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Abstract We construct, analyze and implement an approximatelly globally convergent finite element scheme for a hyperbolic coefficient inverse problem in the case of
backscattering data. This extends the computational aspects introduced in [2], where
using Laplace transformation, the continuous problem is reduced to a nonlinear elliptic equation with a gradient dependent nonlinearity. We investigate the behavior
of the nonlinear term and discuss the stability issues as well as optimal a posteriori error bounds, based on an adaptive procedure, and due to the maximal available
regularity of the exact solution. Numerical implementations justify the efficiency of
adaptive a posteriori approach in the globally convergent setting.

1 Introduction
The inverse algorithms have a wide spectrum of application areas raging from mining, detecting oil reservoirs, earth layers, explosives in airports to medical optical
imaging, etc. Efficiency of this problem, through Approximate Globally Convergent
Approximation (AGCA) [22], was recently verified on blind imaging of the experimental data that was measured in picoseconds scale regime. In [2] we performed
adaptive finite element technique directly inside the AGCA and derived optimal a
posteriori error estimates for a finite element approximation of a nonlinear elliptic integro-differential equation. To further improving this efficiency we invoke an
adaptivity procedure inside the AGCA algorithm, introduced in [2] for the numerical study of the hyperbolic coefficient inverse problem in two dimensions in the
case of the full data collection.
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A direct numerical approach to solve coefficient inverse problems (CIP) is
through a minimization procedure for the least square residual functional. This however, may lead to multiple local minima for the functionals. To avoid such an obstacle, in [20] a convexification algorithm was introduced for solution of the onedimensional CIP in imaging electromagnetic frequency. This algorithm was further
extended in [23] to higher dimensions with applications in diffusive optical mammography. Convexification is the origin of the AGCA methods. Some modified approaches to the AGCA algorithms were introduced in [6, 7, 8, 9] and summarized
in [5], where a layer-stripping procedure was performed with respect to the pseudofrequency rather than the spatial variable which is the case in the convexification.
The Carleman weight function in [5, 6, 7, 8, 9] depends on the pseudo-frequency
and not on the spatial variable, as in [20, 23]. These new approaches contribute to
improved stability in the globally convergent reconstruction algorithm.
An alternative approach to solve CIP is a synthesis of a AGCA method and
a strongly converging, however, local scheme such as the adaptive finite element
method. In [7, 8] it was shown that the AGCA method provides a good initial guess
for the locally convergent adaptive method. A first application of these results for
the acoustic wave equation shows a good performance [7, 8, 9]. To compare with
[7, 8, 9], the present work introduces extensive implementation results for a new
such combination. Here adaptivity is performed directly inside the AGCA algorithm
in the case when we have only backscattered data at the observation boundary.
A concise description of the theoretical procedure is as follows: A Laplace transformation in time converts the model problem to a convection-diffusion- type equation. The finite elements perform more accurately for elliptic and parabolic equations than the hyperbolic ones. Hence, the study of the CIP through combining a
time transformation followed by a finite element procedure, not only reduces the
dimension of the underlying problem, it also shifts the equation to a more desirable
one from the finite element point of view. To our knowledge, the combination of the
AGCA method, for a nonlinear elliptic problem and a posteriori procedure, using
adaptive algorithm, is not considered elsewhere.
The paper is organized as follows: In Section 2 we formulate both forward and
inverse problems and transfer the inverse problem to a Dirichlet boundary value
problem for a nonlinear integro-differential equation with a removed unknown coefficient. In Section 3 we introduce the layer stripping procedure with respect to
s > 0, the parameter of the Laplace transform in the original hyperbolic PDE. We
point out that here we do not use the inverse Laplace transform, since approximations for the unknown coefficient are obtained in the “Laplace’s domain”. In Section 4 we describe a finite element method, state bounds for coefficients (derived
in [2]) and formulate a corresponding dual problem. Section 5 is devoted to derivation of bounds for the nonlinear operator and a priori error e stimates. In Section 6
we develop reliable and efficient a posteriori error estimates, for the full problem.
In Section 7 we introduce a new adaptive globally convergent algorithm based on
a posteriori error estimate of Section 6. Finally, in our concluding Section 8 we
present the results of reconstruction of the function in two dimensions based on
adaptive AGCA algorithm.
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2 The forward and inverse problems
Consider the Cauchy problem for the hyperbolic equation
c (x) utt = ∆ u,

ut (x, 0) = δ (x − x0 ) .
(1)
Equation (1) describes, e.g. propagation of acoustic and electromagnetic waves.
Let Ω ⊂ Rn , n = 2, 3 be a convex bounded domain with the boundary ∂ Ω ∈
n
C , n = 2, 3. We shall assume that c(x) satisfies the following conditions:

c(x) ∈ C2 (Rn ) , 2d1 ≤ c (x) ≤ 2d2 , d1 > 0, d2 > 0,
(2)
c (x) = 2d1, for x ∈ Rn \ Ω , Ω ⊂ Rn , n = 2, 3,
in Rn × (0, ∞) , n = 2, 3,

u (x, 0) = 0,

where, d1 and d2 are given bounds for the function c(x),
In this work we consider the case of the backscattered data, or such data which
are given only at a part of the boundary of the computational domain. Let us define
our computational domain Ω with the backscattered boundary Γ :

