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ON CONVERGENCE OF THE STREAMLINE DIFFUSION AND
DISCONTINUOUS GALERKIN METHODS FOR THE
MULTI-DIMENSIONAL FERMI PENCIL BEAM EQUATION

MOHAMMAD ASADZADEH AND EHSAN KAZEMI

ABSTRACT. We derive error estimates in the Lo norms, for the streamline
diffusion (SD) and discontinuous Galerkin (DG) finite element methods for
steady state, energy dependent, Fermi equation in three space dimensions.
These estimates yield optimal convergence rates due to the maximal available
regularity of the exact solution. Here our focus is on theoretical aspects of
the h and hp approximations in both SD and DG settings. We also introduce
a penalty approach having computational advantageous in dealing with the
diffusive part of the weak form.

1. INTRODUCTION

In this paper we study the approximate solution for the three-dimensional Fermi
pencil beam equation using the streamline diffusion and discontinuous Galerkin fi-
nite element methods. We prove stability estimates and derive optimal convergence
rates for the weighted current function, as in the convection dominated convection
diffusion problems. This work extends the results introduced in [3] to the case of
the multidimensional Fermi equation. The physical problem has diverse applica-
tions in, e.g. astrophysics, material science, electron microscopy, radiation cancer
therapy, etc. We shall consider a pencil beam of particles normally incident on a
slab of finite thickness. The particles enter at a single point, say at xg := (0,0, 0),
in the direction of positive z-axis. The Fermi equation is obtained either as an
asymptotic limit of the Fokker-Planck equation as the transport cross-section (o)
gets smaller or as an asymptotic limit of the transport (linear Boltzmann) equation
for vanishing transport cross-section and high (tends to co) total cross-section (o)
(the mean scattering angle is assumed to be small, and the large scattering is neg-
ligible). For details in derivation of Fermi equation we refer to [12]. (The physical
quantities oy, and o, are defined below).

There are several points of concern with this type of problems: The Fermi equation
considered in this paper is degenerate in both convection and diffusion in the sense
that drift and diffusion are taking place in, physically, different domains . Besides
the problem is convection dominated since the diffusion term has a very small coeffi-
cient compared to the coefficient of the convection term. Furthermore, the problem
is associated with a boundary condition in form of product of certain § functions,
which are not suitable for numerical consideration involving Lo norms. We have
therefore considered model problems with somewhat smoother data approaching
Dirac ¢ function. Finally, in spite of the assumption of no back-scattering, i.e. the
scattering angle —m/2 < 8 < 7/2, we still need to restrict the range of 6, through
focusing or filtering, and avoid small intervals in vicinity of the endpoints +7/2, in
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order to get, after scaling, bounded computational domains relevant in numerical
considerations.

Fermi equation has closed form solutions for oy, being a constant or a function of
only z. The subject of this paper is error estimates for the stationary (steady state),
energy dependent, three space dimensional Fermi equation. In the present setting
we have transformed and scaled the variables so that the xz-direction, the direction
of penetration of the beam, being perpendicular to the slab, may also be interpreted
as the direction of the time variable. After scaling, the present technique treats all
the variables as components of a multi-dimensional space variable.

The streamline diffusion method (SD-method) is a generalized form of the stan-
dard Galrekin method designed for the finite element studies of the hyperbolic
problems, giving good stability and high accuracy. The SD-method which is used
for our purpose in this paper is obtained by modifying the test function through
adding a multiple of the ”drift-terms” involved in the equation to the usual test
function. This yields a weighted least square control of the residual of the finite el-
ement solution. See, e.g. [20] and [22] and the references therein for further details
in the SD method. The discontinuous Galerkin method allows jump discontinu-
ities across interelement boundaries in order to count for the local effects. Here we
have considered both h and hp versions of SD and DG methods. As for numerical
implementation, a characteristic method, as well as a semi-streamline diffusion for
Fermi pencil beam equation have been studied in [5] and [8], respectively.

An outline of this paper is as follows: In Section 2, we introduce the model
problem and present some notations. Section 3 is devoted to the study of stability
estimates and proof of the convergence rates for the, h and hp, streamline diffu-
sion approximation of the Fermi equation. Section 4 is the discontinuous Galerkin
counterpart of Section 3, where we have also studied a penalty approach.

2. NOTATIONS AND PRELIMINARIES

We consider a model problem for three dimensional Fermi equation on a bounded
polygonal domains Qy C R? with velocities v € Q, C R?:

9 yu - Vif=2(Af), in (0,L] x Q,
f(O,l‘J_7’l)) :fO(xJ_aU)a inQ:QxL XQva (21)
f(z, @ ,v) =0, in (0,L] x ([0 x Q] U[Q, x 090]),

where fo € La(Qp), with Qg := {z = 0} x Q,, X Q, and the outflow boundary is
given by
Iy ={z, €90Q,, :n(x,)v<0}, forveQ,. (2.2)

Here n(z,) is the outward unit normal to 9, , at the point x; € 9Q, , z, =
(y,2), v = (v1,v2), VL = (8%, %) and, ot = o-(x,y,2) is the transport cross-
section (actually oy = oy-[E(2,y, 2)] is energy dependent).

We shall use a finite element structure on Qg x Q,: by letting T, * = {7, }
and TP = {7,} be finite element subdivisions of , and Q,, into the elements
774 and 7Y, respectively. Thus, Tj, = T),* x T = {7, x 7} = {7} will be a
subdivision of Q@ = Q,, x Q, with elements {r,, x 7,} = {7}. We also use the
partition 0 = zg < 21 < ... < xpr = L of the interval I = (0, L] into subintervals
I = (@m—1,%m), m =1,...., M. Now, let Cp, be the corresponding subdivision of
Qr, := (0, L] x Q into elements K = I,;, X 7 with the mesh parameter h = diam K.
We assume that each K € Cj, is the image under a family of bljectlve affine maps
{Fk} of a fixed standard master element K into K, where K is either the open
unit simplex or the open unit hypercube in R® (in the hp-analysis, K is purely the
open unit hypercube in R®). Let P,(K) be the set of all polynomials of degree at
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most p on K; in x,x; and v, and define the finite element space

