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Abstract

The contents of these notes were presented during ten lectures, in November 2011, by Peter
Sjogren in Gothenburg. The text was written by Adam Andersson who participated and is
improved after the careful reading by Peter Sjogren. Ornstein-Uhlenbeck theory can be
described as a model of harmonic analysis in which Lebesgue measure is everywhere replaced
by a Gaussian measure. The theory has applications in quantum physics and probability
theory. If one passes to infinite dimensions and places the theory in a probabilistic context,
one gets the Malliavin calculus. In Chapter 1, the basic theory is developed. This concerns the
Hermite polynomials, the Ornstein-Uhlenbeck operator and most importantly its semigroup.
The Hermite polynomials form an orthogonal system with respect to the Gaussian measure in
Euclidean space. It turns out that they are the eigenfunctions of the Ornstein-Uhlenbeck
operator, and since this operator is self-adjoint and positive semidefinite, the semigroup can
be defined spectrally. An explicit kernel is derived for the semigroup, known as the Mehler
kernel. It will be of central importance in this text. In Chapter 2, boundary convergence for
the semigroup is considered, i.e., the limiting behavior of the semigroup as the “time” tends to
zero. This is done by introducing a maximal operator for the semigroup and proving that it is
of weak type (1,1). This result implies almost everywhere convergence for integrable
boundary functions. In Chapter 3, first-order Riesz operators related to the Ornstein-
Uhlenbeck operator are treated. Explicit off-diagonal kernels for these operators are found. It
is finally proved that the Riesz operators are of weak type (1,1).
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Notation

v ... Gaussian measure on R? or R.

LP(~) ... LP with respect to 7.

LP(dz) ... LP with respect to Lebesgue measure.

C’g"(Rd) ... smooth functions with compact support.

F or”... Fourier transform.

| ... integration on the whole of R? or R.

% and D? ... derivatives.

0;, 0sj, 3‘9—;, ﬁ ... partial derivatives.

Or ... L?(v) adjoint of 9;.

a, B ... multi-indices in N¢.

o = iy

= H?:l Oéi!.

(e;)%_, standard basis in R,

< ... less than or equal, up to a constant factor C' = C(d) > 0.
2 ... greater than or equal, up to a constant factor C = C'(d) > 0.
~ ... relation when both < and 2 satisfied.

a Ab ... minimum of ¢ and b in R.

a Vb ... maximum of ¢ and b in R.

B(x,7) ... open ball centered at z € R* with radius 7 > 0.

|B| ... Lebesgue measure of a measurable set B C RY.

=



CHAPTER 1

Basics of Ornstein-Uhlenbeck theory

In this first chapter, the basic framework of the theory will be developed. The Gaussian
measure and the Hermite polynomials are introduced in the first section. The Hermite poly-
nomials form a complete orthogonal system in the weighted L? space over R? with respect to
the Gaussian measure. In Section 2, a second-order differential operator, called the Ornstein-
Uhlenbeck operator is defined. It plays the role of the Laplace operator in the Gaussian setting.
The corresponding Ornstein-Uhlenbeck semigroup is defined spectrally. It turns out that this
semigroup has an explicit integral kernel, which was found already 1866 by Mehler. All results
of this chapter are well known; nevertheless, the rigorous derivation of these facts seems hard
to find in the literature.

1. Gaussian measure and Hermite polynomials
Define on R the normalized Gaussian measure
L —lep
dy(z) = —a¢ dz.

Consider first the case d = 1. The Taylor expansion of e~ at the point x, with increment ¢ is

S

(2

e (x—t) :E ant”,
n=0

where 4
—1)»
ap = (=1 — e = polynomial x e

2
—x
n!  dan ’

This series is convergent for all real or complex values of z and ¢, since we are dealing with an
2
entire function. Multiply both sides by e* to get

o n
2rt t2 § i d e—zz t
— TL

It is clear that the coefficient of ¢ here is a polynomial in z. We define the n:th Hermite
polynomial H,, by

Ho(a) = (—1)es’ Lo’
nlx) = e dx"e .
Then
(1.1) e2ri—t* — i L i, @)
' B — nl "

The function e2#'=*" is called the generating function of (H,)2%,. By differentiation, we see
that H,, is of the form

H,(x) =2"2" + lower order terms

and in particular
Hy=1.
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PROPOSITION 1.1. The polynomials (H, )2, form a complete orthogonal system in L*(7),
and ||HnHL2('y) = 2n/2\/7?

PRrOOF. Let m < n. Using the definition of H,, and integrating by parts, we get, with

D =d/dz,
/ Hp () H, (2) dy( ‘(Dre " )e ™ da

@ dg

_( o n e—zzx
- ﬁ< >/<DH<>> dz,

and this vanishes if m < n. For m = n the same calculation yields

1
F/D"Hn(x)e_ﬁ dz = 2"n!,

and thus
| Hall L2y = 2"/2Vnl,

as claimed.

It remains to prove the completeness. Since any polynomial can be expressed as linear
combinations of Hermite polynomials, it suffices to show that the set of all polynomials is dense
in L2(vy). Assume that f € L?(y) C L'(v) is orthogonal to all polynomials. If f can be shown
to be zero, completeness is proved. The product f (x)e*”2 is in L!(dx), so it has a well-defined
Fourier transform. Calculating this Fourier transform, expanding e* in a Taylor series and
assuming that we can interchange the order of summation and integration, we get that

(1.2) / e f(x) /Z ngn x)dy(z) = Z;) l:lf'n 2" f(x)dy(x) =0, VEeR.

We conclude that f = 0.
Finally, we must verify that the order of summation and integration in (1.2) can be switched.
We shall majorize

Y g
> ol f (@)
n=0 :

by an L!(v) function, uniformly in N € N. But

AN = e
> Erlalli @) < 3 B rlal | (@) = I f ()],
n=0 n=0 '

and by the Cauchy-Schwarz inequality

[etls@lan < ([ 1r@Paw) ([ earaw) " <o
(]

To compute the derivative H},, we assume for the moment that we can differentiate termwise
with respect to x in the series in (1.1), so that

= 1
(13) 2It 2 ZTT
n=1
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Using (1.1) again, we also get

2w%“9:2§:%HM@ﬂH:2
n

n=0 n=1

8

,1(1’)tn.

By the uniqueness of the Taylor expansion, we can compare terms to see that
(1.4) H/ (z) =2nH,_1(x).

It remains to verify (1.3). For this purpose we use once more the generating function. The
Taylor expansion of the function —2ze~" = De " at x is

—2(z — t)e~ }:bt"

n=0
with

bn _ (_1) Dn+16712 _ (_1) D(67w26$2Dn67w2)
n! n!
1 —x? 1 —z? —z
= aD(e H,(z)) = o [(—2z)e™* Hy(z) + e H),(2)].

Summing in n and using (1.1) yields

b2 =1 " i
—2(z — t)e*t =t = fZIZHH x)t +Z H/
n=0

n= 0
_ _2xe2wt—t2 4 i iHI (.’E)tn
< n "
n—

We have proved (1.3) and thus also (1.4).
Now, let d > 1. Hermite polynomials over R? are defined by

d

Ho(z) = [[ Hoi(2:), = (21,...,2a) €RY,
i=1

where o € N? is a multi-index. Then H, = ®% ,H,, is a polynomial of degree |a|. An easy
check shows that (H,)cna is a complete orthogonal system in L?(v). It is a direct consequence
of (1.4) that for d > 1

0iHo(2) = 20;Hy—e, (),

where (e;)%_; is the standard basis of vectors in R
Finally, define the normalized Hermite polynomials

! H,(x).

(1.5) (o) = 5=

They will sometimes be used.

2. The Ornstein-Uhlenbeck operator and its semigroup

Let 9; = 8/0z;. The operator d; is unbounded on L?(vy). We will explore its adjoint operator
97 in L?(v). For this purpose, take f,g € C’f)’o(Rd), i.e., infinitely many times differentiable
functions with compact support. Then

Out )20 = =iz [ it @gtare " da

- d/Q/f [2z:9(x 3i9(3?)]€7|m|2dx
<f7 2xz_a) >L2("/)
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We see that

where the first term is a multiplication operator. Define a second-order differential operator by

d
1 . 1
L=§§ aiai:—iA—kx-grad.

i=1

It is positive and symmetric and plays the role of the Laplacian on L?(y). Symmetry is shown
by
1< 1< 1<
(Lf.g) =5 ;@:&f, 9 =5 ;(&% dig) = 5 Z;<f, 0;0ig) = (f, Lg).

