±�®cÒ�±�²L¸�Ó¯ÍAÌÁ±�®(®�´Á®�°(®�ÍK±�°(®�±p­¯²K³AÉ�¸�²RÔ�Ë�ÈLÔp±pÌÕÈL´t³�Ì~ÖF®�Ô�®�ÍK±�ÌµÈL´�®/×{Ø�ÈL±pÌµ²RÍ¯É ¢"Ù ÍJ±p­AÌµÉ
Ë�ÈLË�®�Ô�ÇP®(ÈR³¯ÈLËA±�±p­¯®"°(®�±p­¯²K³A²R´µ²R¶z·J±�²�²RËA±pÌÁ°,ÈL´ Ñ ²RÍK±pÔg²R´6ËAÔ�²RÚA´µ®�°(É�²L¸0±p­¯®Û¸H²RÔp°�Ü
Ý>ÌÁÍ¯³�É�±gÈL±�®/É

x
ÈLÍ¯³ Ñ ²RÍK±pÔ�²R´µÉ u Ç�­AÌ Ñ ­

Þ ¡z¢Á¡Eß
°"ÌÁÍAÌÁ°"ÌµÉ�®

J (x, u) = l(x(0), x(T )) +

∫ T

0

L(x, u) dt,

ÉpØAÚAàT® Ñ ±�±g² ẋ(t) = f(x(t), u(t)), 0 < t < T,

I0x(0) = x0, ITx(T ) = xT .
áD®#ËAÔ�®/Ég®�ÍK± ÈLÍâÈR³¯ÈLËA±pÌÁÊ{®#Ó¯ÍAÌÁ±�®,®c´µ®�°(®�ÍK±�°(®�±p­¯²K³DÇ�ÌÁ±p­â®�ÔpÔ�²RÔ Ñ ²RÍK±pÔ�²R´tÚ�ÈRÉ�®/³D²RÍ
ÈLÍâ»�ãAäLÆ�Ã�¾cÄc¿�äRÄc¿å®�ÔpÔ�²RÔ�®/É�±pÌÁ°,ÈL±�®�Ç�­AÌ Ñ ­�ÌµÉ�±�­¯®�É�ØA°
²L¸�³AØ�ÈL´jÇP®�ÌÁ¶z­K±�®/³�Ô�®/ÉpÌµ³�Ø�ÈL´µÉ ¢
æ ËA±pÌÁ°,ÈL´ Ñ ²RÍK±pÔ�²R´{ËAÔ�²RÚA´µ®�°(É Ñ ÈLÍ�Ú�®tÉ�²R´ÁÊV®/³�ÍKØA°(®�ÔpÌ Ñ ÈL´Á´Á·�Ø¯É�ÌÁÍA¶x±�ÇP²x³�Ì~Ö�®�Ô�®�ÍK±>ÈLË�ç

ËAÔ�²VÈ Ñ ­¯®/É�è�±p­¯®"¹R¿<Äg¾pé�Ã�ÈLÍ¯³�±p­¯® ¿ëêì¹R¿ëÄ�¾pé�Ã:Îdí Ð�¢=Ù Í�±p­¯®�³�ÌÁÔ�® Ñ ±xÈLËAËAÔ�²VÈ Ñ ­�±p­¯®�ËAÔ�²RÚA´µ®�°
ÌµÉwÓ¯Ô�Ép±�³�ÌµÉ Ñ Ô�®�±pÌµÉg®/³JÈLÍ¯³DÈ(Ó¯ÍAÌÁ±�®"³�ÌÁ°(®�Í¯ÉpÌµ²RÍ�ÈL´6°"ÌÁÍAÌÁ°"ÌµÉgÈL±pÌµ²RÍJË¯Ô�²RÚA´µ®�°îÌµÉ2É�²R´ÁÊ{®/³ ¢
Ù ÍD±p­¯®"ÌÁÍ¯³�ÌÁÔ�® Ñ ±ÛÈLËAË¯Ô�²VÈ Ñ ­â±p­¯®"Í¯® Ñ ®/É�ÉiÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ¯É�¸�²RÔ�²RËA±pÌÁ°,ÈL´ÁÌÁ±�·âÈLÔ�®(³A®�±�®�ÔTç
°"ÌÁÍ¯®/³ïÈLÍ¯³â±p­¯®/Ég®,®/×KØ�ÈL±pÌµ²RÍ¯É#ÈLÔ�®,±p­�®cÍ�É�²R´ÁÊ{®�³âÍKØA°(®�ÔpÌ Ñ ÈL´Á´Á· ¢ ¬8ÔgÈR³�ÌÁ±pÌµ²RÍ�ÈL´Á´µ·Vè=±p­¯®
Í¯® Ñ ®/É�ÉgÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ¯É�¸�²RÔ�²RËA±pÌÁ°,ÈL´ÁÌÁ±�·�ÈLÔ�®�³A®�ÔpÌÁÊV®/³,Ø¯ÉpÌÁÍA¶�ÊzÈLÔpÌÕÈL±pÌµ²RÍ�ÈL´ Ñ ÈL´ Ñ ØA´ÁØ¯É�Îdð Ð è
ÈLÍ¯³Å±p­�®cÌÁÔ É�²R´ÁØA±pÌµ²RÍ Ñ ÈLÍDÚ�®"²RÚA±gÈLÌÁÍ¯®/³DØ¯ÉpÌÁÍA¶	³�Ì~ÖF®�Ô�®�ÍK±�ÍKØA°(®�ÔpÌ Ñ ÈL´t°(®�±p­¯²K³AÉ ÉpØ Ñ ­
ÈRÉ0Ó¯ÍAÌÁ±�®�®�´µ®�°(®�ÍK±�°(®�±p­¯²K³AÉ�Îdñ Ð ²RÔx° ØA´Á±pÌÁËA´µ®�Ép­¯²K²R±pÌÁÍA¶	Îdí Ð�¢
Ù Í	±p­¯®�ËAÔ�®/Ég®�ÍK±wÇP²RÔpò�Ç0®�Ø¯É�®�±p­¯®�ÌÁÍ¯³�ÌÁÔ�® Ñ ±�ÈLËAËAÔ�²VÈ Ñ ­ ¢ áâ®�ËAÔ�®/É�®�ÍK±w±p­¯® Ñ ´ÕÈRÉ�ÉpÌ~ç

Ñ ÈL´>ÊzÈLÔpÌÕÈL±pÌµ²RÍ�ÈL´ Ñ ÈL´ Ñ ØA´ÁØ¯É2ÌÁÍDÈ,ÇP®�ÈLò�¸H²RÔp°îÈLÍ¯³Å³A®�ÔpÌÁÊ{® ±�­¯® Í¯® Ñ ®/É�ÉiÈLÔp· Ñ ²RÍ¯³AÌ~±�ÌÁ²RÍ�É

ó6�i�<�côRõ�liv�kLlgqHf�öT÷EøzùiúcúiûE�
öTücüEö�ý �i�sþL��ÿ��i� ��� �������	��� � ��
��o�g�_� � 
�� �i� � ���������iI��iúEøR÷cüi40ö��/�
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¸�²RÔ2²RË¯±pÌÁ°,ÈL´~ÌÁ±^· ¢ ¬0­¯®/É�® Ñ ²RÍ¯ÉpÌµÉ�±2²L¸0È�Ép·�Ép±�®�°)²L¸t±�­AÔ�®/®#®/×{Ø�ÈL±pÌµ²RÍ¯ÉEÜ�±p­¯®Û´ÁÌÁÍ¯®�ÈLÔpÌµÉ�®/³
ÈR³LàT²RÌÁÍK±Û®/×KØ�ÈL±pÌµ²RÍâ¸H²RÔ�±p­¯®��8ÈL¶zÔgÈLÍA¶V®�° ØA´Á±pÌÁËA´ÁÌµ®�Ô

z
è:±p­¯®�²RÔpÌÁ¶zÌÁÍ�ÈL´0Ép±gÈL±�®,®/×KØ�ÈL±pÌµ²RÍ

¸�²RÔ
x
èPÈLÍ¯³ È3Í¯²RÍ�ç_´ÁÌÁÍ¯®�ÈLÔ�ÈL´Á¶V®�ÚAÔgÈLÌ Ñ ®/×{Ø�ÈL±pÌµ²RÍ ¸H²RÔ#±p­¯® Ñ ²RÍ�±pÔ�²R´�ÊzÈLÔpÌÕÈLÚA´µ® u ¢ áD®ÈLËAËAÔ�²�Ò�ÌÁ°,ÈL±�®�±p­¯®�®/×KØ�ÈL±pÌµ²RÍ¯É�ÚK·�ÈÛÓ¯ÍAÌÁ±�® ®c´µ®�°(®�ÍK±w°(®�±p­¯²K³3ÈLÍ¯³	³A®�ÔpÌÁÊV® ÈLÍ}»�ãAäLÆ��

Ã�¾cÄc¿�äRÄc¿�®�ÔpÔ�²RÔPÔ�®�ËAÔ�®/É�®�ÍK±gÈL±pÌµ²RÍ�¸�²RÔp° ØA´ÕÈÛÈLÍ¯³�ÈLÍ�®/Ép±pÌÁ°,ÈL±�®�²L¸j±p­¯®w®�ÔpÔ�²RÔ�ÌÁÍ�±p­¯®�¶V²VÈL´
¸ëØAÍ Ñ ±pÌµ²RÍ�ÈL´ J ¢ ¬0­¯®�®�ÔpÔ�²RÔ,®/Ép±pÌÁ°,ÈL±�®�ÌÁÉ(®cÒ�ËAÔ�®/É�É�®/³ ÈRÉ,ÈLÍ ®�´µ®�°(®�ÍK±Tç_Ç�ÌµÉ�®	ÉpØA° ²L¸
³�Ø�ÈL´jÇP®�ÌÁ¶z­K±�®/³�Ô�®/ÉpÌµ³�Ø�ÈL´µÉ�è

|J (x, u)− J (xh, uh)| ≤
N
∑

n=1

(

Rz
nω

x
n +Rx

nω
z
n +Ru

nω
u
n

)

+R,

Ç�­¯®�Ô�®
Rz

n

è
Rx

n

è
Ru

n

ÈLÔ�®tÔ�®/ÉpÌµ³�Ø�ÈL´µÉ8¸�Ô�²R° ±p­¯®PÈR³Làp²RÌÁÍK±>®/×{Ø�ÈL±pÌµ²RÍjèR±p­¯®�Ép±gÈL±�®t®/×KØ�ÈL±pÌµ²RÍjè
ÈLÍ¯³�±p­�®3ÈL´Á¶V®�ÚAÔgÈLÌ Ñ ®/×KØ�ÈL±pÌµ²RÍÏ¸�²RÔ�±p­¯® Ñ ²RÍK±pÔ�²R´2ÊRÈLÔpÌÕÈLÚA´µ®zèxÔ�®/ÉpË�® Ñ ±pÌÁÊ{®�´Á·VèwÈLÍ¯³ ωx

n

è
ωz

n

è
ωu

n

ÈLÔ�®�ÇP®�ÌÁ¶z­K±�É Ñ ²R°"ËAØA±�®/³�¸ëÔ�²R°
±p­¯®�É�²R´ÁØA±pÌµ²RÍ¯Éw²L¸�±p­¯®�Ô�®/ÉpË�® Ñ ±pÌÁÊ{®�®/×{Ø�ÈL±pÌµ²RÍ¯É
ÌÁÍ¯³�Ì Ñ ÈL±�®/³,ÚK·#±p­¯®xÉ�ØAË�®�Ô�É Ñ ÔpÌÁËA±�É�è�ÈLÍ¯³ R ÌµÉ�È�Ô�®�°,ÈLÌÁÍ¯³A®�Ô�Ç�­AÌ Ñ ­,°,È�·#Ú�®xÍ¯®�¶z´µ® Ñ ±�®/³ ¢�=Ô�®�Ê�Ìµ²RØ¯É�ÇP²RÔpòFèFÎdñ Ð è�Î�� Ð èAÈLÌÁ°(É�ÈL± Ñ ²RÍK±pÔ�²R´Á´ÁÌÁÍA¶(±p­¯®2®�ÔpÔ�²RÔ�ÌÁÍ�ÈLÍ�ÈLÔ�ÚAÌÁ±pÔgÈLÔp·�´ÁÌÁÍ¯®�ÈLÔ
¸ëØAÍ Ñ ±pÌµ²RÍ�ÈL´ Þ ²RÔ È�Í¯²RÔp° ß ²L¸0±p­¯®(ÊRÈLÔpÌÕÈLÚA´µ®/ÉÛÈLÍ¯³DÔ�®/×{ØAÌÁÔ�®/É�±p­¯®(É�²R´ÁØA±pÌµ²RÍ}²L¸xÈLÍïÈR³�ç
³�ÌÁ±pÌµ²RÍ�ÈL´�ÈR³Làp²RÌÁÍK±�ËAÔ�²RÚA´µ®�° ²L¸6±p­¯®�ÉgÈL°(®�ÉpÌ ��® ÈRÉ�±p­¯®�²RËA±pÌÁ°,ÈL´ÁÌÁ±�· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ¯É ¢ ¬�­¯®
°,ÈLÌÁÍJÈR³�ÊzÈLÍK±gÈL¶V®#²L¸t±p­¯®Û³�Ø�ÈL´�ÇP®�ÌÁ¶z­K±�®/³3Ô�®/ÉpÌµ³�Ø�ÈL´=®�ÔpÔ�²RÔ�®/Ép±pÌÁ°,ÈL±�®ÛÌÁÉ�±p­�ÈL±�ÌÁ±2²RÍA´Á·
Ø¯É�®/É=±p­¯®x®/×KØ�ÈL±pÌµ²RÍ¯ÉtÌÁÍK±pÔ�²K³�Ø Ñ ®/³(ÌÁÍ(±p­¯®�²RËA±pÌÁ°,ÈL´ÁÌ~±^· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ¯ÉPÈLÍ¯³(Í¯²�®cÒ�±pÔgÈ�³�Ø�ÈL´
ËAÔ�²RÚA´µ®�°)­�ÈRÉ2±�²�Ú�®#É�²R´ÁÊ{®/³ ¢"! ²EÇP®�Ê{®�Ô�è�ÌÁ± Ñ ÈLÍJ²RÍA´Á·	Ú�® Ø¯É�®/³ ¸�²RÔ Ñ ²RÍK±pÔ�²R´Á´ÁÌÁÍA¶�±p­¯®
®�ÔpÔ�²RÔxÌÁÍ�±p­¯®2¶V²VÈL´�¸�ØAÍ Ñ ±pÌµ²RÍ�ÈL´ J ¢áâ®ÅØ¯Ég®Å±p­¯®â®�ÔpÔ�²RÔ	®/É�±pÌÁ°,ÈL±�®âÈRÉ�±p­¯®JÚ�ÈRÉ�ÌµÉ�¸H²RÔ	ÈLÍ%ÈR³¯ÈLËA±pÌÁÊV®JÓ¯ÍAÌÁ±�®â®�´µ®�°(®�ÍK±
°(®�±p­¯²K³�èFÇ�­AÌ Ñ ­ÅÌµÉwÌÁ°"ËA´µ®�°(®�ÍK±�®/³ÅÌÁÍ$#ÅÈL±p´ÕÈLÚDÈLÍ¯³ ±�®/Ép±�®/³3²RÍDÈLÍÅ²RËA±pÌÁ°,ÈL´ Ñ ²RÍK±pÔ�²R´
ËAÔ�²RÚA´µ®�° ¸ëÔ�²R° ÊV®�­AÌ Ñ ´µ®3³�·KÍ�ÈL°"Ì Ñ É�Ç�ÌÁ±p­ ×KØ�ÈR³�ÔgÈL±pÌ Ñ ¶V²VÈL´�¸ëØAÍ Ñ ±pÌµ²RÍ�ÈL´�ÈLÍ¯³�´ÁÌÁÍ¯®�ÈLÔ
Ép±gÈL±�®�®�×KØ�ÈL±pÌµ²RÍ ¢
áâ®�Ú�®�¶zÌ~Í#ÌÁÍ&%�® Ñ ±pÌµ²RÍ,í�ÚK·�ËAÔ�®/É�®�ÍK±pÌÁÍA¶�ÈLÍ"ÈLÚ¯É�±pÔgÈ Ñ ±:¸�ÔgÈL°(®�ÇP²RÔpò�¸H²RÔ:±p­¯®0²RËA±pÌÁ°,ÈL´

