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Continuous-discrete optimal control problems

Kjell Holmaker

Abstract

A continuous-discrete control system is studied where the state variable £ may have a jump
discontinuity at certain times 7. The size of the jump is determined by the actual value of
x and the choice of a control parameter z;. Between the jump times, x satisfies an equation
z = f(t,z,u(t)) for some choice of the control function u. There may also be constraints
on the values x(7x) and the jumps. A cost functional depending on these quantities is to
be minimized. Necessary conditions for optimality are derived. This is done by formulating
the problem as a special case of a general mathematical programming problem in an infinite-
dimensional space and applying a general multiplier rule. The times 7, may be fixed or allowed
to vary. As an application necessary conditions are obtained for a multiprocess problem, i.e.,
a problem where at 7i there is a transition to a different state space.

1 Introduction

Differential equations with impulse effects can be used to model situations where some quantities
can change instantly. In a typical case a state variable x evolves in time according to an equation
& = f(t,x) except at times 73, where it makes a jump of size Ji(x(7%)). A solution that exists on
an interval [Ty, T1] with jumps at interior points 7, k = 1,...,r, with

T0:T0<’7'1<"'<TT<TT+1:T1,

is assumed to be continuous from the left at 74, for K =1,...,r + 1 and continuous from the right
at To. On (7, Tk+1] (0 < k <) it is absolutely continuous and satisfies &(t) = f(¢,x(¢)) a.e. with
z(r) = (16 +0) = 2(73) + i (x(73)) for 1 < k < r. We write Az|,, = z(r7) — () = Ji(z(%))
and say that x satisfies

fb:f(t"r% t#Tka
Az, = Je(z(m)).

Equations of this type are treated for example in [1].
In this paper we will consider continuous-discrete control systems

i:f(tvxvu(t))v t#’]—k’
Ay, = Ji(@(1r), 21),

with control functions u(t) € §(¢) and control parameters z; € Zy. The set Ji(z(7%), Zi) of
allowed jumps is assumed to be convex. We have a number of constraints for the values x(7;) and
the jumps Ji(z(7%), z), and we want to minimize a functional depending on these quantities. In
Section 5 we derive necessary conditions for optimality, first when the switching times 73, are fixed,
and then when they are allowed to vary. The first result we obtain by formulating the problem
as a special case of a general optimization problem and applying the necessary conditions for this
problem. This general problem is discussed in Section 3. To be able to apply this we need to know
how the solution x(t) is affected by certain variations of u(¢) and z. In Section 4 a known result
is extended to systems with impulse effects. We also need a solution formula for the linear case
which is given in Section 2. In the case where 75, may vary, a certain transformation of the time
variable will reduce the problem to one with fixed switching times, and the previously obtained
results can be applied.



Our results contain as special cases the Pontryagin maximum principle for problems with in-
terior constraints (J; = 0) and the discrete maximum principle as it appears in [13] (f = 0).
In a related type of problems there are different descriptions (including different state spaces) on
different time intervals. Then we cannot talk about jumps, but there can be equations relating
the values at the endpoints of the time intervals. Such problems — sometimes called multiprocess
problems — are discussed in Section 6, where it is shown how the results from Section 5 can be
used to derive necessary conditions.

It seems that this particular combination of an ordinary control and discrete controls has not
been studied much. Some authors (e.g. [2], [12] and [14]) have considered problems with only
discrete controls. In [14] there is the same convexity assumption as in this paper, and their result
is included in our Theorem 4.

2 Linear systems with impulse effects

Consider the following linear system in R™ with impulse effects:

T =A(t)x +b(t), t# T, (2.1)
Az|,, = z(r;) — 2(1) = Cra(mk) + di, (2.2)
1‘(T0) = Xo.- (23)

Here the elements of the n x n-matrix A(t) and the n-vector b(t) belong to L'(Tp,T}), and Cy, is
an n X n-matrix.

We will derive an expression for the solution (equation (2.7) below). Let ®(¢) be the funda-
mental matrix at Ty of the system & = A(t)x (i.e., ®(t) = A(t)®(t) a.e., ®(Ty) = E, E is the n x n
identity matrix). Define

U, = (I)_l(Tk)(E+ Ck)(D(Tk), k=1,...,r, (2.4)
Wk"'\llj-l-l 1f0§]<k‘§7‘,

\II]C] = . .
E ifo<j=k<r.

For Ty < s <t < T we define a piecewise constant function ¥(t, s):
U(t,s) =Vgo=FE, if ) <s<t <7

ika;<t§Tk+1 (kzl,...,r),then

Yo if Ty < s <7y,
U1 if 11 <5<,
U(t,s) =
Upp—1 =" ifmy <s< 7y,
U = F ika<S§t.
Note that
U(t,s) = Ui =W W(rp,s) ifmy <s<7jqpr, e <t<mpg1, 055 <k <, (25)
U =FE if7p <8 <t<Tper, 0<k<r :
Vo = U0 (130, To)  if 7o <t <7ps1, L<k<r,
w(e, 1) = U0 = Ve o) A<t S T, LS s (2.6)
\IIOOZE lfToStéTl.

Then the solution of (2.1)—(2.3) can be written

x(t) = ()P (¢, To)xo + /Tt O(t)U(t, s)®(s)b(s) ds + Z @(t)@(t,T;)‘I)_l(Tj)dj (2.7)
o To<r;<t



for all t € [Ty, T1]. To see this, let y(t) = &~ () (t). On (7%, 7k+1) (0 < k < 7) we have
y(t) = ®=1(t)b(t) a.e. Further, y(To) =z and (using (2.4))

y(ﬂj) = ‘I’_I(Tk) (1) = () [(E + Cr)zk (1) + di]
(Tk)(E + Cr)®(7i)y () + @~ (7k)di: (2.8)
= \I/ky(Tk> (Tk)dk for k > 1.

For Ty <t < 71 we have (see (2.6))
t

y(t) = 0 +/t B (s)b(s) ds = W(t, To)o +/ W(t, 5)(s)b(s) ds.

To To
For 11 <t < 75 we then obtain from (2.8) using (2.5)—(2.6)

) =y + [ @7 ) ds = Wiglr) + 07 ) + [ @ () s

= U(t, To)xo + ¥4 /T (1, 8) D (s)b(s)ds + &1 (11)dy + / O 1(s)b(s) ds

= W(t, Ty)xo +/T U(t,s)®(s)b(s) ds + U(t, 7 )P (11)ds.

By induction we get in a similar way

t

y(t) = U(t, Tp)xo +/ U(t,s)P~ s)ds + Z\I' (t, T Y(r))d;
To
for 7, <t < 7Tk41, 1 <k <r. This proves (2.7).
See [1] for further properties of systems of the form (2.1)—(2.3).

3 A general extremal problem

Necessary conditions for many optimization problems, including optimal control problems, can be
derived by applying the necessary conditions for a generally formulated extremal problem. A simple
version is the following mathematical programming problem in an infinite-dimensional space.

