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BACKWARD-EULER AND MIXED DISCONTINUOUS
GALERKIN METHODS FOR THE VLASOV-POISSON SYSTEM
PART I: CONVERGENCE ANALYSIS

MOHAMMAD ASADZADEH! AND PIOTR KOWALCZYK

ABSTRACT. We construct a numerical method for the two-dimensional Vlasov-
Poisson system based on backward-Euler approximation in the time combined
with, a mixed finite element method for discretization of the Poisson equation
in spatial domain, and a discontinuous Galerkin (DG) finite element approxi-
mation in the phase-space variables for the Vlasov equation. We prove stability
estimates and derive optimal convergence rates depending upon the compat-
ibility of the finite element meshes, used for the discretizations of the spatial
variable in Poisson (mixed) and Vlasov (DG) equations, respectively. The error
estimates for the Poisson equation are based on using Brezzi-Douglas-Marini
elements in Ly and H~®, s > 0, norms.

1. INTRODUCTION

In this paper we study the approximate solution for the deterministic two-
dimensional Vlasov-Poisson (VP) system described below: Given the initial distri-
bution of particles density fo(x,v), (z,v) € Q, x R? C R? xR, find the evolution of
a plasma formed by charged particles (ions and electrons), at time ¢, in a bounded
open set , C R? with a phase space density f(z,v,t) satisfying

Of+v-Vof =Vop -V f =0, in Q x [0,77,

f(z,v,0) = fo(x,v), in Q =9, xR?,

—Azp :/ flz,v,t) do, in Q, x [0,7], (1.1)
]RQ

p(x,t) =0, on 9%, x [0, 7],

where - denotes the scalar product. To construct numerical methods we shall restrict
the velocity variable v to a bounded domain Q, C R? and provide the equation
with a Dirichlet type, inflow boundary condition, in the velocity variable. We also
split the equation system to separate Poisson and Vlasov equations coupled with
the potential ¢. Thus we reformulate the problem (1.1) as follows: given the initial
data fo(z,v), (z,v) € Q, x Q, C R? x R2, find the density function f(z,v,t) of the
initial-boundary value problem for the Vlasov equation

Of+v-Vof —Vop- -V, f =0, in Qx1[0,7],
flz,v,0) = fo(z,v), in Q=9Q, xQ,, (1.2)
f(x7 v? t) = 07 on ]‘—"Lj X Q'U X [O’T]7
where the potential ¢ satisfies the following Dirichlet problem for Poisson equation
—A, :/ f(z,v,t)dv, in Q, x[0,T],
90 Q“ ( ) [ ] (1.3)
p(x,t) =0, on 98, x [0,T].
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2 M. ASADZADEH AND P. KOWALCZYK

and T'; := {z € 09, : n(x) - v < 0}, is the inflow boundary of €,, with respect to
v and n(z) is the outward unit normal to 9§, at z € 9€Q,. We solve the problem
(1.3), replacing f by a given suitable function g. Then inserting the solution, say ¢,
in (1.2) we obtain a new Vlasov equation as (1.2) with ¢ replaced by ¢ . Assume
that we can solve this new Vlasov equation. Then in this way we link its solution
fq to the given function g via, f; = Alg]. Now a solution f for the original Vlasov
equation is a fixed point of the operator A: f = A[f], provided that A fulfills the
conditions of a Schauder fixed point operator, see [21] for the details. For a discrete
version, in a finite dimensional space, the argument relies on the Brouwer fixed
point theorem, as in [2] and the reference therein.

Positivity, existence, uniqueness and regularity properties for the continuous
problem (1.1) in the full space R??, d = 2,3, are inherited from those derived
for a bounded positive initial data fo € Loo(R??) > 0, with the bounded second
phase-space moment: [o.q(1 + |22 + |[v]?) fo dzdv < oo, see [6]. Further analytic
approaches are given, e.g. by Horst in [15].

We consider the two-dimensional case and study convergence of a numerical
scheme consisting of
(i) A mixed Brezzi-Douglas-Marini (BDM) finite element method for the spatial
discretization for the Poisson equation (1.3).

(ii)) A discontinuous Galerkin (DG) method for space-velocity, variables for the
Vlasov equation (1.2).
(iii) A backward-Euler (BE) discretization in time for the Vlasov equation (1.2).

Problem (ii) being hyperbolic would require a finer mesh than the more regular
elliptic problem (i). We shall correlate these meshes at the final combined step.
However, the numerical approaches for the problems (i) and (ii) are chosen inde-
pendently, therefore they are presented with different (distinguishable) meshes 7
and h, respectively.

