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A CONTINUOUS SPACE-TIME FINITE ELEMENT METHOD
FOR AN INTEGRO-DIFFERENTIAL EQUATION MODELING

DYNAMIC FRACTIONAL ORDER VISCOELASTICITY

FARDIN SAEDPANAH

Abstract. A fractional order integro-differential equation with a weakly sin-

gular kernel is considered. A weak form is formulated, and stability of the
primal and the dual problem is studied. The continuous Galerkin method of

degree one is formulated, and optimal a priori error estimate is obtained by
duality argument. A posteriori error representation based on space-time cells

is presented such that it can be used for adaptive strategies based on dual

weighted residual methods. Some global a posteriori error estimates are also
proved.

1. Introduction

We study an initial-boundary value problem, modeling dynamic fractional order
viscoelasticity of the form (we use ’·’ to denote the time derivative),

ρü(x, t)−∇ · σ0(u;x, t)

+
∫ t

0

β(t− s)∇ · σ0(u;x, s) ds = f(x, t) in Ω× (0, T ),

u(x, t) = 0 on ΓD × (0, T ),

σ(u;x, t) · n = g(x, t) on ΓN × (0, T ),

u(x, 0) = u0(x), u̇(x, 0) = v0(x) in Ω.

(1.1)

Here u is the displacement vector, ρ is the (constant) mass density, f and g rep-
resent, respectively, the volume and surface loads. The stress σ = σ(u;x, t) is
determined by

σ(t) = σ0(t)−
∫ t

0

β(t− s)σ0(s) ds,

with

σ0(t) = 2µ0ε(t) + λ0 Tr(ε(t))I,

where I is the identity operator, ε is the strain which is defined by ε = 1
2 (∇u +

(∇u)T ), and µ0, λ0 > 0 are elastic constants of Lamé type. The kernel is defined
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by:

β(t) = −γ d
dt
Eα

(
−
( t
τ

)α)
= γ

α

τ

( t
τ

)−1+α

E′α

(
−
( t
τ

)α)
≈ Ct−1+α, t→ 0,

(1.2)

which means that it is weakly singular with the properties

β(t) ≥ 0,

‖β‖L1(R+) =
∫ ∞

0

β(t) dt = γ
(
Eα(0)− Eα(∞)

)
= γ < 1,

(1.3)

where γ ∈ (0, 1) is a constant and τ > 0 is the relaxation time. Here Eα is the
Mittag-Leffler function of order α ∈ (0, 1) and defined by,

Eα(z) =
∞∑

n=0

zn

Γ(1 + nα)
.

There is an extensive literature on theoretical and numerical analysis of integro-
differential equations modeling linear and fractional order viscoelasticity, see, e.g.,
[1], [7], [8], [9], [10], [12], and [13]. Existence, uniqueness and regularity of solution
of a problem in the form of (1.1) has been studied in [7], [11]. A posteriori analysis
of temporal finite element approximation of a parabolic type problem and discon-
tinuous Galerkin finite element approximation of a quasi-static (ρü ≈ 0) linear
viscoelasticity problem has been studied, respectively, in [1] and [13]. The present
work extends previous works, e.g., [1], [2], and [13].

The outline of this paper is as follows. In §2 we define a weak form of (1.1)
and the corresponding dual (adjoint) problem, and we study the stability. In §3
we formulate a continuous Galerkin method of degree one and we obtain stability
estimates. Then in §4 we obtain an optimal a priori error estimate. We present an
a posteriori error representation based on the dual weighted residual method in §5,
and we prove some global a posteriori error estimates.

2. Weak formulation and stability

We let Ω ⊂ Rd, d = 2, 3, be a bounded polygonal domain with boundary Γ =
ΓD ∪ ΓN where ΓD and ΓN are disjoint and meas(ΓD) 6= 0. We introduce the
function spaces H = L2(Ω)d, HΓN = L2(ΓN)d, and V = {v ∈ H1(Ω)d : v|ΓD= 0}.
We denote the norms in H and HΓN by ‖ ·‖ and ‖ ·‖ΓN , respectively. We also define
a bilinear form (with the usual summation convention)

(2.1) a(v, w) =
∫

Ω

(
2µ0εij(v)εij(w) + λ0εii(v)εjj(w)

)
dx, v, w ∈ V ,

which is coercive on V , and we equip V with the inner product a(·, ·) and norm
‖v‖2V = a(v, v). We define Au = −∇·σ0(u), which is a selfadjoint, positive definite,
unbounded linear operator, with D(A) = H2(Ω)d∩V , and we use the norms ‖v‖s =
‖As/2v‖.

We use a “velocity-displacement” formulation of (1.1) which is obtained by intro-
ducing a new velocity variable. Henceforth we use the new variables u1 = u, u2 = u̇
and u = (u1, u2) the pair of vector valued functions. Now we define the bilinear
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and linear forms A : V ×W → R, A∗τ : W∗ × V∗ → R, F : W → R, Jτ : W∗ → R,
for τ ∈ R≥0, by

A(u,w) =
∫ T

0

{
(u̇1, w1)− (u2, w1) + ρ(u̇2, w2) + a(u1, w2)

−
∫ t

0

β(t− s)a
(
u1(s), w2

)
ds
}
dt

+
(
u1(0), w1(0)

)
+ ρ
(
u2(0), w2(0)

)
,

A∗τ (w, z) =
∫ T

τ

{
− (w1, ż1) + a(w1, z2)−

∫ T

t

β(s− t)a
(
w1, z2(s)

)
ds

− ρ(w2, ż2)− (w2, z1)
}
dt+

(
w1(T ), z1(T )

)
+ ρ
(
w2(T ), z2(T )

)
,

F (w) =
∫ T

0

{
(f, w2) + (g, w2)ΓN

}
dt+

(
u0, w1(0)

)
+ ρ
(
v0, w2(0)

)
,

Jτ (w) =
∫ T

τ

{
(w1, j1) + (w2, j2)

}
dt+

(
w1(T ), zT

1

)
+ ρ(w2(T ), zT

2 ),

where j1, j2 and zT
1 , z

T
2 represent, respectively, the load terms and the initial data

of the dual (adjoint) problem. In case of τ = 0, we use the notation A∗, J for short.
Here

V = H1
(
(0, T );V

)
×H1

(
(0, T );H

)
,

V∗ = H1
(
(0, T );H

)
×H1

(
(0, T );V

)
,

W =
{
w = (w1, w2) : w ∈ L2

(
(0, T );H

)
× L2

(
(0, T );V

)
,

wi are right continuous in time
}
,

W∗ =
{
w = (w1, w2) : w ∈ L2

(
(0, T );V

)
× L2

(
(0, T );H

)
,

wi are left continuous in time
}
,

(2.2)

and we note that V ⊂ W∗, V∗ ⊂ W.
The variational formulation analogue to (1.1) is then to find u ∈ V such that,

(2.3) A(u,w) = F (w), ∀w ∈ W.

Here the definition of the velocity u2 = u̇1 is enforced in the L2 sense, and the
initial data are placed in the bilinear form in a weak sense. A variant is used in [7]
where the velocity has been enforced in the H1 sense, without placing the initial
data in the bilinear form. We also note that the initial data are retained by the
choice of the function space W, that consists of right continuous functions with
respect to time.

To obtain the dual (adjoint) problem we note that A∗ is the adjoint form of A.
Indeed, integrating by parts with respect to time in A, then changing the order of
integrals in the convolution term as well as changing the role of the variables s, t,
we have,

(2.4) A(v, w) = A∗(v, w), ∀v ∈ V, w ∈ V∗.

Then the variational formulation of the dual problem is to find z ∈ V∗ such that,

(2.5) A∗(w, z) = J(w), ∀w ∈ W∗,
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that is a weak formulation of

ρz̈2 +Az2 −
∫ T

t

β(s− t)Az2(s) ds = j1 −
∂

∂t
j2,

with initial data zT
1 , z

T
2 , and function j = (j1, j2) that is defined by J(w) =∫ T

0
(w, j) dt.
In the analysis below we use a positive type kernel ξ. Indeed, we recall (1.2),

(1.3) and we define the function

ξ(t) = γ −
∫ t

0

β(s) ds =
∫ ∞

t

β(s) ds = γEα(t),(2.6)

and it is easy to see that

Dtξ(t) = −β(t) < 0, ξ(0) = γ, lim
t→∞

ξ(t) = 0, 0 < ξ(t) ≤ γ.(2.7)

Besides, ξ is a completely monotone function, that is,

(−1)jDj
t ξ(t) ≥ 0, t ∈ (0,∞), j ∈ N,

since the Mittag-Leffler function Eα, α ∈ [0, 1] is completely monotone, see, e.g.,
[5]. Consequently, an important property of ξ is that, it is a positive type kernel,
that is, it is continuous and, for any T ≥ 0, satisfies∫ T

0

∫ t

0

ξ(t− s)φ(t)φ(s) ds dt ≥ 0, ∀φ ∈ C([0, T ]).(2.8)

Theorem 1. Let u be the solution of (2.3) with sufficiently smooth data u0, v0, f, g.
Then for l ∈ R, T > 0, we have the identity,

ρ‖u2(T )‖2l + γ̃‖u1(T )‖2l+1 + 2
∫ T

0

∫ t

0

ξ(t− s)a
(
u̇(s), Alu̇(t)

)
ds dt

= ρ‖v0‖2l + (1 + γ)‖u0‖2l+1 + 2
∫ T

0

(
f(t), Alu̇1(t)

)
dt

+ 2
∫ T

0

(
g(t), Alu̇1(t)

)
ΓN
dt

− 2
∫ T

0

β(t)a
(
u0, Alu1(t)

)
dt− 2ξ(T )a

(
u0, Alu1(T )

)
,

(2.9)

where γ̃ = 1− γ. Moreover, with ΓN = ∅ or ΓN 6= ∅, g = 0, we have,

(2.10) ‖u2(T )‖l + ‖u1(T )‖l+1 ≤ C
{
‖v0‖l + ‖u0‖l+1 +

∫ T

0

‖f(t)‖l dt
}
,

for some C = C(ρ, γ, T ). And with ΓN 6= ∅, g 6= 0, l = 0, we have the estimate,

‖u2(T )‖+‖u1(T )‖1
≤ C

{
‖v0‖+ ‖u0‖1 + ‖f‖L1((0,t);H) + ‖g‖W 1

1 ((0,t);HΓN )

}
,

(2.11)

for some C = C(Ω, ρ, γ, T ).
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Proof. Since u is a solution of (2.3), we obviously have u2 = u̇1. We recall γ̃ = 1−γ,
and from (2.7) we have that β(t − s) = Dsξ(t − s), ξ(0) = γ. These and partial
integration in the convolution term in A, yield

A(u,w) =
∫ T

0

{
ρ(u̇2, w2) + γ̃a(u1, w2) +

∫ t

0

ξ(t− s)a
(
u̇1(s), w2

)
ds

+ ξ(t)a(u0, w2)
}
dt+

(
u1(0), w1(0)

)
+ ρ
(
u2(0), w2(0)

)
.