Ω ⊂ {x = (x1 , x2 , x3 ) : x3 > 0} ,
Γ = ∂ Ω ∩ {x3 = 0} 6= ∅.
In our computations we will consider the case when the wave field is initialized by
the incident plane wave propagating along the positive direction of the x3 −axis in
the half space {x3 < 0} and “falling” on the half space {x3 > 0}. Numerical tests in
section 8 are performed for the given function g0 and g1 , where u(x,t) = g1 (x,t) at
Γ and u(x,t) = g0 (x,t) at ∂ Ω Γ , with u(x,t) satisfying the Cauchy problem
utt − ∆ u = 0, in Ω × (0, ∞),
u(x, 0) = 0, ut (x, 0) = f (x), in Ω .

(3)

Hence, in these tests we set
u (x,t) := g2 (x,t) =



g1 (x,t) , (x,t) ∈ Γ × (0, ∞) ,
g0 , (x,t) ∈ (∂ Ω Γ ) × (0, ∞)

(4)

and consider the following Inverse problem:
Inverse Problem with backscattered data (IPB). Suppose that the coefficient
c (x) satisfies conditions (2) and it is unknown in the domain Ω . Determine the
function c (x) for x ∈ Ω , assuming that the function g2 (x,t) in (4) is known for a
single direction of the incident plane wave propagating along the positive direction
of x3 −axis in the half space {x3 < 0} and falling on the half space {x3 > 0}
We note that our formulation of IPB is for the case of a plane wave. In the case
of problem (1), with a Dirac delta function as initial data, the formulation of Inverse Problem IPB is similar. In this case we should replace the wording “for a
single direction of the incident plane wave propagating along the positive direction
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of x3 −axis in the half space x3 < 0 and falling on the half space {x3 > 0} ”, by the
expression “for a single source position x0 ∈ {x3 < 0}”.
Next, we use the Laplace transform
U(x, s) =

Z∞

u(x,t)e−st dt,

for s > s > 0,

(5)

0

where s is the pseudo-frequency constant. Recall that it suffices to choose s such that
the integral (5) and its first partial derivatives in x and t converge. Then U satisfies

∆ U − s2 c (x)U = −δ (x − x0 ) c(x0 ),
∀s ≥ s > 0,
(6)
∀s ≥ s > 0.
lim|x|→∞ U(x, s) = 0,
For every s ≥ s, the equation (6) possesses a positive, unique solution U.

2.1 The nonlinear integro-differential equation with eliminated
unknown coefficient
Introducing the function v = lnU, since x0 ∈
/ Ω , then (6) yields

∆ v + |∇v|2 = s2 c (x) ,

in Ω ,

v (x, s) = ln G (x, s) , ∀ (x, s) ∈ ∂ Ω × [s, s] ,

(7)
(8)

where G (x, s) is the Laplace transform of the data function g (x,t). To single out the
unknown coefficient c (x) in (7), we introduce a new function
H (x, s) =

v
.
s2

(9)

Assuming certain regularity conditions ( [6]), it follows that H satisfies

Next let

∆ H + s2 |∇H|2 = c (x) .

(10)

q (x, s) = ∂s H (x, s) ,

(11)

then using (11)
H (x, s) = −

Z∞

q (x, τ ) d τ := −

s

where s > s0 is a large number and

Zs
s

q (x, τ ) d τ + W (x, s) ,

(12)
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W (x, s) ≈ H (x, s) =

lnU (x, s)
.
s2

5

(13)

W (x, s) is known as the tail function. To determine W we need to choose the parameter s numerically. We include W either on the right hand side in iteration steps as
data, or study it as an unknown in a coupled system of equations.
Differentiating (10) with respect to s, from (12)-(13), we obtain the following
nonlinear integro-differential equation for q = q(x, s),

∆ q −2s2 ∇q ·

Zs
s



2

Zs

∇q (x, τ ) d τ + 2s  ∇q (x, τ ) d τ 

+2s2 ∇q∇W − 2s∇W ·

Zs

s

(14)

∇q (x, τ ) d τ + 2s (∇W )2 = 0.

s

By (8), (9) and (11) we may impose the following Dirichlet boundary condition
q (x, s) = ψ (x, s) , ∀ (x, s) ∈ ∂ Ω × [s, s] .

(15)

where ψ satisfies

 
Gs
2 ln G
ψ x, s = 2 − 3 .
(16)
Gs
s
Suppose that Dαx q, |α | ≤ 2 are already approximated. Then the coefficient c(x) can
be, approximately, determined using (10), where H is given by (12), which requires
an initial guess for W as well.