Positivity follows by setting f = ¢ in the middle expression above. The operator L is called the
Ornstein- Uhlenbeck operator.

PRrOPOSITION 2.1. The Hermite polynomials are eigenvectors for the Ornstein- Uhlenbeck
operator. Moreover, for any multi-index o € N?,

LH, = |a|H,.
PrOOF. Again consider d = 1. We first explore the action of D* on H,,.
(D*Hy—1,H;) = (Hp—1,DH;) = 2j(Hp_1,Hj—1) =0, j#n.
So, D*H,,_1 is a multiple of H,. Take j = n.
(D*H, 1, H,) =2n{H, 1, H,_1) = 2n2""(n — 1)! = 2"n! = (H,, H,).
Thus D*H,,_1 = H,, and it follows that 9/ H,_., = H,, for d > 1. We are ready to compute
the action of L on H,:

d d d
1 1

LHy =2 0/0iHo =35> 0;20iHo o, = > a;Hy = |a|H,.
2 i=1 ' 2 i=1 e 1 i=1 ’ “

O

We now turn to the Ornstein-Uhlenbeck semigroup, i.e., the semigroup generated by L. For
this purpose we use our spectral decomposition of L%(7). Let (T})i>0 = (e7F);>0 be the family
of bounded linear operators acting on

(1.6) = aaHy € L*(v)
a€eNd
by
(1.7) e tf = Z e~ tola, H,.
aeNd

In particular

(1.8) e tH, = et H,.

It follows that e~*L is a bounded operator on L?(7y) for any ¢t > 0 and that
e tlo—sL _ ,—(s+t)L

, st>0.

Since Ty is the identity, (T3)¢>0 forms a semigroup.
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Before continuing, we give a short review of Hilbert-Schmidt integral operators and their
kernels. Any ® € L?(y x ) defines a bounded linear operator on L?(v) by

(1.9) Tf(z) = / Bz, ) (y) d(y).

It is not essential here that we work in our Gaussian setting. Any L?-space would do fine. We
verify the boundedness. The Cauchy-Schwarz inequality gives that

2 / 1B, )| dy () / W) dry(y)

Integrating both sides in x leads to

(1.10) ITFI? < NRNZo ¢y 111

We now leave the general situation.
The operator T3, for t > 0, is given by a kernel in the sense that

(1.11) Tif(x / M (z,y) f(y) dv(y).

The explicit expression for this kernel was found already in 1866 by Mehler, [3]. It is named
the Mehler kernel. Using the normalized Hermite polynomials h,,, we shall first verify that the
kernel can be expressed in the form

(1.12) M (z,y) =Y e 1lhg(z)ha(y).

aeNd

It is easy to check that this series converges in L?(y x 7). Consider, for N € N, the truncated

kernel
> ey (2)ha(y).
la]<N

For |3] < N, the corresponding operator acts on Hg as

/ > e o (2)ha(y)Hs(y) dy(y)

(1.13) || <N
= ¢ 181 hg, Ha)hs(z) = e 18| Ha|lhs(z) = e 1P Hy = T,Hp.

Since the truncated kernels converge in L?(y x ), the corresponding operators converge in the
operator norm, by (1.10). We conclude that (1.11) holds.

We next want to compute a closed expression for M. Let d = 1. Since F(e= )(z) =
\/7?6_3’2/ 4 where F denotes the Fourier transform, H,, can be written

Hy(y) = (*1)”6‘1’2(%)”@*?/2 = (1)%92((;12/)"\};r /ezz'ygfﬁ d
2 2

= (e £re?vee ge.

Assuming that the order of summation and integration can be switched, we get using (1.5)

M (z,y) Ze R, ( (v)
—tn 22” X n iyt —¢&2
-y g (@) (1) gne2e=€ g
n=0 ’

= %aﬁ /Z %(—ige*t)"Hn(x)e%yE*EZ d¢.
n=0
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The expansion (1.1) of the generating function gives that

oo

Z i 7256 (;17) — 6*i2§e_‘z+52e—2t'

n=0

3

Hence,
2

ey . —t 2 —2t
MY = 2i€(y—e”"z) =& (1-e""") q¢.
t (mvy) ﬁ /6 g
Let £ = £v/1 — e=2t. Then, taking the inverse Fourier transform yields

225/ y—e —ty 512

M (z,y) = Vicemm T de!

fm/

y? _(y—e"ta)?
e s
I, 1—e—2t
V1—e 2t

This is a closed expression for the kernel, but it remains to verify the switch of order above. For

this we use dominated convergence. Introduce s = —ife~t. Now, two Taylor expansions give
st 52 - k - k+20 __ - n
=3 ROt S A = 3 Y st = 3 L
k=0 1=0 k=0 1=0 n=0

for some coefficients cg;. The last equality is nothing but (1.1). For any N > 0,

N o > 1
P Zﬁ z)ls"
n=0 n=0

SR
Z ckl || |k+2l
=0

o0 oo 1
=Z (2lalls))* > 715
. 2
e2|mu lolsl®

Then, for all N > 0,

N
> L (ciget) H (o) €2€0-€| < cRlellele HEPe 2 lel?
n:

n=0

But the right hand side here is in L'(d¢). Thus, a majorizing function of the partial sums has
been found. We are done for the one-dimensional case.
Let d > 1. Then

M/ (2,y)

|
[
=~
®
=
Q
—
2
=
g
—
P
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Notice that M, is symmetric, since

1 —e 22242 (o y) —e "2t |y|?

ioemmt — M} (y,)

(1.14) M; () =

The kernel My, for integration against Lebesgue measure, is

1 _ly—e~taz|?

7d/2(1 — e—2t)df2° S

Mt(x7y) =

in the sense that

T,f(x) = / M, () f () dy.

Integration against M, is well defined for f € L(v), so we use (1.11) to extend the domain of
T; to L'(7y), which of course contains LP(v) for 1 < p < co. We summarize the main result of
this section in the following theorem.

THEOREM 2.2. Let 1 < p < oo. For each f € LP(y), t > 0 and = € R?, the function
T.f = e tLf is given by

(1.15) T,f(x) = / My (z,y) f(y) dy,

where
1 _ly—e~ta|?

7d/2(1 — e—2t)df2°

Mt(x’y) =

Notice that, since T;1 = Ty Hy = Hy = 1 we have
[ M@y are) =1= [ M7 @) dra).

Now, let f € L'(v). Then, by Tonelli’s theorem and the fact that M, is positive,

1Tt @l = [ | [ 47 ) dra)] a o)

< [11w) [ 3 @p) dr@) v
= [1F 1z (-
Hence, T} is non-expansive on L'(v). By duality T; = T} is also non-expansive on L> = L ().

For 1 < p < oo we let ¢ be the dual exponent of p. Then by Holder’s inequality for f € LP ()

T @ =| [ 347" ) )]

< ([or@y yraw)" [0 @) yIwPam)
= Tl f[P ().
Integrating both sides yields

171200y < WD N2 < 1.

Thus T} is non-expansive on every LP(y).

REMARK 2.3. The function

u(z,t) = (T;f)(x)



2. THE ORNSTEIN-UHLENBECK OPERATOR AND ITS SEMIGROUP 11

solves the heat equation

(1.16) %u—i—Lu:O, t>0,
with
(1.17) u(z,0) = f(x)

for f € L?(vy). This will not be of essential interest for us, and we only observe that it follows
by termwise differentiation in (1.7) and Proposition 2.1.

We end this section with a remark concerning the case d = oc.

REMARK 2.4. Making the change of variable

y—e ‘x

V1—e 2t

z =
in (1.15), we get

T, (x) = / My(z,y)f(y) dy = / fle e + v/ T— %) dr(2).

This is sometimes called Mehler’s formula. In this form, the semigroup can be defined in infinite
dimension. If v, is the Gaussian measure on R, the measure

oo
VYoo = H T
=1

is a well-defined Gaussian measure on RY. Mehler’s formula still holds in this case. Much of the
theory developed so far holds in infinite dimension. The Hermite polynomials on RY are defined
by

where o € NV is a multi-index with no more than finitely many non-zero elements, i.e., with
|| < co. This will be all about the case d = oo in this course.