Vh—{geHO goFg € P,(K ) VK €Cp}, (2.3)
with
Ho= [] H3(Sm):  Sk=ILixQ k=1 M. (2.4)
and )
H)(Sm)={9€ H'(Sn):9g=0 on 99Q,}. (2.5)
Moreover
( )m (fag)Sm7 ||g||2 = (g g)mv
< >m = (f(Im, ) ')ag(xmv 3 ))Qv |g‘7n = < >mﬂ 26
(f.9)0- = fy— fo(B-n)ds, =i (2:6)
< >F,’ —f] <f>9>1“*d3
where

' ={(z1,v) eT =9(Q, x,): [ -n<0},
8 = (v,0) and n = (n,,,n,) with n,, and n, being outward unit normals to
08, , and 0%, respectively. Throughout the paper C' will denote a constant not
necessarily the same at each occurrence and independent of the parameters, and
functions involved in the problem, unless otherwise specifically specified. Finally
for piecewise polynomials w; defined on the triangulation C;, = {K} with C;, C Cj
and for D; being some differential operators, we use the notation,

(Dywi, Dyws)gr = Y (Drwr, Down)g, Q= |J K, (2.7)
KGC;L Kecl/z

where (., .)q is the usual Ly(Q) scalar product and ||.||g is the corresponding L2 (Q)-
norm.

3. STREAMLINE DIFFUSION METHOD

3.1. Streamline diffusion method with discontinuity in z. For oy, constant
or oy = o¢-(2) one can obtain closed form analytic solution for the Fermi equation.
We prove stability lemmas for the discrete problem in general three dimensional
case, i.e. with o = %O’tr = %Utr(x,y,z), using also the corresponding variational
formulation we derive a priori error estimates. Through out the paper, the pa-
rameter o is, basically, of the order of mesh size or smaller. In order to study the
distribution of the particle beams in a certain depth, e.g. z = x4, a reasonable ini-
tial guess would be obtained using the information in some previous distinct depths
x=ux; 1=1,2,...,n, with z; < x;41, one may assume various filters installed in
different depths to control or adjust the beam intensity. This corresponds to con-
sidering discontinuities in x-direction. In this section we study the SD-method for
the Fermi equation given by (2.1) with the trial functions being continuous in x|
and v but may have jump discontinuities in x. In applications, normally, these dis-
continuities in x are in a quasi-uniform partition 7, : Zp =0< Z1 < ... < Zy =L
of [0, L] that contains all z; : s, 1 < 4 < n, and also possibly more additional
discretization points in x.

We present the jump in z-direction

l9] =9+ —g-, (3.1)
where

g+ = limg_ o1 g(x + 5,21 ,v), for (x1,v) € IntQ,, x Qy, z €I,

g+ = limg_or g(x + 5,2, + sv,v), for (x,v) € 0N, xQy, z €I (32)
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Equation (2.1) combined with boundary condition gives rise to the variational for-
mulation:
Find f"* € V}, such that for m = 0,1,--- ,M — 1, and for all g € V},,

(frtv-Vifrg+6(ge+v-VLig)m+(Vuf", Vog)m
—50(Avfh,gx +v-Vig)m + <fﬁag+>m - <fiag+>r; = <fﬁag+>m~

Below we study this streamline diffusion method for Fermi equation (2.1) in
two different approaches: h-version and hp-version. In the h- version of the SD-
method, assuming f” to be the approximate solution and using test functions of
the form g 4+ (g, + v - V. g) where ¢ is a small parameter of order h (or h®,
a > 1) , would supply us with a necessary (missing) diffusion term of order A in
the direction of streamlines: (1,v,0). More specifically, in the stability estimates
we will be able to control an extra term of the form hl|g, + v - V1g|. In the
hp- studies, however, the choice of § is somewhat involved and in addition to the
equation type, it also depends on the choice of the parameters h and p which are
chosen locally (elementwise) in an optimal manner. Therefore in hp-analysis, &
would appropriately appear as an elementwise (local) parameter.

(3.3)

3.1.1. The h-version of the SD-method. To proceed, we formulate the finite element
approximation of (2.1), using SD-method with jump discontinuities in z. Introduc-
ing the bilinear form

M—-1

B(fv g) = B(fa g) + Z <[f]ag+>m + <f+7g+>0 - <f+7g+>1"1_7 (34)

m=1
where

B(f7 g) = (fr +ov- VLf,g + h(gz +v- VLQ))QL + U(vaa vvg)QL
- hU(Avf7 9z +v- ng)QL + <f7 g>0 - <f7 g>F—~

and the linear form

Z’(g) = <f07g+>07
we may rewrite (3.3) in global form as

B(f,9) = Llg), Vg€ Vi (3.6)

It is easy to see that the adequate triple norm in this case is:

M-1
(gl = % |Mgll> + P | 9o +v.V g I3, + > |[g]|$n] : (3.7)
m=1
where
llglliz = [ol1ugl13, +l9Bs + 193 + [rxo09° | Bon ldvds|.  (3.8)

Lemma 3.1. The bilinear form B satisfies the coercivity estimate

B(g,g9) > llgll> Vg € Vi

Proof. We use the definition of B in (3.4) and write

M-—1
B(g.9) = B(g:9)+ >_ (9], 9+ )m + (g++9+)0 = (94,94 )r-
m=1
= hllgz +v-Viglly, +0llVeglly, —ho(Aug,g. +v-Vig)o, (3.9)

{9+, 9+)r; + (922 9)ar + Z_: ([9): 94+ )m + (g4, 9+)0 + (v- V19, 9).
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Integrating by parts we have

(92:9) = 5(9.9) 't =3 [olo?(z) — g2 (i )] (3.10)

L1

Using Green’s formula we have also
(v-Vig,g)— <9+,9+>r; = 5 Jivo09°(B-n)dv — [, . g*(B - n)dv. (3.11)

Thus, rearranging the terms we may write

M-1
(Ger Dt D 9] g4)m + (94, 9+)0 = (94, 9+ ) + (0 Vig,9)q,
m=1

L (3.12)
—2(2 0Bt o= B+ g B+ [
m=1

Ix0Q

92|ﬂ . n|dv> .

