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VARIOUS APPROACHES TO PRODUCTS OF
RESIDUE CURRENTS

RICHARD LARKANG & HAKAN SAMUELSSON

ABSTRACT. We describe various approaches to Coleff-Herrera prod-
ucts of residue currents R’ (of Cauchy-Fantappié-Leray type) as-
sociated to holomorphic mappings f;. More precisely, we study to
which extent (exterior) products of natural regularizations of the
individual currents R’ yield regularizations of the corresponding
Coleff-Herrera products. Our results hold globally on an arbitrary
pure-dimensional complex space.

1. INTRODUCTION

Let f = (f1,...,fp) be a holomorphic mapping from the unit ball
B c C*toCP. If p=1 and f is a monomial it is elementary to
show, e.g., by integrations by parts or by a Taylor expansion, that the
principal value current ¢ — lim._q f‘f|2>€ o/ f, ¢ € Dpn(B), exists and
defines a (0,0)-current 1/f. From Hironaka’s theorem it then follows
that such limits exist in general for p = 1 and also that B may be
replaced by a complex space, [19]. The J-image, 9(1/f), is the residue
current of f. It has the useful property that its annihilator ideal is
equal to the principal ideal (f) and by Stokes’ theorem it is given by
@ = limeg ;o 0/ f. ¢ € Dnn-1(B). For p > 1, Coleft-Herrera, [16],
proposed the following generalization. Define the residue integral

1) 19(e) = / ) 0 € Ty

where T'(e) = NY{|f;|> = €;} is oriented as the distinguished boundary
of the corresponding polyhedron. Coleff-Herrera showed that if ¢ — 0
along an admissible path, which means that ¢ — 0 inside (0,00)? in
such a way that €;/e¥,; — 0 for all k € N, then the limit of I7(e) exists
and defines a (0, p)-current. We call this current the Coleff-Herrera
product associated to f.

If f defines a complete intersection, Coleff-Herrera showed that the
Coleft-Herrera product associated to f depends only in an alternating
fashion on the ordering of f, (see [15] and [28] for stronger results im-
plying this). Moreover, in the complete intersection case, it has turned
out that the Coleff-Herrera product is a good notion of a multivariable
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residue of f. In particular, its annihilator ideal is equal to (f), ([17],
[23]). Moreover, the Coleff-Herrera product is the “minimal” extension
to a current of Grothendieck’s cohomological residue (see, e.g., [23] for
the definition) in the sense that it is annihilated by anti-holomorphic
functions vanishing on {f = 0}. This is also related to the fact that the
Coleft-Herrera product has the so called Standard Erztension Property,
SEP, which means that it has no mass concentrated on the singular
part of {f = 0}, (see, e.g., [14] and [16]).

The Coleff-Herrera product in the complete intersection case has
also found applications, e.g., to explicit division-interpolation formu-
las and Briangon-Skoda type results (|2], [9]), explicit versions of the
fundamental principle ([12]), the d-equation on complex spaces ([3],
|18]), explicit Green currents in arithmetic intersection theory |11], etc.
However, if f does not define a complete intersection, then the Coleff-
Herrera product does not depend in any simple way on the ordering
of f. For example, the Coleff-Herrera product associated to (zw, z) is
zero while the Coleff-Herrera product associated to (z, zw) is equal to
d(1/22) AO(1/w), which is to be interpreted simply as a tensor product.
Nevertheless, it has turned out that the Coleff-Herrera product indeed
describes interesting phenomena also in the non-complete intersection
case. For instance, the Stiickrad-Vogel intersection algorithm in ex-
cess intersection theory can be described by the Coleff-Herrera method
of multiplying currents; this is shown in a forthcoming paper by M.
Andersson, the second author, E. Wulcan, and A. Yger.

In this paper, we describe various approaches to Coleff-Herrera type
products, both in general and in the complete intersection case. More
precisely, we study to which extent (exterior) products of natural reg-
ularizations of the individual currents 1/f; and d(1/f;) yield regular-
izations of the corresponding Coleff-Herrera products. Moreover, we
do this globally on a complex space and we also consider products of
Cauchy-Fantappié-Leray type currents.

Let Z be a complex space of pure dimension n, let ET, ..., E} be
hermitian holomorphic line bundles over Z, and let f; be a holomorphic
section of E7. Then 1/f; is a meromorphic section of the dual bundle
E; and we define it as a current on Z by

L |fP

fi o fi =0
The right hand side is a well-defined and analytic current-valued func-
tion for MRe \; > 1 and we will see in Section 2 that it has a current-
valued analytic continuation to A; = 0; it is well-known and easy to
show that this definition of the current 1/f indeed coincides with the
principal value definition of Herrera-Lieberman described above, (see,
e.g, Lemma 5 below). The residue current of f; is then defined as the
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O-image of 1/f;, i.e.,

5i _ 5|fj|2/\j )
fj fj A;j=0

It follows that d(1/f;) coincides with the limit of the residue integral
associated to f;. A conceptual reason for this equality is that 9| f;|* / f;
in fact is the Mellin transform of the residue integral. The technique of
using analytic continuation in residue current theory has its roots in the
work of Atiyah, |7], and Bernstein-Gel’fand, [13], and has turned out to
be very useful. In the context of residue currents it has been developed
by several authors, e.g., Barlet-Maire, [8], Yger, [31], Berenstein-Gay-
Yger,[10]|, Passare-Tsikh, |25], and recently by the second author in
|28].

We use this technique to define products of the residue currents
d(1/f;) by defining recursively

A £ (22
(2) gL nppl AT 5 AL
Ji fi Ji fk:—l fi =0

The existence of the right hand side of (2) follows from the fact that
this type of products of residue currents are pseudomeromorphic, see
Section 2 for details.

