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RATE OF WEAK CONVERGENCE OF THE FINITE ELEMENT
METHOD FOR THE STOCHASTIC HEAT EQUATION WITH
ADDITIVE NOISE

MATTHIAS GEISSERT, MIHALY KOVACS!, AND STIG LARSSON!

ABSTRACT. The stochastic heat equation driven by additive noise is discretized
in the spatial variables by a standard finite element method. The weak con-
vergence of the approximate solution is investigated and the rate of weak con-
vergence is found to be twice that of strong convergence.

1. INTRODUCTION AND MAIN RESULT
We consider the stochastic heat equation driven by additive noise,
dX — AX dt =dW, in D x R,
(1.1) X =0, on 0D x R,
X(-,0) = X, in D.

Here D C R? is a convex polygonal domain and A = 22:1 0?/0€2 is the Laplace
operator. Let H = Lo(D) with the usual norm || - || and scalar product (-, -). Define
A = —A with D(A) = H?(D) N H}(D) and write (L.1)) as

(1.2) AX + AX dt =dW, t>0; X(0) = Xo.

Let (2, F,P,{F:}+>0) be a filtered probability space, let @ : H — H be a self-
adjoint, positive semidefinite bounded linear operator, let W be a Q-Wiener process
in H adapted to the filtration, and assume that X is an Fp-measurable H-valued
random variable. Then has a unique mild solution given by

(1.3) X(t) = E(t) X, +/tE(t— s)dW (s),
0

where E(t) = e7*4 is the analytic semigroup generated by —A and the stochastic
convolution is well defined, see [I]. Note that A and @ need not commute.

We approximate by a standard finite element method. Let thus D be a
polygonal domain such that sufficient regularity estimates hold (see below)
and let {Sp}r>o be a family of function spaces consisting of continuous piecewise
polynomials of degree < r — 1 with respect to a quasi-uniform family of triangu-
lations of D and such that S, C Hg(D). The parameter h is the maximal mesh
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size of the triangulation and r may be referred to as the order of the finite element
method.
The finite element approximation of ([1.2)) is, see [6],

(1.4) dX), + Ay X, dt = P, dW, t > 0;  X(0) = P, X,

where P, : H — S}, denotes the orthogonal projection and Ay : S, — Sy is the
”discrete Laplacian” defined by

<Ahwa X> = <V'(/J, VX>7 V% X € Sh'

It can be verified that P,W is a Qp,-Wiener process in S, with Q, = P,QP, and
the solution of (1.4]) is given by

(1.5) Xh(t) = Eh(t)PhXo + /Ot E(t—s)Py dW(S),

where EJ,(t) = e"*47 is the analytic semigroup generated by —Ay,.
In order to describe the spatial regularity of functions we introduce the following
spaces and norms. Let

HY=D(A?), |flg =llA2f], v€ER

It is clear that H* = H, H' = H}(D), H> = H?*(D) N H}(D) with equivalent
norms. We also need the Hilbert-Schmidt norm for bounded linear operators,

(1.6) IK|fs =D I Kéxl® = Te(K*K),
k=1

where {¢5}72, is an arbitrary ON-basis in H, and we define Lo ({2, HP) by

1 a0,y = B = ([ 173 aP@) .

In [6] the following strong convergence result was proved:
Let > 2 and 0 < 8 < 1 and assume that ||A_%Q%||Hs < oo and Xy €
Ly(Q2, HP). Then there is C such that, for ¢ > 0,

_1-B 1
(L.7) [ Xn(t) = X (Ol La0,m) SChﬁ(”‘XOHLQ(Q,Hﬁ)—’_HA 2 Q2\|H8>~

In this work we prove weak convergence, that is, convergence of Eg(X}(t)) for all
g in a suitable class of functions. We denote by CZ(H,R) the set of all real-valued
functions on H with continuous and bounded derivatives of order < 2.

Our main result is the following.

Theorem 1.1. Let X and X, be given by (1.3) and (L.5)), respectively. Assume
that g € CZ(H,R) and, in addition,

(1.8) sup ||g'(f)ll e < oo
fems
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Let r > 3, 0 < B < 1, and assume that W is a Q-Wiener process in H with

||A_%Q%||Hs < o0 and Xo € Ly(Q, HP). Then there are C > 0, ho > 0, indepen-
dent of g, T, and h, such that for h < hy, T >0,

[E(g(X0(T)) - g(X(T)))| < Ch*log(h)|
x (IXoll yqqim + 1477 Q4 llus + 1147 Q¥ s

x sup (Ilg'()llo + 9" (1)),

feH?s

Note that the assumption on @, HA_%Q%HHS < 00, is the same as for the
strong convergence estimate . The rate of weak convergence is thus twice the
rate of strong convergence, except for the logarithmic factor.

