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STRONG CONVERGENCE OF THE FINITE ELEMENT
METHOD WITH TRUNCATED NOISE FOR SEMILINEAR
PARABOLIC STOCHASTIC EQUATIONS
MIHÁLY KOVÁCS1 , STIG LARSSON1,2 , AND FREDRIK LINDGREN1
Abstract. We consider a semilinear parabolic PDE driven by additive noise.
The equation is discretized in space by a standard piecewise linear finite element method. We show that the orthogonal expansion of the finite-dimensional
Wiener process, that appears in the discretized problem, can be truncated severely without losing the asymptotic order of the method, provided that the
kernel of the covariance operator of the Wiener process is smooth enough. For
example, if the covariance operator is given by the Gauss kernel, then the number of terms to be kept is the quasi-logarithm of the number of terms in the
original expansion. Then one can reduce the size of the corresponding linear
algebra problem enormously and hence reduce the computational complexity,
which is a key issue when stochastic problems are simulated.

1. Introduction
Let D ⊂ Rd be a convex polygonal domain, H := L2 (D) with scalar product
h·, ·i and (Ω, F , P) be a probability space with a normal filtration {Ft }t≥0 . Let
{W (t)}t≥0 be an H-valued Wiener process with respect to the filtration {Ft }t≥0
with covariance operator Q and consider the parabolic stochastic partial differential
equation written in the abstract form
(1.1)

dX(t) + AX(t) dt = f (X(t)) dt + dW (t), t ∈ (0, T );

X(0) = X0 ,

where A is a second order, symmetric, uniformly elliptic partial differential operator
considered as an unbounded operator A : D(A) ⊂ H → H with D(A) = H 2 (D) ∩
H01 (D). It is known that −A is then the infinitesimal generator of an analytic
semigroup {T (t)}t≥0 on H. We take X0 to be an F0 -measurable H-valued random
variable and assume that f : H → H satisfies the global Lipschitz condition
(1.2)

kf (x) − f (y)k ≤ Lf kx − yk,

x, y ∈ H.

The unique weak solution of (1.1) is given by the integral equation
Z t
Z t
(1.3)
X(t) = T (t)X0 +
T (t − s)f (X(s)) ds +
T (t − s) dW (s),
0

0

where the last integral is an Itô integral (see, for example, [2, Chapters 4 and 7]).
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Let {Sh }0<h<1 be a family of finite-dimensional subspaces of H01 (D) consisting
of continuous piecewise linear functions with respect to a regular family of triangulations {Th }0<h<1 with maximum mesh size h. Let Ph denote the orthogonal
projection of H onto Sh , i.e.,
hPh f, χi = hf, χi,

χ ∈ Sh , f ∈ H.

Let Ah : Sh → Sh denote the ”discrete version” of A, i.e.,
hAh η, χi = a(η, χ),
H01 (D)

η, χ ∈ Sh ,

H01 (D)

where a :
×
→ R is the bilinear form corresponding to A. The
finite element solution {Xh (t)}t≥0 ∈ Sh of (1.1) satisfies the stochastic differential
equation written in the abstract form
(1.4)

dXh + Ah Xh dt = Ph f (Xh ) dt + Ph dW, t ∈ (0, T );

Xh (0) = Ph X0 ,

with its weak solution given by, analogously to (1.3),
Z t
Z t
(1.5) Xh (t) = Th (t)Xh (0) +
Th (t − s)Ph f (Xh (s)) ds +
Th (t − s)Ph dW (s),
0

0

where {Th (t)}t≥0 is the analytic semigroup on Sh generated by −Ah .
In practice one also applies a time stepping when solving (1.4). This requires the
computation of the increments of the Wiener process {W (t)}t≥0 , which is given by
an orthogonal series
∞
X
1/2
W (t) =
γk βk (t)ek ,
k=1

where (γk , ek ) are the eigenpairs of the covariance operator Q and βk are mutually
independent standard real-valued Brownian motions. The problem that arises then
is that the eigenvectors Q are usually not known and, even when they are, one
has to compute an infinite series. Yan [11] showed that when the eigenvalues and
eigenvectors are explicitly known, it is enough to take Nh = dim(Sh ) terms in the
orthogonal expansion of W and use the truncated series in (1.4) and still preserve
the order of convergence of the finite element method. However, the eigenfunctions
and eigenvectors of Q are rarely available explicitly. Therefore, instead, observe
that (1.4) and (1.5) are equivalent to
(1.6)

dXh + Ah Xh dt = Ph f (Xh )dt + dWh , t ∈ (0, T );