We start with a continuous time variable and a coarse spatial mesh of size A
and solve (i) to obtain . Then, in (ii), we replace ¢ by ¢p; refine the mesh
iteratively (viz, h = 277h, j = 0,..., M) and obtain the discrete solution f;. At
each iteration step this procedure yields a, continuous in time, linearized Vlasov
equation for f. At the final step we choose the correlated mesh sizes h ~ h. The
approximation (3, @) in (ii) may, roughly, be viewed as a two step procedure viz
(fryen) = (f,¢n) = (f,¢). To perform (ii) we may formulate a linearized Vlasov
equation:

Oef +v-Vpf —Vepn-Vof =0,  with — Apzon = / fr(z,v,t)dv, (1.4)
Q.

where Ay, ; is the discrete Laplacian operator defined by (—Ap z¢n, u) = (Vn, Vu).

Backward Euler approximation in (iii) yields yet an another iteration procedure.
It starts from the initial data fo(x,t) and provides phase-space solutions at each
time level t,, n =1,..., N. In performing the time iterations Lp;fl (depending on

}?—1) is used to compute f}' on the next time level, which yields a fully linearized,
discrete in time, Vlasov equation. Observe that the mixed finite elements in BDM-
spaces in (i), as described, are for spatial approximation and do not involve time
discretizations.

We derive sharp error bounds for (i) and (ii). The convergence rates for the
discontinuous Galerkin (ii) and backward Euler (iii) methods are equivalent. Then,
combining (i)-(iii) an optimal fully discrete method is constructed by assuming com-
patibility conditions on the mesh parameters. For sharp approximations, regularity
requirements of type, e.g. p € W"°(Q,),r > 1, and also a mesh compatibility
relation like h ~ ki ~ At, will be necessary.
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Numerical studies for the Vlasov-Poisson and related equations have been domi-
nated by the particle methods studied, e.g. by Cottet and Raviart in [11]; Ganguly,
Lee and Victory in [14]; and Wollman, Ozizmir and Narasimhan in [23].

On the other hand, Raviart Thomas and BDM approaches are extensively used
in the finite element approximation of the elliptic, parabolic, and parabolic integro-
differential equations with memory. Some related studies in this part are, e.g.
the optimal L., study of finite element methods for irregular meshes by Scott
in [20]; the two families of mixed finite element methods for the second order
elliptic problems by Brezzi, Douglas and Marini in [8], where the BDM spaces
are introduced; maximum norm estimates for the finite element approximation of
the Stokes problem in 2D by Duran, Nochetto and Wang in [12]; the asymptotic
expansions and L, estimates for mixed finite element methods for the second order
elliptic problems by Wang in [22], the maximum norm estimates for Ritz-Volterra
projection by Lin in [17]; the global superconvergence analysis in W!*°-norm for
Galerkin FEMs of integro-differential equations by Liu, Liu, Rao and Zhang in [19];
the L.-error estimates and superconvergence in maximum norm of mixed FEMs
for nonfickian flows in porous media by Ewing, Lin, Wang and Zhang in [13].

In our step (i) in the present approach we use the results in [20], [8], and [22].
As for the discontinuous Galerkin approximation relevant in the Vlasov-Poisson
estimates we refer to the articles by Brezzi, Manzini, Marini and Russo for elliptic
problem in [9], Johnson and Saranen for the Euler and Navier-Stokes equations
in [16]; Asadzadeh for the Vlasov-Poisson equations in [2] and Asadzadeh and
Kowalczyk for the Vlasov-Fokker-Planck system in [3].

An outline of this paper is as follows: in Section 2 we state notations and prelim-
inaries and derive Lo-norm error estimates for the Poisson equation (1.3) in mixed
BDM spaces. In section 3 we derive Lo-stability for the DG method for the time
discretized system at each time level. Section 4 is devoted to error estimates for the
time iteration in the Vlasov equation and the DG method for the Vlasov-Poisson
system. Here we also discuss the compatibility between the mixed BDM approach
for the Poisson equation and the DG method for the Vlasov-Poisson system.

In a forthcoming paper (part II) we shall construct two versions of a numerical
algorithm for this problem. The first one is a simplified scheme combining a finite
difference discretization in velocity with discontinuous Galerkin method in space
and backward Euler in time variables. The second algorithm is devoted to tackle
the scheme in the present paper.