Two special cases can be highlighted:

e If (O is of trace class, then 3 = 1, because ||Q%||%IS = Tr(Q) < oo. Thus,
the rate of convergence is O(h?|log(h)]).

e If Q = I, which is space-time white noise, then we assume ||A_¥ %4 =
Tr(A~(=9) < co. Since the eigenvalues of A behave like A, ~ k*/? as
k — oo, this is possible if and only if d = 1 and 8 < % Then the rate of
convergence is almost O(h).

The theorem has two unnatural restrictions which are due only to our proof,
namely r > 3 and the extra assumption on ¢'. Indeed, after this work was
completed we learned that in [4] the same rate of convergence (without logarithm)
was proved without these assumptions. However, the estimate in [4] blows up as
T — 0, while ours is uniform in T" (cf. and below). The proof is also

—5

more complicated than ours and the condition || A~ =0 Q3 |lzs < oo is replaced by
a different, but essentially equivalent, one. Time stepping by the theta method is
also included in [4].

While the literature on strong convergence of numerical approximations of par-
abolic stochastic partial differential equations is abundant, there is very little on
weak convergence. Apart from [4] we are only aware of [5], which proves a similar
result but under a much stronger restriction on the test function g, and [3] which
is concerned with the Schrédinger equation.

2. PRELIMINARIES

In this section we collect some facts and make some preparations for the proof
of Theorem [[.11

Let S, T be bounded linear operators on the Hilbert space H and assume that
T is of trace class. Then,

(2.1) Tr(ST) = Te(TS), Tr(T*) = Te(T).
If, instead, T is Hilbert-Schmidt, then by (1.6)) and (2.1)),
(2.2) [Tlas = 1T lns,  [TSllas = 15" s, 1T lus < [ISI[IT[|ns-

Under the assumptions on the finite elements that we made in Section [I| we have
the following inequalities. We state them only for the ranges of parameters that we
need. First we have the inverse inequality,

(2.3) A unl| < Ch™|lupll, un € Sh, v €[0,1].
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We also have the following equivalence of norms in Sh:

(2.4) A up|| < Cl|AJunll,  un € Sw,v €0, 3],
and

(2.5) | A up| < Cl|Aupl|, un € Sh, v € [0, %]
Moreover, for 0 < § < %, 6 < p <1, we have

(2.6) |A°(Py, — ) A™P|| < Ch* 2.

This is a well-known approximation property for Pj,. Finally, the standard error
estimate for the linear elliptic finite element problem can be formulated as
s—2

(2.7) (A7 = AR S OR°| AT f], s € (2,3].

(This requires some assumptions on the polygonal domain D.) The above inequal-
ities are well-known in the special cases when the parameters v, 6, p, s are at the
endpoints of the parameter intervals. For intermediate parameter values we use an
interpolation procedure. The error estimate is the only place where we need
r > 3.

It is also well known that there are positive numbers C, « such that

(28) 4B < OO0 A%, £>0, 0<5<y <1,
and that

T N T 1
@0 [ 1atEeura <yl [ 1A B @ Pl at < dole

We also recall It0’s isometry, which takes the form

(2.10) E(H/OtF(t—s)dW(s)‘r) :/OtF(t_s)QéHf{Sds,

when the integrand is a deterministic operator as in (|1.3) and (1.5).
Let

t

(2.11) Z(t,1,8) =E({t—T1)¢ —|—/ Et—s)dW(s), 0<7<t<T.

If ¢ is F,-measurable, then Y (¢) = Z(t, 7, ) is the unique mild solution to
dY () + AY(t)dt =dW (¢), t >7; Y(r)=¢.

In particular, the solution of (1.2)) is X (t) = Z(¢,0,Xy). The following lemma
describes the spatial regularity of Z.

Lemma 2.1. Let § € [0,1]. If HA_%Q%HHS < 00 and & € Ly(Q, HP), then
Z(T,t,€) € Lo(Q, HP) for all0 <t < T.