CHAPTER 2

Boundary convergence and maximal functions

In this chapter, the action of the semigroup as t — 0 will be explored. The goal is to
prove almost everywhere pointwise convergence 1 f — f as t — 0. The first section contains a
somewhat elementary result for smooth functions with compact support. The convergence is in
this case pointwise. In the second section, maximal functions are introduced. They will be of
central importance in the third section. A lemma, relating boundary convergence and maximal
functions, will be proved. Also a convolution inequality involving the Hardy-Littlewood maximal
operator is proved. In Section 3, which forms the core of this chapter, it is proved that the the
maximal operator for the semigroup is of weak type (1,1). In terms of boundary convergence,
this implies almost everywhere convergence for LP(y)-functions, for 1 < p < co. The proof is
carried out by considering a local and a global part of the maximal operator. The first proof was
given for d = 1 by Muckenhoupt in 1969, [4], and for d < co by Sjogren in 1983, [7]. The proof
presented here is from 2003 and due to Garcia-Cuerva, Mauceri, Meda, Sjogren and Torrea, [2].

1. Boundary convergence for smooth functions

What happens with T; f if we let ¢ — 07 Recall that Ty = I. In what sense will Ty f — f?
Convergence holds in L?(7) for f € L?(v). To see this, let

f=>" auHa € L*(v).

a€eNd

Parseval’s identity and dominated convergence imply

ITef = FlZay = D (€71 = 1)|aa*| Hal® — 0.

aeNd

LEMMA 1.1. Let f € C3°(R?). Then T,f — f pointwise as t — 0.
PROOF. Recall that M, integrates to one. Fixing z, we write the difference as
Tif(0) = 1) = [ M7 w.0) (1)~ F(@)) dr(y)
([ o+ )Mewnue) - @),
ly—=z|<é  Jly—=z|=6

where § > 0 is chosen as follows. For a given € > 0, take d so that

[fly) = f(@)] <e for |z—y|<d.

We estimate the first integral.
[ Mt - (@) dw)] < [ M) di) =
ly—z|<é

Now, consider |y — | > ¢. For ¢t > 0 small enough, one has by the triangle inequality

]

y—e | =ly—w+a—eTu[ |y —a| - |2|(1-eT) 2 5.

12
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Using the explicit expression for the kernel and making the change of variable z = y — e~z

followed by w = z/v/1 — e~2t we get that

1212

’ /yz|>5 Mi(@,9)(f(y) = (=) dy’
<

1 / o l=m
S e e dz ||l
md/2(1 — e=2t)d/2 >3

2
s/ e duw | ]|~
‘w|>%

o2t

—0, as t—0.

The lemma is proved. (I

2. Maximal functions

We define the Ornstein-Uhlenbeck maximal function as
T.f(z) = sup [T f (z)|.
t>0

for f € L*(v).
The operator T, is sublinear, i.e., for all a;, 3 > 0

T.(af + Bg) < oT.f + fT.g.

What are the LP(y)-properties of T.7 In order to get sharp results, we need the notion of weak
LP(~). This is the space of all measurable functions f satisfying, for all A > 0, the condition

e 1F@) > A S 55

Weak LP(y) contains LP(v), since

(2.1) RICHYEPVEY AT PR T

This is nothing but Chebyshev’s inequality. For example, in case of Lebesgue measure and d = 1,
the function =1 € weakL!' \ L! by a simple calculation. Then, for our Gaussian measure, the
function z~1e®” € weakL!(y) \ L' (7). A sublinear operator S is said to be of weak type (p, p) if

S LP — weak LP(v)

boundedly, or, differently stated, if for all f € LP(y) and A > 0

Yo Sf > A} § ——),

p
||f||Lp(7)
AP

From Chebyshev’s inequality, it follows that LP boundedness implies weak type (p,p). The
converse implication is not true in general. For maximal operators in general and for 7, in
particular L' boundedness does not hold. The sharpest result of this kind we can get for T,
in our setting is weak type (1,1). By the Marcinkiewicz Interpolation Theorem and the easily
verified L*° boundedness, T, is bounded on LP, for 1 < p < oco. The next lemma gives an
implication, in terms of boundary convergence.

LEMMA 2.1. Let 1 < p < oo. If Ty is of weak type (p,p) for ~y, then Tif(z) — f(z) for
y-almost all z € RY if f € LP(v).
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PROOF. Let f € LP(7). With § > 0, we take g € C3°(R?) such that If —gllLr(y) < 6. Then

Tif(x) = f(x) = Ti(f — 9)(x) + Thg(x) — g(x) + g(x) — f(2).

By Lemma 1.1 and the sublinearity of lim sup, we get
limsup T3/ (@) = ()| < .(f = g)(a) +|g(x) = F(@)].
—

Thus

{: limn sup T2 f(x) — fz)] > A}

c Lo (- 9@ > S} ule: o) - @) > 5}

The weak type (1, 1) assumption for T, and Chebyshev’s inequality lead to
Ao limsup|T,f(z) - f()] > A}
t—0

A

< fy{x: T(f = 9)(=) > %} +7{x1 l9(x) = f(z)] > 5}

< ||f*g‘|]zp(7)
~ )\p

O\P
<(3)-
A
For any A\ > 0 we can choose § > 0 so that this quantity is arbitrarily small. It follows that

Ha: fim sup T2 f(x) — f(z)] > A} =0,

for all A > 0, and consequently T, f — f except on a y-null set of RY. O

Before ending this section, we consider R? with Lebesgue measure and the Hardy-Littlewood
maximal operator M. It is defined, for f € L{ (dz), by

1

M f(z) = sup
r>0 |B($, T)‘ B(z,r)

|f(y)] dy.

Here B(x,r) is the ball of radius r centered at x and |B(z,r)| its Lebesgue measure. It is known
that M is of weak type (1,1).

THEOREM 2.2. Let ¢ € LY (RY) be non-negative, radial and decreasing, i.e., p(z) = ¥(|z|)
for some decreasing function ¥: Ry — R,. Set

Then
sup o % |f] < / o(x) dx M.
t>0

The operator defined by M, f = sup,~q ¢ * | f| is of weak type (1,1).

PROOF. We will use the fact that, for almost all |z| > 0,

o) = (i) = - | ().

|2l
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Let f > 0. Then, by a change of variable and Fubini’s theorem, we have

o * f(z) = /t_dw(g)f(w— y) dy

t

_ /(p(z)f(a: —t2)de
_ _/ :c dv(s) f(x — t2) dz

)
:_/OOo /Z|<Sf(x—tz)dzdz/1(s).

Consider the inner integral here. Changing the variable back to y, we get the estimate

/z|<s fa—t)di=t [ fa-y)dy

ly|<st
_ IB(z,5)|
IB(z,st)| Jpest
< |B(z,s)|M f(x).

f(y)dy

Thus
(2.2) oty < [ " |B(a, )| dis(s) Mf(x).
0

Repeating the calculations with f =1 yields

(23) - [ 1B lawe) = o) = [ e

Combining (2.2) and (2.3) gives the result, since the weak type (1,1) of M, follows from that
of M. O

3. The weak type (1,1) property of the Ornstein-Uhlenbeck maximal operator

THEOREM 3.1. Let d < oo. The Ornstein-Uhlenbeck mazimal operator T, is of weak type
(1,1) for~, i.e.,

Y{z: Tuf(z) > A} < Hf”%, A>0,

for f € LY(v).

For the proof of the weak type estimate we will split 7 into a local and a global part. Local
2
here means that integration is done in suitable “local balls” where the Gaussian density e~ !
has constant order of magnitude. This leads to the condition

_ 2 _ 2 _ 2 _ 2
e—laHhl? _ g=lafP=2@m—Ih? ol

which is certainly fulfilled if |h| < C/|z| and |h| < C, for some C' > 0, and thus if |h| <
C(1+ |z|)~1. Define
1

T

m(z)

Our “ local balls” will be of the type B(x, m(x)) or more generally B(x,am(x)), for a > 0. In
such balls, the Gauss measure is essentially proportional to Lebesgue measure.
Let |z — zo| < a, for a > 0. Then, since

me) _ Lbleol _1tlel e _ (Qa)tld
m(zo) 1+ |z 14 |z 1+ |z
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we have the important relations

1 m(z)
1+a = m(xg)

(2.4) <1l+a.

These will frequently be used. The following lemma will be of importance in the coming proof.

LeEmMA 3.2 (Covering Lemma). Given a > 0, one can cover R? with a sequence of open
balls B(xj,am(z;)) so that for any b > 0 the balls B(x;,bm(x;)) have bounded overlap, i.e., the
function

Z XB(z;,bm(z;))
J

is uniformly bounded in R?.