Problem (P). Let X be a real linear space, and let there be given real-valued functions
©_gy---,90,---,¢p (p and ¢ are non-negative integers) defined on X, and a subset A of X. Mini-
mize po(x) subject to the constraints

pi(z) =0, i=1,...,p, (3.1a)
wi(z) <0, i=—gq,...,—1, (3.1b)
x € A. (3.1c)

Assume that g is a solution of Problem (P), that is, zo satisfies (3.1) and pg(x0) < @o(x) for all
2 such that (3.1) is satisfied. Under suitable conditions it is possible to derive a necessary condition
for optimality in the form of a generalized multiplier rule. What we need is some differentiability
properties of ; at xg and some way of approximating A near xg. When the multiplier rule is
applied to an optimal control problem this approximation of A comes from a certain perturbation
result in the theory of differential equations. We make the following assumption:

Assumption 1. There exist a set M C X and functions h;: X — R, —¢ < ¢ < p, with the
following properties: For every finite collection ¥, ...,yx of points in M there is an €y > 0 such
that for each ¢ € (0,9] and each 8 € Sy, where

SN:{ﬁ:(ﬂlaaﬂN)eRNBJEOfor]:17aNa Zﬂ]zl}v (32)

there exists a point pg. € A such that, with yg = Z;\le Bijy; € coM,



(i) @i(pp,e) is continuous with respect to § € Sy for 1 < i < p;

(ii) for 1 < i < p, h; is linear, and

lim @i(ps.e) — pilo) = hi(ys);

e—0t IS

(iii) for —¢ <14 <0, h; is convex, and

lim sup vi(pp,e) — pi(To)

e—0+ 3

< hi(yp);

and the convergence in (ii) and (iii) is uniform with respect to 8 € Sy.

Remark. If X is normed, then the function h; in (ii) might be the Hadamard derivative, i.e.,

lim £iF0+e2) = i@ _

e—0t €
z—yY

and similarly in (iii). In this case pg should be a point in A such that pge = x¢ +¢cyg +o(e). The
set M may be considered as a set of directions in which it is possible to approximate A near zg.
However, we only need the properties of the composite functions ¢;(pg,e). It may also be easier to
verify (i), (ii) and (iii) directly than treating ¢;(z) and pg . separately.

Theorem 1. Let xg be a solution of Problem (P) and let Assumption 1 be satisfied. Then there

exist real numbers A_q, ..., \p, not all zero, such that
P
> Xihi(y) <0 for all y € co M, (3.3)
i=ma A <0, —¢<i<0, (3.4)
)\i(pi(l'()) = 0, —q S ) S —1. (35)

Proof of this theorem can be found in [10]; see also [7] and [9].

4 A perturbation result for differential equations

We are going to study control systems @ = f(¢,z,u(t)) on a fixed time interval I = [Ty, T1]. For
the admissible controls u(-) there is a constraint of the form w(t) € Q(t) for all t € I. We say
that a function (¢,2) — F(t, ) with values in R" for some r, defined for ¢t € I and 2 € R" is of
Carathéodory-type (on I) if it is measurable in ¢ and continuous in z, and if for each compact set
K C R™ there exists a function p € L'(I) such that |F(t,z)| < p(t) for all t € I, z € K. We

say that F' belongs to the class F if F' is differentiable with respect to z, and F' and %—5 are of

Carathéodory-type. [2L is the r x n-matrix with elements gf; .| For f(t,x,u) and Q(t) we make

the following assumption.

Assumption 2.
(i) f is a mapping from I x R™ x R™ to R™. For each t € I, Q(¢) is a non-empty subset of R™.

(ii) f is differentiable with respect to x, and f and g—i are measurable in ¢ (for fixed x and w)
and continuous in = and u separately (for fixed t).

(iii) The set of admissible controls u(-) is

U = {u(-) : u(-) is measurable on I, u(t) € Q(¢t) for all t € I, the function
(t,x) — f(t,x,u(t)) belongs to the class F}.



(iv) There exists a countable family {u;}32, of functions u; € U such that the set {u;(t)}32,
is dense in Q(t) for every t € I. [It can be shown that this is the case, for example, if the
set-valued mapping ¢ — €2(¢) is measurable in the sense that the set {(t,u) € R™™! : ¢t € I,
u € Q(t)} belongs to the o-algebra in R™*! that is generated by the Lebesgue sets in I and
the Borel sets in R™ (assuming that U # () and that (¢,2) — f(¢,z,v(t)) belongs to F for
bounded measurable functions v); see [11].]

For applications to optimal control the following result about certain perturbations of a given
control ug is of central importance.

Theorem 2. Assume that ug € U and that xq is a piecewise continuous function on [Ty, Ty] that

is a solution of & = f(t,x,up(t)) on a subinterval I' = [r,7'] C I. Let for £ € R™ and u € U,
v(t; &, u) be the solution of

of

U= %(t ;Co(t), uo(t))v + f(tv C(,'()(t), u(t)) - f(tv xo(t)7 uo(t))7 (4'1)

v(r) =&
Let{; e R® andu; €U, j=1,...,N, be given. For each § € Sy (see (3.2)) and each € € (0,1)
there exist pairwise disjoint sets A; = A;(,e) C I, j=0,1,...,N, each a finite union of intervals,

such that U;-V:OAJ- = I and such that the following is true. Define the control ug. € U by
uge(t) =wu;(t) forte A;j(B,e), j=0,1,...,N,

and let xg . be the solution of

N
&= f(t,x,upe(t)), x(r) = xo(7) + EZﬁjﬁj.

Then there exists an g9 € (0,1) such that for all 8 € Sy and all e € (0,e0], x5,(-) exists on all I’
and satisfies

N
zg.e(t) =mo(t) + ¢ Zﬂjv(t; & ug) +r(t; Bye), (4.2)

J=1

where r(t; 3,¢)/e — 0 as € — 0T, uniformly with respect to t and 3. Furthermore, for fized ¢,
x3,e(t) is continuous in B, uniformly with respect to t.

Proof of this theorem can be found in [7] and [8] (in slightly different notation) or [10]. An
important part of the proof is a lemma by Halkin (see [7]; a proof is also given in [10]) which states
that the sets A;(0,¢) can be chosen so that

m(AO) = (1 - 5)(T1 - T(]); m(AJ) = 6,6']'(T1 - T()), j=1,...,N,
m(A;(B,e) o Aj(3,e)) - 0as f— 3, 3,8 €Sy, j=0,...,N,

and

t

(-2

To

N t
f(Tv ‘TO(T)aUO(T)) dT+€Zﬂj - f(T7 Io(T),Uj(T))dT

t
— | f(r,wo(7),upc(7))dr| <e® forallt € I. (4.3)

To

From (4.3) and a general result about the effect of perturbations of the initial value and the
right-hand side of a differential equation Theorem 2 follows (see [10]).



Now we want to extend Theorem 2 to problems with impulse effects. We have Ty = 19 < 71 <
- < 1 < Trg1 =11, 7 fixed, u € U, and consider the equation

&= ft,z,u(t)), t#7k,
Azl = Ji(z(mr), 21), k=1,...,r

The parameters z;, are chosen from some sets Zj,. We assume that Ji(-, zx) € C1(R™) for each k
and zj € Zg, and that the set Ji(z, Zx) is convex for each k and x. Denote

zZ= (21,... 2)EZL XX Zp=Z.
Let ug €U, Zo = (20,1, ---,%0,) € Z and a corresponding solution zg be given, i.e.,
to = f(t,wo,u0(t)), t# Tk,
Axolr, = Ji(xo(Tk), 20.1)-
Let § € R", u; € U, and z; € Z, j = 1,...,N, be given. For ¢ € (0,1), 3 € Sy, find sets
A;(B,¢) and define ug . € U as described above. Let x5, be the solution of

= f(t,x,up.e(t)),

N
SC(T()) = Io(TQ) +e€ Z ﬂjfj'

j=1

If ¢ is sufficiently small, x5 (t) exists on [Tp, 71| and satisfies (according to Theorem 2)