Proof. This is proved in [6, Theorem 3.1]; see also [I, Section 5.4] and Lemma
below. O

We have the same regularity for Xp,:

Lemma 2.2. Let § € [0,1], assume that ||A’#Q%||Hs < o0, Xo € L2(Q, HP),
and let Xy, be given by (1.5). Then

_1=5 1
10O Lo iony < € (1Kol Ly iony + 1477 Q¥ lns ).
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Proof. By taking norms in (1.5) and using (2.4)) we have
B
1X0 ()12, 0,10y < CE (147 Xn(0)]1?)
8 ) t o 2
< CE(||4; Bu(t) PuXol )+CE(H/ AgEh(t—s)Pde(s)H )
0

=C(IL + IL).
By It6’s isometry (2.10)), (2.2]), and selfadjointness, we obtain

t B N t . B .
I = / 1AZ it — 5)PuQ¥ |3 ds = / 1(@1)"(AZ En(5)P)" g ds

¢ 8
— [ 1Q A7 Euto) P s ds.
0
Using (2.2) and (2.9) we calculate

L 18 o
1034, % Plfis [ 143 Eu(s)Pu I ds

IA

I

Hence, using (2.4) and (2.2)), we obtain
1 1 _1-6 9 1-8 7% 2 _1=5 1 9
L <3Q2 A 2 ggl|[A2 Ay 7 Bl < COIlA™ 2 Q7 ||is-
Finally, by (2.5),

FR 1,18 1-p _1=8
<3lQ2A, ® Pullas = 3I1Q° A7 A2 A, ® Pyllfs.

8 B
L < E(JA; PXol?) < CE(AF X)) = ClIXol12, g 1oy
The proof is complete. O
For g € CZ(H,R) and with Z as in (2.11]) we define
(2.12) u(z,t) = E(g(Z(:nt,x))), reH 0<t<T.

If € is an F;-measurable random variable, then by [I, Theorem 9.8],
u¢.t) = B(9(Z(T,1,9)| 7).

Therefore, by the law of double expectation,

213)  B(u) = B(B(9(2(T,1.)| 7)) = E(s(2(T,1.))).

For a function f € C?(H,R), by the Riesz representation theorem, we may
identify the bounded linear functional f’(z) with an element in H and the bounded
bilinear functional f”(x) with a symmetric bounded linear operator on H. Hence,
using the explicit formula for Z in , we have

(Oru(e,t),y) = B((/(Z(T,t,2)). B(T ~ 1)), y € H,

(Ol )y, v2) = B({g"(Z(T.t,2) BT ~ Oy, BT = )ya) ), yr. e € H,
so that
(2.14) Oru(z,t) = E(E(T — )¢/ (Z(T 1, x))),

(2.15) 8u(z,t) = E(E(T — )¢ (Z(T,t,2))E(T — t)).
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The function u satisfies Kolmogorov’s equation (see [I Chapter 9] for details),

dou(z,t) — (Az, d1u(z,t)) + L Tr (Ofu(z,t)Q) =0, z € D(A), t € (0,T),

(2.16) u(z,T) = g(x), x € H.

3. ProoOF oF THEOREM [
Let u(z,t) be defined by and apply with £ = X(0),
E(u(X(0),0)) = E(E(g(Z(T,O,X(O)))‘}"O))
= B(9(2(1,0.X(0))) = B(g(X (1)),

and with £ = X (T,

B(u(Xa(T). 7)) = E(E(9(Z(1.T. Xu(1))|F1) ) = B(9(Xa(T))):
Hence,
E(9(Xa(T)) — 9(X(T)) ) = E(u(Xa(T),T) — u(X(0),0))
- E(u(Xh(O), 0) — u(X(0), o))
+ E(u(Xh(T), T) — u(X5(0), 0)).

Using Itd’s formula (see, for example, [I]) for u(X(t),t), where X}, satisfies (1.4
with covariance operator @, = P, Qp Pr, and using the Kolmogorov equation ([2.16
to replace the term dru, we have at least formally

(3.1)
B(u(X,(1). 1) ~ u(X,(0).0))

=E /0 (32u<Xh(t)7t) = (ApXn(t), Oru(Xn(t),1)) + gﬂ(afu(xh(t)7t)¢2h)) dt

T
B [ (= (000 (4 = 010X (0).0) + 3 Tr (BFulX(0). 0(Qn — @)))

0

We note here that the use of Itd’s formula requires a function v : H x RT — R
with uniformly continuous partial derivatives on bounded subsets of H x [0, T]. The
above calculation can be made rigorous as follows. Define u,, in the same way as
u in but with A replaced by the Yosida approximant A, = nA(nl — A)~!.
Then wu,, has continuous partial derivatives ([I, Theorem 9.16]) and, since X(t) €
Sh, we may consider u, as a function S, x RT — R. Then the derivatives are
uniformly continuous on bounded subsets of S;, x [0,T]. Writing It6’s formula and
Kolmogorov’s equation for u, we get for u,. Passing to the limit in
using standard arguments (see, for example [I, Chapter 9] and [2, Chapter 7]) we

obtain (3.1]) for wu.
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‘We therefore have

