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DOMAIN DECOMPOSITION FINITE ELEMENT/FINITE DIFFERENCE APPROACH
FOR THE MAXWELL’S SYSTEM IN TIME DOMAIN

LARISA BEILINA *

Abstract.

We present a new efficient fully explicit domain decomposition finite element/finite difference method for the numerical
solution of Maxwell equations in the time domain. We also derive rigorously energy estimates for the second order vector wave
equation with gauge condition for the electric field with non-constant electric permittivity function inside the domain where
finite elements are used. Numerical experiments illustrate efficiency of the new scheme when it is applied to the solution of
coefficient inverse problems.

1. Introduction. The goal of this paper is to present the new efficient domain decomposition FEM /FDM
method which can be applied to the solution of the coefficient inverse problems (CIPs), for example, to re-
construct dielectric permittivity function e(x) of the medium under investigation with the condition that
the electric permeability p(z) = 1 in the whole domain. Applications of the proposed domain decomposition
FEM/FDM method for solutions of CIPs are broad - from the airport security to the imaging of land mines.
In all such applications we reconstruct dielectric constant of explosives, and they are 3-5 times higher than
ones of regular materials, see http : //www.clippercontrols.com.

In many algorithms for the solution of electromagnetic CIPs we need accurately generate backscattered
data at the boundary of the computational domain in order to reconstruct coefficient () inside the medium.
In this case the forward problems for PDEs are considered in the entire space R?, see for example [4, 5, 6, 16].
It is efficient to approximate the solution of these Cauchy problems via the solution of a boundary value
problem in a bounded domain with e(z) = p(z) = 1 in a neighborhood of the boundary of the computational
domain, and with e(x) # const.,e(x) > 0 in the rest of the domain. In this case the time-dependent Maxwell
equations reduces to the system of independent wave equations in the neighborhood of the computational
domain, and usage of the hybrid technique is preferable for the efficient solution of CIPs with coefficients
which have properties described above.

Analytical part of this work presents proof of the energy estimate for the second order time-dependent
Maxwell’s system. We adopt the technique of [17] where the energy estimates was derived for a single
hyperbolic equation. The main new element in our analysis is that we proof energy estimate for the time
dependent Maxwell equation for the electric field with the Coulomb-type gauge condition in the presence of
the first order absorbing boundary conditions [10].

The main idea of the proposed domain decomposition FEM/FDM method is following: we decompose
the computational domain 2 into two subregions such that Q = Qpgy U Qppar, where in Qppas are used
finite elements, and in Qgpys are used finite differences. We also note that in our algorithm Qpgas lies
strictly inside Qgpps and thus corner singularities of the computational solution for the Maxwell’s system
in Qppy are excluded. We assume that p(z) = 1 in the whole domain . Next, in Qppys we assume that
e(x) = 1 and we solve the usual system of wave equations with the first order absorbing boundary conditions
[10] at the exterior boundary of the Qppar. In Qppa, however, the coefficient e > 0, and we use the finite
element method to solve Maxwell’s system there. We also assume that both domains, Qrgy and Qrpas,
overlaps in two layers of structured nodes, and in these nodes ¢(z) = 1 as well. However, in Qggys the mesh
can be purely unstructured, and thus, adaptive algorithms can be applied there.

Efficiency of the proposed method is evident. It is well known, that the Finite Difference scheme is
simple, but can be applied only on the structured (Cartesian) grids. From other side, Finite Element
Methods (FEMs) can handle complex boundaries and unstructured grids. They also provide rigorous a
posteriori error estimates which are useful for local adaptivity and error control. However, FEMs are more
expensive than the Finite Difference method, both in computer time and in memory requirement. The
proposed domain decomposition scheme combines the advantages of the two methods.
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The numerical implementation of the proposed domain decomposition method is following. We use the
explicit finite difference method in Qppys similar to one used in [2]. For the finite element discretization
of Maxwell equations in Qpgys, however, we use the node-based curl-curl formulation with the divergence
free condition which is similar to [3]. The proposed domain decomposition method of this paper is free from
instabilities which can occur when the two methods are hybridized since our Maxwell’s system overcame to
the system of wave equations at the overlapping nodes between Qppy and Qppas.

It is known that edge elements are the most satisfactory from a theoretical point of view [18] since they
automatically satisfy the divergence free condition. However, they are less attractive for time dependent
computations, since the solution of a linear system is required at every time iteration. In addition, in the
case of triangular or tetrahedral edge elements, the entries of the diagonal matrix resulting from mass-
lumping are not necessarily strictly positive [9]; therefore, explicit time stepping cannot be used in general.
In contrast, nodal elements naturally lead to a fully explicit scheme when mass-lumping is applied [9, 15].
However, numerical solutions of Maxwell equations using nodal finite elements may contain spurious solutions
[19, 22], and various techniques are available to remove them [12, 13, 14, 21, 22]. We eliminate the spurious
solutions by adding the divergence condition to the time dependent equation for the electric field, which
removes spurious solutions when local mesh refinement is applied and material discontinuities are not too
big [3]. Our numerical tests of section 7 show that in the case of CIPs similar to ones of [6, 16], these spurious
solutions will not appear.

Now we explain the meaning of numerical tests performed in section 7.2, where we present numerical
verification of the proposed domain decomposition method for the solution of the Maxwell’s system in
time domain with initialized plane wave which is similar to one used in tests of [6, 16]. The reason to
do it is following. In [6, 16] we have presented the reconstruction of refractive indexes of abnormalities
from experimental data. In these works for solution of the electromagnetic CIP was used the simplified
mathematical model of the single wave equation instead of the full Maxwell’s system. Despite of this
discrepancy, in [6] was obtained excellent accuracy of the reconstruction of both locations and refractive
indices of dielectrics. In addition, using the adaptivity technique the shape of the dielectric abnormalities
was also reconstructed accurately. This can be explained by the fact that the data immersing procedure of
[6, 16] smoothed out the data, and thus, enforced them to be good for the considered model of the wave
equation.

Our conclusion from the numerical test of section 7.2 with a plane wave is that all meaningful reflections
from the abnormalities inside the Qpgp)s are only from the one component of the electric field while the
reflections from the other component are negligible. This test explains results of experiments performed in
[6, 16] when physicists could measure only one component of the electric field. Because of that in [6, 16] we
have approximated our model problem of Maxwells equations with the single wave equation. Tests of section
7 illustrate results of [16, 6] when in some experiments with the plane wave it is reasonable approximate the
full Maxwell’s system with the single wave equation. However, in our future work we plan apply the method
developed in this paper for the solution of CIPs similar to ones in [6, 16], but for the full Maxwell’s system,
and compare results.