2. (t) = wo(t +5Zﬂj v(t; &5, uy) +ra(t; B,e),  t € [To, 7,

J=1

where v(+; &, u) satisfies (4.1) with 7 = Ty, and ry(t; 3,€)/e — 0 as ¢ — 0" uniformly with respect
to t € [Ty, 1] and B € Sn; we say that r1(¢; 5,¢€) = o(e) uniformly w.r.t. ¢ and S. Furthermore,
x3,e(T1) is continuous in 5. Since Ji(zg(71), Z1) is convex, there exists zg .1 € Z1 such that

N

Ti(2p.e(11),201) +€ Y Bil1(x5.2(11), 21) — Ji(w(71), 20.1)] = Ji(25.2(71), 28.0.1)-
j=1

We continue the definition of zg. by letting the jump at 7 be Ji(zg,:(71),28,,1). The new
initial value at 71 is 25..(71") = 25.(71) + J1(25,.(11), 25.c,1). We have

N
J1(2p,e(11), 20,1) = J1(20(71), 20,1) + 5%(330(71), 201) > Biv(ri; &5, u5) + o(e)

Jj=1

uniformly w.r.t. 8. For j =1,..., N it is enough to note that Ji(zg(71), 2j,1) = J1(2o(11),25,1) +
O(e) uniformly w.r.t. 8. Thus

N
2pe(r) = xo(n1) + Y Bv(ri; &5, u;) + Ji(wo(m), 20,1)

j=1
N
8J1
+€8x xo(71) 2’01 E_ Tlvgjau]

N

+ed Bili(@o(m), zi1) = Ji(zo(m), 20,1)] + o(e) (4.4)

J=1

a.J al
:J;O(Tf_)—F&(E—F 8; zo(m1), 20.1) Z CGHINTY

N

+e> Bili(zo(m1), 1) — Ji(xo(m1), 201)] + 0(e)
j=1



uniformly w.r.t. 3. From the definition of Ji(zg(71), 23,c,1) We see that it is continuous in §; thus

T5.(m) is continuous in 3.

Now let v(t;€,u,2) for £ € R”, u € U, and z € Z be the solution of the linear system
.0
b= a—ﬁ(t,xo(t),uo(t))v + f(t,zo(t),ut)) — f(t, zo(t),uo(t)), t# Tk,
aJ
Avln, = 87;(580(71@)720’;6)1)(@) + Ji(zo(Tr), 21) — Jr(zo(Th)s 20k), k=1,...,m,
v(To) = &.

Let v;(t) = v(t; &, uj, Z;). Note that v;(t) coincides with v(¢;&;,u;) above for Ty <t < 7. Since

v (1) = v(m) + %(Io(ﬁ)vzo,l)w(ﬁ) + Ji(wo(71),25,1) — Ji(zo(T1), 20,1),

we have from (4.4)

r5.e(m) = 2o(T +€Zﬁ]vj ) + o(e).

j=1

Next, define zg . (t) for 1 <t < 75 as the solution of

i=f(t,x,up.(t)),

o(r") = 28,e(11) + J1(2p,2(11), 28,6,1) = To(7y) + 62@% ') +o(e).
Jj=1

It exists on (71, 72| if € is sufficiently small and satisfies (according to Theorem 2)

3.e(t) = zo(t —1—525]1)]

as € — 07 uniformly w.r.t. ¢t and 3. This follows since v; satisfies

0;(t) = %(t o (t), uo())v;(8) + (£, 20 (t), u;(1)) = f(t, 2o(t), uo(t))

on (11,72] (a.e.). The extra term o(e) in the initial value only contributes an extra o(e) in the
solution (an application of the Gronwall inequality). Also, xg.(¢) is continuous in 5. We now
define zg . 2 € Z3 such that

N
Jo(p.6(72),202) +€ Y BylJa(15.2(72), 2j2) — Ja(w3.(72), 202)] = Ja(23.2(72), 2.c.2)-

J=1

The jump at 75 is Jo(2s,(72), 25,c,2). Then we can proceed as above and define x5 () on (72, 73],
(13, Ta)se - - (7, Th]. We have then defined Zg . = (28,1, -.,28,,r) € Z, and xg(-) is the solution

of
&= f(t,z,upe(t), t#u,
Azl = J(z(r )Zﬁgk;) k=1,...,m,

a(Ty) = xo(Ty) + € Z Bj€;.
j=1
As end result we obtain

23,6(t) = wo(t +€Zﬂjv] (t; B,e), (4.5)

where r(t; 3,¢)/e — 0 as e — 0, uniformly w.r.t. ¢t and 3, and zg (t) is continuous in § uniformly
w.r.t. t (for fixed ).



5 A continuous-discrete optimal control problem

5.1 Fixed switching times

Consider the control system
= f(t,x,u(t)), t#m, u(-)elU, (5.1)
Ax|,, = Jp(z(m), 21), k=1,...,r, zZ€Z. (5.2)
The notation and general assumptions are as in Section 4. We have a number of constraints for
z(1x) (0 <k <r+1)and 2(r;") or equivalently Az|,, = Jy(2(7x),26) (1 <k <r):

gi(x(70), x(m1), Az|ryy .y x(7), Az, 2(Tr41)) =0, i=1,...,p, (5.3)
gi('r(TO)ax(Tl)vAm|T1a'--733(7—7‘)an‘7'7~737(7—7'+1)) SO, i:_Q7--~7_1' (54)

We want to minimize a functional

go(x(70), x(m1), Az|ry ... x(7), Az|y, , 2(Trr1)). (5.5)

We assume that the functions g;, defined for (zo,21,y1,...,Tr, Yr, Try1) € (R™)27 2 are continu-
ously differentiable.

Assume that (ug(), Zo, zo(+)) is an optimal triple for the problem of minimizing (5.5) subject
to (5.1)—(5.4). Let us work in the linear space X = PC,,(I) x (R™)", where PC),(I) is the linear
space of piecewise continuous n-vector functions on I = [Ty, T1] that are continuous except perhaps
at 7, k = 1,...,r, where they are continuous from the left. Elements of (R™)" are denoted by

y=(y1,.--,yr). Let
A={(z,y) € X : z(-) is a solution of (5.1)-(5.2), yx = Jx(x(7%),2k), k=1,...,1,
for some u € U, z € Z},
ei(@,9) = gi(x(70), 2(11), y1, - -, 2(70), Y, #(7r41)),  —q <P < p,
Yo = (Yo,1,--->Y0,r), where yor = Jr(wo(Tk), 20.k)-

Then (xg,90) € A is a solution of the problem of minimizing pg(x,y) subject to (z,y) € A,
pi(x,y) = 0 for i = 1,...,p, pi(xz,y) < 0 for ¢ = —¢q,...,—1. Thus our control problem is
formulated as a special case of Problem (P) in Section 3. We must verify Assumption 1 in this
case.

Let v(t;&,u, ) be as in Section 4, and define

oJ
w(§,u,2) = T;(Sﬂo(Tk)Jo,k)U(Tk;5,%5) + Ji(xo(mr), 2) — Jr(2o(Th), 20,k), K =1,...,7.

Let
M ={(z,9) € X : 2(:) = v( &1, 2), yp = wi(§,u,z) for some £ ER™, weU, z € Z},
and let elements (v;,y;), j =1,..., N, in M be given. Then
v; (1) =v(:;€5,u5, %) and y;k = wi (€, u,,z;) for some & € R™, u; €U, zj € Z.