PROOF. For some ¢ > 0, take a maximal family of pairwise disjoint open balls B(z;, dm(z;)).
This is possible since one can squeeze in a maximal number of such balls in any ball B(0, R),
for R > 0. Then one can double the radius and continue iteratively, adding balls at each step,
and finally fill R? in the limit.

Then for any point # € R%, the ball B(z,dm(x)) must intersect some B(z;,dm(z;)), by
maximality. For such x; we have, by simple geometry and (2.4), that

|z — x| < dm(z) + om(x;) < 6(1 4 0)m(z;) + om(x;) < 20(1+ d)m(x;).

Thus € B(z;,am(x;)), if we choose § so that 26(1 + &) < a. Hence we have a covering of R*
with balls B(z;,am(x;)). Fix b> 0 and z € R¢. For how many xj can « € B(z;,bm(x;))? If
x € B(z;,bm(z;)) then, using (2.4),

B(zj, %erm(m)) C B(zj,0m(z;)) C B(z,(b+ 0)m(z;)) C B(z,(b+ 0)(1 + b)m(z)).

The first inclusion here implies that the balls B(z;,d(1 + b)~'m(z)) are pairwise disjoint as j
varies. The number of such balls that can be included in B(z, (b+9)(1+b)m(x)) is thus bounded

by the volume quotient
d
(b+0)(1+0)
5/(1+b) '

Define the local maximal operator

TI f () = sup Ty((| f| X5(e.m(e)) = SUD / M(x,9)|f(v)] dy,
t>0 t>0 B(z,m(aj))

and the global maximal operator

TE (2) = s T X0 mie) = 510 [ Mi(a.9) £ (4)] dy.
t>0 t>0 Jy—z|>m(x)

Theorem 3.1 will be proved by showing that T'°¢ and T5°" are of weak type (1,1) separately.

PROOF OF THEOREM 3.1, LOCAL PART. The strategy is to estimate the Mehler kernel

1 _ly—emta?

Td2(1 — e—2t)d/2€ e

Mt(xvy) =

in a local ball, by an expression of the type ¢ = (z —y) for 7 =1 —e~t, where ¢ is a function
to which Theorem 2.2 applies. For the first factor we have 1 — e~ = (1 + e~ )7 ~ 7.
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We continue with the exponent, getting

ly—e o _|ly—z+T1af
l1—e 2t ]—e2
_ ly—af | 2r{y—za) | T
S (lte ) (I4et)r  1—e 2
2
> =2l
2T

The last inequality follows since y — z € B(0,m(x)). With the notation of Theorem 2.2 and
using the fact that |x|m(z) < 1, we conclude that

1 _ly—=|?
27

Mi(z,y) S —aj3® = o5 (@ —vy),

for y € B(z, m(x)), where p(z) = eml21*/2 ¢ L1(dz).
Choose a covering, according to Lemma 3.2, with ¢ = 1. If x € B(z;,m(z;)) and y €
B(z, m(z)), then by (2.4),

ly — x| <y — 2| + |z — ;] < m(x) +m(z;) < 2m(z;) +m(z;) = 3m(z;).
Thus, the values of T°°f in B(zj,m(x;)) depends only on the restriction of f to the ball
B(z;,3m(z;)). Take f € L'(y) with f > 0. Then for z € B(zj, m(x;)), using Theorem 2.2,

/ My(z,y)f(y)dy < / o 7@ —y)fly)dy
B(z,m(z)) B(z;,3m(z;))
=P * (fXB(xj,Sm(ﬂcj)))(w)
< /so(Z) dz M(fXB(z;,3m(z;))(@)-
This inequality holds for all ¢ and hence for the supremum, i.e., for 71°¢f. Since M is of weak
type (1,1),
{a € B(xj,m(x;)): T.°f(z) > A}
< |{ € Blajmia)): [ ole)ds M(F(e,amie)@) > A}

1
sf/ f(x) d.
A JB(z;,3m(;))

In B(zj,3m(x;)), we know that -y is essentially proportional to Lebesgue measure. Therefore,

Y{x € Bz, m(z;)): T f () > A})

<! f(z) dy(a).

A B(x;,3m(x;))
Summing in j and using the bounded overlap of the B(z;,3m(x;)) gives us
Y({z € R T f(z) > A})

S5 [ £0) 3 xbt0, 9mie @) dr(2)

jEN
5 [ @ 0@

Thus T'°° is of weak type (1,1). O
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PROOF OF THEOREM 3.1, GLOBAL PART. By moving the supremum inside the integral, we
make the crude estimate
755 (0) < | sup M7 (2, £ 4|y (v)
ly—z|>m(z) t>0
Remarkably enough, this estimate is sufficient for our purpose. Let
—t 1 — T _ 2

147 147

Clearly ¢t — 7(¢) is an increasing function from (0, 00) onto (0,1). A simple calculation shows
that

€

1—e 2= 747
(1+7)%
Remember that the kernel is symmetric. We write the kernel in terms of 7 as
1 |z —e"y|?
¥ _ 2
M (@) = —gmmya o (ol - = =)
—d/2 2
U Y G L. T R, Vi)
2d 4T

The first factor satisfies (14 7)~%227¢ ~ 1 so that causes no problems. Define

e — (1 = 7)y|?
Q(x,y,T):deﬁexp(f ‘(1+ ) 47—(1 )y‘ )

Lemma 3.3 and Proposition 3.4 below finish the proof of the global part. g

LEmMMA 3.3. If |y — x| > m(x), then

sup Q(z,y,7) S (L+[2)? A (|2]0) 7,
0<r<1

where 6 = 0(x,y) is the angle between x and y.

PROOF. Since, for any p > 0, there exists a constant C' > 0 such that exp(—a) < Ca™", for
a > 0, we have that

dj2
2
N [ o ¢ Bt VI W 4
! eXp( ar ~7 I+ )z — (1—7)yP

SIA+n)z— (1 -7yl

Now, let 2 and y be such that 0 < 6(z,y) < m/2. Then the length of (1 + 7)x — (1 — 7)y is
greater than the length of the projection of (1 + 7)z onto the plane perpendicular to y. This
observation leads to

|1+ 7)z—(1—7)y| > (1+7)|x|sinb 2> |x|6.

Next, let 7/2 < 6 < 7. Trivially the distance between (14 7)x and (1 — 7)y is then greater than
the length of (1 + 7)z, i.e.,

(I+7)e— (A =7yl = (A +7)[z| 2 |=[6.
Thus in both cases, Q(z,y,7) < (|z]0)~9.

To compare @ with (1 + |x|)¢, consider first the case 7 > (1 + |z|)~2/4. Then clearly
Q(x,y,7) < 7742 < (14 |z[)?. In the opposite case 7 < (1 + |z[)72/4 < 1/4, the triangle
inequality yields

@)oo+ (=gl = (1= )y = 2) = 27 2 Sy = el = 5o
T T)y| = T)(y Tz 2 7y 5+ 2]
.3 111
TA+z) 2004 x]) 41+ 2|
So Q(z,y,7) < (14 |z])* also for small 7. O
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ProrosiTiON 3.4. The operator
Sita) =t [ (412 (216) ) £5) (o),

is of weak type (1,1).

To prove Proposition 3.4 we use the following lemma, dealing with the v-measure outside
large balls around the origin.
—2¢7T5,

LEMMA 3.5. Forro > 1 it holds that y{z € R%: |z| > 7o} ~ rd
PROOF. Let wy be the area of the unit sphere in R?. Then
o 2
Hz e R 2| > ro} = wd/ rd=le="" dr.
)
Making the changes of variable r = rg + s and t = rgs, we get that

o0 2 o0 2 2
/ rd=le=r de/ (ro + s)? e ro=2ros=s" (g

T0 0
*° ds
—r3 d—1 dy,—2rgs 2
(2.5) Se /0 (rg” s+ s%e S

2 2
—rg,.d—1—1 —rg,.—d
Sle org T rg e o )

AN

_ 2
57’3 ZemTo0,

PROOF OF PROPOSITION 3.4. Let f > 0 with [ fdy = 1. We shall prove that

1
(2.6) Ha: Sf(z) > ALS
for all A > 0. For A small this is trivial, since + is finite. Clearly,
Sf(a) < el (14 Ja))".

Thus Sf(z) < e2? for |z| < 1. Fix A > 2%, so that the unit ball is disjoint from the level set of
(2.6). Let 79 > 1 be the unique positive solution of the equation

er2(1 + )4 =

Then B(0,r9) will not intersect the level set. We will see that we can reduce the region of
interest to the ring ro < |x| < 2rg. By the previous lemma

1
x|z > 2r0} S r(0i72€—47“§ SO+ ro)_de_’% =3

The case rg < |z| < 2rg requires some more work. Let
H={2' eR |2'| =1,{pz’, 1o < p < 2ro} N{x: Sf > A} # 0}.