3 A Sequence of elliptic Dirichlet boundary value problems
We approximate q (x, s) with a piecewise constant function with respect to s. Assume
a partition s = sN < sN−1 < ... < s1 < s0 = s, sn−1 − sn = k of [s, s] with a sufficiently
small and uniform step size k such that q (x, s) = qn (x) for s ∈ (sn , sn−1 ). Hence,
Z s
s

n−1

∇q(x, τ )d τ = (sn−1 − s)∇qn (x) + k ∑ ∇q j (x),

s ∈ (sn , sn−1 ).

(17)

j=1

We approximate the boundary condition (15) as being piecewise constant on s,
qn (x) = qn (x) ,

x ∈ ∂Ω,

where
1
f n (x) =
k

sZn−1

sn

j = 1, . . . , n,

f (x, s) ds.

(18)

(19)
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On each subinterval (sn , sn−1 ] , n ≥ 1, we assume that q j (x) , j = 1, ..., n − 1 are
known. In this way, for each n, n = 1, . . . , N, we obtain an approximate equation
for qn (x). Now we insert (17) in (14) and multiply the resulting equation by the
Carleman Weight Function (CWF).
Cn,λ (s) = eλ (s−sn−1 ) ,

s ∈ (sn , sn−1 ],

λ >> 1,

(20)

and integrate over s ∈ (sn , sn−1 ]. ( see Theorem 6.1 [6]). We obtain for n = 1, ..., N,




n−1
Ln qn ,Wn − ε qn =: ∆ qn − A1,n k ∑ ∇qi ∇qn + A1n∇qn ∇Wn − ε qn
i=1
2


2
 n−1
 n−1
2

I
2
−
A
k
∇q
(x)
∇q
+ 2A2,n∇Wn k ∑ ∇qi − A2,n ∇Wn .
≈ 2 1,n
∑
i
n
2,n
I0
i=1

i=1

(21)
The term −ε qn is added for regularizing purpose. The coefficients are computed as:
I0 :

=

A1,n : =

Z sn−1
snZ

2
I0

Cn,λ (s) ds,

sn−1

sn

I1,n :=

Z sn−1
sn

s[s − 2(sn−1 − s)]Cn,λ (s) ds,

s(sn−1 − s)[s − (sn−1 − s)]
A2,n :=

2
I0

Z sn−1
sn

sCn,λ (s) ds.

Thus we have the Dirichlet boundary value problem (21), with the boundary data
(18). In this system the tail function W is also unknown. Observe that,
|I1,n (λ , k)| 4s2
,
≤
I0 (λ , k)
λ

for min(λ k, s̄) ≥ 1.

(22)

Therefore taking λ >> 1 we mitigate the influence of the nonlinear term with
(∇qn )2 in (21), which enables us to solve a linear problem on each iterative step.

4 A finite element discretization
We approximate the solution for (21) by a finite element method with continuous
piecewise linear functions on a partially structured mesh in space, and implement
resulting scheme using a hybrid code. More specifically, we decompose the computational domain G into Ω ⊂ G and Ω c = G \ Ω , and discretize Ω by an unstructured mesh and Ω c by a quasi-uniform mesh. In Ω , for each n, we use a partition
Tn,h = {K}. Here h = h(x) denotes a piecewise constant mesh function h = h(x)
representing the diameter of the element K containing x, and (·, ·) and k · k, denote
the L2 -inner product and norm, respectively.
Choosing c (x) = 1 for x ∈ Ω c , given g(x,t) = u |∂ Ω , we can uniquely determine
the function u(x,t) as the solution of the boundary value problem for equation (1)
with boundary conditions on both boundaries ∂ G and ∂ Ω . Next, using Laplace
transform of u(x,t), (9) and (11) one can uniquely determine q̃(x),
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q̃(x) =:

∂q
∂n

∂Ω

,

7

(23)

here n is the outward unit normal to the boundary ∂ Ω at the point x ∈ ∂ Ω . In our
computations the functions p (x,t) , q̃(x) and g (x,t) are calculated from the solution
of the forward problem (21) with the exact value of the coefficient c(x). A variational
formulation for (21) is: for n = 1, . . . , N; find Vn , qn ∈ H 1 (Ω ) such that
n−1

F (qn ,Vn ; ϕ ) =: (∇qn , ∇ϕ ) + (A1,n (k ∑ ∇qi )∇qn , ϕ ) − (A1n ∇qn ∇Wn , ϕ ) + (ε qn , ϕ )
i=1
n−1
n−1
2
(∇qn ) , ϕ ) − (A2,nk ( ∑ ∇qi (x))2 , ϕ ) + (2A2,n∇Wn (k ∑ ∇qi ), ϕ )
i=1
i=1
−(A2,n (∇Wn )2 , ϕ ) ≈ (q̃n , ϕ )∂ Ω , ∀ϕ ∈ H 1 (Ω ).
I
+(2 1,n
I0

