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Abstract

Let L be a big holomorphic line bundle on a compact complex manifold X. We
show how to associate a convex function on the Okounkov body of L to any contin-
uous metric e ¥ on L. We will call this the Chebyshev transform of 1), denoted by
c[t)]. Our main theorem states that the integral of the difference of the Chebyshev
transforms of two weights is equal to the relative energy of the weights, which is
a well-known functional in Kéhler-Einstein geometry and Arakelov geometry. We
show that this can be seen as a generalization of classical results on Chebyshev
constants and the Legendre transform of invariant metrics on toric manifolds. As
an application we prove the differentiability of the relative energy in the ample
cone.
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1 Introduction

In [8] and [9] Khovanskii-Kaveh and Lazarsfeld-Mustatd initiated a systematic study
of Okounkov bodies of divisors and more generally of linear series. Our goal is to
contribute with an analytic viewpoint.

It was Okounkov who in his papers [10] and [11] introduced a way of associating
a convex body in R™ to any ample divisor on a n-dimensional projective variety. This
convex body, called the Okounkov body of the divisor and denoted by A(L), can then
be studied using convex geometry. It was recognized in [9] that the construction works
for arbitrary big divisors.

We will restrict ourselves to a complex projective manifold X, and instead of divi-
sors we will for the most part use the language of holomorphic line bundles. Because
of this, in the construction of the Okounkov body, we prefer choosing local holomor-
phic coordinates instead of the equivalent use of a flag of subvarieties (see [9]). We
use additive notation for line bundles, i.e. we will write kL instead of L®* for the k:th
tensor power of L. We will also use the additive notation for metrics. If h is a hermitian
metric on a line bundle, we may write it as h = e~ ¥, and call ¢) a weight. Thus if 1 is
a weight on L, k1 is a weight on kL.

The main motivation for studying Okounkov bodies has been their connection to
the volume function on divisors. Recall that the volume of a line bundle L is defined as

|
vol(L) := lim sup %dim(HO(kL)).

k—oo

A line bundle is said to be big if it has positive volume. From here on, all line bundles
L we consider will be assumed to be big. By Theorem A in [9], for any big line bundle
L it holds that

volps (A(L)) = %VOI(L).

We are interested in studying certain functionals on the space of weights on L that
refine vol(L) (see below).
A weight 1 is said to be psh if

ddp > 0

as a current. Given two locally bounded psh weights ¢ and ¢ we define £(v, ) as

TP [ w=eazvy ey,

which we will refer to as the relative energy of ¢ and (. This bifunctional first appeared
in the works of Mabuchi and Aubin in Kéhler-Einstein geometry (see [1] and references
therein).
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If ¢ and ¢ are continuous but not necessarily psh, we may still define a relative
energy, by first projecting them down to the space of psh weights,

P(1) := sup{¢’ : ¢' < 4,9 psh}.

We are therefore led to consider the functional

E(W,p) =

: > [ (P(¥) = P())(dd°P(¥)) A (dd°P())" 7, (1)
n+1 0
=0

where €2 denotes the Zariski open set where both P(1)) and P(¢) are locally bounded.
For psh weights 1, trivially P (1)) = 1), therefore there is no ambiguity in the notation.
The relative energy can be seen as a generalization of the volume since if we let 1) be
equal to ¢ + 1, from e.g. [1] we have that

() = /Q (dd°P())" = vol(L).

Given a continuous weight v, we will show how to construct an associated convex
function on the interior of the Okounkov body of L which we will call the Cheby-
shev transform of 1, denoted by c[¢)]. The construction can be seen to generalize both
the Chebyshev constants in classical analysis and the Legendre transform of convex
functions (see subsections 9.2 and 9.3 respectively).

First we construct A(L). Choose a point p € X and local holomorphic coordinates
21, ..., Zn, centered at p. Choose also a trivialization of L around p. With respect to this
trivialization any holomorphic section s € H"(L) can be written as a convergent power
series in the coordinates z;,

s = Z anz®.
«

Consider the lexicographic order on N™, and let v(s) denote the smallest index « (i.e.
with respect to the lexicographic order) such that

aq # 0.

We let v(H°(L)) denote the set {v(s) : s € H°(L)}, and finally let the Okounkov
body of L, denoted by A(L), be defined as closed convex hull in R™ of the union

U %U(HO(kL)).

k>1

Observe that the construction depends on the choice of p and the holomorphic coordi-
nates. For other choices, the Okounkov bodies will in general differ.

Now let ¢ be a continuous weight on L. There are associated supremum norms on
the spaces of sections H°(kL),

l1s][2, == sup {|s(z)[e @)},
zeX
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If v(s) = ka for some section s € HY(kL), we let A, ;. denote the affine space of
sections in H%(kL) of the form

2" 4 higher order terms.

We define the discrete Chebyshev transform F[¢] on |J;~, v(H?(kL)) x {k} as
F[Y)(ka, k) := inf{ln||s||iw 1S € Aak )

Theorem 1.1. For any point p € A(L)° and any sequence a(k) € +v(H(kL))
converging to p, the limit
1
lim 2 F{g](ka(k), )
exists and only depends on p. We may therefore define the Chebyshev transform of 1
by letting

1
= lim - F[y](ka(k), k),

c[¥](p)

for any sequence a(k) converging to p.

The main observation underlying the proof is the fact that the discrete Chebyshev
transforms are subadditive. Our proof is thus very much inspired by the work of Za-
harjuta, who in [14] used subadditive functions on N™ when studying the classical
Chebyshev constants, and also by the article [4] where Bloom-Levenberg recognize the
importance of subadditivity, extending Zaharjutas results to a more general weighted
setting, but still in C™ (we show in section 7 how to recover the formula of Bloom-
Levenberg from Theorem 1.1).

We prove a general statement concerning subadditive functions on subsemigroups
of N that generalizes a result of Zaharjuta.

Theorem 1.2. Let T' C N? be a semigroup which generates 7. as a group, and let
F' be a subadditive function on I which is locally bounded from below by some linear
Sfunction. Then for any sequence a(k) € T such that |a(k)| — oo and \Zgigl —DE
Y(T)° (3(T) denotes the convex cone generated by T') for some point p in the interior
of 3(T'), the limit

L Fla(k)

koo |au(k)|

exists and only depends on F' and p. Furthermore the function
. Fla(k))
c[F)(p) := lim ———+
koo |au(k)|
thus defined on %(T")° N X° is convex.

Theorem 1.1 will follow from Theorem 1.2.

It should be pointed out that related Chebyshev transforms play an important role
in [12] in the context of Arakelov geometry.

Our main result on the Chebyshev transform is the following.
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Theorem 1.3. Let ¢ and  be two continuous weights on L. Then it holds that

swwzm/ (clg] — el @

A(L)°
where d) denotes the Lebesgue measure on A(L).

The proof of Theorem 1.3 relies on the fact that one can use certain L2-norms re-
lated to the weight, called Bernstein-Markov norms, to compute the Chebyshev trans-
form. With the help of these one can interpret the right-hand side in equation (2) as a
limit of Donaldson bifunctionals L (1, ). On the other hand, the main theorem in [1]
says that the bifunctionals L (1), ¢) converges to the relative energy when k tends to
infinity, which gives us our theorem.

Because of the homogeneity of the Okounkov body, i.e.

A(kL) = kA(L),

one may define the Okounkov body of an arbitrary QQ-divisor D by letting
1
AD) = ZApD),

for any integer p clearing all denominators in D. Theorem B in [9] states that one
may in fact associate an Okounkov body to an arbitrary big R-divisor, such that the
Okounkov bodies are fibers of a closed convex cone in R x N1 (X )g, where N*(X)g
denotes the Neron-Severi space of R-divisors. We show that this can be done also
on the level of Chebyshev transforms, i.e. there is a continuous and indeed convex
extension of the Chebyshev transforms to the space of continuous weights on big R-
divisors. We prove Theorem 1.3 for weights on ample R-divisors.

As an application we prove that the relative energy is differentiable in the am-
ple cone. In [1] Berman-Boucksom consider as a function of ¢ the relative energy of
weights ¢, and ¢, where vy vary smoothly with ¢. Theorem B in [1] states that the
function

F(t) :=EL(vs, )

then is differentiable in ¢, and that the derivative is given by
FO) = [ dio)arp)

where 1;(0) denotes the derivative of 1, in zero. In section 9 we prove a generalization
of this in the ample setting where the underlying R-divisor L; varies with ¢ within the
ample cone.

Theorem 1.4. Let A;, i =1, ...,m be a finite collection of ample line bundles, and for
each i let v; and @; be two continuous weights on A;. Let O denote the open cone in
R? such that a € O iff " a; A; is an ample R-divisor. Then the function

F(a) := 5Za,;A7;(Z aiﬂ%,zaiﬁpi)
is Cl on O.
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We also calculate the differential. If we consider the special case where A is ample
and W is some positive continuous weight on A, and let

F(t) = Eppia( + 10,0 + V)

for some continuous weights i) and ¢ on an ample divisor L. Then our calculations
show that

f(0) = i /X(P(w) — P())dd®U A (dd°P(4)) A (dd°P())" 1 (3)
=0

Another special case is the following. If A is an ample divisor and s 4 is a defining
section for A, by multiplying with s%tk we get embeddings of the spaces H°(k(L —
tA)) into HO(kL). There is also an associated map between the spaces of weights,
where 11, maps to

VYr—ta =1 — tln|sal?.

It follows from the proof of Theorem 1.4 that

4 Ex(WVr—ta,or—14) = —EA(Yr, oL).

dt|o

Our proof uses the same approach as the proof of the differentiability of the volume
in [9]. Since the relative energy is given by the integral of Chebyshev transforms over
Okounkov bodies, when we differentiate we get one term coming from the variation
of the Okounkov body, as studied in [9], and one term coming from the variation of
the Chebyshev transforms. One can show that if one in formula (3) as ¥ chooses the
positive weight In |s|?, and let 19 = ¢ + 1, using the Lelong-Poincaré formula one
recovers the formula for the derivative of the volume in the ample cone, i.e.

d
%IOVOIX (L+tA) = nVOl[A] (LHA]),

where [A] denotes the divisor {s = 0}.

1.1 Organization

In section 2 we start by defining the Okounkov body of a semigroup, and we recall a
result on semigroups by Khovanskii that will be of great use later on.

Section 3 deals with subadditive functions on subsemigroups of N+ and contains
the proof of Theorem 1.2.

The definition of the Okounkov body of a line bundle follows in section 4.

In section 5 we define the discrete Chebyshev transform of a weight, and prove that
this function has the properties needed for Thereom 1.2 to be applicable. We thus prove
Theorem 1.1. We also show that the difference between two Chebyshev transforms is
bounded on the interior of the Okounkov body.

The relative energy of weights is introduced in section 6. Here we also state our
main theorem, Theorem 1.3.
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In section 7 we show how one can use Bernstein-Markov norms instead of supre-
mum norms in the construction of the Chebyshev transform.

The proof of Theorem 1.3 follows in section 8.

Section 9 discusses previuos results.

In subsection 9.1 we observe that if we in (2) let ¢ be equal to v + 1, then we
recover Theorem A in [9], i.e. that

volgs (A(L)) = %vol(L).

In subsection 9.2 we move on to clarify the connection to the classical Chebyshev
constants. We see that if we embed C into P! and choose our weights wisely then
formula (2) gives us the classical result in potential theory that the Chebyshev constant
and transfinite diamter of a regular compact set in C coincides. See subsection 9.2 for
definitions.

Subsection 9.3 studies the case of a toric manifold, with a torus invariant line bun-
dle and invariant weights. We calculate the Chebyshev transforms, and observe that
for invariant weights, the Chebyshev transform equals the Legendre transform of the
weight seen as a function on R”.

We show in section 10 that if the line bundle is ample, the Chebyshev transform
is defined on the zero-fiber of the Okounkov body, not only in the interior. Using the
Ohsawa-Takegoshi extension theorem we prove that

Ev(P(@)y PW)y) = (n— 1)! / (el — clg))(0,a)da, (@)

A(L)o

where A(L)g denotes the zero-fiber of A(L), and Y is a submanifold locally given by
the equation z; = 0.