To estimate the term involving A,g we use inverse estimate and assumption on o
to obtain

ho(Auvg. 9o +v-Vig)a, < 5(0llVugllyy, +hllge +v-Vigld,)- (3.13)
Combining (3.9)-(3.13) will give the desired result. O

We shall also need the following interpolation error estimates, see Ciarlet [16]:
Let f € H™1(Q) then there exists an interpolant f* € Vj, of f such that

If = Mo < O fllrsrqus (3.14)
If = Flee < ORI fllr+1.qu. (3.15)
If = Mloq. < CR™ 2|1 flrs1.q.- (3.16)

Our main result in this section is as follows:

Theorem 3.1. There is a constant C such that for f and f" satisfying in (2.1)
and (3.6), respectively, we have

(1S = £ < CREFY2) flla,qu - (3.17)

Proof. Let f* € V,, be an interpolant of the exact solution f and n = f — f". The
error term can be split as

e=f—fr=0-M-"-M=n-¢ (3.18)
Now since & € Vj,, we have the Galerkin orthogonality property B (e,&) = 0 which

follows from (3.6) with g = £ and the definition of boundary value problem (2.1).
Thus, we have using Lemma 3.1 and (3.4), that

[I€ll]* < B(&,€) =B(n — e.€) = B(n,¢)
:(n:c +v- VLW,EJF h(gm +v- ng))QL
+ U(vvna vvg)QL - hJ(Avna fx +v- Vlf)QL (319)

M-1
+ Z ([ €4 )m + (0,64 )0 — <777§+>r;-
m=1

Integrating by parts we have

M-1
(e +v-Vin, &g, + Z (), &)m + 4, &)0 = (m, €4 )
m=1
=— & +v-Vindg, + (n-,{)m (3.20)
M-—1

- Z(n—7[§]>m+/lxmnélﬁ~nl-



6 M. ASADZADEH AND E. KAZEMI

Then using Cauchy-Schwarz inequality we get

(o)
a(Vun, Vi€)a, < allVunllg, + ZHVUHIQQL, (3:21)
and
M-1 M-—1 1 M-—1
D m <D Inla + 1 > el (3:22)
m=1 m=1 m=1

By inverse inequality we can also write
ha(Ayn, &e +v-V1E)q, <Ch |y, + 4 +v- Viclo.- (3.23)

Then, combining the estimates (3.19)-(3.23) gives
M—1
B, + D In-12 + hline +v- Vinlp,
m=l (3.24)

+JHVU77||2QL +/ 772|6-n|dvd51.
Q

Ix0

1B(n.€)l < S[llEIN* +C

1=

Now by standard interpolation theory we have (see Ciarlet [16], p.123)

M-—1 %
[IIUI%L +h Y -2+ 2l g, +h/IXaQ n?|3 - nldvdS]
m=1

< ChMY| £k,

(3.25)

Thus
[ll€IN? < Ch?t, (3.26)

and since [||n]|], the interpolation error, is of the same order as [||£||], we have the
desired result. g

Remark 3.1. Here are some features of problem (2.1): (i) The lack of pure current
term for the beam problem, i.e. no absorption on the left hand side of the equation,
will lead to stability with no explicit Ls-norm control. Besides, in all the above
estimates the semi-norms, (Ls-norms of partial derivatives), appear with a small
coefficients of order O(v/h). Since the test functions are zero on part of 99 with
positive Lebesgue measure, we could again use a version of the Poincare-Friedricks
inequality and obtain an estimate for the Ls-norm with the same coeflicients as
for the semi-norms involved in the weighted stability norm, i.e. we add a La-norm
with a coefficient of order O(v/h) to the [||.|]] norm in Lemma 3.1. However, a
better approach would be through Lemma 3.2 (cf. [3]) below, in a situation where
jump discontinuities are introduced and included in the stability norm [||.||]. This
approach improves the Lo-norm estimate regaining the factor h'/2.

Lemma 3.2. For any constant C1 > 0, we have for g € Vp,,

M
lolas < |&llge +0.9 0002, + 3 lo-12, + /

Ix0

%6 n|] heCth (3.27)
Q

m=1

Proof. See the argument in the proof of Lemma 4.2 in [3]. O
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3.1.2. The hp-version of the SD-method. In this section, we analyze the hp-version
of the streamline diffusion method for Fermi equation (2.1). We derive error bounds
which are simultaneously optimal in both mesh size h and the spectral order p in

a stabilization parameter § ~ (Uh—;) Below we formulate the local SD-method for

problem 2.1 and extend the analysis of h-version to hp-version for local case. To
this end we consider the bilinear form Bs(.,.) defined by

Bs(f,9)= Y [(fe+v-Vifig+06k(ge+v-V1i9)k +0(Vof, Vog)k

KeCp
M-1
k0 (Duf, gz +v-Vig)]l+ D ([f],9:0)m + (F.9)0 = (f.9)r-
m=1

and the linear functional
Ls(g) = {fo. 9+ )0,

where the non-negative piecewise constant function d is defined by
Ok =k 0 = constant for K € Cy,.

The precise choice of § depends on the nature of the coefficients in the partial
differential equation and will be discussed in more details later. We now define the
local version of (3.3) as follows: Find f* € V/ such that

Bs(f".9)=L(g) VgeVf, (3.28)

where VP stands for Vj, when the bases functions are polynomials of degree at most
p in all variables z, x; and v. Note that in the h version of the SD-approach we
interpret (.,.)g, as Zn]\le(., .)m and, assuming discontinuities in the x variable, we
include jump terms it the x direction. Thus we estimate the sum of the norms over
slabs S;,, as well as the contributions from the jumps over x,, : s, m=1,..., M —1.
In the hp-version we have, in addition to slab-wise estimates, a further step of
identifying (., .)m by D_xcr 1, (5 -) K counting for the local character of parameter
dr. We also define the norm [||.||]s, in a natural way obtained from (3.7) and (3.8)
by replacing h by dx and considering its local effects as

M-1

1
lgllz =5 |l + 3 b 9o +0-9ugllfe + 3 llZ| - (3:29)
Kecy m=1

Further, we assume that the family of partitions {Cp, }x>0 is shape regular, in the
sense that there is a positive constant Cjy, independent of h, such that

Coh3 < meas(K), VK € U {Ch}, (3.30)
h>0

where meas(K) is the diameter of five dimensional sphere inscribed in K.

Lemma 3.3. Assume that the local SD-parameter di is selected in the range

2

h
0<ér < Wg}l, VK € Cp, (3.31)
I

where Cr is the constant in an inverse estimate. Then the bilinear form Bs(.,.) is
coercive on V' x VP i.e.