The outline of the work is as follows. In section 2 we briefly recall Maxwell equations and in section
3 we present the mathematical model which we consider in this work. In section 4 we derive the energy
estimate. Then in section 5 we present the finite element method and in section 5.1 - the explicit scheme
for the electric field. The finite difference scheme is summarized in section 5.2, and the first order absorbing
boundary conditions for this sheme is presented in section 5.3. Next, we formulate the hybrid FEM/FDM
method in section 6. Finally, in section 7 we present numerical examples which demonstrate the efficiency
of our adaptive hybrid FEM/FDM solver.

2. Maxwell equations. Let Q C R? be a bounded domain with a piecewise smooth boundary 02,
T = const. > 0. Let L?(Q2) will be the space of square integrable functions in Q. Let’s define Qr := Qx (0, 7)),
8QT = 00 x (O,T)



We consider Maxwell equations in an inhomogeneous isotropic medium in a bounded domain Qp:

D
88—t—V><H:—J, in Qr,
B
88_t+VXE:0’ in Qp,
D =cFE, (2.1)
B = uH,

E(x,0) = Ey(x),

Here F(z,t) and H(x,t) are the electric and magnetic fields, whereas D(z,t) and B(z,t) are the electric and
magnetic inductions, respectively. The dielectric permittivity, e(z) > 0, and magnetic permeability, p(z) > 0,
together with the current density, J(z,t) € R?, are given and assumed piecewise smooth. Moreover, the
electric and magnetic inductions satisfy the relations

V-D=p, V-B=0 in Qp, (2.2)

where p(z,t) is a given charge density.
Traditionally perfectly conducting boundary conditions for (2.1), (2.2) are the most popular ones

nx E=0, on 0

2.3
H-n=0, on JQr. (23)

Here n denotes the outward normal on 0f2.

However, our goal is to construct an efficient solver for the forward problem (2.1) in order to generate
the data at 9Q to solve then Coefficient Inverse Problems (CIPs). As we have mentioned above, in the case
of CIPs forward problems are usually Cauchy problems. Therefore, we need to approximate the solution of
the Cauchy problem via the solution of a boundary value problem in a bounded domain. On the other hand,
if e (z), pu(x) = const. > 0 in a neighborhood € of 99, as it is often the case in CIPs, then it is well known
that for (z,t) € Q' x (0,T) from (2.1) one obtains independent vector wave equations

epd?E — AE = —j

2.4
6u83H—AH:§VxJ, 24

where j = %. When solving the CIPs in real-life applications such as in subsurface imaging or in detecting of
explosives, it is efficient bound the domain of interest by artificial boundary and impose absorbing boundary
conditions. First order absorbing boundary conditions [10] work quite well for the case of a single hyperbolic
PDE [4, 5] in the case when the plane wave is initialized in orthogonal direction to the some part of the
boundary 0€2. Hence, by analogy, in this work we consider first order absorbing boundary conditions at 0Qp
for the Maxwell equations.

By eliminating B and D from (2.1) we obtain the two independent second order systems of partial
differential equations

0’E

e TV X (W 'V x E) = —j, (2.5)
2
H

Ma&tQ +Vx (e 'VWxH) =Vx (1)), (2.6)
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Fig. 3.1: Domain decomposition between Qr gy and Qppa in one dimension. The interior nodes of the unstructured
finite element grid are denoted by stars, while circles and crosses denote nodes, which are shared between meshes in
Qrem and Qrppa. The circles are interior nodes wo of the grid in Qg par, while the crosses are interior nodes w, of
the grid in Qrgeam. At each time iteration, solution obtained in Qppar at wo is copied to the corresponding nodes in
Qrewm, while simultaneously the solution obtained in Qrga at w, is copied to the corresponding nodes in Qppar.

The initial conditions are

E(z,0) = Ey(z), (2.7)
H(z,0) = Hy(z), (2.8)
oF
5 (@0) = (V x Ho(z) = J(2,0))/e(x), (2.9)
aa—jj(x,O) = -V x Ey/u(z). (2.10)

3. Mathematical models. We are interesting in solution of the equation (2.5) for the electric field
with first order absorbing boundary conditions and appropriate initial conditions. For the above described
setting of the problem it is convenient to use domain decomposition finite element/finite difference method.
In doing so we decompose () into two subregions, Qpgy and Qppas such that Q = Qppay U Qppar, see
Figure 3.1. Qpgps corresponds to the domain, where finite elements are used, and lies strictly inside Qppas.
In Qppyr we will use finite difference method with first order absorbing boundary conditions.

We also assume that we are working in nonconducting medium, what means that the charge density
p = 0. Our next assumption is that the magnetic permeability u(x) =1 Vz € Q, and we let the electric
permittivity e(x) to be such that

e(z) > 1, for z € Qppuy, €(z) € C*(Q),

3.1
E(Z‘)Zl, forx € Qrpum- ( )

Let us formulate the model problem for the electric field F with the first order absorbing boundary
conditions [10] at the boundary 9

2
688723 +VxXx(VXE)=—j, in Qp, (3.2)
V.- (eE)=0, in Qr, (3.3)
E(x,0) = fo(z), Ei(x,0)= fi(z)in Q, (3.4)
OnE(x,t) = —0E(x,t) on 0. (3.5)
Here we assume that
j € LQ(QT), fo S Hl(Q),fl € LQ(Q) (36)

As we have mentioned above, we will use domain decomposition finite element/finite difference method
for the numerical solution of (3.2)-(3.5). This means that for solution (3.2)-(3.5) in Qppas we shall use the
finite difference method on a structured mesh with constant coefficients e = u = 1. As we have pointed out
in section 2 in this case the problem (3.2)-(3.5) transforms to the system of vector wave equations (2.4).
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In Qrga, however, we shall use finite elements on a sequence of non-degenerate unstructured meshes
Kj, = {K}, with elements K consisting of triangles in R? and tetrahedra in R? [7]. Efficiency of the resulting
domain decomposition FEM/FDM scheme in {2 is obtained by using mass lumping in both space and time
in QppEar, which makes the scheme fully explicit [11]. In Qpgas we associate with Kj a (continuous) mesh
function h = h(z), which represents the diameter of the element K that contains . For the time discretization
we let J; = {J} be a partition of the time interval I = [0,T], where 0 =ty < t; < ... <ty =T is a sequence
of discrete time steps with associated time intervals J = (ty_1,t;] of constant length 7 =t} — t5_1.

Below for any vector function u € R? our notations v € L*(Q) or u € H*(Q),k = 1,2 mean that every
component of the vector function u belongs to this space.