A natural way of regularizing the current 9(1/f;) inspired by Passare,
[22], is as Ox(|f;|*/€)/ f;, where x is a smooth approximation of 1j ),
(the characteristic function of [1,00)). This regularization corresponds
to a mild average of the residue integral I}pj (e) and again, it is well-
known and easy to show that lim..odx(|f;|*/€)/f; = O(1/f;), (see,
e.g., Lemma 5). We define the regularized residue integral associated

to f by

(3)

where x§ = x(|f;]*/¢;) and ¢ is a test form with values in A(E} &
-+ @ Ey). Notice that if x = 11« (and the Ej are trivial), then (3)
becomes (1).

Theorem 1. With the notation of Definition 10, we have

=1
— - — i T¥
fp A afl €1<< 1216;,—»0 f< )

8Xp Xl

1

AN

Moreover, if we allow X = 11 o0y in (3), then the limit of (3) along any
admissible path also equals O(1/f,) A--- NO(1/f1). ¢

Remark 2. The requirement that ¢ — 0 along an admissible path if
X = 11,) is not really necessary. However, since it is not completely
obvious what, e.g., (Ox(|f2|?/e2))/f2 A O(1/f1) means if x = 1f1 ) we
prefer to add the requirement.



4 RICHARD LARKANG & HAKAN SAMUELSSON

Theorem 1 thus says that the Coleff-Herrera product associated to
f equals the successively defined current in (2) and also that it can
be smoothly regularized by (3). It also follows that O(1/f,) A --- A
8(1/f1) = hmeaO(aX(‘pr/ﬁ)/fp) A 8(1/fp71) AN 8(1/f1)~

Theorem 1 is a special case of Theorem 12 below, where we show
a similar result for products of Cauchy-Fantappié-Leray type currents,
which can be thought of as analogues of the currents 1/f; and 9(1/f;)
in the case when the bundles E; have ranks > 1. Products of such
currents were first defined in [30], but the definition of the products
given there is in general not the same as our. The proof of Theorem 1
(and Theorem 12) is very similar to the proof of Proposition 1 in [22]
but it needs to be modified in our case since extra technical difficulties
arise when the metrics of the bundles E; are not supposed to be trivial.

To give some intuition for Theorem 1, we recall Bjork’s realization
of the Coleff-Herrera product, see, e.g., [14], [3|, or [15] for proofs.
Given a holomorphic function f; in B C C", there exists a holomorphic
differential operator (), a holomorphic function h, and a holomorphic
(n — 1)-form dX such that

1
(4) 0—. ¢ ANdz =lim X(
fi {/=0}

, P € Don(B),
c h ' 0n—1(B)
where ¥ = 1 o) or a smooth approximation thereof. This represen-
tation makes it possible to define the principal value of 1/f, on the

current O(1/f1). In fact, lim. .o Jipuoy XURS2?/€)Q(p/ f2) N dX /D ex-
ists and defines a current (1/£,)0(1/f1). The d-image of this current is
then well-defined and, (e.g., by Theorem 1), it equals 9(1/f,) AO(1/ f1).
But d(1/f,) A 9(1/f1) has a representation similar to (4) and one can
thus define the principal value of 1/f3 on 9(1/f,) A9(1/f1), and so on.
Intuitively, this procedure corresponds to first letting e, — 0 in (1) (or
(3)), then letting e; — 0 etc.

We now turn to the case that the sections f; define a complete in-
tersection on Z. Then we know that the Coleff-Herrera product is

anti-commutative but we have in fact the following result generalizing
Theorem 1 in [15].

Theorem 3. Assume that fi,...,f, define a complete intersection.
Then

e—0

!hIQ) Qp) ANdX

-1 -1

|77 (e) — 3]7 ARERNA 3f—~ | < Ollpllon (& + - +e7),
p 1

where the positive constants M and w; only depend on f, Z, and supp ¢

while C' also depends on the CM-norm of the x-functions appearing in

the regularized residue integral 7, (3).

We also have a similar statement for products of Cauchy-Fantappié-
Leray currents, Theorem 13 below. Notice that it is necessary that
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the x-functions are smooth; if p > 2 and x = 1j1,«) in (3), then the
corresponding statement is false in view of the examples by Passare-
Tsikh, [24], and Bjork, [14].

We also have a generalization of Theorem 1 in |28] to products of
Cauchy-Fantappié-Leray currents, namely our Theorem 14 in Section 2.
In the special case of line bundles discussed here, Theorem 14 becomes
the following Theorem 4. However, Theorem 4 also follows from the
results in [28]; the presence of non-trivial metrics does not cause any
additional problems.

Theorem 4. Assume that fi,..., f, define a complete intersection. If
© is a test form, then

N N
F(A)._/ i A A 7 A

has an analytic continuation to a neighborhood of the half space {Re \; >
0}.

In the classical case, T'?()) is the iterated Mellin transform of the
residue integral (1) and it is well known that it has a meromorphic
continuation to C? that is analytic in NY{9Re A\; > 0}; (this is also true
in the non-complete intersection case). The analyticity of I'*(\) in a
neighborhood of 0 when p = 2 was proved by Berenstein-Yger (see,
e.g., |9])-

In Section 2, we give the necessary background and the general for-
mulations of our results. Section 3 contains the proof of Theorems 1
and 12. The proof of Theorems 3, 13, and 14 is the content of Section 4;
the crucial part is Lemma 19 which enables us to effectively use the
assumption about complete intersection.

2. FORMULATION OF THE GENERAL RESULTS

Let Ey,..., E; be holomorphic hermitian vector bundles over a re-
duced complex space Z of pure dimension n. The metrics are supposed
to be smooth in the following sense. We say that ¢ is a smooth (p, q)-
form on Z if ¢ is smooth on Z,.,, and for a neighborhood of any
p € Z, there is a smooth (p, ¢)-form ¢ in an ambient complex man-
ifold such that the pullback of ¢ to Z,., coincides with ¢| Z,e, Close
to p. The (p, q)-test forms on Z, 9, ,(Z), are defined as the smooth
compactly supported (p,q)-forms (with a suitable topology) and the
(p, g)-currents on Z, 9, (Z), is the dual of Z,_,,,_4(Z); see, e.g., [21]
for a more thorough discussion.