Xh (0) = Ph X0 ,

and
(1.7) Xh (t) = Th (t)Xh (0) +

Z

t

Th (t − s)Ph f (Xh (s)) ds +

0

Z

t

Th (t − s) dWh (s),

0

respectively, where {Wh (t)}t≥0 is a Ph QPh -Wiener process on Sh . Then we may
write
Nh
X
1/2
(1.8)
Wh (t) =
γh,k βk (t)eh,k ,
k=1

where the βk are mutually independent standard real-valued Brownian motions and
(γh,k , eh,k ) are the eigenpairs of Qh := Ph QPh . In other words, (γh,k , eh,k ) is the
finite element solution of the eigenvalue problem Qu = γu. Usually Q is given as an
integral operator and therefore the finite element solution of the eigenvalue problem
can be very expensive. However, in [6] (in the context of random fields) it is shown
that, e.g., for stationary kernels analytic at 0, such as the Gauss kernel, this in fact
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can be done very efficiently, i.e., in log-linear complexity. Moreover, the number of
terms used in (1.8) can be dramatically reduced, say taking M ≤ Nh terms
WhM (t) =

(1.9)

M
X

1/2

γh,k βk (t)eh,k ,

k=1

and for strong convergence we have

kW (t) − WhM (t)kL2 (Ω,H) = O kW (t) − Wh (t)kL2 (Ω,H)
as h → 0,

1/2
where k · kL2 (Ω,H) = E(k · k2 )
and M depends on the regularity of the kernel
and on h.
The main goal of the paper is to show that a similar statement holds in the
context of parabolic equations (1.1) for piecewise linear finite elements, i.e., denoting
by {XhM (t)}t≥0 the solution of
(1.10)

dXhM + Ah XhM dt = Ph f (Xh ) dt + d WhM , t ∈ (0, T );

XhM (0) = Ph X0 ,

we show that
kX(t) − XhM (t)kL2 (Ω,H) = O kX(t) − Xh (t)kL2 (Ω,H)



as h → 0,

where M = M (Q, h) ≤ Nh .
The paper is organized as follows. In Section 2 we first extend, in Proposition
2.3, the strong convergence error estimate for linear problems, [10], to the case
of the semilinear finite element problem (1.4). More importantly, we also show,
in Theorem 2.4 and Corollary 2.5, that for covariance operators with fast decaying
eigenvalues the order of the method is preserved when the expansion of the semidiscrete Wiener process {Wh (t)}t≥0 is truncated. As in the context of random fields
[6], for piecewise analytic kernels we may keep only M = c(ln Nh )d terms instead
of Nh terms and retain the order of convergence of the original approximation.
2. Convergence Results
First we briefly recall some standard results from deterministic finite element
and operator semigroup theory. It is well known that under our assumption on A
we have
Z t
kT (s)vk2 ds ≤ 21 kA−1/2 vk2 , for all v ∈ H, t ≥ 0,
0
(2.1)
Z t
−1/2
kTh (s)Ph vk2 ds ≤ 12 kAh Ph vk2 , for all v ∈ H, t ≥ 0.
0

We introduce spaces and norms of fractional order β ∈ R:
∞
X
1/2
Ḣ β = D(Aβ/2 ), kvkḢ β = kAβ/2 vk =
,
λβk hv, φk i2
k=1

where (λk , φk ) denote the eigenpairs of A. Under the assumptions made in the
introduction we have the following error estimate for the deterministic parabolic
finite element problem
(2.2)

kFh (t)vk ≤ Chβ t−β/2 kvk,

0 ≤ β ≤ 2;

with Fh (t) = T (t) − Th (t)Ph ,

see [7, Theorem 3.5], and the stability estimate for the elliptic problem
(2.3)

−1
kA−1
vk,
h Ph vk ≤ CkA

v ∈ H, h > 0.
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Let H be a separable (real) Hilbert space and let B(H) denote the Banach algebra
of bounded linear operators on H with the usual norm. An operator T ∈ B(H) is
Hilbert-Schmidt if
kT kHS :=