1
Bs(g,9) 2 i[llg\lﬁ, Vg e Vy. (3.32)
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Proof. The proof is based on the same argument as in the proof of Lemma 3.1,
except the estimate of the term involving dxo, where we apply Cauchy-Schwarz

and inverse inequalities together with the assumption on dg, to get

5KU(Avgagm +v- VLQ)K

IN

1 _
§CIhK1p2 00K [UvagH%( + 0K |ge +v- ng”%(] (3.33)

IN

1
3 [JHVUQH% + 0K llgz +v- VJ_QH%{] .

d

In what follows we shall use the following approximation property: Let g €
H*(K) and |.||s,x be the usual Sobolev norm on K; there exists a constant C'
depending on s and r but independent of g, hx and p, and a polynomial II,g of
degree p, such that for any 0 < r < s the following estimate holds true (see [10]),

pn—r

h
lg — Mpgllr e < s e (3.34)

where s > 0, and g = min(p + 1,s). We shall also require a global counterpart of
the above approximation result for the finite element space V/”, so in the sequel we
adopt the following:

Lemma 3.4. Let g € H}(Qr)NL*(I,H"(Q)), 7 > 2 such that g |x€ H*(K), with
a positwve integer s > r and K € Cp; there exists an interpolant Il,g € V' of g
which is continuous on Q such that

Rh?
lg —pgll1x < Cpf,l llglls,x (3.35)

where, C > 0 is a constant independent of h and p, and p = min(p + 1, s).

Proof. See, e.g. [18] where a proof is outlined, assuming certain regularity degree.
More elaborated proof can be found in [26], [13] and the references therein. O

We shall also need the following trace inequality:

i35 < CUVallklnlx +hg'lnllk), VK €Ch. (3.36)

Theorem 3.2. Let Cy, be a shape regular mesh on Qr and f be the exact solution of
(2.1) that satisfies the assumptions of Lemma 3.4. Let f" be the solution of (3.28)

and assume that the SD-parameter 0 satisfies 0 < dx < C2 5 for each K € Cp,.
Then the following error bound holds true

2#1 1
(1= g<c . & 2zt Ly o+ ouchy + s )IIfH (3.37)
Kecy,

Proof. Using triangle inequality we get

11 = f"1l1s < [linllls + 1€, (3.38)
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where n = f —II,f and & = f* — 11, f. II,f € V¥ is the conforming interpolant in
Lemma 3.4. Using Lemma 3.3 and Galerkin orthogonality Bs(e,&) = 0 we get

SEIE < Bo(6, &) = Bo(n,&) — Bs(e,) = Bo(n,)
= 0(Von, Vol)o, =0 Y Sx(Aun e +0- Vib)k

KecCy,
(e +0-Vin&a + D Sk +v-Vin & +v-Vi&k (3:39)
KeCy,
+Z + (5600 — (0, 64) r*—ZT

i=1

The terms T and T3 to 17 can be estimated by the same techniques as in the proof
of Theorem 3.1. Further, using the inverse inequality and assumptions on ¢ and
dx we get

|Ts] < dxol|Avnl k|l +v - Vi K
< Crogop’ b IVonllkllée +v- Vi€l x

0K
< 20(nlf + 5 I€e + v Viglk,
We shall rewrite the estimates above concisely as

IEllls < C(h + I2), (3.40)

where
I =Y ree, O % + 0k lne +v- Vinlk + ol Venl?)
M—1

=S+ / 7216 - nldvds.
m=1 Ix0Q

Below we estimate I; and I separately. As for I; we have using Lemma 3.4 and
assumption on d,
R h%
Il < ¢ Z p2s 2 5

KeCy,

—5 +ox +o)lIfIIE k- (3.41)

As, for the term I5, we have from trace estimate (3.36),

e P
L< Y A B IO e < Y, S0+ lflix (342
Kecy p p KecCy p p
Hence from (3.40)-(3.42) we get that
2/L 1 1
gz <c >y =& o ~( a1 +ah +0xhit + 5 ) (3.43)
Kéch

Finally, the term [||n||]s can be estimated in the same way and we get,

2,u, 1
lnz<c . X 2z +0h +oxhi )IFI2 k- (3.44)
KEC;
Substituting the estimates (3.43)-(3.44) into (3.38), we get the desired result and
the proof is complete. O

Remark 3.2. In Theorem 3.2, we chose dx for all K € C;, when o is small compared
to hy and %. The parameter Cy is selected in a way that dx satisfies hypothesis
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of Theorem 3.2. This particular choice of dx is motivated by our analysis in the

discretization error (3.37) in the norm [||.||]s, in order to give hp-error bound as,
h2;471
lf =M <C > K3 x (3.45)
Kecy, p

We note that our assumption on ¢ has a key role on obtaining the optimality of
the error bound simultaneously in & and p.

Remark 3.3. The assumptions of Lemma 3.4, for the global regularity of the solution
are somehow restrictive, but since we assume our test functions are continuous in
(z1,v), so in this framework it is difficult to relax these assumptions. Later, for the
discontinuous Galerkin counterpart of current analysis, we will ease the requirement
of Lemma 3.4.

Remark 3.4. For notational simplicity we have not chosen to allow an element-
by-element variation of the polynomial degree p and the local Sobolev smoothness
parameter s of the analytical solution f; however our analysis can be extended
easily to this case by replacing p by px, s by sk and ||f||s by || flls,x for K € C}.
Subsequently, in the local approximation (3.34), u = min(p + 1, s) is replaced by
wr =min(pg + 1, sk).

4. DISCONTINUOUS (GALERKIN

4.1. Description of discontinuous Galerkin (DG)-method. In the DG-method
we assume trial functions with discontinuities in both space and velocity variables.
So trial functions are polynomials of degree k > 1 on each element K of triangula-
tion and may be discontinuous across inter-element boundaries in all variables. We
may define for K € Cy,

8Ki(3) ={(z,x21,v) EaK:B-n:nx(a:,mbv)—&—n“(a:,mbv)-020},

where 3 = (1,v,0) and n = (n,,n, ,n,) denotes the outward unit normal to
0K C Q.
To derive a variational formulation, for the diffusive part of (2.1), based on discon-
tinuous trial functions, we shall introduce an operator R as defined in, e.g. [14] and
[15]. To this approach, we first define the spaces V, Vi, and W), as

v=I] #'x),

KeCp
Vi ={w € Ly(QL) : w|k€ Pp(K) : VK € Cp; w=0o0n 9Oy},

Wy, = {w € [La(Q1)]? : W |x€ [Po(K)]% VK € Ch).

