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REGULARIZATIONS OF RESIDUE CURRENTS
JAN-ERIK BJORK & HAKAN SAMUELSSON

ABSTRACT. Under assumptions about complete intersection, we
prove that Coleff-Herrera type currents satisfy a robust calculus
in the sense that natural regularizations of such currents can be
multiplied to yield regularizations of the Coleff-Herrera product of
the currents.

1. INTRODUCTION

Let f be a holomorphic function defined on the unit ball B Cc C".
Then 1/ f exists as a principal value distribution, or rather as a (0, 0)-
current, on B, i.e.,

lim
=0T Jf1>e o

exists for ¢ € Z,,,,(B) and defines a continuous functional on %, ,(B).
This was first proved by Herrera-Lieberman, [17], using Hironaka’s the-
orem on resolutions of singularities. In fact, by Hironaka’s theorem one
may assume that f is a monomial, and in that case it is possible to
compute the limit by hand. The proof also shows that one may take the
limit of integrals over {|f| > ¢}, where f is any holomorphic function
such that f~1(0) D f~1(0). The current 1/f is obviously closely related
to division problems; if A is holomorphic then h/f is at least a current,
and it is holomorphic if and only if it is O-closed, i.e., if and only if
0=0(h/f) = hO(1/f). Hence, h is in the ideal, (f), generated by f if
and only if A annihilates the current 9(1/f). This current clearly has
support on Zy = f~1(0) and it is related to Lelong’s integration current
[Z;], see [20], by the Poincaré-Lelong formula: 2mi[Z;] = 9(1/f) A df.
The current d(1/f) is called the residue current associated to f and it
is thus an analytic object that describes the algebraic-geometric object
).

Now, let V' be a pure n-dimensional analytic subset of a complex N-
dimensional manifold X and let f: X — C be a holomorphic function
such that V'\ f71(0) is a dense subset of V}..,. Then the principal value
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of 1/f exists on V| i.e.,

1 lim

v ERAGI(FED o

exists for ¢ € 2,,,(X) and holomorphic f with f~1(0) 2 f~1(0) and
yields a well defined current denoted (1/f)[V]. The existence of this
limit follows from the case V' = B by Hironaka’s theorem. A sheaf of
currents on X supported on V is then obtained by applying holomor-
phic differential operators to such currents. This sheaf is (equivalent
to) the sheaf CHy [xS], see Definition 3, and it is this kind of currents
we will consider in this paper. The kernel of 9 in CHy [S] is denoted
CHy and is actually sufficiently ample to represent moderate cohomol-
ogy in the sense that CHy ~ Hﬁ/}((’)x), see [14]; here P = N —n is
the codimension of V. The notation CH refers to Coleff-Herrera type
currents.

Let us return to the case V =B C C" and consider a holomorphic
mapping f = (fi,...,fp): B — CP. To find a current that describes
the ideal, (f), generated by f1,. .., f, it is tempting to try to define the
product O(1/f1)A---AJ(1/f,). If f defines a complete intersection, i.e.,
f710) has codimension p, it is possible to give a well defined meaning
to this product. This was first done by Coleff-Herrera, [13], as follows.
Let ¢ € Z,,n—p(B) and put

I5(e) = / s IO

Coleff-Herrera proved that the limit of I7(¢) as e — 0 along any “ad-
missible path” exists and defines a current of bidegree (0, p), denoted
A(1/fi)A---ANO(1/f,) or Rf for short, that is alternating with respect
to the ordering of the tuple f. Admissible path here means that ¢ — 0
along a path in the first orthant such that ej/eé?_l —0forj=2,...)p
and all k£ € N. It was later proved by Dickenstein-Sessa, [14], and Pas-
sare, [21], independently that R’ describes the ideal (f) in the sense
that its annihilator is precisely (f). We remark that even if f does not
define a complete intersection, the limit of 7(¢) along an admissible
path exists but does not yield a well defined current associated to f as
one easily sees from the simple case f; = 22, fo = zw. Currents describ-
ing general ideals have recently been defined by Andersson-Wulcan, [6];
see also Section 6 below.

From now on we stick to the (generic) case that f defines a com-
plete intersection. The first question raised by Coleff-Herrera in [13]
is whether it is necessary to take limits along admissible paths or
not. It turned out to be necessary; Passare-Tsikh, [24], showed that if
f= (%22 +w* +2%) then I7(¢) does not have an unrestricted limit as
e — 0 (for all p). A generic family of examples with this property was
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later found by the first author; even examples with I}O(e) — oo along
certain paths are constructed, see, e.g., [12]; see also Pavlova, [26].
However, our main theorem implies that the mild average of I}O(e),

Z}p(e) = /6[0 , ]}p(s) dxi(si/en) A+ Ndxp(sp/e€p),

where x; € C*([0,00]), x;(0) = 0, and x;(c0) = 1, depends Holder
continuously on € € [0,00)? and tends to the Coleff-Herrera product
R/ as € — 0. In fact, we prove

Theorem 1. Let X be a compler N-dimensional manifold, V C X
an analytic subset of pure dimension n, and f = (fi,...,f;): X —
C? a holomorphic mapping such that (f1,..., fp, fj) locally defines a
complete intersection on V' forp+1 < j < q. Let also x;, 1 < j <gq,
be smooth on [0, 00], vanish to order ¢; at 0 and x;(c0) = 1. Then for
any i € CHy and ¢ € Dy —p(X) we have

Zl Zq /\:U/SD
1 q
-1 =1 1 w
—8—41/\--‘/\3—€pm/\/ﬁ-§0 < Clleollare”,
1 ' S fa

where x5 = x;(|f;1*/€;), and M and w are positive constants that only
depend on f and Supp(yp), while the positive constant C also might
depend on the CM-norm of the x;-functions.

Let V=X, up=1, {; =1 and let the x; be smooth regularizations
of the characteristic function of [1,00); by this we mean that y; is a
smooth increasing function on [0, 00) that is 0 close to 0 and 1 close to
0o. The theorem implies that the smooth form

=X1 “Xp Xp+1  Xg
2 0= N--- N2 ... 4
@) 7 A

converges unrestrictedly to the mixed residue and principal value cur-
rent

=1 -1 1 1

(3) O— N+ NO— + — ... —

f 1 f P f p+1 f q
introduced by Coleff-Herrera, [13], and Passare, [22]. It is proved in [22]
that if €; = 0%, then (2) has a limit, independent of s = (s1,...,s,) €
R%, as 0 — 0T as long as s avoids finitely many hyperplanes H, = {t €
R%;t-a =0}, a € N%; we say that ¢ — 0 inside a Passare sector. Our
result is thus a sharpening and a generalization of Passare’s result and
shows that there is a robust calculus for Coleff-Herrera type currents.
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In particular, we have the appealing formula

. - f ~f
Rf .o = lim O—2t AN NO—22
TS TR+ e P Te

which follows by taking x;(¢) =t/(t + 1).