E(g(Xa(T)) - g(X(T))) = E(u(X4(0),0) - u(X(0),0))

- E/ <(AhPh - PhA)Blu(Xh(t),t),Xh(t» dt
(3.2) 0

T
+ %E/ Tr (8?u(Xh(t), t)(Qn — Q)) dt
0

We estimate the three terms separately. For the first term we have, by the chain
rule and recalling X, (0) = P, X,, X(0) = Xo,

1
I = E{/ (D1u(Xo + s(PyXo — Xo),0), PaXo — Xo) ds}
0

1
—E{ / (P = Doru(Xo + (P Xo = X0),0), (P — 1) Xo) ds},
0
so that, by (2.6) with p = 5/2, § =0, and since X; € HP almost surely,
1
L] < E{ / ChP | 0yu(Xo + 5(PaXo — Xo),0) 5 - OB | Xoll s s}
0

< CR*? sup || 0vu(e, 0) gs [1Xoll 1, (60 79y
z€EHP

Here, by and (2.8) with v = = 8/2,
||31U(93 Oz = ||E{E( ) (Z(T,0,2)) }Hlgs
)g'(

< C sup Hg (Dl gz
feH?P
since it follows from Lemma that Z(T,0,z) € H® almost surely. Hence,
(3-3) 1] < Ch* sup (19" ()]l o I1Xoll 0, 7o)
feH?B

We remark that by using, instead, (2.8) with v = /2, 6 = 0, in the last step, we
would get
(3.4) [ < CR*PT P sup g/ ()Xol 1, oy
Fers
where the assumption (1.8) is not needed.
For the second term, we use the identity
ApPy — PyA = ApPy (A7 — A, ' Py A,

to get
T

—-E AhPh 7Ph )61u(Xh(t),t),Xh(t)> dt

~E [ (ALPy(A7Y — AP, ) A (X (t), 1), Xp(t)) dt

~

E L5 P (AT — AT R ABu(X(), 1), A7 X (1)) dt.

c\c\]c\
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Therefore,
T s
12| < E/O |4}, Pru(A™" = A Py ) Adyu(Xn (8), )| || Xn(t)|l o dt

T s
g/ sup AL 2 Py(A — APy Adyu(e, )] dt
0 zeHSB
x sup || Xn(t)l1,(0,m0)
t€[0,T)

Using (2.14) we have here

1-4 —1 1
||Ah Ph(A - Ah Ph)A81u(x,t)||
_B
= |4, 2 Pu(A™Y — A PO AE{E(T — t)g'(Z(T, t,2))} |
_B 3
<E{||A, *P,(A"' — A P)A T E(T — 1) A% ¢ (Z(T, t,2))| }

1-2 _ _ _B
<A, 2 Pu(AT = AP AT E(T — ) sup. 19" (F) g7s-
feH?s

Therefore,

T8 1 B8
Bl < [ 14 F P(AT - A7 P A 2B
(3.5) 0

< sup [lg"(F)ll e sup [ Xn(®)llr, q,m0)-
feHs t€[0,T]

The latter two factors are bounded according to (1.8) and Lemma It remains
to estimate the first factor. In view of (2.3)) we have

Toa-g —1 ~1 1-8
| 1A Rt = At R a () a
T B
<cn > [t - A P A B ) .
0

Using (2.7) with s = 2 and s = 2 + 3 (this is the only place where we need r > 3)
and (2.8]), we obtain

T
[t - appya f e
0
h? 5
- / I(A™ = A7 P A5 B @) at
T 8
[ 1At = A7) a- S A
h2
h? 5 T
§0h2/ t—1t3 dt+Ch2+ﬁ/ t~ et 4t
0 h

< I 4 CHP log(h)| < CHH (1),
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for h < hg (C and hg depend on ). Inserting this together with (1.8) and
Lemma [2.2] into (3.5) shows

_1-5 1
(3.6) Ll < Ch*NogM)] (I1Xoll .0 + 1477 Q4 lis ) sup 1lg'()ll s
feHs

For the third term in (3.2]) we use the identity
Qr—Q=P,QP,—Q=PQP, —QP, +QP, — Q= (P, — )QP, + Q(Py — I).

Therefore,
T
20, =B [ 1o (0Fu(Xa(0),1)(Qn — @) d
OT
- E/O Tr (afu(Xh(t),t){(Ph —D)QP, + Q(P, — 1)}) at.