(4.1)

More precisely, given g € V we define R : V — W, by the following relation

(Rg)w)=— 3 / Z/[[g]]nv-(w)odv, Vw € W,

I,nXTmJ_ ImXTmJ_ ec&, €

where we denote by &, the set of all interior edges of the triangulation 7} of the
discrete velocity domain 2, and n, is the outward normal from element 7; to
element 75, sharing the edge e with ¢ > j, 7;,7; € T)). Further, for an appropriately
chosen function Y,

0. x+x°**
()" =45 o (4.2)
[IX]] = x —x*,
where x°** denotes the value of x in the element 7%t having e € &, as the common
edge with 7,. Hence, roughly speaking, [[x]] corresponds to the jump and (x)°
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is the average value of x in the velocity variable. Next for e € &, we define the
operator 7. to be the restriction of R to the elements sharing the edge e € &, i.e.

(o) W, =— 3 / [t e, e Wi

I, XTq |
One can easily verify that
Z re =R on Ty, (4.3)
eCOT,NE,

for any element 7, of the triangulation of €2,. As a consequence of this we have the
following estimate:

2 2
IRk <v D lre@)lk- (4.4)
eCOT,NEy
where 7, corresponds to the element K and v > 0 is a constant. Now, since the
support of each r. is the union of elements sharing the edge e, we can evidently

deduce that
Sllre@la, = D Y. lre@llk- (4.5)

ec&, KeCy eCOTyNE,

Using these notations, the discontinuous Galerkin finite element method for Fermi
equation can now be formulated as follows: Find f" € V}, such that for all g € V},,

As(f",9) + Ds(f", 9) = {fo, 9+)0, (4.6)

where the bilinear forms As and Dj correspond to the convective and diffusive parts
of the equation (2.1) and are defined as follows:

As(f",9) = Z (fr+v-Vif" g+0k(ge+v-Vig)k
KeCy,

+ {(f+:9+)0 + Z/ [f1g+15 -,

KeCy,

(4.7)

with 0K _(B)' = 0K _(3)\{0} x 2 and
Ds(f".9) =a(Vu ", Vug)q, +o(Vuf" R(9))q, + o(R(f"), Vug),
+20 S (el re(@)an — S Sxo(Buf" go +v-Vigik. 48)

ec&, KecCy
Here, [f"] = ff — f where f1 is defined as in (3.2), 6x > 0 is a positive constant on

element K and A > 0 is a given constant. We also define the norms corresponding
to (4.7) and (4.8) by

1
ol =5 | 3 dwllos + vV gl +lolhy + ol + [ o,
2
KeCy I><89+
+ X [ sl
Kec, Y 9K-(8)

and

1
gD, = 5 [U||va||QL +20 ) Ire(9)l3),
ec&,
We note that, in general [g] is distinct from the jump [[g]] defined in (4.2), in the
sense that, the latter depends on element numbering as well. Recall that since § =

(1,v,0) is divergent free, (8- n) is continuous across the inter-element boundaries
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of Cp, and thus 0K+ is well defined. If we chose dx := h, for all K € Cj,, then the
problem (4.6) can be formulated as
B*(fhag) = <f07g+>07 Vg S Vh7 (49)
where
B.(f",9) = A(f",9) + D(f", 9). (4.10)

For notational convenience we shall suppress the index ¢ from As and Dy, when we
set 0 := h for all K € Cj. Then, the stability lemma for bilinear forms As and
D5 is:

Lemma 4.1 (Extended coercivity Lemma). Suppose that dx satisfies (3.31) for
all K € Cy, then, there is a constant a > 0 such that

As(g.9) + Ds(g.9) = a(lllgll%, + llgll,), Vg € Va.
Proof. Using the definition of As in (4.7) we deduce that

A5(9,9) =(92 +v- V19,90 + D, Oxllgs+v-Viglli +19[

KecCy
i (4.11)
3 [ ldguldenl
KeCp 8K7(5)/
Integrating by parts we have
(9a+v-V19.9)0 Z/ g°B-n
KECh oK
(4.12)
[z/ LTS vy S
Kec, Y OK-(8) Kecy, BK+(5)/
and so, we obtain
(9o +v-Vig. 9o+ / 919413 - | + 9|3
KeCy, OK_(p
) (4.13)
1PN v n|+/ Plo- e, |+ 1of3 + lofs
Kec, JOK- (5)/ Ix0Q,
Similarly, by the definition of Ds and using (4.5) we get,
Ds(9,9) =0l|Vuglla, +20(Vug, R(9)a, +A0 > > Ire(9)lk
KeCy, ee&E,NOTy (414)
- Z 6KU(Avgagw +v- ng)K
KecCy
Using (4.4) for some 0 < & < 1 we obtain
1
20(%9, R(0Dar <7 Y |<ITuallc + 2IRIE]
KeCy,
(4.15)
v
<oy lfllvng%*- . > ||Te(9)||§(] :
KeCp e€&,NOTy
So
20(Vog, R(9))a, +A0 Y D> Ire(9)lk
KeCy, eeERLNOT,
(4.16)

ZJZ

KeCy,

el Vogli + (A -1) 3 ||re<g>||%(].

e€EL,NOTy
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By inverse estimate and assumptions on o and §x, we obtain

1
S k(B0 + 0 Vigla, < 5 <ovvgnéL + 3 5K|gz+v-wn%<>.

KeCy, KecCy,
(4.17)
Now taking o = min[} — &, A — 2], which is positive for I < & < 3, we conclude the
desired result. (|
Corollary 4.1. For B; defined as in (4.10) we have the coercivity
Bi(g,9) 2 alllglllf, Vg € Vi, (4.18)

where ||lgl|2 = |llgllI% + IllgllIB-

Suppose now that f* € W’ and f are the solutions of (4.6) and (2.1), re-
spectively, and let f" € V,, be the interpolant of the exact solution f. Then, for
n = f — f" the error term can be written as

e=f—f"=0-M-("-M=n-c (4.19)
Lemma 4.2. There exists a constant C' independent of the mesh size h such that
for 6k chosen as in (3.31) we have the following estimates