We recall from [6] the definition of pseudomeromorphic currents,
PM. A current is pseudomeromorphic if it is a (locally finite) sum
of push-forwards of elementary currents under modifications of Z. A



6 RICHARD LARKANG & HAKAN SAMUELSSON

current, 7', is elementary if it is a current on C? of the form

1 =1
(5) T — x—a /\ aij /\ 19,
Bi#0  j

where a and [ are multiindices with disjoint supports and ¢ is a smooth
compactly supported (possibly bundle valued) form. (We are abusing
notation slightly; Agﬁoé(l/xf") is only defined up to a sign.) Elemen-
tary currents are thus merely tensor products of one-variable principal
value currents 1/x{* and 0-images of such (modulo smooth forms).

Lemma 5. Let f be a holomorphic function, and let T € PM(Z).
If f is a holomorphic function such that {f =0} ={f =0} and v
is a smooth non-zero function, then (|fv|*/f)T and (D|fv|*/f) AT
have current-valued analytic continuations to A = 0 and the values at
X = 0 are pseudomeromorphic and independent of the choices of f and
v. Moreover, if X = 1[1,«), or a smooth approzimation thereof, then
£0122 € 3| £ay|22
ﬂT = lim X—T and M/\T = lim

f \—o e—0t f f \—o e—0t

where x© = X(|fvf2/e).

Proof. The first part is essentially Proposition 2.1 in |6], except that
there, Z is a complex manifold, f = f and v = 1. However, with
suitable resolutions of singularities, the proof in [6] goes through in the
same way in our situation, as long as we observe that in C
|z v 1
o gf and @ P

have analytic continuations to A = 0, and the values at A = 0 are
1/2%7% and 0 respectively, independently of o/ and v, as long as o’ > 0
and v # 0 (and similarly with 9]z v|*/2®).

By Leibniz rule, it is enough to consider the first equality in (6),
since if we have proved the first equality, then

ox*

(6) AT,

im AT — 1imd (’%T) _X o7

e—0 e—0 f
_ 9| fu*

. rfw) |fv\”)
=10 T — oT
(o) - Far)|_ =]

To prove the first equality in (6), we observe first that in the same way
as in the first part, we can assume that f = 27u and f = 271, where u
and « are non-zero holomorphic functions. Since T is a sum of push-
forwards of elementary currents, we can assume that 7" is of the form
(5). Note that if supp yNsupp 3 # 0, then (| fv|?*/f)T = 0 for Re A >
1 and (x(|fv|?/e)/f)T = 0 for ¢ > 0, since suppT C {z; = 0,i €

AT
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supp #}. Thus, we can assume that suppy Nsupp = 0. By a smooth
(but non-holomorphic) change of variables, as in Section 3 (equations
(15)), we can assume that |Gv|?> = 1. Thus, since (|z7|*/27)(1/2%),
(x(|z7|?/€)/x7)(1/x*) depend on variables disjoint from the ones that
/\gi;,,gog(l/l’iﬁi) depends on, it is enough to prove that

12X 1 12 1
PP e
xr  x® =0 e—0 x x
which is Lemma 2 in [15]. O

Let f; be a holomorphic section of EY, j = 1,...,q, and let s; be

the section of E; with pointwise minimal norm such that f;-s; = | f;|%.
Outside {f; = 0}, define

s; N (Ds;)F
| fi %

It is easily seen that if f; = ff], where f} is a holomorphic function
and f] is a non-vanishing section, then u; = (1/f7)*(u');, where (u);,
is smooth across {f; = 0}. We let

J
Uy =

bl

A=0

(7) U= | filP,
k=1

where f; is any holomorphic section of E? such that (fi=0={f =
0}. The existence of the analytic continuation is a local statement, so
we can assume that f; = > fjre},, where ¢}, is a local holomorphic
frame for E7. After principalization we can assume that the ideal
(fi1s---, fix;) s generated by, e.g., fjo. By the representation ufc =
(1/f;0)F ()], the existence of the analytic continuation of U’ in (7)
then follows from Lemma 5. Let U] denote the term of U’ that takes
values in A*E;; Ul is thus a (0, k — 1)-current with values in A*E;. Let
dy, denote interior multiplication with f; and put Vy, = oy, —0; it is not
hard to verify that VU = 1 outside f; = 0. We define the Cauchy-
Fantappie-Leray type residue current, R/, of f; by R/ = 1 — VU’.
One readily checks that

8) R = RI+> R
k=1

_ I si A (0s;)F1
= (L= i) o+ > 0f;P AL |§c|2;) )
P j A=0

where, as above, fj is a holomorphic section such that { fj =0} =

{f; =0}
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Remark 6. Notice that if E; has rank 1, then U; simply equals 1/f;
and B/ =1-Vy(1/f;) =1—f;-(1/f;) + 01/ f;) = 01/ ;).

We now define a non-commutative calculus for the currents U} and
R} recursively as follows.

Definition 7. If T' is a product of some U}:s and RZZS, then we define

. - . T AL
o UINT = |20 & (8‘2;) AT
£l A=0
o« RIAT=(1-If™7|
, . N GIAL
« RLAT = 32 n SN0 )
£l A=0

where f; is any holomorphic section of E5 with {f;=0}={f, =0}

Note first that U’ and R/ are pseudomeromorphic. Hence, in the
same way as the analytic continuation in the definition of U7 and R’
exist, we see that the analytic continuations in the definition of the
currents in Definition 7 exist and also are pseudomeromorphic.