2

(24)
q
To formulate a finite element method for (21), we introduce the trial space Vn,h
,
Vn,h := {vn ∈ H 1 (Ω ) : vn |K ∈ P1 (K), ∂n vn |∂ Ω = q̃n,h , ∀K ∈ Tn,h },
q

where n = 1, . . . , N, P1 (K) denotes the set of linear functions on K and q̃n,h is an
approximation for q̃(x). We also introduce the test function space Vn,h defined as
Vn,h := {vn : vn is continuous on Ω , and wn |K ∈ P1 (K),

∀K ∈ Tn,h }.

q
Vn,h and Vn,h
⊂ H 1 (Ω ). The finite element for (21) is formulated as: for n = 1, . . . , N,
q
find qn,h and Wn,h ∈ Vn,h , approximations of qn and Wn , respectively; such that

F (qn,h ,Wn,h ; ϕ ) ≈ (q̃n,h , ϕ )∂ Ω ,

∀ϕ ∈ Vn,h .

(25)

subtracting (25) from (24) we get the classical Galerkin orthogonality:
F (qn ,Wn ; ϕ ) − F (qn,h ,Wn,h ; ϕ ) ≈ 0,

∀ϕ ∈ Vn,h .

(26)

Now, we introduce the residual, Rn := Rn (qn h ,Wn,h ), for a discrete solution for (21)
q
as follows: for n = 1, . . . , N; find qn h , Wn,h ∈ Vn,h such that


n−1
I
(qn h )2
−∆h qn h + A1,n k ∑ ∇qi h ∇qn h − A1n ∇qn h ∇Wn h + ε qn h + 2 I1,n
0
i=1



2
n−1
n−1
−A2,nk2 ∑ ∇qi h (x) + 2A2,n∇Wnh k ∑ ∇qi h − A2,n (∇Wnh )2 := Rn ,
i=1

i=1

qn h |∂ Ω = q̃,

where ∆h qn h denotes the discrete Laplacian defined by
(∆h qn h , η ) = (∇qn h , ∇η ),

∀η ∈ Wn,h .

(27)

(28)
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Let now en,h = qn − qn,h, n = 1, . . . , N, then a modified form of the Galerkin orthogonality (26), yields the strong error representation formula:
−∆h en,h +I1 ∇en,h + ε en,h + 2
n−1

I1,n
I0



(∇qn )2 − (∇qn,h)2

+I2 · (k ∑ ∇ei,h ) + I3 · ∇Θn = −Rn .

(29)

i=1

For each interval [sn , sn−1 ), we rewrite (29) (we suppress n) and consider the equation


−R − C3 ∇Θ
∇e
Γ e := −∆ e + C1 ∇e + ε e + δΛ e = −C2 k ∑n−1
i
i=1
(30)
e|∂ Ω = 0,
where C j , j = 1, 2, 3 are corresponding to the spatially continuous versions of I j :s,
δ := I1,n /I0 and Λ , the nonlinear term, is defined by

Λ e := |∇q|2 − |∇qh|2 .

(31)

In (30) the error in W is included in the Θ -term and the residual term R satisfies
(R, ϕ ) ≈ 0,

∀ϕ ∈ Vn,h .

(32)

5 Bounds for the nonlinear operator Λ and a priori estimates
Below we derive a bound for Λ , using f (q) = |∇q|2 , 0 < θ < 1, and


D f (θ q + (1 − θ )qh) = D |∇(θ q + (1 − θ )qh)|2

 

= 2 |∇(θ q + (1 − θ )qh)| · D|∇(θ q + (1 − θ )qh)| ,

(33)

where D f is given in the Taylor expansion of f (qh ) about q, viz:
f (qh ) = f (q) + (qh − q)D f (θ q + (1 − θ )qh).

We may write Λ e in a compact form as

 

Λ e = 2e |θ ∇e + ∇qh| · D|∇(θ q + (1 − θ )qh)| .

(34)

(35)

5.1 The dual problem for a linearized approach
Here, we sketch a framework for the dual approach for a linear/linearized version of
(30). To begin with, we assume that Λ is a linear operator and let
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Γ ⋆ ϕ := −∆ ϕ − C1 ∇ϕ + εϕ + δΛ ⋆ ϕ = e,

9

ϕ |∂ Ω = 0, (36)

n = 1, . . . , N,

with Γ ⋆ and Λ ⋆ being the adjoints of Γ and Λ , respectively. By (30) we have that
kek2L2 (Ω ) = (e, Γ ⋆ ϕ ) = (Γ e, ϕ ) = −(R̃, ϕ ).