∞
X

kT ek k2 < ∞,

k=1

where {ek }∞
k=1 is an orthonormal basis of H (see, e.g., [9]). The sum is then
independent of the choice of the orthonormal basis.
We need an a priori bound on the solution of (1.1).
Lemma 2.1. If kA(β−1)/2 Q1/2 kHS < ∞ for some β ≥ 0 and (1.2) holds, then there
is a unique weak solution {X(t)}t≥0 of (1.1) adapted to {Ft }t≥0 , mean-square
continuous and, in particular, kX(t)kL2 (Ω,H) ≤ K for 0 ≤ t ≤ T , where K =
K(T, Lf ).
Proof. By our assumption we have kA−1/2 Q1/2 kHS < ∞, which by (2.1) implies
Rt
that 0 kT (s)Q1/2 k2HS ds < ∞ (see also [10]) and therefore the statements follow
form [1, Theorem 3.2] and [1, Proposition 3.3].

In the linear case, f = 0, we have the following error estimate proved in [10].
Proposition 2.2. If f = 0, kA
L2 (Ω, Ḣ β ), then

β−1
2

1

Q 2 kHS < ∞ for some β ∈ [0, 2], and X0 ∈



β−1
1
kXh (t) − X(t)kL2 (Ω,H) ≤ Chβ kX0 kL2 (Ω,Ḣ β ) + kA 2 Q 2 kHS .
Before proceeding to the semilinear case, note that in [3] and [4] a very general framework for spatial (and also some temporal) approximation of semilinear
stochastic equations is presented. However, for more specific equations and more
specific methods, as in the present work, stronger results can be obtained under
sharp regularity assumptions involving A and Q. This is done in [10] (c.f., Proposition 2.2 above) for linear equations with additive noise and in [11] for equations with
multiplicative noise. Using Proposition 2.2 together with finite element techniques
for deterministic semilinear parabolic problems (see, for example, [5] and [7]) we
obtain the following result for the semilinear stochastic problem, which shows that
the order of convergence from the linear case is preserved under the same condition
on A and Q.
Proposition 2.3. Let {X(t)}t≥0 and {Xh (t)}t≥0 be the weak solutions of (1.1) and
β−1
1
(1.4), respectively. If kA 2 Q 2 kHS < ∞ for some β ∈ [0, 2] and X0 ∈ L2 (Ω, Ḣ β ),
then there is C = C(X0 , T, β) such that, for 0 ≤ β < 2,
kX(t) − Xh (t)kL2 (Ω,H) ≤ Chβ ,

(2.4)

0 ≤ t ≤ T.

If β = 2, then
kX(t) − Xh (t)kL2 (Ω,H) ≤ Ch2 (1 + max(0, ln(t/h2 )),

0 < t ≤ T.

STRONG CONVERGENCE OF THE FINITE ELEMENT METHOD

5

Proof. By (1.3) and (1.5),
e(t) := kX(t) − Xh (t)kL2 (Ω,H)
Z t
Z t
≤ T (t)X0 +
T (t − s) dW (s) − Th (t)Ph X0 −
Th (t − s)Ph dW (s)
0
0
Z t
Z t
+
T (t − s)f (X(s)) ds −
Th (t − s)Ph f (Xh (s)) ds
0

L2 (Ω,H)

L2 (Ω,H)

0

=: e1 (t) + e2 (t).
By Proposition 2.2,


e1 (t) ≤ Chβ kX0 kL2 (Ω,Ḣ β ) + kA(β−1)/2 Q1/2 kHS .

(2.5)

To bound e2 , we use the Lipschitz condition (1.2), the error estimate (2.2) with
0 ≤ β < 2, and the a priori bound on X(t) from Lemma 2.1,
Z t
kTh (t − s)Ph (f (X(s)) − f (Xh (s)))kL2 (Ω,H) ds
e2 (t) ≤
0
Z t
kFh (t − s)f (X(s))kL2 (Ω,H) ds
+
0
Z t
Z t
(2.6)
≤C
e(s) ds +
kFh (t − s)f (X(s))kL2 (Ω,H) ds
0
0
Z t
Z t
β
e(s) ds + Ch
≤C
(t − s)−β/2 kf (X(s))kL2 (Ω,H) ds
0
0
Z t
Z t