Remark 8. Under assumptions about complete intersection, these
products have the suggestive commutation properties, e.g., if codim {fi=
fj = 0} = rank E;+rank Ej, then Ry ARy = Ry ARy, RjAU] = U/ \R;,
and U, ANU] = =U] AU}, (see, e.g., [4]). In general, there are no sim-
ple relations. However, products involving only U:s are always anti-
commutative.

Now, consider collections U = {U,Zq, e U,f:l} and R = {Rip, Ry}
and put (P,,...,P) = (U,fq, . Rip, ..., R} ). For a permutation v of
{1,...,q} we define

(9) (UR)V = Py(q) FANKIRIRIVAN Pz/(l)-

We will describe various natural ways to regularize products of this
kind. For ¢ = 1 we see from (7) and (8) that we have a natural

A-regularization, P}, of P; and from Definition 7 we have (UR)" =

Py’\(‘;) ARERW PVA(II)]M:O -+ |n,=0- We have the following result that is

proved in a forthcoming paper by M. Andersson, the second author, E.
Wulcan, and A. Yger.

Theorem 9. Let a; > --- > a, > 0 be integers and A a complex
variable. Then we have

v __ pA\4 A1
(UR)” = Py N NP N
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We see that one does not need to put Ay = 0 first, then Ay = 0
etc., one just has to ensure that A; tends to zero much faster than
Ay and so on. The current (UR)” can thus be obtained as the value
at zero of a one-variable (-type function. From an algebraic point of
view, this is desirable since one can derive functional equations and use
Bernstein-Sato theory to study (UR)".

There are also natural e-regularizations of the currents Ui and R}
inspired by [16] and [22]. Let x = 1j;,«), or a smooth approximation
thereof that is 0 close to 0 and 1 close to co. It follows from [27], or
after principalization from Lemma 5, that

s; A (0s;)F

I 1 £2
v A 7 5; A (9s;)F !
)R- Jm o/ A S ko,

and similarly for k& = 0; as usual, {f; = 0} = {f; = 0}. Of course,
the limits are in the current sense and if x = 1}1 o), then € is supposed
to be a regular value for |f;|? and dx(|f;|*/€) is to be interpreted as

integration over the manifold |f;|?> = e. We denote the regularizations
given by (10) and (11) by P;.

Definition 10. Let 9 be a function defined on (0, 00)?. We let

61<<.1.1<r£1€q_)019(61, N
denote the limit (if it exists and is well-defined) of ¢ along any path
d +— €(0) towards the origin such that for all £k € N and j = 2,...,¢
there are positive constants Cjj, such that e;_1(8) < Cji €¥(5). Here, we

extend the domain of definition of 9 to points (0,...,0, €41, .- .,€,),
where €,,41,...,¢, > 0, by defining recursively
9(0,...,0,€nt1,...,€6) = ehriloﬁ(o’ ooy 0, €y €ty - -5 €q)s

if the limits exist.

Remark 11. The paths considered here are very similar to the admis-
sible paths of Coleff-Herrera, but we also allow paths where, e.g., €
attains the value 0 before the other parameters tend to zero.

We have the following analogue of Theorem 9.

Theorem 12. Let U = {U,gq,...,UpH} and R = {R} ,..., Ry} be

kpt1
collections of currents defined in (7) and (8). Let v be a permutation

of {1,...,q} and let (UR)" be the product defined in (9). Then

(UR) - 61<<'1'i£<n€q—>0 Pl/gq) Ao A Pyél)’
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where, as above, (P,,...,P,) = (Ul,...,RY ,... R} ) and P is an

a kq kp k1 v ()
e-regularization defined in (10) and (11) of P,jy. If X = 1p,00), we
require that € — 0 along an admissible path.

2.1. The complete intersection case. Now assume that fi,..., f,
defines a complete intersection, i.e., that codim{f; =--- = f, =0} =
er + --- + eq, where e; = rank £;. Then we know that the calculus
defined in Definition 7 satisfies the suggestive commutation properties,
but we have in fact the following much stronger results.

Theorem 13. Assume that f1,..., f, defines a complete intersection
onZ,let (P,...,P) = (R,lcl,...,R JUPHL UL, and let P be an
kp+1 q J

e-reqularization of P; defined by (10) “and (11) with smooth x-functions.
Then we have

/ZPlfl/\.../\Pqeq/\w—Pl/\.../\Pq.gp < COllellar(ey + -+ -+ €2),

where M and w only depend on fi,..., fy, Z, and supp ¢ while C' also
depends on the CM-norm of the x-functions.

Theorem 14. Assume that fi,..., f, defines a complete intersection
on Z, let (Py,...,P) = (R}, ... Ri JUPTL U, and et PY pe
kpi1 q J

the X\-reqularization of P; given by (7) and (8). Then the current valued
function

A= PMA o AP,
a priori defined for Re \; > 1, has an analytic continuation to a neigh-
borhood of the half-space N{{MRe A; > 0}.

Remark 15. In case the Ej:s are trivial with trivial metrics, Theorems
13 and 14 follow quite easily from, respectively, Theorem 1 in [15] and
Theorem 1 in [28] by taking averages. As an illustration, let eq,... &,
be a nonsense basis and let fi,..., f. be holomorphic functlons Then

we can write s = f ¢ and so u = (f e)A(df-e)k=1/|f|**. A standard
computation shows that

/ %dv aipLs,
ot (@ P i

where dV' is the (normalized) Fubini-Study volume form and A is holo-
morphic with A(0) = 1. It follows that

k —_
0| QA ;€ -
/ NI § R v ) = A
at,...,a, €CP 1 1

\Oéj\”

-----

Elaborating this formula and using Theorem 1 in [28] one can show
Theorem 14 in the case of trivial F;:s with trivial metrics. The general
case can probably also be handled in a similar manner but the compu-
tations become more involved and we prefer to give direct proofs.
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3. PROOF OF THEOREM 12