2. MIXED METHOD FOR THE POISSON EQUATION

We shall discretize the Poisson equation (1.3) using BDM spaces. To this end,
we use the notation (vector functions will be denoted by bold face)

plx,t) == =App(z,t) = /Q f(z,v,t) dv, U(x,t) .= —Vgp(z,t),

and define a mixed form for (¥, ), (in an abstract form Ly := p) as

v 4 VTSO = 0; in Ql‘a
div ¥ = p, in g, (2.1)
w =4, on 0%,

where, to begin, we ignore the time dependence in ¢ and ¥. We shall use the
following Hilbert space

S = H(div, Q) = {u € [La()]* : div u € Ly(Qy)},
associated with the norm

[[ull§ = [[ull3 + ||divul3.
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The weak form for (2.1) reads as follows: find (¥, ¢) € S x La(€2,) such that

(\Ilvu)_(div u,<p)=—<§,u-n>, VUES, 2.9
(div W, w) = (p,w), Vi € Lo(S), (22)

2
where (-, -) is the usual inner product in either S = |:L2(Qw):| or Ly(Qy) and (-, -)
is the inner product in L2(9f2;) and n is the outward unit normal to 92,. For

g = 0, the problems (1.3) and (2.2) are equivalent and the solvability of (2.2) is
based on the inf-sup condition

inf sup (div ¥, w) >\ (2.3)
VeS weL, [|¥]s]lwl2
due to Babuska [4] and Brezzi [7] (known as Babuska-Brezzi condition) where A is
a positive constant.
We consider a quasi-uniform triangulation of 2, as Q" : 7,;* = {7}. For a positive
integer k, we let Py (7) denote the restriction of the set of all vector polynomials of

total degree not greater than k to 7, and define
Sp=SF:={ueS():ul, € Py(r), 7T}, 2.4)
Wi = WE = {w € Ly() : w|, € Poa(7), 7€ T} '

Then, Sy x Wy C S(Qs)X La(;) is a mixed finite element space on the triangulation

1.7 of Q, for which the discrete version of the Babuska-Brezzi condition holds true:
div ¥ <

inf  sup (div Wn, wn) > A, (2.5)

Un€Snwyewy, | Vnllsllwnll2

where \ is independent of . Note that W}, is the space of piecewise polynomials
of degree not greater than k — 1. The mixed finite element method for (2.2) is now

formulated as follows, see [8] and [22]: find (¥, or) € Sk X Wy, such that
(\I’ﬁvu)_(div ua(ph):_<g7u'n>a vues}?v (2 6)
(div ¥, w) = (p,w), Yw € WL .

To simplify (2.6) it is customary, see [1], to employ a Lagrange multiplier to enforce
continuity of normal components of Wy across interelement boundaries. To this
end, let {e} denote the collection of edges of elements in 7, and set

EF = {x:x|c € Pr(e) if e C Q, while x|. = 0 for e C 9Q,},

S,ff :={u:ul, €8y, T€T}, ie., Z(u-nT,X>aT:O, Xeg,lf, (2.7)
and reformulate (2.6) as: to find {Us, o, xn}+ € SF x WF™! x &F such that
(Tp,u) =Y (div u, @n)r + > _(u-nr,xn)or = —(G,u-n), ue Sy,
' TZ(diV U, w) = (p,w), w E W,if_l,
> (u-n;, Qo =0, Ceé&k

T

Note that, a formal subtraction of the equations (2.6) and (2.2), in the subspaces
Sp, X W,ﬁffl C S X Lo, yields a Galerkin orthogonality for the mixed method as:

{(\I'—\I/h,u)—(div u, ¢ — ) =0, Yu € S,

(div (¥ — W), w) = 0, Y € WFTH(Qy,). 28)



CONVERGENCE ANALYSIS FOR EULER AND MIXED DG METHODS FOR THE VP 5

2.1. Error estimates for the mixed method. Our mail tools are existence of
local projections II; = H’,SL : H(div, Q) — S, and 7 = W’,;_l 1 Lo(92,) — W,{f_l :
such that

div o IIf = 781 o div, (2.9)
and we have, the local, orthogonality
(w—mf"w,¢), =0, seW(r), TET, (2.10)
and, under certain conditions, the global orthogonality relations
(div (u - Ifu),w) =0, we W (2.11)
Further, since div SF = WF=1
(div u,w — 7 tw) = 0, ucSr (2.12)
Then, it is well known that, for 0 < s <k and 0 < j <k,
‘ 1/2
oo =7~ wl e,y < (DR ull?, ) (2.13)
Moreover, for 1 <r < k+1,
1/2
Ju =10 e,y < (32 A2 ul?) (2.14)