1 _
As5(m,€) <<€, +C Y O Inllx + 0kl Vnlix)
KeCyp

+ Y Amlloky + Inlee + nlo + [nlar, (4.20)
KeCy,

1 1
Ds(n,€) < SlIEllfa, + gD, + CollVonlls, -

Proof. The proof is similar to that of Theorem 3.1. Here, we need to control some
additional jump and boundary terms. We have, using the definition of Ag, that

As,6) = > (e +v - Vin &+ 0k (& +v-VLIE))K

KeCy,
(4.21)
+ €+ Y / [m)é+18 - ml.
KeCy,
Integrating by parts we have
(o Voo, + bl t Y [ filgeldenl

KeCy, oK B
—(n,& +v-Vi€)q Z/ [€]16 - ] (4.22)

KeCy, OK_ (’3

Hghs [ el
Ix09
Inserting (4.22) in (4.21) and applying Cauchy-schwarz inequality we obtain

1 _
As(1.9) <glEll, +C Y (Ml + bl +o- Vnlie

KeCy,

T R 15 PR Sl ) oy
Kecn (4.23)

X . .

Sglllél\liﬁc > (x InllE + ox V%)

KeCy,

+ D AWy + IR, + nlg + [nl3.
KeCy,
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For D;s we have by definition,

Ds(n,§) =o(Vun, Voblq, +0(Vun, R(§))q, +o(R(1n), Vib)a,
5

0 Y (rem)re@)an — 3 oAb+ Vi) =Y T

e€&, KeCp i=1

Using similar techniques as in the proof of Theorem 3.1, we need only to estimate
the terms T5, T3 and T4. Since 7 is continuous, from the definition of operators R
and r, we deduce that T3 = T, = 0. It remains to estimate the term T5. To this
end we use (4.4) and (4.5) to obtain

Il < 3 oVl IRE) Ik < (CU||vvn||%<+gl||R<g>||%<). (4.24)

KecCy, KecCy,

Hence, by Cauchy-schwarz inequality and assumption on o we finally get
D < Lenz, + Liens, + ool van)2 4.25
5(n,€) < glllElla, + glllElD, + CollVenllg,, (4.25)
and we conclude the proof. O

In what follows we shall use the following lemma (see [7]),

Lemma 4.3. Let u € L*(I x Q,,, H'(Q,)) with Ayu € L*(QL), and let w € V},.

Then
Z . /8 wgri}: Z /1 Z [[w]]n,.(Vyu)?. (4.26)

Kecy, Ty X Ts mXTe) ecg, V€

Theorem 4.2 (Convergence Theorem). Suppose f* € V" and f are the solutions
of (4.9) and (2.1) respectively, then there exists a constant C independent of the
mesh size h such that we have the following error estimate

11 = 11l < CR Y2 f s, (4.27)
Proof. Using Corollary 4.1 and (4.19), we have
alllgl[? < Bu(€,€) = Bu(n — e,€) = B.(,€) — Bu(e, £). (4.28)
For the term B,(e, &) we have
B* (67 5) = A(e, g) + D(ev 5) (429)
Since
D(e, &) = D(f,€) — D(f",¢), (4.30)

by the definition of D and since R(f) = r.(f) = 0 we have

D(fo =Y /I /ﬂ]avvavs

KecCp

o ¥ / S 1€ (Vo f)°

Im X1y, VimXTey ccg, V€

-y /K—U(Avf)ﬁ—i-a 3 /Imm /aﬂ,’faari (4.31)

KecCy Kecy

o ¥ / S 1€ (Vo f)°

Im X7y, VimXTey ecg, V€

= > [ eaune

Kecy,
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where in the last equality we have used Lemma 4.3. So the problem (4.9) is fully
consistent and B (e,£) = 0. Further, we get from (4.28) that

ol [[E]l17 < Bi(n,€) = A(n,€) + D(n,£). (4.32)

We have now using Lemma 4.2, multiplicative trace inequality (3.36) and the local
interpolation error estimates (3.14)-(3.16),

1
A, &) < SIIIEA + CP* I flln (4.33)
and 1
D(n,€) < gl + CR* IR g, (4.34)
Inserting (4.33) and (4.34) in (4.32) we obtain
€N < ChHIfIlR 1.0, (4.35)
Using the interpolation estimates as above we also have
nlll2 < CR* ) fllisrq,- (4.36)
Then (4.27) is a consequence of (4.35), (4.36) and the triangle inequality. O

4.2. Penalty method. In this subsection we present a variant of the scheme in-
troduced in the previous subsection for the diffusive part of (4.10). As mentioned
in [15], this approach presents some computational advantages, as it reduces the
number of integrals to be computed when building the elementary matrices. On
the negative side, very large coefficients might be introduced in the matrices since
this scheme is a penalty method. Here we replace D in (4.10) by D and consider
the following problem: Find f* € V}, such that

B.(f",9) = (fo, 9+ )0, Vg € Vi, (4.37)
where

B.(f,9) = A(f.g9) + D(f.q9), (4.38)
and

ﬁ(f,g) =0(Vuf,Vug)g, to § o(he)(re(f),e(9))qr
e€&, (4.39)
- Uh(A’U.f7 9z +v- VJ_Q)QLa

with o(he) a positive constant which tends to +o0o as he, the length of the edge e,
tends to zero. For future use, we choose

1

Q(h‘e) = h2k+17 (440)

where k is the order of polynomial used in the approximation. We define the
diffusion norm

1
l9lll, = 5 |olIVoglle, + 200(he) > lre@)lid, |- (4.41)
ecé,

and estimate the error in the following norm

[gll12 = [llgll% + lglll%- (4.42)

For this scheme we derive coercivity and stability estimates similar to Lemmas 4.1
and 4.2.