We start by making a Hironaka resolution of singularities, [20], of
Z such that the pre-image of U;{f; = 0} has normal crossings. We
then make further toric resolutions (e.g., as in [26]) such that, in local
charts, the pullback of each f; is a monomial, %, times a non-vanishing
holomorphic tuple. One checks that the pullback of P is of one of the
following forms:

w27 Pefe)

o Pe/e)
€T 67

a2
1= x(la®Pe/e),
where £ is smooth and positive, supp @ = supp «, and ¥ is a smooth
bundle valued form; by localizing on the blow-up we may also suppose
that 9 has as small support as we wish. If the y-functions are smooth,
the following special case of Theorem 12 now immediately follows from
Lemma 5:

(12) (UR)” = lim - - - lim P;gq) ARRRWA P;(ll).

eq—0 €1—0

I

For smooth y-functions we put

1) - | XN N OX X

xS
Lo FapFay A2
where ¢’ < ¢, ¢ is a smooth (n,n — p)-form with support close to
the origin, and x§ = X(lflidj|2§j/€j) for smooth positive &;. We note
that we may replace the 9 in Z(¢) by d for bidegree reasons. In case
X = 1{1,00) We denote the corresponding integral by I(e). We also put
IV(€1,...,€q) = Z(€p1), - - -, €u(g)) and similarly for I”. In view of (12),
the special case of Theorem 12 when the y-functions are smooth will
be proved if we can show that

1 lim IV
(13) aeim  T(e)

exists. The case with x = 1 o) will then follow if we can show

(14) lm(Z7(e(9)) — 1"(e(9))) = 0,

where § — €(0) is any admissible path.

For notational convenience, we will consider Z%(€) (unless otherwise
stated), but our arguments apply just as well to I”(¢) until we arrive
at the integral (18).

Denote by A the q X n-matrix with rows &;. We will first show that
we can assume that A has full rank. The idea is the same as in [16] and
|22], however because of the paths along which our limits are taken,
we have to modify the argument slightly. The following lemma follows
from the proof of Lemma I11.12.1 in [29].
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Lemma 16. Assume that « is a ¢ X n-matriz with rows o; such that
there exists (v1,...,vy) # 0 with > v;a; = 0. Let j = min{i;v; # 0}.
Then there exist constants C,c > 0 such that if e; < C(€j11...€,)¢, then
x(|2%9%¢;/€e;) = 1 and Ix(|x%|%¢;/€;) = 0 for all x € AN {|z*]? >
Ciei,i=j+1,...,q}, where A is the unit polydisc.

Assume that A does not have full rank, and let v be a column vector
such that v'!A = 0. Since (e, ..., ¢,) is replaced by (Eu(1)s - - -5 €u(g)) In
7" (€), we choose instead jy such that v(jy) < v(7) for all i such that
v; # 0. If jo < p, we let f”(e) =0, and if jo > p+ 1, we let fl’(e) be
7" () but with x5, replaced by 1. If € = €(9) is such that €,;,) > 0,
then Z"(e€) is a current acting on a test form with support on a set of
the form

AN {|z% 2> Ci€yiy; for all ¢ such that v(i) > v(jo)}-

In particular, if €,;,)(0) is sufficiently small compared to (€,(jo)+1(6), - - -,
€4(6)), then by Lemma 16, if j, < p, the factor 5)(20 is identically 0,
and if jo > p + 1, the factor x§, is identically 1 and thus is equal to
7% (e) for such e. Similarly, if €u(jo) = 0, we have that Z"(e) is defined
as a limit along €,(;,) — 0, with €,(jo)4+1, ..., ¢, fixed and in the limit
we get again that for sufficiently small €,(;,), we can replace Z%(¢) by
7%(¢). Thus we have

lim  Z'(e)= lim  Z%(e),
<K <Keg—0 €K <Keg—0

and we have reduced to the case that A is a (¢ — 1) x n-matrix of the
same rank. We continue this procedure until A has full rank.

By re-numbering the coordinates, we may suppose that the minor
A = (&ij)1<ij<q of A is invertible and we put A~' = B = (b;;). We now
use complex notation to make a non-holomorphic, but smooth change
of variables:

(15) Yy = 11 €b1/2a s Yqg = Ty ng/2a Yg+1 = Tg41,- - -, Yn = T,

gl =1 §b1/27 s 7@(] = j:q be/zu gq—i-l = ‘/Eq—&-h s 7gn = jrm
where ¢b1/2 = ¢hi/2 . -ggiq/z. One easily checks that dyAdy = €% - - - ¢ba
dx Ndz + O(|z]), so (15) defines a smooth change of variables between
neighborhoodspf the origin. A simple linear algebra computation then
shows that |z%[%¢; = |y¥|>. Of course, this change of variables does

not preserve bidegrees so ¢(y) is merely a smooth compactly supported
(2n — p)-form. We thus have

. dXi/\'../\dXEXE—i-l'..Xe
(16) T'(e) = /A e N ),

where x§ = X([y%*/evy)) and @' (y) = Z|I|+|J\:2nfp Yrydyr N dyy. By
linearity we may assume that the sum only consists of one term ¢'(y) =
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Ydyx Adyr, and by scaling, we may assume that suppy¥ C A, A being
the unit polydisc. By Lemma 2.4 in [16], we can write the function
as