Ñ ²RÍK±pÔ�²R´�ËAÔ�²RÚA´µ®�° Ç�­¯®�Ô�®wÇP® Ñ ÈLÍ�³A®�ÔpÌÁÊV®w±p­¯®�Í�® Ñ ®/ÉgÉgÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ¯É�¸H²RÔP²RËA±pÌÁ°,ÈL´ÁÌÁ±�·
ÈRÉÛÇP®�´Á´xÈRÉ"ÈLÍå»�ã�äLÆ�Ã�¾cÄc¿�äRÄc¿�Ô�®�ËAÔ�®/Ég®�ÍK±gÈL±pÌµ²RÍ�¸H²RÔp° ØA´ÕÈ	¸�²RÔÛ±p­¯®�®�ÔpÔ�²RÔ#ÌÁÍ�±p­¯®�¶V²VÈL´
¸ëØAÍ Ñ ±pÌµ²RÍ�ÈL´ J ¢�Ù Í'%�® Ñ ±pÌµ²RÍ ðÅÇP®	ÈLËAËA´Á·ï±p­¯®/É�®�Ô�®/É�ØA´Á±�É(±�²J±p­¯®�²RËA±pÌÁ°,ÈL´ Ñ ²RÍK±pÔ�²R´
ËAÔ�²RÚA´µ®�° ¢ïÙ Í(%�® Ñ ±pÌµ²RÍ()ÅÇP®�É�Ë�® Ñ ÌµÈL´ÁÌµÉg®�±g²JÈ3×KØ�ÈR³�ÔgÈL±pÌ Ñ�* ´ÁÌÁÍ¯®�ÈLÔ,²RËA±pÌÁ°,ÈL´ Ñ ²RÍK±pÔ�²R´
ËAÔ�²RÚA´µ®�° ¢ Ý�²RÔ�±p­AÌµÉ�ËAÔ�²RÚA´µ®�°�è:ÇP®,³A®�ÔpÌÁÊV®(±p­¯®	»"ãAäLÆ�Ã�¾cÄi¿HäRÄc¿�®�ÔpÔ�²RÔ ®/Ép±pÌÁ°,ÈL±�®"¸�Ô�²R°
±p­¯®Û®�ÔpÔ�²RÔ2Ô�®�ËAÔg®�Ég®�ÍK±gÈL±pÌµ²RÍÅ¸H²RÔp° ØA´ÕÈ�ÈLÍ¯³ Ç0®Û³A®/É Ñ ÔpÌÁÚ�®Û±p­¯®ÛÌÁ°"ËA´µ®�°(®�ÍK±gÈL±pÌµ²zÍD²L¸0ÈLÍ
ÈR³¯ÈLËA±pÌÁÊV® Ó¯ÍAÌÁ±�®3®�´µ®�°(®�ÍK±�°(®�±p­¯²K³ Ú�ÈRÉ�®/³ ²RÍ ±p­¯®�»	ãAäLÆcÃ�¾cÄc¿�äzÄi¿,®�ÔpÔ�²RÔ�®/Ép±pÌÁ°,ÈL±�® ¢
Ý>ÌÁÍ�ÈL´Á´Á·VèAÇP®�É�²R´ÁÊV®�ÈLÍ�®cÒ¯ÈL°"ËA´µ®2¸�Ô�²R° Ê{®�­AÌ Ñ ´µ®�³�·KÍ�ÈL°"Ì Ñ ÉxÌÁÍ+%�® Ñ ±pÌµ²RÍ3ñ ¢

í ¢-,#¤/.10
2�¥�¦
.�ª�¥(3�¦
.547698�§:¦�:
Ý�²R´Á´µ²EÇ�ÌÁÍA¶"Î ¡�Ð ÇP®t¸�²RÔp° ØA´ÕÈL±�®P±p­¯®0²RËA±pÌÁ°,ÈL´ Ñ ²RÍK±pÔ�²R´�ËAÔ�²RÚA´µ®�°�ÌÁÍ"ÈLÍ"ÈLÚ¯É�±pÔgÈ Ñ ±>Ç0È�· ¢

�j®�±
W,U, V

Ú�®�Í¯²RÔp°(®/³�Ê{® Ñ ±�²RÔ�ÉpË�È Ñ ®/É�èA´µ®�± Ẇ ⊂W
Ú�®�È#É�ØAÚ¯ÉpË�È Ñ ®zèA´µ®�± x̂ ∈WÚ�®�ÓAÒA®/³	ÈLÍ¯³�³¯®iÓ�Í¯®�±p­¯®�È<;(Í¯®�ÉpË�È Ñ ®

W̃ = x̂+ Ẇ =
{

w ∈W : w − x̂ ∈ Ẇ
}

.

¬0­¯®�Ô�®�ÈRÉ�²RÍ�¸�²RÔ�Ø¯ÉpÌÁÍA¶ ±p­AÌµÉ0È<;(Í¯®�ÉpË�È Ñ ®�Ç�ÌÁ´Á´ìÚ�® Ñ ´µ®�ÈLÔPÌÁÍ=%�® Ñ ±pÌµ²RÍ�ð�èKÇ�­¯®�Ô�®wÇP®�ÌÁÍ�ç
Ñ ´ÁØ¯³A®PÚ�²RØAÍ¯³¯ÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ¯É=ÌÁÍ#±p­¯®PËAÔ�²RÚA´µ®�°�¸�²RÔp° ØA´ÕÈL±pÌµ²RÍ ¢ Ý¯ØAÔp±p­¯®�Ô�ÇP®PÌÁÍK±pÔ�²K³�Ø Ñ ®
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Ép°(²K²R±p­�¸�ØAÍ Ñ ±pÌµ²RÍ�ÈL´µÉ

F : W × U × V → R,

J : W × U → R.
áD® ÈRÉgÉpØA°(®�±p­�ÈL±

F(x, u; z)
ÌµÉ,´ÁÌÁÍ¯®�ÈLÔ�ÌÁÍÏ±p­¯®�±p­AÌÁÔ�³�ÊzÈLÔpÌÕÈLÚA´µ®zè

z
¢ áâ®�Ø¯É�®�±p­¯®

Í¯²R±gÈL±pÌµ²RÍD±p­�ÈL±�±p­¯®Û¸�ØAÍ Ñ ±pÌµ²RÍ�ÈL´µÉ�³A®�Ë�®�Í¯³JÍ¯²RÍ�ç_´ÁÌÁÍ¯®�ÈLÔp´Á·J²RÍJ±p­¯®(ÈLÔp¶zØA°(®�ÍK±�É�Ú�®c¸H²RÔ�®
±p­¯®�É�®�°"Ì Ñ ²R´µ²RÍ ÈLÍ¯³ï´ÁÌÁÍ¯®�ÈLÔp´Á·}²RÍï±p­¯®�ÈLÔp¶zØA°(®�ÍK±�É(È�¸�±�®�ÔÛ±p­¯®�É�®�°"Ì Ñ ²R´µ²RÍ ¢ Ý�²RÔ#®cÒKç
ÈL°"ËA´µ®zè�ÇP®Û³A®�Í¯²R±�® ±p­¯®Û³A®�ÔpÌÁÊzÈL±pÌÁÊV®

F ′x(x, u; z)
È Ñ ±pÌÁÍA¶�²RÍÅÈ,±�®/Ép±�¸�ØAÍ Ñ ±pÌµ²RÍ ϕx

ÚK·
F ′x(x, u; z, ϕx) = F ′x(x, u; z)ϕx

¢
áâ® Ñ ²RÍ¯ÉpÌµ³A®�Ô0²RËA±pÌÁ°,ÈL´ Ñ ²RÍK±pÔ�²R´FËAÔ�²RÚA´µ®�°(É0²L¸j±p­¯®�¸�²RÔp°�Ü��2®�±�®�Ôp°"ÌÁÍ¯® x ∈ W̃ ÈLÍ�³

u ∈ U
Ç�­AÌ Ñ ­

Þ í ¢Á¡Eß
°"ÌÁÍAÌÁ°"ÌµÉ�®

J (x, u),
ÉpØAÚ�àp® Ñ ±�±�² F(x, u;ϕ) = 0, ∀ϕ ∈ V.

¬0­¯®�°,ÈLÌÁÍ ³�Ì~Ö�®�Ô�®�Í Ñ ®�Ç�ÌÁ±p­ Î ¡�Ð ÌµÉÛ±p­¯®�ËAÔg®�Ég®�Í Ñ ®�²L¸w±p­¯® Ñ ²RÍK±pÔ�²R´0ÊzÈLÔpÌÕÈLÚA´µ® u ÈLÍ�³±p­�ÈL±wÇP®�Í¯®/®/³ É�®�Ê{®�ÔgÈL´:ÉpË�È Ñ ®/É�ÌÁÍ ²RÔ�³A®�Ôw±�²�ÈL´Á´µ²EÇ ¸�²RÔ�È&�>®�±pÔ�²�Ê{ç���ÈL´µ®�Ôpò�ÌÁÍ3°(®�±p­¯²K³
ÈLÍ¯³�Í¯²RÍ�ç_­¯²R°(²R¶V®�Í¯®/²RØ�É�Ú�²RØAÍ¯³¯ÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ¯É ¢
¬0­AÌµÉ ÌµÉÛÈ Ñ ²RÍ¯Ép±pÔgÈLÌÁÍ¯®/³ï²RËA±pÌÁ°"ÌµÉgÈL±�ÌÁ²RÍ�ËAÔ�²RÚA´µ®�° ÈLÍ¯³â±p­¯®,Í¯® Ñ ®/É�ÉgÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ

¸�²RÔ�ÈLÍ	²RËA±pÌÁ° ØA° ÌµÉx®cÒ�ËAÔ�®/É�É�®/³�ÌÁÍ�±�®�Ôp°(É�²L¸�±p­¯® �8ÈL¶zÔgÈLÍA¶V®�¸�ØAÍ Ñ ±pÌµ²RÍ�ÈL´

L(x, u; z) = J (x, u) + F(x, u; z), (x, u, z) ∈W × U × V.

�������� !�#"%$'&)(�&�* Â�¾xêF¾péi¾iÆiÆ�»RÄ,+#é�äRê�¹R¿ëÃ�¿HäRê.-�äzÄ�»Rê�äcã�Ã�¿0/#º#/
(x, u, z) ∈ W̃ ×U×

V
¿<Æ�ÀR¿01R¾cê32,+

L′(x, u; z, ϕ) = 0, ∀ϕ ∈ Ẇ × U × V,
Þ í ¢ í ß
ÃëÂ�»zÃt¿<Æ54

J ′
x(x, u;ϕx) + F ′x(x, u; z, ϕx) = 0, ∀ϕx ∈ Ẇ ,

J ′
u(x, u;ϕu) + F ′u(x, u; z, ϕu) = 0, ∀ϕu ∈ U,

F(x, u;ϕz) = 0, ∀ϕz ∈ V.