We shall use the following global form of the estimates (2.13) (with s = 0) and
(2.13) in L2(Q;)-norm, justified by the construction of ﬂ'ﬁ_l and TIF,

[w =73~ w0,y < CRY D wll ., Vw € HY (), (2.15)

d
[u—Thullr, 0, < CRHH D | L,q,),  Yue {H'““(Qm)} . (210)

Below we gather the main error estimates of this approximation in Ly(€),;)-norm.
We shall prove some of this estimates (for more detailed estimates see [8] and [22]).

Theorem 2.1. Let {Up, o5} € SF x W,iffl be the solution of the mized finite
element scheme (2.6). Then, we have the following L2(Qy) error estimates:

|0 — Wplla < C|¥ — Ty < CR| ¥, 1<r<k+]1. (2.17)

lp = pallz = llp =7~ pll2 < CHllpll,, 0 <7 <k. (2.18)

lon = 75 onl2 < CHIY = W o + O™ W) p —mp =l pllo. (219)
lo—nllz <CH (o2t lghrj),  2<r<hk+2 (220

Proof. Using (2.12) we may rewrite the first equation in (2.8) as
(U —Tp,u) — (diva, 7y to —@p) =0, uecSy (2.21)

Let now & := H’;L\I' — Uy, and in (2.21) take u = &5. Then,
I€nl17 ) = A — Wy, &n) = (U — Uy, &5) — (U — 1,0, &)

- _ _ (2.22)
= (diveh, Ty P — Sph) — (\I/ — Hh\II,eﬁ) = —(\I/ — IV, eh),
where, we used (2.21) and (2.12). Thus, using Cauchy-Schwarz inequality
1€l Lo, < 1Y = Ta¥ Ly, (2.23)
and hence, using the well-known estimates for projection error, we get
IV = Wl Lo, < ll€nllLan) + 1Y = Ta¥]lLy,) (2.24)

<2V —Tp¥| 0, < ORI,  1<r<k+1
This proofs the first estimate (2.17) of the theorem.



6 M. ASADZADEH AND P. KOWALCZYK

Next, note that by successive use of (2.11) and the second relation in (2.8),
(divép, w) = (div (¥ — Up),w) =0, Y w e Wh. (2.25)
Taking w = div &, we get diveé, = 0. Thus, by the same calculations as in (2.24),
and using projection error

10— pnllLaeny = 1AV (¥ = Wh)| Ly0,) = [1div (¥ = TR W)L, (,)

2.26
< CH|div |, = CH"||pll,, 0<r <k, (2.26)

which yields the second assertion (2.18) of the theorem.

Further, let £*¢ = p, where £* the adjoint operator for £, ¢ € Ly(f,) and
# € H*(Q,) N HE (). Then, we may write, see [8],

(mh ' — s 0) = (¥ = Uy, Vo — I11(Ve0)) + (div (¥ — Wp), ¢ — mr).  (2.27)

Then, by (2.15)-(2.16), together with elliptic regularity of £*, (2.27) yields (2.19).
Finally, using (2.17)-(2.19), and the projection error estimates (2.15) and (2.16),

e — @nllLa@) < I e = OrllLan) + 110 — T8 el a0

, . (2.28)
< C(W 42|y ga + RECE2R | iR ),

which, using elliptic regularity of £* is simplified to (2.20), (we omit the details),
and the proof is complete. O

Below, we gather some of the Lo, results, due to Wang [22], for the error ¥ — U,
based on the regularized Greens function approach. These are, intermediate steps
in the L, studies, that are relevant in our Lo-error estimates.

Proposition 2.1. Let (U, ) and (¥, ¢n) be the exact solution for (2.2) and the
mixed finite element approximations in BDM space, respectively, and assume that
© € WHe(Q,). Then

|9 ~ T e < Cllog A2 (I[W = TR |og + P logy ™/ 2[lp = 75~ pllac), o2 1

where 01y, is the Kronecker function. An improved version of the above estimate for
sufficiently smooth 02 and k > 1 is given by

|9 — 113¥]|oo < C(llog A"/ = T + llp — 75 plloc ). (2.29)
If in addition, ¢ € WkT2°(Q,.), then
19 = Whllow < R 0g B2 (1lpllkszoe + [log A%/ pllo) . (230)

The estimates in Proposition 2.1 are used to derive projection and finite element
error estimates for ||gon — 18 10|00 and [ — @pleo. We use (2.30) in our estimates.