For 8 € Sy and € > 0 sufficiently small we define ug ., 3., and Zg . as is described in Section
4. We showed there (see (4.5)) that

N
2pe(t) =mo(t) +£ Y Bv;(t) + ole), (5.6)
j=1
as € — 07, uniformly w.r.t. ¢ and 3. Further, x5 .(t) is continuous in 3. Also, zs . satisfies
N
Tr(@se(mh)208) +€ Y BilTe(@p.e(mh), k) — k(28,2 (Th), 208)] = J(@p.e(Th), 28.06)- (5.7
j=1



Define an element yg . € (R™)" with components

Ysek = Ju(@8,e(Th), 28,6,k)-

It follows from (5.7) that yg .k is continuous in 5. We also have from (5.6) and (5.7)

0T ol
Yg,ee = Ju(@o(Th), 20,k) + 5@(%(%), 20,k) Zﬁjvg‘(ﬂc)
=1
N J
+ed BilTu(xo(mh), 2) = Ji(wo(mh)s 20,6)] + 0(€)
j=1

N N
= yo+e Y Buwn(&us,2) +o(e) = yor +¢ Y Biysn +ole),

j=1 j=1
so that
N
Use =10 +e Y Bl +o(e) (5.8)
j=1

uniformly w.r.t. 3.
Now we can verify Assumption 1 (i)—(iii). We have

p(B,e) = (.(-), Us.e) € A,
and
@i(p(B,€)) = gi(xp,e(10), 28, (T1),YB,e.15 - - - 28, (Tr), YB,e,rs Tp,e (Trs1)) (5.9)
is continuous in S. For (ii) and (iii) we have from (5.6), (5.8)—(5.9) with

€y = ($0(70)>$0(71)»y0,1, e axO(Tr)ayO,r;xO(Tr+l))a
_ r+1
. ¢l(p(ﬂ7€)) — SDi(anyO) _ gz
Jim, . *Z 23 (7 +Za (co Zﬂa%k

e

where the convergence is uniform w.r.t. 3, and where h; is the linear functional on X defined by

(V5,9 )

H'MZ

(eo)z() + g
k=1

:T+1%
T

7
“(e0)yk-
k

k=0 Yy

According to Theorem 1 there exist numbers \;, not all zero, such that
P
Z Aihi(z,y) <0 for all (z,y) € co M,
i=—q X <0 fori<O,
)\ig(eo) =0 fori<DO.
Take a typical element (z,y) of M. Then

r+1

Z)\{Za (eo)v(Tr; &, uy 2) Z (e0)wi (&, u, z)}§0

i=—q k=

forall E e R, ueld, z€ Z.



Write G = 3°7_ | \igi, G = 37(1(60) (0<k<r+1),and G} = gTCZ(eO) (1 <k <r),so that

r+1 r

> Gro(mii&u,2) + Y Glwg(€,u,2) < 0.
k=0 k=1

With
At) = %(tafﬂo(t)auo(t))a b(t) = f(t,zo(t), u(t)) — f(t,x0(t),uo(?)),
Cr = %(aﬁo(ﬂg),zo,k), d, = Jk(wo(Tk)7Zk) - Jk(xo(Tk)’ZO,k)’ k=1,....m

we have that v(+; &, u, 2) is the solution of
0=A(t)v+b(t), t#k,
Av|7k = Ck’l)(’rk) +d = wk(ﬁ,u, 2),
v(Tp) =&,

With the notation from Section 2 we have from (2.7)

(5.10)

(5.11)

- k—1
0(Tk; €, u, 2) = (75) Wg—1,0€ +/ O (1) W (i, )BT ($)D(E) dit 4 Y D(7) Wy, ;D7 (75)d
To =
fork=1,...,r+1.
Take u = ug, Z = Zp in (5.10). Then b(¢) =0, d =0, and
r+1 T
(GO +3 G () W0+ Y G;cm(rk)\pk_l,o)g <0 forall £ € R".
k=1 k=1
Thus ,
Go + Z(Gk + G CR)®(13)Wh—1,0 + Gr1®(T1) T, 0 = 0.
k=1
Next, take £ =0, Z = Zp in (5.10). Then
T Tk Ty

Z(Gk + G,j()k)/ O (1) W (g, )P ()b(E) dt + Gri1 O(T)W(Ty, )@ (t)b(t) dt <0

k=1 To To

for all uw € Y. Define (xa(+) is the characteristic function of the set A)

T

n(t) =Y (Gr + G Cr)X(Tyr) (DO(7) ¥ (75, )27 (£) + Grpr ®(T1)U(T1, 1) ().

k=1
Then .
/ n()[f (t,o(t), u(t)) — f(t,zo(t), uo(t))] dt <0 for all u € U.
To
For 7; <t <7j41 (j=0,...,7r) we have

T

nt) = Y (Gr+ GFC)O(m) U107 (t) + Grr ®(T1) W,y 0 (2).
k=j-+1

(5.12)

In the case j = r the sum is empty, i.e. zero. Thus 7(-) satisfies 7(t) = —n(t)A(t) a.e. on (75, Tj4+1].

The jump at 7; (j=1,...,7) is

T

7](7';) —n(rj) = Z (G + GFCR)P(73) (Vg1 — Vg1 1)@ (75)
h=j+1
—(Gj+GSC)) + Gra®(Th) (Y — U,y 1) (7).
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If k> j + 1, then (by (2.4))

Uit —Wporjo1 = Veor - Wi = Vg - 0 = Wy (B — )
= —Up1,;,07 1 (73)C;®(7y).

This is true also if k = j + 1, since ¥;; — V¥, ;1 = E — ¥;. Thus

N =n(m) == > (Gk+ G Cr)®(r)¥r1,;8(7;)C;
k=j+1
— (G} + G C)) = G ®(T1) ¥, (1;)Cy

:ZAWKT?)CGA*(a‘*(;ij.

At Ty and Ty we have according to (5.11)

T

N(To) = n(Ty) = Y (G + GFCr)@(m)Wr_1,0 + Gri1 ®(T1) V0 = —Go,
k=1

n(T1) = Gryr.
Tt is convenient to introduce H (¢, z,u) = n(t)f(t,z,u). Then n(-) satisfies

. 0H
1) = ~ 2 (1, ao(0). (1)) .
With Ho(t,u) = H(t,zo(t),u) (5.12) can be written

T1 Tl

Hy(t,u(t))dt < Hy(t,up(t))dt for all u € Y. (5.13)
To To

From part (iv) of Assumption 2 we can obtain a pointwise inequality. Let u; € U, j =1,2,...,
be such that {u;(t)}32, is dense in Q(t) for every ¢t € I. Let ¢ € (Ty, T1] be a Lebesgue point of
t— f(t,zo(t),u;(t)) for every j =0,1,2,... . Define for 0 <e <t' — Ty, j =1,2,...,

) u(t), ift' —e<t<t,
U4 =
e uo(t), otherwise on I.

Then u;j. € U, and if we apply (5.13) to u; ., divide by € and let ¢ — 0T, we obtain
Ho(t',uj(t")) < Ho(t',up(t')) for all j.

Since {u;(t")}2

32, is dense in Q(t'), and Hy is continuous in w, it follows that

Ho(t',u) < Ho(t',ug(t')) for all u € Q).