17 v = > Y+ D vy

+7<3? ;-1 1+7=% a,;-1

where a < b for tuples @ and b means that a; < b; for all <. In the

decomposition (17) each of the smooth functions 7, in the first sum

on the left hand side is independent of some variable. We now show

that this implies that the first sum on the left hand side of (17) does not

contribute to the integral (16). In case ¢'(y) has bidegree (n,n—p) this

is a well-known fact but we must show it for an arbitrary (2n—p)-form.
We change to polar coordinates:

dyg N dyp = d(rg, e ) A Ad(rp,e ) A

Since x5 in (16) is independent of 6, it follows that we must have full
degree = n in df. The only terms in the expansion of dyx A dy; above
that will contribute to (16) are therefore of the form

cry - rpe® dry A d6,

where |M| = n — p, ¢ is a constant, and v is a multiindex with en-
tries equal to 1, —1, or 0. Substituting this and a term r;y'g’ =
Yyt e?U=7) from (17) into (16) gives rise to an “inner” #-integral
(by Fubini’s theorem):

H15(r) = / Wrs(r, 6) 0 (I=I=2% a5+7) qp.
fel0,2m)n

If1+J <37 a;—1, then I—J =7 aj+~ < 0 and ¢, is independent
of some y; = r;e'%. Integrating over 6; € [0,27) thus yields #;; = 0
if T+J <> a;—1. Ifinstead T +.J = X7 a; — 1, then _g7,(r) is
smooth on [0, 00)".

Summing up, we see that we can write (16) as

(18) I"(e) = / o dxy A NdX X1 Xg F () dryy,
re(0,1)”

where x5 = x(r°* /e,(;)), # is smooth, and |[M|=n — p.

After these reductions, the integral (18) we arrive at is the same
as equation (16) in [22]|, and we will use the fact proven there, that
lims_o Z"(€(0)) exists along any admissible path ¢(9), and is well-defined
independently of the choice of admissible path. (This is not exactly
what is proven there, but the fact that if b € QP, then lims_qe€(5)°
is either 0 or oo independently of the admissible path chosen is the
only addition we need to make for the argument to go through in our
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case.) Using this, if we let €(0) be any admissible path, we will show
by induction over ¢ that
li I"(e) = lim Z"(e(0)).

G TH(e) = lim I%(e(0))
For ¢ = 1 this is trivially true, so we assume ¢ > 1. Let ¢* be any
sequence satisfying the conditions in Definition 10. Consider a fixed
k, and let m be such that € = (0,...,0,€r,,...,€) with €}, > 0.
Let [, =v'({1,...,m})N{l,....p}and L =v'({1,....m}) N{p+
1,...,q}. We consider € ,,... € fixed in Z"(¢), and define

Ti(ers - em) = /[Ol]n N\ dx(r Jeniy) TT x(r Jeww) Zu(r)dras,

i€l i€la

originally defined on (0, c0)?, but extended according to Definition 10,
where

FAGEE Y AR CYC/ I || B GRE PA()

ie{1,....p}\I1 ie{p+1,...q}\I2

(where the sign is chosen such that Z;(0) = Z”(e*)). Since m < ¢ and
_Ji is smooth, we have by induction that
Z;(0) = lim ... lim Zy(eq, ..., €,) = Lim Zy(€'(0)),
em—0 e1—0 §—0
where €(J) is any admissible path, and the first equality follows by
definition of Z,(0). We fix an admissible path € (9). For each k we can
choose 0, such that if ¢ = (¢)(61), ..., € (61)), then limy_ o0 (Zp (") —
7,(0)) = 0 and if & = (¥ ek, ... ,€r), then € forms a subsequence
of an admissible path. Since Z(0) = Z"(é*), and Z(e*') = Z¥(&*), we
thus have
: v( k : v ( =k : v
Jn ) = i 7)< iy )
where the second equality follows from the existence and uniqueness
of 7¥(e(0)) along any admissible path. Hence we have shown that the
limit in (13) exists and is well-defined.

Finally, if we start from (18), as (23) in [22] shows, either

lim IV(E) = :IZ/ /(07 TM)dT]Vfu
T‘]\]E(O,l)”‘p

(<K Keg—0

or the limit is 0, depending only on «. If we consider ”(e) instead, we
get the same limit, see [29, p. 79-80], and (14) follows.

4. PROOF OF THEOREMS 13 AND 14
Recall that (Py,...,P;) = (R} ;... ,Rip, urtt oo ,U,gq) and that Pjej

kpt17

and Pj)‘j are the e-regularizations with smooth x (given by (10), (11))
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and the A-regularizations (cf. (7), (8)) respectively of P;. We will con-
sider the following two integrals:

I(e):/Pfl/\--~/\P;‘7Ag0
Z

F(A):/PﬁlAm/\ij/\@,
Z

where ¢ is a test form on Z, supported close to a point in {f; =
.-+ = f, = 0}, of bidegree (n,n —k; — -+ — k, + ¢ — p) with values in
A(Ef®---@E}). In the arguments below, we will assume for notational
convenience that f; = f; (cf., e.g., (7)); the modifications to the general
case are straightforward.

The crucial parts of the proofs of Theorems 13 and 14 are contained
in the following propositions.

Proposition 17. Assume that f1,..., f, define a complete intersec-
tion. For p < s < q we have

‘I(e) —Z(e1,...,€5-1,0,... ,0)| < Cllellm(e +---+ e‘;).

Note that Z(ei, ..., €5-1,0,...,0) is well-defined; it is the action of U;; N
-+ AU} on a smooth form.

Proposition 18. Assume that fi,..., f, define a complete intersec-
tion. Then I'(X\) has a meromorphic continuation to all of C? and its
only possible poles in a neighborhood of N{{MeX; > 0} are along hy-
perplanes of the form Z;’:l Aja; = 0, where ai; € N and at least two «;
are positive. In particular, for p = 1, I'(\) is analytic in a neighborhood

of N!{Re ), > 0.
Using that
(19) Olfil Al = O(I £l — £+ (151 i),

the proof of Theorem 14 follows from Proposition 18 in a similar way
as Theorem 1 in 28| follows from Proposition 4 in [28|.