In section 11 we show how to translate the results of Bloom-Levenberg to our
language of Chebyshev transforms. We reprove Theorem 2.7 in [4] using our Theorem
1.3, equation (4) and a recursion formula from [1].

We show in section 12 how to construct a convex and therefore continuous exten-
sion of the Chebyshev transform to arbitrary big R-divisors.

In section 13 we move on to prove Theorem 1.4 concerning the differentiability of
the relative energy in the ample cone.
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addition to Robert Berman we would also like to thank Bo Berndtsson and Sébastien
Boucksom for their numerous valuable comments and suggestions concerning this ar-
ticle.



2 SEMIGROUPS AND OKOUNKOV BODIES 8

2  Semigroups and Okounkov bodies

Let I' C N™*! be a semigroup. We denote by X(I') C R™*! the closed convex cone
spanned by T'. By Ak (T") we will denote the set

Ag(T) :={a: (ka, k) eT} CR™
Definition 2.1. The Okounkov body A(T") of the semigroup T is defined as
Al) :={a:(a,1) e X(I)} CR".
It is clear that for all non-negative k,
AK(T) € A(T),
The next theorem is a result of Khovanskii from [7].

Theorem 2.2. Assume that T C N1 is a finitely generated semigroup which gener-
ates 7" as a group. Then there exists an element z € ("), such that

(z4+%(I))NZ" ! CT.
When working with Okounkov bodies of semigroups it is sometimes useful to re-
formulate Theorem 2.2 into the following lemma.

Lemma 2.3. Suppose that T is finitely generated, generates Z™ ' as a group, and also
that A(T") is bounded. Then there exists a constant C' such that for all k, if

ae AN (;Z)n

and if the distance between o and the boundary of A(T") is greater than C/k, then in

fact we have that
o€ Ak(l‘)

Proof. By definition we that

ae AN (;Z> ifft  (ka,k) € 2(I)NnzZ" .
Also by definition
a € AR(T) iff (ka, k) € T.

By Theorem 2.2 we have that
(ka,k) el if (ka, k) — z € X(I),

and since X(T") is a cone, (ka, k) — z € () iff (a, 1) — z/k € X(T). If («, 1) lies
further than |z|/k from the boundary of ¥(I'), then trivially (o, 1) — z/k € X(I).
Since by assumtion the Okounkov body is bounded, the distance between («, 1) and
the boundary of (") is greater than some constant times the distance between « and
the boundary of A(T'). The lemma follows. O
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Corollary 2.4. Suppose that T' generates Z"*' as a group, and also that A(T) is
bounded. Then A(T') is equal to the closure of the union U>oAg(T).

Proof. That
Uk>0Ax(T) C A(T)

is clear. For the opposite direction, we exhaust A(T") by Okounkov bodies of finitely
generated subsemigroups of I'. Therefore, without loss of generality we may assume
that I is finitely generated. We apply Lemma 2.3 which says that all the (%Z)" lattice
points in A(T") whose distance to the boundary of A(T") is greater that some constant
depending on the element z in (2.2), divided by k, actually lie in Ag(T"). The corollary
follows. 0

3 Subadditive functions on semigroups

Let I" be a semigroup. A real-valued function F' on I' is said to be subadditive if for all
a, 8 € T it holds that
Fla+p) < F(a) + F(B).
If « € R™"! we denote the sum of its coordinates Y a; by |a|. We also let 0 C
R"™*! denote the set

ZO = {(0&1, "'7an+1) : |O¢| = 1’07' > 0}

In [4] Bloom-Levenberg observe that one can extract from [14] the following theo-
rem on subadditive functions on N?*1,

Theorem 3.1. Let F be a subadditive function on N1 which is bounded from below
by some linear function. Then for any sequence (k) € N+ such that | (k)| — oo
when k tends to infinity and such that

a(k)/la(k)| — 0 € °,

it holds that the limit Fla(k)
!
c[F](0) := lim ———=
koo |a(k)|

exists and does only depend on 0. Furthermore, the function c[F] thus defined is convex
on Y.

We will give a proof of this theorem which also shows that it holds locally, i.e. that
F does not need to be subadditive on the whole of N"*1 but only on some open convex
cone and only for large ||. Then Zaharjutas theorem still holds for the part of %9 lying
in the open cone. We will divide the proof into a couple of lemmas.

Lemma 3.2. Let O be an open convex cone in ]RT'I and let F' be a subadditive function
on (O \ B(0,M)) NN"* where B(0, M) denotes the ball of radius M centered at
the origin, and M is any positive number. Then for any closed convex cone K C O
there exists a constant C'g such that

F(a) < Cklal

on (K \ B(0, M)) N N"+L,
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Proof. Pick pointsin (O\ B(0, M))NN"*1 such that if we denote by I' the semigroup
generated by the points, the convex cone X(T") should contain (K \ B(0, M)) and the
distance between the boundaries should be positive. The points should also generate
Z"*+1 as a group. Then from Theorem 2.2 it follows that there exists an M’ such that

(K\ B(0,M"))nN"t! CT. 6))

Let «; denote the generators of I' we picked. The inclusion (5) means that for all
a € (K \ B(0,M")) " N"*! there exist non-negative integers a; such that

o = E a; 0.

By the subadditivity we therefore get that

Fla) < ZaiF(ai) < C’Zai < Clal.
Since only finitely many points in (K \ B(0, M ))NN"*1 do not lie in (K \ B(0, M'))N
N7+ the lemma follows. O

Lemma 3.3. Let O, K and F be as in the statement of Lemma 3.2. Let o be a point in
(K°\ B(0, M)) "N and let v(k) be a sequence in (K \ B(0, M)) N N"*! such
that

[y(k)| = o0

when k tends to infinity and that

v(k)

—= —peK°

(k)|
for some point p in the interior of K. Let | be the ray starting in o/|a|, going through
p, and let q denote the first intersection of | with the boundary of K. Denote by t the
number such that

=t 4 (1-t)g

p= .
o

Then there exists a constant C'i depending only of F' and K such that

 F(y(R)
o sup =)

F(a)
|

<t +(1—t)CK.

Proof. We can pick points 3; in (K \ B(0, M)) N N"*1 with 3;/|3;| lying arbitrarily
close to g, such that if I" denotes the semigroup generated by the points 3; and o, I'
generates Z"*! as a group and

p e X(I)°.

Therefore from Theorem 2.2 it follows that for large k (k) can be written

~v(k) = aac + Z a;53;
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for non-negative integers a; and a. The subadditivity of F' gives us that

F(y(k)) < aF(a) + > a;F(3;) < aF(a) +Ck Y ailBi,

where we in the last inequality used Lemma 3.2. Dividing by |y(k)| we get

F(y(k)) a|a\F am
W& = )] o L LM

Our claim is that |“la;‘ will tend to ¢ and that 3 \ﬁ + will tend to (1 —t). Consider
the equations

’Y(k) a|a| o Z az|52| ﬂl

(B y(®)] el
and o
p=t—+(1—-1t)q.
|af
Observe that N
- lp— m|
lg —al
v(k) Bi
If | oy — pl < dand |55

alal lp— a7l +6
< a
y(B)l ~ la— a7l =0

where £(0) goes to zero as ¢ goes to zero. Similarly we have that

<t+¢e(9),

alal Ip — *|Z\| -4 ,
- o Zt_g 0 ) (6)
|’Y(k)| |q - \a|‘ +4 ( )

where £’ () goes to zero as ¢ goes to zero. Since

CL|O¢| Z az|ﬁt

inequality (6) implies that

Z “l'ﬁl <1—t+€(5).

The lemma follows. O

Corollary 3.4. Let O and F be as in the statement of Lemma 3.2. Then for any se-
quence a(k) in O NZ" ! such that |a(k)| — oo when k tends to infinity and such that
a(k)/|a(k)| converges to some point p in O the limit

lim F(o)
w5 Ja(k)]

exists and only depends on F' and p.
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Proof. Let a(k) and 8(k) be two such sequences converging to p. Let K C O be some
closed cone such that p € K°. Let us as in Lemma 3.3 write

B(k)
p=tp— + (1 —te)qe.
1B(F)]
For any ¢ > 0, ¢, is greater than 1 — ¢ when k is large enough. By Lemma 3.3 we have
that for such k
F(a(m))

lim su
o TJa(m))|

R F(3(K))
< (=t 7501 0 < 50

where C' comes from the lower bound

LIS

|61
which holds for all 5 by assumption. Since ¢ tends to zero when k gets large we have
that
. Fla(k)) . F(B(F))
limsup ————= < liminf ————=.
kooo |(R)] T koo |B(R)|

By letting a(k) = [(k) we get existence of the limit, and by symmetry the limit is
unique. O

+eCk + eC,

Proposition 3.5. The function c[F| on O N X° defined by
. F(a(k))
c[F](p) :== lim ———=
koo |au(k)|
for any sequence a(k) such that |a(k)| — oo and % — p, which is well-defined
according to Corollary 3.4, is convex, and therefore continuous.

Proof. First we wish to show that ¢[F] is lower semicontinuous. Let p be a point in
O N X° and g, a sequence converging to p. From Lemma 3.3 it follows that

c[F)(p) < liminf ¢[F](gn),

qn—PpP

which is equivalent to lower semicontinuity.
Using this the lemma will follow if we show that for any two points p and ¢ in
O N X° it holds that

2(F)( 1Y) < c[F)(p) + el Fl(a). 0

Choose sequences a(k), 3(k) € O N N"*! such that

(k) Bk)
) P BRI

Q
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and for simplicity assume that |« (k)| = |5(k)|. Then

alk)+8(k) _ p+a

| (k) + B(K)| 2
Hence
pra,_ o Pl +Bk) o Fa®) | FEE)
2P () = lim —— s S o A )

= c[Fl(p) + c[F(q)-
O

Together with Theorem 2.2 these lemmas yield a general result for subadditive
funcitons on subsemigroups of N**+1,

A function F' defined on a cone O is said to be locally linearly bounded from below
if for each point p € O there exists an open subcone O’ C O containing p and a linear
function A on O’ such that ' > X on O’.

Theorem 3.6. Let I’ C N™t! be a semigroup which generates 7" as a group, and
let F' be a subadditive function on I which is locally linearly bounded from below.
a(k

Then for any sequence o(k) € T such that |a(k)| — oo and W — p e X(T)° for

some point p in the interior of ©(T'), the limit

1o Fla()
e Jak)]

exists and only depends on F' and p. Furthermore the function

= lim M
c[F](p) = lim |la (k)]

thus defined on 3(I")° N £° is convex.

Proof. By Theorem 2.2 it follows that for any point p € 3(I")° there exists an open
convex cone O and a number M such that

(O\ B(0,M))nN"T! CT.

We can also choose O such that F' is bounded from below by a linear function on
O. Therefore the theorem follows immediately from Corollary 3.4 and Proposition
3.5. O

We will show how this theorem can be seen as the counterpart to Theorem 2.2 for
subadditive functions.

Definition 3.7. Let T be a subsemigroup of N1 and let F be a subadditive function
of T which is locally linearly bounded from below. One defines the convex envelope of
F, denoted by P(F), as the supremum of all linear functions on ¥(T')° dominated by
F, or which ammounts to the same thing, the supremum of all convex one-homogeneous
Sunctions on X.(T')° dominated by F.
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Theorem 3.8. IfT generates Z™t' as a group, then for any subadditive function F on
I" which is locally linearly bounded from below it holds that

F(a) = P(F)(a) +o(|a])
foraeTNE(I)°.

Proof. That
F(a) = P(F)(c)

follows from the definition. If we let ¢[F’] be defined on the whole of X(T")° by letting

e
c[Fl(@) = lale[F](;),

|
it follows from Theorem 3.6 that ¢[F] will be convex and one-homogeneous. It will
also be dominated by F' since by the subadditivity

F(a) < F(ka)
Lol
for all positive integers and therefore
F(a) F(ka) a
—>1 =clF|(—).
o 2 A e = el
It follows that
P(F) > c|F]
For o € T" by definition we have that
F(k
P(F)(a) < 70
for all positive integers k. At the same time
. F(ka)
C[F](Oé) - kli{go k ’

hence we get that
P(F)() < c[F](a)

for @ € T Since both P(F') and c[F] are convex they are continuous, so by the homo-
geneity we get that
P(F) < c[F]

on 3(I")°, and therefore P(F') = c[F]|. The theorem now follows from Theorem 3.6.
O
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4 Okounkov body of a line bundle

In this section we will show how to associate a semigroup to a line bundle.