The point ¢’ can be almost any point in 1.
Finally, take £ = 0, u = ug in (5.10). Then

r+1 k—1 -1

S G @)W 7 (r)d; + G dy + G (Ck O(r)Up1 ;@ (7))d; + dk) <0
k=2 Jj=1 k=2 Jj=1

N

After changing the order of summation and exchanging j and k we obtain

r r+1 r—1 r r
S Gk () + > D GFC(r) V1, @ ()i + Y Gidi < 0.
k=1 j=k+1 k=1 j=k+1 k=1

11



From the definition of n we see that the coefficient of dy, is n(7;") + G} . Therefore

r

> () + G ko (i), 21) — Ji(@o (), 204)] <O forall 2 € Z.
k=1

Since the zx:s can be varied independently of each other, we have
() + G [ Jr(@o(7r), 26) — Ji(zo(Th), 200)] <O forall 2 € Zy, k=1,...,7.
We have obtained the following theorem.

Theorem 3. Assume that (uo(-), 20, o(+)) s a solution of the problem of minimizing (5.5) subject

to (5.1)—(5.4). Then there exist numbers A_q, ..., Xo, - . -, Ap, not all zero, and a piecewise absolutely
continuous row vector function 1(-) such that, with G =377__ Nigi and H(t,x,u) = n(t) f(t, 2, u),
N(t) = —%—Z(f,xo(t),uo(t)) a.e.,
B, = —(0(7i) + 5 (e0) o (o). 208) = o)y k= 1ieoom
(T) = =5 (eo).
WT1) = 5 (eo)

Ai <0 for —g<i<O,
Xigi(eg) =0 for —g<i< -1,

H(t,zo(t),uo(t)) = max H(t,xo(t),u) a.e. onl,
u€e(t)

(n(m) + %(60))Jk($0(7k), 20k) = Inax (n(mH) + %(60))Jk($o(ﬂc), ), k=1,...,r

Remark 1. In (5.1) it is possible to have different right-hand sides on different intervals I, =
(Tk—1, k], so that z satisfies © = fi (¢, x,u(t)) on Iy. Just write f(¢,z,u) = ZZ; xr, (t) fe(t, z,u)
and apply Theorem 3. It is also possible to have control vectors uy, of different dimensions on differ-
ent Iy, so that the admisible controls on I}, satisfy ug(t) € Qi (¢t) C R™ . If m = maxy<p<ri1 Mk,
we may extend uy and Q(¢) with m — my, components that are set to 0. Then Theorem 3 can be

applied.

Remark 2. Consider the same problem as above but with an integral term fTTOl o>t z(t),u(t)) dt

added to the cost fuctional (5.5), where the real-valued function f° has the same properties as f.
Then the necessary conditions for optimality are exactly as in Theorem 3, except that H now is
defined as

H(t,z,u) = Mo fO(t, z,u) + n(t) f(t,z,u).

This is proved by introducing a new state variable 2 satisfying
O(t) = fO>t,z(t), u(t)) ae. in I
with no jumps. The integral term is then written as 2°(7,. 1) — 2%(7), and Theorem 3 can be

applied to the extended system.

5.2 Variable switching times

Let us now allow the times 7 (including the initial time T and the final time T) to vary, i.e.,
they become control parameters. We will transform the problem to a problem with fixed switching
times, so that the previous result (Theorem 3) can be applied. In this transformation ¢ will be

12



treated as a state variable, so we need the same regularity in ¢ as in 2. Also Q(t) must be constant.
The functions g; can now depend explicitly on 7 = (7o,...,7r+1), and the jump J; may depend
on 7. The assumptions from 5.1 have to be modified in the following way:

We may have different differential equations on different intervals I, = (74—_1, 7%], SO we assume
that we are given r+1 functions (¢, z, uy) — fi(t, z,ux) from R x R™ x R™* to R™. We assume that
f is continuously differentiable w.r.t. (¢, z), and that fy, % and % are continuous in ug. We will
also denote the first argument of fi by 7, write £ = (7, z), and consider fi as a function of & and wuy.
By Uy, we denote the set of all controls ug(-) that are defined and measurable on Ij, and such that
ug(t) € Q for all ¢ € Iy, (Q is a given set in R™*), and the function (¢, %) — fi(Z,ux(t)) belongs
to the class F on Ix. The jump functions Ji(&,2;) = Ji(7, x, 2;) are continuously differentiable
w.r.t. & (for fixed z € Zi), and such that the sets J(Z, Zx) are convex for each Z. The functions
g; have arguments

(%vx()axlayla s 7xr7yr>yr+1) € RT+2 X (Rn)2r+2’

and are supposed to be continuously differentiable in all arguments.
Consider the control system

= fr(t,z,up(t)) only, wup(-)el, k=1,...,r+1, (5.14)
Azl = .TC(T’:_) — () = Ju(mh, o(m), 21), k=1,...,r, zZ€Z, (5.15)

with
To=7<n<...<7 <741 =1T1.

We want to minimize the functional

90(77-733(7—0%1.(7—1)7 A.’I}|7—1, v 7x<Tr)7 Az T,.7x(7—r+1))

subject to the constraints g; = 0fori =1,...,p, and g; <0 for i = —q, ..., —1, where the g;:s have
the same arguments as gg. Note that we allow some of the times 71 to coincide. If 7, = 741, there
is of course no differential equation on Ij41, but we treat x(7x) and x(7x+1) as separate quantities
and have the condition z(7x41) = z(77") = z(7%) + Ji (75, (78, 2k)-

Assume that 79 = (7'070,7'0717 e ,T077n+1), UO,k(') S UIM (Where Ior = (To,k’—177-0,k])7 k =
1,...,7+1, Zo = (20,0, ---,20,) € Z, and x(-) are optimal, i.e., z¢ satisfies

@0 = fx(t,xo,uox(t)), t€ lok,
Azolry, = Je(T0k To(To k), 20k), Kk =1,...,7;

the constraints g; = 0 (¢ > 0) and g; < 0 (i < 0) are satisfied at

eo = (To, 0(70,0), 0 (70,1), Y0,15 - - -, 20 (T0,r ) Yo,rs To(T0,r+1)),

where
Yok = Jr(T0,k, o(To,k), 20,k);

and gg is minimized. Let
K={ke{l,...,r+1} :m(loyx) > 0}, Ko={ke{1,....,r+1} : m(lox) = 0}.

Define
Hk(T,tTka»ﬂ) = nfk(7—7x7uk)7

where 7 is a row vector in R”.

Theorem 4. Under the assumptions above there exist numbers A_q,..., Ay, not all zero, and
functions no(-) and n(-) such that, with G = Zfzfq Aig; and
Mk(t): sup Hk(tax(](t)aukvn(t))v
U €Qp
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the following holds:

Ni <0 fori=—gq,...,0,
Aigi(eg) =0 fori=—q,...,—1.

If k € K, then ng and n are absolutely continuous on Iy and satisfy

. OHy

T]O(t) = 7? 0 a.ce.,
. OHy

n(t) = _87 0 a.e.,

where -|o means evaluation at (t,zo(t), wo.x(t),n(t)),

Hy(t,2o(t), uo,k(t),n(t)) = Mi(t) a.e.,
No(t) + My (t) =0 a.e., and no(t) + My(t) <0 for all t € Iny.