The set H contains the rays which have a non-void intersection in ro < |z| < 2r¢ with the level
set of (2.6). For 2’ € H, let

r(z') = inf {p € (r0,2r¢): Sf(pz") > A}

In words, r(z') is the distance from the origin to the level set in the direction z’. Then, by
continuity Sf(r(z")z’) = A
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For o < |z| < 279
Sf(a) ~ et [ A r00) ) £ )
=gt 63 n 0 f(0) o).

It follows that, for ' € H and 6 being the angle between y and 2/,

(2.7) A= Sf(r(e)a') ~er@ rgd / (A~ fy) dv(y).

We estimate the measure of the intersection of the level set and the ring ro < |z| < 2rg
together with its “shadow”, seen from the origin. Let dz’ denote the area measure on the unit
sphere. Using (2.5), we get

v{x: ro < |x| < 219, Sf(2) > A}
<pa':a' € H, p>r(a’)}

:// e " dpda’
H Jr(z')
</ T(I/)d7267|r(z')\2dz/
H
NTO_Q/ rde=Ir@ qg!
H

_ 1 _
~n 5] (3 7071 (3) dy(y) '
H ly—z|>m(r(z"))

In the last step we used (2.7). Changing the order of integration and extending the integration
to the whole unit sphere S?~! leads to

{z: 1o <[] < 20, Sf(z) > A}
L1 -
S Tozx/f(y) dy(y) /Sd,fgdw 4.

The last integral here is independent of y, by rotation, and behaves essentially as an integral in
R 5o let z be a variable in R4~!. Then

/ r%d/\H_ddx’N/ r2d Az "z ~
Sd—1 |z|<m

The last relation easily follows by integration over {|z| < 752} and {ry? < |z| < 7} separately.
O



CHAPTER 3

Riesz operators related to the Ornstein-Uhlenbeck
operator

In this chapter, we consider first-order Riesz operators for the Ornstein-Uhlenbeck operator.
The first section recalls Riesz operators in Euclidean space. Some facts about singular integrals
are also stated. In Section 2, kernels are found for Riesz operators. Those kernels are well
known, but our detailed derivations seem to be lacking in the literature. In Section 3, we prove
that the Riesz operators are of weak type (1,1). This was proved by Muckenhoupt in 1969 for
d =1, see [5]. The case d < oo was obtained by Fabes, Gutierrez and Scotto in 1994, [1], but it
is still unknown for d = co. Riesz operators of higher order was considered by Pérez and Soria
in 2000, see [6].

As in the previous chapter, the proof of our result will split into a local and a global part.

1. Euclidean Riesz operators and singular integrals

The theory of Riesz operators is a widely studied subject within harmonic analysis. They
form useful tools for estimating derivatives related to partial differential and pseudo-differential
equations. The first- and second-order Euclidean Riesz operators in R are

82
8xi8x]—

0

R; (=A)"% and R;; = (—A)7,

where the operators (—A)~2 and (—A)~! are defined via Fourier multipliers. The operators R;
and R;; are singular integrals. Their actions on f € LP(dx) are

Rif (@) = ca pov. m%f(w—f) a¢

and for ¢ # j
Ry f(x) = ¢q p.V./ |§r§i2f(x —£)de.

Here c; and ¢4 are constants and the integrals are taken in the principal value sense, i.e.,

p.V./-dx = lim -dz.

e—0 ‘:E|>e

In this way, the non-integrable singularities can be handled, due to cancellations. It is well
known that that the Riesz operators are bounded on LP(dz) for 1 < p < co and of weak type

(1,1).
We now give some brief motivation why Riesz operators are important. Consider the equation

—Au = f.

Then, at least formally,
8i 8ju = Ri j f

Thus 9;0;u = R;;j(—A)u, and since R;; is bounded on LP, we have for suitable u, that

10:0jullLr < [(=A)ullLr-

21
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So the second derivatives can be estimated by means of the Laplacian.
The first-order Riesz operators can be used to obtain the two-sided inequality

1(=A)"2ul|zr < llgradul e S [[(=A)"Ful .

In Section 3 we will need a general result for singular integrals. We state this here. Assume
that T is a bounded linear operator on L? (Rd, dz) with off-diagonal kernel k. This means that
for f € C3°(RY),

Tﬂmz/%mmﬂmw, v ¢ supp(f).

If the kernel k is of class C' in {(x,y): ¥ # y} and satisfies

1
(3.1) ) S
and
(3.2) jarad, k()| S ———,
|z — y|*t

then k is said to satisfy the standard estimates. These holds for R; and R;;. The following
theorem is well known, see for instance [9], Chapter II, Section 2, Theorem 1.

THEOREM 1.1. If the operator T is linear and bounded on L? (Rd, dz) and has an off-diagonal
kernel satisfying the standard estimates, then T' is of weak type (1,1).

2. First-order Gaussian Riesz operators

A first try to define Riesz operators for the Ornstein-Uhlenbeck operator L would be to let
Ri=0;L~%. But LH, = |a|H,, and in particular LHy = 0, so L~% does not exist. Let P, be the
orthogonal projection in L?(v) onto the span of Hy, i.e., onto the subspace of constant functions.
Then I — P, is the projection onto the orthogonal complement Hg-. Define L™= (I — Py) by

for
Z |aa|2||Ha||2L2('y) < 0.

a€eNd

It is well defined and bounded on L?(v). Recall that 9;H, = 2a;H, ., if a; # 0. Define R; by

2a7;
Ri: Y aoHo Y ——aaHo e,
aeNd a;#0 |a|

We first verify that R; is bounded on L2(v). Since |[Hq||12¢4) = 2lla!, we have | Ho—eillz2(y) =
|Hallz2(y)/20i;. Parseval’s identity implies

20y
D

017‘,#0 ‘a

2 4ai2| |2 1 H ”2 < § : | |2|| ”2
= a, —||H 2 Q, H
2(+) § A | ‘ «@ 2 : allL2(y) = — « allL2(y)»

and the L?(vy) boundedness of R; follows.

Observe that any function in L?(v) defines a distribution in D’. Recall that distributions
in D’ are those acting on test functions with compact support. Convergence in L?(vy) implies
convergence in D’.

PROPOSITION 2.1. For f € L2(v) one has R;f = 8;L~2(I — Fy), where 8; = 835 is taken
in the sense of distributions.
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PROOF. Let f =3 anHa € L?(y). Then

1 1
L*(I-PR)f=) ——aaHa,
Yl

with both L?(7y) and D’ convergence. Since differentiation in the distribution sense can always
be made termwise, we get that

. _ 1 1 iS 2&'
6id1stL ;(I—Po)f: Z 70@614(1 tHoz — Z ? H, . =Rf

Bkl B
aizo Vel aizo Vel
([l

Our aim for the rest of this section will be to find the kernels of L~2 (I — Py) and R;. Notice
that

1 o0
(3.3) A2 = —/ =27 at, A > 0.
VT Jo

It is tempting to write

1 oo
—/ 27t Qe A >0,

™ Jo

L—l/2 _

with kernel

1 oo
ﬁ/o t_1/2Mt’y(fE7y) dt.

But M, is close to 1 for large ¢ so the integral diverges at infinity. This is not surprising since
we saw that L~'/2 does not exist. But (e + L)~/? exists and is bounded on L?(v), for € > 0.
We also have that

(e+L)™V2 - 12p) —» L7V - Ry)

as € — 0, in the strong operator topology. This means that
((c + L)V 6’1/2P0)f S LV R)f  in L2(y)
for all f € L?(v), which is easily verified from our definitions. Write formally

1 oo
(€+L)_1/2 - t—1/2€—et8—Lt dt
f

™ Jo

with kernel )
— 12—t ppy dt.
N /0 e ¢ (7, y)

The kernel of Py is 1 = Hy so that the kernel of e /2P, is

1 o
—-1/2 _ / (—1/2p—¢t gy
€ e .
VT Jo
Thus, (¢ + L)~*/2 — ¢~/2P, should have the kernel
1 (% 45 _
— [ Py —1)dt.
= [ e an e <1

This gives hope since M (x,y) —1 — 0 as t — oo, for all z and y. We conjecture that the kernel
of L=Y2(I — Ry) is

(3.4) Koy = = [ 7207 (2.y) — 1) dt

1
v Jo
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and that of R; is
1 o
(3.5) Ky = 7 /0 20,0 (2, y) dt.
Here and in the sequel, 9; means 9/0x;, also for functions depending on x and y.