Keeping above remark in mind, it is well known that when using standard, piecewise continuous H*!(2)-
conforming FE for the numerical solution of Maxwell equations, we have following difficulties. First, in
general the solution of (2.5) lies in the space Ho(curl, ) N H(div, 2) with

Hy(curl, Q) :={u € L*(Q) : V xu € L*(Q), uxn =0}, (3.7)
and
H(div,Q) :={u € L*(Q): V-u e L*(Q)}, (3.8)

here n is the unit outward normal to 9. The space Hy(curl, Q) N H(div, Q) is strictly larger than [H'(Q)]3
when (2 has re-entrant corners ([18], p.191). However, this restriction is of no concern in our method, because
we will use finite elements only in Qggys, which lies strictly inside €2; hence, in our case corner singularities
are excluded. Second, because the bilinear form a(u,v) = (V X u,V x v) is not coercive without some
(at least weak) restriction to divergence-free functions, direct application of the finite element method to
the numerical solution of Maxwell equations using H*(f2)-conforming nodal finite elements can result in
spurious solutions (the finite element solution does not satisty the divergence condition (3.3)). To remove
these spurious solutions from the finite element solution, we shall add a Coulomb-type gauge condition to
enforce the divergence condition [1, 21, 22].
Thus, we modify equations (3.2) - (3.5) with s > 1 as

2

E
or +VXx(VXE)—sV(V-(eE)) =—j, in Qp, (3.9)
E(z,0) = fo(z), Ei(z,0)= fi(z)in Q, (3.10)
OnE(x,t) = —0E(z,t), V-E=0o0n 0Qr. (3.11)
V-E=0in & CQrpr, e(x)=11in Qprpu, (3.12)

where the subdomain €’ is a small neighborhood of the outer boundary 9. We note that as soon as the
term —sV(V - (¢E)) is incorporated in equation (3.9), equation V- E = 0 in @ C Qppys in (3.12) is an
over-determination. On the other hand, this over-determination takes place only in a small neighborhood
of the boundary 9 rather than in the entire domain 2. Likewise, we do not use (3.12) in our numerical
experiments.

Since the modified bilinear form a(u,v) = (V x u,V x v) + s(V -4,V - v) is now coercive on H'()
[23], the problem (3.9)-(3.11) is now well-posed. The addition of the term s(V -,V - v) does not change
either solution of (3.9)-(3.11), but only provides a stabilization of the variational formulation - see also ([18],
p.191).

Using the transformation (2.2) problem (3.9)-(3.11) can be rewritten as

82
ST +V(V-E)=V - (VE)—-sV(V-(cE))
E(z,0) = fo(x), Ei(z,0)= fi(x)in Q,
OnE(x,t) = —0E(x,t), V-E=0o0n 0Qr.
V-E=0in & CQFD]Wy 5(x)=11n Qrpum-

_]a in QT7



4. Energy estimate for the problem (3.13)-(3.16). In this section we proof the uniqueness the-
orem, or energy estimate, for the vector E € H? (27) of the equation (3.13)-(3.16), using the technique of
[17] where the energy error estimates was derived for a single hyperbolic equation.

Theorem

Assume that condition (3.1) on the coefficient £(x) hold. Let @ C R? be a bounded domain with the
piecewise smooth boundary 0.  For any t € (0,T) let Q = Q x (0,t). Suppose that there exists a
solution E € H? (Qr) of the equation (5.18)-(3.16). Then the vector E is unique and there exists a constant
B = B(|le||a,t,s) depending only on the ||e||q, t and s such that the following energy estimate is true for all
s such that se > 1 in (3.13)-(3.16)

IVEOE (@.6)[2 )+ IVE (@.8)[ 0y + Ve — 1V - E(@.0)}_

(4.1)
12 2 2 2 2
<B [HJHLQ(Q,S) + ||\/gf1||L2(Q) +IViolz,@ + I follz, @ + [Vse—1V- fo”LZ(QJ .
Proof.
First we multiply (3.13) by 20, E and integrate over 2 x (0,t) to get
¢ ¢ ¢
//2 eOpFE O.F dedr + //2V(V -FE) OyF dxdr — //2V- (VE) O,F dxdr
(4.2)
—s//2V (eE)) OF dxdT——2//j O E dxdr.
Integrating in time the first term of (4.2) we get
t
//8,5(6&5E2)dxd7 = / (e E®) (z,t) dx — /sfl2 (x,t) d. (4.3)

0 Q Q Q

Integrating by parts in space the second term of (4.2), which corresponds to the divergence, we have

t
2//V(V-E) 0y Edxdr

- //atEn (V- E)deT—2// V. E)(V-0E)dudr (4.4)
0 a9
//atEn (V- E)deT—//at (V- E)? dadr.
0 00 0

¢
The term 2 [ [ O,En - (V - E)dSdr = 0 since by (3.16) V - E = 0 in a small neighbourhood of the 9.
0 60
Next, integrating the last term of (4.4) in time and using (3.14) we have

—/t/at(V-E)dedT:—/(V-E)Q(x,t)dx—i—/(V-E)Q(x,o)dx

o ° Q (4.5)
—/(V-E)2 (z,1) dx+/(V-f0)2 (z) d.
Q Q
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Integrating by parts in space the third term of (4.2) corresponding to the gradient, and using (3.14) we

get
t
2//V-(VE) Oy Edxdr

t

:2// O E) 0, EdSdr — 2 // VE) (VO,E) dzdr (4.6)

0 900
t

2// deT—//8t|VE| dxdr,
0 89

0

Integrating last term of (4.6) in time and using (3.14) we obtain

c:\w

/8,5|VE| dxdr = — /|VE| (z,t dm—l—/|VE| (2,0) dx
Q (4.7)
Q/

|VE|? (z,1) dx+/|Vf0 (z) du.

Integrating in space the augmented term of (4.2) we have

23//V )) Oy Edxdr

=2s b/éé OE n- (V- (eE))dSdr — 250/9/ (V- (eE)) (V- OF)dxdr (4.8)
—25//&En - (eE)) deT—Zs// (Ve E)V - (O:F )dmdr—s//s@ (V- E) dzdr.

0 00 0

t
The term 2s [ [ &;E n- (V- (¢E))dSdr = 0 since ¢ = 1 on the boundary 92, and by (3.16) V- E =0
0 69
on a small neighbourhood of the 0S.

t
Next, integrating in space one more time the term 2s [ [(Ve - E)V - (9, E)dxdr in (4.8) we have

00
—25//V€ E)V - (0:E)dxdr

= —25// (Ve -E)n - (OF )dxdT+2s//V (Ve - E)(O.E )dmdr—2s//v (Ve - E)O.E dxdr.