3. THE DISCONTINUOUS GALERKIN METHOD FOR VLASOV EQUATION

In this section we consider the Vlasov equation (1.2), and insert the computed
value ¢y, from the previous section, for the potential function . Thus, we study
the following linearized version of the Vlasov equation: (1.4),

Ohf+v-Vof —Veon-Vuf =0, in Qx[0,7T],
f(z,v,0) = fo(z,v), in Q=0Q, xQ, (3.1)
f(z,v,t) =0, on I'; xQ, x[0,T],

where, we discretize (3.1) by the discontinuous Galerkin (DG) finite element method
in (z,v), combined with the backward Euler (BE) method in ¢. Since the DG, in
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time, is equivalent to the BE method, therefore, compared to DG method in phase-
space-time, this split simplifies the analysis in the DG approach without affecting
the final estimates.

Let now, Cp, := {K} = {7 x 7,} be a family of quasi-uniform triangulation of
the phase space domain Q = Q, x Q,, with the mesh parameter h(~ h; ~ h,),
refined by a nested iteration strategy: (i) — (i¢) — (), where in (I) we use the
refinement h, = 277A for some j =0,1,2,..., M, and in (ii) we let i = h,.

For the remaining part of the paper we let k& be a positive integer and introduce
triangular finite element spaces of test and trial functions as

Vi =VF = {we Ly(Q) : w|x € P(K), VK € Cp}

VU = VR = fw € Ly(Q) s wk € Pyu(K), Wlokar; =0, VK € Ch}
V=V = {w e C([0,T], Ls(Q)) : w(t)|x € Pu(K), VK € Cp}

Wi = Wit i= {w € C(0,T], La(%) : w(, )]s, € Pioi(ra), ¥ro € T }
Sp =Sk i={u e C([0,T],[L2(2%)]%) : u(-, 1) -, € Pr(r), V7w € T},

where in S'h; u - n. are continuous across all interior edges e for 7, € T,fT .

Next, we formulate the discontinuous Galerkin approximation of the Vlasov
equation (3.1) in x,v-variables as: given the initial data fy, and an approximate
potential ¢y € W (computed in Section 2), find f, € V,, such that, for all g€ Vho’v,

O+ Gl g+ hGeValg+ 3 [ [aciGlen) -nldv =0, (32)

KeCy,
where for (x,v) € K, we use the jump notation [w] = w™ — w™ with

wy(x,v) = ll}mow((x,v) +5-G(pn)), s=(Sz,50), Sz >0, sy >0,
and we suppress the inner product sign “”, e.g. GV := G -V, and (-,-)p denotes
the scalar product over the domain D. Further we use the notation G(pp) =
(v, =Vapn) = (v,94), Vf = (Vi f, Vo f) and 0K = {(z,v) € 0K : G -n(x,v) < 0}.
Note that, in practice, the steps (i) and (ii), are performed as follows: starting with
on (computed in Section 2), first we compute f;, using (3.2) with h, = 277h and
h ~ hy ~ h,, then we let i = h, and compute a new ¢y by BDM mixed method of
Section 2, and insert the result in (3.2) and compute a new f;. We may iterate this
procedure until a certain stopping criterion. Note that, at the final step we choose
h=h(ie., j =0).

The boundary term in (3.2) is the sum of jump terms over interelement bound-
aries in (x,v)-variables. In case of no confusion we use 9K _ and 0K for 0K and
0K, g, respectively. Finally, (3.2) is valid continuous in ¢.

Combining (3.2) and (2.6) we get the mixed discontinuous Galerkin method for
the system (1.1) in z, v-variables: find (fn, Up, pn) € Vi, X Sp x Wp, such that

(O + Gl g+ hGle)Vodo+ 3 [ [hiac|Glon)- nldv =0,

KeCh
(\I/h) u) - (le u, ()077) = 07
(div Op, w) = (pp, w), forall ge V' uesS, and we W

Finally, we apply the backward Euler scheme in time which gives a discrete in
time formulation, i.e. for eachn =1,2,..., N, we have a variational formulation for
a modified stationary Vlasov-Poisson system in (x,v)-domain, where the data for
the Poisson equation as well as the source term (initial data) of the Vlasov equation,
both are equal to the solution of the Vlasov equation at the previous time level n—1.
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Then, the discrete system at the time step n reads: given f;'~ 1 e v, find, first
(wp™ 1,<ph ) € Sy x Wy, and then f;' € Vj, such that