Þ í ¢ ð ß

6PÄpäEä7-98�áD®Å®cÒ�Ë�ÈLÍ¯³
L′
ÌÁÍ Ë�ÈLÔp±pÌÕÈL´�³A®�ÔpÌÁÊzÈL±pÌÁÊV®/ÉEè�Í¯²R±pÌÁÍA¶ ±p­�ÈL±

L′z(x, u; z, ϕz) =
F ′z(x, u; z, ϕz) = F(x, u;ϕz)

¢
¤

:�²R±�®=±p­�ÈL±8±p­¯®=±p­AÌÁÔ�³�®/×KØ�ÈL±pÌµ²RÍ�ÌÁÍ Þ í ¢ ð ß ÌµÉj±p­¯®t®/×{Ø�ÈL±pÌµ²RÍ�ÌÁÍ�±p­¯®6²RÔpÌÁ¶zÌÁÍ�ÈL´KËAÔ�²RÚA´µ®�°
Þ í ¢Á¡�ß ÈLÍ¯³�±p­¯®2Ó¯Ô�Ép±x®/×KØ�ÈL±pÌµ²RÍ�ÌÁÍ Þ í ¢ ð ß ÌµÉ�±p­¯®�´ÁÌÁÍ¯®�ÈLÔpÌµÉ�®/³ ÈR³LàT²RÌÁÍK±�®/×KØ�ÈL±pÌµ²RÍ ¢
Ù Íâ²RÔ�³A®�Ô�±�²�¸H²RÔp° ØA´ÕÈL±�®�È �>®�±pÔ�²EÊKç���ÈL´µ®�ÔpòKÌÁÍ�ÈLËAËAÔg²�Ò�ÌÁ°,ÈL±pÌµ²RÍ�²L¸0±p­¯®,®/×{Ø�ÈL±pÌµ²RÍ¯É

Þ í ¢ ð ß ÇP®ÅÈRÉ�ÉpØA°(® ±p­�ÈL±�ÇP® ­�È�Ê{®3ÉpØAÚ¯ÉpË�È Ñ ®/É Wh ⊂ W
è
Ẇh ⊂ Ẇ

è
Vh ⊂ V

è
Uh ⊂ U

è¯ÈLÍ¯³�±p­�ÈL±
x̂ ∈Wh

èAÉ�²#±p­�ÈL±

W̃h = x̂+ Ẇh ⊂ W̃ .
¬0­¯®#ÈLËAËAÔ�²�Ò�ÌÁ°,ÈL±pÌµ²RÍD²L¸t±p­¯® Í¯® Ñ ®/ÉgÉgÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍÅ¸H²RÔ�²RËA±pÌÁ°,ÈL´ÁÌÁ±�· Í¯²EÇ�Ú�® Ñ ²R°(®/É�Ü
Ó¯Í¯³

(xh, uh, zh) ∈ W̃h × Uh × Vh

ÉpØ Ñ ­�±p­�ÈL±

L′(xh, uh; zh, ϕ) = 0, ∀ϕ ∈ Ẇh × Uh × Vh,
Þ í ¢ ) ß
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±p­�ÈL±xÌµÉ�è

J ′
x(xh, uh;ϕx) + F ′x(xh, uh; zh, ϕx) = 0, ∀ϕx ∈ Ẇh,

J ′
u(xh, uh;ϕu) + F ′u(xh, uh; zh, ϕu) = 0, ∀ϕu ∈ Uh,

F(xh, uh;ϕz) = 0, ∀ϕz ∈ Vh.

Þ í ¢ ñ ß

¬0­¯®�¸H²R´Á´µ²EÇ�ÌÁÍA¶ ±p­¯®/²RÔ�®�° ËAÔ�²EÊKÌµ³A®/ÉPÈLÍ3»�ã�äLÆ�Ã�¾cÄc¿�äRÄc¿6Ô�®�ËAÔ�®/É�®�ÍK±gÈL±pÌµ²RÍ�¸�²RÔp° ØA´ÕÈ�¸�²RÔ
±p­¯®�®�ÔpÔ�²RÔxÌÁÍ�±p­¯®2¸�ØAÍ Ñ ±pÌµ²RÍ�ÈL´ J ¢
�������� !�#" $'&�$�&�� ¾�Ã

(x, u, z) ∈ W̃ × U × V
»zêì¹

(xh, uh, zh) ∈ W̃h × Uh × Vh2�¾�Æ/äR¼�º�Ã�¿HäRêAÆ�ä7- Þ í ¢ ð ß »Rê�¹ Þ í ¢ ñ ß 46Ä�¾iÆ_ã¯¾�é/Ã�¿)1L¾c¼ +�8 * Â�¾cê

J (x, u)− J (xh, uh) = 1

2
ρx + 1

2
ρz + 1

2
ρu +R,

½=¿ëÃëÂ�ÃëÂ�¾�Ä�¾iÆi¿H¹RºA»R¼sÆ
ρx

4
ρz

4t»zêì¹
ρu

¹{¾��6êF¾p¹�»LÆ

ρx = J ′
x(xh, uh;x− x̃h) + F ′x(xh, uh; zh, x− x̃h),

ρu = J ′
u(xh, uh;u− ũh) + F ′u(xh, uh; zh, u− ũh),

ρz = F(xh, uh; z − z̃h).
��¾cÄ�¾

(x̃h, ũh, z̃h) ∈ W̃h × Uh × Vh

¿<Æ�»RÄ 2c¿�Ã�Äp»RÄ,+ 8 * Â�¾�Ä�¾,/(»R¿ëêì¹{¾cÄ�Ã�¾cÄ,/
R
¿ÕÆ

ÀR¿)1L¾cê32,+

R = 1

2

∫ 1

0

(

J ′′′(xh + sex, uh + seu; e, e, e)

+ F ′′′(xh + sex, uh + seu; zh + sez, e, e, e)
)

s(s− 1) ds,

Þ í ¢ � ß

½�Â�¾cÄ�¾
e = (ex, eu, ez) ∈ Ẇ×U×V

4
ex = x−xh

4
eu = u−uh

4:»Rêì¹
ez = z−zh

8
¬0­¯®"Ô�®�°,ÈLÌÁÍ¯³A®�Ô�±�®�Ôp°&ÌµÉ Ñ ØAÚAÌ Ñ ÌÁÍJ±p­¯®"®�ÔpÔ�²RÔ ÈLÍ¯³ Ñ ÈLÍJ±p­�®cÔg®i¸H²RÔ�®(²L¸ë±�®�ÍDÚ�®#Í¯®cç

¶z´µ® Ñ ±�®/³ ¢�Ù Í�Ë�ÈLÔp±pÌ Ñ ØA´ÕÈLÔ�è�ÇP®�Í¯²R±�®�±p­�ÈL± R = 0
ÌÁÍ�±p­¯®�ÌÁ°"Ë�²RÔp±gÈLÍK±,É�Ë�® Ñ ÌÕÈL´ Ñ ÈRÉ�®

Ç�­¯®�Í
F(·, · ; ·)

ÌµÉ�±pÔpÌ~ç_´ÁÌÁÍ¯®�ÈLÔ�ÈLÍ¯³
J (·, ·)

ÌµÉxÚAÌ~ç�×{Ø�ÈR³�ÔgÈL±pÌ Ñ ¢
6PÄpäEä7-98�áD®2ÌÁÍK±pÔ�²K³�Ø Ñ ®�±p­¯®�Í¯²R±gÈL±pÌµ²RÍ

L
′
(x, xh, u, uh; z, zh, e) = L(x, u; z)− L(xh, uh; zh)

=

∫ 1

0

d

ds
L(xh + sex, uh + seu; zh + sez) ds

=

∫ 1

0

L′(xh + sex, uh + seu; zh + sez, e) ds,

Ç�­¯®�Ô�®
e = (ex, eu, ez) ∈ Ẇ × U × V

¢�� É�ÌÁÍA¶,±p­¯® ±p­AÌÁÔ�³3®/×{Ø�ÈL±pÌµ²RÍ3ÌÁÍ Þ í ¢ ð ß ÈLÍ¯³
±p­¯®�±p­AÌÁÔ�³�®/×{Ø�ÈL±pÌµ²RÍ	ÌÁÍ Þ í ¢ ñ ß Ç0®2¶V®�±

J (x, u)− J (xh, uh) = L(x, u; z)−F(x, u; z)− L(xh, uh; zh) + F(xh, uh; zh)

= L(x, u; z)− L(xh, uh; zh)

= L
′
(x, xh, u, uh; z, zh, e) + 1

2
L′(xh, uh; zh, e)

− 1

2
L′(xh, uh; zh, e)−

1

2
L′(x, u; z, e),



����� ��� �
�����	��
�� ��� � ��� ��� ��� �
� � ��
	
9��� ����� �
� ��
 ����� �
������� � ���
� �

Ç�­¯®�Ô�®2±p­¯®�´ÕÈRÉp±0±�®�Ôp° ÌµÉ ��®�Ô�²ÛÌÁÍ�Ê�Ìµ®�Ç ²L¸ Þ í ¢ í ßc¢ ¬0­¯®2´µÈRÉ�±P±�ÇP²#±�®�Ôp°(ÉxÈLÔ�®2®/×KØ�ÈL´F±�²
ÈLÍâÈLËAËAÔ�²�Ò�ÌÁ°,ÈL±pÌµ²RÍ}²L¸P±p­¯®ÛÓ¯Ô�É�±2±�®�Ôp°&ÚK· ±p­¯®#±pÔgÈLË�®���²RÌµ³¯ÈL´tÔpØA´µ® ¢
! ®�Í Ñ ®zè�Ç�ÌÁ±p­ R³A®�Í¯²R±pÌÁÍA¶,±p­¯®�Ô�®�°,ÈLÌÁÍ¯³A®�Ô�ÌÁÍ�±p­AÌµÉwÈLËAËAÔ�²�Ò�ÌÁ°,ÈL±pÌµ²RÍjè

J (x, u)− J (xh, uh) = 1

2
L′(xh, uh; zh, e) +R

= 1

2
L′(xh, uh; zh, x− xh, u− uh, z − zh) +R

= 1

2
L′(xh, uh; zh, x− x̃h, u− ũh, z − z̃h) +R.

! ®�Ô�®ÛÇP® Ø¯Ég®/³ ±p­¯®#²RÔp±p­¯²R¶V²RÍ�ÈL´ÁÌÁ±�·3ËAÔ�²RË�®�Ôp±�· Þ í ¢ ) ß ±�²�Ô�®�ËA´ÕÈ Ñ ® (xh, uh, zh)
ÚK·3ÈLÍ

ÈLÔpÚAÌÁ±pÔgÈLÔp·
(x̃h, ũh, x̃h) ∈ W̃h × Uh × Vh

¢�� ·�®cÒ�Ë�ÈLÍ¯³�ÌÁÍA¶
L′
ÌÁÍ	±�®�Ôp°(Éw²L¸=Ë�ÈLÔp±pÌÕÈL´

³A®�ÔpÌÁÊRÈL±pÌÁÊ{®/ÉxÇP®2±p­¯®�Í ²RÚA±gÈLÌÁÍ

J (x, u)− J (xh, uh) = 1

2

(

J ′
x(xh, uh;x− x̃h) + F ′x(xh, uh; zh, x− x̃h)

)

+ 1

2

(

J ′
u(xh, uh;u− ũh) + F ′u(xh, uh; zh, u− ũh)

)

+ 1

2
F(xh, uh; z − z̃h) +R

= 1

2
ρx + 1

2
ρu + 1

2
ρz +R.

¬0­¯®�Ô�®�°,ÈLÌÁÍ¯³A®�Ô�±�®�Ôp°
R
ÌµÉ

R = L
′
(x, xh, u, uh; z, zh, e)−

1

2
L′(xh, uh; zh, e)−

1

2
L′(x, u; z, e)

= 1

2

∫ 1

0

L′′′(xh + sex, uh + seu; zh + sez, e, e, e)s(s− 1) ds

= 1

2

∫ 1

0

(

J ′′′(xh + sex, uh + seu; e, e, e)

+ F ′′′(xh + sex, uh + seu; zh + sez, e, e, e)
)

s(s− 1) ds.

Þ í ¢��zß

¤

ð ¢ ,Û¤ §��A¥�« 4 .��	ªF§:¤�¥�¦ì§����¯¦ì§10	� 6 4
áâ® Ñ ²RÍ¯ÉpÌµ³A®�Ôw²RËA±pÌÁ°,ÈL´ Ñ ²RÍK±pÔ�²R´8ËAÔ�²RÚA´µ®�°(Éw²L¸>±p­¯®2¸H²RÔp°

°"ÌÁÍAÌÁ°"ÌµÉ�®
l(x(0), x(T )) +

∫ T

0

L(x(t), u(t)) dt,

ÉpØAÚ�àp® Ñ ±�±�² ẋ(t) = f(x(t), u(t)), 0 < t < T,

I0x(0) = x0, ITx(T ) = xT .