0 09 Q Q

(4.9)

¢

Here, the integral —2s [ [ (Ve - E)n - (0,E)dzdr = 0 since € = 1 in a small neighbourhood of the 9Q and
0 60

hence Ve = 0 in this neighbourhood.



t
Next, collecting estimates (4.3), (4.4) (4.5), (4.6), (4.7), (4.8), (4.20), using the fact that 2 [ [ (8, E)> dSdr >
0 89
0 and substituting them in (4.2) we have

/ (e, E?) (z,t) dx — / (V- E)? (2,t) dx + / |VE|? (z,t) dx

Q Q

+s//€8t V- E) dmd7<2//|j| |OLE)| dxdT—i—/efl x,t) / V- fo)? () dz (4.10)

0 Q Q

2 : T
+/|Vfo| (x)dx+2so/b/|V(V6 E)||0.E| dxd

Q

Let A = A(|le|[¢2(q),s) > 0 denotes the constant depending only on the [|e[|o and ¢, s. Now we can
write estimate

IV(Ve- E)| < A(|E| + [VE]).

Using the estimate above and the inequality 2ab < a? + b? we estimate the last term in the equation (4.10)
as

t t
25//|V(vg  E)||0\B| dedr < 2sA // 0.E| - (|E| + |VE|) dadr. (4.11)
0 Q

With another constant A we have
t t t
25//|V(V6-E)||8tE| dudr < A//|8tE|2 dxdT+A//(|E| FIVED? dedr. (412)
0 Q 0 Q 0 Q

The second integral in the right hand side of (4.11) can be estimated as

t t t
A//(|E|+|VE|)2 dudr < 2A//|E|2 da:dr+2A//|VE|2 dudr. (4.13)
0 Q 0 Q 0 Q

¢
Let us estimate the term [ [ |E|? dzdr in (4.13). First we make the transformation
00

E(x,t) = E(x,0) + /&,E dxdr. (4.14)

Taking square of (4.14), integrating result in space and using the estimate (a + b)? < 2a® + 2b2 we get

t t
/|E|2 do < 2/|E|2(a:,0) dm+2/(/|8tE| dr)2dr < 2/|E|2(a:,0) dx+2t//|8tE|2 drdz. (4.15)
Q Q

Q 0 Q 0 Q

Using the initial condition (3.14) we have

t
/|E|2 dz < 2]/ foll,(q) +2t//|8tE|2 drdz. (4.16)

0



Integrating the above equation in the time (0,t) we get

t t
// |E|? dxdr < 2t||fo||2L2(Q) + 2752// |0y E|* drdz. (4.17)
0O 0 Q

Substituting the above expression in (4.11) and using (4.13) with the constant B = B(|¢|[¢2(q),t,5) > 0
we get

t t t
A//(|8tE|2+|VE|2) ddr < 24021 fol 2. 0 +2t2//|8tE|2 dex)+2A//|VE|2da:dr
0 Q t 0 0« (4.18)
< B//(|8,¢,E|2 +|VE|?) dedr + B/fgdx,
0 Q Q
and thus we get the following estimate for the augmented term in (4.10)
t t
25//|V(V5-E)||8tE| dzdr gA//(|atE|2+ |VE?) dxdr+A/f§da:. (4.19)
0 Q 0 Q Q
Now we estimate the rest of terms in (4.10). Integrating the fourth term of (4.10) in time we get
t
s//s&g (V- E)?dadr = s/s(V-E)2 (x,t)dx—s/s(V-E)Q (x,0) dx
00 Q Q (4.20)
:s/a(v-Ef(x,t)dx—s/a(v-f0)2(x)dx.
Q Q

Finally, to estimate the first term in the right hand side of (4.10) we use the arithmetic-geometric mean
inequality 2ab < a? 4 b? to obtain

t t

t
2//|j| O E| drdr < //|j|2dxd7+//|8tE|2dxd7. (4.21)
0 Q Q 0 Q

0

Noting that by (3.1) Ve : se > 1 we have
t t
B//(|8tE|2+ VE[) dadr < B//(5|8tE|2+(ss— )(V - E)? + |VEP) dadr,
0 Q 0 Q

and substituting (4.19), (4.20), (4.21) into (4.10), we have the following estimate Vse —1 > 0

/(e&tEQ FIVE] + (52— 1)(V - B)?) (2,1) da
Q

t t
g//|j|2dxdT+B//(s|6tE|2+(ss—1)(V-E)2+|VE|2) drdr (4.22)
0 Q 0 Q

b [ (e84 9P + (52 = (T - ol + BS) (2. 0)
Q
9



Let us denote
F(t) = /(58tE2 + |VE| + (se = 1)(V- E) ) (z,t) du. (4.23)
Q

Then we can rewrite estimate (4.22) in the form

) < B/ T)dT + g(1), (4.24)

where g(t jf lj|?dxdr + [ (Eff + |Vfo|2 +(se = 1)(V - fo)? + Afg) (z,t) du.
0Q Q
G

Applying Gronwall’s inequality to (4.24) with a different constant B we get desired estimate Vse > 1

/(satEQ LIVE]? + (52— 1)(V - B)?) (2,1) da

Q
(4.25)

B( 12 dadr + | (efE+|Vfol* + (se = 1)(V - fo)? + f2) (x,t) dz).
[ [ )
O

5. The finite element method . We will formulate the finite element method for the problem (3.9)-
(3.11) with fo = f1 = 0, which can be written as

2
saaT;E YV(V-E) =V (VE) - sV(V-(cE)) = —j, in Qp, (5.1)
E(z,0)=0, Ey(z,0)=0in €, (5.2)
OnE(x,t) = —0:E(x,t) on 07, (5.3)
V-E=0, on 0Qr, (5.4)
V-E=0in QICQFDM,E({E)Z].HI Qrpum. (55)

First we introduce the finite element trial space W,{E, defined by
WE ={weWF :w|kgx; € [PL(K)]? x P(J),VK € K;,,VJ € J,},
where P (K) and P;(.J) denote the set of linear functions on K and J, respectively, and
Eefwe [HY ()] xI) : w(-,0) = 0,0,w|sq = —dyw}.
We also introduce the finite element test space W7 defined by
WP = {weW?:w|kxs € [P1(K)]?x P(J),VK € K,,¥J € J,},
where
We = {we [H' Q] xI):w(-,T) =0,0,w|loq = —0sw}.

Hence, the finite element spaces W/° and W7 consist of continuous piecewise linear functions in space
and time, which satisfy certain homogeneous initial and first order absorbing boundary conditions. We also
define the following Lo inner products and norms

T
) = / / padedt, |pl? = (0. p)),
10



(0, 8) = /Q afdr, |of = (a,a).

The finite element method for (3.13)- (3.16) reads: Find Ej, € W such that Vg € W7,

(202 (- 5V 2) + (0 2))on

+((VE,, V@) +s((V - (¢E}), V- @) + ((*,¢)) = 0.

Here, the initial condition %—? (2,0) = 0 is imposed weakly through the variational formulation.