Consider first K. We verify that the integral converges. Recall that the Mehler kernel is
given by

1 ‘y‘z_m—e—‘zﬁ

Mg(:&y) = me 1—e—2t

For ¢ small we have (1 — e~2¢)=%/2 ~ t=4/2 Also, since 1 — e~ < 2t,

— e tz)? —z+ (1 —eHz|? —z]? 2l —e Ny —z,x 1 — e t)?|x|?
ly ®_ly ( il S ly—=f A )y ) 4 ! )°|]

1—e 2 1—e2 2t 1—e 2 1—e 2

2
y—x

(3.6)

for x # y, where C(x,y) is bounded on compact sets. Then, for a new C(z,y),

2
Y < -4 _‘y—.’L‘|
M7 (@,y)] £ Cla,y)t exp (— £ ).

Making the change of variable s = |y — z|?/t, we get that

1 ly—=|?
t

1 s
[ @y s cpet” [ette
0 0

3.7 Sl —afi=t [ st -t as

0
< Cla,y)e |y — 2.

Notice that the integral diverges on the diagonal. For t large enough so that e~!(|z|? + |y|?) is
small, we use the fact that (z,y) < |z|*> + |y|? and make a first-order Taylor expansion. Using
the expression (1.14) for the kernel we get

- —e (|2 + |yl?) + 27z,
M; (2,y) =1 = (1+ O(e™)) exp ( (=] 1}/{!3_)% < y>)i1

38) = (1+0(e™2)(1+ O™ ([af + y))) — 1
= O(e"(|«* + |yl*)).
Thus, K(x,y) exists for « # y.

THEOREM 2.2. (a) For any f € L*(v) the map y — K(z,y)f(y) is in L'(v) for a.a. =,
where K s given by (3.4), and the integral

/K(w, y) f(y) dy(y)

defines a bounded linear operator on L*(¥).
(b) This operator coincides with L=2 (I — Py).

PROOF. With T' = T'(z,y) = max(10,log(|z|* + |y|?)), we write K as

0 T(zy)
ik = [ ehpepdes [T @)
0 10
Tww) | o
—/ t—adt+/ =3 (M) (2, y) — 1) dt
0 T(z,y)

=K1+ Ky + K3 + Ky,
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where K; = K;(z,y) for each i. We shall prove that each K; satisfies (a).
Let f € L?(v). For K; we apply Tonelli’s theorem and Minkowski’s inequality, getting

o, = [ iswiswa
</010t‘ /M?(x,y)\f(y)ldw(y))

10 .
— / AT e

S Iz

| [ izl

L2(v)

[

dt
L2(v)

Thus (a) holds for K.
In K3 we have t > 10 and thus 1 —e~2! ~ 1 and M, (z,y) < exp(4e~t|z||y|) in view of (1.14).
Then

T(z,y) T(z,y) |£L"2 + |y|2
0< Ks(x,y) < / exp(de”|z||y|) dt < / exp (467107) dt
10 10 2
@ ﬁ 1 2 2 2
< exp (- + = ) (10 Viog(ja]” + [yl*)) € L*(y x 7).

Therefore, K defines a Hilbert-Schmidt operator in L?(), and (a) follows for Ko.
The kernel K3 is 21/T(x,y), which is another Hilbert-Schmidt kernel.
To deal with K4, we apply (3.8) to get

oo oo

Ka(w,y)| < /

1
M (a,y) — 11 S (o + )] [
T(z,y)

< dt‘ = (Jz]* + y|?)e ") < 1.
T(z,y)

With this we have proved (a).

The proof of (a) also shows that the L?(y x ) norm of [,;° t=2 (M) (x,y) — 1) dt tends to 0
as t’ — oco. The operator obtained in (a), call it momentarily A, is thus the limit in the operator
norm as t’ — oo of the operator defined by the kernels

= [ Fron e -

To prove (b), it is enough to verify that A coincides with L_%(I — Py) on each Hermite
polynomial H,. Now AH, is the limit as ¢’ — oo of

[ 7= [ rroney) - na Hw o),

Here we can apply Fubini’s theorem, in view of the above estimates. Using also (1.8), we see
that the expression equals

\/1%[/; t’%/M?(x,y)Ha(y) dvy(y) dt — \/17;/(: t’%/Ha(y) dv(y) dt]

1 /tl _1 —t]al /t/ _1
= — t7ze UM dt Hy(x) — t72dt (H,,1)].
ﬁ[ 0 @~ [ (Has 1)

For a # 0, the second term in this last expression vanishes, and the first term tends to
la|~Y2H,(x). If a = 0, the whole expression vanishes. Thus the limit, as ¢ — oo, is
L~Y2(I — Py)H,(x) in both cases. O
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THEOREM 2.3. The off-diagonal kernel of R; is k] (z,y) = 0;K(z,y), in the sense that for
f € C(R?) and x ¢ supp(f)

Rif(x) = / K (,9) £ (9) A (w).

Moreover, k is given by (3.5), for x # y.

PROOF. We start by verifying that

1 oo
(3.9) 0K () = = | ttoaneya
0
Differentiation gives us
1 2e7(y; — e ty) ly — e ta|?
ALY — i i 2 _
@10) M) = g e e (W - ).
Thus,
27! ly —e"'a ly —e'af?
MY 2_¥g = o
. 07 (2. 9)| < T T e O (w2 - 2—=-)
. —t 1 _ o —t.2
(- L
(1—e2t)2t2 2 1—e"
For small ¢ we have ,
ly—=|
00 (@, y)| S Clay)t= 27577,

where C(z,y) is locally bounded; cf. (3.6). As in (3.7), for a new C(x,y),

_d_ ly—

T 1 2|2
/ 2|0, M, (z,y)|dt < C(x,y)/ P e e < Clz,y)|z —y| =%
0 0

For t large, (3.11) implies [9; M} (z,y)| < e *(|z] + |y|)el*!", and so
| Hoan el s Cl).
Thus
(312) | o @l £ e — ol < .

for x # y, and so the integral in (3.9) is well defined.
The equality (3.9) follows if

a1 a
3.13 / —/ t72o; M) (z,y)dtdz; = [K(z,y)]""
(313) ] 7 (2.y) K],

by differentiation with respect to a;. Here ag and a; must be chosen so that y is not in the
segment {(21,...,2i-1,0,Zit1,...,24): a0 < a < a1}. Indeed, if Fubini can be applied, then
the left-hand side becomes, after a suitable choice of primitive function,

al

% /Ooo =3 [My(z,y) — 1] Zj:ao dt = [K(z, y)}m:ao'

To verify the use of Fubini, we apply (3.12) to see that

oo ) a 0o )
[ [ o e planacs (@ - o) [ s o0 p)lde < o,
0 ao 0 x
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where the supremum is taken over z in the segment mentioned above.
We now prove that, for x ¢ supp f,

[ R =0 [ K@it aw),

or equivalently,

/a:l //0“ 720, M (x,) dt £(y) dy(y) da; a

— [//Ooot_é(M](%y) —1)dt f(y) dv(y)] ;

Ti=ao

for ag and ay such that (z1,...,2-1,a,Zi11,...,24) ¢ supp(f) for all ap < a < ay. This follows
from Fubini by the same calculation and the same justification as above.
We now know that

[K @) a6 = oL - R)fe)

for 2 ¢ supp f. But R; = 83" L=3 (I — Py). O
3. The weak type (1,1) property

THEOREM 3.1. For d < oo, each R; is of weak type (1,1), with respect to ~.

We start with some proof preparations. Using (3.11) and making the change of variable
r = e~ yields

0o —t ly — e ta] ly —e 'z
kY < -3 c y ( 2 7) dt
I (2, 9)] < / g e (-
(3.14) 1 21 2
1—7%\3 1 ly — ra| 5 |y —rzl
= ( 71) 7 €xXp ('y‘ - 2 ) dr.
o \logr (1,,&)5-&-1@ 1—r
Let

ly —ra|?
o) =T

Since (1 —1r?)/log(1/r) <2 for 0 <r < 1, we get

(3.15) K (2 9)] < / V) — o) dr = (2 ).