(U = f27 )/t +Glop ™)V R g+ WGl )Vg)
+ Z / fh g+|G n ) -Il|dl/=0, (33)

KecCy,
(TP~ u) — (div u,pp 1) =0,
(div \I'Z_l, w) = (pZ_l,w)7 Y(g,u,w) € Vi, x Sp, x Wy,
The scheme (3.3) operates as follows: given f;f_l € Vi pit , Uy L and op Lare

computed from the last two equations. Then f; is computes from the first equation
of (3.3).
The first equation in problem (3.3) can be formulated in a concise form as

(G (erY); 1y 9) = L(g), Vg e V", (34)
where b and L are, respectively, bilinear and linear forms defined by:
L(g): = ( g+ hG(er ) - Vg)ﬂ, and (3.5)

WGP f9) = (f + AHG(™) - V)9 + hG(e ™) - V)
+AL Y / flg+|G(ep™t) - n| dv. (3.6)

KeCy,

In contrary to b(G(p); £, g), which is nonlinear (¢ depends on f), b(G(¢}"); £, 9),
with ng’_l depending on f}?_l, is now linear. Recall that, for the composite phase-
space schemes (3.3) the final meshes are chosen as h = h, and h, ~ h,. Therefore,
in the sequel, we shall only use h as our phase-space parameter. Finally, we intro-
duce a triple norm, viz

h+ At

gl : = llgllg + hAt|G(w) - Vg + g %
Z/ 12|G(w n|d1/+/ g2|G(w)-n|d1/). (3.7)

Kech aK— GIom

Below, we prove, Lo-based, stability estimates for (3.4), at an arbitrary time step
n, in |||g]||o-norm. In section 4, we shall derive error estimates in |||-|||<p:71—n0rm.

3.1. Lo-stability estimates.

Lemma 3.1. Assume that the function g satisfies the homogeneous inflow boundary

condition: glr_ = 0 and that h ~ At. Then, the bilinear form b(-;-,-) is coercive
(elliptic) with respect to |||-|||,-norm, i.e.,
b(G(e)ig.9) = A =n/2llglll3, Vg€ V3,

where, for simplicity, we restrict the domain of g to

V0 :={g€ Ly(Q): g|lx € HY(K), g|r- =0, g is piecewise discontinuous on Cp}.

n—1

Proof. Assume that ¢ is known from the previous steps (suppress all n), then

b(G(p); f,9) = (f,9)a + (f,hG(p) - Vg)a + At(g,G(p) - Vf)a

+ At(G -Vf,hG V + At G dv,
(G(p) () Vg)a K;/K@ 041G(¢) - 1] dv
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which, with f = g, yields

b(G(2)i9.9) = 3 [lglli + (h+ At)(g,G(p) - Tg)ict

KecCy,

+AHIG(e) - Volfc +At [ lglge[Gle) nlav] = 3O

€] =1

Hence we only need to estimate the terms T, and T;. Now, using Green’s formula

(9,G(p) - Vg)k :% /M(G(ap) -n)g? dv

1 1
5 [ Fl6) nlav -3 [ #16(0) nldv
0K 0K _

Next, we write [g]g+ = g3 — g—g+ to get

(3.9)

| lgalGo) nlav= [ IGG) nldv = [ g giIGGe) nldn (3.10)
0 K 0K

G

Combining (3.9), (3.10) and the identity
Z/ go—Z/ g o—/ g° o—|—/ g2_o, (3.11)
Kec, K Kec, V0K~ I

we can write (note the added (h + At)-term is zero)

1o Ti= 3 [P [ 1166 nl - 26 -l )

KeCy,

+t [ R1G6) nldy— At [ g [Gle) uldv
OK_ OK

o+ 20 /6  9s0-16(e) nld - /6  :0-16(p) nldv)

; ’””‘f(/mg%m(@)-nmu—/r ¢ 1G(¢) -nldv).