(2.12)

Putting this with w = (w1, w2) = (Al+1u1, A
lu2) = (Al+1u1, A

lu̇1) in (2.3) we
obtain,

ρ‖u2(T )‖2l + γ̃‖u1(T )‖2l+1 + 2
∫ T

0

∫ t

0

ξ(t− s)a
(
u̇1(s), Alu̇1(t)

)
ds dt

= ρ‖v0‖2l + γ̃‖u0‖2l+1 + 2
∫ T

0

(f,Alu̇1) dt+ 2
∫ T

0

(g,Alu̇1)ΓN dt

− 2
∫ T

0

ξ(t)a
(
u0, Alu̇1(t)

)
dt.

= ρ‖v0‖2l + γ̃‖u0‖2l+1 + 2
∫ T

0

(f,Alu̇1) dt+ 2
∫ T

0

(g,Alu̇1)ΓN dt

− 2
∫ T

0

β(t)a
(
u0, Alu1(t)

)
dt− 2ξ(T )a

(
u0, Alu1(T )

)
+ 2γ‖u0‖2l+1,

where for the last equality we used partial integration and Dtξ(t) = −β(t). This,
having γ̃ = 1− γ, implies the identity (2.9).

Now we prove the stimates (2.10) and (2.11). First, in (2.9), we use (2.8),
integration by parts in the term with the surface load g, and the Cauchy-Schwarz
inequality and conclude,

ρ‖u2(T )‖2l + γ̃‖u1(T )‖2l+1

≤ ρ‖v0‖2l + (1 + γ)‖u0‖2l+1

+ 2/C1 max
0≤t≤T

‖u̇1(t)‖2l + 2C1

(∫ T

0

‖f(t)‖l dt
)2

− 2
∫ T

0

(
ġ(t), Alu1(t)

)
ΓN
dt+ 2

(
g(T ), Alu1(T )

)
ΓN
− 2
(
g(0), Alu0

)
ΓN

+ 2‖u0‖l+1 max
0≤t≤T

‖u1(t)‖l+1

∫ T

0

β(t) dt

+ 2γ/C2‖u0‖2l+1 + 2γC2‖u1(T )‖2l+1.

This with ΓN = ∅ or ΓN 6= ∅, g = 0, considering ‖β‖L1(R+) = γ, implies (2.10).
But for the case that the surface load g 6= 0 (ΓN 6= ∅), we need to restrict to
l = 0, due to the trace theorem. That is, in this case with l = 0 and using
‖u1(t)‖ΓN ≤ C(Ω)‖u1(t)‖1 by the trace theorem, in a standard way, we have the
estimate

‖u2(T )‖+ ‖u1(T )‖1 ≤ C
{
‖v0‖+ ‖u0‖1 + ‖f‖L1((0,t);H)

+ ‖ġ‖L1((0,T );HΓN ) + ‖g‖L∞((0,T );HΓN )

}
.
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This and the fact that ‖g‖L∞((0,T );HΓN ) ≤ C‖g‖W 1
1 ((0,T );HΓN ), by Sobolev inequal-

ity, imply (2.11). �

Remark 1. An identity, slightly different from (2.9) has been presented in [2],
by using a function w(t, s) = u(t) − u(t − s) that must belong to a weighted L2-
space, introduced in [6], see also [7] where the abstract framework by [6] has been,
specifically, applied to this problem. The proof presented here avoids using function
w and seems to be simple and straightforward.

Remark 2. An important property, used here is that the kernel is of positive type.
This means that the technique presented here can be applied to the problems with
positive type kernels. For example, with g = 0, we could consider problems with
positive type kernels and of the form

ρü+Au−
∫ t

0

β(t− s)Bu(s) ds = f,

where B is a selfadjoint, positive definite linear operator such that, for some suitable
constant C,

(Bv,w) ≤ C(Av,w), ∀v, w ∈ D(A).
For example, with kernel β defined in (1.2), we should have 1 − γC > 0. Then a
similar argument can be applied with l = 0, and also with l 6= 0 provided B and A
be comutative.

Theorem 2. Let z be the solution of the dual problem (2.5) with sufficiently smooth
data zT

1 , z
T
2 , j1, j2. Then for l ∈ R, 0 < t < T , we have the identity,

‖z1(t)‖2l + ργ̃‖z2(t)‖2l+1 + 2ρ
∫ T

t

∫ T

r

ξ(s− r)a(Alż2(r), ż2(s)) ds dr

= ‖zT
1 ‖2l + ρ(1 + γ)‖zT

2 ‖2l+1 + 2
∫ T

t

{
(Alz1, j1) + (Al+1z2, j2)

}
dr

− 2ρ
∫ T

t

β(T − r)a(Alz2(r), zT
2 ) dr

− 2ρξ(T − t)a(Alz2(t), zT
2 ).

(2.13)

where γ̃ = 1 − γ. Moreover, for some constant C = C(ρ, γ, T ), we have stability
estimates

‖z1(t)‖l + ‖z2(t)‖l+1 ≤ C
{
‖zT

1 ‖l + ‖zT
2 ‖l+1 +

∫ T

t

(
‖j1‖l + ‖j2‖l+1

)
dr
}
.(2.14)

Proof. Since z is a solution of (2.5), we obviously have z1 = −ρż2 and, for t ∈ [0, T ),
z satisfies

(2.15) A∗t (w, z) = Jt(w), ∀v ∈ W∗.

We recall γ̃ = 1 − γ, and from (2.7) we have β(s − t) = −Dsξ(s − t), ξ(0) = γ.
Then, by partial integration with respect to time in the convolution term in A∗t , we
obtain

A∗t (w, z) =
∫ T

t

{
− (w1, ż1) + γ̃a(w1, z2)−

∫ T

r

ξ(s− r)a
(
w1, ż2(s)

)
ds

+ ξ(T − r)a
(
w1, z2(T )

)}
dr

+
(
w1(T ), z1(T )

)
+ ρ
(
w2(T ), z2(T )

)
.

(2.16)
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Putting this with w = (w1, w2) = (Alz1, A
l+1z2) = (−ρAlż2, A

l+1z2) in (2.15) we
have∫ T

t

{
− 1

2
Dt‖z1(r)‖2l −

1
2
ργ̃Dt‖z2(r)‖2l+1 + ρ

∫ T

r

ξ(s− r)a
(
Alż2(r), ż2(s)

)
ds

− ρξ(T − r)a
(
Alż2(r), zT

2

)}
dr =

∫ T

t

{
(Alz1, j1) + (Al+1z2, j2)

}
dr,

that implies

‖z1(t)‖2l + ργ̃‖z2(t)‖2l+1 + 2ρ
∫ T

t

∫ T

r

ξ(s− r)a
(
Alż2(r), ż2(s)

)
ds dr

= ‖zT
1 ‖2l + ργ̃‖zT

2 ‖2l+1 + 2
∫ T

t

{
(Alz1, j1) + (Al+1z2, j2)

}
dr

+ 2ρ
∫ T

t

ξ(T − r)a
(
Alż2(r), zT

2

)
dr.

Now integration by parts in the last term, having Drξ(T − r) = β(T − r) by
(2.7), gives the identity (2.13). Then, using (2.8) in (2.13), similar to the proof of
(2.10), in a standard way, we conclude the inequality (2.14), and this completes the
proof. �

3. The continuous Galerkin method

Let 0 = t0 < t1 < · · · < tn−1 < tn < · · · < tN = T be a partition of the time
interval [0, T ]. To each discrete time level tn we associate a triangulation T n

h of the
polygonal domain Ω with the mesh function,

(3.1) hn(x) = hK = diam(K), x ∈ K, K ∈ T n
h ,

and a finite element space V n
h consisting of continuous piecewise linear polynomials.

For each time subinterval In = (tn−1, tn) of length kn = tn − tn−1, we define
intermediate triangulaion T̄ n

h which is composed of mutually finest meshes of the
neighboring meshes T n

h , T
n−1

h defined at discrete time levels tn, tn−1, respectively.
The mesh function h̄n is then defined by

(3.2) h̄n(x) = h̄K = diam(K), x ∈ K, K ∈ T̄ n
h .

Correspondingly, we define the finite element spaces V̄ n
h consisting of continuous

piecewise linear polynomials. This construction is used in order to allow continuity
in time of the trial functions when the meshes change with time. Hence we obtain a
decomposition of each time slab Ωn = Ω×In into space-time cellsKn = K×In, K ∈
T̄ n

h (prisms, for example, in case of Ω ⊂ R2). We note the difference between the
mesh functions hn and h̄n, and this is important in our a posteriori error analysis.
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The trial and test function spaces for the discrete form are, respectively:

Vhk =
{
U = (U1, U2) : U continuous in Ω× [0, T ],

U(x, t)|In linear in t,

U(·, tn) ∈ (V n
h )2, U(·, t)|In ∈ (V̄ n

h )2
}
,

Whk =
{
V = (V1, V2) : V (·, t) continuous in Ω,

V (·, t)|In
∈ (V n

h )2,

V (x, t)|In
piecewise constant in t

}
.