5.1. The explicit scheme for the electric field. We expand E(z,t) in terms of the standard contin-
uous piecewise linear functions {¢; }2, in space and {¢; }2_, in time as E(z,t) = Zk 1 ZZ 1 Enpi(z)ve(t),
where Ej, := Ej,, denote unknown coefficients, substitute this expantion in variational formulation (5.6)
with v(x,t) = ¢;(2)¢i(t) and obtain following system of discrete equations

N M -
- Z En /QFEM 5(@%(%)%(%)/ Ot () Oy (t) dacdt

th—1

N M -
“Y Y n [ Ve [ o) do

te—1

N M i1
+ Z En /8 0 pi(2)p;(x) / Ot () (t) dSdt

te—1

N M -
SB[ Va@Te [ nn du

tr—1

N M -
s SB[ V@)V @ [ oo e

tr—1

i1
/ / j(:r)gﬁj(x)im(t) dedt =11 + Io + I3+ I, + I5 + Is = 0.
Qrem Jt

k—1

Next, we compute explicitly time integrals of (5.7) using the definition of piecewise linear functions in
space and time, and get the linear system of equations:

1 2 1 1 2 1
A{(Ek—i-l 2Ek Ek—l) 7_2 Fk TQD(EEk—l gEk gEk—i-l) TQG(EEk—l gEk 6Ek-{—l)
5.8)
1 2 1 1 (
— STQC(EEk—l gEk 6Ek-l-l) 57'7‘[39(Ek+1 Ek_l),

with initial conditions E® and E! set to zero because of (5.2). Here, M and Mpg, are the block mass matrices
in space, D and C are the block stiffness matrix corresponding to the divergence terms, G is the stiffness
matrix corresponding to the gradient term, F* is the load vector at time level ¢ corresponding to j(-, ),
whereas E¥ denote the nodal values of E(-, ).

For example, to compute explicitly time integrals Zk =1 ft"“ Oy () (t)dt in the term I3, we use the

tr—1

definition of piecewise linear functions in time and observe that all terms in 5 k=1 f::*ll Opthr () (t)dt are

zeros unless | = k — 1,1 =k,l = k + 1. Thus we have to compute only integrals

th+1 trt1 th+1
[ ot [ gt [ ot

tp—1 th—1 tp—1
11



To do that we have

ty

trtt tr tht1
/ Ot 1Yrdt = / Oy r—1Yrdt + / Oy p—1Ypdt = Ohr—1rdl

tr—1 te—1 ty tr—1

1 ("™ t—ty 1
:__/ el 1
T Jte s t —te—1 2

tet1 tr trt1 tet1
/ Ophry1hidt :/ Ophry1pdt +/ Ophry1rdt =/ Ophr1pdt
th—1 tr—1 tr tr (5 9)
LA,
T Ji tht1 — ke 2’
tht1 ti Tkt
/ Owindt = | Onibedt + / Bt
tk—1 th—1 th

1 [% ¢ — 1 % g —t
:_/ #dt__/ ten =t
T Jt, 4 e —th—1 T Jt, y 1 — Tk

By replacing in I3 integrals Zkl 1 ft’““ Opthr ()1 (t)dt with their explicit expression through (5.9) we get

te—1
the term #(EfT' — E*7!) in the last term of (5.8). In a similar way we obtain the term 7(zEf™! +

QEk 1E *1) in (5 8) which corresponds to the the explicitly computed terms of the mass matrix in time
Zk -1 f P () (t )dt Additional 7 at the right hand side of (5.8) appears after the explicit computing

tkl

of the time mtegrals K1 9y, (1) Byt (£)dt. This gives also terms EFt1 — 2EX + EF~1 at the left hand
k =1

te—1
side of (5.8).
At the element level the matrix entries in (5.8) are explicitly given by:

= (€ ¥i,@j)e; (5.10)
M‘m (is ©5)o0,; (5.11)
=(V ©i, V- @j)e, (5.12)

=( Vi, Vej)e, (5.13)
=( (€¢i), V- ¢j)e, (5.14)

= (J, 9j)e- (5.15)

To obtain an explicit scheme we approximate M by the lumped mass matrix M” in space, i.e., the
diagonal approximation obtained by taking the row sum of M [11, 15], as well as we use mass lumping in
time by replacing terms corresponding to mass matrix in time $E*! + 2E* + LE*! by EF,

Next, by multiplying (5.8) with (M%)~!, we obtain the following fully explicit time stepping method to
solve (3.13)-(3.16):

1

B (1 = Sr MO (ME) ™Y = —r*(ME) T FY + 2B 4 72 (MP) T DER — 72 (M) T GE
(5.16)

1
— st (MY TICER — (1 4 §TM89(ML)’1)E’€’1.
In the case when (5.16) is used only in Qpgas in the hybrid FEM/FDM method, it reduces to the following

scheme
Ek—‘,—l —_ _TQ(ML)—le 4 2Ek T TQ(ML)—lDEk _ TQ(ML)—lGEk

o2 Ly =1k _ k-1 (5.17)
sTe(M*)""CE" — E" .

12



5.2. Finite difference formulation. We recall (see section 3) that in Qppa we have e (z) = p (x) = 1.
Thus in Qppyr we have to solve system of vector wave equations for the vector field E = (F1, Ea, Es)

O}F — AE = —j (5.18)
E(x,0)=0, Ey(z,0)=0in Q, (5.19)
OnE(x,t) = —0:E(x,t) on 0Q7. (5.20)

Using standard finite difference discretization of the equation (5.18) in g pas we obtain following explicit
scheme

k+1 2k 2 A ok k k—1
Bt =T 08 m +T2AES 2B L — Ef L (5.21)
where EF is the solution on the time iteration k at the discrete point (4,7, m), jfjm is the discrete

ij,m
analog of the function j, 7 is the time step, and AE¥F

i"j,m 1s the discrete Laplacian. In three dimensions, to

approximate AEf’j’m we get the standard seven-point stencil:

AEE. - Bt jm = 2B Y Bty | B iiim = 2B+ B i
igim = du? + ay? +
Bl i1 = 2B + BY s (5.22)
dz? ’ '

where dz, dy, and dz are the steps of the discrete finite difference meshes in the directions z, y, z, respectively.

5.3. Absorbing boundary conditions. To discretize absorbing boundary condition (5.20) in Qpps
we use forward finite difference approximation in the middle point, which gives a numerical approximation
of higher order than ordinary (backward or forward) finite difference approximation. For example, for the
left boundary of Qppys we have following variant of the condition (5.20)

OE(x,t)  OE(x,t)
oxr Ot

Then we use the following finite difference discretization of the above equation

R ki1 . . . kil kil
Eijom = Etjom  Bicrjm = Bivrjm _ Eovvjom = Bijm _ Pivijm = Bigm _ (5.23)
—0. ,

dt dt dx dx

which can be transformed to

K de —dt k1 dr —dt
LI doe 4 dt LI e 4 dt

ERL Efﬂ,j,m +E

1,7,m

(5.24)

For other boundaries of the Qg pys boundary condition (5.20) can be written similarly.