By the assumption g|p_ = 0, the identity above can be written as

aTi= Y [R5 [ PG i - (80 [ g2IGe) nlav

KeCy,

1 At / 42 1G(¢) - n| dv — At / 9+9-1G(¢) 1| dv
OK _ OK _

h+ At
# 4 80) [ gig(6e) mlav] + S [ g2 16(0) il
0K _ T,

-5 B PGl -n [ ldlonlot) nld]

KecCy,
h+ At

5 / g2 |G(p) - n|dv.
ry

Using —[g]g+ > —[g]?/2 — g3 /2, the negative term above is bounded below, viz

[ oot niz 2 [ ek [ gl
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Now we use the trace estimate, see, e.g.[18], [, ¢%1|G(¢) - n| < Ck|lg|%, (where
for a convex domain K; Ck < 1), to obtain the bound

h h
b [ llaslGle)nl = =5 [ WPIGG) - Crglolk (a2
0K _ oK _
Inserting (3.12) in the last equality for Th + T, we get the estimate
At ) h, 21 h+At )
n+Tiz Y [5[  [6PIG) 0l - Crglglli] + 621G () n dv.
2 Jox 2 2 Jr
Kecy, - +

Thus with a kick back argument and due to the presence of the small coeflicients
hix and Ck(< 1), the contribution from the negative term can be hidden in the
first term: ||g||x in the triple-norm and we get, recalling (3.8), the desired result:

b(G(¢); 9.9) = (1 —h/2)[llgll[%
and the proof is complete. O

4. ERROR ESTIMATES

Following the standard procedure, we let f}: to be the interpolant of f with
the interpolation error denoted by n™ = f™ — f and set ™ = f}' — f/', so that
e" = f" — fir =n" — £". We shall use the following well-known results:

Proposition 4.1. Assume that Q is a sufficiently smooth domain and let f €
CH([0, T], WF>=(Q) N W +tL2(Q)). Then, we have the interpolation error estimates

k k
171 -ty < A Nl mae [l e < CF*12) g,
(4.1)
where CY, = Ci|Q||| V]| and C; is the interpolation constant.

Proposition 4.2. [Trace theorem] Suppose that T is a Lipschitz domain. Then
there is a constant Cp = C|T| such that

1/2 1/2
lwl aory < Crllwll o lwll e

Proposition 4.1 can be proved as Theorem 4.4.3 in [10], see also [16]. For a proof
of Proposition 4.2, see Brenner and Scott [5].

Lemma 4.1. For eachn =1,2,...,N, and with n® and &, defined as above, there
are positive constants C and C’ such that

D(G(n ™)™ €M < ChIIIEMI? + ChHin™ 13 + ™I (4.2)
Proof. We use the definition of the triple norm and estimate the bilinear form as
(G eh ™)™ €M) = | (0" + AtG () V" £ + hG(e ") VE)
+AtZ/ MENG(ep ) n| dv|
Kecy,

<h 7 Hn™|I5 + Zhllf"llg + At Gy V|l
At " At n
+ —hZIIG( THVE 3+ AT "3 + —hZIIG( “Hver|l;

+ 203 + Atje(ep v ||2+At|z/ "Gy nl dv.

Kecy,
We use Proposition 2.1, assumptions, and inverse 1nequahty to bound

At[|G(oh ™) V" (13 < Cost| 071 — W HE V15 + Co At T2 )1V 13
< Co(ADR2[|n"|J3.
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Moreover, for the contribution from the boundary terms we use trace estimate as

At Z/ LG (e n|dy\<mz/ o2 1)n|dv
KEC K- (G) KeC,
P> / € PIG(er ") mldv < |l
KecCy,
Atmax Crx N . 12
+T< Z e ||L2<KIG<<p” ' n\) (K; Ive ”L2<K|G<<p“ ' nD)
h

h
< ™12 +C e I +C G O(IVE 1 < ™17 +C§IIE"IIQ,
where in the last step we use inverse inequality. Summing up we have using At ~ h

B(G (@™ )™, €M) < CRIIEM NI + O R ™13 + (1] ][

Our main result is the following error estimate.

Theorem 4.1. Let (fir, 0"~ "= 1) Vi, x Si, x W), be the mized discontinuous
Galerkin finite element approzimation of (3.3), and (f,V,p) be the exact solution
of the system (1.2)-(1.3) and (2.1), such that |Vf"||2 + |V |lee < C, "t €

WHt2 formn =1,...,N, and f € C*([0,T], Wr> N WH*+L2) Moreover assume
that h =~ At. Then, there is a positive constants C, independent of h, ¢ and f, but
may depend on the size of the velocity domain €, such that

n n ol < k+1/2.
1gla<lellf — fillllgp— < Ch

Proof. By the definition of £ and 1™ the exact solution f™ at time ¢ = t,, satisfies

b (G(e™); [, 9) == b(G(p™); [, g) — (AtO", g+ hG ()~ )Vg)
= ("1 g+ hG(ep ")Vy),

where Q" = fn_f L fi. Using Lemma 3.1, and (3.4) we may write
(1= /& 12—+ < DGR~ fi — fi e