Definition 4.1. An order < on N™ is additive if o« < (3 and o < (3 implies that
at+ad <B+ 4.
One example of an additive order is the lexicographic order where

(061, ey an) <lex (ﬂla E) ﬂn)

iff there exists an index j such that o;; < 8 and o;; = 3; for i < j.

Let X be a compact projective complex manifold of dimension n, and L a holo-
morphic line bundle, which we will assume to be big. Suppose we have chosen a
point p in X, and local holomorphic coordinates 21, ..., z,, around that point, and let
e, € HY(U,L) be a local trivialization of L around p. Any holomorphic section
s € H°(X, kL) has an unique represention as a convergent power series in the vari-

ables z;,
s
- = E e 2%,
e
p

which for convenience we will simply write as

s = E an 2.

We consider the lexicographic order on the multiindices «, and let v(s) denote the
smallest index « such that a,, # 0.

Definition 4.2. Let I'(L) denote the set

U (0(H(kL)) x {k}) € N**.

k>0
It is a semigroup, since for s € H°(kL) and t € H°(mL)
v(st) = v(s) + v(t). )

The Okounkov body of L, denoted by A(L), is defined as the Okounkov body of the
associated semigroup T'(L).

We write Ay (I'(L)) simply as A, (L).
From the article [9] by Lazarsfeld-Mustatd we recall some results on Okounkov
bodies of line bundles.

Lemma 4.3. The number of points in A (L) is equal to the dimension of the vector
space HO(kL).

This is part of Lemma 1.3 in [9].

Lemma 4.4. The Okounkov body of a big line bundle is bounded, hence compact.
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This is Lemma 1.10 in [9].

Lemma 4.5. If L is a big line bundle, T'(L) generates Z™" as a group. In fact T'(L)
contains a translated unit simplex.

It is proved as part of Lemma 2.2 in [9].

Remark 4.6. Note that the additivity of v as seen in equation (8) only depends on the
fact that the lexicographic order is additive. Therefore we could have used any total
additive order on N" to define a semigroup f(L), and the associated Okounkov body
A(L). We will only consider the case where the Okounkov body A(L) is bounded, and
the semigroup T'(L) generates N" as a group.

Lemma 4.7. For any closed set K contained in the convex hull of A (L) for some
M, there exists a constant C'x such that if

1

and the distance between o and the boundary of K is greater than CTK, then o €

Ag(L).
Proof. Let I be the semigroup generated by the elements (M 3, M) where 5 € Ay (L),
and some unit simplex in I'(L). Applying Lemma 2.3 gives the lemma. O

Lemma 4.8. If K is relatively compact in the interior of A(L), there exists a number
M such that for k > M,

1
implies that o € Ag(L).

Proof. This is a consequence of Lemma 4.7 by choosing M such that the distance
between K and the convex hull of A (L) is strictly positive, therefore greater than
CTK for large k. O

5 The Chebyshev transform

Definition 5.1. A continuous hermitian metric h = e~ on a line bundle L is a contin-
uous choice of scalar product on the complex line Ly, at each point p on the manifold.
If f is a local frame for L on Uy, then one writes

[fI?=hy=e¥7,
where 1) is a continuous function on Uy. If h = e~V is a metric, 1 is called a weight.

We will show how one to a given continuous weight associates a subadditive func-
tion on the semigroup I'(L).
For all (ka,k) € T'(L), let us denote by A, j the affine space of sections in
HO(kL) of the form
2" 4 higher order terms
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. Consider the supremum norm ||.||,, on H°(kL) given by
||5H%¢; = sup{|s(z)[2e @)},
zEX

Definition 5.2. We define the discrete Chebyshev transform F[i)] on T'(L) by
F¢)(ka, k) := inf{ln ||s||iw ts € Aokt
Lemma 5.3. The function F [ is subadditive.
Proof. Let (ka, k) and (I3,1) be two points in I'(L), and denote by ~y
ka+13

E+1

Thus we have that
(ka, k) + (168,1) = (K+ Dy, k+1).

Let s be some section in A, j and s’ some section in Ag ;. Since

ss' = (2" + higher order terms)(2'” + higher order terms) =

= z("*DY 4 higher order terms,

we see that ss’ € A, ,y;. We also note that the supremum of the product of two
functions is less or equal to the product of the supremums, i.e.

158" [[frsrye < Il lls"lI7y-
It follows that
inf{|[sl[2, 5 5 € A} inf{l[s'1, : ' € Agi} < WP pr ¢ € Aypral,
which gives the lemma by taking the logarithm. O
Lemma 5.4. There exists a constant C' such that for all (ka, k) € T'(L),

F[y](ka, k) > C|(ka, k)|

Proof. Letr > 0be such that the polydisc D of radius 7 centered at p is fully contained
in the coordinate chart of 2, ..., z,,. We can also assume that our trivialization e, €
HO(U, L) of L is defined on D, i.e. D C U. Let s be a section in A, x, and let

Denote by v, the trivialization of . Hence

|s|2eFY = |52 k¥r.
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Since 1, is continuous,
e Vr > A

on D for some constant A. This yields that

1] > sup{|3(x)[*e*¥#} > A* sup{|3(=)[*}.
€D z€D

We claim that
sup{[5(x)|*} > r*lel.
zeD

Observe that
sup{|zko‘|2} _ rk\a|.
ze€D

One now shows that

sup{|2"®[>} < sup{|z*® + higher order terms|?}
zeD z€eD

by simply reducing it to the case of one variable where it is immediate. We get that
||8||2 > Ak,rk:\od
and hence
Flyl(ka, k) > kln A+ kla|Inr > C(k + klal),

if we choose C' to be less than both In A and In 7. O
Definition 5.5. We define the Chebyshev transform of 1), denoted by c[)] as the convex
envelope of F[] on X(T')°. It is convex and one-homogeneous. We will also identify
it with its restriction to A(L)°, the interior of the Okounkov body of L. Recall that by
definition

A(L) :=X(L) N (R™ x {1}).

Proposition 5.6. For any sequence (ka(k), k) inT'(L), k — oo, such that

lim a(k) =pe A(L)°,

k—oo
it holds that )
c[¥](p) = Jim z I [t o) 1l -

Proof. By Lemma 5.3 and Lemma 5.4 we can apply Theorem 3.8 to the function F'[¢)]
and get that

o el P ) 1t PR
Flyl(ka, k . 2
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Lemma 5.7. Let 1) be a continuous weight on L and consider the continuous weight
on L given by v + C for some constant C. Then it holds that

Fly + Cl(ka, k) = F[Y](ka, k) — kC, C)

and that
cp+Cl=cly]-C

on A(L)°.

Proof. For any section s € H°(kL) we have that

—kC
lIsllkwroy = e~ llslliy.

therefore
1n||5||i-(w+0) = 1n||5||iw —kC.

The same holds true when taking the infimum, which gives equation (9). The second
part then follows from Proposition 5.6. O

Proposition 5.8. If i) and ¢ are two continuous weights such that

Y <,
then
F[] > Fly],
and also
c[y] = clgl.

Proof. Forany s € HY(kL) we get that

sup{|s(z)[?e™ "™} < sup{|s(x)|?e 1.
reX zeX

The inequality still holds when taking the logarithm and the infimum over A, . U

Proposition 5.9. For any two continuous weights on L, 1 and , the difference of the
Chebyshev transforms, c[y)] — c[p], is continuous and bounded on A(L)°.

Proof. 1t is the difference of two convex hence continuous functions, and is therefore
continuous. Since ) —  is a continuous function on the compact space X, there exists
a constant C' such that

Yp<p+C.

Thus by Lemma 5.8 and Lemma 5.7 we have that
cy] <clp+Cl = clp] - C.

By symmetry we see that |c[)] — ¢[]| is bounded on A(L)°. O
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For Okounkov bodies we have that
A(mL) = mA(L),
see e.g. [9]. The Chebyshev transforms also exhibit a homogeneity property.

Proposition 5.10. Let v be a continuous weight on L. Consider the weight my on
mL. For any p € A(L)° it holds that

c[map](mp) = me[¢](p).

Proof. We observe that trivially A,,q x = Aa.km, as affine subspaces of H°(kmL),

and hence
Fimy](kma, k) = F[Y](kma, km).

Let a(k) — p € A(L)°.We get that

o Debm P ) Flmikma(h), B)
elmvl(mp) = (mp, 1)lefme) (P 57) = (mp, 1) Jim =SS

_ iy FWI(kma(k), km)
ko0 k

= mc[¢](p).

O

6 Relative energy of weights

One may define a partial order on the space of weights to a given line bundle. Let
Y <w @if
¥ <+ 0(1)

on X. If a weight is maximal with respect to the order <,,, it is said to have minimal
singularities. It is a fact that a weight with minimal singularities on a big line bundle
is locally bounded on a dense Zariski-open subset of X (see e.g. [1]). On an ample
line bundle, the weights with minimal singularities are exactly those who are locally
bounded.

Let ¢ and ¢ be two locally bounded psh-weights. By MA,,, (¢, ¢) we will denote

the positive current
m

> (ddyp) A (ddo)™

Jj=0
and by MA (%)) we will mean the positive measure (ddy)™.

Definition 6.1. If v and ¢ are two psh weights with minimal singularities, then we
define the relative energy of 1 with respect to ¢ as

1
n+1

£, p) = /Q (4 — ) MAL (6, 0),

where ) is a Zariski open subset of X on which v and  are locally bounded.
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Remark 6.2. In [1] Berman-Boucksom use the notation (1) — E () for what we de-
note by E(1, ¢). Thus they consider £ (1)) as a functional defined only up to a constant.

An important aspect of the relative energy (and a motivation for calling it an energy)
is its cocycle property, i.e. that

EW, ) +E( W) +EW Y) =0
for all weights v, ¢ and ¢, (see e.g. [1]).

Definition 6.3. If v is a continuous weight and K a compact subset of X, the psh
envelope of 1 with respect to K, Py (), is given by

Pg () := sup{p : p psh weight on L, ¢ < 1 on K}.

For any 1 and K, as one may check, Pk (¢) will be psh and have minimal singu-
larities. When K = X, we will simply write P(1)) for Px ().
If ¢ and ¢ are continuous weights, we will call

E(P(Y), P(p))

the relative energy of ¢ with respect to , and we will denote it by £(, ). Since for
psh weights v, trivially P(¢)) = 1), therefore the notation is unambiguous.

Remark 6.4. In [1] Berman-Boucksom use the notation E.4(X, ) for the expression

1
vol(L)

E(P)),

hence it is the same as our £ (1)) except with a different normalization.

We refer the reader to [1] for a more thourough exposition on Monge-Ampere mea-
sures and psh envelopes.
We now state our main result.

Theorem 6.5. Let v and p be continuous weights on L. Then it holds that

Ep, 1) = ! / (c[] — clg)dA, (10)

A(L)°
where d\ denotes the Lebesgue measure on A(L)°.

The proof of Theorem 6.5 will depend on the fact that one can also use L?-norms
to compute the Chebyshev transform of a continuous weight. This will be explained in
the next section.
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7 Bernstein-Markov norms

Definition 7.1. Let u be a positive measure on X, and v a continuous weight on a
line bundle L. One says that | satisfies the Bernstein-Markov property with respect to
Y if for each € > 0 there exists C = C(e) such that for all non-negative k and all
holomorphic sections s € H°(kL) we have that

sup {|s(z)2e *¥@)} < C’esk/ |s|2e Y dp. (11)
reX X

If 4 is a continuous weight on L and i a Bernstein-Markov measure on X with
respect to v, we will call the L2-norm on H°(kL) defined by

[l /X 5%~ dy

a Bernstein-Markov norm. We will also call the pair (¢, y1) a Bernstein-Markov pair
on (X, L).