6. The domain decomposition FEM/FDM method. We now describe the data communication
for solution of the problem (3.13)-(3.14) between the finite element method on the unstructured part of
the mesh, Qpg, and the finite difference method on the structured part, Qrpps. This communication is
achieved by mesh overlapping across a two-element thick layer around Qpgas - see Figure 3.1.

First, using the Figure 3.1 we observe that the interior nodes of the computational domain 2 belong to
either of the following sets:

w, Nodes ’0’ interior to Qppys that lie on the boundary of Qrpay,

wx Nodes "%’ interior to Qppys that lie on the boundary of QEpay,

ws Nodes ’*’ interior to Qrgys that are not contained in Qppjy,

wp Nodes D’ interior to Qrpys that are not contained in Qprgas.

13



(a) Qrpm (b) Q=Qrem UQrpuM (C) Qrem

Fig. 7.1: The hybrid mesh (b) is a combinations of a structured mesh (a), where FDM is applied, and a mesh (c),
where we use FEM, with a two layers overlapping of structured elements. The coefficient e(x) in (5.1) is given as
follows: e(x) =1 in Qrpm and e(x) > 1 for z € ON\QrDpM.

We also note that because of using explicit domain decomposition FEM/FDM method we need to choose
time step 7 such that the whole scheme remains stable. We use the stability analysis on the structured meshes
and choose the largest time step in our computations accordingly to the stability condition

VER
T < - - B (6.1)
Ve taz Tz

Usually, we have do = dy = dz = h, and the condition (6.1) can be rewritten as

T<h % (6.2)
3
Algorithm.
At every time step we perform the following operations:
1. On the structured part of the mesh Qrpys compute EF*! from (5.21) with absorbing boundary
condition (5.20) at 92, with E* and E*~! known.
2. On the unstructured part of the mesh Qpgas compute EFF! by using the explicit finite element
scheme (5.17) with E¥ and E*~! known.
3. Use the values of the electric field F**! at nodes wy, which are computed using the finite element
scheme (5.17), as a boundary condition for the finite difference method in Qppas.
4. Use the values of the electric field E**! at nodes w,, which are computed using the finite difference
scheme (5.21), as a boundary condition for the finite element method in Qpgas.
5. Apply swap of the solutions for the electric field to be able perform algorithm on a new time level k.

7. Numerical Studies. In all our tests we choose the computational domain Q = [-8.0,8.0] x
[—8.0,8.0]. This domain is split into a finite element subdomain Qpgy = [—3.5,3.5] x [-3.5,3.5] and a
surrounding region Qppys with a structured mesh, Q = Qppy U Qppar, see Figure 7.1.

The spatial mesh in 2 consists of triangles and in Qppps - of squares. The boundary of the domain 2
is 002 = 091 U 00 U 09Q3. Here, 021 and 02, are the top and the bottom sides of the 2, and 923 is the
union of the left and right sides of this domain, see Figure 7.1. Let us define Qprpy,. := Qppym % (0,7),
QFDMT = QFDM X (O,T)

14



We also denote different boundaries in the domain decomposition method (see section (6) for details) as
follows: boundary of the Qpgy; we define by OQr g, outer boundary of the Qppys we define by 992, inner
boundary of the Qppys we define by 0Qppas, nodes corresponding to Qg gy but which lies in Qppas, we
define by 0€1,,,, and nodes corresponding to 0Q0ppas but which lies in Qpgas, we define by 02, . Next, let
8QFD]WT = 8QFDMX(O,T),8QFEMT = 8QFEM><(O,T),8Q = 8meX(O,T),8Q = 8QWOX(O,T).

7.1. Numerical studies with exact smooth solution. In the tests of this section we solve the
problem (5.1)-(5.3) in © in time 7" = [0, 20] in two dimensions with the known smooth solution

WaT wor

t2
Ei(x,y,t) = 50 cos(mx) - sin(wy),
0 (7.1)
t
Eo(x,y,t) = ~5% sin(mx) - cos(my).

In this case the problem (5.1)-(5.3) for the electric field in Qrgar reduces to the following problem in two
dimensions

0’Ey 0 0By, OFE;

o + 8_y(% - 8—y) = cos(mz) - sin(my) (e + t°7%), in  in Qppry, (7.2)
?Ey, 0 ,0B, OF; . .
€W — %(E — 8—y) = sin(7nx) - cos(my)(—e — t27%), in Qrpiry, (7.3)
E(z,0) =0, Ei(z,0)=0in Qrpum, (7.4)
E(x’t)aﬂFEMT = E(xat)é?QWOT~ (7.5)

In Qppas our coefficients are ¢ = y = 1, and in this domain we have to solve the following problem

OBy — AEy = cos(nx) - sin(my) (e + t27%),  in Qppas,,
01 By — AEy = sin(nz) - cos(my)(—e — t27%) in Qppas,.,
E(z,0) =0, E(z,0) =0, in Qrpu, (7.6)
B, Doarome, = B, Don...
OnE| g, = —0iu on 9.

We choose the time step 7 = 0.02 correspondingly to the CFL condition (6.2), while the penalty factor
is always set to s = 1.

7.1.1. Test 1. In this test we use the domain decomposition method with the coefficient ¢ defined as
a function inside Qpgps such that

e(z) = { 1+ A(sin(%x))2 - (sin(n/3)y)?, 0<z<3, and -3<y<O0; (7)

1, at all other points

with values of the amplitude A = 3,12,26,37,51, see Figure 7.2-a) for this function in the case when
amplitude A = 3 in (7.7).

First we perform computations on the mesh with the mesh size h = 0.125. Figures 7.3 demonstrate
the continuity of the computed components of the vector field (Ey, F2) across the Finite Difference/Finite
Element mesh in the domain decomposition method with A = 3 in (7.7) at different times. We observe that
the components of the vector field (E7, F3) remains smooth across the FE/FD interface at all times. We
also observe that the exact components of the vector field looks very similar to the computed one - compare
Figures 7.3.

Figures 7.4 show the vector field (E7, Es) of the computed solution in the domain decomposition method
compared with the exact one at different times. We observe the smoothness of the vector field when com-
puting with A = 3 in (7.7). Figure 7.9 show the time evolution of the intensity of the exact electric field
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a) maxe =4 in Test 1 b) e =4 in Test 2

Scalar result

4
l 3.6667
3.3333

3

Fig. 7.2: Coefficient € in different tests.

|E| = /E? + E2 compared with the simulated solution |Ej| = \/En} 4+ En3. The solution is presented
at different points of the computational domain Qpgy;. The Figure 7.10-a) shows corresponding to the
Figure 7.9 computed relative Lo-norms in Qpgas in the time T = (0, 20). Relative Lo norms are defined as
WW’ where F and Ej are the exact and the computed intensities of the electric fields, corre-
spondingly. Figure 7.10-b) shows the computed Lo-norms of F — Ej, in Qpgy in time T = (0,20). From
the Figures 7.3-7.7,7.10 we can conclude that the computed solution Ej, is very close to the exact one F as
soon as values of the coefficient ¢ are not too big (A < 26 in (7.7)), and the final time T is also not very
large (T < 10).