If k€ Ko, then no(75 1) = m0(To.6) = 10k, 1(7 1) = n(70.6) = Mk, and

Mok + Mk <0, where My = sup Hy (105, 0(T0.%), Uk, &) = Mi(10,1).

up €N
Fork=1,...,r,
m(T0) = =52 e0),  aTo) = =5 (eo)
) = 5o, () = (o).
Bl = =~ (0(1) + G- () G| = G eo)
By, = (0l + 5 ) k| = 5 (eo)

oG oG
(n(TJk) + @(60))Jk|o,k = Zrkneaéik (W(T(;fk) + Tyk(eo))Jk(To,k, 20(To,k); 2k)s

where -|o i means evaluation at (To k, o(To.k), 20.k). If, furthermore, for k € K, there are functions
p1 and py in L*(Io ) such that

%(s,xo(s),umk(t)) fr(s, xo(s),uo,k(T))‘ < p1(t) + pa(7) for all s,t,7 € Iy, (5.16)
then no(t) + My(t) =0 for all t € Iy .

Proof. Let vg be a function in L'(0,r + 1) such that v(s) > 0 in (k — 1, k] and

k
/ Uo(s)dS:To’k—T()’kfl, ikaK:,
k—1
and vo(s) =0 in (k — 1,k] if k € Ky. Define

s

o(s) =70’0+/ volo)do, s [0,r+1].

0

Then 7o(-) is absolutely continuous with 7(s) = vg(s) > 0 a.e. in (k — 1,k] if k € K, and

T()(k‘):To’k, k=0,...,r+1.
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Choose an element uy € €, and define for s € (k — 1, k]
. xo(70(s if kek, . ug k(T0(s if ke K,
Fo(s) = o(7o(s)) . o k(s) = _O,k( 0(s)) !
zo(rok) if k€ Ko. U if k € Ko.

From the properties of absolutely continuous functions it follows that @g ; is measurable, and &
is absolutely continuous on the intervals (k — 1, k] and satisfies, if k € K,

Zo(s) = @o(70(s)) 70(s) = vo(s) fe(10(s), zo(70(s)), uo.k(T0(s)))
= vo(s) fu(T0(s), Zo(s), to,k(s)) ac.

The result is obviously true also if & € Ky, since then vy = 0 and Zg is constant. For the jumps we
have

Aol = Fo(k™) — Fo(k) = zo(ro(k)*) — o(0(k)) = 2o(r ) — zo(To.)
= Axo|ry, = Jr(10(k), z0(T0(k)), 20,k) = Ji(T0(K), Zo(k), 20,1)
ifk+1ek, and
Fo(kT) = To(k + 1) = zo(T0.841) = Zo(T0,%) + Ik (T0.k, To(Tok), Z0,k)
if K+ 1€ Ky. Define
T=(r,z) cRxR", w=(v,ur) € RxR™,
= (10(s),Zo(s)), wok(s) = (vo(s),to.k(s)),
(

0,0 fr(T, T, ug)),

0
0,00) x Qp U{(0,ux)},
e = {wr() = (v(), ug (")) : wy is measurable on (k — 1, k], wy(s) € Qu,
the function (s, 2) — fi (&, wx(s)) belongs to the class F}.
Then
Zo = fu(®o(s), wor(s)) ae. in (k—1,k],
Aol = Ji(Eo(k), 20,8)-

We also have that wg j € Uy This follows from the fact that p € L*(Io ) implies that the function
s+ wvo(s)p(10(s)) belongs to L'(k — 1, k).
For & = (1, zk) € R X R", g = (0%, yr) € R X R™, —¢ < i < p, we define

gi(fovﬁjl)gla s 7:%“ grai‘T-&-l) = gi(TOaTla sy Tr41, 20, 15 Y1y - - - axrayrvxT+1)'
We have
f]z({fo(()),fo(l), Afoh, ey f?o(?”‘), A’i’o|r,§70(7" + 1))
= i(7T0,70(70,0), %0(70,1); ¥0,15 - - - » Z0(70,7-)s Y0.r» To(T0,r+1)) = gi(€n),

or §;i(éo) = gi(ep) with the obvious definition of é.
Let us now consider the problem of minimizing

Jo(2(0),2(1), AZ|y, ..., &(r), AZ|y, &(r + 1))
when 2(-) is a solution of

jf‘:fk(i'7wk(s))7 s € (kj_lakL wk() EZ/?]C, k:177’r+17 (517)
Akly = Jp(@(k),z), k=1,...,r, Z€Z, (5.18)
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subject to the constraints

9:(2(0),2(1), Ay, ..., 8(r), AZ]y, 2(r +1)) =0, i=1,...,p, (5.19)
9:(2(0),2(1), Ay, ..., &(r), Adly, #(r +1)) <0, i = —q, ..., 1, (5.20)

We have seen that Zo(-) with wo ,(-) and Z, satisfies (5.17)—(5.20). We claim that this is an
optimal solution. To see this, let &(-) = (7(:),Z(+)) be any function sastisfying (5.17)—(5.20), so
that (5.17) and (5.18) are satisfied for some wy(-) = (v(-), Gx(-)) € Uy, and z € Z. Then 7(-) is
absolutely continuous on [0, + 1], v € L*(0,7 + 1), and

7(s)

(s) =0,
(8)fr(7(s), 2(s), uk(s)),
holds a.e. on (k — 1,k]. Let 7, = 7(k) and

v
v

Yrp(t) =max{s € (k—1,k]: 7(s) =t} fort e Iy = (Tp_1, ]

(When k£ = 1 we take the corresponding closed intervals [0,1] and [r,71].) The function 7 is
increasing and may be constant on countably many disjoint intervals [a;, ;] in [k — 1,k]. We
may assume that v(s) = 0, 4x(s) = 4y on each [a;, 3;] (change wy(-) on a set of measure zero, if
necessary). Define

z(t) = f(wk(t)), ug(t) = ’ak<’(/Jk(t)) for t € Iy.
If G CR™* is open, then the set E = {s € (k — 1,k] : 4x(s) € G} is measurable, and

{t € I - wi(t) € G} = 7(E '\ Uj[ay, B;))

is measurable, since 7 (being absolutely continuous) maps measurable sets onto measurable sets.
Thus ug(-) is measurable with values in Q. In the same way, x(-) is measurable (it is not difficult
to see that it is in fact continuous). We have that s < ¢, (7(s)) for all s € (k — 1,k], and if
s < (7(s)), then v(-) = 0, Z(-) is constant, and 4x(-) = Uy on [s,Yx(7(s))]. Thus

I(s) = Z(Yr(7(s)) = z(7(s)),  tr(s) = t(Vr(7(s))) = uk(7(s)) for all s.
Assume that 7,1 < 7. For any function F' € L(I;) we have the formula
7(s) s
/ Firydr= [ Flr(o)v(o)do, se (k—1,k. (5.21)
T(k—1) k—1

A proof of this is found, e.g., in [16, p. 377]. An application of (5.21) gives
3(s) = a((k = D)+ [ o0)felr(0),3(0). ix(o)) do

k—1
s

=z((k—1)7) +/ v(0) fr(7(0), 2(7(0)), u(7(0))) do

k—1

Thus

so that z(-) is absolutely continuous and satisfies

(t) = fr(t,x(t),ur(t)) a.e. in Ij.
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Since wy, € Uy, the norms of f, and %—% are estimated on (k — 1, k] by a function py, € L*(k—1,k).
For almost all ¢ € Iy, v(¢y(t)) > 0, and the norms of fy, %, % are estimated by

1
—p t)) = t).
ka(t))ﬂkwk( )) = pi(t)
From (5.21), which holds for non-negative meaburable functions F', and the fact that ¥ (7(s)) = s
in B = {s € (k—1,k :v(s) >0}, we get [™* pg(t)dt = [ pr(s)ds < co. Thus uy(-) € Uy. If

Tk < Thi1 then
o(ry) = 3(k7) = 3(k) + Ju(7(k), 2(k), 21) = 2 (1) + Ji (i, 2(7x), 21,
and if 7, = 7441 then
2(thsr) = Bk +1) = 3(kY) = 2(7) + Ji (7, 2(70), 2) = (7).