For any continuous weight ¢ on L there exist measures u such that (¢, u) is a
Bernstein-Markov pair. In fact it is easy to show that any smooth volume form dV on
X satisfies the Bernstein-Markov property with respect to any continuous weight, see
e.g. [1].

A pair (E, 1) where E is a subset of X and 1) is a continuous weight on L is called
a weighted subset. The equilibrium weight ¢ g of (E, ) is defined as

Vg :=sup{y : ¢is psh, < on E}.

A weighted set (E, ) is said to be regular if the equilibrium weight ¢ is upper
semicontinuous.

Definition 7.2. If a compact K C X is the support of a positive measure |1, one says
that p satisfies the Bernstein-Markov property with respect to the weighted set (K, )
ifforall k and s € H°(kL) inequality (11) holds when X is replaced with K.

Lemma 7.3. If p is a smooth volume form and (K, 1)) is a compact regular weighted
subset, then the restriction of | to K satisfies the Bernstein-Markov property with
respect to (K, ).

Proof. This follows e.g. from Theorem 2.4 in [1]. O

We want to be able to use a Bernstein-Markov norm instead of the supremum norm
to calculate the Chebyshev transform of a continuous weight .

We pick a positive measure p with the Bernstein-Markov property with respect to
1. Forall (ka, k) € T(L), let t, k. be the section in H°(kL) of the form

2" 4 higher order terms

that minimizes the L?-norm

o k2 = / o e d
X
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It follows that
<lak:tgr >kyp=0

for a # (3, since otherwise the sections ¢, , would not be minimizing. Hence
{ta,k Lo e Ak(L)}

is an orthogonal basis for H° (kL) with respect to | .||y, .. Indeed they are orthogonal,
and by Lemma 4.3 we have that

#{ta s @ € Ag(L)} = #Ax(L) = dim(H°(kL)),

therefore it must be a basis.
Definition 7.4. We define the discrete Chebyshev transform F[i), u] of (1, 1) on T by

Fl, pl(ka, k) = 1n[ta klliy -
We also denote 1 F[t), p)(ke, k) by ci [, ().

We will sometimes write cx[1)] when we mean ¢ [, u], considering p as fixed.
Proposition 7.5. For any sequence (ka(k), k) inT'(L), k — oo, such that
lim a(k) = p € ML),
it holds that
fl(p) = lim aulib (o (k).

Proof. For apoint (ka, k) € T, let t,, 1, be the minimizer with respect to the Bernstein-
Markov norm. By the Bernstein-Markov property we get that

||t04,k’ |§up S 06€k|‘tg7k|‘iv

and hence
FY)(ka, k) < F[, p](ka, k) + In C + ¢k. (12)

Let s be any section in A, ;. We have that by definition
okl < [ls]17 < p(X)]]s][20p5

Fly, pl(ka, k) < F[y](ka, k) 4 In p(X). (13)

Equations (12) and (13) put together gives that
FlY)(ka, k) —InC — ek < F[, pl(ka, k) < F[Y](ka, k) + In u(X). (14)
It follows that

. PR R) P0G )

k—o0 k k—oo k

which gives the proposition. U



8 PROOF OF MAIN THEOREM 24

Lemma 7.6. Let 1) be a continuous weight on L and consider the continuous weight
on L given by v + C for some constant C. Then it holds that

Fly+ C, pl(ka, k) = FY, p)(ka, k) — kC.

Proof. This follows exactly as in the case of the suprumum norm, see proof of Lemma
5.7. O

Proposition 7.7. Let (¢, 1) and (¢, v) be two Bernstein-Markov pairs, and assume
that

P <

Then for every varepsilon > 0 there exists a constant C' such that
FW, M}(ka, k) > F[QO, V}(kaa k) —C' —c¢k.

Proof. Let ti . and tz’k be the minimizing sections with respect to the Bernstein-
Markov norms ||.||xy,,, and ||.||x, respectively. From equation (14) and Proposition
7.7 we get that

Fl, pl(ka, k) > F](ka, k) —InC — ek > Flp](ka, k) —InC — ek >
> Flo,v] —Inv(X) —InC — ek.

O

Proposition 7.8. For any two Bernstein-Markov pairs on (X, L), (1, u) and (@, v) the
difference of the discrete Chebyshev transforms

Ck[% :U/] — Ck [Sov I/]
is uniformly bounded on A(L)°.

Proof. By symmetry it suffices to find an upper bound. Let C be a constant such that
¥ < ¢ + C. By Lemma 7.6 and Proposition 7.7 we get that

1 1 c’
enlw 1l(@) = T, (ko ) = 7 Flp+Cv)(has k) - — — e =
1 (04 C’
- %F[@ay](kaak) -C- % —e=clp,v](a) —C — * —e.
The proposition follows. O

8 Proof of main theorem

8.1 Preliminary results

Let B2(yu, k) denote the unit ball in H°(kL) with respect to the norm [ |.|2e~**dyp,
i.e.

B?(u, ko) = {s € H(KL) : / |s|?e""Pdu < 1}.
b's



8 PROOF OF MAIN THEOREM 25

Consider the quotient of the volume of two unit balls

volB? (u, k)
volB2(v, ki)

with respect to the Lebesgue measure on H(kL), where we by some linear isomor-
phism identify H°(kL) with CN, N = h9(kL). In fact the quotient of the volumes
does not depend on how we choose to represent H"(kL).

Lemma 8.1.
VOIB2(/,L,I€LP) . det(f Sigjeikd)dlj)ij

volB2(v, ky) — det( [ si3je~kedp);;’
where {s;} is any basis for H°(kL).

s)

Proof. First we show that the right hand side does not depend on the basis. Let {¢;} be
some orthonormal basis with respect to [ |.|2e~*¥dv, and let A = (a;;) be the matrix

such that
S; = Z aijtj.

Then we see that

/sigje_]“l’dy = /(Z aiktk)(z ajltl)e_]“l’du = Z ik Gk (16)

Therefore by linear algebra we get that
det ( / sisje_kwdu) = det(AA*) = |detA|%. (17
]

If we let {s}} be a new basis,

si=Y bys;,  B=(by),

det (/ 5;§;ekwdu) = |detB|*det </ siéjekwdy> .
ij ij

Since |detB|? also will show up in the denominator, we see that the quotient does not
depend on the choice of basis.

Let as above {t;} be an orthonormal basis with respect to [ |.|>e~*¥dv and let {s, }
be an orthonormal basis with respect to [ |.|2e~*#dyu and let

S = Z G,ijtj, A= (aij).

then

It is clear that
volB?(u, kep)

— T — |detAl2
volB2(v, ki) [detA]
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Note that the square in the right-hand side comes from the fact that we take the deter-
minant of A as a complex matrix. By equations (16) and (17) we also have that

det </ sisje_kd’du) = |detA|?,
ij

and since {s;} were chosen to be orthonormal

det (/ sisje_k“"d,u> =1.
ij

The lemma follows. O

Definition 8.2. Let (p, 1) and (1, v) be two Bernstein-Markov pairs on (X, L). The
Donaldson Ly, bifunctional on (v, ) is defined as

- n! volBQ(,u, ko)
Li(p, ) = ofnt1 In (volBQ(V, kw) .

Theorem A in [1] states that for Bernstein-Markov pairs the Donaldson £, bifunc-
tional converges to the relative energy.

Theorem 8.3. Let (v, ) and (¢, v) be two Bernstein-Markov pairs on (X, L). Then
it holds that

We will use this result to prove our main result, Theorem 6.5, stating that the rel-
ative energy of two continuous weights is equal to the integral of the difference of the
respective Chebyshev transforms over the Okounkov body.

8.2 Proof of Theorem 6.5
Proof. We let {s;} be a basis for H%(kL) such that

s; = 2" 4 higher order terms,
where a; € Ay (L) is some ordering of Ay (L). Let
S; = Zaijtiwk, A= (aij).

From the proof of Lemma 8.1 we see that

det(/ Sisje_kwdy> :|detA|2det</ tikfg;,ke—’“wdy> -
X ij X ’ Js ij

= [detA” T 1168417,
a€A(L)
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since tfl ., constitute an orthogonal basis. Also since the lowest term of s; is 25 we
must have that a;; = 0 for j < 7 and a;; = 1. Hence detA = 1, and consequently

det (/ SiSje_kde) = H Ht27k||2.
X i aeAg(L)
From equation (15) we get that
n!
Lrlp. ) = 17 > (@) = erlel(@).

a€AL(L)

For all k let é;[t)] denote the function on A(L)° assuming the value of ¢ [¢)] in the
nearest lattice point of A (L) (or the mean of the values if there are multiple lattice
points at equal distance). Then

n! - _
o . (@) — alpl(e) = n!/ (e [¥] = ex[p])d,

QEAk(L) Aj

where Ay, increases to A(L)°. By Propositions 7.5 and 7.8 we can use dominated
convergence to conclude that

tim 4 ) =t [ (elg] —elghar

Combined with Theorem 8.3 this proves the theorem. O

9 Previous results

Some instances of formula (10) are previously known. Here follows three such in-
stances.

9.1 The volume as a relative energy

We consider the case where we let ¢ = ¢ + 1. It is easy to see that this means that
P(p) — P(¢) =1, thus

1
n+1

E(p, ) = /Q MA,(P(g), P(1)). (18)

Furthermore it has been shown by Berman-Boucksom (see e.g. [1]) that for any n-tuple
of psh weights 1; with minimal singularities it holds that

/ dd°y A ... A dd°tp,, = vol(L), (19)
Q

where (2 denotes the dense Zariski-open set where the weights v; are all locally bounded.
Equations (18) and (19) together yields that

E(p, 1) = vol(L). 20)
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Any minimizing section with respect to | |.|2e~*% will also minimize the norm

/HQe_k(w"‘l) :/|.|26_k“’.

It follows that c[1)] — c[¢] is identically one. Therefore

/ (cl] — clg])dA = vols (A(L)). 1)
A(L)°

Equations (20) and (21) and Theorem 6.5 then gives us that
vol(L) = n!volgn (A(L)).

We have thus recovered Theorem A in [9].

9.2 Chebyshev constants and the transfinite diameter

Let K be a regular compact set in C. We let ||.||x denote the norm which takes the
supremum of the absolute value on K. Let P, denote the space of polynomials in z
with z* as highest degree term. Let for any k

Y (K) = inf{||p||x : p € P}
One defines the Chebyshev constant C'(K) of K as the following limit

C(K) := lim (Vi (K))/-.

Let {x;}%_, be a set of k points in K. Let d({z;}) denote the product of their

mutual distances, i.e.
di({z:}) = [ ] lwi — 251
i<j
One calls the points {z;} Fekete points if among the set of k-tuples of points in K
they maximize the function dy. Define T} (K) as dy({z;}) for any set of Fekete points
{x;}%_,. Then the transfinite diameter T'(K) of K is defined as
= i 1/(5)
T(K) := khm (T (K))\2).
We will now think of C as imbedded in the complex projective space P*. Let Zg, Z;
be a basis for H%(O(1)), therefore [Zy, Z1] are homogeneous coordinates for P*. Let

4 _%
-7

z: and w = .
A
Let p denote the point at infinity

[0, 1].

Then w is a holomorphic coordinate around p, and Z; is a local trivialization of the line
bundle O(1) around p. Thus we will identify a section Z§ ZF~* € HO(O(k)) with the
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polynomial w® as well as with z*~. This means that the Okounkov body A(O(1)) of
O(1) is the unit interval [0, 1] in R. We observe that a section s € H(O(k)) lies in P;
as a polynomial in z if and only if

s = w*~" 4 higher order terms.

For a section s let 5 denote the corresponding polynomial in z. Consider the weight
Pr(In|Zy|?). It will be continuous since K is assumed to be regular (see e.g. [1]).
Then we have the following lemma.

Lemma 9.1. For any o € [0, 1], i.e. that lies in the Okounkov body of O(1), we have
that
c[Px(In|Zs*)](a) = 2(1 — ) In C(K).