/\@7 ()OE @N,N—p(X)7

Another approach to the Coleff-Herrera product, Rf, is based on
analytic continuation of currents, a technique with roots in the works of
Atiyah, [8], and Gelfand-Shilov, [16]. In the context of residue currents,
it has been developed by several authors, e.g., Barlet-Maire, [9], Yger,
[29], Passare-Tsikh, [23], Berenstein-Gay-Yger, [11], and by the second
author in the recent paper [28]. Computing the Mellin transform of
the integral in (1) (considered as a function of €) one obtains

(4) /V PP/t

if Re A >> 1. One can show, either by using a Bernstein-Sato func-
tional equation or by computing directly in a resolution of V' where
£71(0) has normal crossings, that (4) (as a function of \) has a mero-
morphic continuation to all of C and that its poles are contained in
an arithmetic progression {—s — N}, s € Q4. It is thus analytic in a
neighborhood of the origin, and moreover, its value there defines the
action of a current. This current is the current (1/f)[V], as one easily
shows in a resolution.

The Coleff-Herrera-Passare current (3) can be obtained in a similar
manner; consider the function

5) A / L[N A - ADIfy 2|y [P - - | f, [P0 .
X fl...fq

where f defines a complete intersection on X and ReA; >> 1. One
can similarly show that it has a meromorphic extension to C?¢. It
was recently showed by the second author in 28] that it actually is
analytic in a neighborhood of N;{Me\; > 0}. By results of Yger,
it was known before that the restriction of (5) to any complex line
of the form {A = (t12,...,t,2);2 € C}, t; € Ry, has an analytic
continuation to a neighborhood containing the origin and that the value
there equals (3). Moreover, it was also known that if ¢ = 2, then (5)
has an analytic continuation to a neighborhood of the origin in C?; see,
e.g., [10], [11] for proofs. Even though not explicitly stated in [28], we
remark that it follows from the proof that one may replace X in (5) by
a pure dimensional analytic subset V' of X and still have analyticity in
a neighborhood of the origin.

We conclude the introduction with the simple but useful observation
that expressions like x(|f|?/€)/f¢ essentially are invariant under holo-
morphic differential operators. More precisely, if x € C*([0, oc]) and

¥s
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vanish to order ¢ at 0, then

0 x(fP/e) _ of xUfIP/e)

(6) PRl F T
where x(t) = tx/(t) — £x(t) is smooth on [0, 00|, vanishes to order ¢+ 1
at 0, and x(00) = —x(00).

2. THE CASE OF THREE FUNCTIONS

We first note that ij(e) might be discontinuous already when f =
(f1, f2) consists of two functions as the Passare-Tsikh example shows.
The technical reason is the presence of charts of resonance, i.e., charts
on the resolution manifold where it is not possible to choose coordinates
so that the pullback of both f; and f; are monomials. To deal with
the charts of resonance the smoothness of the y-functions has to be
used; we refer to [27] for the details. In the case of three functions a
new difficulty arise; it is no longer a local problem on the resolution
manifold to prove that

= J 3

@) /a’f1|2+€1 N o> + e | f5]* + €3 :

has an unrestricted limit. We illustrate this by considering a simple
example; the example of Section 3 in [28]. We let f1 = 21, fo = 29,
and f3 = 23 in C3. Then, obviously, (7) has an unrestricted limit for
all (3,1)-test forms ¢ in C®. Now, we let ¢ = ¢dz A dzz, where ¢ is
a test function, we blow up C? along the z3-axis, and we compute (7)
on the blow-up. The blow-up has two standard charts, one of which is
given by (wy, we, ws3) +— (w1, wiws, ws) = (21, 22, 23). Let us consider
the contribution, p#(¢), to (7) from this chart. One verifies easily, using
Cauchy’s formula, that lim,, o+ u¥(€) = 0 for fixed €2, €3 > 0. On the
other hand, one similarly shows that

; gb(O 0 2’3) _
li li li —(2mi)? | S dzy A dzs,
Jm it ) = ~(eri [ E2 e n
which clearly is non-zero for certain choices of ¢. Both the charts on
the blow-up therefore have to be considered in order to see that (7) has
an unrestricted limit.

In general, however, what can be showed in each chart separately is
that

a f2 f3
AD A <O
‘/ |f1’2+€1 | f2]? + €2 (|f3|2+€3 f3 ‘ “

for positive constants C' and w that do not depend on €, €5, see Propo-
sition 8 below. To see that (7) has an unrestricted limit it is therefore
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enough to show that

- h - b 1 /— fi f 1 =
0 A O AN—p= [0 — A0
/ |fi]? + e |f2]> + € f380 |fil2+ € |fa]? + € f3 7

= N I 51
+/a|f1|2 + €1 [fal? + € : af3 M
has an unrestricted limit. But now we have only two parameters and,
moreover, on the right hand side there is only 0 in front of one of the
parameter depending factors. With an appropriate induction hypoth-
esis and the result of Proposition 8 one can then conclude that (7) has
an unrestricted limit; see Section 6 for details.

3. COLEFF-HERRERA CURRENTS

In this section we review the facts we will need about Coleff-Herrera
type currents. The results are well-known but for the readers conve-
nience we supply detailed proofs. Let X be a complex N-dimensional
manifold and let V' C X be a reduced subvariety of pure dimension
n. Put P = N —n and let Jy be the ideal (sheaf) generated by V.
A (possibly singular) hypersurface S C X is called V-polar if V' \ S
is a dense subset of V,.,. Recall from the introduction, cf. (1), that
if h € O(X) and h~'(0) is V-polar, then the principal value current
(1/h)[V] exists. It is often convenient to use the technique of analytic
continuation when working with this current; recall from the introduc-
tion that if A is any holomorphic function such that 27'(0) is V-polar
and contains h~'(0), then

1 7o ¢
iWle= [FP2] . e 200,

The next lemma shows, in particular, that this kind of currents have
the Standard Extension Property; a current p has the Standard Exten-
sion Property with respect to a pure dimensional analytic set V' if for
any holomorphic function ¢ such that V'\ g7'(0) is dense in V' we have
lim_o+ x(|g|?/€)p = p, where x is a smooth regularization of the char-
acteristic function of [1,00). Two currents, p and fi, which both have
the Standard Extension Property and are equal outside a hypersurface
H, ie. u.p = ji.p if p has support outside H, are thus equal.

Lemma 2. Let h, f € O(X) and assume that h='(0) is V-polar and
that V'\ f~1(0) is dense in V. If x is a bounded function on [0, c0| that
15 tdentically 0 close to 0 and continuous at oo, then
2
1
XUSF/e) Ly - x(00)yy

lim ———~-

a0+ fg h[ ]_ fgh[ ]
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Proof. By Hironaka’s theorem one may assume that V' is an n-dimensional
manifold and that {h - f = 0} has normal crossings. Locally one can
then choose coordinates x such that f = z® and h = va®, where v is
an invertible holomorphic function. Letting ¢ = ¢ dx A dz we thus see
that x/(fh)[V]. ¢ is a finite sum of terms like

o2 2\
sax(zF/e) [v] _‘
(8) /V\x | sy pdx Ndx o
By Lemma 6 in [27| we can write
2
|UJJ ¢ = Z LEK;EL(I)K,L<)\, SL’) + Z SCK;fL(I)KvL()\, ZZJ),

K+L<fa+p-1 K+L=la+[-1

where each ® 1, with K + L < {a+ 3 — 1, is independent of at least
some coordinate z;. Using this, and changing to polar coordinates,
one readily checks that the first sum on the right hand side does not
contribute to the integral (8). Substituting the second sum into (8) the
singularity of the integrand vanishes and one may put A = 0 and let
e — 07 to obtain

lim+ X (1% /e) Z ew’(K—L_ga_ﬁ)q)K,L (0, re"Ydrdd
0" Jro K+L=fa+B—1

= x(00) / Z eig'(K’L’m’ﬂ)CDK,L(O, re)drde.