(1—r2)Ft
We will also need the kernels k; and p; for integration against Lebesgue measure, i.e., with the
2
factor e~1¥I" removed.
We will now split R; into a global and a local part as in Chapter 2. For this purpose

a smooth cutoff function is needed, since we are working with derivatives. Take a function
0 < N(z,y) € C°(R? x R?) satisfying

i ey <m)
N(z,y){ 0 if |z—y|>2m(z)

and for all y the condition

1
d N < - .
lgrad, , N(z,y)| < (@) + ||

We hint how N can be constructed. Let 0 < ¢ € C°(R™) such that ¢(x) =1 for 0 < x < 1,
decreasing for 1 < x < 2 and with ¢(z) = 0 for © > 2. Then N(z,y) = ¢(Jx — y|/m(x)) is such
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a function except that it lacks differentiability at x = 0. By a smoothing argument this can be
overcome.

Define
REP f () = / K (. 9)(1 - N(z,9)) £ (5) dr(w).

and
loc glob
R =R — R

We will prove separately that R%‘)C and beb are of weak type (1,1). For the local part, we use
the results stated in Section 1 about singular integrals. For the global part, we use techniques
like those applied to the maximal operator in Chapter 2.

PROOF OF THEOREM 3.1, LOCAL PART. The off-diagonal kernel of RI°° is
ki(z,y)N(z,y), which is supported in {(z,y): |* —y| < 2m(xz)}. Notice here that we work
with the kernel k; for integration against Lebesgue measure. The strategy for the local proof is
to verify the standard estimates (3.1) and (3.2) for k;(x,y)N(z,y) and then prove the L?(dx)
boundedness of Rioc, in order to conclude, by Theorem 1.1, the weak type (1,1) property with
respect to Lebesgue measure. The result will then follow in our Gaussian setting.

We shall estimate the kernel k;(z,y)N(z,y), so assume that |y — z| < 2m(z). By (3.15)

1 1
kel S [ V) v g < | e 0
0 (1-r2)fH 0 (1 r2)in

Using the fact that 1 —7 <1 —72? < 2(1 — r), we estimate

ly—a— (-l -l 20-7)

v(r) 1—1r2 - 1—-1r2 1—1r2 (v —=,2)
(316) ly—o? jy— P
S TP )
2(1—r) 2(1—1r)

the last step since |z — y| < 2m(x). Then the change of variable s = |z — y|?/(1 — r) yields

éeXp(_ Iw—y\2> dr

ks, y)N (2, )] < / :

1—7‘)2 4(1—7") 1—r
17 Sy
0 S
Sle—yl™

Hence the first standard estimate is satisfied. It remains to bound the gradient by |z — y|~¢~1.
In view of (3.10) and (3.14) a second differentiation gives

Li1—p2 :
By kila,y)| < /
| =, \og(

This can be verified using Fubini as in (3.13). Clearly, using (3.16) and our usual change of
variable, we get as before

7045 2r(y; —rxi)(y; —re;)

—v0) dr.
(1-r2)8+i a-miz |°

1 |z — y|? dr —d-1
8$jkl(m7y)|'\’/(1r)g+é eXp( 4(177,))(177") N|:I; yl .

The derivatives d, k; satisfy the same estimate. Now,

lgrad, ,k;N| < Nlgrad, ,ki| + [ki||grad, ,N|.

But, by the properties of on N and since |y — z| < 2m(x),

1
d N < <|p—ylt
lgrad, , N(z,y)| < @) lz —y[™,
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and so
lgrad,, , ki N (z, )| < o —y| ="

The standard estimates are satisfied.

Aiming at the L? estimate, we take a covering B; = B(z;,m(z;)) according to Lemma 3.2
of Chapter 2. Then the balls B; = B(z;,5m(z;)) have bounded overlap. Let x € Bj, so that
27 m(z;) < m(z) < 2m(x;) in view of (2.4). Take f € L?(vy) with compact support. We have
that

R £(2) ~ (3 )(0) = B (o p,)(e) = [ i) N ) () dy = 0.
R4\ B;

The last conclusion follows since for y ¢ B;
ly — 2| 2 |y — 2| = z; — x[ = 5m(z;) — m(z;) = 2m(z)

and so N(z,y) = 0. Thus R°°f = Rioc(fxgj) in Bj, and then

(3.18) /B|R1°°f \dx</B \Ri(fxéj)(x)\zdwr/ |Ri(fxp,)(x) — R f(x) )| da.

J J J

The difference D(z) = Ri(fx3,)(x) — RI°¢f(x) appearing here satisfies

D(z) = Ri(fxg,)(x) = RI*(fxp,)(@) = B (fxg,)(z) = / ki(z,y)(1 = N(z,y))f(y) dy.

B;

For z € Bj and 1 — N(z,y) # 0 it holds that |z —y| > m(z) > 27 m(z;). So we have, using
(3.17), that |ki(z,y)| S m(x;)~¢ ~|B;|~1. Hence

y)| dy,
IBI

and by the Cauchy-Schwarz inequality

| ip@kars [ 1rk

J J
Thus (3.18) implies
ocC 2
/ R () da < /B R @ b+ [ 150)P .
i i
Since + is essentially proportional to Lebesgue measure in our local balls, the same inequality

holds with the three integrals taken with respect to 7. But R; is bounded on L?(y), as verified
in the beginning of Section 2, and it follows that

[ 1Res@P @ s [ 1 @Pa « [ irmkaw

N[ £ @) dr(y).
.

J

Switching back to Lebesgue measure, summing over all j and using the bounded overlap we

conclude
/ IR f () da < / f(@)? da.

Thus RI°° is of weak type (1,1) for Lebesgue measure, by Theorem 1.1. On the local balls, we
thus have that

{z € B+ R f(2)] > A} = o € Bj: R (fxp,)(2)| > A} £ A/ |f|dz
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and hence
1
o € Bys [ f@) > A 5 5 [ 1l drta)

Summation in j finishes the proof. O

PROOF OF THEOREM 3.1, GLOBAL PART. We shall estimate p] (x,y), defined in (3.15), for
| — y| > m(z). For this purpose we first determine the minimum of v(r) in 0 < r < 1. Write

|z + [y|* — 2r(z,y)
v(r) = 2 — |z

-T

Differentiation gives
—2(z, y)r? + 2(|z” + y[*)r — 2(z,y)
(1 —r2)2 '

If (x,y) <0 then v'(r) > 0 for all 0 < r < 1. Assume that (x,y) > 0. Then v'(r) = 0 for

v'(r) =

_ 2 + [y1* F V(22 + [y]*)? — 4{z,9)?
r=To1 = )
2(z,y)
and rg is a minimum of v. Notice also that rory = 1, so that 0 < rg < 1 < ri. An easy
calculation shows that

(3.19) @+ yPle =y = (J2* + [y[*)* - 4(z,3)?,

and thus

_ =P+ yP =l +ylle -yl
2z, y)

In order to compute v(rg) we calculate, using (3.19) and the relationship rorqy = 1,

Az, y)? — (212 + [y11)? — o + yPPle — y? + 2] + [y*) |z + yllz — y]

1—ri=
0 4z, y)?
B 2> +ly[* — le +ylle —y| _ 2z +ylla —ylro
= 2|z + yllz -yl
4(x,y)? 2(z,y)
_2rtyllr—yl 2|z + yllz — y|
2z, y)r1 2P+ Y+l +ylle—yl|

For (x,y) > 0, one has |z + y|? ~ |[z]* + |y|* ~ |z|® + |y|* + |z + ||z — y], so that

lz+ylle—yl |z -yl
[+ [yl e tyl

(3.20) 1—ri~

Using the exact expression for 1 —r2, we get that

2P+l A+ + oyl -y
v(rg) = 5 .

So

1 2 2
y _ U(’f‘) —(v(r)—v(ro)) (|$| + |y| — |1‘ + y||$ — y|)
D; (x,y)—/o 7(1_702)%“6 dr exp 5 .

The weak type (1,1) of RflOb is a consequence of the following theorem, in view Proposition 3.4
of Chapter 2.

THEOREM 3.2. Assume that |x —y| > m(z).
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a: Let (x,y) > 0. Then

2
/1 v(r) (7o) —(r) gy < [z + |
o (1 77”2)%*1 ~ Az -yl

.

and

d
2
(H) bt —le=silztob < olof (1 +[a]) A (1al6) ),

where 0 = 0(x,y) is the angle between x and y.

b: Let (z,y) <0. Then

Pl (@y) S 1S e ((1+1al)? A (210)~).