Proof. By basic properties of the projection operator Pk (see [1]) it holds that for for
any section s € H°(O(k))

sup{Jafe 10"} = sup{jsfe 1), 22)

Since the conversion to the z-variable means letting Z be identically one, we also have
that

sup{[s|?e 170"} = sup {32} = 3]/%- (23)
K K

We see that s € A, 1, iff § = zF=k> 1 lower order terms. Hence
F[P (In | Zo|*)](ka, k) = 2In Yo -1 (K),

and

F[PK(lnlzk(:ﬂ N(ka, k) kllnoloélnykafk(K) _
= lim 2(1 - a) In(Yi_po(K))* 75 = 2(1 — o) In C(K).

ol Pi (In | Zo|*)](ar) = Tim.

O

Let K and K’ be two regular compact subsets of C. From Theorem 6.5 and Lemma
9.1 we get that

E(Prr (| Zo|*), Prc(In| Zo|*)) = /( )(C[PK(lanoIQ)] — [P (In | Zo[*)])dA()
0,1
= / 2(1-a)InC(K) —2(1 —a)nC(K"))d\(a) =InC(K) —InC(K").
(071)
On the other hand it follows from Corollary A in [1] that
InT(K) —InT(K') = £(Pg:(In | Zo|?), Px (In|Zo|?)). (24)

Thus by Theorem 6.5, using Lemma 9.1 and equation (24) we get that

InT(K)-InT(K')=InC(K) —InC(K").
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In fact it is easy to check that for the unit disc D, T'(D) = C(D) = 1, so we recover the
classical result in potential theory that the transfinite diameter 7'(K') and the Chebyshev
constant C'(K) are equal.

For a thorough exposition on the subject of the transfinite diameter and capacities
of compacts in C we refer the reader to the book [13] by Saff-Totik.

9.3 Invariant weights on toric varieties

Let X be a smooth projective toric variety. We will view X as a compactified C*, such
that the torus action on X via this identification corresponds to the usual torus action
on C™. As is well-known, there is a polytope A naturally associated to the embedding
C™ C X. We assume that A lies in the non-negative orthant of R™. There is a line
bundle L A with a trivialization on C™ such that

An(La) = AN (12)",

and any section s € HY(kLa) can in fact be written as a linear combination of the

monomials z% where
ackANZ™.

Let dV be a smooth volume form on X invariant under the torus action. Then it
holds that for any torus invariant weight 1,

/ 2270 F v =0
X
when o # (. This follows from Fubini since trivially the monomials are orthogo-

nal with respect to the Lebesgue measure on e.g. tori. Because of this for any torus
invariant weight 1) the minimizing sections tf « are given by z*®_and consequently

1
cx[, dV](a) = Eln/X |Re 2e =R .

Assume for simplicity that 1) is positive.

Lemma 9.2. For any strictly positive torus invariant weight 1) we have that

@) = n (sup {17y ).

zeCn

Proof. We have that
k
/ |2F e R ay < dV (X) sup{|z"® P "} = dV(X) (sup{za|26_w(z)}> ,
X X zeX
which yieds the inequality

@) < In (sup{Jz* e 19} ).
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By the Bernstein-Markov property of dV with respect to 1 we get that
k
/ |ZF ek ay > Cemek sup{|zm|26_k¢(z)} = Ce ¢k (sup{|za|26_w(z)}> .
X z€X z€X
Using Proposition 7.5 it follows from this that
@) = n (sup{="Pe ).
zeX

Since 1) is a weight on L A it obeys certain growth conditions in C™. In fact for « lying
in the interior of A = A(LA) it holds that

sup{|za|267¢(z)} = sup {\zo‘|267w(z)},
X z€Cn

and the lemma follows. O

Remark 9.3. If we do not assume that the weight 1 is strictly positive, the lemma still
holds if we in the supremum replace 1) with the projection P(1)).

Let O denote the map from C™ to R™ that maps z to (In|z1],...,In|z,|). Since
we assumed v to be torus invariant, the function v o O~ is well-defined on R™. We
will denote 1) o ©~1 by 1)g. Since 1) was assumed to be psh, it follows that g will
be convex on R™. Recall the definition of the Legendre transform. Given a convex
function g on R™ the Legendre transform of g, denoted ¢g*, evaluated in a point p € R"
is given by

g*(p) = sup {(p,x) — g(x)}.
TER™

Observe that
In ((]z°]%¢7%) 0 ©71(2)) = 2(a, ) — Yo (2). (25)

Thus by equation (25) and Lemma 9.2 we get that

o) =2 (%) (@

Theorem (6.5) now gives us that for any two invariant weights 1) and ¢ on L it holds

that .
£, ) = 2n!/0 (%@) - <¢2@> .

This is a known result in toric geometry.

10 The Chebyshev transform on the zero-fiber

Let us assume that
21::0
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is a local equation around p for an irreducible variety which we denote by Y. Let
H°(X|Y, kL) denote the image of the restriction map from H%(X, kL) to HO(Y, kL;y ),
and let T'(X|Y] L) denote the semigroup

Ukso (v(H°(X|Y, kL)) x {k}) C N™.

Note that since 23, ..., 2, are local coordinates on Y, v(H®(X|Y, kL) will be a set of
vectors in N"~1,

Definition 10.1. The restricted Okounkov body A x|y (L) is defined as the Okounkov
body of the semigroup T'(X|Y, L).

Lemma 10.2. IfY is not contained in the augmented base locus B4 (L), thenT'(X|Y, L)
generates 7. as a group.

This is part of Lemma 2.16 in [9].

Remark 10.3. The augmented base locus By (L) of L is defined as the base locus of
any sufficiently small perturbation L — A, where A is some ample line bundle. Here
we are only interested in the case where L is ample, and then it is easy to see that the
augmented base locus B, (L) always is empty.

Assume now that L is ample. We will show that the Chebyshev transform c[¢)] can
be defined not only in the interior of the Okounkov body but also on the zero fiber,

A(L)o == A(L)N ({0} x R™71).
From Theorem 4.24 in [9] we get the following fact,

A(L)o = Axy(L). (26)

Note that since the Okounkov body lies in the positive orthant of R™, A(L)y is a
part of the boundary of A(L), hence the Chebyshev transform of a continuous weight
is a priori not defined on the zero-fiber. Nevertheless, we want to show that one can
extend the Chebyshev transform to the interior of zero-fiber A(L)g. To do this, we
need to know how I' behaves near this boundary, something which Theorem 2.2 does
not tell us anything about.

Lemma 10.4. Assume L to be ample, and p any point in the interior of A(L)g. Let
E%—s—l denote the unit simplex in Z"', XX | the unit simplex in R"~1, and let S
denote the simplex {0} x XX _| x {0}. Then T'\(L) contains a translated unit simplex
(a, k) + 41 such that (kp, k) lies in the interior of the (n — 1)-simplex

(a, k) + S
(i.e interior with respect to the R™~! topology).

Proof. The augmented base locus of L is empty since L is ample, thus by Lemma 10.2
we may use Lemma 2.3 in combination with equation (26) to reach the conclusion that
for large k, there are sections sy such that (p, k) lies in the interior of (v(sg), k) + S
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with respect to the R"~! topology. We may write L as a difference of two very ample
divisors A and B. We may choose B such that A;(B) contains ¥,, in Z™, and A such
that A (A) contains origo. Now

kL = B+ (kL — B).

Since L is ample, for k large we can find sections s}, € HY(kL — B) such that v(s},) =
v(sk). We get that
(v(s5%),k) + Ea € (L),

by multiplying s}, by the sections of B corresponding to the points in the unit simplex
Y. € A1(B). Also observe that

(k+1)L=A+ (kL — B).
Now by multiplying s}, with the section of A corresponding to origo in A;(A) we get
(v(s}), k) +(0,...,0,1) C T'(L).
Since
Y. x{0}uU(0,..,0,1) =X, 11

we get
(v(s}), k) + Sny1 CT(L).

O

Remark 10.5. The proof is very close to the proof of Lemma 2.2 in [9], which shows
the existence of a unit simplex in T'(L), when L is big. The difference here is that we
need to control the position of the unit simplex, but the main trick of writing L as a
difference of two very ample divisors is the same.

Lemma 10.6. Let p be as in the statement of Lemma 10.4. Then there exists a neigh-
bourhood U of p such that if we denote the intersection U N A(L) by U, for k large it
holds that

(kU, k)N Z"t C T(L).

Proof. Let (a,m) + £%,, C I'(L) be as in the statement of Lemma 10.4, and let
DZ C T'(L) denote the set

D% = (a,m) + X2 x {0} = (o + XZ) x {m}.
Let also D® denote the set
DR = (a+ =) x {m}.
Since trivially
e 2= (kEE) Nz,

—_——
k
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we have that
(kDR km)NzZ"*t = D% + ...+ DX CT(L).
k
Therefore the lemma holds when £ is a multiple of m. Furthermore, since m and m + 1
are relatively prime, if k is greater than m(m + 1) we can write

k=km+ kg(m + 1),
where both &k, and ko are non-negative, and ks < m. Thus we consider the set
D% 4 ... 4 D +ka(a,m 4+ 1) CT(L).
| ——
k1

Because of the pound ky < m, and since («,m + 1) lies on the zero fiber, for a
neighbourhood U of p, when k gets large we must have that

(kU,k)NZ"* C D% 4 ... + D% +ko(a,m + 1) CT(L).
—_—
k1

O

Corollary 10.7. Assume L is ample, then the chebyshev function c[)] is well-defined
on the interior of the zero-fiber, A(L)g, and it is continuous and convex on its extended
domain A(L)° U A(L)§.

Proof. The proof goes exactly as for the case of an interior point, now using Lemma
10.6 instead of Theorem 2.2. O

Lemma 10.8. Assume L is ample, and 1) is a continuous weight. Then for any regular
compact set K it holds that the projection Py () also is continuous. In particular,
since X is regular, P(1) is continuous when L is ample.

Proof. Seee.g. [1]. U

We will have use for the Ohsawa-Takegoshi extension theorem. We choose to cite
from [3] one version of it .

Theorem 10.9. Let L be a holomorphic line bundle and let S be a divisor. Assume
that L and S have metrics V1, and U g respectively satisfying

ddVyp > (14 6)dd Vs + dd“ Vg,
where VU i . is some smooth metric on the canonical bundle K x . Assume also that
dd“v, > ddc(\I/S + \I/KX).

Then any holomorphic section t of the restriction of L to S extends holomorphically to
a section t of L over X satisfying

~ ds
tPe VW, < C / tPe Y ———.
Jlepe e < | P g

Here wy, is a smooth volume form on X and dS is a smooth volume form on S.
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For a proof of this version we refer the reader to [3].

Lemma 10.10. Suppose L is ample. Let A be an ample line bundle, with a holomor-
phic section s such that locally s = z1. Also assume that the zero-set of s, which we
will denote by Y, is a smooth submanifold. Then for all « € Ax |y (L) we have that

ex[¢](0,a) = ey [P(9)y](a). (27)

Proof. We may choose z; = z3,...,Z,—1 = 2z, as holomorphic coordinates on Y
around p. We consider the discrete Chebyshev transforms of the restrictions of P(¢p)
and P(¢) to Y. Since L is ample, by Lemma 10.8 P(p) and P(¢)) are continuous,
therefore the restrictions will also be continuous psh-weights on Ly, therefore the
Chebyshev transforms cy [P(¢)|y] and cy [P(v))|y] are well-defined.

We note that if t € H(X, kL) and

t = Zk((),a)

+ higher order terms,
the restriction of ¢ to Y will be given by
ty = z*® 4 higher order terms.

Furthermore

St;p{\tw\%’kp(“’)} < St}l{p{ltl%’kp(“’)}-

This gives the inequality

ex[9](0, a) > ey [P(g)y](e),

by taking ¢ to be some minimizing section with respect to the supremum norm on X.
For the opposite inequality we use Proposition 7.5 which says that one can use
Bernstein-Markov norms to compute the Chebyshev transform.
Ift € HO(Y, kLyy),

t = 2> 4 higher order terms,

then if & is large enough there exists a section t € H°(X, kL) such that ly = t.
This is because we assumed L to be ample, so we have extension properties (by e.g.
Ohsawa-Takegoshi). We observe that any such extension must look like

t = ZF(0a)

+ higher order terms,
because if we had that
t = P8B4 higher order terms

with #; > 0, then since all higher order terms also restrict to zero,
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which is a contradiction.
Let ¥ be some smooth strictly positive weight on L. Then for some m

dd*m¥ > (14 6)dd°V 4 + dd° ¥ i,
and
dd‘mVU > dd°V 4 + dd V.,

where U 4 and W g, are weights on A and K x respectively. We have that dd°P(yp) >
0, hence
dd®((k —m)P(p) + m¥) > (14 6)dd°V 4 + dd°V g,

and
dd®((k —m)P(p) +m¥) > dd°W 4 + dd°W

for all £ > m. Since P(y) is continuous hence locally bounded, we also have that for
some constant C,
U-—C<Plp)<¥+C.