(3.3)

We note that global continuity of the trail functions in Vhk requires the use of
‘hanging nodes’ if the spatial mesh changes across a time level tn. We allow one
hanging node per edge or face.

Remark 3. If we do not change the spatial mesh or just refine the spatial mesh
from one time level to the next one, i.e.,

(3.4) V n−1
h ⊂ V n

h , n = 1, . . . , N,

then we have V̄ n
h = V n

h .

In the construction of Vhk we have associated the triangulation T n
h with discrete

time levels instead of the time slabs Ωn, and in the interior of time slabs we let U
be from the union of the finite element spaces defined on the triangulations at the
two adjacent time levels. This construction is necessary to allow for trial functions
that are continuous also at the discrete time leveles even if grids change between
time steps. Associating triangulation with time slabs instead of time levels would
yield a variant scheme which includes jump terms due to discontinuity at discrete
time leveles, when coarsening happens. This means that there are extra degrees of
freedom that one might use suitable projections for transfering solution at the time
levels tn, see [7].

The continuous Galerkin method, based on the variational fomulation (2.3), is
to find U ∈ Vhk such that,

(3.5) A(U,W ) = F (W ), ∀W ∈ Whk.

The Galerkin orthogonality, with u = (u1, u2) being the exact solution of (2.3), is
then,

(3.6) A(U − u,W ) = 0, ∀W ∈ Whk.

Similarly the continuous Galerkin method, based on the dual variational formula-
tion (2.5), is to find Z ∈ Vhk such that,

(3.7) A∗(W,Z) = J(W ), ∀W ∈ Whk.

Then, Z also satisfies, for n = 0, 1, . . . , N − 1,

(3.8) A∗tn
(W,Z) = Jtn

(W ), ∀W ∈ Whk.

We notice that, rather than using the dual formulation of the discrete problem (3.5),
we formulated the same finite element method for the continuous dual problem
(2.5).
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From (3.5) we can recover the time stepping scheme,∫
In

{
(U̇1,W1)− (U2,W1)

}
dt = 0,∫

In

{
ρ(U̇2,W2) + a(U1,W2)−

∫ t

0

β(t− s)a
(
U1(s),W2(t)

)
ds
}
dt

=
∫

In

{
(f,W2) dt+ (g,W2)ΓN

}
dt, ∀W1,W2 ∈ Whk,

U1(0) = u0
h, U2(0) = v0

h,

(3.9)

for suitable choice of u0
h, v

0
h ∈ V 0

h as approximations of the initial data u0, v0. Here,
as a natural choice, we have

(3.10) u0
h = Phu

0, v0
h = Phv

0.

Typical functions U = (U1, U2) ∈ Vhk, W = (W1,W2) ∈ Whk are as follows:

Ui(x, tn) = Un
i (x) =

mn∑
j=1

Un
i,jϕ

n
j (x),

Ui(x, t)|In
= ψn−1(t)Un−1

i (x) + ψn(t)Un
i (x),

Wi(x, t)|In =
mn∑
j=1

Wn
i,jϕ

n
j (x),

(3.11)

where mn is the number of degrees of freedom in T n
h , {ϕn

j (x)}mn
j=1 are the nodal

basis functions for V n
h defined on triangulation T n

h , and ψn(t) is the nodal basis
function defined at time level tn. Hence (3.9) yields

(Un
1 − Un−1

1 ,W1)−
kn

2
(
Un

2 + Un−1
2 ,W1) = 0,

ρ(Un
2 − Un−1

2 ,W2) +
kn

2
(Un

1 + Un−1
1 ,W2)

−
n∑

l=1

a(U l−1
1 ,W2)

∫
In

∫ t∧tl

tl−1

β(t− s)ψl−1(s) ds dt

−
n∑

l=1

a(U l
1,W2)

∫
In

∫ t∧tl

tl−1

β(t− s)ψl(s) ds dt

=
∫

In

{
(f,W2) dt+ (g,W2)ΓN

}
dt, ∀W1,W2 ∈ V n

h ,

U0
1 = u0

h, U0
2 = v0

h.

This implies the discrete linear system,

MnŨn
1 −

kn

2
MnŨn

2 = Mn−1,nŨn−1
1 +

kn

2
Mn−1,nŨn−1

2 ,

ρMnŨn
2 + (

kn

2
− ω−n,n)SnŨn

1 = ρMn−1,nŨn−1
2 + (−kn

2
+ ωn,n−1)Sn−1,nŨn−1

1

+ S0,nŨ0
1ω

+
n,0 +

n−2∑
l=1

ωn,lS
l,nŨ l

1 +Bn,

Ũ0
1 = u0

h, Ũ0
2 = v0

h,
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where

ω+
n,0 =

∫
In

∫ t∧t1

0

β(t− s)ψl(s) ds dt, ω−n,n =
∫

In

∫ t

tn−1

β(t− s)ψl(s) ds dt,

ωn,l =
∫

In

∫ t∧tl+1

tl−1

β(t− s)ψl(s) ds dt,

Bn = (Bn
j )j =

(∫
In

{
(f, ϕj) + (g, ϕj)ΓN

}
dt
)
j
,

Mn = (Mn
ij)ij =

(
(ϕn

i , ϕ
n
j )
)
ij
, Mn−1,n = (Mn−1,n

ij )ij =
(
(ϕn−1

i , ϕn
j )
)
ij
,

Sl,n = (Sl,n
ij )ij =

(
a(ϕl

i, ϕ
n
j )
)
ij
,

and Ũn
i = (Un

i,j)
mn
j=1 with Un

i,j introduced in (3.11).
We define the orthogonal projections Rh,n : V → V n

h , Ph,n : H → V n
h and

Pk,n : L2(In)d → Pd
0(In), respectively, by

a(Rh,nv − v, χ) = 0, ∀v ∈ V, χ ∈ V n
h ,

(Ph,nv − v, χ) = 0, ∀v ∈ H, χ ∈ V n
h ,∫

In

(Pk,nv − v) · ψ dt = 0, ∀v ∈ L2(In)d, ψ ∈ Pd
0(In) ,

(3.12)

with Pd
0 denoting the set of all vector-valued constant polynomials. Correspond-

ingly, we define Rhv, Phv and Pkv for t ∈ In (n = 1, · · · , N), by (Rhv)(t) =
Rh,nv(t), (Phv)(t) = Ph,nv(t), and Pkv = Pk,n(v|In).

Remark 4. In the case of assumption (3.4), by Remark 3 and the definition of the
L2-projection Pk, we have V̇ , PkV ∈ Whk, for any V ∈ Vhk.

We introduce the linear operator An,r : V r
h → V n

h by

a(vr, wn) = (An,rvr, wn), ∀vr ∈ V r
h , wn ∈ V n

h .

We set An = An,n, with discrete norms

‖vn‖h,l = ‖Al/2
n vn‖ =

√
(vn, Al

nvn), vn ∈ V n
h and l ∈ R ,

and Ah so that Ahv = Anv for v ∈ V n
h . We use Āh when it acts on V̄ n

h . For later
use in our error analysis we note that PhA = AhRh.
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Theorem 3. Let Z be the solution of (3.7) with sufficiently smooth data zT
1 , z

T
2 ,

j1, j2. Further, we assume (3.4). Then for l ∈ R, we have the identity,

‖Z1(tn)‖2h,l + ργ̃‖Z2(tn)‖2h,l+1 + 2ρ
∫ T

tn

∫ T

t

ξ(s− t)a
(
Al

hŻ2(t), Ż2(s)
)
ds dt

= ‖Z1(T )‖2h,l + ρ(1 + γ)‖Z2(T )‖2h,l+1

+ 2
∫ T

tn

(Al
hZ1,PkPhj1) dt+ 2

∫ T

tn

(Al+1
h Z2,PkPhj2) dt

− 2
∫ T

tn

∫ T

t

β(s− t)a
(
Al

hPkPhj2, Z2(s)
)
ds dt

− 2ρ
∫ T

tn

β(T − t)a
(
Al

hZ2(t), Z2(T )
)
dt

− 2ρξ(T − tn)a
(
Al

hZ2(tn), Z2(T )
)
.

(3.13)

where γ̃ = 1 − γ. Moreover, for some constant C = C(ρ, γ, T ), we have stability
estimate

‖Z1(tn)‖h,l + ‖Z2(tn)‖h,l+1 ≤ C
{
‖Phz

T
1 ‖h,l + ‖Phz

T
2 ‖h,l+1

+
∫ T

tn

(
‖Phj1‖h,l + ‖Phj2‖h,l+1

)
dt
}
.

(3.14)

Proof. The solution Z of (3.7) also satisfies (3.8), for n = N − 1, . . . , 1, 0. Then
recalling Remark 4 for the assumption (3.4), we obviously have,

(3.15) PkZ1 = −ρŻ2 − PkPhj2.

Using this in (3.8) and recalling the initial data Zi(T ) = Phz
T
i , i = 1, 2, we obtain∫ T

tn

{
− (W1, Ż1) + a(W1, Z2)−

∫ T

t

β(s− t)a
(
W1, Z2(s)

)
ds
}
dt

+
(
W1(T ),Phz

T
1

)
+ ρ
(
W2(T ),Phz

T
2

)
=
∫ T

tn

(W1, j1) dt+
(
W1(T ), zT

1

)
+ ρ
(
W2(T ), zT

2

)
.