Þ ð ¢Á¡Eß

! ®�Ô�®

l : R
d × R

d → R,

L : R
d × R

m → R,

f : R
d × R

m → R
d,

ÈLÔ�®�Ép°(²K²R±p­�¸�ØAÍ Ñ ±pÌµ²RÍ¯É,ÈLÍ¯³ I0 ÈLÍ¯³ IT
ÈLÔ�®�³�ÌÕÈL¶V²RÍ�ÈL´x°,ÈL±pÔpÌ Ñ ®/É(Ç�ÌÁ±p­(�/®�Ô�²K®/É,²RÔ

²RÍ¯®/É�²RÍ�±p­¯®w³�ÌÕÈL¶V²RÍ�ÈL´µÉ�èAÈLÍ¯³
x0 ∈ R(I0)

è
xT ∈ R(IT )

è{Ç�­¯®�Ô�®
R(A)

³A®�Í¯²R±�®/É�±p­¯®
ÔgÈLÍA¶V®�²L¸6ÈÛ°,ÈL±pÔpÌ~Ò

A
¢
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Ù ÍÛ²RÔ�³A®�Ô>±�²wËAØA±>±p­AÌµÉ:ÌÁÍK±�²w±p­¯®0ÈLÚ¯Ép±pÔgÈ Ñ ±:¸�ÔgÈL°(®�ÇP²RÔpò ²L¸¯±p­¯®�ËAÔ�®�Ê�Ìµ²RØ¯É�É�® Ñ ±pÌµ²RÍjèRÇP®

Í¯®/®/³�±�²(ÌÁÍK±�Ô�²K³�Ø Ñ ®�¸�ØAÍ Ñ ±pÌµ²RÍ É�Ë�È Ñ ®/É W, Ẇ , W̃ , V, U
ÈLÍ¯³�¸�ØAÍ Ñ ±pÌµ²RÍ�ÈL´µÉ J ÈLÍ¯³

F
¢

¬0­¯®�ÉpË�È Ñ ®/É6° Ø¯Ép±PÈ Ñ/Ñ ²R°"°(²K³¯ÈL±�®wÚ�²R±p­,±p­¯® Ñ ²RÍK±pÌÁÍKØ¯²RØ¯Ét¸ëØAÍ Ñ ±pÌµ²RÍ¯É x, z, u ÈLÍ¯³"±p­¯®Ñ ²RÔpÔ�®/ÉpË�²RÍ¯³�ÌÁÍA¶3Ó¯ÍAÌÁ±�®�®�´µ®�°(®�ÍK± ¸�ØAÍ Ñ ±pÌµ²RÍ¯É ¢ Ù ±�ÌµÉ ±p­¯®�Ô�®c¸H²RÔ�® Ñ ²RÍKÊ{®cÍ¯ÌÁ®�Í�±Û±�²	Ú�®�¶zÌÁÍ
ÚK·�³A®cÓ¯ÍAÌÁÍA¶,±p­¯®2Ó¯ÍAÌÁ±�®�®�´µ®�°(®�ÍK±wÉpË�È Ñ ®/É ¢
áâ®�³A®cÓ¯Í¯®�È�°(®/Ép­

0 = t0 < t1 < t2 < . . . < tN = T
è�Ç�ÌÁ±p­�Ép±�®�Ë¯É

hn =
tn − tn−1

ÈLÍ¯³ïÌÁÍK±�®�ÔpÊzÈL´µÉ
In = (tn−1, tn)

¢ �8®�±
q ≥ 0

ÈLÍ¯³}´µ®�±
P q ³¯®cÍ�²R±�®�±p­¯®

Ë�²R´Á·KÍ¯²R°"ÌÕÈL´µÉw²L¸=³A®�¶zÔ�®/®
≤ q

¢ áâ®2ÌÁÍK±pÔ�²K³�Ø Ñ ®�±p­¯®�ÉpË�È Ñ ®/É

Wh = R
d ×

{

w : w|In
∈ P q(In,R

d), n = 1, . . . , N
}

× R
d,

Ẇh = R(I − I0)×
{

w : w|In
∈ P q(In,R

d), n = 1, . . . , N
}

×R(I − IT )

=
{

w ∈Wh : I0w
−

0 = 0, ITw
+
N = 0

}

,

²L¸ Þ Ê{® Ñ ±�²RÔTç_ÊzÈL´ÁØ¯®/³ ß ³�ÌµÉ Ñ ²RÍK±pÌÁÍKØ¯²RØ¯É�ËAÌµ® Ñ ®�Ç�ÌµÉ�®ÅË�²R´Á·�Í¯²R°"ÌÕÈL´�¸�ØAÍ Ñ ±pÌµ²RÍ¯É�²L¸Û³A®�¶zÔ�®/®
≤ q

ÈLÍ¯³�±p­¯®�ÉpË�È Ñ ®

Vh =
{

v ∈ C([0, T ] ,Rd) : v|In
∈ P q+1(In,R

d)
}

,

²L¸ Ñ ²RÍK±pÌÁÍKØ¯²RØ¯É0ËAÌµ® Ñ ®�Ç�ÌµÉ�®wË�²R´Á·�Í¯²R°"ÌÕÈL´�¸ëØAÍ Ñ ±pÌµ²RÍ¯É0²L¸:³A®�¶zÔ�®/® ≤ q+1
¢ Ý¯²RÔ

w ∈WhÇP®�Ø¯É�®�±p­¯®�Í¯²R±gÈL±pÌµ²RÍ
[w]n = w+

n − w−n
è
w±n = lim

t→t±n
w(t)

¸H²RÔ�±p­¯®�à^ØA°"ËÅÈLÍ¯³
±p­¯®�²RÍ¯®cç�É�Ìµ³A®/³ï´ÁÌÁ°"ÌÁ±�É(ÈL±

tn
ètÈLÍ¯³}¸�²RÔ

v ∈ Vh

ÇP®�Ç�ÔpÌÁ±�®
vn = v(tn)

¢ ¬0­¯®�±�ÇP²
¸HÈ Ñ ±�²RÔ�É

R
d ÌÁÍ Wh

Ñ ²RÍ�±gÈLÌÁÍJ±p­¯®ÛÚ�²RØAÍ¯³¯ÈLÔp·3ÊzÈL´ÁØ¯®/É w−0
ÈLÍ¯³

w+
N

¢ áD®"ÈL´µÉ�²�É�®�´µ® Ñ ±
x̂ ∈Wh

É�Ø Ñ ­�±p­�ÈL±

I0x̂
−

0 = x0, IT x̂
+
N = xT ,

Ç�­¯®�Ô�®
x0, xT

ÈLÔ�®�±p­¯®2Ú�²RØAÍ¯³�ÈLÔp·�ÊRÈL´ÁØ¯®/ÉxÌÁÍ Þ ð ¢Á¡�ß è¯ÈLÍ�³�³A®cÓ¯Í�®�±p­¯®�È<;(Í¯®�ÉpË�È Ñ ®

W̃h = x̂+ Ẇh =
{

w ∈Wh : w − x̂ ∈ Ẇh

}

=
{

w ∈Wh : I0w
−

0 = x0, ITw
+
N = xT

}

.

Ý>ÌÁÍ�ÈL´Á´Á·VèAÇP®�³A®cÓ¯Í¯®

Uh =
{

v ∈ C([0, T ] ,Rm) : v|In
∈ P q+1(In,R

m)
}

.

:w²R±�®�±p­�ÈL±

dim(Wh) = (N(q + 1) + 2)d,

dim(Ẇh) = (N(q + 1) + 2)d− d0 − dT ,

dim(Vh) = (N(q + 1) + 1)d,

dim(Uh) = (N(q + 1) + 1)m,

Þ ð ¢ í ß

Ç�­¯®�Ô�®
d0 = rank(I0)

è
dT = rank(IT )

¢
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áâ®2Í¯²EÇ ³A®cÓ¯Í¯®�±p­¯®2¸�ØAÍ Ñ ±pÌµ²RÍ	ÉpË�È Ñ ®/É

W = R
d ×

{

w : w|In
∈ H1(In,R

d), n = 1, . . . , N
}

× R
d,

Ẇ = R(I − I0)×
{

w : w|In
∈ H1(In,R

d), n = 1, . . . , N
}

×R(I − IT )

=
{

w ∈W : I0w
−

0 = 0, ITw
+
N = 0

}

,

W̃ = x̂+ Ẇ =
{

w ∈W : w − x̂ ∈ Ẇ
}

=
{

w ∈W : I0w
−

0 = x0, ITw
+
N = xT

}

,

V = H1((0, T ),Rd),

U = H1((0, T ),Rm).
¬0­¯®�ÉpË�È Ñ ®/ÉwÈLÔ�®�®/×{ØAÌÁËAË�®/³�Ç�ÌÁ±p­�±p­¯®�°,È�Ò�ÌÁ° ØA°
Í¯²RÔp° ¢ :�²R±�®�±p­�ÈL±�èAÚK· %�²RÚ�²R´µ®�Ê���É
ÌÁÍ¯®/×{Ø�ÈL´ÁÌÁ±�·{èj¸ëØAÍ Ñ ±pÌµ²RÍ¯É�ÌÁÍ W, Ẇ ÈLÔ�® Ñ ²RÍK±pÌÁÍKØ¯²RØ¯É ²RÍâ®�È Ñ ­DÌÁÍK±�®�ÔpÊRÈL´ In Ç�ÌÁ±p­â²RÍ¯®cçÉpÌµ³A®/³�´ÁÌÁ°"ÌÁ±�É�ÈL±P±p­¯®2®�Í¯³�Ë�²RÌÁÍK±�É�èAÈLÍ¯³�¸ëØAÍ Ñ ±pÌµ²RÍ¯É0ÌÁÍ V,U ÈLÔ�® Ñ ²RÍK±pÌÁÍKØ¯²RØ¯É�²RÍ [0, T ]

¢
� ²RØAÍ¯³¯ÈLÔp· ÊRÈL´ÁØ¯®/É�ÈLÔ�® È Ñ/Ñ ²R°"°(²K³¯ÈL±g®/³ÏÌÁÍ W ÌÁÍ ±�­¯®	ÉgÈL°(®�Ç0È�· ÈRÉ,ÌÁÍ

Wh �
²L¸

Ñ ²RØAÔ�É�®zè6Ì~¸ w ∈ W
­�ÈLËAË�®�Í¯É"±�²3Ú�® Ñ ²RÍK±pÌÁÍKØ¯²RØ¯É�èt±p­¯®�Í w−0 = w+

0 = w(0)
ÈLÍ¯³

w−N = w+
N = w(T )

ÈLÔ�®2±p­¯®�Ø¯ÉpØ�ÈL´�Ú�²RØAÍ¯³¯ÈLÔp·�ÊzÈL´ÁØ¯®/É ¢ ¬0­¯®2¸�ØAÍ Ñ ±pÌµ²RÍ	ÉpË�È Ñ ®/É�­�È�Ê{®
Ú�®/®�Í Ñ ²RÍ¯É�±pÔpØ Ñ ±�®/³ É�²â±p­�ÈL± Wh ⊂ W

è
Ẇh ⊂ Ẇ

è
W̃h ⊂ W̃

è
Vh ⊂ V

èxÈLÍ¯³
Uh ⊂ U

¢
¬0­¯®2¸�ØAÍ Ñ ±pÌµ²RÍ�ÈL´8±�²#Ú�®�°"ÌÁÍAÌÁ°"ÌµÉ�®/³�ÌµÉ

J (w, u) = l(w−0 , w
+
N ) +

∫ T

0

L(w, u) dt, (w, u) ∈W × U,

ÈLÍ¯³�è{¸�²RÔ�±p­¯®xÇ0®�ÈLò#¸�²RÔp° ØA´ÕÈL±pÌµ²RÍ�²L¸j±p­¯®wÉp±gÈL±�®w®/×KØ�ÈL±pÌµ²RÍjèKÇP®w³A®cÓ¯Í¯®�±p­¯®x¸�ØAÍ Ñ ±pÌµ²RÍ�ÈL´

F(w, u; v) =

N
∑

n=1

∫

In

(ẇ − f(w, u), v) dt+

N
∑

n=0

([w]n, vn),

(w, u, v) ∈W × U × V.

! ®�Ô�®�ÈLÍ¯³ Ú�®�´µ²EÇ
(·, ·)

³A®�Í¯²R±�®/É=±p­¯®PÉ Ñ ÈL´ÕÈLÔ�ËAÔ�²K³�Ø Ñ ±=ÌÁÍ
R

d ²RÔ
R

m ¢:Ù ¸ x ÌµÉ=ÈwÉp°(²K²R±p­¸ëØAÍ Ñ ±pÌµ²RÍ Ç�­AÌ Ñ ­3ÉgÈL±pÌµÉTÓ�®/É�±p­¯®�Ép±gÈL±�®�®/×KØ�ÈL±pÌµ²RÍ	ÌÁÍ Þ ð ¢Á¡�ß è¯±p­¯®�Í ÌÁ±�ÈL´µÉ�²,ÉgÈL±pÌµÉTÓ�®/É�±p­¯®
ÇP®�ÈLò�ËAÔ�²RÚA´µ®�°�Ü=Ó¯Í¯³

x ∈ W̃
ÉpØ Ñ ­�±p­�ÈL±

Þ ð ¢ ð ß
F(x, u;ϕ) = 0, ∀ϕ ∈ V.

! ®�Ô�®"ÇP®"Ø¯Ég®/³J±p­¯®#¸HÈ Ñ ±�±p­�ÈL± x−0 = x(0)
è
x+

N = x(T )
è
[x]n = 0

èjÚ�® Ñ ÈLØ¯É�® x ÌµÉÑ ²RÍK±pÌÁÍKØ¯²RØ¯É ¢
áâ®�Í¯²EÇ Ó¯Í¯³	ÌÁ± Ñ ²RÍKÊV®�ÍAÌµ®�ÍK±2±�² Ñ ­�ÈLÍA¶V®Û±p­¯®�Í�²R±gÈL±pÌµ²RÍ ¸H²RÔwË�ÈLÔp±pÌÕÈL´�³A®�ÔpÌÁÊzÈL±pÌÁÊV®/É ¢

Ý�²RÔ�È"É Ñ ÈL´ÕÈLÔTç_ÊRÈL´ÁØ¯®/³�¸�ØAÍ Ñ ±pÌµ²RÍ

g : R
d × R

m → R,

ÇP®�³A®�Í¯²R±�®�ÚK·
g′i(x, u)

±p­¯®�Ë�ÈLÔp±pÌÕÈL´>³A®�ÔpÌÁÊRÈL±pÌÁÊ{®�Ç�ÌÁ±p­ Ô�®/ÉpË�® Ñ ±�±�²(±p­¯® i ��� ÊzÈLÔpÌÕÈLÚA´µ® ¢Ù ±2ÌµÉ�È�´ÁÌÁÍ¯®�ÈLÔ�²RË�®�ÔgÈL±�²RÔ
R

d → R
¸�²RÔ

i = 1
ÈLÍ¯³

R
m → R

¸H²RÔ
i = 2

èFÇ�­AÌ Ñ ­JÇP®
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°,È�·�Ìµ³A®�ÍK±pÌ~¸ë·�ÇxÌ~±�­ ÈÛÊ{® Ñ ±�²RÔ�è¯É�²#±p­�ÈL±

g′1(x, u)y = (y, g′1(x, u)), y ∈ R
d, g′2(x, u)y = (y, g′2(x, u)), y ∈ R

m.
Ý�²RÔ�È#ÊV® Ñ ±�²RÔTç_ÊzÈL´ÁØ¯®/³�¸�ØAÍ Ñ ±pÌµ²RÍ

f : R
d × R

m → R
d,

±p­¯®�Ë�ÈLÔp±pÌÕÈL´:³A®�ÔpÌÁÊzÈL±pÌÁÊV®/ÉwÈLÔg®�´ÁÌÁÍ¯®�ÈLÔw²RË�®�ÔgÈL±�²RÔ�É
f ′1(x, u) : R

d → R
d ÈLÍ¯³ f ′2(x, u) :

R
m → R

d ³A®�Í¯²R±�®/³�ÚK· y 7→ f ′1(x, u)y
è
y ∈ R

d ÈLÍ¯³ y 7→ f ′2(x, u)y
è
y ∈ R

m ¢
áâ®2Í¯²R±�®�±p­�ÈL±�èAÚK·�ÌÁÍK±�®�¶zÔgÈL±pÌµ²RÍ	Ú�·�Ë�ÈLÔp±�É�è

F ′1(w, u; v, ϕ)

=
N
∑

n=1

∫

In

(ϕ̇− f ′1(w, u)ϕ, v) dt+
N
∑

n=0

([ϕ]n, vn)

=

N
∑

n=1

∫

In

(ϕ,−v̇ − f ′1(w, u)
∗v) dt+ (ϕ+

N , vN )− (ϕ−0 , v0),

∀(w, u, v, ϕ) ∈W × U × V × Ẇ .