≤C
e(s) ds + Chβ
(t − s)−β/2 1 + kX(s)kL2 (Ω,H) ds
0
0
Z t
≤C
e(s) ds + Chβ .
0

Together with (2.5) and Gronwall’s lemma this finishes the proof in this case. If
β = 2, then the bound on e2 has to be altered. If 0 ≤ t ≤ h2 , then the stability of
X(t) and Xh (t), by Lemma 2.1, and (2.6) implies that e2 (t) ≤ Ch2 , which shows
the claim in view of (2.5). If 0 ≤ h2 < t, then starting from (2.6), using (2.2) with
β = 2 and Lemma 2.1, we obtain
Z t
 Z t−h2 Z t 
e2 (t) ≤ C
e(s) ds +
kFh (t − s)f (X(s))kL2 (Ω,H) ds
+
0

≤C

Z

e(s) ds + Ch2

0

2

t−h2

0

t

Z

t−h2

(t − s)−1 ds + Ch2

0

2

≤ Ch (1 + ln(t/h )) + C

Z

t

e(s) ds,

0

which finishes the proof by (2.5) and Gronwall’s lemma.



The next theorem shows that the order of convergence obtained in Proposition
2.3 may remain valid after truncation of the expansion of W (t), if the eigenvalues
of the covariance operator Q decay fast enough.
Theorem 2.4. Assume that Q has an orthonormal basis of eigenvectors {ek }∞
k=1
M
with corresponding eigenvalues {γk }∞
k=1 and let {X(t)}t≥0 and {Xh (t)}t≥0 be the
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β−1

1

weak solutions of (1.1) and (1.10), respectively, with M ≤ Nh . If kA 2 Q 2 kHS <
∞ for some β ∈ [0, 2] and X0 ∈ L2 (Ω, Ḣ β ), then there is C = C(X0 , T, β) such
that, for 0 ≤ β < 2,
1

kX(t) − XhM (t)kL2 (Ω,H) ≤ Chβ + CkA− 2 k

Nh
X

γk

k=M

 12

,

0 ≤ t ≤ T.

If β = 2, then
kX(t)−XhM (t)kL2 (Ω,H)

≤ Ch

2

1
(1+max(0, ln( ht2 ))+CkA− 2 k

Nh
X

γk

k=M

 12

, 0 < t ≤ T.

Proof. We use the solution {Xh (t)}t≥0 of (1.4) to split the error as follows:
kX(t) − XhM (t)kL2 (Ω,H) ≤ kX(t) − Xh (t)kL2 (Ω,H)

(2.7)

+ kXh (t) − XhM (t)kL2 (Ω,H) =: e1 (t) + e2 (t).

The first term e1 (t) is bounded by Chβ according to Proposition 2.3. To bound e2
we first use the observation that {Xh (t)}t≥0 is the solution of (1.6) and therefore
Z t
e2 (t) ≤
Th (t − s)Ph (f (Xh (s)) − f (XhM (s))) ds
L2 (Ω,H)

0

(2.8)


+ E

Nh
X

k=M

1/2

γh,k

Z

t

Th (t − s)eh,k dβk (s)

0

2 1/2

.

Using the global Lipschitz condition and the fact that kTh (t)Ph k ≤ C for all t ≥ 0
and h > 0, the first term can be estimated as
Z t
Z t
M
e2 (t) dt.
Th (t − s)Ph (f (Xh (s)) − f (Xh (s))) ds
≤C
(2.9)
L2 (Ω,H)

0

0

Using the independence of the Brownian motions {βk }, Itô’s isometry, and (2.1),
we have for the second term in (2.8),
E

Nh
X

1/2
γh,k

k=M

Z

t

Th (t − s)eh,k dβk (s)

2

=

0

Nh
X

γh,k

Nh
X

γh,k kAh 2 eh,k k2 .

k=M

≤

Z

t

kTh (s)eh,k k2 ds

0
−1

k=M

By the min-max principle we have γh,k ≤ γk for all k ∈ N and thus, using (2.3)
and the self-adjointness of A−1 ,
Z t
Nh
Nh
X
X
2
1/2
−1
E
Th (t − s)eh,k dβk (s) ≤ CkA k
γh,k
γk
(2.10)

k=M

0

k=M

1

= CkA− 2 k2

Nh
X

γk .

k=M

Finally, by using Proposition 2.3, (2.9), (2.10) in (2.7) together with Gronwall’s
lemma we complete the proof.
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Assume now that Q is given as an integral operator
Z
(2.11)
(Qf )(x) :=
q(x, y)f (y) dy.
D