The terms concerning the initial data are canceled by the definition of the orthogo-
nal projection Ph. Besides, for the convolution term we recall β(s−t) = −Dsξ(s−t)
from (2.7) and then partial integration yields,

−
∫ T

tn

∫ T

t

β(s− t)a
(
W1, Z2(s)

)
ds dt = −

∫ T

tn

∫ T

t

ξ(s− t)a
(
W1, Ż2(s)

)
ds dt

+
∫ T

tn

ξ(T − t)a
(
W1, Z2(T )

)
dt

− γ

∫ T

tn

a
(
W1, Z2(t)

)
dt.
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These and γ̃ = 1− γ imply that the solution Z satisfies,

∫ T

tn

{
− (W1, Ż1) + γ̃a(W1, Z2)−

∫ T

t

ξ(s− t)a
(
W1, Ż2(s)

)
ds

+ ξ(T − t)a(W1, Z2(T ))
}
dt =

∫ T

tn

(W1,Phj1) dt.

Now we set W1 = Al
hPkZ1, and we have

∫ T

tn

{
− (Al

hPkZ1, Ż1) + γ̃a(Al
hPkZ1, Z2)

−
∫ T

t

ξ(s− t)a
(
Al

hPkZ1, Ż2(s)
)
ds

+ ξ(T − t)a
(
Al

hPkZ1, Z2(T )
)}
dt =

∫ T

tn

(Al
hPkZ1,Phj1) dt.

(3.16)

We study the four terms at the left side of the above equation. For the first term
we have

∫ T

tn

−(Al
hPkZ1, Ż1) dt = −1

2

∫ T

tn

Dt‖Z1(t)‖2h,l dt

= −1
2
‖Z1(T )‖2h,l +

1
2
‖Z1(tn)‖2h,l.

(3.17)

With (3.15) we can write the second term as

γ̃

∫ T

tn

a(Al
hPkZ1, Z2) dt = −ργ̃

∫ T

tn

a(Al
hŻ2, Z2) dt

− γ̃

∫ T

tn

a(Al
hPkPhj2, Z2) dt

= −ργ̃
2
‖Z2(T )‖2h,l+1 +

ργ̃

2
‖Z2(tn)‖2h,l+1

− γ̃

∫ T

tn

a(Al
hPkPhj2, Z2) dt.

(3.18)
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For the third term in (3.16), by virtue of (3.15) and integration by parts, we obtain

−
∫ T

tn

∫ T

t

ξ(s− t)a
(
Al

hPkZ1, Ż2(s)
)
ds dt

= ρ

∫ T

tn

∫ T

t

ξ(s− t)a
(
Al

hŻ2(t), Ż2(s)
)
ds dt

+
∫ T

tn

∫ T

t

ξ(s− t)a
(
Al

hPkPhj2, Ż2(s)
)
ds dt

= ρ

∫ T

tn

∫ T

t

ξ(s− t)a
(
Al

hŻ2(t), Ż2(s)
)
ds dt

+
∫ T

tn

∫ T

t

β(s− t)a
(
Al

hPkPhj2, Z2(s)
)
ds dt

+
∫ T

tn

ξ(T − t)a(Al
hPkPhj2, Z2(T )) dt

− γ

∫ T

tn

a
(
Al

hPkPhj2, Z2(t)
)
dt.

(3.19)

Finally, for the last term at the left side of (3.16), we use (3.15) and integration by
parts to have

∫ T

tn

ξ(T − t)a
(
Al

hPkZ1, Z2(T )
)
dt = −ρ

∫ T

tn

ξ(T − t)a
(
Al

hŻ2(t), Z2(T )
)
dt

−
∫ T

tn

ξ(T − t)a
(
Al

hPkPhj2, Z2(T )
)
dt

= ρ

∫ T

tn

β(T − t)a
(
Al

hZ2(t), Z2(T )
)
dt

− ργ‖Z2(T )‖2h,l+1

+ ρξ(T − tn)a
(
Al

hZ2(tn), Z2(T )
)

−
∫ T

tn

ξ(T − t)a
(
Al

hPkPhj2, Z2(T )
)
dt.

(3.20)

Putting (3.17)–(3.20) in (3.16) we conclude the identity (3.13).
Now we prove the estimate (3.14). We recall, from (2.8), that ξ is a positive

type kernel. Then, using the Cauchy-Schwarz inequality in (3.13), and ‖β‖L1(R+) =
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γ, ξ(t) ≤ γ, we get

‖Z1(tn)‖2h,l + ργ̃‖Z2(tn)‖2h,l+1

≤ ‖Z1(T )‖2h,l + ρ(1 + γ)‖Z2(T )‖2h,l+1

+ 2
∫ T

tn

(Al
hZ1,PkPhj1) dt+ 2

∫ T

tn

(Al+1
h Z2,PkPhj2) dt

− 2
∫ T

tn

∫ T

t

β(s− t)a
(
Al

hPkPhj2, Z2(s)
)
ds dt

− 2ρ
∫ T

tn

β(T − t)a
(
Al

hZ2(t), Z2(T )
)
dt

− 2ρξ(T − tn)a
(
Al

hZ2(tn), Z2(T )
)

≤ ‖Z1(T )‖2h,l + ρ(1 + γ)‖Z2(T )‖2h,l+1

+ C1 max
tn≤t≤T

‖Z1‖2h,l + 1/C1

(∫ T

tn

‖PkPhj1‖h,l dt
)2

+ C2 max
tn≤t≤T

‖Z2‖2h,l+1 + 1/C2

(∫ T

tn

‖PkPhj2‖h,l+1 dt
)2

+ C3‖Z2(T )‖2h,l+1 + 1/C3 max
tn≤t≤T

‖Z2‖2h,l+1

+ C4‖Z2(T )‖2h,l+1 + 1/C4‖Z2(tn)‖2h,l+1.

Using that, for piecewise linear functions, we have

(3.21) max
[0,T ]

|Ui| ≤ max
0≤n≤N

|Ui(tn)|,

and

(3.22)
∫ T

0

|Pkf | dt ≤
∫ T

0

|f | dt,

and that the above inequality holds for arbitrary N , in a standard way, we conclude
the estimate inequality (3.14). Now the proof is complete. �

4. A priori error estimates

We define the standard interpolant Ik with Ikv belong to the space of continuous
piecewise linear polynomials, and

(4.1) Ikv(tn) = v(tn), n = 0, 1, · · · , N.
By standard arguments in approximation theory we see that, for q = 0, 1,

(4.2)
∫ T

0

‖Ikv − v‖i dt ≤ Ckq+1

∫ T

0

‖Dq+1
t v‖i dt, for i = 0, 1,

where k = max1≤n≤N kn.
We assume the elliptic regularity estimate ‖v‖2 ≤ C‖Av‖, ∀ v ∈ D(A) , so that

the following error estimates for the Ritz projection (3.12), hold true

(4.3) ‖Rhv − v‖ ≤ Chs‖v‖s , ∀v ∈ Hs ∩ V, s = 1, 2.

Hence we must specialize to the pure Dirichlet boundary condition and a convex
polygonal domain. We note that the energy norm ‖ · ‖V is equinalent to ‖ · ‖1 on
V .



CG METHOD FOR A FRACTIONAL ORDER VISCOELASTICITY MODEL 15

Theorem 4. Assume that ΓN = ∅, Ω is a convex polygonal domain, and (3.4).
Let u and U be the solutions of (2.3) and (3.5). Then, with e = U − u and
C = C(ρ, γ, T ), we have

‖e1(T )‖ ≤ Ch2
(
‖u0‖2 + ‖u1(T )‖2 +

∫ T

0

‖u̇1‖2 dt
)

+ Ck2

∫ T

0

(
‖ü2‖+ ‖ü1‖1

)
dt.

Proof. We recall Remark 4 for the assumption (3.4). We set e = U −u = θ+ η+ω
with

θ1 = U1 − IkRhu1, η1 = (Ik − I)Rhu1, ω1 = (Rh − I)u1,

θ2 = U2 − IkPhu2, η2 = (Ik − I)Phu2, ω2 = (Ph − I)u2.

Now, putting W = Pkθ in (3.7) we have

J(Pkθ) = A∗(Pkθ, Z),

where by definition

J(Pkθ) =
∫ T

0

{
(Pkθ1, j1) + (Pkθ2, j2)

}
dt

+
(
(Pkθ1)(T ), zT

1

)
+ ρ
(
(Pkθ2)(T ), zT

2

)
,

and by partial integration

A∗(Pkθ, Z) = A(θ,PkZ) +
(
(Pkθ1)(T ), Z1(T )

)
−
(
θ1(T ), Z1(T )

)
+ ρ
(
(Pkθ2)(T ), Z2(T )

)
− ρ
(
θ2(T ), Z2(T )

)
.

We set j1 = j2 = 0 and zT
2 = 0, Phz

T
1 = θ1(T ), and we recall that Zi(T ) =

Phz
T
i , i = 1, 2. Hence using the definition of the orthogonal projection Ph we have

‖θ1(T )‖2 = A(θ,PkZ),

that, using θ = e− η − ω and the Galerkin orthogonality (3.6), implies,

‖θ1(T )‖2 = −A(η,PkZ)−A(ω,PkZ)

=
∫ T

0

{
− (η̇1,PkZ1) + (η2,PkZ1) + ρ(η̇2,PkZ2)− a(η1,PkZ2)

+
∫ t

0

β(t− s)a
(
η1(s),PkZ2

)
ds
}
dt

−
(
η1(0),PkZ1(0)

)
− ρ
(
η2(0),PkZ2(0)

)
+
∫ T

0

{
− (ω̇1,PkZ1) + (ω2,PkZ1) + ρ(ω̇2,PkZ2)− a(ω1,PkZ2)

+
∫ t

0

β(t− s)a
(
ω1(s),PkZ2

)
ds
}
dt

−
(
ω1(0),PkZ1(0)

)
− ρ
(
ω2(0),PkZ2(0)

)
.