Þ ð ¢ ) ß

¬0­¯® �8ÈL¶zÔgÈLÍA¶V®�¸�ØAÍ Ñ ±pÌµ²RÍ�ÈL´jÌµÉ

L(x, u; z) = J (x, u) + F(x, u; z), (w, u, z) ∈W × U × V.
¬0­¯®�Í¯® Ñ ®/É�ÉgÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ�¸H²RÔx²RËA±pÌÁ°,ÈL´ÁÌÁ±�·�ÌµÉ�±p­�ÈL± (x, u, z) ∈ W̃ × U × V

ÈLÍ¯³

L′(x, u; z, ϕ) = 0, ∀ϕ ∈ Ẇ × U × V,
Þ ð ¢ ñ ß
Ç�­AÌ Ñ ­�·�Ìµ®�´µ³AÉ

Þ ð ¢ � ß
L′1(x, u; z, ϕx) = J ′

1(x, u;ϕx) + F ′1(x, u; z, ϕx) = 0, ∀ϕx ∈ Ẇ ,

L′2(x, u; z, ϕu) = J ′
2(x, u;ϕu) + F ′2(x, u; z, ϕu) = 0, ∀ϕu ∈ U,

L′3(x, u; z, ϕz) = 0 + F(x, u;ϕz) = 0, ∀ϕz ∈ V.
¬0­¯®2Ó¯Ô�Ép±x®/×KØ�ÈL±pÌµ²RÍ�ÌÁÍ Þ ð ¢ � ß ÌµÉ�è�ÌÁÍ�Ê�ÌÁ®�Ç ²L¸>±�­¯®�Ég® Ñ ²RÍ�³�¸�²RÔp° ²L¸ F ′1

ÌÁÍ Þ ð ¢ ) ß è

N
∑

n=1

∫

In

(ϕ,L′1(x, u)− ż − f ′1(x, u)
∗z) dt

+ (ϕ+
N , l

′
2(x

−

0 , x
+
N ) + zN ) + (ϕ−0 , l

′
1(x

−

0 , x
+
N )− z0) = 0, ∀ϕ ∈ Ẇ .

� ÉgÉpØA°"ÌÁÍA¶2±p­�ÈL±
x, ż, ϕ

ÈLÔ�® Ñ ²RÍK±pÌÁÍKØ¯²RØ¯É�èVÇP®P°,È�· Ìµ³A®�ÍK±pÌ~¸�·�±p­�®0Ép±pÔ�²RÍA¶2¸�²RÔp° ²L¸�±p­AÌµÉ
®/×{Ø�ÈL±pÌµ²RÍjÜ

ż + f ′1(x, u)
∗z − L′1(x, u) = 0, 0 < t < T,

(I − I0)
(

z(0)− l′1(x(0), x(T ))
)

= 0,

(I − IT )
(

z(T ) + l′2(x(0), x(T ))
)

= 0,
Ç�­AÌ Ñ ­�ÌµÉx±p­¯®�´ÁÌÁÍ¯®�ÈLÔpÌµÉ�®/³ ÈR³Làp²RÌÁÍK±�®/×KØ�ÈL±pÌµ²RÍ�±�²"±p­¯®�Ép±gÈL±�®�®/×{Ø�ÈL±pÌµ²RÍ	ÌÁÍ Þ ð ¢Á¡�ßc¢ :�²R±�®
±p­¯® Ñ ²R°"ËA´µ®�°(®cÍ�±gÈLÔp·�Ú�²RØAÍ¯³¯ÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ¯É ¢
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¬0­¯®�É�® Ñ ²RÍ¯³�®/×KØ�ÈL±pÌµ²RÍ�ÌÁÍ Þ ð ¢ � ß ÌµÉ

∫ T

0

(ϕ,L′2(x, u)− f ′2(x, u)
∗z) dt = 0, ∀ϕ ∈ U,

²RÔ�è�ÌÁÍ	Ép±pÔ�²RÍA¶"¸H²RÔp°�è

L′2(x, u)− f ′2(x, u)
∗z = 0, 0 < t < T.

¬0­AÌµÉ�È,Í¯²RÍ�ç_´ÁÌÁÍ¯®�ÈLÔ ÈL´Á¶V®�ÚAÔgÈLÌ Ñ ®/×KØ�ÈL±pÌµ²RÍ3¸H²RÔ u ¢ ¬0­¯®Û±p­AÌÁÔ�³J®/×{Ø�ÈL±�ÌÁ²RÍJÌµÉ�±�­¯®#ÉgÈL°(®ÈRÉ Þ ð ¢ ð ßc¢
áâ®,Í¯®cÒ�± ¸�²RÔp° ØA´ÕÈL±�®�±p­¯®(Ó¯ÍAÌÁ±�®�®�´µ®�°(®�ÍK±(ÈLËAËAÔ�²�Ò�ÌÁ°,ÈL±pÌµ²RÍ ²L¸x±p­¯®/É�®�®/×{Ø�ÈL±pÌµ²RÍ¯É ¢

Ý>ÌÁÍ¯³
(xh, uh, zh) ∈ W̃h × Uh × Vh

ÉpØ Ñ ­�±p­�ÈL±

L′(xh, uh; zh, ϕ) = 0, ∀ϕ ∈ Ẇh × Uh × Vh,
Þ ð ¢��zß

Ç�­AÌ Ñ ­D°(®�ÈLÍ¯É�±p­�ÈL±�ÇP®#Ç�ÈLÍK±�±�²�³A®�±�®�Ôp°"ÌÁÍ¯® (xh, uh, zh) ∈ Wh × Uh × Vh

ÉpØ Ñ ­
±p­�ÈL±

N
∑

n=1

∫

In

(ϕ,L′1(xh, uh)− żh − f ′1(xh, uh)∗zh) dt

+
(

ϕ+
N , l

′
2(x

−

h,0, x
+

h,N ) + zh,N

)

+
(

ϕ−0 , l
′
1(x

−

h,0, x
+

h,N )− zh,0

)

∀ϕ ∈ Ẇh,

Þ ð ¢��Vß

∫ T

0

(ϕ,L′2(xh, uh)− f ′2(xh, uh)∗zh) dt = 0, ∀ϕ ∈ Uh,
Þ ð ¢��Vß















I0x
−

h,0 = x0, ITx
+

h,N = xT ,

N
∑

n=1

∫

In

(ẋh − f(xh, uh), ϕ) dt+
N
∑

n=0

([xh]n, ϕn) = 0, ∀ϕ ∈ Vh.

Þ ð ¢Á¡��Vß

� É�ÌÁÍA¶ Þ ð ¢ í ß ÇP®P®�ÈRÉpÌÁ´Á·�ÊV®�ÔpÌ~¸�·�±p­�ÈL±>±p­¯®/É�®0ÈLÔ�®
N(q+1)(2d+m)+3d+m

ÈL´Á¶V®�ÚAÔgÈLÌ Ñ
®/×{Ø�ÈL±pÌµ²RÍ¯ÉxÌÁÍ	®/×KØ�ÈL´Á´Á·�°,ÈLÍK·�ØAÍAò�Í¯²EÇ�Í¯É ¢

%KÌÁÍ Ñ ® ϕ−0
ÈLÍ¯³

ϕ+
N
Ñ ÈLÍÅÚ�® Ñ ­¯²zÉ�®�ÍDÈLÔpÚAÌÁ±pÔgÈLÔpÌÁ´Á·3ÌÁÍ R(I − I0)

ÈLÍ¯³
R(I − IT )

è
Ô�®/ÉpË�® Ñ ±pÌÁÊ{®c´Á·{èAÇP®�É�®/®2±p­�ÈL± Þ ð ¢��{ß ÌÁ°"ËA´ÁÌµ®/É

Þ ð ¢Á¡z¡Eß (I − I0)
(

l′1(x
−

h,0, x
+

h,N )− zh,0

)

= 0,

(I − IT )
(

l′2(x
−

h,0, x
+

h,N ) + zh,N

)

= 0.

¬0­¯®,»�ãAäLÆcÃ�¾�Äi¿HäRÄc¿�®�ÔpÔ�²RÔxÔ�®�ËAÔ�®/É�®�ÍK±gÈL±pÌµ²RÍ	¸�²RÔ�° ØA´ÕÈÛ¸�²R´Á´µ²EÇxÉ�¸�Ô�²R°
¬0­¯®/²RÔ�®�° í ¢ í ¢

!��� �����
	� ���
'& (�& � ¾�Ã
(x, u, z) ∈ W̃ ×U × V

»Rêì¹
(xh, uh, zh) ∈ W̃h ×Uh × Vh2�¾�Æ/äR¼�º�Ã�¿HäRêAÆ�ä7- Þ ð ¢ ñ ß »Rê�¹ Þ ð ¢��Vß 46Ä�¾iÆ_ã¯¾�é/Ã�¿)1L¾c¼ +�8 * Â�¾cê

Þ ð ¢Á¡ í ß
J (x, u)− J (xh, uh) = 1

2
ρx + 1

2
ρz + 1

2
ρu +R,
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ρx

4
ρz

4t»zêì¹
ρu

¹{¾��6êF¾p¹�»LÆ

ρx =
N
∑

n=1

∫

In

(

x− x̃h, L
′
1(xh, uh)− żh − f ′1(xh, uh)∗zh

)

dt,

ρu =

∫ T

0

(u− ũh, L
′
2(xh, uh)− f ′2(xh, uh)∗zh) dt,

ρz =
N
∑

n=1

∫

In

(ẋh − f(xh, uh), z − z̃h) dt+
N
∑

n=0

([xh]n, zn − z̃h,n),

Þ ð ¢Á¡ ð ß

½�Â�¾cÄ�¾
(x̃h, ũh, z̃h) ∈ W̃h×Uh×Vh

¿<Æ�»RÄ92�¿ëÃ�Äp»RÄ,+ 4=»Rêì¹#ÃëÂ�¾�Ä�¾,/(»R¿ëêì¹{¾cÄ
R
¿ÕÆPÀR¿)1L¾cê

2,+ Þ í ¢ � ß 8
6PÄpäEä7-98PÝAÔ�²R° ¬0­¯®/²RÔ�®�° í ¢ í#ÇP®�­�È�ÊV®

ρx =
N
∑

n=1

∫

In

(

x− x̃h, L
′
1(xh, uh)− żh − f ′1(xh, uh)∗zh

)

dt

+
(

x+
N − x̃+

h,N , l
′
2(x

−

h,0, x
+

h,N ) + zh,N

)

+
(

x−0 − x̃−h,0, l
′
1(x

−

h,0, x
+

h,N )− zh,0

)

.
� É�ÌÁÍA¶ Þ ð ¢Á¡z¡�ß ÈLÍ¯³

I0(x
−

0 − x̃−h,0) = 0
è
IT (x+

N − x̃+

h,N ) = 0
è�ÇP®2Ó¯Í¯³

(

x+
N − x̃+

h,N , l
′
2(x

−

h,0, x
+

h,N ) + zh,N

)

= 0,
(

x−0 − x̃−h,0, l
′
1(x

−

h,0, x
+

h,N )− zh,0

)

= 0,
ÈLÍ¯³�ÇP®�²RÚA±gÈLÌÁÍ�±p­¯®2³A®/ÉpÌÁÔ�®/³,¸H²RÔp° ²L¸

ρx
¢ ¬0­¯®�²R±p­¯®�Ô0Ô�®/ÉpÌµ³�Ø�ÈL´µÉ�è

ρu

ÈLÍ¯³
ρz

è{¸H²R´Á´µ²EÇ
³�ÌÁÔ�® Ñ ±p´Á·�¸�Ô�²R° ¬0­¯®/²RÔ�®�° í ¢ í ¢

¤
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�������	�����  !��� �)�	" &�Ù Íï±p­AÌµÉ#É�® Ñ ±pÌµ²RÍ�ÇP®�ÉpË�® Ñ ÌÕÈL´ÁÌµÉ�®�±�²3±p­¯® Ñ ÈRÉ�®
Ç�­¯®�Í3±p­¯®�¸�ØAÍ Ñ ±pÌµ²RÍ�ÈL´�±�²,Ú�® °"ÌÁÍAÌÁ°"ÌµÉ�®/³ ÌµÉ�×KØ�ÈR³�ÔgÈL±pÌ Ñ ÈLÍ¯³ ±p­¯®ÛÉp±gÈL±�® ®/×KØ�ÈL±pÌµ²RÍ3ÌµÉ
´ÁÌÁÍ¯®�ÈLÔ ¢ áâ®�Ø¯É�®w±p­¯®wÍ¯²R±gÈL±pÌµ²RÍ

‖v‖2
S = (v, Sv)

èKÇ�­¯®�Ô�®
(·, ·)