™0 K4 L=fo+5—1

Computing (1/(f°h))[V].¢ in the same way, using the same desingular-
ization and choice of coordinates one easily checks that this last integral
is what one gets (in the z-chart). U

Let @@ be a holomorphic differential operator in X and put g =
(1/R)[V]. Tt is clear that Jy-Q(u) = 0 and that Supp(0Q(u)) € h~1(0).
Moreover, from the lemma it follows that Q(u) has the Standard Ex-
tension Property. In fact, let {f = 0} be a hypersurface in X such
that V' \ {f = 0} is dense in V, let x be a smooth regularization of
the characteristic function of [1,00), and put x¢ = x(|f|?*/€). Then a
simple computation shows that

) Q) = Q0 )+ Q0w

where Q; are certain differential operators and x5 = x;(|f|*/e) with
x; smooth on [0, 00] and x;(co0) = 0; cf. (6). From the lemma it then
follows that x¢- Q(u) — Q(u).

With these facts in mind we define the Coleff-Herrera currents on
V, CHy, and the Coleff-Herrera currents on V' with pole along S,
CHy [xS], for hypersurfaces S C X such that V' \ S is dense in V.
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Definition 3. (The sheaves CHy and CHy [xS].)
A current p of bidegree (0, P) on an open set U C X is a section of
CHy, over U if

1) p has the Standard Extension Property,
2) Jv-p=0,
3) Ou = 0.

If u satisfies 1), 2), and Supp(du) C S, then we say that y is a section
of CHy [xS] over U.

We have the following local representation of Dolbeault-Lelong type
of currents in CHy, and consequently of currents in CHy [+S]; see
below. The slick proof is taken from [2].

Proposition 4. Let X be a neighborhood of the closure of the unit ball
B c CV and let p € CHy.. In B, there is a holomorphic differential
operator @), a holomorphic n-form 9, and a holomorphic function h
with V -polar zero set, such that

v,
(10)  p(pAdz) = lim Qo) AY
=0t Jyngnsa P

(Y2 € go’n (B) .

Proof. Let y € V and assume that we have local coordinates w =
(ww") = (wy,...,wp;wpi1,...,wy) so that V = {w’ = 0} close to
y. If 1 < j < P we have by 2) in Definition 3 that w;pu = 0, and so,
by 3), we get dw; A u = d(w;p) = 0. It follows, for any function ¢
with support close to y, that u.(¢ dw; A dw) = 0 if dwy # +dw”. Let
I1: CY — C", be the standard projection and define

ao(w") = I (wdw' A p/al)

for a = (a/,0). Since u is d-closed, the a, must be holomorphic. We
claim that

1 na 1 ;
(11) "= )P Z o (W')0—g Ao NO—7

close to y, where the sum ranges over « with || less than or equal to
the order, M, of ;1 on B. Given the claim, the proposition easily follows
for test forms with support close to y. In fact, by the Poincaré-Lelong
formula, we may take (—1)"" D a=(ar0) Ga(w”)0* as the differential op-
erator, let ¥ = dw”, and h = 1. To prove the claim, we note that it
suffices to check it for test forms ¢ dw” A dw by the observation in the
beginning of the proof. We write ¢ as a Taylor sum

a|a| " wa 7 !/
6= % T+ Jy o+ O
a=(a’,0) ’
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Noting that |w/|*y = 0 and that Jy - u = 0, by 2) in Definition
3, the claim now follows from the definition of the a, and a simple
computation.

To obtain global @, ¥, and h we proceed as follows. We choose
Hy,...,Hp € Jy(B) and coordinates z = (2/, 2") for B such that h :=
det(0H/0z') is generically non-vanishing on every component of V|
i.e., h~1(0) is V-polar. Outside {h = 0} we can then make the change
of variables w = (w',w"”) := (H,2"). Note however that w; € O(B)
for all j. Outside {h = 0} we thus have a realization (11) of y with
ao € O(B). Moreover, since 9/0w’ = *(dH/dz')'0/d7', we see that

Q = (=1)""hF " aa(w")oy,

a=(a’,0)

is a holomorphic differential operator in B if k is large enough; recall
that || < M. For large enough ¢ we then define the holomorphic
differential operator Q by Q(¢) = h‘Q'(¢/h). Letting h = h¥** and
¥ = d2", the formula (10) then follows from (11) if ¢ has support
outside {h = 0}. But both p and the current defined by the right hand
side of (10) has the Standard Extension Property, by 1) in Definition 3
and the comment after the proof of Lemma 2 respectively, and so the
proposition follows. O

This proposition makes it possible to divide Coleff-Herrera currents
by holomorphic functions. Let © € CHy and let f be a holomorphic
function such that V'\ f71(0) is dense in V. Given a local representation
(10) of  we put

1 . Qlo/f) NI
12 “hu(oAdz) = 1 WP/ ) AT
(12) fu(soA z) Jim, S 3

It is clear that (1/f)u € CHy[xf1(0)]. On the other hand, if v €
CHy [xf1(0)], then (at least locally) for some large k we have 7 =
fky € CHy. Thus, v = (1/f*)7 for some 7 € CHy,. It follows that
we have representations (10) also for currents v € CHy [xS] if V' \ S
is dense in V' and that (1/f)y is defined. From Lemma 2 and the
technique of its proof it follows that

1 xS
(13) = Jim Il N
cf. also (9).

n e CHv[*S],

Proposition 5. Let S C X be a hypersurface such that V' \ S is dense
m V. Then

82 CHv[*S] — CHVQS.
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Remark 6. This mapping actually fits into a long exact sequence, see,
e.g., [12|. In particular, if S is V-polar, then

0 — CHy  CHy[xS] - CHyns — Hj ' (Ox) — 0

is exact. Here, Hﬁ;]rl((’)x) is (isomorphic to) the cohomology group

Kerg(COF ) /9(CY7), where CY* are the currents on X of bidegree
(0, %) with support contained in V. If, in addition, V' is Cohen-Macaulay
then this group vanishes and the mapping of Proposition 5 becomes
surjective.