The kernel q in (2.11) is called piecewise analytic, piecewise smooth, or piecewise
H p,r (with p, r ∈ [0, ∞)), if there is a partition D = {Dj }Jj=1 of the polygonal
domain D into a finite set of simplices Dj and a finite set G = {Gj }Jj=1 of open
subsets of Rd , such that D = ∪Jj=1 Dj , Dj ⊂ Gj for all j = 1, ..., J, and such that
q|Dj ×Dj0 has an extension to Gj × Gj 0 , which is analytic in Gj × Gj 0 , is smooth
in Gj × Gj 0 , or is in H p (Gj ) ⊗ H r (Gj 0 ) for all pairs (j, j 0 ). (Here H p denotes the
standard Sobolev space with H 0 = L2 ). We denote the corresponding regularity
p,r
∞
spaces by AD,G (D2 ), CD,G
(D2 ), and HD,G
(D2 ), respectively.
It turns out that the eigenvalue decay rate for integral operators is determined
by the regularity of their kernels as defined above (see, e.g., [6] and[8]) and therefore
the regularity determines how much we may truncate the noise in Theorem 2.4.
Corollary 2.5. Assume the conditions of Theorem 2.4 and let Q be given by (2.11).
Assume also that the mesh family is quasi-uniform. Then there are c = c(β, d, q)
and C = C(X0 , T, β, d, q), or C = C(X0 , T, β, q, s) in case (ii) below, such that, for
0 ≤ β < 2,
kX(t) − XhM (t)kL2 (Ω,H) ≤ Chβ ,

0 ≤ t ≤ T,

and for β = 2,
kX(t) − XhM (t)kL2 (Ω,H) ≤ Ch2 (1 + max(0, ln(t/h2 )),

0 < t ≤ T,

provided that M is chosen as follows.
(i) If q ∈ AD,G (D2 ), then set M = c(ln Nh )d .
2β

∞
(ii) If q ∈ CD,G
(D2 ), then set M = Nhsd , where s > 1 is arbitrary with sd > 2β.
2β

p,0
(D2 ), then set M = Nhp if p > max(d, 2β) and M = Nh
(iii) If q ∈ HD,G
otherwise.
p,0
∞
Proof. If the kernel q belongs to AD,G (D2 ), CD,G
(D2 ), or HD,G
(D2 ), then the
1/d

−bk
eigenvalues {γk }∞
, cs k −s for any s > 0, or ck −p/d ,
k=1 of Q are bounded by ae
−1/d
respectively, see [6] and[8]. Since the h ∼ Nh
for quasi-uniform triangulations,
Theorem 2.4 yields the desired result. For example, in the analytic case we have
Nh
X

k=M

γk

 12

∼

∞
X

k=M

1

ae−bk d

 21

1

1

1

1

∼ e− 2 bM d ∼ e− 2 bc d

ln Nh

1

− 21 bc d

∼ Nh
for some c = c(β, d, q).

1

1

∼ h 2 bc d d ∼ hβ


Note that for piecewise analytic kernels it is enough to keep c(ln Nh )d terms
in the noise expansion instead of Nh terms, which is a significant computational
advantage. For kernels with low finite regularity, truncation does not reduce the
computational cost severely.

8
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Figure 1
3. A Numerical Example
In this section we present some numerical results to illustrate Corollary 2.5. Let
D be the unit square in R2 , A = −∆, f ≡ 0 and let Q be the integral operator
1000 −|x−y|2 /2σ2
corresponding to the Gauss kernel q(x, y) := 2πσ
. In this case the
2e
1
1
2
2
kernel is analytic, kA Q kHS < ∞ and therefore the order of strong convergence
from Corollary 2.5 is expected to be almost 2 even with taking only M ∼ (ln Nh )2
(instead of Nh ) terms in the noise expansion in (1.10).
The computations were performed using Matlab with σ taking the values 10,
1 and 0.1. Since an exact solution is not available to compare with, we take the
exact solution to be a finite element approximation on a mesh as fine as possible
which, in our case, corresponds to h = 2.2 · 10−2 . Time discretization is done by
the backward Euler method with time-step ∆t = 10−4 , performing 103 steps. The
increments of the semidiscrete Wiener process have been simulated by multiplying
1/2
γh,k eh,k by a N (0, ∆t)-distributed random variable ξkn in its expansion at time-step
n. To be able to compare spatial discretizations on different levels the same random
number ξkn is used at all levels. The number of simulations performed for each σ
is 10000. The results are are presented in Figure 1. In all three cases when h gets
small the order of convergence shows good agreement with the predicted order of
almost 2. Furthermore, as expected, the error increases when σ decreases.
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