(37)

The identity (37) is known as the error representation formula . Using the identities
−(χ , ϕ − Phϕ ) = −(χ − Ph χ , ϕ − Phϕ ),

(38)

for χ = R, χ = C2 ∑n−1
i=1 ∇ei , or χ = C3 ∇Θ , where Ph : L2 (Ω ) → Wn,h is the L2 (Ω )projection, and we have used the orthogonality R ⊥ Wn,h , and the strong stability
estimates for the dual problem, we get from (37) (see [2] for details) that
kekL2 (Ω ) ≤ CsCi h2 (R̃ − PhR̃) ≤ CCsCi h2 (R − PhR) ,

(39)

where Ci and Cs are interpolation and stability constants respectively. Recalling (35)
 h
i h
i 
(Λ ⋆ ϕ , e) = (ϕ , Λ e) = 2 ϕ , |θ ∇e + ∇qn| · D|∇(θ q + (1 − θ )qh)| e . (40)

For piecewise linear approximation, successive use of Hölder inequality yields


(41)
|(Λ ⋆ ϕ , e)| ≤ C kϕ k kek kqkW∞2 kqh kW∞1 + kekW∞1 .
Thus we get the following estimate for the nonlinear operator Λ :


kΛ k ≤ kqkW∞2 kqh kW∞1 + kekW∞1 .

Theorem 1 (An a priori error bound). Let qn ∈ W22 (Ω ) and qn h , be the solutions
for (24) and (25), respectively. Then for a piecewise linear finite element approximation error en = qn − qn,h we have (see [2]) that
ken k ≤ Ch kqn kW 2 = O(h).

(42)

2

6 A posteriori error estimation
The a posteriori error analysis is based on representing the error in terms of the
solution ϕ of the dual problem, related to (21). We recall the problem (30) and write
the dual problem for all [sn , sn−1 ), n = 1, . . . , N, as
−∆ ϕ − C1 ∇ϕ + εϕ + δΛ ⋆ ϕ + δ |∇ϕh |2 + C̃ϕ ,Θ = ψ ,

ϕ |∂ Ω = 0,

(43)

where C̃ϕ ,Θ := C2 k ∑n−1
i=1 ∇ϕi +C3 ∇Θ is assumed to be known from the previous iter1 and ϕ ∈ W 1,4 . Thus,
ation steps, and Θ = Θn = Wh −Wn,h . We assume that Θ ∈ Hloc
h
loc
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we wish to control the quantity (e, ψ ) with e = q − qh in Ω , where ψ ∈ [L2 (Ω )]3
is given. For approximations of spectral order > 1, (for linear approximation the
J5 -term below will vanish) we may write
(ψ , e) ≈ −(∆ ϕ , e) − (C1 ∇ϕ , e) + (εϕ , e) − δ (|∇qh |2 D(ϕ ), e)
+δ (D(|∇qh |2 ϕ ), e) + δ (|∇ϕh |2 , e) + (C̃ϕ ,Θ , e) =: ∑7k=1 Jk .

(44)

Due to the limited regularity of the approximate solution qn,h , the scalar products
I j , j = 1, . . . , 7, involving e = qn − qn,h, should be performed elementwise: ( f , g) :=
∑K ( f , g)K . This will introduce accumulative sum of the normal derivatives over
enter-element boundaries. Taking into account these boundary terms, by repeated
use of Green’s formula, we can recompute each J j , j = 1, . . . , 7, separately. In this
way, finally we obtain the following error representation inequality:
Lemma 1. Let ϕ be the solution of the dual problem (43), q that of (24), and qh the
FEM solution of (25). Then the following error representation inequality holds true:
(ψ , e) ≤ (|R̃1 |, |σ |) + (|R̃2|, |σ |) + C3 (|∇Θ | , |e|) + δ (|∇ϕh |2 , |e|),

(45)

where the residuals are defined as
n−1



R̃2 = max h−1
∂s qh ,
K

R̃1 =: ∆h e − C1∇e − ε e − δΛ e − C2 k ∑ ∇ei ,

S⊂∂ K

i=1

and interpolation error is



σ = hK ∂n ϕh .

(46)

(47)

Now we use, elementwise, Hölder inequality and Let ψ = e to obtain the following
a posteriori error estimate:
Theorem 2. Let ϕ be the solution of the dual problem (43), q the solution of (24),
and qh the FEM solution of (25). Then there is a constant C, independent of Ω and
h, such that for ψ − δ |∇ϕh |2 = e the following a posteriori error estimate holds:
h
i

kek2 ≤ Ch kR1 kL2 (Ω ) + kR2 kL2 (Ω ) kσ̃ kL2 (Ω ) + h|C3|2 ,
(48)

where h = maxK (hK ), R1 = R̃1 (qh ) = ∆h qh +C1 ∇qh − ε qh − δΛ qh −C2 k ∑n−1
i=1 ∇qh,i ,


R2 = R̃2 is given in (46), σ̃ = ∂n ϕh , and R3 := |∇Θ | can be estimated as
K

K

kR3 k2L2 (Ω ) ≈ CΩ ξ 2 ∼ Ch2 , whereas choosing ψ := e + δ |∇ϕh |2 + C3 |∇Θ | yields


kek2 ≤ Ch kR1 kL2 (Ω ) + kR2 kL2 (Ω ) kσ̃ kL2 (Ω ) .