Therefore, (5.14)—(5.15) are satisfied. Finally,

gi(?,x(T0)7.Z‘(T1),AQS|-,—1,...7 ( )AmT'r (TTJrl))
= 0i(2(0), 2(1), Az[y, ..., 2(r), AZ[,, &(r + 1)) fori=—q,...,p.

Thus z satisfies the constraints g; = 0 for ¢ > 0, g; < 0 for ¢ < 0, and (since (7o, xo) is optimal)

Go(--.) = go(...) > go(eo) = Go(éo).

Now we can apply Theorem 3 (including the Remark) to the solution (wo k(-), Zo, Zo(-)) of the
problem of minimizing §o subject to (5.17)—(5.20). It follows that there exist numbers A_g, ..., A,
not all zero, and a piecewise absolutely continuous row vector function 7(+) such that, with G =

=g Nigi and Hy (s, @, wy) = 0(s) fx (2, wy), we have
b i
j(s) = —%(fo(s),wo’k(s)) ae.on (k—1,k], k=1,...,r+1,
Z

A <0 for —¢<i<0,
Aigi(éo) =0 for —q<i< -1,

oG .\ 0Ji oG
N A A _ ~ _
An|k = (U(k )+ a@k (eo)) 9% (xo(k>7Z0,k) i, (60)’ k L...,m
oG
(0) = 35 (e,
X _ oG
Nr+1) = T (é0),
H.(s,80(s), wo x(s)) = max Hy(s,Zo(s), wr) a.e. on (k— 1,k
wr €,
oG R oG R
AL 5 O 5 " _
(A(k™) 8Qk( ))Jk(fCO(k%Zo,k)—nglgz(n(/f ) agk(e()))Jk(%(k)’Zk)» k=1,....r

If ke K, ie., m(Iox) > 0, we write

(o), n(t)) = 075 (t), t € ok = (Tor—1,70k]-
The functions 7y and n are absolutely continuous on Iy and satisfy

i0(8) = () 222 1, o), g (1) = ~ 22t

(1) = —n(0) 5 (£ 20(t). w0k (1)) = _%

)

17



a.e. on Iy . With s =7, () the first maximum condition can be written

vo(rg ' (8))[m0 () + 1(t) fi (8, w0 (), w0,k (1))] = Bt vlno(t) +n(t) fi(t, zo(t), ur)]  ace.

Since vg(7y *(t)) > 0, this means that almost everywhere on Iy j,

no(t) + n(t) fi(t, zo(t), uok(t)) =0,
770(75) + n(t)fk(t,xo(t), uk) <0 for all uy € Qp, (5.22)

Since the left-hand side of (5.22) (as a function of ¢ for fixed uy) is continuous from the left in
(T0.k—1,T0,k] (5.22) is true for all ¢ € Iy. With Ho g (t, ux) = n(t) fu(t, zo(t), ur) and My(t) =
Sup,,, e, Ho,k(t, ur) we have

770(15) + Mk(t) < 0 for all ¢, no(t) + Mk(t) = ﬂo(t) + Ho’k(t,’u,o’k(t)) =0 a.e.

If k € Ko, i.e., m(Ipx) = 0, 7} is constant on (k — 1, k]; we denote this constant by (1o x, 7k)-
On the t-side we write

770(7(;%71) = no(70.k) = 7M0,k> 77(7(;?1@71) =n(To,k) = M-

The maximum condition becomes (since vy = 0 and ¢ is constant on (k — 1, k])

max_ v[nok + Mk.fr(To.k, Zo(To,k), ur)] = 0,
(v,uR)EQ

so that

no,k + My <0, where M}, = SUI;2 e fre (70,1 To(To,k ), k) = Mi(T0,k)-
(NS ON

The conditions at the points 79 ; and the second maximum condition become (with Ty = 79 0,
Ty = To,r41)

oG oG

no(To) = —%(60)7 n(To) = _670(60)’
W) = go(en), () = (o).
Bl = = () + 5 o)) | = G teo)
Biley. = (0l + 5 () | = 5 (eo)
(n(ro%) + 27;(60))Jk|0,k = max (n(r) + %(60))Jk(70,k7 20(70,k)5 2k)s

fork=1,...,r.
Now assume that (5.16) holds and suppose that 7o(t') + My (') < 0 for some ¢’ € Iy, k € K.
We have, since ug ,(t) € Qx,
no(t") + Ho i (t', w0k (t) < mo(t') + My (t') <0 for all t € Iy .

Since 7 is continuous from the left, we have
1
no(t) <mo(t') +a, wherea= —i[no(t’) + Mi(t)] >0
for all ¢ in a neighbourhood to the left of ¢'. For almost all ¢ in this neighbourhood Hy (¢, uo x(t)) =

—no(t), and
H07k(t7 Uo,k(t)) — Ho’k(t/, uO’k(t)) > —’l’]o(t/) —a+2a+ ’l’}o(t/) =a. (523)
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For all ¢ and almost all 7 in Iy ; we have

OH 0 0
0 o (1) = 7)), 0 4 0)) + () 2 1, (), o (1) 0 (), 0 1)
0
) 2 (), () 7,20 (1)
Since ug x € Uy, there is a p € L'(Iy ) such that
%(7’7 xo(7), w0 k(t))| < p(t) forall t,7 € Iy.
If |n(t)] < C, then it it follows from (5.16) that

’8]‘[07;@
ot
where p3s = p+ p1 + p2 € L (Iox), pa = p1 + p2 € L*(Ip ). From this and (5.23) we obtain

[ o

ftt, pa(T) dT‘ < %, we

(7, UO,k(t))‘ < Clp(t) + p1(t) + p2(7) + p1(7) + p2(t)] = Clps(t) + pa(7)],

a <

t 9H,
/ ag’k(T,uoyk(t))dT < Clt —t'|ps(t) + C
tl

for ¢ in some neighbourhood to the left of ¢'. If ¢ # ¢’ is so close to t’' that C
get

a
< Cps(t),

20—t = p3(t)

which contradicts the fact that p3 € L'(Ipx). Thus no(t) + My(t) = 0 for all t € Ioy, if (5.16)

holds. This also holds at Ty if 1 € K. The theorem is proved.

Remark. If we assume that there is a function p € L?(Iy ;) such that

’fk(sax()(s)vuo,k(t)” + |%(S7Z‘O(S)au0,k(t))| < ﬁ(t) for all ERAS [O,IW

then (5.16) is satisfied with p; = ps = $5%

6 A multiprocess problem

Some control systems may require different descriptions on different time intervals, such as a
multistage rocket or a robot arm picking up or dropping a load. We would then have one control
process &5 (t) = fr(t, vx(t), ur(t)) on each interval ¢t € (1_1,7k), and together they constitute a
multiprocess (see [3] and [4]). We also have some relations between the endpoint values. The term
hybrid system has been used for a more general situation where the transition from one state space
to another is determined by some discrete mechanism. See [5] and [15] for a general description of
hybrid systems.