ÌµÉ�±p­¯®�É Ñ ÈL´ÕÈLÔPËAÔ�²K³�Ø Ñ ±
ÈLÍ¯³

S
ÌµÉ�È Ép·�°"°(®�±pÔpÌ Ñ è�Ë�²zÉpÌÁ±pÌÁÊ{®�É�®�°"Ìµ³A®cÓ¯ÍAÌÁ±�®2°,ÈL±pÔpÌ~Ò ¢ ¬0­¯®wËAÔ�²RÚA´µ®�° ±p­¯®�Í�Ô�®�ÈR³AÉ

Þ ) ¢Á¡Eß

°"ÌÁÍAÌÁ°"ÌµÉg®
J (x, u) = ‖x(0)− x̄0‖

2
S0

+ ‖x(T )− x̄T ‖
2
ST

+

∫ T

0

(

‖u− ū‖2
R + ‖x− x̄‖2

Q

)

dt,

É�ØAÚ�àT® Ñ ±x±�² ẋ = A(t)x+B(t)u, 0 < t < T,

I0x(0) = x0, ITx(T ) = xT ,
Ç�­¯®�Ô�®zè:¸H²RÔ ®�È Ñ ­ t è Q(t), S0, ST ∈ R

d×d ÈLÔ�®�Ép·�°"°(®�±pÔpÌ Ñ Ë�²zÉpÌÁ±pÌÁÊV®�É�®�°"Ìµ³A®cÓ¯ÍAÌÁ±�®
°,ÈL±pÔpÌ Ñ ®/É�è R(t) ∈ R

m×m ÌµÉ�È(É�·K°"°(®�±pÔpÌ Ñ Ë�²zÉpÌÁ±pÌÁÊ{®�³A®cÓ¯Í¯Ì~±g®�°,ÈL±pÔpÌ~Ò�è�ÈLÍ¯³ A(t) ∈
R

d×d ÈLÍ¯³ B(t) ∈ R
d×m ÈLÔg® °,ÈL±pÔpÌ Ñ ®/É ¢ ¬0­¯®Û°,ÈL±pÔpÌ Ñ ®/É I0 ÈLÍ¯³ IT

ÈLÔ�®#³�ÌÕÈL¶V²RÍ�ÈL´
°,ÈL±pÔpÌ Ñ ®/É�Ç�ÌÁ±p­=��®�Ô�²K®/É�²RÔx²RÍ¯®/É�²RÍ�±p­�®2³�ÌÕÈL¶V²RÍ�ÈL´µÉ�è�ÈLÍ¯³

x0

è
xT

è
x̄0

è
x̄T

è
x̄(t)

èAÈLÍ¯³
ū(t)

ÈLÔ�®�¶zÌÁÊ{®�Í ¢
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%KÌÁÍ Ñ ®�Ç0®2Í¯²EÇ ­�È�Ê{®

f(x, u) = Ax+Bu,

f ′1(x, u) = A, f ′2(x, u) = B,

L′1(x, u) = 2Q(x− x̄), L′2(x, u) = 2R(u− ū),

l′1(x
−

0 , x
+
N ) = 2S0(x

−

0 − x̄0), l′2(x
−

0 , x
+
N ) = 2ST (x+

N − x̄T ),

±p­¯®�®/×{Ø�ÈL±pÌµ²RÍ Þ ð ¢ ñ ß ÌµÉ�Í¯²EÇ ±�²ÛÓ¯Í¯³
(x, u, z) ∈ W̃ × U × V

ÉpØ Ñ ­�±�­�ÈL±

∫ T

0

(ϕx, 2Q(x− x̄)− ż −ATz) dt

+ (ϕ−x,0, 2S0(x
−

0 − x̄0)− z0)

+ (ϕ+
x,N , 2ST (x+

N − x̄T ) + zN ) = 0, ∀ϕx ∈ Ẇ ,

Þ ) ¢ í ß

∫ T

0

(ϕu, 2R(u− ū)−BTz) dt = 0, ∀ϕu ∈ U,
Þ ) ¢ ð ß

∫ T

0

(ẋ−Ax−Bu,ϕz) dt = 0, ∀ϕz ∈ V.
Þ ) ¢ ) ß

) ¢ í ¢�������� � � 
 �3� �0�#" � ��
 " � 
 � ��� & �j®�±�±p­¯®ÛÓ¯ÍAÌÁ±�®(®�´µ®�°(®�ÍK± ÉpË�È Ñ ®/É�Ú�®(ÈRÉ�ÌÁÍ
%�® Ñ ±pÌµ²RÍ�ð ¢ áD®�³�ÌµÉ Ñ Ô�®�±pÌµÉ�®�±p­¯®�É�±gÈL±�®�®/×KØ�ÈL±pÌµ²RÍ Þ ) ¢ ) ß ÚK·#È�³�ÌµÉ Ñ ²RÍK±pÌÁÍKØ¯²RØ¯É ��ÈL´µ®�Ôpò�Ì~Í
°(®�±p­¯²K³ÅÇ�ÌÁ±p­

Wh

ÈRÉ2±pÔpÌÕÈL´6É�Ë�È Ñ ®"ÈLÍ¯³ Vh

ÈRÉ2±�®/Ép±�ÉpË�È Ñ ®zÜ %�®/®�ò
xh ∈ Wh

Ç�­AÌ Ñ ­
¸ëØA´~Ó¯´µÉ

Þ ) ¢ ñ ß
I0x

−

h,0 = x0, ITx
+

h,N = xT ,

∫ T

0

(ẋh −Axh −Buh, ϕ) dt+
N
∑

n=0

([xh]n , ϕn) = 0, ∀ϕ ∈ Vh.

¬0­¯®(³�Ø�ÈL´�®/×KØ�ÈL±pÌµ²RÍ Þ ) ¢ í ß ÌµÉ�³�ÌµÉ Ñ Ô�®�±pÌµÉ�®/³DÚK·3±p­¯® Ñ ²RÍK±pÌÁÍKØ¯²RØ¯É ��ÈL´µ®�Ôpò�ÌÁÍâ°(®�±p­¯²K³�Ü
%�®/®�ò

zh ∈ Vh

Ç�­AÌ Ñ ­�¸ëØA´~Ó¯´µÉ

Þ ) ¢ � ß

∫ T

0

(ϕ, 2Q(xh − x̄)− żh −ATzh) dt

+ (ϕ−0 , 2S0(x
−

h,0 − x̄0)− zh,0)

+ (ϕ+
N , 2ST (x+

h,N − x̄T ) + zh,N ) = 0, ∀ϕ ∈ Ẇh,

Ç�­¯®�Ô�®(ÇP®(­�È�ÊV®(Ø¯É�®/³
Vh

ÈRÉ�±pÔpÌÕÈL´�ÉpË�È Ñ ®�ÈLÍ¯³ Ẇh

ÈRÉ�±�®/É�±�ÉpË�È Ñ ® ¢ %KÌÁÍ Ñ ®(ÇP® Ñ ÈLÍ
ÊRÈLÔp·�±p­¯®2Ú�²RØAÍ¯³¯ÈLÔp·�ÊzÈL´ÁØ¯®/É�ÌÁÍ

Ẇh

É�®�Ë�ÈLÔgÈL±�®�´Á·�ÌÁÍ
R(I − I0)

ÈLÍ¯³
R(I − IT )

èA±p­¯®
Ú�²RØAÍ¯³¯ÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ¯É�Ú�® Ñ ²R°(®

(I − I0)(zh,0 − 2S0(x
−

h,0 − x̄0)) = 0,

(I − IT )(zh,N + 2ST (x+

h,N − x̄T )) = 0.
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¬0­¯®�®/×{Ø�ÈL±pÌµ²RÍ�¸H²RÔ8±p­¯® Ñ ²RÍK±pÔ�²R´µÉ�è Þ ) ¢ ð ß è�ÌµÉ:³�ÌµÉ Ñ Ô�®�±pÌµÉ�®/³�ÚK·�È Ñ ²RÍK±pÌÁÍKØ¯²RØ¯É ��ÈL´µ®�Ôpò�Ì~Í

°(®�±p­¯²K³�Ü %�®/®�ò
uh ∈ Uh

∫ T

0

(ϕ, 2R(uh − ū)−BTzh) dt = 0, ∀ϕu ∈ Uh.
Þ ) ¢��zß

áD®ÛÍ¯²EÇ�­�È�ÊV®Û±p­AÔ�®/®#É�®�±�É2²L¸�´ÁÌÁÍ¯®�ÈLÔ�ÈL´Á¶V®�ÚAÔgÈLÌ Ñ ®/×{Ø�ÈL±pÌµ²RÍ¯É2Ç�­AÌ Ñ ­J° Ø¯Ép±2Ú�®ÛÉg²R´ÁÊV®/³
ÉpÌÁ° ØA´Á±gÈLÍ¯®/²RØ¯Ép´Á·�ÌÁÍ	²RÔ�³A®�Ôx±�²(²RÚA±gÈLÌÁÍ�±p­¯®�ÈLËAËAÔ�²�Ò�ÌÁ°,ÈL±�®�É�²R´ÁØA±pÌµ²RÍ

(xh, uh, zh)
¢

) ¢ ð ¢������ �	 ! �� � � 

�)" 	 
 ��& áâ®�Ú�®�¶zÌÁÍ ÚK·�Ô�®�Ë�®�ÈL±pÌÁÍA¶�±p­¯® ®�ÔpÔ�²RÔwÔ�®�ËAÔ�®/É�®�ÍK±gÈL±pÌµ²RÍ
¸�²RÔp° ØA´ÕÈ ¸ëÔ�²R°��P²RÔ�²R´Á´ÕÈLÔp· ð ¢Á¡ ÌÁÍ�±p­¯® Ñ ²RÍK±�®cÒ�±(²L¸w±p­¯®�´ÁÌÁÍ¯®�ÈLÔ * ×{Ø�ÈR³�ÔgÈL±�Ì Ñ ²RËA±pÌÁ°,ÈL´
Ñ ²RÍK±pÔ�²R´jËAÔ�²RÚA´µ®�° ¢

!��� �����
	� ���� & (�& � ¾�Ã
(x, u, z) ∈ W̃ ×U × V

»Rêì¹
(xh, uh, zh) ∈ W̃h ×Uh × Vh2�¾�Æ/äR¼�º�Ã�¿HäRêAÆ�ä7- Þ ) ¢ í ß�� Þ ) ¢ ) ß »Rêì¹ Þ ) ¢ ñ ß�� Þ ) ¢��Vß 46Äg¾iÆ_ã¯¾�é/Ã�¿01R¾c¼ +�8 * Â�¾�ê

Þ ) ¢��Vß
J (x, u)− J (xh, uh) = 1

2
ρx + 1

2
ρz + 1

2
ρu,

½=¿ëÃëÂ
ρx

4
ρz

4�»Rêì¹
ρu

¹{¾ �6ê�¾�¹�»RÆ

Þ ) ¢��Vß

ρx =

∫ T

0

(x− x̃h, 2Q(xh − x̄)− żh −ATzh) dt,

ρu =

∫ T

0

(u− ũh, 2R(uh − ū)−BTzh) dt,

ρz =

∫ T

0

(ẋh −Axh −Buh, z − z̃h) dt+
N
∑

n=0

([xh]n , zn − z̃h,n),

½�Â�¾cÄ�¾
(x̃h, ũh, z̃h) ∈ W̃h × Uh × Vh

¿<Æ�»zÄ92�¿ëÃ�Äp»RÄ,+�8

6PÄpäEä7-98P¬0­¯®"ËAÔ�²K²L¸0ÌµÉ�È�Ép±pÔgÈLÌÁ¶z­K±T¸H²RÔpÇ0ÈLÔ�³ Ñ ÈL´ Ñ ØA´ÕÈL±pÌµ²RÍ}Ø¯ÉpÌÁÍA¶��P²RÔ�²R´Á´ÕÈLÔp·Dð ¢Á¡V¢ ¬�­¯®
Ô�®�°,ÈLÌÁÍ¯³A®�Ô

R
ÌµÉ ��®�Ô�²�ÌÁÍJ±p­AÌµÉ Ñ ÈRÉg®zèjÉpÌÁÍ Ñ ®#ÇP®Û­�È�Ê{®"È�´ÁÌÁÍ¯®�ÈLÔ * ×KØ�ÈR³�ÔgÈL±pÌ Ñ ËAÔ�²RÚA´µ®�°

ÈLÍ¯³�±p­¯®2Ô�®�°,ÈLÌÁÍ¯³A®�ÔwÌµÉ�±p­¯®�±p­AÌÁÔ�³�³A®�ÔpÌÁÊRÈL±�Ì~Ê{®�²L¸�±p­¯®"�:ÈL¶zÔgÈLÍA¶zÌÕÈLÍ ¢
¤

Ù Í"±�­¯®0¸H²R´~´µ²EÇxÌ~Í¯¶�±p­¯®/²RÔ�®�° ÇP®�³A®�ÔpÌÁÊV®wÈLÍ »xãAäLÆcÃ�¾�Äi¿HäRÄc¿6®�ÔpÔ�²RÔ�®/Ép±pÌÁ°,ÈL±�®�¸ëÔ�²R° ±p­¯®
®�ÔpÔ�²RÔ�Ô�®�ËAÔ�®/É�®�ÍK±gÈL±pÌµ²RÍâ¸�²RÔp° ØA´ÕÈ ¢ áD®"Ø¯É�®#±p­¯®"Í¯²R±gÈL±pÌµ²RÍ

‖f‖In
= supt∈In

‖f(t)‖
è

Ç�­¯®�Ô�®
‖ · ‖

³A®�Í¯²R±�®/Éx±p­¯®�Í¯²RÔp°
ÌÁÍ
R

d ²RÔ
R

m ¢

�������� !�#"�� &�$�&�� ¾�Ã
(x, u, z) ∈ W̃ × U × V

»zêì¹
(xh, uh, zh) ∈ W̃h × Uh × Vh2�¾�Æ/äR¼�º�Ã�¿HäRêAÆ�ä7- Þ ) ¢ í ß�� Þ ) ¢ ) ß »Rêì¹ Þ ) ¢ ñ ß�� Þ ) ¢��Vß 46Äg¾iÆ_ã¯¾�é/Ã�¿01R¾c¼ +�8 * Â�¾�ê

|J (x, u)− J (xh, uh)| ≤ 1

2

N
∑

n=1

(

Rz
nω

x
n +Ru

nω
u
n +Rx

nω
z
n

)

,
Þ ) ¢Á¡��Vß
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½�Â�¾cÄ�¾ ÃëÂA¾�Ä�¾cÆi¿H¹Rº�»R¼sÆ
Rn

»Rêì¹,½�¾c¿ÁÀLÂKÃëÆ
ωn

»RÄ�¾Û¹{¾��tê�¾�¹ 2,+���½=¿ëÃëÂ
h0 = hN = 0 �

Rz
n = hn‖2Q(xh − x̄)− żh −ATzh‖In

,

Ru
n = hn‖2R(uh − ū)−BTzh‖In

,

Rx
n = hn‖ẋh −Axh −Buh‖In

+
hn

hn + hn+1

∥

∥ [xh]n
∥

∥

+
hn

hn + hn−1

∥

∥ [xh]n−1

∥

∥,

»Rêì¹ 46½=¿�ÃëÂ�»RÄ 2c¿�Ã�Äp»RÄ,+
(x̃h, ũh, z̃h) ∈ W̃h × Uh × Vh

4

ωx
n = ‖x− x̃h‖In

, ωu
n = ‖u− ũh‖In

, ωz
n = ‖z − z̃h‖In

.