Lemma 4.4. We have,
A(g:9)+ D(g,9) > alllgl]2, Vg€ Vi (4.43)
Proof. The proof is similar to that of Lemma 4.1. O
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Lemma 4.5. There is a constant C' > 0 independent of the mesh size h such that

- 1
D(n,€) < Sl + ChIVnlla, (4.44)
Proof. Since (1) = 0, using the definition of D we obtain
D(1,6) = 0V, Vub)g, — oh(Bv, & +v-V1E)q,- (4.45)
Now by a similar argument as in the proof of Lemma 4.2 we obtain the desired
result. (]

We shall also use the following result due to Brezzi et al. [15].
Proposition 4.1. Let u|x € L*(I;n,7s,, H*(1,)) for all K := I, X 7, X T, and

vy, € V. Then
/ vp|ny,.(V, u

>
> ),

Im><7'z mXTz,| ecg,
Kecy, L X7 eCOTy

1/2 (4.46)
(he)IIIU?Iz<T,,>> :

Proof. Tt can be proved by the same argument as in the proof of Lemma 4 in
[15]. O

<C|||vh|D<

Theorem 4.3. Let f* and f be the solutions of (4.37) and (2.1), respectively.
Then, the following estimate holds true

(F = 1] < CR*FY2) fllit1., - (4.47)

Proof. Proceeding exactly as in the proof of Theorem 4.2 and Lemmas 4.1 and 4.4
yields

alllE]]? < Bi(€,€) = Bu(n — e,€) = B.(n,€) — Bi(e, §). (4.48)
For the term B, (e, ) we have
B.(e,€&) = A(e, &) + D(e, ). (4.49)
But
D(e,€) = D(f,€) — D(f",¢). (4.50)

Using (4.39), integrating by parts and applying Lemma 4.3 we have that

=Y /1 oV, f - V€

Kecy, XTwy T
Kze; / ol K; /Imxnu /Om e aar{v (4.51)
-3 [ [ S el @

So the scheme (4.37) is not consistent and we have to estimate the last term above.
Using Lemma 4.1, we get

oy

Iy X7 mXTe) ecg,

>

KeCp mXTx ) eC(?‘rv

/ (€100 (V0 f)°

1/2 (4.52)
)7 ”f”H?(‘rv ) )

<C|I|§|I|D<
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and inserting inequality (4. 52) into (4.48), we end up with

ofllE]1]2 < Bi(n,€) — Bu(e,€)
< A, &) +D(1n,¢)

+Clliells ( >/

Kecy, XTz) ecor,

1o (4.53)
(he)1||f||§p<m> -

Applying Lemmas 4.2 and 4.5, and choosing g(h.) as in (4.40) we get
[lIEl? < CR** | flI 1.0, - (4.54)

On the other hand, to estimate the interpolation error, we note that due to the fact
that r.(n) = 0, (4.41) yields

1
Inlll: = 5elVenl, (4.55)

Hence, applying interpolation error estimates (3.14)-(3.16) and assumption on o,
we get

[lnll12 = [l + nlllZ,

< C(h™Hnligy, +hlIValg, +olVenla,) (4.56)
< CHM Y| fllR 1.0,
Then (4.47) is a consequence of (4.54), (4.56) and the triangle inequality. O

4.3. hp-Discontinuous Galerkin method. The aim of this section is to establish
error bounds, using discontinuous Galerkin method. We shall employ the approach
n [27], and derive error bound that is optimal in both kA and p. We assume that
the family of partitions {Cp} is shape regular in the sense of (3.30) and that every
K € C, is affine equivalent to unit hypercube in R®. Let us first consider the
bilinear form y

D5:D5(f7g)+DS(fag)’ (457)
where Djs is as in (4.8) and the stabilizer Dy is defined by

Du(f.g) = o Z / : /g (k)L (4.58)

Here ~(h.) is the discontinuity scahng function and the precise choice of it will be
discussed later. We now introduce the bilinear form

Bs = As + Ds. (4.59)
The hp-DG for Fermi equation (2.1) is: find f* € V) such that
Bs(f",9) = (fo.g+)o Vg e VP (4.60)

Again, as in Subsection 3.1.2, we use V}” to emphasize the polynomials degree p := k

n (4.1). We note that when the discontinuity scaling function y(h.) is set to zero
and the SD-parameter d is considered to be h for all K € Cp, then the hp-DG
(4.60) is identical to the method introduced in (4.9). Throughout the paper we shall
assume that the solution f to the Fermi equation (2.1) is sufficiently smooth on Q,:
namely f € L*(1,Q, , H}(Qy)) N L2(1,Q,, , H?(£,)), therefore, f is continuous
across interelement boundaries in €, and hence D(f,g) = 0 for all g € V. It
causes the Galerkin orthogonality Bjs (f — f*,g) = 0 to be hold for all g € VP, We
shall derive the stability of the method (4.60) in the following norm

gllZs = N2, + g3, +o 3 / /ngze)[[gn? (4.61)

Ly X T | Im
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Lemma 4.6. There is a constant C > 0 such that

Bs(g,9) > ClllglllZ 5, VgeVy. (4.62)
Proof. By (4.59) and (4.57), we have

Bs(g.9) = As(g,9) + Ds(g,9) + Ds(g,9), (4.63)
we notice that
gy =c 3 [ [ ama, (4.64)
I XTo | I X 7o | Ev

Inserting (4.64) in (4.63), and using Lemma 4.1, we obtain the desired result. O

Before continuing with the a priori error analysis of the hp-DG method (3.28),
we state an approximation result for the finite element space V;’. We consider
Qr(K), the set of all polynomials of degree at most k in each variable on K.

Lemma 4.7. Let K € C, and assume that g € H*(K) for some integer s > 1.
Then, for any integer p = min(p + 1, ), and p > 0, we have that

p+1

where C > 0 is a constant independent of hic and p, and P : L*(K) — Q,(K) is
the usual L?- projector of degree p on K.

hi \' 72
||g—Pg||Lz<aK>sc(K) gl s (4.65)

Proof. see, e.g. [19]. O

We denote by P, the univariate elementwise L?(7,)-projector onto the polyno-
mials of degree p in the variable v for every 7, € T}. Local error estimates for
f—Pyf can now be obtained from Lemma 4.7. Actually for an element K € Cp, we
have

1
1 = Pudliottn oy € (L25) T Wl ey (460
where K := I, X 7, X 7,. We also recall a restatement of Lemma 3.4: Suppose
fe LI, Hi(Q)) NL* (1,2, , H*(Q)), (4.67)
and
flx € H(K), VK €, (4.68)

with s > 2. Then, there is an interpolant II,f € L2*(I,Q,,, Hg(,)) which is
continuous on 2, (cf. [25, Theorem 4.72]). Then, by local interpolation error
estimates (3.34), with r = 1, we have that

hht
—[1flls. 55 (4.69)

If =T f .
p

Lk <C

with ¢ = min(p + 1, s).