(49)
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7 The Adaptive Approximate Globally Convergent Algorithm
In this section we present our adaptive globally convergent algorithm, where we use
Theorem 2 which states that the error, between the exact and approximate solution
for the functions qn of the equation (21), depends on the residuals given by (46).
However, in the case of using continuous piecewise linear finite element approximation of functions qn , only the first residual R̃1 will appear. To calculate it we
should find an approximate solution qn of the equation (21) on every mesh. We get
qn as qn = limk→∞ qkn , where k is the number of iterations with respect to the tail
function Wn (x, s̄).
To solve equation (21) on a new refined mesh we first linearly interpolate the
function ψ̄n , given by (15), for each pseudo-frequency interval [sn , sn−1 ). Then, on
every mesh we compute approximations cn of c(x) using variational formulation of
the equation (7), see [5] for full details. Thus, we can explicitly compute the function
cn on every frequency interval (sn , sn−1 ) through the finite element formulation.
We denote the stopping number k (on which these iterations are stopped) by mn .

7.1 An Approximate Globally Convergent Algorithm
Below, we briefly describe a globally convergent algorithm of [5, 6, 8] which we
use in our computations and in the adaptive globally convergent algorithm.
Step 0. n1 , n ≥ 1. Stage 1: iterate with respect to the nonlinear term. Assume
that the functions q1 , ..., qn−1 , q0n,1 (:= qn−1 ) ∈ C2+α (Ω ) and the tail function
Vn,0 (x, s) ∈ C2+α (Ω ) are already constructed. Then, we solve,iteratively, the following Dirichlet boundary value problems: For k = 1, 2, ..., find qn,1 such that
!

∆ qkn,1 − A1n

n−1

h ∑ ∇q j · ∇qkn,1 − ε qkn,1 + A1n ∇qkn,1 · ∇Wn,0
j=1
!2
2

n−1
I1n
− A2nh2 ∑ ∇q j (x)
= 2 I0 ∇qk−1
n,1
j=1
!

(50)

n−1

+2A2n ∇Wn,0 · h ∑ ∇q j (x) − A2n (∇Wn,0 )2 ,
j=1

qkn,1 = ψ n (x) ,

x ∈ ∂Ω.

As a result, we obtain the function qn,1 := limk→∞ qkn,1 in the C2+α (Ω ).
Step 1. Compute cn,1 via backwards calculations using finite element formulation
of equation (7), see Chapter 3 of [5] for details.
Step 2. Solve the hyperbolic forward problem with cn (x) := cn,1 (x) , calculate the
Laplace transform and the function Un,1 (x, s).
Step 3. Find a new approximation for the tail function
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Wn,1 (x) =

lnUn,1 (x, s)
.
s2

(51)

Step 4. ni , i ≥ 2. We now iterate with respect to the tails (51). Suppose that functions qn,i−1 ,Wn,i−1 (x, s) ∈ C2+α Ω are already constructed.
Step 5. Solve the boundary value problem
!

∆ qn,i − A1n

n−1

h ∑ ∇q j · ∇qn,i − κ qn,i + A1n ∇qn,i · ∇Wn,i−1
j=1
!2

= 2 II1n0 (∇qn,i−1 )2 − A2nh2
n−1

n−1

∑ ∇q j (x)
!

j=1

(52)

+2A2n ∇Wn,i−1 · h ∑ ∇q j (x) − A2n (∇Wn,i−1 )2 ,
j=1

qn,i (x) = ψ n (x) ,

x ∈ ∂Ω.

Step 6. Compute cn,i by backwards calculations using finite element formulation
of equation (7), see Chapter 3 of [5].
Step 7. Solve the hyperbolic forward problem (1) with cn (x) := cn,i , compute the
Laplace transform and obtain the function Wn,1 (x, s) .
Step 8. Find a new approximation for the tail function
Wn,i (x) =

lnUn,i (x, s)
.
s2

(53)

Step 9. Iterate with respect to i and stop iterations at i = mn such that qn,mn :=
limi→∞ qkn,i . Stopping criterion for computing functions qkn,i is
either F kn ≥ F k−1
or F kn ≤ η ,
n

(54)

where η is a chosen tolerance and Fnk are defined as
F kn =
Step 10.

||qkn,i − qk−1
n,i ||L2 (Γ )
||qk−1
n,i ||L2 (Γ )

Set
qn := qn,mn ,

Step 11.

cn (x) := cn,mn (x),

lnWn,mn (x, s)
.
s2

We stop computing functions ckn,i when
either

where

Wn+1,0 (x) :=

N n ≥ N n−1 or

Nn ≤ η ,

(55)
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Nn =

||ckn,i − ck−1
n,i ||L2 (Ω )
||ck−1
n,i ||L2 (Ω )

.
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(56)