In this section we consider a multiprocess with equality and inequality functional constraints
on zy(1p—1) and x(7;) and the problem of minimizing a functional of the same type. We can
derive necessary conditions for optimality by an application of the theorems in the previous section.
A similar problem is treated in [3], where the proofs use methods from non-smooth analysis. In
the case of variable 7, we need higher regularity in the ¢-dependence than in [3], but as a result
we get more information, in particular that the maximized Hamiltonian is (piecewise) absolutely
continuous. A problem of this type but restricted to piecewise continuous controls is treated in [6].

Let us assume that on each fixed interval Iy = [7x-1,7%], K = 1,...,7 + 1, we have a control
system

-'I-f‘k = fk(t?mkta Uk(t)), (61)
uk(t) S Qk(t)7
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satisfying Assumption 2 in Section 4 on I x R™ x R"™*. The set of admissible controls is denoted
by Uyx. We have a number of constraints of the form

gi(z1(70), z1(m1), 22(711)s - s Tpg1 (70)s Tpg1 (T11)) =0, i=1,...,p, (6.3)
gi(z1(10), 21 (1), 2(T1)5 -+ o g1 (70), Tpg1 (Tr41)) <0, 0= —q,...,—1. (6.4

We want to minimize a functional
go(x1(70), 21 (11), 22(71)s - - - s Trg1 (T0), Trg1 (Trg1))- (6.5)

The functions g; are defined on R™ x R™* x R™ x R™ x ... x R"+1 x R™"+! and are continuously
differentiable in all variables. The argument of g; is denoted by

(29,21, 29,... 7352“, :L&H).
A total solution is a sequence (x1,u1, ..., Try1,Urt1), where each pair (zy, uy) satisfies (6.1)—(6.2)
on Iy, and the constraints (6.3)-(6.4) are satisfied. Assume that (zo1, %01, %0,2, - - - £0,r+1, U0,r+1)
is an optimal solution, i.e., a solution that minimizes (6.5). As an application of Theorem 3 we
obtain the following result (where e = (20,1(70), 20,1(71), - - -, o,r+1(7r)s Tor41(Tr41))):
Theorem 5. There exist numbers A_q,..., Ao, ..., Ap, not all zero, and absolutely continuous
functions ng, on Iy, k = 1,...,7r + 1, such that, with G = fziq Aigi and Hp(t,xp,ux) =
() i (t, Thy k),
. OH;,
Ne(t) = —T(t,a:07k(t),uo7k(t)) a.e. on Iy,
Tk
oG
nk(Tk—l) = _87502(60)7
oG

e (Th) = 8733,16(60)’

Hy(t,xok(t), uo k(t)) = max Hy(t, zox(t),ux) a.e. on Iy,
ukGQk(t)

Ai <0 for —qg<1<0,
Aigi(eg) =0 for —qg<i<-—1.

Proof. Let = (z1,22,...,%Tp11) € R x R™ x .- x R¥+1 = RN (N = Z;J:l ng), and let

fk(t7j7uk) = (07'"7fk(t7xk)uk)""70) 6RN7

where only block number k is different from 0. Let us study the system

= fo(t,Z,up(t)) inly, k=1,....,r+1 (6.6)
with no jumps at 7. If
Tp = (T1,5, T2k - Trg1 k) € RN, k=0,...,r+1,
define, for —q <1i < p,
Gi(Z0,Z1, ... Zr1) = Gi(@1,0,T1,1, -+ s Trg1,rs Trt,r41)-
Then Zo = (0.1, --,%ok+1) With (uo,1,-..,uo r+1) is a solution of the problem of minimizing

subject to (6.1) and



Let us apply Theorem 3 (with the Remark) to this problem. Thus, there exist numbers A_g, ... Ay,
not all zero, and a piecewise absolutely continuous function 7 such that, with G = Y- \;g; and

I;[k(tajvuk) :ﬁ(t)fk(tv‘f’uk)v -

. 0H,
nzfai;o On(Tk—laTkLk::lv"'7r+1a
_ oG
Anlﬂc = _Tm 07 = 17 s T
_ oG
n(To) = " 950’
_ oG
77(T1) = ai. 1 ‘07
.H'k(t,i'o(t),uO’k(t)) = ukrélgz((t) ka(t,:io(t),uk) a.e. in Iy

A <0 for —qg<i<0,
Aigi(€g) =0 for —g <i< 1.
Write
n= (771a772a---7777-+1),

and redefine n; at 7 (1 < k < 7) so that it becomes continuous from the right there. Then
Hy(t, 2, up) = ni(8) fi(t, wx, u) = Hy(t, oy, ug) for ¢ € Iy, ny, satisfies iy, = — G on I, and n, is

Oxg

constant on the other intervals. We have An,|,, = _aiék = 0 except when j =k and j =k+1,
Js
oG oG oG oG .
Anglr, = “Beer = " oul and Angi1lr, = T Tosrr = Tl k = 1,...,r. From this the

statements in the theorem follow.

In the case of variable 7, we can apply Theorem 4 in the same way. Each function fj is
now continuously differentiable w.r.t. (¢,xy), and € is constant. The functions g; may depend
explicitly on 7 = (79,...,7r41) also. Assume that (7o, 20,1, %01, --,%0,r+1,U0,r+1), Where Ty =
(7'070,7'071, . ,7'077,_’_1), is a solution. Let I()’k = [To,k_l,’ro’k}, and

K={ke{l,...,r+1}:m(Ipx) > 0}, Ko={ke{1,....r+1} :m(lox) = 0}.

Assume also that there are functions gy, € L? (Io.k), k € K, such that

9 .
fis,0,1(5), o,k (1))] + ‘a%’z(s,xo,k(s),uo,k(t)) < pilt) forall s,t € Iop.

Define
Hy (7, 2, wpe, M) = e fr (T, Ty uge),
where 7 is a row vector in R™*. Let
€o = (?07 10,1(7'0,0), 170,1(7'0,1)’ e 7930,r+1(70,r), xO,r+1(TO,r+1))-

Theorem 6. There exist numbers A_q, ..., Ap, not all zero, and functions no . and ni on Iy i such
that, with G = 327__ \igi, the following holds.

A <0 fori=—q,...,0,
Aigi(eg) =0 fori=—q,...,—1.

If k € K, then o1 and 1y, are absolutely continuous on Iy j, and satisfy

OHj,

] t) = —— .€e.
o,k () ot lok €
OH}

e (t) = ——— .€e.
ik (?) Oz, lo,k €
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where -|o. means evaluation at (t,zok(t), uo k(t), nk(t)). If

My (t) = sup Hy(t, o (), ur, ni(t)),
uR €EQL

then

My(t) = —nox(t) forallt € Iy,
Mk(t) = Hk(t,$07k(t),UQ7k(t),77k(t)) a.e. in Iy .

If k € Ko, then 1ok (T0,k—1) = M0,k (T0.k) = Mok, Mk (T0,k—1) = Me(T0.k) = Mk, and

My = sup Hpy(To.k, Zok, Uy M) < —N0,k-

U EQ
Furthermore,
oG oG
M (Tok—1) = 787302(60)’ n(To.k) = 873%1@(60) Jor1<k<r+1,
oG oG
770,1(7'0,0) = _8770(60)’ 770,r+1(7'0,r+1) = oo (60)7
0G
n0.k+1(70,6) — Mo,k (T0.6) = _87716(60) for 1 <k <.

Remark. Consider the same problem but with integral terms S 700 [T fO(t, 21 (t), ug (1)) dt

Thk—1
added to the cost functional, where f,g has the same properties as fr. Theorems 5 and 6 still hold,
except that Hy, is defined as Ao f (¢, zk, uk) + Nk fr(t, T, ug).
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