=b(G(ep ) f1, € )—b(G(sDZ i fi €

= (f ,£”+hG( “HVE") = b(Glep i i€

=b(G(¢"): f ) b(G(en 1) fi € )
+ (& 1—n” L€+ hG (e, VED)

= [b(G("); [, €") = b(G () [ €M)] + b(Glep ™ )™, €7)
H (& =T E WGy VEY) == T+ o+ .

Here, Lemma 4.1 gives a bound for the Js-term. J; and Js are combined error
indicators for the mixed finite element (i, is computed, using DG approximated
frn), DG and BE approximations. Below, we estimate each J; and Js, separately.
As for the Ji-term, using the definition of b¢ and (3.4),

[Ji = | (" + AtG(¢™)V ™" — AtO™, € + hG(p) ) VE™)
— (" + AtG(p" V" + hG (e VE) |
< (AG(") = Glep NV, " + hG(pp Ve |
+ | (AtO™, €™ + hG ()~ )VE™) | == Ji1 + Jra.
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Evidently, we may write
[ Tia] = [ (ALG(¢") = G(" 1) + Gle" ) = Glep DIV, € + hG(pp~H)VE") |
< A ([Gl") = G(e" DIV " + hG () VE™) |
+ AL ([G" ) = Glep DIV, € + hG(pp ) VE™) |.

Further, using Holder and Young’s inequalities, combined with the assumptions in
the theorem, and the last estimate (2.30) of Proposition 2.1:

|J11] < At Va(@" — " D2V lscllE™ + hG () VE™ 2
+ At Ve (0" = 07 Do IV [12116™ + G ()~ )VE™ |2
< AL = P 2V oollE™ + RG (o)) VE™ |2
+ AT = TR IV 2)lE" + hG (e VE 2
< CLAL|E™ + hG() ™" )VE™ |2 + C(ALR* ! log h|'/?

(6" rz0 + [0g AT 2 0" 100 ) €7 + hGp ™) VE" |2

qu) 1 n2 2 n—1 n |2
< (7+E)At(ng 12 + 12| (1) VEM|2)

+ CAth* 2 log | (¢ [[742,00 + [Tog B 10" 77 o) -
As for the Jis-term, using Taylor expansion ||©" |2 < C'At, hence
| Ti2| < AL|O[|2]|€" + hG (g™ )VE |2

N o N (4.3)
< Cra(At)? (€713 + P2 G () VE™3) -
Next, for the term Js we have
[T < [l = €216 + hG () VE" 2
(4.4)

1 — n— 1 n n— n
<5 (I3 + 1€ 713) + 5 (1613 + A2 G~ VE3)

Now adding the estimates for the terms Ji1, Ji2, J2, Js, using the mesh com-
patibility relation At ~ h and hiding the terms involving h|||€"|||3,h]|€"]|3, and the
first term on the right hand side of the estimate for |.Ji1|, the right hand side of
(4.3), and 1 ([|€"[13 + h2||G(p)")VE™|3) from the right hand side of (4.4), we end
up with the bound

(1 —20/1

)IIIE"III2 < C AR ([0 R 2,00 + [Tog R [ 0"7HF o)
. 1, . 1.,
+C'h My II§+§||77 1||§+§||£ i3 (4.5)

. 1, .- 1 .-
< CRH 4l B+ €,
where in the last step we used the first interpolation error estimate in 4.1. Finally,
iterating, the last terms in (4.5) in n, since £° = 0, we have that

1

Ligno1yge o 1 —1112 « Ap2k+1 —212 1 02
- n < Z n < Ch + - - n . - - .
16 I3 < GE I < Cn g 1A g
Hence, for each n the error bound
n—1/2 n—212 n—3]2 02
n(12 < Op2ktl lIn 13 n [ In 15 In°113
™ = Ta—on Tu—onz Ta—ong Tt a—conye

1 (1—(1—Ch)”

h2k+2 < h2k+1
1-Ch 1—(1—Ch)) s G
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and consequently

max [[|€"]|| < ChFT/2,
1<n<N

Now recalling that the second interpolation error estimate, cf 4.1, is also of order
h¥+1/2 the proof is complete. O
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