By the definition of η, that indicates the interpolation error, terms including η̇i,
ηi(0) vanish. We also use the definition of ω, that indicates the projection error,
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and we conclude

‖θ1(T )‖2 =
∫ T

0

{
(η2,PkZ1)− a(η1,PkZ2) +

∫ t

0

β(t− s)a
(
η1(s),PkZ2

)
ds
}
dt

−
∫ T

0

(ω̇1,PkZ1) dt−
(
ω1(0),PkZ1(0)

)
,

that by the Cauchy-Schwarz inequality implies

‖θ1(T )‖2 ≤ C1 max
0≤t≤T

‖PkZ1‖2 + 1/C1

(∫ T

0

‖η2‖ dt
)2

+ C2 max
0≤t≤T

‖PkZ2‖21 + 1/C2

(∫ T

0

‖η1‖1 dt
)2

+ C3 max
0≤t≤T

‖PkZ2‖21 + 1/C3

(∫ T

0

(
β ∗ ‖η1‖1

)
(t) dt

)2

+ C4 max
0≤t≤T

‖PkZ1‖2 + 1/C4

(∫ T

0

‖ω̇1‖ dt
)2

+ C5‖PkZ1(0)‖2 + 1/C5‖ω1(0)‖2.

Using (3.21), ‖β‖L1(R+) = γ, and the stability estimate (3.14) with l = 0, in a
standard way, we have

‖θ1(T )‖ ≤ C
{
‖ω1(0)‖+

∫ T

0

(
‖η2‖+ ‖η1‖1 + ‖ω̇1‖

)
dt
}
.

Recalling θ1(T ) = e1(T ) − ω1(T ), and stability of the projections Ph, Rh with
respect to ‖ · ‖, ‖ · ‖1, respectively, we have

‖θ1(T )‖ ≤ C
{
‖(Rh − I)u0‖+ ‖(Rh − I)u1(T )‖

+
∫ T

0

(
‖(Ik − I)u2‖+ ‖(Ik − I)u1‖1 + ‖(Rh − I)u̇1‖

)
dt
}
.

This completes the proof by (4.2), (4.3). �

5. A posteriori error estimates

Having certain regularity on the data, i.e., initial data u0, v0 and the force terms
f, g, there are still two types of limitation for higher global regularity of a weak
solution of (1.1). One is due to the mixed Dirichlet-Neumann boundary condi-
tion. This type of boundary condition are natural in practice, and a pure Dirichlet
boundary condition can not be realistic in applications. Other limitation is the sin-
gularity of the convolution kernel β. This means that even with the pure Dirichlet
boundary condition, higher regularity of a weak solution is limited, see [7], [11],
though with smoother kernels we can get higher regularity. Besides, the stability
and a priori error estimates presented in Theorem 3 and Theorem 4 do not admit
adaptive meshes. These, and other general motivations such as no practical use of a
priori error estimates, call for adaptive meshes based on a posteriori error analysis.

Here a space-time cellwise error representation is given. The main framework
is adapted from [3], and a general linear goal functional J(·) is used. This er-
ror representation can be used for goal-oriented adaptive strategies based on dual
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weighted residual method. For more details on dual weighted residual method and
its practical aspects for differential equations, see [3] and references therein.

Theorem 5. Let u and U be the solutions of (2.3) and (3.5), and J(·) the linear
functional defined in §2. Then, with e = U − u, we have the error representation

J(e) =
∑

K∈T 0
h

Θ0,K +
N∑

n=1

∑
K∈T̄ n

h

6∑
i=1

Θn
i,K ,(5.1)

where, with zhk ∈ Whk being an approximation of the dual solution z and Ehkz =
zhk − z being the error operator,

Θ0,K =
(
U1(0)− u0, Ehkz1(0)

)
K

+ ρ
(
U2(0)− v0, Ehkz2(0)

)
K
,

Θn
1,K = (U̇1 − U2, Ehkz1)Kn , Θn

2,K = (ρU̇2 − f,Ehkz2)Kn ,

Θn
3,K = (rh, Ehkz2)∂Kn , Θn

4,K = (gh − g,Ehkz2)∂Kn ,

Θn
5,K = −

(
rh,

∫ T

s

β(t− s)Ehkz2(t) dt
)

∂Kn
,

Θn
6,K = −

(
gh,

∫ T

s

β(t− s)Ehkz2(t) dt
)

∂Kn
.

(5.2)

Here Kn = K × In and ∂Kn = ∂K × In are the space-time cells, and rh, gh are
defined below, (5.6), (5.7), respectively.

It should be noticed that ∂Kn is not the boundary of Kn.

Proof. Using the identity (2.4) and the Galerkin orthogonality (3.6) we have,

J(e) = A∗(e, z) = A(e, z) = A(e,Ehkz)

= A(U,Ehkz)− F (Ehkz) = R(U ;Ehkz),
(5.3)

where R(U ; ·) is the residual of the Galerkin approximation U as a functional on
the solution space V∗. Then by the definition of A, F we have

J(e) =
(
U1(0)− u0, Ehkz1(0)

)
+ ρ
(
U2(0)− v0, Ehkz2(0)

)
+
∫ T

0

{
(U̇1, Ehkz1)− (U2, Ehkz1) + ρ(U̇2, Ehkz2) + a(U1, Ehkz2)

−
∫ t

0

β(t− s)a
(
U1(s), Ehkz2(t)

)
ds
}
dt

−
∫ T

0

{
(f,Ehkz2) + (g,Ehkz2)ΓN

}
dt.

(5.4)
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Now, by partial integration with respect to the space variable, we obtain∫ T

0

a(U1, z2) dt =
N∑

n=1

∫
In

∑
K∈T̄ n

h

a(U1, z2)K dt

=
N∑

n=1

∫
In

∑
K∈T̄ n

h

(
σ0(U1) · n, z2

)
∂K

dt

=
N∑

n=1

∫
In

{ ∑
E∈En

I

(
− [σ0(U1) · n], z2

)
E

+
∑

E∈En
ΓN

(
σ0(U1) · n, z2

)
E

}
dt

=
N∑

n=1

∫
In

∑
K∈T̄ n

h

{
(rh, z2)∂K + (gh, z2)∂K

}
dt

=
N∑

n=1

∑
K∈T̄ n

h

{
(rh, z2)∂Kn + (gh, z2)∂Kn

}

(5.5)

where En
I , En

ΓN
are, respectively, the sets of the interior edges and the edges on

the Neumann boundary, corresponding to the triangulation T̄ n
h . Here rh are the

residuals representing the jumps of the normal derivatives σ0(U1)·n, and determined
by,

(5.6) rh|Γ =

{
− 1

2 [σ0(U1) · n] if Γ ⊂ ∂K \ ∂Ω,
0 if Γ ⊂ ∂Ω,

and gh is the contribution from the Neumann boundary defined as

(5.7) gh|Γ =

{
σ0(U1) · n if Γ ⊂ ∂K ∩ ΓN,

0 if Γ ⊂ ∂Ω.

For the convolution term in (5.4) we first change the order of the time integrals,
then similar to (5.5), we have,∫ T

0

∫ t

0

β(t− s)a
(
U1(s), z2(t)

)
ds dt

=
∫ T

0

∫ T

s

β(t− s)a
(
U1(s), z2(t)

)
dt ds

=
N∑

n=1

∫
In

∑
K∈T̄ n

h

a
(
U1(s),

∫ T

s

β(t− s)z2(t) dt
)
K
ds

=
N∑

n=1

∑
K∈T̄ n

h

{(
rh,

∫ T

s

β(t− s)z2(t) dt
)

∂Kn

+
(
gh,

∫ T

s

β(t− s)z2(t) dt
)

∂Kn

}
.

(5.8)
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Now, using (5.5), (5.8) and space-time cellwise representation of the other terms in
(5.4) we conclude the error representation (5.1). �

The error representation (5.1) leads us to the weighted a posteriori estimate,

J(e) ≤
∑

K∈T 0
h

R0,Kω0,K +
N∑

n=1

∑
K∈T̄ n

h

3∑
i=1

Rn
i,Kω

n
i,K ,(5.9)

with the residuals and weights defined as

R0,K =
(
‖U1(0)− u0‖2K + ‖U2(0)− v0‖2K

)1/2
,

ω0,K =
(
‖Ehkz1(0)‖2K + ‖Ehkz2(0)‖2K

)1/2
,

Rn
1,K = ‖U̇1 − U2‖Kn , ωn

1,K = ‖Ehkz1‖Kn ,

Rn
2,K =

(
‖ρU̇2 − f‖2Kn + 2h̄−1

K ‖rh‖2∂Kn

)1/2

,

ωn
2,K =

(
‖Ehkz2‖2Kn + h̄K‖Ehkz2‖2∂Kn

+ h̄K

∥∥∥∫ T

s

β(t− s)Ehkz2(t) dt
∥∥∥2

∂Kn

)1/2

,

Rn
3,K =

(
h̄−1

K ‖gh − g‖2∂Kn + h̄−1
K ‖gh‖2∂Kn

)1/2

,

ωn
3,K =

(
h̄K‖Ehkz2‖2∂Kn + h̄K

∥∥∥∫ T

s

β(t− s)Ehkz2(t) dt
∥∥∥2

∂Kn

)1/2

.

In order to evaluate the a posteriori error representation (5.1) or the a posteriori
estimate (5.9), we need information about the continuous dual solution z. Such
information has to be obtained either through a priori analysis in form of bounds
for z in certain Sobolev norms or through computation by solving the dual problem
numerically. In this context we provide information through a priori analysis and
we leave the investigation on the second case to a latter work.

In the following, the target functional J(·) will be the global L2-norm of the
approximation displacement u1 = u1(x, t). We first present a weighted global a
posteriori error estimate, using global L2-projections Pk,Ph defined in (3.12), and
error estimates of Ph in a weighted L2-norm.

We recall the weighted global error estimates of the L2-projection Ph (3.12),
see [4]. First we recall some notation. Let T be a given triangulation with mesh
function h, and for any simplex K ∈ T , ρK denote the radius of the largest ball
contained in the closure of K, that is K̄. A family F of triangulations T is called
non-degenerate, if there exsist a constant c0 such that we have

c0 = max
T ∈F

max
K∈T

hK

ρK
.