We indicate one way Proposition 17 can be used to prove Theo-
rem 13. To simplify notation somewhat, we let R/ denote any R’ and
RJ denotes a smooth e-regularization of R’; U7 and U? are defined sim-
ilarly. The uniformity in the estimate of Proposition 17 implies that

we have estimates of the form
(20)

/niRg/\ /p\ RjA;\Ug—f\RgA /p\ Rj/\/q\Uj S +---+e),
1 m+1 p+1 1 m+1 p+1

where, e.g., R™"Y A ... A RP a priori is defined as a Coleff-Herrera
product. We prove (a slightly stronger result than) Theorem 13 by
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induction over p. Let R* denote the Coleff-Herrera product of some
RJ:s with 7 > p and let U* and U’ denote the product of some U’:s
and U?:s respectively, also with j > p but only j:s not occurring in R*.
We prove

RN ANRPAR AU —R'AN---ARPAR ANU*| S e

i.e., we prove Theorem 13 on the current R*. The induction start,
p = 0, follows immediately from (20). If we add and subtract R! A

RP N R* AU, the induction step follows easily from (19) (construed in
setting of e-regularizations) and estimates like (20).

Proof of Propositions 17 and 18. We may assume that ¢ has arbitrar-
ily small support. Hence, we may assume that Z is an analytic subset
of a domain Q C CV and that all bundles are trivial, and thus make
the identification f; = (fj1,..., fje,;), where fj; are holomorphic in €2.
We choose a Hironaka resolution Z — Z such that the pulled-back
ideals ( fj) are all principal, and moreover, so that in a fixed chart with
coordinates = on Z (and after a possible re-numbering), (f;) is gener-
ated by fjl and fjl = x%h;, where h; is holomorphic and non-zero.
We then have
G172 =1l ol = /f7,

where &; is smooth and positive and v/ is a smooth (bundle valued)
form. We thus get

o1 f) = Sl ><df€1 5—’5>

where x;(t) = tx’(t), and
. o (dfn | 0g
O f;[2Y = N1 f P QﬂL& :
TR

It follows that Z(e) and I'(\) are finite sums of integrals which we
without loss of generality can assume to be of the form

e = TIOIT A 0 A S R e

p+1 Jl m+1

22 o [ TTE A d]{ﬂm%/\ A eop

71 m+1
where p is a cutoff function.

Recall that fjl = 2% h; and let 1 be the number of vectors in a max-
imal linearly independent subset of {c,..., o, }; say that aq,...,q,
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are linearly independent. We then can define new holomorphic coordi-
nates (still denoted by x) so that f;; = 2%, j=1,..., 4, see [22, p. 46]
for details. Then we get

m 14 m
(23) Ndfn = Ndz A N (@ dh; + hjda)
1 1

ptl

m m
= pXan % /\dxaj A /\ dh;,
1 p+1

where the last equality follows because dz®' A --- A dx® A dx® = 0,
p+1 <37 <m,since ay,...,q,,o; are linearly dependent. From the
beginning we could also have assumed that ¢ = ¢ A o, where ¢ is an
anti-holomorphic (n — Y] k; + ¢ — p)-form and ¢ is a (bundle valued)
(n,0)-test form on Z. We now define

N T T
o=\ =LA =LA TN Py
u/+\1 h m/>1 J /1\U .

Using (23) we can now write (21) and (22) as

P e q € j—qa —Q
n HlXijJrldeI'l/\.“/\d;’E“

cn H({ fjklj Tt Tou

(24)

/\(I)/\@2p7

i Lf{LQ,Aj d,jil A A di%
Cy H1 f;lﬂ X Lo
Lemma 19. Let K = {i; x; | x%, somep+ 1< j <q}. For any fized
r € N, one can replace ® in (24) and (25) by

r+1
Ikl p zk
— J J
=0 ) (- Y p o
JCK k1,....k) =0 J lzy;=0 "

without affecting the integrals. Moreover, for any I C K, we have that
&' A Nier(dz; /7;) is C"-smooth.

We replace @ by @ in (24) and (25) and we write d = di + die,
where di differentiates with respect to the variables x;, z; for i« € K
and dy. differentiates with respect to the rest. Then we can write
(dz® Jz* )N - A (dz® /2% ) AP’ as a sum of terms, which we without
loss of generality can assume to be of the form

d]Cc.fzal d]Cc.fzau d](:i'ozule d]c.fa“ /
S N AT A A A A D
diceT™ diceT™
= K A A A A day,

T T
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where ®” is C"-smooth and of bidegree (0,n — v — |K|) (possibly, " =
0). Thus, (24) and (25) are finite sums of of integrals of the following

type

P e q € 71— _
2 - d aq d ay
(26) 1%q§ﬂxjilA-~Afi A A dix A d,
cn I fjlj z T
q A. 2)\; d*al dfay
(27) PYRERD W HlLf{Lj il A A i A A dTx A de,
cn Hl fji x x

where 1 is C"-smooth and compactly supported.

We now first finish the proof of Proposition 18. First of all, it is well
known that I'(A) has a meromorphic continuation to C?%. We have

i diov di
T N /\di",c:ZCIg/\df;g.
xv

—
X s Tr
ICKe
Let us assume that [ = {1,...,v} C K¢ and consider the contribution

to (27) corresponding to this subset. This contribution equals

Z(ll)‘jaj 2 Vv di‘
(28) C[/\l)\p/ %/\i/\‘l’()\,l’)/\d.’f}c/\dl‘
(CZ PTe=1"1=7 ;