Proof. We will start by indicating how to prove the following

Claim: Let f, g, h be holomorphic functions such that h=1(0) is V-
polar and V'\ f71(0) is dense in V. Then

lf> 1
(14) A — |jjl A E[V] has an analytic continuation as a current,
2 5 2\ 1
(15) X(|g|k/€) |fl /\—[V]‘ —0, as e— 0%,
g f h A=0

if x € C*°([0,0¢0]) and vanishes both close to 0 and co. Moreover, if
(f,g) defines a complete intersection on V' and x is a smooth regular-
ization of the characteristic function of [1, 00) then

alf» 1 af* 1
1 2 — — —
R O K 1 N e 114
as € — 07, If instead g € Jyny-1(0), then
P 1
1 — — 0.
(17) g 1t a h[V]’)\ZO 0

To prove (14), one computes in a resolution 7: ¥V — V such that
{m*f-m*h = 0} has normal crossings in the manifold V and one chooses,
preferably, local coordinates, x, such that 7*h = 2% and 7*f = uz®,
where u is holomorphic and invertible. To prove (15) and (17) one
proceeds similarly; one first computes (9|f|*/f%) A (1/h)[V]|x=o in a
resolution m: V — V such that {7*f - 7*h - 7*¢g = 0} has normal
crossings, preferably using coordinates such that 7*f = uz®, n*h =
va®, and m*g = 2. Then it is not too hard to verify (15) and (17). It
is a bit more delicate to prove (16) since the assumption about complete
intersection has to be used properly. Let ¢ be a (n,n — 1)-test form in
the base space X. On a resolution manifold V as the one above, one
chooses an atlas of local coordinates with the properties stated above,
and moreover, so that 7*¢ = ¢dZ’ A dx, where dT' = dzo N -+ N dTy,.
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The trick is now to show that (3]f|**/f*) A (1/Rh)[V].¢|a=0 equals

A |2X | 4025

glotp uv

’2A|v|25

pe OdT' A dx

Y

s=0 1A=0

xi#x”

where {p,} is a partition of unity on V. That is, that only charts
on V such that x; | #*f and x; 1 7*¢ contribute. That z; has to
divide 7* f is obvious. If, in addition, z; divides 7*g, then {z; = 0} C
mHf=¢g=0}NV. Since {f = ¢g = 0} NV has dimension n — 2
it follows that any anti-holomorphic n — 1-form in X has a vanishing
pullback to {f = g = 0} NV. Thus, 7*¢ has a vanishing pullback
to {z; = 0}. It follows that ¢ = Z;¢ for some smooth ¢. Using this
one easily shows that charts where x; divides both 7*f and n*g do
not contribute. With this in mind it is not very difficult to show that
x(lg12/€)O|f12/ ) A (1/h)[V].|a=0 tends to (18) as e — 0%, which
then proves (16).

It is now easy to prove the proposition. Let p € CHy[xS]; it is
a local problem to show that Ou € CHypns. Choose a holomorphic
function f and a 7 € CHy such that S = f71(0) and u = (1/f)7.
From (13) we have pu = (|f|**/f)7|r=0, and for Re A >> 1 we have
O(If1P/f)m) = O|f|P/f)T. From (14), the last expression also has
an analytic continuation, and so du = (9| f|**/f)7|r=0. Using a repre-
sentation (10) of 7 and (14) and (17) one easily sees that gou = 0 if
g € Jvns (recall that S = f71(0)). Similarly, if 7 is represented by (10)
it follows from (14), (15), and (16) that x(|g|?/€)0u — Ou, as € — 0%;
i.e., that Op has the Standard Extension Property. O

Definition 7. Let ¢ € CHy[+S] and let f be a holomorphic function
such that V'\ f71(0) is dense in V and VN S\ f71(0) is dense in V' N S.
We define 0(1/f) A u by

-1 =1 1=
0= Npu=0(=p) — =0u.
PO T
That this definition makes sense follows from Proposition 5. It is in-
tuitively clear that 9(1/f) A € CHypnp-1(g)[*S] but it is not immediate

from the definition. However, letting ;= (1/g)7, where 7 € CHy and
g 1(0) = S, we get from Proposition 8 that

sXUfP/e) \ xUgPfea) 51 1

9 e T ang |
SC’EE’—FW%W/\N—é%/\u‘
SCE‘Q—F}@(MAM)—@(%/\#)}
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2/e1) = 1~
where x is a smooth regularization of the characteristic function of
[1,00). Thus, (Ox(|f|?/e1)/f) A (x(lg]*/e2))T converges unrestrictedly
to O(1/f) A p. First letting e — 0 and then letting e; — 0 we then see

that d(1/f) A= (1/9)0((1/f)7) € CHyns-1(0)[xS] by Proposition 5.

If € CHy and f = (fi,..., f;): X — C?is holomorphic such that
(fi,..., fp, [;) defines a complete intersection on V for p+1 < j <gq
we have thus given a meaning to

-1 -1
3f1 AN A 8fp fp+1 fq A .
It follows from Theorem 1 that this product, apart from being alternat-
ing in f1,..., f, as it should, is independent of the ordering of the tuple
f and, moreover, that it coincides with the definition of Coleff-Herrera
and Passare.

4. THE KEY PROPOSITION

In this section we prove the key proposition needed to prove our main
theorem. The proof of the proposition relies on a Whitney type divi-
sion lemma for the pullback of anti-holomorphic forms through modi-
fications. This lemma appear also in [28].

Throughout this section our considerations are local; X = B is the
unit ball in CV and V is an analytic set of pure dimension n (and
codimension P = N — n) defined in a neighborhood of B.

Proposition 8. Let V C B be an analytic set of pure dimension n,
S C B a V-polar set, and f = (f1,...,f;): B — C9 a holomorphic
mapping such that (fi,..., fp, f;) defines a complete intersection on V
forallj =p+1,...,q. Let also x;, 1 < j < g, be smooth on [0, 0] and
vanish to order ¢; at 0. Then for any p € CHy[«S] and ¢ € % ,—,(B)
we have

OYE N - ANOYEYE -\ € 1
X1 Xpo+1 Xq I(Xq )/\M((,D/\dZ) S

¢ Ty 0 7
e f f fd

< Cllellareg,

where x5 = x;(1fj1*/€;), M and w are positive constants that only
depend on [ and Supp(yp), while the positive constant C' also might
depend on the CM-norm of the x;-functions.

Proof. We fix a representation (10) of p (or rather its “analytic contin-
uation” counterpart) and write
AN NI X

X
7 A (A dz)
1 q

(19)  Z7 () :
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_/ |h|2)‘ (EXEA"'A5X;X;+1"'XZ
- Y4
v h Gy

Since expressions like x¢/ f* essentially are invariant under holomorphic
differential operators, cf. (6), and since 9 commutes with such opera-
tors, the right hand side of (19) is, by Leibniz’ rule, a finite sum of
integrals of the same kind but with the holomorphic differential opera-
tor ) omitted. We can therefore ignore () in the computations below.

/\go)/\ﬁ‘
A=0

By Hironaka’s theorem, e.g., formulated as in [18] and [8], one can
find, first an n-dimensional complex manifold V and a proper holo-
morphic map m: V — V that defines a biholomorphism outside Viings
and then (at least locally on V) a further n-dimensional complex man-
ifold V and a proper holomorphic map m: V — V such that Z :=
my (mih - i fy -+ i f, = 0) has normal crossings and m, is a biholo-
morphism outside Z. Put m = m; o my and denote the pull-back under
7 by %, eg., h = m*h. We choose a (sufficiently fine) finite partition
of unity {p]} on Supp(¢) and local charts on the Supp(p;) such that
h fl, . fq are monomials times invertible holomorphic functions. The
right hand side of (19), (recall that we may ignore @), is therefore equal
to

AP OXS A - AOXSXGur XS .«
(20) Z/ - ! = I}ZH LN @ NIp; o
. o =

Moreover, we may assume that ¢ is of the form ¢;dz;, |I| = n —
p, and so we can write ¢ = 7 - ¢y, where n = @5 € Zyo(V) and

o = E%I is an anti-holomorphic n — p-form on V. We now consider
one term of (20), we drop the subscript ¢ from p;, and we put ¢ =
ndp. In a neighborhood of Supp(p) we have local coordinates x such

that fj = ujxa(j) , where u; are invertible and holomorphic. We let
m be the number of vectors in a maximal linearly independent subset

of {a(1),...,a(p)}, and we assume for notational convenience that
a(l),...,a(m) are linearly independent. As in [22], p. 46, we can
define new coordinates, still denoted z, so that vy = --- = u,, = 1.