Let SK = {K ′ ∈ T : K̄ ′ ∩ K̄ 6= ∅} and δT be a measure for the given triangulation
T defined by

δT = max
K∈T

max
K′∈SK

|1− h2
K′/h2

K |.

We define a measure, δF , for a given family F , by

(5.10) δF = max
T ∈F

δT .
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We define the error operators Ehk, Eh, and Ek by

(5.11) Ehkv = (PkPh − I)v, Ehv = (Ph − I)v, Ekv = (Pk − I)v,

and we note that

(5.12) Ehk = Eh + EkPh.

Lemma 1. Assume that the family F of traingulations T be non-degenerate. Then
for sufficiently small δF , there exists a constant C such that for any triangulation
T ∈ F we have, for all v ∈ H2,

‖h−sEhv‖ ≤ C‖∇sv‖, s = 1, 2, ∀v ∈ Hs,(5.13)

‖h−1∇Ehv‖ ≤ C‖∇2v‖, ∀v ∈ H2,(5.14)

where ‘∇’ denotes the usual gradient.

For more details on the practical aspects of δF , see [4].
For the next theorem we recall the mesh functions hn, h̄n from (3.1), (3.2), and

we define the notations

h̄min,n = min
K∈T̄ n

h

h̄K , hmax,n = max
K∈T n

h

hK .

Theorem 6. Let u be the solutions of (2.3), and U be the solution of (3.5) with
a non-degenerate family Fh of triangulations T n

h , n = 0, 1, . . . , N , with sufficiently
small δFh

, such that the weighted global error estimates (5.13) and (5.14) hold.
Then, with e = U − u, we have the weighted a posteriori error estimate

‖e1(T )‖ ≤ C

{
‖h0

(
U1(0)− u0

)
‖+ ‖h2

0

(
U2(0)− v0

)
‖

+
N∑

n=1

∫
In

{
‖hn(U̇1 − U2)‖+ ‖h2

n(ρU̇2 − f)‖

+ (ζn + ζn,N )
( ∑

K∈T̄ n
h

h̄3
K‖rh‖2∂K

)1/2

+ ζn

( ∑
K∈T̄ n

h

h̄3
K‖gh − g‖2∂K

)1/2

+ ζn,N

( ∑
K∈T̄ n

h

h̄3
K‖gh‖2∂K

)1/2

+ kn‖U̇1 − U2‖+ kn‖EkĀhU1‖

+ kn

∥∥Ek

∫ t

0

β(t− s)ĀhU1(s) ds
∥∥

+ kn‖Ekf‖+ kn

( ∑
K∈T n

h

h−1
K ‖Ekg‖2∂K

)1/2}
dt

}
,

(5.15)

where

(5.16) ζn = h̄−2
min,nh

2
max,n, ζn,N = h̄−2

min,n max
n≤j≤N

h2
max,j .

Proof. Let z ∈ V∗ be the solution of the dual problem (2.5). From the definition
of the L2 projections Pk,Ph in (3.12) and the test space Whk in (3.3) we have
PkPhz ∈ Whk. Therefore, using (5.3) and the error operators (5.11) we have,

(5.17) J(e) = R(U ;Ehkz) = R(U ;Ehz) + R(U ;EkPhz),
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where we used (5.12). We study the two terms at the right side of this equation.
For the first term we can write,

R(U ;Ehz) =
(
U1(0)− u0, Ehz1(0)

)
+ ρ
(
U2(0)− v0, Ehz2(0)

)
+

N∑
n=1

∫
In

{(
U̇1 − U2, Ehz1

)
+
(
ρU̇2 − f,Ehz2

)
+ a(U1, Ehz2)− (g,Ehz2)ΓN

−
∫ t

0

β(t− s)a
(
U1(s), Ehz2

)
ds
}
dt.

Now by partial integration in space, similar to (5.5), (5.8), we have

R(U ;Ehz) =
∑

K∈T 0
h

{(
U1(0)− u0, Ehz1(0)

)
K

+ ρ
(
U2(0)− v0, Ehz2(0)

)
K

}
+

N∑
n=1

∫
In

∑
K∈T̄ n

h

{(
U̇1 − U2, Ehz1

)
K

+ (ρU̇2 − f,Ehz2)K

+ (rh, Ehz2)∂K + (gh − g,Ehz2)∂K

−
(
rh,

∫ T

t

β(s− t)Ehz2(s) ds
)

∂K

−
(
gh,

∫ T

t

β(s− t)Ehz2(s) ds
)

∂K

}
dt

=
2∑

i=1

Ii +
6∑

i=1

IIi.

(5.18)

We then, for each term, use the Cauchy-Schwarz inequality twice. First on the local
elements K, ∂K, to obtain local L2-norms, and then on the sum over the elements
to obtain global norms such that the weighted global error estimates (5.13), (5.14)
can be used. For I1 we have

(5.19) I1 ≤ ‖h0(U1(0)− u0)‖‖h−1
0 Ehz1(0)‖ ≤ C‖h0(U1(0)− u0)‖‖∇z1(0)‖,

and in a similar way we have,

I2 ≤ C‖h2
0(U2(0)− v0)‖‖∇2z2(0)‖.(5.20)

For the next term, using the error estimate (5.13), we have,

II1 =
N∑

n=1

∫
In

∑
K∈T n

h

(
U̇1 − U2, Ehz1

)
K
dt

≤
N∑

n=1

∫
In

‖hn(U̇1 − U2)‖‖h−1
n Ehz1‖ dt

≤ Cmax
[0,T ]

‖∇z1(t)‖
N∑

n=1

∫
In

‖hn(U̇1 − U2)‖ dt,

(5.21)
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and similarly we obtain,

II2 ≤ Cmax
[0,T ]

‖∇2z2(t)‖
N∑

n=1

∫
In

‖h2
n(ρU̇2 − f)‖ dt.(5.22)

For II3, we first have,

II3 ≤
N∑

n=1

∫
In

( ∑
K∈T̄ n

h

h̄3
K‖rh(t)‖2∂K

)1/2( ∑
K∈T̄ n

h

h̄−3
K ‖Ehz2(t)‖2∂K

)1/2

dt.

Then by a scaled trace inequality and the weighted global error estimates (5.13),
(5.14), we obtain

∑
K∈T̄ n

h

h̄−3
K ‖Ehz2‖2∂K ≤ C

∑
K∈T̄ n

h

{
h̄−4

K ‖Ehz2‖2K + h̄−2
K ‖∇Ehz2‖2K

}
≤ C

{
h̄−4

min,nh
4
max,n‖h−2

n Ehz2‖2

+ h̄−2
min,nh

2
max,n‖h−1

n ∇Ehz2‖2
}

≤ Ch̄−4
min,nh

4
max,n‖∇2z2‖2.

These imply the estimate

(5.23) II3 ≤ Cmax
[0,T ]

‖∇2z2(t)‖
N∑

n=1

∫
In

h̄−2
min,nh

2
max,n

( ∑
K∈T̄ n

h

h̄3
K‖rh‖2∂K

)1/2

dt.

In a similar way, we have

(5.24) II4 ≤ Cmax
[0,T ]

‖∇2z2(t)‖
N∑

n=1

∫
In

h̄−2
min,nh

2
max,n

( ∑
K∈T̄ n

h

h̄3
K‖gh − g‖2∂K

)1/2

dt.

Finally we study II5 and a similar result will hold for II6. To this end, first we
note that,

II5 ≤
N∑

n=1

∫
In

( ∑
K∈T̄ n

h

h̄3
K‖rh(t)‖2∂K

)1/2

×
( ∑

K∈T̄ n
h

h̄−3
K

∥∥∥∫ T

t

β(s− t)Ehz2(s) ds
∥∥∥2

∂K

)1/2

dt.
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Then, using Minkowski’s inequality, the Cuachy-Schwarz inequality, and the fact
that ‖β‖L1(R+) = γ, we have

∑
K∈T̄ n

h

h̄−3
K

∥∥∥∫ T

t

β(s− t)Ehz2(s) ds
∥∥∥2

∂K

≤
∑

K∈T̄ n
h

h̄−3
K

(∫ T

t

β(s− t)‖Ehz2(s)‖∂K

)2

ds

≤
∑

K∈T̄ n
h

h̄−3
K

∫ T

t

β(s− t) ds
∫ T

t

β(s− t)‖Ehz2(s)‖2∂K ds

≤ γ

∫ T

t

β(s− t)
∑

K∈T̄ n
h

h̄−3
K ‖Ehz2(s)‖2∂K ds,

that using a scaled trace inequality and the error estimates (5.13), (5.14), we have

∑
K∈T̄ n

h

h̄−3
K

∥∥∥∫ T

t

β(s− t)Ehz2(s) ds
∥∥∥2

∂K

≤ C

∫ T

t

β(s− t)
∑

K∈T̄ n
h

{
h̄−4

K ‖Ehz2(s)‖2K + h̄−2
K ‖∇Ehz2(s)‖2K

}
ds

≤ C

N∑
j=n

∫ tj

t∨tj−1

β(s− t)
{
h̄−4

min,nh
4
max,j‖h−2

j Ehz2(s)‖2

+ h̄−2
min,nh

2
max,j‖h−1

j ∇Ehz2(s)‖2
}
ds

≤ C

N∑
j=n

∫ tj

t∨tj−1

β(s− t)h̄−4
min,nh

4
max,j‖∇2z2(s)‖2 ds

≤ Cγmax
[t,T ]

‖∇2z2(s)‖2h̄−4
min,n max

n≤j≤N
h4

max,j .