Theorem 4.4. Suppose that for each h, € &, the scaling discontinuity function is
defined by

v(he) = 2 (4.70)

and the SD-parameter satisfies (3.31). Let further the exact solution f of (2.1) to
satisfy the assumptions (4.67)-(4.68). Then, there is a constant C > 0 independent
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of h and p such that the following hp-error bound holds true
2 -1

F =713 s <CZ el VA s
KEChp
Rt 1
+ Z 25 2 <

KECh

) TE™

(4.71)
with p = min(p + 1, s).

Proof. The structure of the proof is the same as that of Theorem 4.2, except now
we decompose the global error as

e=f—f"=(-M+{" =M =n+s (4.72)
where f e VP is hp-interpolant of f satisfying (4.69), i.e. fh= II, f. By virtue

of Lemma 4.6, we have

Cillléllls < Bs(€,€) = Bs(e —n,€) = Bs(—n,€), (4.73)

where we have used the Galerkin orthogonality property Bj (e, &) = 0 which follows
form (4.60) with ¢ = £ and the definition of boundary value problem, given the
assumed smoothness of f. Thus, we deduce that

Crllléllls < [Bs(n. )| < [A45(n,€)| + | Ds(n, €)]. (4.74)
Since n € L2(1,Q,, , H} (),
] =0 on &,, (4.75)
and also
R(n)=0 on €,
’I“EEZ; =0 on , Ve € &,. (4.76)
Hence, )
|Ds(n, )| < IT+II+111, (4.77)
where
I'=0|(Von, Vo)., 1T =0|(Ven, R(§))q.l,
I =% odk|(Ayn, & +0- VK] (4.78)
KeCy

The term I can be estimated similarly as in the proof of Lemma 4.2. For the term
I1, using the definition of orthogonal projector to L?(Qy,), we obtain

U(ana R(&))QL = U(an — P, Vun, R(&))QL + U<vav77> R(&))QL
=0 (Von = PyVun, R(§))q, + 0 (Vun, R(§)) g, = T1 + To.

For the term 77, by the definition of the operator R and the shape regularity of Cp,
to relate h. to hxg we obtain

Ti=0 /

I XTa | I XTe | ecg,
1

< ollvAlEllle, V2 (Von = PuVon) e,
< CollvAlEllle

(4.79)

/ (€l - (Vo — PuVon)°

Nl

Z Z p72h7’K van - P”V”nniz(lmv"m_’a”) ’

Iy X 70 | To €T
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/ gdv.

Furthermore, since V, (I, f) € VI’ x V,f’ and the Lo-projection preserves polynomi-
als, it follows that

vv'r] - vavn - vvf - vapf - vaq)f + vavnpf = vvf - vavf-

where, in the first inequality, we used the notation

lole, = 3 /

I X Ta mXTe) ecg,

Hence,

T <Coll\AlE]lle,

N

. , (4.80)
Z Z phi|Vof - PUVUfHL%Im,TzL,@T,U)
Im><'rzL T €TY
Using (4.4) and (4.5), we estimate the T5 term as
Ty < Voll(Vam)la (@ Y llre(@)lB,)3 (4.81)

e€&,

It remains to estimate the term III. Following the proof of Theorem 3.2, i.e
applying inverse inequality and assumption (3.31), we get

ok |(Dvn, & +v - Vi k| < Vodk||Vunllk|ée +v-Vilk. (4.82)

Substituting 77 and T3 into (4.79) and then inserting (4.78) into (4.77), by Cauchy-
Schwarz inequality, we obtain

|Ds(1,6)| < 01|||£||3,5+CU<||(VU77)%L

(4.83)
+ Z Z p_2hK||V’Uf - vavf%Q(Im,Tzl,@Tv)) )

Iy X7 | ToETY
where Cy < £C;. For the term [As(n, )|, using Lemma 4.2 we have
[As(m, &) < ColllEll3 5+C Y~ (0% Inliie + 8xclne + .V unll + Inll3x) . (4.84)
KeCy

where Co < 1C;. Substituting the estimates (4.83) and (4.84) into (4.74), using
the standard kick back argument and applying the approximation error estimate
(4.69) and (4.66) and trace inequality (3.36) we deduce that

11€lll5.s = € Z 2

KeCy,

h2p, 1
o ) U S I e (485

Similarly, due to (4.75) and (4.76) for the interpolation error we get

HnllEs < € Y- (Rl + ol Vonli + 8xllne + 0.V inl%) - (4.86)
Kecy,
Hence, using (4.69) and trace inequality (3.36) we get

2pu—1

h 1 1
Iy <o 3 (M e R )|f||§,K. (4.87)

KecCy,

Now inserting the resulting bound on |||n]||,,s and (4.85) in (4.74) we obtain the
desired result. O
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Remark 4.1. Suppose in Theorem 4.4 that 2 < s < p+1 and the streamline diffusion
parameter is chosen as dx = %%4 for all K € Cp, then if we assume O(;2-) ~ 1
for all K € Cp, we deduce from Theorem 4.4 that the discretization error, in the
2((‘;7:%;). We see that the error bound is optimal in

both h and p. The parameter dx may be selected as

0 = Cgh?K, VK € Cp, (4.88)

norm |||.|||y,s, converges like O(

where the constant Cs is chosen subject to the constraint on §x in Theorem 4.4. In
this case the parameter 5Kh]_(1 in (4.71) is equal to %, and the error of the method
nh=3)
¢ -5
bound (4.71) is again simultaneously optimal in h and p.

measured in DG-norm is of order O( ). We note that in this case the error

Remark 4.2. The choices for d g made in Remark 4.1, end to optimal error bounds,
simultaneously, in h and p. These choices are closely connected to the degeneracy
of diffusion term in Fermi equation (2.1). The use of continuous interpolant in
velocity space and the homogeneity of boundary condition on £2,. Using The later
ones the suboptimal stabilization terms in the method (4.60) would vanish.

Conclusion: Our analysis extend the result of [3] to a three dimensional de-
generate type convection-dominated convection-diffusion problem with a small and
variable diffusion coefficient. We have presented an h- and hp-a priori error analysis
of both SD- and DG- schemes for Fermi Pencil equation. We have shown that the
schemes are optimally convergent with respect to the mesh size h and the degree p
of approximating polynomial. This estimates are sharp in the sense that omitting
any power of the diffusion coefficient on the left hand side of our stability norms
will cause the same amount of reduced convergence rate. In our error analysis the
availability of continuous interpolant have played a crucial role.
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