For m +1 < j < p we write Ox§ = X5 - (dz*0) /z°0) + du; /u;), where
X;j(t) = tx(t) are smooth on [0, cc], vanish to order ¢; at 0, and map
oo to 0. We will omit the tildes in the computations below, and hence,
with abuse of notation, the term of (20) under consideration can be
Written

/Waxl Aaxmxm+1 “XG /p\ <da—:a<> du]) SN (/)2‘

fq m+1 i‘a(J) A=0

From exterior algebra it follows that dz®™ A --- A dz*™ A dz®U) = 0
if m+1 < j < psince a(l),... ,a(m),a(j) are linearly dependent.
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Thus, since dx§ A --- A OX¢, is proportional to dzM A - A dzem),
we may erase the factors dz®V)/z°U) m + 1 < j < p from (21). We
now let IC be the set of indices i such that z; divides some z*9) with
p+1 < j <qand we apply Lemma 9 with in data I and dz;. We find
that we may replace dii,, 11 /- - - Adu, A ¢, by an anti-holomorphic form
&= Z‘ Jl=n—m &ydzy, which has the property that each &; is divisible
by all z;, i € K, without affecting the integral (21). We may of course
assume that £ consists of one term only, and for notational convenience
we assume that & = {'dZ,,.1 A+ -ANdZ,. We assume, also for simplicity,
that L\ {m +1,...,n} ={k+1,...,m} so that £ may be written
Tpa1 - T =: W €" for some anti-holomorphic function ¢”. We can
now re-write the integral (21) as

(2 Q/)mVA5X§A'--A5x;X&+r s N 475 1 0
1%

- ~ .
h fl oo fo U1 -~ Up A=0

Now consider the form Ox{A- - -AIX5, AL, dT;. We write d = 9'+0",

where 0’ differentiates with respect to the variables 2’/ = (21, ..., 1)

and 0" differentiates with respect to the variables 2’ = (2411, ..., Ty),

and we compute:

(23)

OX{ A -+ NOXE, /\ dz; = (0'X; +"X) A+ A (X, + "X /\ dz;
m—+1 m+41

- Z sign(j — ij>5/XEl A ./\glxlk a”X;c N NG /\ dz;.
i <<y mt
ik+1<"'<7:m

Let us consider the first term in this sum. It equals

- — AT A A dT, A
det AOXi A A OXG A ==X K [\ g,

:,C ..-:E
k+1 m ma1

where A is the (m — k) x (m — k)-matrix (a(i);)opyr and X5 =
(If512/€;) - X§(|fj|2/ej) (As usual, we omit the tildes below.) The
other terms in the sum on the right hand side of (23) are of the same
type. In particular, each such term has Ty, ---Z,, = ' as denom-
inator. Recall also that h = vz? with v invertible and holomorphic.
Substituting (23) into (22) we thus obtain finitely many integrals of

the type

A=0

5X€/\/\5XE . En -
(24) /v 1 e k|vx5|2’\xk+1---xq/\dxj/\v,bdx‘

k+1



REGULARIZATIONS OF RESIDUE CURRENTS 15

where dx = §”¢2/(vu£;"jf U T - -u,) and Lo = Y 1 4a(j).
Note that ¢ has compact support, and, perhaps after scaling, we may
assume it has support in the unit polydisc A.

We now introduce the smoothing parameters

t; =292 /e;, for j=k4+1,...,q,
and we put
\D(A7 xZ, tk-i—la cee atq) = |U|2>\H;<;n+1Xi(ti) ’ Hgn+1Xj(t]|u]|2) ' @Zj(x)

The function W(\, z,t) is smooth on C x C" x [0, 00]?"* and by Lemma
6 in [27] it has the Taylor-like expansion

(25) T\ 2,t) = > R F k(N )

K+L<fla+5-1

+ Z QZKJ_IL\I/KvL()\,SC,t).
K+L=fa+£-1

When doing this expansion we consider ¢ = (t541,...,%;) as indepen-
dent real variables and \ as a parameter. If K + L < fa+ 3 — 1, the
function Vg 1,(A, z,t) is independent of at least some coordinate x; and,
moreover, we have the following explicit expression for the “remainder”
part of the expansion:

(26) > 2Rk (N 1)
K+L=la+p-1

(1 — y)toti=2 glteti
= \IJ /\7yZL' ,...7ynl‘n’tdy.
/ye[0,1]n (foz + ﬁ — 2)[ ayﬁa-i-ﬁ—l ( 1L1 )

If we evaluate the smoothing parameters, i.e., let t; = |2°U)|2/¢;, we
have that [v[**x§., - xi1 = (), z,t) and we can substitute the de-
composition (25) of ¥ into (24). By changing to polar coordinates and
using that Wy (A, z,t) is independent of some z; if K+ L < la+p—1
it is not very hard to see that the first part of the expansion (25) does
not contribute; see [22| p. 47, 48, for details. In polar coordinates, the
integral (24) thus equals

(27) I N )r?PdxS A NdxG Adrga A Adry, L
relo,1]n =0

where
St = cus / > Wi\, t)e? (K—-L—ta=f+11) gg.

0€l0,2m)™ KiL=
la+£—-1

Here, x5 = x;(r**0)/e;) for j = 1,... k, t; = r**W/¢; for j = k +

1,...,q,and ¢, ), = (—1)”21'”2”_’“. Since the singularity has disappeared
it is innocuous to put A = 0 in (27) and from now on we omit all
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occurrences of A\. We here also note the following properties of the
function 7 (r,t) = _#(0,r,1).

a) #(r,t) is bounded on [0, 1]" x [0, co]?7".

b) If some t; < ¢ for some k+1 < j < ¢ then | 7 (r,t)] < C9.
c) If t; > 1/0 for some k+1 < j < pthen | #Z(r,t)| < C6.
d)

|/(T‘,tk+1, s 7tq—1atq) - /(Tatk-i—lv s ,tq_1,00)|

< C‘|¢H|£a+ﬁ—l‘/tq7 g >1
~ | ClI¥lhea+s-1r; t, <1

Property a) follows easily from formula (26) and the definition of ¥(z,t) =
U(0,z,t). Properties b) and c) follow by Taylor expanding t; +—
x;(t;]uj|?) at 0 and oo respectively in the definition of W(z,t). Property
d) follows by Taylor expanding ¢, — x;(t,|u,|*) at oo in the definition
of W(x,t) and inspection in the formula (26). We note also that the
constant(s), C, depend on the C***5=norm of y; if u; # 1. Now, by
Fubini’s theorem we may write (27) as

(28) / (/ B AGR AN ST R /\d)@)drkﬂ A---Adr,
rreo 1)k N Jrefo]k

and by property a), the modulus of the inner integral can be esti-
mated by a constant times fse[o,oo)k ldx1(s1) A=+ Adxr(sy)] < C < oo
uniformly in all parameters. Thus, by Dominated Convergence, the
study of possible limits of (27), and hence of (19), is reduced to the
study of possible limits of the inner integral in (28) for fixed " =
(Thi1s--->7mn) € [0,1]"7F. We note here also that dx§ A -+ A dx§ =
det A- X+ Xedri A--- ANdry/(r1---ry), where A is the k X k-matrix
(2(3);)5 ;=1 We may thus assume that A is invertible.