Let us compare Figure 7.8 with the Figure 7.7. On the Figure 7.7 we observe appearance of the spurious
modes when computing the domain decomposition method on the mesh with the mesh size h = 0.125, with
large times (T > 8) and with big values of the amplitude A > 12 in (7.7). However, these spurious solutions
are removed as mesh is refined, see Figure 7.8.

7.1.2. Test 2. In this test we use the domain decomposition method when € = 1 in ) except one small
square in Qpga, where e = A with A = 3,12, 26, 37,51, see Figure 7.2-b) for example of this coefficient in
the case when ¢ = 4 inside the small square. In other words, the coeflicient ¢ is defined inside Qrgys as
[ 1+A, 0<x<3, and -3<y<O0;

e(z) = { 1, at all other points (7.8)

with values of the amplitude A = 3,12, 26,37, 51.

In this case we have similar behaviour of the electric field as in the Test 1 even in the presence of the
discontinuity of the coefficient € in the model equations. In all cases of this test we have continuity of
the computed solution across FEM/FDM mesh, and behaviour of it is very similar to the behaviour of the
solution presented at all Figures related to the Test 1, and thus, we do not present these solutions again.
From this test we can conclude that the computed solution Ej on the mesh with the mesh size h = 0.125 is
very close to the exact one solution E as soon as discontinuity in the coefficient € is not big (¢ < 26) and the
computational time 7" is not very large (7' < 10). However, when mesh is refined these spurious solutions
disappear even when computing the model problem with big values of the amplitude A in small square in
Qrem.
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Fig. 7.3:  Test 1. Comparison of the components (E1, E2) in the analytic and the computed solution for A = 3 in
the domain decomposition FEM/FDM method at time moment t = 8.0. We present at (a), (b) components E1, E> in
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e) A=51,E in Qpgpr f) A=51,Eq in Qpgas

Fig. 7.5: Test 1. Computed solutions in the domain decomposition FEM/FDM method at time moment t = 4.0 in
Q. We show comparison of the computed solutions with different values of the coefficient € inside Qrpym in Mazwell
equations. On a),b) the amplitude A = 26 for coefficient ggin (7.7), and on c),d) A =51 in (7.7).
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in the domain decomposition

Esp)

E1h7

(

We show the electrical vector field for different values of the

Test 1. Behaviour of the computed vector electrical field Ey,

FEM/FDM method in Q2 at different time moments.

amplitude A in (7.7) in Q.

Fig. 7.7:



22
Fig. 7.8: Test 1.Removable of spurious solutions on the finer mesh with the mesh size h = 0.05. We show behaviour
of the computed vector electrical field Ey, = (E1p, E2p) in the domain decomposition FEM/FDM method in Qrem at
T = 20. We present the electrical vector field for different values of the amplitude A in (7.7) in Q. Compare with the
Fig.7.7 where spurious modes appeared already at the time T = 8 where computations was performed on the coarser
mesh with the mesh size h = 0.125.
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Fig. 7.9: Test 1. Behaviour of E = \/E? + E2 in time T = (0,20) of the ezact and computed solutions of equation
(7.11)-(7.14): a) at the point (0.0,0.5), which is located in the center of the computational domain Qren; b) at the
point (0.0, —3.5), which is located at the bottom boundary of the Qrewm; ¢) at the point (0.5,1.0), which is located
close to the center of the Qrpnm; d) at the point (0.5, —3.0), which is located at the lower part of the Qrea. We show
comparison of solutions with values of the amplitude A = 4,12,26,37,51 in (7.7). Here the horizontal azis denotes
the computational time.

7.2. Numerical studies with a plane wave. In the tests of this section we solve the problem (5.1)-
(5.3) in Q in time T = [0, 20] in two dimensions with the plane wave f(t) defined as

| sin(wt), ifte O,%’T) ,
Ft) = { 0, ift > =7 (7.9)
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Scalar result Scalar result Scalar result
4.9628 12.888 26.758
. 45228 . 11.568 . 23.89€
4.0822 10.247 21.034
3641¢ 89257 18.172
3.201€ 7.6047 15.31
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1.880€ 36419 6.7241
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a) A=14 b) A =12 c) A=26

Fig. 7.11: Different coefficients € defined by (7.17) used in tests with plane wave.

In Qppps our coefficients are e = g = 1, and in this domain we have to solve the following problem

Ett —AE = O7 in G x (0, T),
E(z,0) =0, in G,
Ei(z,0) =0, in G,
Ey=0,E(x,t) = f(), on 0 x (0,t1], (7.10)
OnE(x,t) = —0wu(x,t), on I x (t1,T),
OnE(x,t) = —0w(x,t), on I x (0,T),
Opu(z,t) =0, on 0G3 x (0,7T),



18 T T T T 1.8 T
[ \
[ \‘\\ IEN — IEIl
161 4 < E, 16r [ ) E |||
[, I~ ~ o lE | 1 E— A
/ ! \ ! ! |
141 1 1 141 I |
I - ! "
[ \ I |
12f [ |\ 12f I |
} I \ / |
1 ! | 1k ! |
I \ i |
! ‘ \ “ I
08t | \ 0.8f I \
‘ 1 ‘ \ ‘\ h
[ \ f |
0.6 | N 0.6 | |
I | N ‘J ‘\
0.4 ‘[ | 0.4 | [
\ \ | [
I N I \
02r N 02r .
~_ R
| \ - ~ -
N I B B Y N R Rt e
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
time steps time steps
a) h = 0.125 b) h = 0.05
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and in Qpgy we have to solve

0?Fy 0 ,0Fy 0FE; . .
o toylor gy) "0 Qe iy
B, 0 0B, OB, _ .
EW_%(W_%) —0, m QFEJWT, (712)
E(x,0) =0, Ei(z,0)=0in Qpgu, (7.13)
E(x,t)aQFEMT = E(x,t)aQwOT. (7.14)

We choose the time step 7 = 0.02 in all tests correspondingly to the CFL condition (6.2). The penalty
factor s is always choosen to be 1. In the initialized plane wave (7.9) we take w = 7 in all tests.

First, in the Test 3 we demonstrate that our computed solution Ej, in the domain decomposition method
approximates very good the exact solution E in the case when ¢ = p = 1 in 2. Next, in the Test 4 we
demonstrate the validity of our method on simulation of the problem (7.10), (7.11)- (7.14) in the presence
of the function e(z) # 0 in Qpp.