We can apply Theorem 10.9 to these weights, and get that for large k, given a { €
HO(Y,kL)y) there exists an extension ¢t € H°(X, kL) such that

/ |t|267kP(W)wn < emC/ ‘t|267(k7m)P(<p)fm\I/d'u

X B be

Seché/ ‘{|267(k7m)P(ap)fm\I/dV§62mC05/ |£|267kP(<p)dV’
Y Y

where Cjs is constant only depending on ¢ and dv is a smooth volume form on Y.
By letting ¢ be the minimizing section with respect to fy |.|2e=*P(#)dy and using
Proposition 7.5 we get that

cx[9](0,a) < cy[P(p)y](a),

/|t|267k“"wn§/ |t\267kp(“")wn.
X X

Proposition 10.11. Let L, A and Y be as in the statement of Lemma 10.10. Then we
have that

since

O

Ev(P(9)y. P(¥)y) = (n — 1)! / (c[t)] — el])(0, a)da.

A(L)o

Proof. The proposition follows from Lemma 10.10 by integration of equality (27) over
the interior of the zero-fiber, and Theorem 6.5 which says that

Ev(P(9)y. P(Y)y) = (n — 1)! /A L PO —er Pyl
Yy
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We will cite Proposition 3.7 from [1] which is a recursion formula relating the
relative energy and the restricted energy.

Proposition 10.12. Suppose L is ample, let s € H°(L), and let Y be the smooth
submanifold defined by s. Let 1) and o be two continuous weights. Then

(n+1)Ex (1, @) —nEy (P) )y, P(p))y) =
= [ sl = Pe)MAP() ~ [ (nlsP = P()MACP()).

X

In particular, combining Theorem 6.5, Proposition 10.11 and Proposition 10.12 we
get the following.

Proposition 10.13. Let L, s and 'Y be as in Proposition 10.12. Then it holds that

1
/A(L)O(cx[sﬁ} —cx[Y])dA, = Tl /A(L)S(Cx[cp] —ex[¥))dAn_1 +

! 1
+m /X(1n|3|2 — P(p))MA(P(p)) — m /X(ln|s|2 — P(¢))MA(P(2)).

11 Directional Chebyshev constants in C"

In [4] Bloom-Levenberg define what they call directional Chebyshev constants. In
this section we will describe how this relates to the Chebyshev transforms we have
introduced.

The setting in [4] is as follows. Let <; be the order on N™ such that o <;
if o] < |8, orif || = |B] and o <jex B Let P, denote the set of polynomials
p(21, ..., 2, in the variables z; such that

p = z% + lower order terms.

Observe that here we want lower order terms, and not higher order terms. Let K be a
compact set and h an admissible weight function on K. For any @ € N" they define
the weighted Chebyshev constant Y3(«) as

Yi(a) := inf{zsgllgﬂh(z)‘“lp(zﬂ} :p € Py}

Lemma 2.1 in [4] tells us that the limit

MK,0) = lim  Yi(a)'/dE®
a/deg(a)—0
exists. These limits are called directional Chebyshev constants.

In our setting we wish to view C” as an affine space lying in P"*. Also, polynomials
in z; can be interpreted as sections of multiples of the line bundle O(1) on P™ in the
following sense. Let Zy, ..., Z,, be a basis for H°(O(1)) on P, and identify them with
the homogeneous coordinates [Zy, ..., Z,]. We can choose

p:=[1:0:..:0]
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to be our base point, and let z; := % be holomorphic coordinates around p. We also let

Zy be our local trivialization of the bundle. Given a section s € H°(O(k))we represent
it as a function in z; by dividing by a power of Z

Zi(’)“ = Z a2,
Therefore we see that
glao,ar,an) |, p(an,man)
We could also choose a different set of coordinates. Let
g:=1[0:...:0:1]

be our new base point, and let w; := 5
trivialization around ¢. Given a section s € H°(O(k)) we represent it as a function in

w; by dividing by a power of Z,

be coordinates around ¢. Let Z,, be the local

Zi,’j = Zbawa.

Hence
z(@o,ar,nan) o (@0, s0m—1)

To define Chebyshev transforms we need an additive order on N”. Since the semigroup
I'(O(1)) will not depend on the order, we are free to choose any additive order. Let
<9 be the order which corresponds to inverting the order <; with respect to the z;
variables, i.e.

(Oé(),...,Oén_l) <2 (ﬁOa "'aﬁn—l)
iff
(ﬂla 7ﬂn) <1 (ala ---,an)~

Therefore
2(@1an) 4 Jower order terms = w(®0 o %n-1) higher order terms. (28)

We may identify the weight function h with a metric h = e~%/2 on O(1). Consider
the weight Pk (v). For simplicity assume that K is regular. Since O(1) is ample from
Lemma 10.8 it follows that Pk (¢) is continuous, therefore the Chebyshev transform
c[Pk (v)] is well-defined. It is a simple fact that

sup{[s(2)[?e ** )} = sup {|s(z)[2e FPr W)}, (29)
zeK z€P™

Let g =0, and let k = ZT a;. By (28) we see that s € A, 0, ),k iff itis on
the form
Z(@1man) 4 Jower order terms.

By (29) it follows that

InYs(aq,...,an) = F[Px (V)] (ka, k).
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Thus we get that for 6 = (61, ...,0,,) € 3°
c[Pr ()](0,61, ....,0n_1) = 2In7"(61, ..., 6,). (30)

Observe that the order <o we used to defined the Chebyshev transform has the
property that (0, &) <2 (01, ) when 51 > 0. It was this property of the lexicographic
order we used in the proof of Proposition 10.11. Therefore the theorem holds also
for Chebyshev transforms defined using <o instead of <jx . Let (K’ h’) be another
weighted set in C™, and let ¢/’ be the corresponding weight on O(1) associated to h'.
Then integrating (30) gives us that

! h h / _
m/zolm (K,0) — In7"' (K, 0)d0 =
- (n;”! / [Pk ()] — c[Px ()] d6, a1
AO(1)o

where Y := {Z; = 0}. Here we used that A(O(1))o is a (n — 1)-dimensional unit

simplex, and thus
1

(n—1)"
Bloom-Levenberg define a weighted transfinite diameter d"(K) of K which is
given by
1
d"(K) == ——— [ In7"(K,0)do ) .
(1) i=exp (i [ mr (000 )

There is also another transfinite diameter, ¢ h(K ), which is defined as a limit of certain
Vandermonde determinants. By Corollary A in [1] we have that

meas(A(O(1))o) =

(n+1)

In6"(K) —In 6" (K') = 5
n

E(Prr ("), Pre (1))
Then by Theorem 6.5, equation (31) and Proposition ?? we get that
In6"(K) —Iné" (K') =

=Ind"(K) —Ind" (K') + % / %(m |Zo|* = Prc())MA(Pr (¢)) —

n

o [ 50120 = P )MAPre ().

n

In fact, the positive measure MA (Px (1)) has support on K, and Pk (1)) = 1) a.e. with
respect to MA(Px (3)). In the notation of [4], (¢ — In|Zy|?)/2 is denoted @, and
MA(Pk (¢)) is denoted (dd°Vy ;)" Thus in their notation

Iné"(K) —Iné" (K') =

! 1 1
=Ind"(K)—Ind" (K’)—E/ Q(ddCV}Q)”+5/ Q'(ddVig, o)™
K K’
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For the unit ball B, with h = 1 = | Zy|? and therefore Q;, = 0, it is straight-forward to
show that we have an equality

Using this we get that
1
Iné"(K) =Ind"(K) - ﬁ/ Qdd Vit o)™
K

By taking the exponential we have derived the formula of Theorem 2.7 in [4].

12 Chebyshev transforms of weighted Q- and R-divisors

Because of the homogeneity of Okounkov bodies, one may define the Okounkov body
A(D) of any big Q-divisor D. Set

A(D) = %A(pD)

for any p that clears the denominators in D. In [9] Lazarsfeld-Mustatd show that this
mapping of a Q-divisor to its Okounkov body has a continuous extension to the class
of R-divisors.

In Proposition 5.10 we saw that Chebyshev transforms also are homogeneous under
scaling. Therefore we may define the Chebyshev transform of a Q-divisor D with
weight 1, by letting

f)(a) = %cwpc«), o€ ADY, (32)

for any p clearing the denominators in D. We wish to show that this can be extended
continuously to the class of weighted R-divisors.

We will use the construction introduced in [9]. Let D, ..., D, be divisors such that
every divisor is numerically equivalent to a unique sum

ZaiDi, a; € 7.

Lazarsfeld-Mustata show that for effective divisors the coefficients a; may be chosen
non-negative.

Definition 12.1. The semigroup of X, I'(X), is defined as

rx):= J (U(HO(OX(ZaiDi))) x {a}) c znt,

a€eN”
where v stands for the usual valuation,

s = z% + higher order terms = S Q.
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Lemma (4.11) in [9] states that I'(X') generates Z"™*" as a group.
Let X(T'(X)) denote the closed convex cone spanned by I'(X), and let for ¢ € N”

Afa) :=2(T(X)) N (R™ x {a}).
Theorem (4.5) in [9] states that for any big Q-divisor D = 3" a;D;,
A(a) :A(D)7 a= (ala"'aaT)'

Let for each 1 < ¢ < r 1); be a continuous weights on D;. Then for a € N",
>~ a;1 is a continuous weight on Y a;D;. For an element (o, a) € I'(X), let A, , C
H(>" a;D;) be the set of sections of the form

2% + higher order terms.
Definition 12.2. The discrete global Chebyshev transform F i1, ..., 1, is defined by
Fly1, ..., ¥r)(a,a) = inf{In[|s|[3 4 : 5 € Aa,a}

Jor (a,a) €e T(X).
Lemma 12.3. F[y1, ..., ¢, is subadditive on T'(X).
Proof. If s € H(Ox (> a;D;)),

s = z% 4+ higher order terms,
andt € H(Ox (Y. b;D;)),

t=2"+ higher order terms,
then st € H*(Ox (> (a; + b;)D;)) and

st =21 4 higher order terms.

Thus the subadditivity of F[i)1, ..., 1,] follows exactly as for F[¢] in Lemma 5.3. [

Lemma 12.4. F[i)1,...,1,] is locally linearly bounded from below.
Proof. Let (a,a) € £(I'(X))°. Let ¢, ,, be the trivializations of the weights 1);, then

Z a; Vi p

is the trivialization of Y a;1);. Let D be as in the proof of Lemma 5.4, and choose A

such that
e~ 2 i%ip 5 A

Since the inequality
e S bivip > A

holds for all b in a neighbourhood of a, the lower bound follows as in the proof of
Lemma 5.4. O
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Definition 12.5. The global Chebyshev transform c[i)y, ..., 1, |of the r-tuple (1, ..., ;)
is defined as the convex envelope of F[i1, ..., 1,] on (I'(X))°.

Proposition 12.6. For any sequence (a(k), a(k)) € T'(X) such that |(a(k), a(k))] —

oo and
(alk),alk)) o
(atk),a(ky] ~ #+) € D))
it holds that
. F[qula---aqpr}(a(k)?a(k)) —c a
Jim (k). (k)] = c[Yr, ..., ¥ (p, a).

Proof. By Lemma 12.3 and Lemma 12.4 we can use Theorem 3.8, which gives us the
proposition. O

Proposition 12.7. For rational a, i.e a = (ai,...,a,) € Q", the global Chebyshev
transform c[iy, ..., .| (p, a) coincides with ¢ [y, a; ;] (p), where the Chebyshev trans-
form of the Q-divisor Y, a; D; as defined by (32).