6PÄpäEä7-98�áD®2®/Ép±pÌÁ°,ÈL±�®2±�­¯®�±p­AÔ�®/® Ñ ²RÍK±pÔpÌÁÚAØA±pÌµ²RÍ¯É�±�²Û±p­¯®�®�ÔpÔ�²RÔ�Ô�®�ËAÔ�®/É�®�ÍK±gÈL±pÌµ²RÍ Þ ) ¢��{ß
É�®�Ë�ÈLÔgÈL±�®�´Á· ¢ ¬0­¯®2Ó¯Ô�Ép±�±�®�Ôp° ÌÁÉ

|ρx| ≤
N
∑

n=1

∫

In

‖x− x̃h‖‖2Q(xh − x̄)− żh −ATzh‖ dt

≤
N
∑

n=1

‖x− x̃h‖In
‖2Q(xh − x̄)− żh −ATzh‖In

hn =
N
∑

n=1

ωx
nR

z
n.

%KÌÁ°"ÌÁ´ÕÈLÔp´Á·VèA¸�²RÔx±p­¯®�Ég® Ñ ²RÍ¯³�±�®�Ôp°
ÇP®2­�ÈEÊV®

|ρu| ≤

N
∑

n=1

‖u− ũh‖In
‖2R(uh − ū)−BTzh‖In

hn =

N
∑

n=1

ωu
nR

u
n.

Ý>ÌÁÍ�ÈL´Á´Á·Vè

|ρz| ≤
N
∑

n=1

∫

In

‖ẋh −Axh −Buh‖‖z − z̃h‖ dt+
N
∑

n=0

‖ [xh]n ‖‖zn − z̃h,n‖

≤
N
∑

n=1

‖ẋh −Axh −Buh‖In
‖z − z̃h‖In

hn +
N
∑

n=0

‖ [xh]n ‖‖zn − z̃h,n‖.

� É�ÌÁÍA¶"±p­¯® Ñ ²RÍ�±pÌÁÍKØAÌÁ±�·�²L¸ z ÇP®�­�È�ÊV®

‖zn − z̃h,n‖ ≤ ‖z − z̃h‖In
, ‖zn − z̃h,n‖ ≤ ‖z − z̃h‖In+1

,
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É�²#±p­�ÈL±

N
∑

n=0

‖
[

xh

]

n
‖‖zn − z̃h,n‖

=
N
∑

n=1

( hn

hn + hn+1

∥

∥ [xh]n
∥

∥

∥

∥zn − z̃h,n

∥

∥

+
hn

hn + hn−1

∥

∥ [xh]n−1

∥

∥

∥

∥zn−1 − z̃h,n−1

∥

∥

)

≤
N
∑

n=1

( hn

hn + hn+1

∥

∥ [xh]n
∥

∥ +
hn

hn + hn−1

∥

∥ [xh]n−1

∥

∥

)

∥

∥z − z̃
∥

∥

In

,

Ç�­¯®�Ô�®
h0 = hN = 0

¢ ¬0­AÌµÉx·�Ìµ®�´µ³AÉ

|ρz| ≤
N
∑

n=1

(

hn‖ẋh −Axh −Buh‖In
+

hn

hn + hn+1

∥

∥ [xh]n
∥

∥

+
hn

hn + hn−1

∥

∥ [xh]n−1

∥

∥

)

‖z − z̃h‖In
=

N
∑

n=1

Rx
nω

z
n.

¤

áâ®�Í¯²R±�®�±p­�ÈL±t±p­¯®w®cÔ�Ô�²RÔ�®/Ép±pÌÁ°,ÈL±�®w³A²K®/ÉtÍ¯²R±tÌÁÍK±pÔ�²K³�Ø Ñ ®2ÈLÍK·(ÈR³A³�ÌÁ±pÌµ²RÍ�ÈL´�ÈR³LàT²RÌÁÍK±
®/×{Ø�ÈL±pÌµ²RÍ ¢ ! ²EÇP®�Ê{®�Ô�èz±p­¯®0Ç0®�Ì~¶z­�±�É6³A®�Ë�®�Í¯³(²RÍ"±p­¯®�®cÒ¯È Ñ ±6É�²R´ÁØA±pÌµ²RÍ¯É x, u, z ÈLÍ¯³(ÈLË�çËAÔ�²�Ò�ÌÁ°,ÈL±pÌµ²RÍ¯É

x̃h, ũh, z̃h
²L¸8±p­¯®�° ¢=Ù Í�ËAÔgÈ Ñ ±pÌ Ñ ®zè�ÇP®2ÈLËAËAÔ�²�Ò�ÌÁ°,ÈL±�®�±p­¯®�Ç0®cÌÁ¶z­�±�ÉPÚK·

Ñ ²R°"ËAØA±gÈLÚA´µ®�×{Ø�ÈLÍK±pÌÁ±pÌµ®/É ¢ Ý�²RÔx®cÒ¯ÈL°"ËA´µ®zèAÇ�­¯®�Í q = 0
è�ÚK·�É�±gÈLÍ¯³¯ÈLÔ�³�ÌÁÍK±�®�ÔpË�²R´ÕÈL±pÌµ²RÍ

®�ÔpÔ�²RÔ�®/Ép±pÌÁ°,ÈL±�®/É�Î ) Ð è�ÇP® Ñ ÈLÍ�Ó¯Í¯³ x̃h, ũh, z̃h
ÉpØ Ñ ­�±p­�ÈL±

Þ ) ¢Á¡z¡Eß
‖x− x̃h‖In

≤ hn‖ẋ‖In
,

‖u− ũh‖In
≤ h2

n‖ü‖In
,

‖z − z̃h‖In
≤ h2

n‖z̈‖In
,

Ç�­¯®�Ô�®t±p­¯®�³A®�ÔpÌÁÊRÈL±pÌÁÊ{®/É�ÈLÔ�®�ÈLËAË¯Ô�²�Ò�ÌÁ°,ÈL±�®/³ ÚK·�³�Ì~Ö�®�Ô�®�Í Ñ ®�×KØ¯²R±pÌµ®�ÍK±�É>²L¸A±p­¯®�³�ÌµÉ Ñ Ô�®�±�®
É�²R´ÁØA±pÌµ²RÍ¯É ¢ %�®/®�ÈL´µÉ�²�Î ¡cÐ ¸H²RÔx²R±p­¯®�ÔwÈLËAËAÔ�²�Ò�ÌÁ°,ÈL±pÌµ²RÍ¯Éw²L¸�±p­¯®�ÇP®�ÌÁ¶z­K±�É ¢
¬0­¯®�ÈLÚ�²EÊ{®�®/Ép±pÌÁ°,ÈL±�®/Éx²L¸>±p­¯®2ÇP®�ÌÁ¶z­K±�ÉxÌÁÍ¯³�Ì Ñ ÈL±�®�±p­�ÈL±�±p­¯®2±�®�Ôp° ρz

Ì~Í�±p­¯®�®�ÔpÔ�²RÔ
®/Ép±pÌÁ°,ÈL±�®JÌµÉ

O(h)
èwÇ�­AÌÁ´µ®

ρx

ÈLÍ¯³
ρu

ÈLÔ�®
O(h2)

¢ áD®Å±p­¯®�Ô�®c¸�²RÔ�®JËAÔ�®/É�®�ÍK±�±p­¯®
¸�²R´Á´µ²EÇ�ÌÁÍA¶�®�ÔpÔ�²RÔw®/Ép±pÌÁ°,ÈL±�®zè�Ç�­¯®�Ô�® ÈL´Á´8±�®�Ôp°(ÉwÈLÔ�®�¸H²RÔp°,ÈL´Á´Á·

O(h2)
¢ Ý�²RÔwÉpÌÁ°"ËA´ÁÌ Ñ ÌÁ±�·

ÇP®�ÈRÉgÉpØA°(®2±p­�ÈL±
A(t) = A

ÈLÍ¯³
Q(t) = Q

ÈLÔ�® Ñ ²RÍ¯Ép±gÈLÍK± ¢
�������� !�#" � & 
'& � ¾/Ã

q = 0
»Rê�¹â»LÆgÆcº	/,¾�ÃëÂ�»VÃ

A(t) = A
»Rê�¹

Q(t) = Q
»RÄ�¾

é�äzêAÆcÃ_»RêìÃ 8 * Â�¾cê

|J (x, u)− Jh(xh, uh)| ≤
N
∑

n=1

(

h3
n‖ẋ‖In

‖2Q ˙̄x+ATżh‖In

+ h3
n‖Axh +Buh‖In

‖z̈‖In

+ h3
n‖2R(uh − ū)−BTzh‖In

‖ü‖In

)

.
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6PÄpäEä7-98�áD® Ñ ­¯²K²zÉ�® z̃h = Ihz
ÈLÍ¯³

ũh = Ihu
±�²�Ú�®�±p­¯®�Ép±gÈLÍ¯³¯ÈLÔ�³(ËAÌµ® Ñ ®�Ç�ÌµÉ�®�´ÁÌÁÍ¯®�ÈLÔ

Í¯²K³¯ÈL´�ÌÁÍK±�®�ÔpË�²R´ÕÈLÍK±�É�è¯ÈLÍ¯³�ÇP® Ñ ­¯²K²zÉ�® x̃h = Phx
±�²�Ú�®w±p­¯®�²RÔp±p­¯²R¶V²RÍ�ÈL´FËAÔ�²Làp® Ñ ±pÌµ²RÍ

²RÍK±�²"±p­¯®�ËAÌµ® Ñ ®�Ç�ÌµÉ�® Ñ ²RÍ¯É�±gÈLÍK±�¸ëØAÍ Ñ ±pÌµ²RÍ¯É ¢
¬0­¯®�ÍjèwØ¯ÉpÌÁÍA¶ ²RÔp±p­¯²R¶V²RÍ�ÈL´ÁÌÁ±�·Vè�±p­¯®	¸_È Ñ ±�±p­�ÈL± zn − z̃h,n = 0

èwÈLÍ¯³ ±p­¯®Å®�ÔpÔ�²RÔ
®/Ép±pÌÁ°,ÈL±�®/É Þ ) ¢Á¡z¡�ß èAÌÁÍ�±p­¯®�®�ÔpÔ�²RÔxÔ�®�ËAÔ�®/É�®�Í�±gÈL±pÌµ²RÍ�¸H²RÔp° ØA´ÕÈ Þ ) ¢��{ß è�ÇP®�²RÚA±gÈLÌÁÍ

J (x, u)− J (xh, uh)

=
∣

∣

∣

N
∑

n=1

(

∫

In

(

(I − Ph)x, (I − Ph)(2Q(xh − x̄)− żh −ATzh)
)

dt

+

∫

In

(

ẋh −Axh −Buh, (I − Ih)z
)

dt

+

∫

In

(

(I − Ih)u, 2R(uh − ū)−BTzh
)

dt
)∣

∣

∣

≤
N
∑

n=1

(

h3
n‖ẋ‖In

‖2Q(ẋh − ˙̄x)− z̈h −ATżh‖In

+ h3
n‖ẋh −Axh −Buh‖In

‖z̈‖In

+ h3
n‖2R(uh − ū)−BTzh‖In

‖ü‖In

)

.