7.2.1. Test 3. In this test we compare our computational solution obtained in the domain decompo-
sition method with the analytical solution. We compute the problem (7.10), (7.11)-(7.14) on two different
meshes with different mesh sizes h, with & = 0.125 and with A = 0.05. The plane wave is defined as in (7.9).

The analytical solution of the problem (7.10), (7.11)-(7.14) with e = pu = 1 reduces to the solution of
the homogeneous wave equation and is given by the following formula, see [8]:

0, ifte(0,a—y).
sinw (t —a+y), ifte (a—y,a—y+2),
0, ift>a—y+2§.

Es (y,t) = (7.15)

where y is the vertical coordinate and we consider the problem (7.10), (7.11)- (7.14) in the domain R, =
{y < a},a = const. > 0, while E; = 0.

Figure 7.13 presents comparison between the exact solution given by (7.15) and the computed solutions
for the problem (7.10), (7.11)-(7.14), at different points of the computational domain €. We show the
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Fig. 7.13: Test 3. Comparison of the analytic and the computed solution in the domain decomposition FEM/FDM
method in time T = (0,20) with e = u = 1. We show computed domain decomposition solution on different meshes
with mesh sizes h : a) on the mesh with h = 0.125 at the point (0.5, 3.0), which is located at the upper part of the
computational domain Qream; b) on the mesh with h = 0.125 at the point (0.5, —3.0), which is located at the lower of
the Qren; ¢) for the mesh size h = 0.05 at the point (0.5,3.0); ¢) for the mesh size h = 0.05 at the point (0.5, —3.0);

computed domain decomposition solution on different meshes with mesh sizes h = 0.125 and h = 0.05. We
observe that the exact and the computed solutions have main difference at the bottom of the computational
domain Qppgys. This can be explained by the fact that the computational error grows with the computational
time. Comparing 7.13-a),b) with 7.13-c),d) we observe that the computed solution Ej, on the mesh with the
mesh size h = 0.125 has approximately twice smaller amplitude than the exact solution E, but the computed
solution on the mesh size h = 0.05 approximates more accurately the exact solution. The same observation
confirms the Figure (7.12)-a) which shows the comparison of the exact norm ||E||q,5,, and the computed
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norm ||Ep||qp ., on different meshes with mesh sizes h = 0.125 and h = 0.05 in the time T = (0, 20).

This test shows that the used FEM scheme in the domain decomposition method is the second order
convergent in space and time, and the underlaying a posteriori error analysis for (7.11)-(7.14) is similar to
the one developed in [3].

7.2.2. Test 4. The goal of this test is to explain why in some real-life experiments with the electromag-
netic plane wave which propagates in the medium with the coefficient € # 0 it is still possible approximate
the Maxwell’s system with the wave equation

6%27-5 + AFE = 0, in QT,
E(z,0) = fo(x), Ei(z,0)=0in Q,
E(xz,t) = f(t), on 091 x (0,t1], (7.16)
OnE(x,t) = —0u(x,t), on 00 x (t1,T),
OnE(x,t) = —0wu(x,t), on 0Qs x (0,T),
hu(z,t) =0, on dG3 x (0,T).

Such model is considered in our recent publications [6, 16] where the spatially distributed dielectric constant
was reconstructed from experimental data via a hybrid globally convergent/adaptive algorithm. In [6, 16]
was pointed out that some discrepancies in the computational model and the reality was used: instead of
the considering of the globally convergent method for the Maxwell’s system (3.2)- (3.5) was used the model
of the single wave equation (7.16). Moreover, it was not known which one of the components of the electric
field was measured in experiments. The fact that in [6, 16] still was obtained very accurate reconstruction
of the dielectric constant demonstrates validity of the approximated model. Our test below demonstrates
explanation of the experiment in [6, 16].

We initialize a plane wave f as in (7.9) which is similar to the time-resolved electromagnetic signal used
in experiments of [6, 16]. Next, we solve the problem (7.10), (7.11)- (7.14) with the coefficient € in Qpgn
defined as

1+ O.5(sm(§x))2 (sin(r/3)y)?, —-3<z2<0, and -3<y<3;
e=1¢ 1+0.5(sin(F2))?- (sin(7/3)y)?, 0<x<3, and 0<y<3; (7.17)
1+ A(sin(F2))? - (sin(n/3)y)?, 0<z<3, and -3<y<O0;

where A = 4.0,12.0, 26.0, see Figure 7.11.

Figures 7.16-7.17 show how the plane wave propagates in 2 with € in Qp gy given by (7.17) with A = 4.0,
see Fig. 7.11-a). We observe that the plane wave f is initialized at the top boundary 99; and propagates
into Q for ¢ € (0,t1]. First order absorbing boundary conditions [10] are used on the top 99y x (t1,7T] and
the bottom 99 x (0, 7] boundaries, and Neumann or mirror boundary condition is used on 93 x (0, T].
Figures 7.16-7.17 demonstrate also the continuity of the numerical solution in the domain decomposition
method across the FD/FE mesh. We observe that the electric field E = (E1, Es) as also the intensity of the

electric field |Ep| = \/Eli + EQ}QL remains smooth across the FE/FD interface.

Using the Figures 7.16-7.16 we can conclude that the maximum of the component F,, where the plane
wave was initialized, is about three times higher than the maximum of the component F; at all times. Figure
(7.12)-b) shows comparison of the computed norms ||Ey,|| and ||Eay|| in the time T' = (0,20) in Qpga. In
these computations we have used amplitudes A = 4,12, 26 in the definition (7.17) of the coefficient ¢ inside
Qpgap. From the Figure (7.12)-b) we can conclude that the computed solution Ej, does not contain spurious
solutions as soon as values of the coefficient £ are not too big ( the amplitude A < 12 in (7.17)), and the
final time T is also not very large (T' < 12).

Thus, all meaningful reflections from the coefficient ¢ are from the component Fy while the reflections
from the another component E; are negligible compared with the reflections from the component Es. This
fact explains why in experiments of [6, 16] was possible to measure only the single time-resolved signal and
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Fig. 7.14: Test 4: Behaviour of the computed solution Ey = (Fiy,, Fay) in time T = (0,20) for the equation (7.11)-
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Fig. 7.15: Test 4: comparison of the computed La-norms for ||Evy|| and for ||Ea|| on different meshes with mesh
sizes h = 0.05 and h = 0.125 in time T = (0,20) in Qrem. Computations are performed with different amplitudes
A in the definition (7.17) of the coefficient e inside Qrpn. Here the horizontal axis denotes the the number of time
steps in time T = (0, 20).

why the another two components of the 3D test could not be measured - these remaining components was
negligible compared to the first one component.
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using the domain decomposition FEM/FDM method. The coefficient € in Qrea is defined by (7.17).
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Fig. 7.17: Test 4: Intensity of the electric field |En| = \/FE1: + E23 on the mesh with the mesh size h = 0.125 at
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