Note that, since E(t) is trace class for ¢ > 0, it follows from (2.15]) that 0Fu(Xp(t), )
is trace class as well, so that by (2.1) the above integrands are well defined. More-
over, it follows from (2.1)) and selfadjointness that

Tr (O3u(Xn(8), ) (P = 1) (QPa) ) = Tr ((QP)" (P = 1)* 93u(Xn (1), )")
= ({PLQ(Py — DH{Mu(Xa (). 1)}
= Tr (SFu(Xn(t), ) PAQ(Ps — 1) ).
Therefore,
T
21y = E/O Tr (afu(xh(t),t)(Ph +DQ(P, — I)) dt.
We bound the integrand. By we have

‘ Tr (a%u(Xh(t),t)(Ph +DQ(Py — ”)‘

< sup |Tr (6fu(x,t)(Ph +DHQ(P, — I))‘
z€HP

— sup | T (E{E(T — )¢ (Z(T,,2))E(T — t)}(Py + D)Q(P, — I)) ‘
zeHP
< E{ sup | Tr (E(T — 1)¢"(Z(T,t,2))E(T — t)(By, + )Q(Py — I)) ‘}
reHP
< sup |Tr (E(T —8)g"(f)E(T — t)(Py + )Q(Py — 1)) :
feH®s

so that

T
(3.7 2|I3] < E/ sup
0 fef{[f

Te (E()g" ()P + QP — 1)) at.
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Let € € (0,3/2). Since E(t) is of trace class for t > 0, we may use to obtain
Tr (E(@0)g"(DEW®) Py + DQ(P, — 1))
- (A*§+€E(t/2)
x ASE(1/2)g" () EW)(Py + QP — 1))
= Tr (A3 E(t/2)g" (N E®) (P + DQ(Py — 1)
X A*§+5E(t/2))
= Tr (A5 E(t/2)g" () EW)(Py + 1)Q
X Q3(Py— DATTFE(/2)),
so that, in view of Tr(AB) < || A|us|| Bl us,
| T (E()g" (BB + DQP, - 1))

< |AZE(t/2)g" (/)E(t)(Ph + DQ* [lus |Q* (P — ) A~ 2 E(t/2) us
= Jl X JQ.

For the first factor we use to get
Ji = [{ATEt/2)Hg" (/) EW)(Py + DQ* }ns
= [{Q* (Pu + DE(t)g" (/) HA? “E(t/2)}lus
< Q% (Pu+ DE®)lus llg" () |AZ—E(t/2)]).
Using also with § = p = %, we have here
”Q%(Ph + I)E(t)||ns
— QAT A (P, + DA T AT B (1) us
< QAT |lus | ATF (Py + DA™ || | AT E(t)|
< AT Q us AT E(@)].
Therefore,
T < CIA™Z QY lusllg” () A= E@)| A2 E(t/2)].
For the other factor we have, by (2.2),

148
2

Jo = QA" A" (P, — A AR E(t/2)||ns
< [|Q2 A~ s | A (P — DA~ 42 | A3 E(1/2))).
Then, by (2.6) with 6 = % <p= #*5,

Jo < Ch2°~2 | A=73° Q3 |lus || A2 E(t/2)].
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Inserting this into (3.7)) and using (2.8)), we obtain

_ _1=5 1
15| < CR*7% | A7 7= Q2| sup |lg" (/)]
feHP

< [ 1A B@ 14T B2 A4 ) d
0

T
gcmmﬁm*¥ngswn¢um/t*“awwt
feHﬂ 0

By estimating the integral we conclude

_ _ _1-8 1
[Is| < Ce™'n* 2| A== Q2 |lfs sup |lg"(f)l.
ferms

Finally, we set ¢ = 1/|log(h)| < 3/2 (for h < hy with ho small enough) to get
€—1h2ﬂ—28 — h2ﬁe—26 log(h)E—l _ e—2h2[3| log(h)|
Thus, there are C' = C(8), hg = ho(8) independent of g, T and h such that

_1-5 1
|Is] < Ch*P|log(h)| [A~ 77 Q= Ifs sup [lg” ()],
feHP

for h < hg, t € [0,T]. Together with (3.3) and (3.6) this completes the proof.
It is important to note that the strong assumptions (2.7)), where r > 3, and (1.8)
are only needed in the estimate of the second term I5. For I5 we only use (2.6 and

sup [lg" ()] < oo.
fens

For I; we only use (2.6) and

sup [|g'(f)Il < o0
ferns

in order to get (3.4), while (2.6)) and (1.8]) are needed for (3.3)).
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