Proof. By construction it is clear that for all (o, a) € I'(X) we have that
Flin, . tr(a, ka) = F [ 3 aiti] (a ),
Choose a sequence («(k), ka) € T'(X) such that

(k) ka)) _ (p,a)

A Ttk k)]~ (pa)]’

where we only consider those & such that ka is an integer. Then by Proposition 12.6
we have that

C[’L/Jl, ...71[)7,](29’ a) — kh*}rgo |(p’ a)| FWl, ...,1l)r](a(k), ka) _

(k). ka)
~ lim (. oy P @il (k) k) o Apa)lk e _
= Jm i) ot T = i (o) < [ o] o)

=c {Z aﬂ/h} (p)-

O

Now that we have defined the Chebyshev transform for weighted R—divisors we
wish to show that the formula of Theorem 6.5 holds true also in this case. First we need
some preliminary lemmas.

Lemma 12.8. The function E(ty, 1) is (n + 1)-homogeneous in t for t > 0, i.e.

E(t, tp) =" EWM, ).
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Proof. For weights with minimal singularities ¥’ and ¢’, by definition of the relative
energy we have that

1
Etp, tp) = ] Q(tt// — to")MA, (1), 1) =

tn+1

_ r / N _ gn+l1
—n+1/ﬂ(¢ PIMAL (Y, @) = " E(W, ). (33)

We also observe that ¢/’ is a psh weight on ¢ L iff ¢/’ is a psh weight on L. Therefore
we get that

P(ty) = tP(1)). (34)
Combining (33) and (34) the lemma follows. O
Lemma 12.9. Assume that L is ample. Let 1) and 1)’ be two continuous weights on L,

and let ¢ and @' be two continuous weights on some other big line bundle L'. Then the
function

E(W +tp, ' + ty')
is continuous in t for t such that L + tL’ is ample.
Proof. We show continuity at ¢ = 0. Since L is ample, for some ¢ > 0
L+el’
will be ample. Furthermore the relative energy is homogeneous. We may write
L+tel’
as

(1= (L + (L +eL),

thus without loss of generality we can assume that L’ is ample. By the cocycle property
of the relative energy we have that for any continuous weight ¢ on L’

E(W+tp, Y +1¢') = E(b+to, Y +1p) +EW +1Q, ' +10) + E(Y +@, ' + 1),

Thus it suffices to consider two special cases. The first where we assume that ) = 1)'.
In the second case we instead assume that ¢ = ¢’ and that  is psh.

First assume that ¢ = v’. Since £ (1, ¥) = 0, we must show that £ (Y +tp, +tp’)
tends to zero when ¢ tends to zero. Lemma 1.12 in [1] tells us that the projection
operator is Lipschitz continuous. In our case this means that

sup |P(1) +to) — P(1p + to')| < tsip lp — ¢
We get that
|EW +to, ¢ +t)| =
1

— il [ (P t0) — P+ t0)MAL(PW +10). P(Y + 1) <
n X

1
< tsuplp — w’\if MA,,(P(¢ + tp), P(¢ + t¢')) =

=tsup|y — ¢'|vol(L + tL').
X
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Since the volume is continuous (see e.g. [1]), we get continuity in this case.
Now we intead assume that ¢ = ¢’ and that ¢ is psh. We first show right-continuity.
Since ¢ is psh, for all » < ¢ we have that

P +rp)+ (t—1)p

is psh and it is clearly dominated by ¢ 4 t¢, thus by the definition of the projection
operator
P +tp) = P(Y + 1) + (t = 1)

It follows that P (1) + t¢) — tip is increasing in ¢. Also
dd®(P(¢ + to) — tp) > —tdd“p,
thus by standard results in potential thoery we have that
dd* lim (P(¢ + t) — tp) > 0.
This gives us that
im (P + 1) — 1) = P(&).

The same holds for
P +tp) — tep.
We now write P(v) + tp) as

(P(¥ +tp) —tp) + 1
and P(¢)' + ty) as
(P +tp) —tp) +tp
in the expression for
E( +to, ¥ + tp)

and the right-continuity follows from Theorem 1.6 in [1], which states that mixed
Monge-Ampere operators are continuous along pointwise decreasing sequences of psh
or quasi-psh weights converging to a weight with minimal singularities. For the left-
continuity we use the homogeneity of the relative energy exactly as above to reduce to
the case of right-continuity already considered. O

We are now ready to prove our main theorem in the setting of weighted ample
R-divisors.

Theorem 12.10. For ample R-divisors Y a; D; we have that

E(Z a;;, Z a;p;) =

—nt | (€1, s 9} (p2@) = clibr, s )5, @))dA(D). (35)
A(Y- aiD;)
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Proof. First we show that (35) holds when a € Q". By the homogeneity of the Ok-
ounkov body and the Chebyshev transform we have that

n! /A(mo(c[tw — cft])dA = t"Fin! /A(L)O(c[zp] — cfy])d =
= t"E(p,0) = Eltp, 1)),

where the last equality follows from Lemma 12.8. Then by Proposition 12.7, (35) holds
for a € Q". Therefore by the continuity of the relative energy, the continuity of the
global Chebyshev transform, and the fact that equation (35) holds for rational a, the
proposition follows. O

13 Differentiability of the relative energy

We wish to understand the behaviour of the relative energy £ ()¢, ;) when the weights
1, and ¢, vary with ¢. In [1] Berman-Boucksom study the case where ), and ¢, are
weights on a fixed line bundle or more generally a R-divisor. We are interested in
the case where the underlying R-divisor is allowed to vary as well. In [9] Lazarsfeld-
Mustatd prove the differentiability of the volume by studying the variation of the Ok-
ounkov bodies. Since our Theorem 6.5 and Theorem 12.10 states that the relative
energy is given by the integration of the difference of Chebyshev transforms on the
Okounkov body, we wish to use the same approach as Lazarsfeld-Mustata did in [9].
The situation becomes a bit more involved, since we have to consider not only the
variation of the Okounkov bodies but also the variation of the Chebyshev transforms.

In this section we will assume that L is an ample R-divisor.

To account for the variation of the Chebyshev transform when the underlying line
bundle changes it becomes necessary to consider not only continuous weights but also
weights with singularities. Specifically weights of the form

¢ —tln |S|27

where ¢ is a continuous weight on L, s is some section of an ample line bundle A, and
t is positive. Observe that these weights only have +oo singularities.

In fact, by general approximation arguments one can show that the results that we
have established for continuous weights aslo hold for weights that are lower semicon-
tinuous and only have 4-oco singularities. But for completeness we include arguments
proving this for ¢ — t1n|s|%.

Let U be some fixed continuous positive weight on A. For any number R we denote
by In [s|% ; the weight

In |s|? ; := max(In|s|>, ¥ — R).
Lemma 13.1. For R > 0 we have that

P(yp —tln|s]2gz) = Py —rin|s]?).
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Proof. That
P(6 — tn]sf? ) < P(¥ — tIns]?)

is clear since
Y —tln|s|?y <9 —tln|s]

P(¢)—t1In|s|?) is psh, therefore upper semicontinuous by definition, which means that
it is locally bounded from above. Thus locally we can find R > 0 such that

Y —t(U — R) > P(yp — tIn|s|?).

But we have assumed that our manifold X is compact, so there exists an R such that
¢ — (VU — R) dominates P(¢) — t1n |s|?) on the whole of X. The same must be true
for ¢ — tIn|s|2 ;. By definition P(¢) — ¢In|s|2 ;) dominates all psh weights less or
equal to ¢ — t1In |s|2 5, in particular it must dominate P(¢) — r1n |s|?). O

Lemma 13.2. [If L is integral, i.e. a line bundle, then for R > 0 such that
P — tin|s2 ) = P(¢ — tlnsP),
we have that Fi) — tIn |s|2 ;] = F[¢ — tn|s|?].
Proof. This follows the fact that for all weights ¢ and all sections s it holds that

sup{|s(z)[Pe#} = sup {[s(x)[?e~ PP},
zeX zeX

see e.g. [1]. O

From Lemma 13.2 it follows that the Chebyshev transform c[) — ¢ In |s|?] is well-
defined, also for R—divisors, and that Proposition 5.6 holds in this case. The formula
for the relative energy as the integral of Chebyshev transforms will also still hold.

Proposition 13.3. For any continuous weight ¢ on L — tA it holds that
E( —thn|s*, ¢) = (36)
= n!/ clp] — e[t — tin|s*]d. 37)
A(L—tA)°

Proof. For integral L, choose an R > 0 such that
Py —tin|s2 ) = P(é — tIns]).

Then (36) follows in this case from Theorem 6.5 and Lemma 13.2. By homogeneity
(36) holds for rational L, and by continuity for arbitrary ample R-divisors. O

Theorem B in [1] states that the relative energy is differentiable when the weights
correspond to a fixed big line bundle. By the comment in the beginning of section 3 in
[1] this holds more generally for big (1,1) cohomology classes, e.g. R-divisors. We
thus have the following.
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Theorem 13.4. Let 1y be a smooth family of weights on a big R-divisor D, and ¢ any
psh-weight with minimal singularities. Then the function

f(t) = EWr, @)
is differentiable, and
£10) = [ uMA(P(0)).
where u = %\owt'
We also need to consider the case where
Yy = o + t(® — In|s|?),
where @ is some continuous weight on A.

Lemma 13.5. For every ¢ there exists a R > 0 such that

P(¢o +t(® —In|s|3 g)) = P(vo + t(® — In]s]?))
fort > e.

Proof. Recall that In |s|? ; was defined as max{¥ — R, In|s|*} for some continuous
weight ¥ on A. That

P(tpo +4(® —n|s[3 ) < P(dho +H(® —In|s[*))
is clear since
Yo + (P —In|s|2z) < Yo + (P —In|s|?)
and the projection operator is monotone. When

Pl + (® — I s[?)) — ¢ — 1
t

+ v

R >

we get that
P(ipo + t(® — s[5 g)) = P(tho + t(® — In|s]?))
because for such R

o+ (@ —In|s]f ) = ¢ —t(¥ — R) = P(vo + t(® — In|s]"))

and the same is true for the projection. By the homogeneity of the projection operator
we have that

P(yo +t(® —In[s?)) — ¢ — t®

; + U = P(@—l—@ ln\s\z)—%—q)—ﬁ-\ll.
We also have that for ¢t > r
P
(@+q> 1n|s|)_@<p(@+q> In|s|?) — (o)

t
(@ +®—1In|s|?) — L(;/’O)
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by the same arguments as in the proof of Lemma 12.9. P(% + ® — In|s|?) is psh
and therefore upper semicontinuous, and since L is ample, P(t)o) is continuous. This
yields that
P
P(@+<I>—1n|s|2)—ﬂ—<b+m
T T
is an upper semicontinuous function on the compact space X, so it has an upper bound.
The lemma follows by setting » = 1/ and choosing R larger than
Yo P(¢o)

P4+ —In|sP) - —2 o+ 0.
r r

We state and prove a slight variation of Lemma 1.3 in [2].

Lemma 13.6. Let fi, be a sequence of concave functions on the unit interval, and let
g be a function on [0, 1] such that fy, converges to g pointwise. It follows that

¢/(0) < Timint f{(0).

Proof. Since f, is concave we have that

fe(0) + f1(0)t = fi(t)
hence
lim inf £.(0) > g(t) — 9(0).
The lemma follows by letting ¢ tend to zero. O

We now prove that Theorem 13.4 holds true also in our singular setting.
Lemma 13.7. The function
F(t) = E@o + (@ —In|s*), p)
is right-differentiable at zero and

d
dt |0+

£ = [ (@~ nlsP)MAP ().
Q
Proof. Let us denote ® — In|s|? by u, and let
u =@ —In|s|3,.
Let fj denote the functions

Ti(t) == E(ho + tug, @).