We want to estimate the difference |Z7,(¢) — lim,, .o Z7 ,(€)| and by
our computations this far it can be estimated by a finite sum of terms
like

[ ([ e n g 0o ag A ndi] )
0.1 N Jl0.]k a0

B A)ﬂ . %uk | )= 7 (17" O)ltymocl -G A+ A )

The equality lim.,_o 7 (r',7",t) = _Z(r',r",t)|;,— holds for each
fixed 7 € (0, 1]"7* because t, = r?*(@ /¢, and, since K C {k+1,...,n},
we have a(q); = -+ = a(q)r = 0. By property d) we can therefore
estimate [I7,(€) — lim,, o I} ,(€)| by a finite sum of terms of the form

CHwH‘Zaﬁ’ﬁfll ( /”E[O,l]nk dr// + /”E[O,l]"k Gq/TQQ(q)dTH)

r2a(‘1)§eq TQQ(Q)Zeq
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< ClYlljears-1i€; -

The last estimate follows from Lemmas 9 and 10 in [27|, from which
we also see that any w < 1/(2|a(q)|) works. To conclude the proof we
just have to note that 1) depends continuously on ¢ in C™-norm if m
is sufficiently large. O

4.1. The division lemma. We keep the notation from the proof of
Proposition 8 so that V — V C B is a modification, the pull-back
under this map is denoted by *, and x are local coordinates on V such
that f] = xo‘(j), 1 <7 <m,and fj = ujxa(j), m+1<j5<q We
recall also that our set-up in the proof of Proposition 8 implies that the
exterior product of AT'dz®®) with any dz®), m +1 < j < p, is zero.

Lemma 9. Let K C {1,...,n} be any set of indices i such that z;
divides some x®U) with p+1 < j < q. If o is an anti-holomorphic n—p-
form in B, then one can find, in the x-chart onV, an anti-holomorphic

n—m-form & that depends continuously on o in any C*-norm and such
that

i) %j A€ is non-singular for all j € IC, and
i) dzM A - AdZ™ A (g A Adiiy NG —€) = 0.

Proof. Put ¥ = dtiy,11 A --- Adu, A6 and define

jex i,jEK

1<)
where VU;,..;, means that we pull ¥ back to {z;, =--- = z;, = 0} and
extend trivially to C", (i.e, ¥;,..;, = 7"V, where 7 is the composition
of the standard projection C* — A = {z;, = --- = x;, = 0} and the

inclusion A < C"). A straight forward induction over |K| shows that
£ := U — ¢ satisfies i); see, e.g., [28]. To see that ¢ satisfies ii), consider
a WU, .. Let L C{1,...,p} be the set of indices j such that no z;,_,
1 < k < ¢, divides f; and write L = L/'UL", where I’ = {j € L; j < m}
and L” ={j e L;ym+1<j<p}

Now, the variety {z;, = -+ = x;, = 0} lies in the zero set of all
the fj with j € {1,...,p} \ L by the definition of L, and moreover, it
is contained in the zero set of (at least) some f; withp+1<v <gq
since the z;; are in K. Thus, {z;, = --- = x;, = 0} is contained in the
preimage of a subvariety of V' of dimension at most n — p + |L| — 1.
The form Ajcrdf; Ao has degree n — p+|L| and so its pullback to this
variety must vanish. Hence,

/\gf}\/\a: Ndfjne= N dz®@a N dgzeP) A6

jeL jeL ieL’ jeL”
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has a vanishing pullback to {z;, = --- = z;, = 0}. But this means that
pier @@ N dzeO A (N dig A6y,
jer keL"
+ N\ dz*@ A dze AT, =0,
L veL”

where the first term arises when no differential hits z¢U), j € L”.
Taking the exterior product with Aj¢r»(du;);,....,, we obtain

plicr ®@ N dzeO AWy g+ N dztO A DY dE M A F, = 0.

jeL’ eL’ vel”

We now multiply this equation with the exterior product of all dz®V)
with j < m and j ¢ L. Then we get dz®®" A --- A dz®(™ in front of
the sum and this makes all terms under the summation sign disappear
by the comment just before Lemma 9. It thus follows that

J_;ZieL" a(l)di’a(l) A A d',z.a(m) A \Ilil"'ie = 07

and since this holds everywhere we may remove the factor z2-ier” @)
and conclude that ¢ has the property ii). U

5. NON-CHARACTERISTIC RESTRICTIONS

Let Q C R* be an open set, let v € 2/(Q), and let M C Q be a
smooth submanifold. Let also N (M) be the subbundle of 7*(€2) |y of
covectors that annihilate 7'(M). We say that M is non-characteristic
for u if N(M) N WF(u) = 0, where WF(u) is the wave front set
of u. If M is non-characteristic for u, then there is a well defined
“restriction”; u|ys, of u to M and moreover, if u, — wu is any smooth
regularization of uw and i: M — € is the inclusion map, then i*u, — u|y,
is a regularization of u|ys; see [19] Chapter VIIL.

Let p € CHy(X), where X C C" is a domain and V is a pure
dimensional analytic subset. Then, since p generate a regular holo-
nomic Zx-module, [12], it follows from a deep result of Andronikof,
[7], that W F(u) = WF4(u) is a C*-conic complex Lagrangian sub-
set of T*(X). Thus, by the Morse-Sard theorem, there are “many”
non-characteristic hypersurfaces for u, e.g., in appropriate coordinates,
x, centered at an arbitrary point in X, all H;, = {z; = s}, s € C,
0 < |s| < 1, are non-characteristic for p. Now, let f = (f1,..., fp)
be a holomorphic tuple defining a complete intersection in X and let
R =0(1/f1) A--- ANO(1/f,) be the Coleff-Herrera product.

Theorem 10. Let Y C X be a complex submanifold that is non-
characteristic for u and such that fily,..., fo|ly define a complete in-
tersection on'Y. Then

~ 1 -1
Ry =0— A+ ANO——,
=07 Iy
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i.e., the Coleff-Herrera product commutes with non-characteristic re-
strictions.