Hence we obtain,

II5 ≤ Cmax
[0,T ]

‖∇2z2(t)‖

×
N∑

n=1

∫
In

h̄−2
min,n max

n≤j≤N
h2

max,j

( ∑
K∈T̄ n

h

h̄3
K‖rh‖2∂K

)1/2

dt.
(5.25)

A similar estimate for II6 holds, that is,

II6 ≤ Cmax
[0,T ]

‖∇2z2(t)‖

×
N∑

n=1

∫
In

h̄−2
min,n max

n≤j≤N
h2

max,j

( ∑
K∈T̄ n

h

h̄3
K‖gh‖2∂K

)1/2

dt.
(5.26)
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Putting (5.19)–(5.26) in (5.18) we conclude,

R(U ;Ehz) ≤ Cmax
(
max
[0,T ]

‖∇2z2(t)‖,max
[0,T ]

‖∇z1(t)‖
)

×
{
‖h0

(
U1(0)− u0

)
‖+ ‖h2

0

(
U2(0)− v0

)
‖

+
N∑

n=1

∫
In

{
‖hn(U̇1 − U2)‖+ ‖h2

n(ρU̇2 − f)‖

+ h̄−2
min,nh

2
max,n

( ∑
K∈T̄ n

h

h̄3
K‖rh‖2∂K

)1/2

+ h̄−2
min,nh

2
max,n

( ∑
K∈T̄ n

h

h̄3
K‖gh − g‖2∂K

)1/2

+ h̄−2
min,n max

n≤j≤N
h2

max,j

( ∑
K∈T̄ n

h

h̄3
K‖rh‖2∂K

)1/2

+ h̄−2
min,n max

n≤j≤N
h2

max,j

( ∑
K∈T̄ n

h

h̄3
K‖gh‖2∂K

)1/2}
dt

}
.

(5.27)

Now we study the second term in (5.17), that is,

R(U ;EkPhz) = R(U ;EkPhz)±
∫ T

0

{
(Pkf,EkPhz2) + (Pkg,EkPhz2)ΓN

}
dt

=
(
U1(0)− u0, EkPhz1(0)

)
+ ρ
(
U2(0)− v0, EkPhz2(0)

)
+

N∑
n=1

∫
In

{(
U̇1 − U2, EkPhz1

)
+ a(U1, EkPhz2)−

∫ t

0

β(t− s)a
(
U1(s), EkPhz2

)
ds

+
(
ρU̇2 − Pkf,EkPhz2

)
− (Pkg,EkPhz2)ΓN

+ (Ekf,EkPhz2) + (Ekg,EkPhz2)ΓN

}
dt.

Recalling the initial condition Ui(0) = Phui(0), i = 1, 2, the first two terms on the
right side vanish. Besides, from the second equation of (3.9) we have, for W ∈ V n

h ,

∫
In

{
ρ(U̇2,W )− (Pkf,W )− (Pkg,W )

}
dt

= −
∫

In

{
a(PkU1,W )− a

(
Pk

∫ t

0

β(t− s)U1(s) ds,W
)}

dt.
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Hence, we conclude

R(U ;EkPhz) =
N∑

n=1

∫
In

{(
U̇1 − U2, EkPhz1

)
− a(EkU1, EkPhz2) + a

(
Ek

∫ t

0

β(t− s)U1(s) ds,EkPhz2

)
+ (Ekf,EkPhz2) + (Ekg,EkPhz2)ΓN

}
dt.

(5.28)

For the last term we have,

N∑
n=1

∫
In

(Ekg,EkPhz2)ΓN dt

≤
N∑

n=1

∫
In

( ∑
K∈T n

h

h−1
K ‖Ekg‖2∂K

)1/2( ∑
K∈T n

h

hK‖EkPhz2‖2∂K

)1/2

.

By a scaled trace inequality and local inverse inequality we have,

∑
K∈T̄ n

h

hK‖EkPhz2‖2∂K ≤ C
∑

K∈T n
h

{
‖EkPhz2‖2K + h2

K‖∇EkPhz2‖2K
}

≤ C
∑

K∈T n
h

{
‖EkPhz2‖2K + ‖EkPhz2‖2K

}
= C‖EkPhz2‖2.

Hence,

N∑
n=1

∫
In

(Ekg,EkPhz2)ΓN dt ≤ C
( ∑

K∈T n
h

h−1
K ‖Ekg‖2∂K

)1/2

‖EkPhz2‖.

Considering this in (5.28) and using the Cauchy-Schwarz inequality we have

R(U ;EkPhz) ≤ C
N∑

n=1

∫
In

{
‖U̇1 − U2‖‖EkPhz1‖+ ‖EkĀhU1‖‖EkPhz2‖

+
∥∥∥Ek

∫ t

0

β(t− s)ĀhU1(s) ds
∥∥∥‖EkPhz2‖

+ ‖Ekf‖‖EkPhz2‖+
( ∑

K∈T n
h

h−1
K ‖Ekg‖2∂K

)1/2

‖EkPhz2‖
}
.
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This, L2-stability of the L2-projection Ph, and a standard error estimation of the
error operator Ek, conclude

R(U ;EkPhz) ≤ Cmax
(
max
[0,T ]

‖ż1(t)‖,max
[0,T ]

‖ż2(t)‖
)

×
N∑

n=1

∫
In

{
kn‖U̇1 − U2‖+ kn‖EkĀhU1‖

+ kn

∥∥Ek

∫ t

0

β(t− s)ĀhU1(s) ds
∥∥+ kn‖Ekf‖

+ kn

( ∑
K∈T n

h

h−1
K ‖Ekg‖2∂K

)1/2}
dt.

(5.29)

We now set j1 = j2 = zT
2 = 0 and zT

1 = A−1/2e1(T ). Then, putting (5.27) and
(5.29) in (5.17), using the stability estimates (2.14) and a standard argument, we
conclude the a posteriori error estimate (5.15), and this completes the proof. �

Remark 5. We note that for the error estimate (5.15) there are two types of re-
striction on the triangulations; One by ζn, ζn,N , that measures the quasiuniformity
of the family of triangulation, and the other by δFh

, that measure the regularity
of the family of triangulations in a slightly different sense. Although maybe not
explicitly, but ζn, ζn,N and δFh

can be related. In practice we use finitely many tri-
angulations, that means quasiuniformity holds, though possibly with big ζn, ζn,N .
This means that we still can use the a posteriori error estimate (5.15). But when
δFh

is not sufficiently small, the error estimate (5.15) does not hold. This calls for
using local interpolants instead of global L2-projection Ph. In the next theorem
we present an a posteriori error estimate using interpolation, linear in space and
constant in time on each space-time cell. We also note that a possible, but not
neccesserily optimal, way of ignoring these limitations could be using global error
estimates of Ph with global mesh size hmax. That is a posteriori error estimate in
the form, with k(t) = kn for t ∈ In,

‖e1(T )‖ ≤ C
{
hmax,0‖U1(0)− u0‖+ h2

max,0‖U2(0)− v0‖
}

+ Chmax

∫ T

0

‖U̇1 − U2‖ dt

+ Ch2
max

∫ T

0

{
‖ρU̇2 − f‖+ ‖r̃h‖+ ‖g̃h − g̃‖ΓN + ‖g̃h‖ΓN

}
dt

+
∫ T

0

k
{
‖U̇1 − U2‖+ ‖EkĀhU1‖

+
∥∥∥Ek

∫ t

0

β(t− s)ĀhU1(s) ds
∥∥∥+ ‖Ekf‖+ ‖Ekg‖ΓN

}
dt,

where r̃h|K = h−1
K max∂K |rh|, g̃h|K = h

−1/2
K |gh|, and g̃|K = h

−1/2
K |g|.

We recall the decomposition of the space-time slab Ωn = Ω× In into cells Kn =
K×In, K ∈ T̄ n

h . Let Ihk be the standard interpolant, such that Ihkv|Kn be linear in
space and constant in time. We define the error operator Ehk by Ehkv = (Ihk−I)v.
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A variant of the Bramble-Hilbert lemma then implies the error estimates,

‖Ehkv‖Kn ≤ C
(
hr

K‖∇rv‖K̃n + kn‖v̇‖K̃n

)
, r = 1, 2,(5.30)

‖∇Ehkv‖Kn ≤ C
(
h2

K‖∇2v‖K̃n + kn‖∇v̇‖K̃n

)
,(5.31)

where K̃ is a patch of space cells suitably chosen around K.
We recall the mesh function h̄n from (3.2), and we define the notation

h̄max,n = max
K∈T̄ n

h

h̄K .

We will also use the fact that

(5.32) ‖v‖2Ωn =
∫

In

‖v(t)‖2 dt ≤ kn max
In

‖v(t)‖.

Theorem 7. Let u and U be the solutions of (2.3) and (3.5). Then, with e = U−u,
we have the weighted a posteriori error estimate

‖e1(T )‖

≤ C
{
‖h0

(
U1(0)− u0

)
‖+ ‖h2

0

(
U2(0)− v0

)
‖
}

+ C

N∑
n=1

k1/2
n

{
‖h̄n(U̇1 − U2)‖Ωn + kn‖U̇1 − U2‖Ωn

+ ‖h̄2
n(ρU̇2 − f)‖Ωn + kn‖ρU̇2 − f‖Ωn

+
( ∑

K∈T̄ n
h

h̄3
K‖rh‖2∂Kn

)1/2

+
( ∑

K∈T̄ n
h

h̄3
K‖gh − g‖2∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄−1
K ‖rh‖2∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄−1
K ‖gh − g‖2∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄K‖rh‖2∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄K‖gh − g‖2∂Kn

)1/2

+
(
h̄2

max,n + kn

)(∫
In

( n∑
j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2∂K

)1/2
)2

dt

)1/2

+
(
h̄2

max,n + kn

)(∫
In

( n∑
j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ gh)j(t)‖2∂K

)1/2
)2

dt

)1/2

+
(
h̄max,n + kn

)
×

(∫
In

( n∑
j=1

h̄max,j

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2∂K

)1/2
)2

dt

)1/2

+
(
h̄max,n + kn

)
×

(∫
In

( n∑
j=1

h̄max,j

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ gh)j(t)‖2∂K

)1/2
)2

dt

)1/2}
.