7.2 Adaptive Approximate Globally Convergent Algorithm
In computations of section 8 we use the following adaptive approximate globally
convergent algorithm:
Step 0. Choose an initial mesh Kh in Ω and an initial time partition J0 of the time
interval (0, T ) . Compute an initial approximation c0n,mn using an approximate
globally convergent algorithm described above on the initial mesh, see [5] for
j
the details. Compute the sequence of functions cn,mm , where j > 0 is the number
of mesh refinements, on adaptively refined meshes via following steps:
Step 1. Compute the initial approximation for the tail function Wn (x, s̄) on a new
mesh Kh using the computed solution of the hyperbolic problem (3).
Step 2. Compute the finite element solutions qnj (x, s) of equation (21) on a refined
mesh Kh on the pseudo-frequency interval (sn , sn−1 ) using Algorithm of section
7.1.
Step 3. Update the coefficient cnj on Kh using the finite element formulation for
(7).
j
Step 4. Stop computing cnj and obtain the function cn,m
n using the criterion (55).
Step 5. Refine the mesh at all the points where
j
j
cn,m
(x) ≥ β1 max cn,m
.
n
n

Ω

(57)

The tolerance number β1 ∈ (0, 1) is chosen by the user.
Step 6. Construct a new refined mesh Kh in Ω and a new time partition Jτ of the
time interval (0, T ) satisfying the CFL condition, and return to step 1 and perform
all of the above steps on the new mesh.
j
Step 7. Stop mesh refinements and obtain the function cn,m
n if norms defined in
the criterion (55) are fullfilled.

8 Imaging of land mines using an adaptive approximate globally
convergent algorithm
In this section we present numerical implementation of an adaptive approximate
globally convergent method with backscattered data in two dimensions. Our goal is
reconstruction of land mines from backscattered data using an adaptive approximate
globally convergent algorithm of section 7.2.
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Let the ground be {x = (x, z) : z > 0} ⊂ R2 . Suppose that a polarized electric
field is generated by a plane wave, which is initialized at the line z = z0 < 0, x ∈ R
at the moment of time t = 0.
In our model we use the well-known fact that the maximal depth of an antipersonnel land mine does not exceed approximately 10 centimeters (cm)=0.1 meter (m),
and we model these mines as small rectangles with length of side 0.2 meter and
width of side 0.1 meter. In our computations we are interested in imaging of land
mines when one mine is located very close to the other one. This is an important
case in the real-life military applications.
We have modelled such a problem on a domain Ω , see Figure 1, viz: We set
e FEM = {x = (x, z) ∈ (−0.3, 0.3) m × (0.05, 0.45)m} ,
Ω

and introduce a dimensionless spatial variables x′ = x/ (0.1m), so that the domain
eFEM is transfered into a dimensionless computational domain
Ω

ΩFEM = (−3.0, 3.0) × (0.5, 4.5).

We choose values of function c(x) using tables of dielectric constants [35], and
use the fact that in the dry sand c = 5 and in the trinitrotoluene (TNT) c = 22.
Thus, the relation of mine/background contrast is 22/5 ≈ 4, hence we consider new
parameters
c
c′ = ,
5
to get
c(dry sand) = 1, c(TNT) ≈ 4.
(58)
For simulation of backscattered data for the inverse problem IPB, we solve the
forward problem using the software package WavES [36]. The dimensionless size
of our computational domain is Ω = [−4.0, 4.0] × [0, 5.0]. This domain is split into
a dimensionless finite element domain ΩFEM = [−3.0, 3.0] × [0.5, 4.5] and a surrounding domain ΩFDM with a structured mesh, Ω = ΩFEM ∪ ΩFDM , see Figure 1.
The spatial mesh in ΩFEM and in ΩFDM the mesh consists of triangles and squares,
respectively. The mesh size is e
h = 0.125 in the overlapping regions. The boundary
of the domain Ω is ∂ Ω = ∂ Ω1 ∪ ∂ Ω2 ∪ ∂ Ω3 . Here, ∂ Ω1 and ∂ Ω2 are respectively
top and bottom sides of the domain Ω , see Figure 1, and ∂ Ω3 is the union of left
and right sides of this domain. We define the boundary of the domain ΩFEM as
Γ = Γ1 ∪ Γ2 ∪ Γ3 . Here, Γ1 and Γ2 are respectively top and bottom sides of the domain ΩFEM , see Figure 1, and Γ3 is the union of left and right sides of this domain.
We use the hybrid method of [10]. Since in our applications we know value of
the coefficient c(x) outside of the domain of interest ΩFEM such that
c(x) = 1 in ΩFDM ,
hence we need to determine c(x) only in ΩFEM .
The forward problem in our computational test is

(59)

Adaptive approximate globally convergent algorithm with backscattered data

a) Ω = ΩFEM ∪ ΩFDM

b) ΩFDM
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c) ΩFEM

Fig. 1 a) Geometry of the hybrid mesh. This is a combination of the quadrilateral mesh in the
subdomain ΩFDM b), where we apply FDM, and the finite element mesh in the inner domain
ΩFEM c), where we use FEM. The solution of the inverse problem is computed in ΩFEM . The trace
of the solution of the forward problem (60) is recorded at the top boundary Γ1 of the finite element
domain ΩFEM .