Proof. This follows immediately from our main theorem since

OXS A -+ NOXS _ 1 ~ 1
R’ :hm@'*< p)za—A---/\a ,
by = liny fiof, Ffily Foly
where 7: Y — X is the inclusion. O

Remark 11. To prove this theorem it is sufficient to use Passare reg-
ularizations. In fact, one only has to ensure that ¢ — 0 inside Passare
sectors for both of the tuples (fi,..., f,) and (fily,-.., folv)-

We conclude this section with an application of Theorem 10. For-
mally computing the average of I7(t) (cf., the introduction) for ¢ €

{£ € RY; 2, € = €} one obtains
(=1)I-1f df
> (=1 J;g Nz S Ao
|f|2=e | fI?#

where ¢, = (—1)P*~Y/2(p — 1)!/,/p. Using Hironaka’s theorem and
toric resolutions one can show that the limit of this integral exists and
defines a Bochner-Martinelli type current RY,, € CH;-1 (o) that can

be regularized by
) (=1)-1f. dF
IX(If*/e) A cpzj( ) |f‘f2;/\k7éy fk’

see, e.g., [25] and [27]. If the test form ¢ is O-closed in a neighborhood
of f71(0), then I7(t) is independent of sufficiently small ¢ and the
formal computation above becomes rigorous . However, it is a non-
trivial, but well known fact that actually Rf = RL,,, see [25], [2]. In
fact, following [2|, R/ and Ré 1 are V-cohomologous, (see, e.g., Section
6 for the definition of the V-operator) and, unlike the d-operator, the
V-operator admits localizations, i.e., there are V-closed “cut off forms”.
Thus, one can find a current p with support close to f~*(0) such that
Vi =R —Ré 1, and this yields a current /, supported close to f~1(0),
such that dy' = RT — RQM; This implies that R/ = RgM since a
CHj-1(g)-current cannot be d-exact in this sense unless it is 0.

By Theorem 10 we get an independent proof of the equality R/ =
RL,,, based on induction over n. In the the absolute case, i.e., when
p = n, it is easy to verify the equality by Taylor expanding the test form
at the discrete set of points of f~1(0); we may assume that f~'(0) =0
and then both R/ and Ré v are annihilated by any z; and we know
that they coincide on holomorphic monomials. Theorem 10 provides us
with the induction step since the set of non-characteristic hyperplanes,
H. . is sufficiently ample. We thus get

2,8
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Corollary 12. The Bochner-Martinelli type current RéM 15 equal to
the Coleff-Herrera product R’ in the case of a complete intersection.

Remark 13. For the currents of Cauchy-Fantappié-Leray type intro-
duced in [1] we have the same result.

6. PROOF AND EXTENSIONS OF THEOREM 1

Proof of Theorem 1. The proof is based on induction over p. The in-
duction start, p = 0, follows immediately from Proposition 8 (and an
obvious induction over ¢). Now assume that Theorem 1 is true for
p=r —1 2> 0. By induction over ¢, what we have to show is that

OXLA-AOX; 51 y
o gl H-© = af/\ /\aﬁ/\/ﬂﬂ < Ce’|ollar,

where fi = (1/(fy5" -+ f¢'))u € CHy[xS], S := {fry1--- fy = 0}. An
easy set-theoretic computation shows that (f1, ... f.) defines a complete

intersection on V' NS and by Proposition 5 we have 0 € CHyng. The
left hand side of (29) can be estimated by

NG ANOXOXE = 51 1
‘ - /\,u.@go—ﬁﬁ/\ /\8][4 fé /\,uago‘—k
5)(§A~--A5X;X6 - _
A — I A A /\G,ugo‘
’ b i fé fﬂ
By induction, the last term can be estimated by Ce“|[¢[s;. The first
term can, by Proposition 8, be estimated by Ce¥||0p||ar plus

X -+ AN OXS 1 _1 -
S fi 5’

where ¢/ = (1/f%)in € CHy[xS'], ' = SU f71(0). Another “inte-

gration by parts” and the induction hypothesis finally shows that this

term can be estimated by Ce”||d¢||ar and we are done. O

(29)

Finally we present some extensions of our main theorem. By going
through the proof one verifies the following. Let f= (-, f,) be
a holomorphic tuple such that ( fl, e fp, fj) define a complete inter-

section on V for all j = p+1,...,¢q and assume that f~1(0) D f~(0)
and that the x; vanish to infinite order at 0. We may then replace the
X;(|f;1?/€;) in Theorem 1 by x;(|f;|*/¢,) with the same conclusion; the
constants C', M, and w are unaffected.

Let V' be an analytic set of pure dimension n defined in a neighbor-
hood of B C CV; put codim(V) = P = N —n. In a slightly smaller
neighborhood of B one can find a free resolution

(30) 0— O(E,) 2 12 0(B) 75 O(E)
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of the sheaf O¢n/Jv; the Ej; are trivial holomorphic vector bundles of
ranks r; with ry = 1 and the F} are r;_; X rj-matrices of functions
holomorphic in a neighborhood of B. Let V; be the set of points z € B
such that F(z) does not have optimal rank. These sets are analytic
subsets of B that are independent of the choice of resolution of Ocn /Jy,
i.e., invariants of V. Moreover, V; CV; 1 C---CVp=Vp_ 1 =--- =
V' and since V' has pure dimension in our case, Corollary 20.14 in [15]
implies that for j > P one has V; C Vj;,, and codim(V;) > j + 1. If
k = max{j;V; # 0} then one can find a new resolution with v = k. Let
us assume that (30) is such a minimal resolution. Let us also note that
if V' is defined by a complete intersection, then the Koszul complex
provides a minimal resolution.

Given Hermitian metrics on the E;, Andersson-Wulcan, [6], con-
struct a current, RY, whose annihilator sheaf is Jy. This current has
the form

RY =Rp+---+ R/,
where the R}/ are E;-valued (0, j)-currents with support in V' and with
the Standard Extension Property with respect to V. For some recent
applications of RV we refer to [3] and [4]. If Jy is Cohen-Macaulay
then v = P and RV = R} is O-closed, in fact, RV is then a tuple
of CHy-currents. In general, R is not 0-closed but satisfies instead
VrRY =0, where Vp = 3, F; — 0; in the case that (30) is the Koszul
complex this is the V-operator referred to in Section 5.
Let fi,..., f; € O(B) and assume that for each ¢ > P

(31) codim(V,Nn{fi=---=f,=f;=0})>l+p+1, Vji>p+1.
Then one can define the product
_1 -1 1 1
32 O— N+ NO———-+— ARV
( ) fl fpfp+1 fq

by an iterative procedure similar to the one described in Section 3 and
the product has the natural suggestive commutation properties, see the
end of Section 2 in [5]. With our techniques one can prove

Theorem 14. Let RV be the current in B described above and let
(fi,---, fq) be a tuple of holomorphic functions in B that satisfies (31).
Then, with the notation and the hypothesis on the x-functions from
Theorem 1, we have

XS A - NOXEXG
fl .. 'fq

-..Xq /\RV.SO

=1 =1 1
—d—AN---NO————— AR .| <C €,
fl fp fp+1"'fq SO — ||QIDHM

for ©; £ -valued test forms ¢ in B.
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To prove this we need Proposition 8 with p replaced by R}/, J =
P,...,v. Then Theorem 14 follows, e.g., by a double induction over
p and ¢ and using that we already know that the product (32) has
nice commutation properties. In the induction steps one uses that the
involved 0-operators may be replaced by —V g-operators.