By e.g. [1] the functions fj, are concave, and by Theorem 13.4 they are differentiable.
By Lemma 13.5 we get that for any £ > 0 there exists a k such that f = f; on (g, 1).
Therefore it follows that f is concave and that

fk— f
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pointwise. Since f is concave it is right-differentiable. We also have that

f4(0) = /Q wMA(P(ty))

by Theorem 13.4. Thus from Lemma 13.6 we get that

O < [ MAPY)).
Q
Since f is concave the derivative is decreasig, for alle > 0

f1(0) > f(e) = klim upMA(P (o + eug)) = / uMA(P (¢ + eu)),
— Jo o

where the last step follows by monotone convergence since
MA(P((/JO + Euk)) = MA(P(w() + Eu))

for large k by Lemma 13.5. The projection operator is 1-Lipschitz continuous, there-
fore we get that P (1o + cuy,) will converge to P (o) uniformly. By Theorem 1.6 in
[1] the Monge-Ampere operator is continuous along sequences of psh weights with
minimal singularities converging uniformly, hence

timy [ uMA(P( +2u) = /Q WMA(P (1)),

and the lemma follows. O
We will also need an integration by parts formula involving In |s|?.

Lemma 13.8. Let o and ¢’ be continuous weights on an ample R-divisor L. Let 1) be
a continuous psh weight on an ample line bundle A, and let s € H°(A) be a section
such that its zero set variety Y is a smooth submanifold. Then it holds that

/X(t/f —In[s|*)dd*(P(p) = P(¢")) A MA_1(P(¢), P(¢')) =
= /X(P(w) — P(¢"))dd“y N MA, 1 (P(9), P(¢)) = ny (P(¢) )y, P()y)-

Proof. The lemma will follow by the Lelong-Poincaré formula as soon as we establish
that

/X(d) —In|s*)dd*(P(p) — P(¢")) AMA,_1(P(¢), P(¢')) =
= [ (o) = P (0 = s A MA, 1 (P(2). P,
which is an integration by parts formula. By Theorem 1.7 in [1] we may integrate by

parts when the functions are differences of quasi-psh weights with minimal singulari-
ties. We denote by uy, the quasi-psh weight with minimal singularities 1) — In |s|i  and
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get that
/X urdd(P() — P(¢') AMA,_1 (P(9), P(¢')) =
- /X (P(¢) — P(¢'))dd ux AMA,_1(P(¢), P()).

Since P(¢) and P(¢') are both continuous, by the Chern-Levine-Nirenberg inequali-
ties (see e.g. [6]) we get that

/| —1n |s?)|dd" P() A MAn_1 (P(¢) <c/| i s]?)|dV

/| —In|s]?)|dd°P(¢’) AMA,,_1(P(p), P <C”/\ —In|s|?)|dV

for some constants C' and C’ and some smooth volume form dV. By standard results
n|s|? is locally integrable, thus both integrals are finite. This means that we can use
monotone convergence to conclude that the LHS will converge to

/XW —In[s*)dd*(P(p) = P(¢")) AMAL_1(P(), P(¢"))

when k goes to infinity. A special case of Proposition 4.9 in [6], chapter 3, is that
monotone convergence for Monge-Ampere expressions holds when one of the terms
has analytic singularities and the others are locally bounded. By this it follows that the
LHS will converge to

/X(P(w) = P(¢'))dd" (¢ — In|s[*) AMA,_1(P(¢), P(¢')),

and we are done. O

Assume that we have chosen our coordinates 21, ..., z,, centered at p such that
z1 = 0

is a local equation for an irreducible variety Y. Assume also that Y is the zero-set of a
holomorphic section s € H°(A) of an ample line bundle A. Then by Theorem 4.24 in
[9] the Okounkov bodies of L and L + t A with respect to these coordinates are related
in the following way

A(L) = (A(L+tA) —ter) N (R4)™

There is also correspondence between the Chebyshev transforms of weights on L and
L +tA.
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Proposition 13.9. Let A and s be as above. Suppose also that we have chosen the
holomorphic coordinates so that z1 = s locally. Then for a > r it holds that

colPl(a, @) —crlpl(a, a) =
=cp_ralth —rin|s)(a —r,a) —cL_ralp — rIn|s]*](a —r, ). (38)

Proof. First assume that L is integral. Since we have that locally s = z;, for t €
HO(kL),
t = 2% 4 higher order terms,

if and only if

t

— = z#(@=72) | higher order terms.
S’r’

We also have that

Sup{lt(I)|2€_k¢(l‘)} = Sup{Me—k(‘P(x)—Tln\s(m)|2)}.
veX zex |7 (z)[?

Thus (38) holds for integral L. By the homogeneity and continuity of the Chebyshev
transform it will therefore hold for ample R-divisors. O

We are now ready to state and prove our generalization of Theorem 13.4 in the
ample setting, where the underlying R-divisor is allowed to vary within the ample
cone.

Theorem 13.10. Let A;, i = 1,...,m be a finite collection of ample line bundles, and
Sfor each i let p; and o), be two continuous weights on A;. Let O denote the open cone
in R such that a € O iff " a; A; is an ample R-divisor. Then the function

fla) = Esvan, O aipi, Y aig})
is Ct on O.

Proof. Letabe apointin O, and denote Y a;A; by L. Denote Y a;o by pand Y a;¢)}
by ¢’. We want to calculate the partial derivatives of F' at a. Thus we let L’ be an ample
line bundle, let ¢» and v’ be two continuous metrics on L’ and we consider the function

@) :=Epper (p +th, " + ).

We claim that f is differentiable at ¢ = 0, and that the derivative varies continuously
with L, ¢ and ¢'.
We may assume that L’ has a non-trivial section s such that Y := {s = 0} is
a smooth manifold, since otherwise because of the homogeneity we may just as well
consider some large multiple of L’ instead. We choose local holomorphic coordinates
such that z; = s. Recall that the Okounkov bodies of L and L + ¢tL' are related in the
following way
A(L) = (A(L+tL") —tey) N (Ry)™. (39)
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Let A(L), denote the fiber over r of the projection of the Okounkov body down to
the first coordinate, i.e.

A(L), == A(L) N ({r} x R™™1).
Then one may write equation (39) as
A(L + tL/) = UOSTSIEA(L + tL/)T U (A(L) + t@l). (40)

Furthermore the energy is given by integration of the Chebyshev transforms over
the Okounkov bodies. Using (40) and Proposition 13.9 we get that

Epir (@ + iy, @ + 1)) =
=n! / cle’ + thy] — clo + thy]dN =
A(L4tL")°

t
=n! / / cl@’ + ] (r, «) — clp + tah](r, a)dadr +
r=0 J A(L+tL')°
ol / g’ + (W —n|s[2)] — clip + t(afr — In|s]?))dp =
A(L)°

t
=n! / / cle’ + ] (r, @) — clp + tab] (r, a)dadr +
r=0 J A(L+tL')°
+EL( + t(Yr —Ins]?), ¢’ + t(; — In|s[?)).

Hence by Theorem 13.4 and the fundamental theorem of calculus it follows that
this function is right-differentiable. We also want to calculate the right-derivative.
We get that

d

— Eryp (o +th, @ + ) =
dt|oy

_ /A 1, C100) — o0+

d
ap,,, Eele Tt - In[s[?), ¢’ +t(¢; — In|s[?)) =
0+

=nEy (P(¢")y, P(®)y) ELlp + t(r — ns[?), " + t(y; — ns?)),

. d

dt|os
using Proposition 10.11 in the last step. Since in the second term the divisor L does not
change with ¢, we may use Theorem 13.4. Also, because of the cocycle property of the
relative energy, we only need to consider two cases, one where ¢ = ', and the other
one where we let ¢ # ¢’ but instead assume that ¢, = 1} = 1 is some fixed smooth
positive metric on L'.
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First assume that ¢ = . The first term disappears and we get that

d

— Erpn (@ + by, o+ ;) =
dt|oy

d
= | EL(p+t(r —In|s|?), o + t(¥) — In|s]?)) =

- / (1o — In|sP)MA(P(¢)) — / (¢ — In[s[>)MA(P(g)) =
X X
- /X (o — WyMAP(9)).  (41)

Here we used Lemma 13.7.

By Theorem 1.6 in [1] this term depends continuously on the weight .

Now let ¢ # ¢’ but instead assume that ¢, = ¢} = 1) is some fixed smooth positive
metric on L’. Then we have that

d
P Eprin (o + 1, ¢ +th) =
T ot

=nEy (P(p)y, P(¢")y) + (42)

4 Eullo+ 0= InlsP), ¢!+t~ n]sf) =

— n&yv (P(2)y P(&)y) + /X (¢ — In [sP)MA(P(p)) -

- /X (¢ — In|s2)MA(P())
=nEy (P(o)y, P(¢")y) +

+ /X (6 — In|s?)dd*(P(¢) — P(¢')) AMA,_1 (P(¢), P(¢)

- /X (P(¢) = P(¢)dd“0 AMAL_1 (P(¢), P(&).  (43)

In the last step we used Lemma 13.8.

This will also depend continuously on the pair (p, ©’) exactly as in Lemma 12.9.

By definition a R—divisor can be written as a finite positive sum of ample line bun-
dles, thus since we have shown that the relative energy is continuously partially right-
differentiable in the ample integral directions it follows that the function f is right-
differentible when L’ is any ample R-divisor. Since the derivatives we have calculated
for ample line bundles are linear, the same formulas hold for arbitrary R-divisors.

Now we consider the question of left-differentiability By Lemma 12.8 the relative
energy is (n+1)—homogeneous. For some possibly large k kL — L' is ample. Because
of the homogeneity of the relative energy, without loss of generality, we may assume
that L — L' is ample, otherwise just change L to kL. Also

1

t
——(L—tL) =L+ ——(L—L).
T4 ) =L+ )
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Using this and the homogeneity we get that

Er—tr (o —ty, @ —tahy) =

= (1= "™ ey o (0 T (9= 90,0 + T (P —uD). (@)
The left-differentiability thus follows from the previous case by equation (44) and the
chain rule.

To show the differentiability of f then, we only need to calculate the left-derivative
to make sure it coincides with the right-derivative. Recall that because of the cocycle
property we only needed to consider two cases. First assume that o = ¢’. Equations
(44) and (41) now yields that

% Epyir (@ +thy, o+ tahy) = d Ep—in (@ —thy, o — typ) =
lo— dt‘0+
S e (ot e — ) (i — ) =
dt oy Lbrt (L-L)P 1-t¢ v t) ¥ 1—-1 v t
_d ¢ t o
= it L+ﬁ(L7L’)((P+717]5(@_'(/)0790""71775(90_1%))_

- /X (9 — o) — (¢ — ¥4))MA(P(g)) = /X (o — $)MA(P(g)) =

d
= — Erpr (@ + iy, o+ tihy).
dt|oy
Now let ¢ # ¢’ but instead assume that ¢ = 1; = 1) is some smooth positive
weight on L'. By the cocycle property we may also assume that o and ¢ —1) are smooth
and positive. By equation (42) we get that

d
i@ Entir (p+ 1Y, ¢ +t) =
=L e et (o) (g — ) =
dt o Lt15 (L—-L)\¥P 1_t<P P 1_t¢

=+ 1)e(e.¢) -
-2 ¢ (9 79— )¢l + (6! — ) =
dt o, L7 (L—L)\P 1_t<P P 1_t<P =

= (n+ DEL(pg) — /X (P(¢) — P(¢)dd (¢ — ) AMA,_1(P(¢), P(')) —
- /X (9 — %) — (¢ — $))MA(P(¢)) =
- /X (P(¢) — P(¢)dd* () AMA,_(P(), P(¢')) =

= —  Erypw(p+tp, ¢ + ).
dtfos
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We used that o' = P(¢') a.e. with respect to MA(P(¢')) (see e.g. [1]). We also used
the observation that

dd®e ANMA,_1(P(p), P(¢)) + MA(P(¢")) = MA,(P(p), P(¢)),

and that by definition

/ (P(¢) — P(¢))MAL(P(), P(¢)) = (n+ DEp(p, &),

The differentiability of f follows, and we saw that the derivative depended continu-
ously on L, ¢ and . Hence the function F is C' on O. O

Note that in the special case where 1; = 1y +tW¥ and p; = g+t for some fixed
positive weight ¥ on L', our calculations show that

n—1
f/(o) = Z /X(P(’L/JQ) — P(@O))ddcq/ A (ddCP(wo))j A (dch((po))n_j_l.
=0
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