%KÌÁÍ Ñ ® ẋh = 0
ÈLÍ¯³

z̈h = 0
ÇP®�²RÚA±gÈLÌÁÍ	±p­¯®�³A®/ÉpÌÁÔ�®/³�®/Ép±pÌÁ°,ÈL±�® ¢

¤

) ¢ ) ¢�� � 	 � 	 ��

����� 	 ������ � 
 � " & æ Í ±p­¯®�Ú�ÈRÉpÌµÉ(²L¸�±p­¯®�®�ÔpÔ�²RÔ,®/Ép±pÌÁ°,ÈL±�®�ÌÁÍ ±p­¯®
ËAÔ�®�ÊKÌµ²RØ¯É�±p­¯®/²RÔ�®�° Ç0®	ÌÁ°"ËA´µ®�°(®�ÍK±�ÈLÍ ÈR³¯ÈLËA±pÌÁÊ{®	Ó¯ÍAÌÁ±�®3®�´µ®�°(®�ÍK±�°(®�±p­¯²K³�èxÇ�ÌÁ±p­
q = 0

è�¸H²RÔ�±p­¯®�É�²R´ÁØA±pÌµ²RÍ	²L¸�±p­¯®�²RËA±pÌÁ°,ÈL´ Ñ ²RÍK±pÔ�²R´jËAÔ�²RÚA´µ®�° Þ ) ¢Á¡�ßc¢

� ������ � 
 � " ( Ü � Í	ÈR³¯ÈLËA±pÌÁÊ{®2Ó¯ÍAÌÁ±�®�®�´µ®�°(®�ÍK±�°(®�±p­¯²K³
%�²R´ÁÊ{®2±�­¯®�®/×KØ�ÈL±pÌµ²RÍ	²RÍ È Ñ ²VÈLÔ�Ég®2ÌÁÍAÌÁ±pÌÕÈL´8°(®/Ép­ ��P²R°"ËAØA±�®�±p­¯®�®�ÔpÔ�²RÔ�®/Ép±�Ì~°,ÈL±g®�ÌÁÍ�¬0­�®�²RÔg®c° ) ¢ íAèA³A®�Í¯²R±�®�ÌÁ±�ÚK·

η �
� � ���0�

η ≥
*�� � � �

��®cÓ¯Í¯®�±p­¯®2°(®/Ép­ È Ñ/Ñ ²RÔ�³�ÌÁÍA¶,±�²#±p­¯®�®�ÔpÔ�²RÔ�®/Ép±pÌÁ°,ÈL±�®zèAÌ ¢ ® ¢ èAÔ�®cÓ¯Í¯®�®�´µ®�°(®�ÍK±�É
±p­�ÈL±x¶zÌÁÊ{®2´ÕÈLÔp¶V® Ñ ²RÍK±pÔpÌÁÚAØA±pÌµ²RÍ¯Éw±�²#±p­¯®�®/Ép±pÌÁ°,ÈL±�® �%�²R´ÁÊ{®2±p­¯®�®/×KØ�ÈL±pÌµ²RÍ	²RÍ�±p­¯®�Ô�®cÓ¯Í¯®/³�°(®/Ép­

��P²R°"ËAØA±�®�±p­¯®�®�ÔpÔ�²RÔ�®/Ép±pÌÁ°,ÈL±�®
η
²RÍ�±p­¯®�Ô�®cÓ¯Í¯®/³�°(®/Ép­

�� � �

¬0­¯®�Ô�®cÓ¯Í¯®�°(®�ÍK±2²L¸�±p­¯®�°(®/Ép­	ÌµÉ�³A²RÍ¯® È Ñ/Ñ ²RÔ�³�ÌÁÍA¶�±�²(±p­¯®�ËAÔpÌÁÍ Ñ ÌÁËA´µ®�²L¸6®/×KØAÌµ³�ÌµÉTç
±pÔpÌÁÚAØA±pÌµ²RÍjè�±p­�ÈL±PÌµÉ�èKÇP®�Ç0ÈLÍK±�ÈL´Á´�ÌÁÍK±�®�ÔpÊRÈL´µÉP±�²�¶zÌÁÊ{®w®/×KØ�ÈL´Á´Á·(´ÕÈLÔp¶V® Ñ ²RÍ�±pÔpÌÁÚAØA±pÌµ²RÍ¯É0±�²
±p­¯®�®�ÔpÔ�²RÔw®/Ép±pÌÁ°,ÈL±�® ÈLÍ�³�ÌÁÍ¯É�®�Ôp±�Í¯®�Ç Í�²{³¯®�É�±�²"¸ëØA´~Ó¯´j±p­AÌµÉ Ñ ÔpÌÁ±�®�ÔpÌµ²RÍ ¢ � ÍKØA°(®�ÔpÌ Ñ ÈL´
®cÒAÈL°"ËA´µ®�ÌµÉ�¶zÌÁÊV®�Í�ÌÁÍ�±�­¯®2Í¯®cÒ�±xÉg® Ñ ±pÌµ²RÍ ¢

ñ ¢-,�¤8©1476¯¦�«<ª .�� 6	� .54 � � 6
¬0­¯®�ÈR³¯ÈLËA±pÌÁÊ{®,Ó¯ÍAÌÁ±�®�®�´µ®�°(®�ÍK±"É�²R´ÁÊ{®�Ô ÌµÉ ±�®/É�±�®/³}²RÍ È	´ÁÌÁÍ¯®�ÈLÔ * ×{Ø�ÈR³�ÔgÈL±pÌ Ñ ËAÔ�²RÚ�ç

´µ®�° ¢#Ù ÍD²RÔ�³A®�Ô�±�²�¶V®�±�È�´ÁÌÁÍ¯®�ÈLÔ * ×KØ�ÈR³�ÔgÈL±pÌ Ñ ËAÔ�²RÚA´µ®�°&Ç0®#Ø¯É�®(È�ÉpÌÁ°"ËA´ÁÌ~Ó�®/³J°(²K³A®�´
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−0.2
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−0.04

−0.03

−0.02

−0.01

0

0.01

V
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(t
)

ψ
(t

)

Y

Xt

tt

� «���©j¦�6���� ¬0­¯®�²RËA±pÌÁ°,ÈL´�Ép±gÈL±�®/É ¢ ¬0­¯®�´ÕÈRÉp±(ÌÁ°,ÈL¶V® Ép­¯²EÇxÉ(±p­¯®
²RËA±pÌÁ°,ÈL´8±pÔgÈ Ñ ò ¢

¸ëÔ�²R° Ê{®�­AÌ Ñ ´µ® ³�·KÍ�ÈL°"Ì Ñ É�³A®/É Ñ ÔpÌÁÚAÌÁÍA¶�È"Ê{®�­AÌ Ñ ´µ®�±p­�ÈL±�ÌµÉ�ÚAÔgÈLò{®/³	²RÍ3È,ÉpØAÔT¸HÈ Ñ ®�Ç�ÌÁ±p­
³�Ì~ÖF®�Ô�®�ÍK±t¸�ÔpÌ Ñ ±pÌµ²RÍ�²RÍ,±p­¯®xÇ�­¯®/®�´ìË�ÈLÌÁÔ�É ¢ áâ®�´µ®�±�±p­¯® Ñ ²RÍK±pÔ�²R´ìÊzÈLÔpÌÕÈLÚA´µ® u Ú�® u1 = δfÈLÍ¯³

u2 = δr
ÈLÍ¯³�±p­¯®�Ép±gÈL±�®�ÊzÈLÔpÌÕÈLÚA´µ®

x
ÌµÉ

Þ ñ ¢Á¡Eß
x(t) =

















x1

x2

x3

x4

x5

x6

















=

















VX

VY

r
ψ
X
Y

















.

¬0­¯®�³�Ì~Ö�®�Ô�®�ÍK±pÌÕÈL´:®/×{Ø�ÈL±pÌµ²RÍ¯ÉwÈLÔ�®

ẋ =

















V̇X

V̇Y

ṙ

ψ̇

Ẋ

Ẏ

















=

















a11

a21VY + a22r + bf1δf + br1δr
a31VY + a32r + bf2δf + br2δr + rbrake

r
VX

VY

















= Ax(t) +Bu(t) + b.

Þ ñ ¢ í ß
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−0.2

−0.15

−0.1

−0.05

0

δ f
(t

)
δ r

(t
)

t

t

� «��>©8¦�6�� � ¬0­¯®�²RËA±pÌÁ°,ÈL´ Ñ ²RÍK±pÔ�²R´µÉ u ¢

¬0­¯®�¶V²VÈL´�¸ëØAÍ Ñ ±pÌµ²RÍ�ÈL´8ÌµÉ

J(x, u) =

∫ T

0

1

2

(

Y 2 + r2 + V 2
Y + δ2f + δ2r

)

dt =

∫ T

0

(

‖x‖2
Q + ‖u‖2

R

)

dt.

áD®	­�È�Ê{®	Ø¯É�®/³�±�­¯®	Ú�²RØAÍ¯³¯ÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ x1(0) = 25
ÈLÍ¯³

x2(0) = x3(0) =
x4(0) = x5(0) = x6(0) = 0

è6Ç�­AÌ Ñ ­ °(®�ÈLÍ¯É"±p­�ÈL±"±p­¯®�Ép±gÈL±�®�®/×KØ�ÈL±pÌµ²RÍ ­�ÈRÉ#Í¯²
Ú�²RØAÍ¯³¯ÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ¯É�ÈL±�±p­¯®#®�Í¯³Å²L¸�±p­¯®Û±pÌÁ°(®ÛÌÁÍK±�®�ÔpÊRÈL´tÈLÍ¯³ ±p­¯®�Ô�®c¸H²RÔ�®#±p­¯®Û³�Ø�ÈL´
®/×{Ø�ÈL±pÌµ²RÍ	­�ÈRÉ�ÈL´Á´jÌÁ±�É�Ú�²RØAÍ¯³¯ÈLÔp· Ñ ²RÍ¯³�ÌÁ±pÌµ²RÍ¯É�ÈL±x±p­¯®2Ó¯Í�ÈL´j±pÌÁ°(® ¢
áâ®�­�È�Ê{®xÍ¯²EÇ ¸H²RÔp° ØA´ÕÈL±�®/³�²RØAÔtË¯Ô�²RÚA´µ®�° ÌÁÍ,±p­¯®�¸H²RÔp° Þ ) ¢Á¡Eß è{ÚAØA±�Ç�ÌÁ±p­�ÈLÍ�®cÒ�±pÔgÈ

b
ÌÁÍ�±p­¯®�ÔpÌÁ¶z­K±x­�ÈLÍ¯³�É�Ìµ³A®zÜ

°"ÌÁÍAÌÁ°"ÌµÉ�®
J (x, u) =

∫ T

0

(

‖u‖2
R + ‖x‖2

Q

)

dt,

ÉpØAÚ�àp® Ñ ±�±�² ẋ = A(t)x+B(t)u+ b, 0 < t < T,

I0x(0) = x0, ITx(T ) = xT ,
Ç�­¯®�Ô�®

I0
ÌµÉ�±p­�®�Ìµ³A®�ÍK±pÌÁ±�·�°,ÈL±pÔpÌ~Ò ÈLÍ¯³

IT
ÌµÉ ��®�Ô�² ¢ ¬0­¯® Ñ ²K®�; Ñ Ìµ®�ÍK±�É A è B è Q è RÈLÍ¯³

b Ñ ÈLÍ�Ú�®2¸H²RØAÍ¯³�ÌÁÍ�±p­¯® � ËAË�®�Í¯³�Ì~Ò ¢
Ù Í�Ý>ÌÁ¶zØAÔ�® ¡ ÇP®�Ég®/®�±p­¯®�²RË¯±pÌÁ°,ÈL´wÉp±gÈL±�®/É�ÈLÍ¯³ Ý>ÌÁ¶zØAÔ�® íDÉp­¯²EÇxÉ(±p­¯®	²RËA±pÌÁ°,ÈL´

Ñ ²RÍK±pÔ�²R´µÉÛÈLÍ¯³DÊ{®�´µ² Ñ ÌÁ±pÌµ®/É ¢�Ù Í}Ý:ÌÁ¶zØAÔ�®�ð�ÇP®,É�®/®(±p­¯®,®�ÔpÔ�²RÔ ®/Ép±pÌÁ°,ÈL±�®,ËA´µ²R±p±�®/³ïÈRÉ È
¸ëØAÍ Ñ ±pÌµ²RÍ ²L¸>±p­¯®�ÍKØA° Ú�®�Ôw²L¸>ÌÁÍK±�®�ÔpÊzÈL´µÉ ¢ ¬0­¯® Ñ ²RÍKÊV®�Ôp¶V®�Í Ñ ®�ÔgÈL±�®�²L¸�±p­¯®�Ég²R´ÁØA±pÌµ²RÍ�ÌÁÍ
±p­¯®�ÍKØA°(®�ÔpÌ Ñ ÈL´:®cÒAÈL°"ËA´µ®�ÌµÉ�í ¢�� ð ¢
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� «���©j¦�6�� � ¬0­¯®,®�ÔpÔ�²RÔ ®/Ép±pÌÁ°,ÈL±�®�ÈRÉ È�¸�ØAÍ Ñ ±pÌµ²RÍ}²L¸�±p­¯®(ÍKØA° Ú�®�Ô
²L¸�ÌÁÍK±�®�ÔpÊzÈL´µÉ ¢ ¬0­¯® Ñ ²RÍKÊV®�Ôp¶V®�Í Ñ ®�ÔgÈL±�®�ÌµÉ�í ¢�� ð ¢
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A =

















0 0 0 0 0 0
0 a21 a22 0 0 0
0 a31 a32 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0

















, B =

















0 0
bf1 br1
bf2 br2
0 0
0 0
0 0

















, b =

















a11

0
rbrake

0
0
0

















,

ÈLÍ¯³

Q =

















0 0 0 0 0 0
0 1

2
0 0 0 0

0 0 1

2
0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1

2

















, R =

[

1

2
0

0 1

2

]

,

Ç�­¯®�Ô�®

a21 = −(Cf + Cr)/(mv0), a22 = (CrLr − CfLf )/(mv0),

a31 = (CrLr − CfLf )/(Izv0), a32 = −(Cf (L2
f ) + Cr(L

2
r))/(Izv0)),

bf1 = (Cf − Fxf )/m, bf2 = (LfFxf + CfLf )/Iz,

br1 = (Cr − Fxr)/m, br2 = −(LrFxf + CrLr)/Iz,

a11 = (Fxf + Fxr)/m,

ÈLÍ¯³

FxrR = −mgµ12, FxrL = −mgµ34,

FxfR = 0, FxfL = 0,

Fxr = FxrR + FxrL, Fxf = FxfR + FxfL,

rbrake = −(FxrR − FxrL)Br/m,

Ç�ÌÁ±p­�ÍKØA°(®�ÔpÌ Ñ ÈL´8ÊzÈL´ÁØ¯®/É

m = (1500 + 150)
ò�¶
, Iz = 3500

ò�¶=° 2

L = 2.755
°
, Lf = 1.20

°

Lr = L− Lf ,

Cf = 20000
: * ÔgÈR³ , Cr = 40000

: * ÔgÈR³

v0 = 20
° * É , g = 9.82

° * É 2
Bf = 1.563

°
, Br = 1.560

°

µ12 = 0.35, µ34 = 0.75.
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