Let us indicate how to prove the required analogue of Proposition 8.
First of all, RY has an integral representation similar to (10); see, e.g.,
Proposition 2.1 in [4] for details. Using this, the proof of Proposition
8 goes through with y replaced by Rp. For R} with j > P one uses
that R} = a; A R}, where a; is a Hom(E;_y, E;)-valued (0, 1)-form
that is smooth outside V; and moreover has the property that in a
suitable resolution 7: V — V, 7*a; is a smooth (0, 1)-form b; divided
by a holomorphic monomial; again, see Proposition 2.1 in [4].

Now, for simplicity, consider RY,, = api1 A R} and choose such
a resolution 7: ¥V — V that, apart from having the properties in the
proof of Proposition 8, also is such that the preimage of Vp,; is a
normal crossings divisor. The proof then goes through if we establish
a somewhat more general division lemma, namely (see the proof of
Proposition 8 for the notation):

One can replace U := diiy, 1 A+ - -AduyANbp iy AT*(dZr), |I| = n—p—1,
by a smooth form &, without affecting the integral (corresponding to
(21)), such that (dz;/z;) A & is C"-smooth for an appropriate large r
and all i € IC.

This can be achieved as follows. Put

/ [T+ 1,7 r an 8"“‘\1/ :p?
§ = E (=), where U7 = E |
Jek jE€Jk;=0 J = :

cf., the beginning of the proof of Lemma 9. One verifies by induction
that & := ¥ — ¢ satisfies (dz;/z;) A& € C” for all ¢ € K. Moreover,
using (31) for £ = P + 1 and the technique of the proof of Lemma 9
one shows that Ox§ A --- AdxE, A& = 0 so that ¥ may be replaced by
¢ without affecting the integral.

REFERENCES

[1] M. ANDERSSON: Residue currents and ideals of holomorphic functions. Bull.
Sci. Math., 128(6) (2004), 481-512.

[2] M. ANDERSSON: Uniqueness and factorization of Coleff-Herrera currents. Ann.
Fac. Sci. Toulouse Math., to appear. Available at arXiv:0711.2440.

[3] M. ANDERSSON, H. SAMUELSSON: Koppelman formulas and the d-equation
on an analytic space. Preprint, Géteborg 2008. Available at arXiv:0801.0710.

[4] M. ANDERSSON, H. SAMUELSSON, J. SzNAJDMAN: On the Briancon-
Skoda theorem on a singular variety. Preprint, Géteborg 2008. Available at
arXiv:0806.3700.

[5] M. ANDERSSON, E. WULCAN: Decomposition of residue currents. J. Reine
Angew. Math., to appear. Available at arXiv:0710.2016.



[6]
17l

18]

19]

[10]

1)
12]
13]
14]
15]
16]
17]
18]

[19]

[20]
21]
22]
23]

[24]

[25]
[26]
[27]

28]

REGULARIZATIONS OF RESIDUE CURRENTS 23

M. ANDERSSON, E. WULCAN: Residue currents with prescribed annihilator
ideals. Ann. Sci. Ecole Norm. Sup., 40 (2007), 985-1007.

E. ANDRONIKOF: The Kashiwara conjugation and wave-front sets of regular
holonomic distributions on a complex manifold. Invent. Math., 111(1) (1993),
35-49.

M. F. AtivaH: Resolution of Singularities and Division of Distributions.
Comm. Pure Appl. Math., 23 (1970), 145-150.

D. BARLET, H. MAIRE: Asymptotic expansion of complex integrals via Mellin
transforms, J. Funct. Anal., 83(2)(1989), 233-257.

C. A. BERENSTEIN, R. GAYy, A. VIDRAS, A. YGER: Residue currents and
Bezout identities. Progress in Mathematics, 114. Birkhduser Verlag, Basel,
1993.

C. A. BERENSTEIN, R. GAY, A. YGER: Analytic continuation of currents
and division problems, Forum Math., 1(1)(1989), 15-51.

J.-E. BJORK: Residues and Z-modules. The legacy of Niels Henrik Abel, 605—
651, Springer, Berlin, 2004.

N. R. CoLEFF, M. E. HERRERA: Les courants résiduels associés a une forme
méromorphe. Lecture Notes in Mathematics, 633. Springer, Berlin, 1978.

A. DICKENSTEIN, C. SESSA: Canonical representatives in moderate cohomol-
ogy. Invent. Math., 80(3) (1985), 417-434.

D. E1sENBUD: Commutative algebra. With a view toward algebraic geometry.
Graduate Texts in Mathematics, 150. Springer-Verlag, New York, 1995.

I. M. GELFAND, G. F. SHILOV: Generalized functions, vol. 1., Academic
Press, New York, 1964.

M. E. HERRERA, D. LIEBERMAN: Residues and principal values on complex
spaces. Math. Ann., 194 (1971), 259-294.

H. HIRONAKA: Desingularization of complex-analytic varieties. Actes, Congrés
Intern. Math., 1970. Tome 2, 627-631.

L. HORMANDER: The analysis of linear partial differential operators. I. Dis-
tribution theory and Fourier analysis. Second edition. Grundlehren der Math-
ematischen Wissenschaften, 256. Springer-Verlag, Berlin, 1994.

P. LELONG: Propriétés métriques des variétés analytiques complexes définies
par une équation. Ann. Sci. Ecole Norm. Sup., 67(3) (1950), 393-419.

M. PASSARE: Residues, currents, and their relation to ideals of holomorphic
functions. Math. Scand., 62(1) (1988), 75-152.

M. PASSARE: A calculus for meromorphic currents. J. Reine Angew. Math.,
392 (1988), 37-56.

M. PASSARE, A. TsikH: Residue integrals and their Mellin transforms. Canad.
J. Math., 47(5) (1995), 1037-1050.

M. PASSARE, A. TSIKH: Defining the residue of a complete intersection. Com-
plex analysis, harmonic analysis and applications (Bordeauz, 1995), 250-267,
Pitman Res. Notes Math. Ser., 347, Longman, Harlow, 1996.

M. PASSARE, A. TSIKH, A. YGER: Residue currents of the Bochner-Martinelli
type. Publ. Mat., 44(1) (2000), 85-117.

A. A. PAvLOVA: On some residue currents for complete intersections. (In
Russian) Conf. Math. Models, Krasnojarsk, 2 (2001), 129-136.

H. SAMUELSSON: Regularizations of products of residue and principal value
currents. J. Funct. Anal, 239(2) (2006), 566-593.

H. SAMUELSSON: Analytic continuation of residue currents. Ark. Mat., to
appear. Available at: arXiv:0709.1597.



24 JAN-ERIK BJORK & HAKAN SAMUELSSON

[29] A. YGER: Formules de division et prolongement méromorphe. Séminaire
d’Analyse P. Lelong—P. Dolbeault—H. Skoda, Années 1985/1986, 226-283, Lec-
ture Notes in Math., 1295, Springer, Berlin, 1987.

J.-E. BJORK, DEPARTMENT OF MATHEMATICS, STOCKHOLM UNIVERSITY, SE-
106 91 STOCKHOLM, SWEDEN
E-mail address: jeb@math.su.se

H. SAMUELSSON, DEPARTMENT OF MATHEMATICAL SCIENCES, DIVISION OF
MATHEMATICS, UNIVERSITY OF GOTHENBURG AND CHALMERS UNIVERSITY OF
TECHNOLOGY, SE-412 96 GOTEBORG, SWEDEN

E-mail address: hasam@chalmers.se