c (x) utt − ∆ u = 0, in Ω × (0, T ),
u(x, 0) = 0, ut (x, 0) = 0, in Ω ,

∂n u = f (t) , on ∂ Ω1 × (0,t1 ],
∂n u = −∂t u, on ∂ Ω1 × (t1 , T ),
∂n u = −∂t u, on ∂ Ω2 × (0, T ),
∂n u = 0, on ∂ Ω3 × (0, T ),

(60)

where f (t) is the amplitude of the initialized plane wave,
f (t) =

(sin(ω t−π /2) + 1)
,
10

0 ≤ t ≤ t1 :=

2π
.
ω

(61)

To compute the data for the inverse problem we solve the forward problem (60)
with ω = 7.0 in (61) and in the time T = (0, 6) with the time step τ = 0.01 which is
satisfied the CFL condition, and save the solution of this problem at the top boundary
Γ1 of the finite element domain ΩFEM . Figures 2 shows isosurfaces of the computed
solution of the problem (60) in the computational domain Ω .
In our test we also define the set of admissible coefficients for the function c(x)
in ΩFEM as

Mc = {c(x) : c (x) ∈ [1, 8], c (x) = 1 ∀x ∈ R2 Ω , c (x) ∈ C2 R2 .}

8.1 Numerical Results
We have performed two set of tests. In the first test we solve IPB using approximate
globally convergent algorithm of section 7.1, and in the second test we solve IPB
using adaptive approximate globally convergent algorithm of section 7.2. The goal
of both tests was to reconstruct structure given on Figure 1-a).
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a) t= 3.0

b) t=4.0

c) t=5.0

d) t=6.0

Fig. 2 Isosurfaces of the computed exact solution for the forward problem (60) at different times
with a plane wave initialized at the top boundary.
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Fig. 3 Backscattered data for the function q at the top boundary Γ1 of the computational domain
ΩFEM computed for the different values of the pseudo-frequency s.
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a) Test 1: c7,9 ≈ 4.17

b) Test 2: c15,4 ≈ 3.5
Fig. 4 Computed images using backscattered data obtained from the geometry presented on Figure 1-a). a) Test1: location and contrast of inclusions are accurately imaged. b) Test2: location,
contrast and shape of inclusions are accurately imaged. The computed function c = 1 outside of
imaged inclusions.

The backscattered data at the boundary Γ1 in both tests were computationally
simulated using the software package WavES [36] via solving the hyperbolic problem (60) with known values of the coefficient c = 4 inside two inclusions of Figure
1-a) and with 5% additive noise in simulated data.
Figure 3 displays sensitivity of the simulated function q (x, s) , x ∈ Γ1 for s = 2
and s = 3. We observed, that all values of the function |q(x)| for s > 5 are very noisy
and does not show sensitivity to the inclusions. Because of that we decided to take
pseudo-frequency interval s = [2, 3], where the computed function q(x, s), x ∈ Γ1 is
most sensitive to the presence of two inclusions. We run both tests with the step in
the pseudo-frequency h = 0.05.
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8.2 Test 1
In this test we solve IPB using globally convergent algorithm of section 7.1. The
boundary conditions for the integral-differential equation (50) were replaced with
the following Dirichlet boundary conditions
qn |Γ1 = ψ1 n (x), qn |Γ2 ∪Γ3 = ψ2 n (x),
where function ψ1 n (x) and ψ2 n (x) are generated by functions g1 (x,t) and g0 (x,t),
respectively, defined in (4). In this test we simulated the function g0 (x,t) at Γ2 ∪ Γ3
by solution of the forward problem (60) with c(x) = 1 at every point of the computational domain Ω . The Dirichlet boundary condition at Γ2 ∪ Γ3 is also approximated
and it is necessary to solve the integral-differential equation (50).
An approximate globally convergent algorithm of section 7.1 was used to calculate the image of Figure 4-a). We observe that the location of both mine-like targets
is reconstructed accurately and the contrast max [ccomp (x)] = 4.17 is also accurately
imaged (exact c(x) = 4 in both inclusions).
However, in this test we were not able to separate images for both mines. We
could only image them as one big inclusion. In the next test we try to improve
the result of the reconstruction of the Test 1 using an adaptivity technique inside
approximately globally convergent method.

8.3 Test 2
In this test we solve IPB using an adaptive globally convergent algorithm of section
7.2. This algorithm was used to calculate the image of Figure 4-b) which was obtained on the one time refined mesh. We observe that not only location and contrast
of both mine-like targets are reconstructed accurately, but also the shape of mines is
imaged more accurately than in the Test 1: in the Test 2 we are able to separate these
two mines. Thus, we conclude that an adaptive approximate globally convergent algorithm of section 7.2 allows better reconstruction of shape of inclusions than an
usual approximate globally convergent method of Section 7.1 even for the case of
backscattered data.

Adaptive approximate globally convergent algorithm with backscattered data
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