PROOF. To prove a, we assume {z,y) > 0. First we notice that (3.19) implies
(3.21) —lal* +[yI* = (2| + [y (=lz] + y]) < |z +yllz —y|

and this last quantity stays away from 0, in view of the globality assumption |z — y| > m(x).
Then

r+y|lr—y|l — z|? + y2
o(rg) = A=A 2N <oy —y

and

A /U(T)e*(v(r)*v(ro)) < (\/U(TO) + \/’U(r) —v(ro) )ef(v(’r)f'u(ro))
o+ ylle =yl (1+ V/o(r) —v(ro) Jem 700D
|Jj =+ y||x — y‘ e_%(v(r)_v(ro))_

So we see that, in order to prove the first inequality in a, it suffices to verify that

S
S

4
2

1
1 1 - |z + y|
399 VT [ e ten o g g (2E2)E
(3.22) il [ e i
Consider the case 9 > 1/2. Then

1_ 2(,y) < 2z
i 2Py A+ e+ ylle =yl T ) A+ fy)?

<7rg=

N | =

So (z,y) > (x> + |y|*)/4 and
2 2 2 1 2 2 1 2
|z —y|® = |z[* + |y —2<w,y>§5(\x| + [yl )§§Ix+y| .

Writing  and y as (z + y + (z — y))/2, we conclude that |x| ~ |y| ~ |z + y|. It is easy to see
that also (z,y) ~ | + y|?.

Now, consider the case ro < 1/2. Then 3/4 <1 — 13 ~ |z — y|/|x + y| by (3.20), and hence
lz -yl 2 |z +yl|

We will write

(3.23) v(r) —v(ro) = /T v'(s)ds

To
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and use the fact that

V' (r) = —2<myy>w ~ <x,y>w.

(1 —1r2)2 (1—1r2)2
To prove (3.22), we divide the interval of integration into three parts. Consider first
1-— 1-—
Io = [0,1] N [ro — —2,ro + =) = [r—,74],
2 2
where r_ = max(0,2ro — 1) and v = (1 + r9)/2. For r € Iy, we have 1 —r ~ 1 — ry and

ri—r~1—rg Ifalsorg > 1/2, then ry —r ~ 1 — 1y, so that

(3.24) V() ~ |z +y 0,
1-— To
Let instead 9 < 1/2. Then r1 > 2 and for r € Iy

2 +yl* |z +yl?

TH — T ~T1

(z,y) (z,y)
Thus,
’ 9 T"—To - 2T —T0

v'(r) ~ |z +y] =12 |z +yl .

and we have (3.24) again.
Now (3.23), (3.24) and (3.20) give us
1 |z + y?

3.25 - ~ 2 (r—rp)?~ —1g)?.
(3.25) o) = olr0) ~ o+ 9P (= o) ~ )

The change of variable s = \/|z + y|?/|z — y|(r — ro) yields the estimate

1 1
P L e g,
Vi +yll yI/IO 1 2yie
1 o0 3
5\/|17+y||$*2/|74+1/ eXp<c|x+y|| (T*To)Q)dr
2

(1—ro) oo lz—y
[z +y|\E1 o —yl\3
~Viele == (s)
el y) Geeyp
<|x + | ) g

lz—yl/ ~

for some ¢ = ¢(d) > 0.
Next, consider the left interval I_ = [0,r_], assuming ro > 1/2 since otherwise I_ is empty.
For r € I_ it is easy to see that ro —r~1—randry —r~1—7r. So
’ 2 (1 B T)2 _ 2
—v'(r) ~ |z +y| = |z +y

and thus .
v(r) —v(r_) = —/ v'(s)ds ~ |z +y|?(r_ — 7).
From (3.25) we have, since 1 —r¢ ~rg —r_,
v(r-) —v(ro) ~ |z +yl*(ro —r-).
Thus, for r € I_,
v(r) —v(ro) = [v(r) — v(r-)] + [v(r-) — v(ro)]
2 lx+y(ro — )
~ ety -,



3. THE WEAK TYPE (1,1) PROPERTY 33

Now, making the change of variable s = |z + y|?(1 — r), we get

1 1
/ _ = e 5((r)—v(ro))
|z + yl|x y|/17 (1—1“2)%“6 2 dr

< /\x+y||xfy|/ %efcwwlz(lw)i
I_ (1 — 7”‘)5 1-— T

o ds

SVlz+yllz -yl |x+y\d/ SR —
' |lz+yllz—yl s

SVIz +ylle — yf o+ y|em Irvllemy]
_d_1
SVIz+ylle —yl lz+y[“ (| + ylle —y|) 272
B (|z + vy )%
|z —yl/
¢, c,d” denoting positive constants.
Here it is essential that |« + y||x — y| stays away from zero. This is ensured by the globality

assumption.
Finally consider Iy = [ry,1]. For r € I, we get

(1 T0)2

[=rh

when ro > 1/2 and also when ro < 1/2, since then 71 — r ~ |z + y|?/(x, y). It follows that

V() 2 |z +yl?

o(r) —v(ry) 2 |$+y|2(1_ro>2<1ir B 1—17"+>.

From (3.25) we know that

(ry —70)?
1 —

v(ry) —v(ro) 2 |z +yl* ~ o+ y[*(1 = ro)?

1-— T+
Thus, for r € I,

v(r) = w(ro) = [v(r) = v(ry)] + [v(ry) — v(ro)]

1
z |$+y|2(1*7”0)217_r
eyl
1—7r

Then the change of variable s = |z — y|?/(1 — r) yields

1 )
PR R —eio) gp
Viz+yll y/l+(1_r2)g+1
1 —y|?\ d
S\/Iw+yllx—y|/ 7deXp(—c|x y') i
I, 5 1—7r 1—7r

(1—r)z

o0
< Vel =gl |x—y|-d/ shemes DO

clz+yllz—y|

Sl -y~
Now, by the globality assumption,

[z —y[ > > . ~
o] = 1+ |z[+ly| |z +yl
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So

and the first inequality of a is proved.
The second inequality of a can be written

THy\E _a _
(F2) et S s fab n ole)

where
_ e+ yPle —y? = (y — |=*)®
|z +yllz =yl + [y[* — ||
_ (=2 +1y1?)? = 4z, )% = (yl? = [2*)? _ 4l=Plyl* — 4|=[*|y[* cos® 0
[z +yllz —yl + [y[? — |z[? 2+ yllz —yl + [y[* — |z[?
4]z |?|y|? sin? 6

oyl =y + Jyl? — |22

A= o +ylle =yl = (y* - [2]*)

From (3.21) we see that A > 0 and that

S |z|?|y|? sin? 0
Yzt ylle =yl

and thus
(IHy\)%efg < <|x+y|>%(\x+yllwyl)%
|z —y| ~ Nz —yl/ \|z[?|y|?sin® 6
1 fz4yl
~ (|lz|sin@)d |yl
-1
~ (|z|)4

except when |y| << |z|. But in that exceptional case the first expression for A implies A ~ |z|?,
and then | + y|/|z — y| ~ 1, so that

Next, by the globality assumption we have that

4
2

<|x+yl)%€fe < (lz+yl (1 + )

S+ f2))?
|z -yl

except when |y| >> |z|, in which case

da
(EE) emarz g1 < 14 i
|z =yl
Hence also the second inequality in a holds.
For b let (z,y) < 0. We need only prove the first inequality, since the second is trivial.
Recalling (3.15), we shall prove that

1 2
lre —y| ( s |rr—uy| )
— —eXx ——2)dr <1.
A (1—7’2)%"’_% p |y‘ 1— 2 ~

In this situation |rz — y|? > r2|z|? + |y|? and |rz — y| < |2| + |y|. Thus

| ‘2_‘7.‘%_2/

> l? = Pl 4y (= + Jyl?)
1—7r2 —

1—r2 1—r2
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and

1 2 2 2
s [ P (PR,
o

1—7r2)8t3 1—72

We split the integral in two: first

1
G e N G el A
2yd+3 P 1_ .2 T
0 (1_’[")2 2 r

S (|x|+|y|)/ o (e +1y%) gy

— 00
< _laltlyl
~ 1
(I + [u?)?
~ 1’

and then

1 20,2 2
[ B (R,
1 (1—r2)zt2 1—r

' 1 2+ |y[?\ dr
s<|x\+|y|>/ e (- D

y (1-m)Et

Nl=

_a1 [ Lai1 g ds
< (ol + ) (2l + y[?)~3 / gritigeads
0

<1

~ )

where we made the change of variable s = (|z|? + |y|?)/(1 — 7).
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