Lj

A

Il [ N Tl 0
IL2 o1 Aveia) Jep a2t kio
AU(A, x) A dxge A dx,

where W(\, z) = ¥(x) H‘{(f;\j/hfj). It is well known (and not hard to
prove, e.g., by integrations by parts as in [1], Lemma 2.1) that the
integral on the right hand side of (28) has an analytic continuation in
A to a neighborhood of N{{MRe \; > 0}. (We thus choose r in Lemma
19 large enough so that we can integrate by parts.) If p = 0, then
the coefficient in front of the integral is to be interpreted as 1 and
Proposition 18 follows in this case. For p > 0, we see that the poles of
(28), and consequently of I'()), in a neighborhood of N{{Me \; > 0} are
along hyperplanes of the form 0 = Y I Aoy, 1 <i <wv. Butifj >p
and 7 < v, then aj; = 0 since {1,...,v} C K¢ = {i; 2; { 2%,Vj =
p+1,...,q}. Thus, the hyperplanes are of the form 0 = Y 7 Aoy
and Proposition 18 is proved except for the statement that at least
for two j:s, the ay; are non-zero. However, we see from (28) that if
for some ¢ we have «j; = 0 for all 7 but one, then the appearing A\
in the denominator will be canceled by the numerator. Moreover, we
may assume that the constant C; = det(a;;)1<; <, i non-zero which
implies that we cannot have any )\]2 in the denominator.
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We now prove Proposition 17. Consider (26). We have that oy, ...,
are linearly independent so we may assume that A = (a;;)1<; j<, is in-
vertible with inverse B = (b;;). We make the non-holomorphic change
of variables (15), where the “¢” of (15) now should be understood as
v. Then we get % = y®n;, where n; > 0 and smooth and 77]2- =1/¢;,
j = 1,...,v. Hence, |f]|2 = |y%|?, j = 1,...,v. Expressed in the
y-coordinates we get that A} (dz® /z%) A A dZx Adz is a finite sum
of terms of the form

—aq O,
d_ya ARERRA d_ya N Grer dger N,
Yy Yy
where v/ < v, 91 is a C"-smooth compactly supported form, and K’
and K" are disjoint sets such that K’ U K” = K. In order to give a
contribution to (26) we see that 1); must contain dy. In (29) we write
d = dic + die, and arguing as we did immediately after Lemma 19, (29)
is a finite sum of terms of the form

d—al d—Oél,//

Y Ao Y

yal yOtV//
where v < v and v, is C"-smooth and compactly supported. With
abuse of notation we thus have that (26) is a finite sum of integrals of

the form

(29)

N by N diie N dy,

P e q € g Uy
Xj X diy* dy*
(30) ITi yq ;2+1 J _?/al Ao A _ya AN A dy N dy
o IIfY 0 v
LG 1T X5 T X
_ AL dx; Ztlkojnpﬂ LAY A dije A dy,
(CZ' y 13-

where U is a C"-smooth compactly supported (n — |K| — v)-form; the
equality follows since x5 = x;(|y**/e;), j = 1,...,v. Now, (30) is
essentially equal to equation (24) of [15] and the proof of Proposition
17 is concluded as in the proof of Proposition 8 in |15]. O

Proof of Lemma 19. The proof is similar to the proof of Lemma 9 in
|15] but some modifications have to be done. First, it is easy to check by
induction over |K| that ® A A;er(dz;/z;) is C"-smooth for any I C K;
for |[IC| = 1 this is just Taylor’s formula for forms. It thus suffices to
show that

ol

k
L7 =0

To show this, fix an [ C K and let L = {j; x; % Vi € I}. Say for
simplicity that

L={1,...,0,p+1,...om" m+1,....0,p+1,...,4},

AT A - A AT A =0, V[gK’k:(kil,...,ki‘I‘).
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where ¢/ < p, m' < m, p’ <p, and ¢ < q. The fact that ¢’ < ¢ follows
from the definitions of K, I, and L.
Consider, on the base variety Z, the smooth form

F = /\dfgl /\dfgl /\ |fj1|25|fj|2 a|f31| |fJ /\ |f]|2k]uk /\901

p+1 m~+1 JeEL

It has bidegree (0,n — ZjeLC k;j+q—q') so F has a vanishing pullback
to Njere{f; = O} since this set has dimension n — >, ;.e; < n —
Z]ELC k;j+q—q by our assumption about complete intersection. Thus,
F has a vanishing pullback to {z; = 0} C N;ee{f; = 0}. In fact, this
argument shows that

(31) F=3 e

where the ¢; are smooth linearly independent forms such that each ¢;
is divisible by z; or dz; for some i € I. (It is the pull-back to {z; = 0}
of the anti-holomorphic differentials of F' that vanishes.) For the rest
of the proof we let ) ¢; denote such expressions and we note that they
are invariant under holomorphic differential operators. Computing F
we get

= H|fj|4H|f /\d%/\d (z% h;) /\ag,/\vfmﬁl.

m+1 JjeL jl pt1 m+1 JEL

The “coefficient” fr/z-i-l |Fal* HjeL(\f]FkJ/fff) does not contain any ;
with ¢ € I so we may divide (31) by it (recall that the ¢; are linearly
independent) and we obtain

> ¢ = /\dx%/\d 7% h;) /\agj/\vfmpl

”+1 m+1 JeL
= 1L A P, 7\ s o
pu+1 n+1 m—+1 jeL
+ /\ dz® A Z Az N
pt1

for some 7;. We multiply this equality with

7\ dh, /p\gﬁj A v/ (ﬁﬁjﬁ§'>

m/+1 p'+1 jeLe p+1 m+1
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and get
ﬁxaﬂ' ;\dxaj A <I>+;\dx°‘7 /\idmaﬂ' ANTj = Z@-
u+1 1 1 p+1

for some new 7;. We apply the operator 9% /9z% to this equality and
then we pull back to {z; = 0}, which makes the right hand side van-
ish; (we construe however the result in C?). Finally, taking the exterior
product with AZ, +1dz*, which will make each term in under the sum-
mation sign on the left hand side vanish, we arrive at

m’ N M o BILE
Hx J/\dx A ok

p+1 1

0

|1’]:O =
and we are done. O
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