(5.33)
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Proof. We write the error representation (5.1) as

J(e) =
∑

K∈T 0
h

Θ0,K +
6∑

i=1

N∑
n=1

∑
K∈T̄ n

h

Θn
i,K = I0 +

6∑
i=1

Ii.(5.34)

First we estimate I0. To this end, recalling Θ0,K from (5.2), we use the Cauchy-
Schwarz inequality and the interpolation error estimate (5.30) to obtain,∑

K∈T 0
h

(
U1(0)− u0, Ehkz1(0)

)
K
≤
∑

K∈T 0
h

‖U1(0)− u0‖K‖Ehkz1(0)‖K

≤ C
∑

K∈T 0
h

‖U1(0)− u0‖KhK‖∇z1(0)‖K

≤ C‖∇z1(0)‖
( ∑

K∈T 0
h

h2
K‖U1(0)− u0‖2K

)1/2

= C‖∇z1(0)‖‖h0

(
U1(0)− u0

)
‖.

Similarly we have∑
K∈T 0

h

ρ
(
U2(0)− v0, Ehkz2(0)

)
K
≤ C‖∇2z2(0)‖‖h2

0

(
U2(0)− v0

)
‖.

From these two estimates we conclude
I0 ≤ Cmax(‖∇z1(0)‖, ‖∇2z2(0)‖)

×
{
‖h0

(
U1(0)− u0

)
‖+ ‖h2

0

(
U2(0)− v0

)
‖
}
.

(5.35)

For the next term, using the Cauchy-Schwarz inequality and the error estimate
(5.30), we have

I1 ≤
N∑

n=1

∑
K∈T̄ n

h

‖U̇1 − U2‖Kn‖Ehkz1‖Kn

≤ C
N∑

n=1

∑
K∈T̄ n

h

‖U̇1 − U2‖Kn

(
h̄K‖∇z1‖K̃n + kn‖ż1‖K̃n

)

≤ C

N∑
n=1

( ∑
K∈T̄ n

h

h̄2
K‖U̇1 − U2‖2Kn

)1/2( ∑
K∈T̄ n

h

‖∇z1‖2K̃n

)1/2

+ C
N∑

n=1

kn

( ∑
K∈T̄ n

h

‖U̇1 − U2‖2Kn

)1/2( ∑
K∈T̄ n

h

‖ż1‖2K̃n

)1/2

= C

N∑
n=1

{
‖h̄n(U̇1 − U2)‖Ωn‖∇z1‖Ωn + kn‖U̇1 − U2‖Ωn‖ż1‖Ωn

}
,

that using (5.32) we have

I1 ≤ Cmax
(

max
[0,T ]

‖∇z1(t)‖,max
[0,T ]

‖ż1(t)‖
)

×
N∑

n=1

k1/2
n

{
‖h̄n(U̇1 − U2)‖Ωn + kn‖U̇1 − U2‖Ωn

}
.

(5.36)
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In the same way we obtain

I2 ≤ Cmax
(

max
[0,T ]

‖∇2z2(t)‖,max
[0,T ]

‖ż2(t)‖
)

×
N∑

n=1

k1/2
n

{
‖h̄2

n(ρU̇2 − f)‖Ωn + kn‖ρU̇2 − f‖Ωn

}
.

(5.37)

Now for I3, we use the Cauchy-Schwarz inequality, a trace inequality, and the error
estimates (5.30), (5.31) to obtain,

I3 ≤
N∑

n=1

∑
K∈T̄ n

h

h̄
−1/2
K ‖rh‖∂Kn h̄

1/2
K ‖Ehkz2‖∂Kn

≤ C
N∑

n=1

∑
K∈T̄ n

h

h̄
−1/2
K ‖rh‖∂Kn

{
‖Ehkz2‖Kn + h̄K‖∇Ehkz1‖Kn

}

≤ C
N∑

n=1

∑
K∈T̄ n

h

h̄
−1/2
K ‖rh‖∂Kn

×
{
2h̄2

K‖∇2z2‖K̃n + kn‖ż2‖K̃n + h̄Kkn‖∇ż2‖K̃n

}
≤ C

N∑
n=1

{( ∑
K∈T̄ n

h

h̄3
K‖rh‖2∂Kn

)1/2

‖∇2z2‖Ωn

+ kn

( ∑
K∈T̄ n

h

h̄−1
K ‖rh‖2∂Kn

)1/2

‖ż2‖Ωn

+ kn

( ∑
K∈T̄ n

h

h̄K‖rh‖2∂Kn

)1/2

‖∇ż2‖Ωn

}
,

that using (5.32) we have

I3 ≤ Cmax
(

max
[0,T ]

‖∇2z2(t)‖,max
[0,T ]

‖ż2(t)‖,max
[0,T ]

‖∇ż2(t)‖
)

×
N∑

n=1

k1/2
n

{( ∑
K∈T̄ n

h

h̄3
K‖rh‖2∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄−1
K ‖rh‖2∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄K‖rh‖2∂Kn

)1/2
}
.

(5.38)
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And similarly

I4 ≤ Cmax
(

max
[0,T ]

‖∇2z2(t)‖,max
[0,T ]

‖ż2(t)‖,max
[0,T ]

‖∇ż2(t)‖
)

×
N∑

n=1

k1/2
n

{( ∑
K∈T̄ n

h

h̄3
K‖gh − g‖2∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄−1
K ‖gh − g‖2∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄K‖gh − g‖2∂Kn

)1/2
}
.

(5.39)

Finally we study I5, I6 which include the convolution terms. We find an estimate
for I5 and a similar argument holds for I6. First, recalling the definition of Θn

5,K

from (5.2), we can write I5 as,

I5 =
N∑

n=1

∑
K∈T̄ n

h

Θn
5,K =

N∑
n=1

∫
In

∫ T

s

β(t− s)
∑

K∈T̄ n
h

(
rh(s), Ehkz2(t)

)
∂K

dt ds.

Then we change the order of the time integrals and we obtain,

I5 =
N∑

n=1

∫
In

n∑
j=1

∫ t∧tj

tj−1

β(t− s)
∑

K∈T̄ j
h

(
rh(s), Ehkz2(t)

)
∂K

ds dt

=
N∑

n=1

∫
In

n∑
j=1

∑
K∈T̄ j

h

(
(β ∗ rh)j(t), Ehkz2(t)

)
∂K

dt,

where

(β ∗ v)j(t) =
∫ t∧tj

tj−1

β(t− s)v(s) ds.
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Now by a trace inequality and then Cauchy-Schwarz inequality in the sum over the
triangles, and further Cuachy-Schwarz inequality in the integral over In, we have,

I5 ≤ C
N∑

n=1

∫
In

n∑
j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2∂K

)1/2

×
{
‖Ehkz2(t)‖+ h̄max,j‖∇Ehkz2(t)‖

}
dt

= C
N∑

n=1

∫
In

‖Ehkz2(t)‖
n∑

j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2∂K

)1/2

dt

+ C
N∑

n=1

∫
In

‖∇Ehkz2(t)‖
n∑

j=1

h̄max,j

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2∂K

)1/2

dt

≤ C
N∑

n=1

(∫
In

‖Ehkz2(t)‖2 dt
)1/2

×

(∫
In

( n∑
j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2∂K

)1/2
)2

dt

)1/2

+ C
N∑

n=1

(∫
In

‖∇Ehkz2(t)‖2 dt
)1/2

×

(∫
In

( n∑
j=1

h̄max,j

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2∂K

)1/2
)2

dt

)1/2

.

Since by the error estimate (5.30) we have

∫
In

‖Ehkz2(t)‖2 dt =
∫

In

∑
K∈T̄ n

h

‖Ehkz2(t)‖2K dt =
∑

K∈T̄ n
h

‖Ehkz2(t)‖2Kn

≤ C
∑

K∈T̄ n
h

(
h̄4

K‖∇2z2‖2K̃n + k2
n‖ż2‖2K̃n

)
≤ C

(
h̄4

max,n‖∇2z2‖2Ωn + k2
n‖ż2‖2Ωn

)
,

and similarly by (5.31)

∫
In

‖∇Ehkz2(t)‖2 dt =
∫

In

∑
K∈T̄ n

h

‖∇Ehkz2(t)‖2K dt =
∑

K∈T̄ n
h

‖∇Ehkz2(t)‖2Kn

≤ C
∑

K∈T̄ n
h

(
h̄2

K‖∇2z2‖2K̃n + k2
n‖∇ż2‖2K̃n

)
≤ C

(
h̄2

max,n‖∇2z2‖2Ωn + k2
n‖∇ż2‖2Ωn

)
,
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then, recalling (5.32), we conclude the estimate

I5 ≤ Cmax
(

max
[0,T ]

‖∇2z2(t)‖,max
[0,T ]

‖ż2(t)‖,max
[0,T ]

‖∇ż2(t)‖
)

×

{
N∑

n=1

k1/2
n

(
h̄2

max,n + kn

)
×

(∫
In

( n∑
j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2∂K

)1/2
)2

dt

)1/2

+ C
N∑

n=1

k1/2
n

(
h̄max,n + kn

)
×

(∫
In

( n∑
j=1

h̄max,j

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2∂K

)1/2
)2

dt

)1/2}
.

(5.40)

The same estimate holds for I6 with rh be replaced by gh.
We now set j1 = j2 = zT

2 = 0 and zT
1 = A−1/2e1(T ). Then, putting (5.35)-

(5.40), and the counterpart of (5.40) for I6, in (5.1), using the stability estimates
(2.14) and a standard argument, we conclude the a posteriori error estimate (5.33),
and this completes the proof. �

Remark 6. We can compute

‖rh‖∂Kn =
(∫

In

‖ψn−1(t)rh(tn−1) + ψn(t)rh(tn)‖2∂K dt
)1/2

≤ k
1/2
n√
3

(
‖rh(tn−1)‖2∂K + ‖rh(tn)‖2∂K

)1/2

≤
√

2
3
k1/2

n

(
‖rh(tn−1)‖∂K + ‖rh(tn)‖∂K

)
.

Remark 7. We note that the last a posteriori error estimate presented in (5.33),
does not have the restrictions that were mentioned in Remark 5.
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