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Abstract

When considering regularity of surfaces we are primarily interested in tangent plane
continuity and curvature continuity respectively. We restrict ourselves to study funda-
mental surfaces such as n-patch surfaces, i.e., n patches meeting at a common vertex
point. The main problem here is to present necessary and sufficient compatibility condi-
tions for such a parameterized surface to be geometrically continuous of order one and
two. In this article the compatibility conditions are proved to be independent of the patch
parametrization. The number of patches, n, treated here is greater or equal to 3.

Keyword: n-patch surface, geometric continuity, tangent plane continuity, curvature conti-
nuity, compatibility conditions, geometric regularity.

1 Introduction

In this paper we study a certain type of surfaces, which we call n-patch surfaces, see Figure 1.
We will present general conditions for such surfaces to be regular when the the number of
patches, n, is greater than or equal 3. This is a generalization of a previous paper by the
author, see [8]. For n = 3, 4, 5, we deduce explicit necessary and sufficient compatibility
condition for an n-patch surface to be regular of order 1 or 2, i.e., to be tangent continuous
or curvature continuous. Since the regularity problem for 2-patch surfaces is well studied we
will focus on regularity at the vertex point V , which is the intersection point of the n patches.

Nevertheless, in order to formulate necessary and sufficient compatibility conditions for
an n-patch surface to be regular, the regularity results for two adjacent patches intersecting
along a common boundary curve by Kahmann, see [2], is of central importance.

In this paper we consider only patches that are of parametric type, but we do not restrict
us any further. Thus the results include particularly patches represented by a spline such as
Bezier polynomial, B-spline or NURBS. In a previous paper, see [8], we have studied the case
of a 4-patch surface. Among the many other authors that also has treated regularity problem
in the 4-patch surface case, we mention Bézier [3], Sarraga [6], Ye and Nowacki [7].
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2 A general perspective on an n-patch Surface

In this article we will study a general n-patch surface, for n ≥ 3. An n-patch surface is a
surface consisting of n patches connected in a way such that every pair of adjacent patches
has a common boundary curve. Moreover, all the patches meet at a common vertex V . See
Figure 1. Here we are going to decide necessary and sufficient (compatibility) conditions in
order for such a surface to be regular of order one or two, i.e., tangent plane continuous and
curvature continuous respectively.

Figure 1: An n-patch surface, where the n patches intersect at a common vertex V

More precisely, let (ui, vi) 7→ r(i)(ui, vi) ∈ R3 be continuous for 0 ≤ ui, vi ≤ 1, where i =

1, 2, . . . , n. An n-patch surface S of regularity G0 is the set S =
n
∪
i=1
{r(i)(ui, vi); 0 ≤ ui, vi ≤ 1}

such that the only intersection occurring between two of the patches, except for the vertex V ,
is the common boundary between two nearby patches, i.e., there exists a continuous bijective
function ti : [0, 1] 7→ [0, 1] such that for every point on the common boundary there exist
parameters uτ(i), vi ∈ [0, 1] satisfying

r(τ(i))(uτ(i), 0) = r(i)(0, ti(vi)),

for τ(i) = i (mod n) + 1, where i = 1, . . . , n. In order to simplify the notations we use
t−1i (uτ(i)) = vi, which can be done by a reparametrization. Thus, from now on we assume
having the following relation

r(τ(i))(t, 0) = r(i)(0, t), (2.1)

for t ∈ [0, 1] and i = 1, 2, . . . , n.
In this section we will focus on general aspects concerning compatibility conditions for an

n-patch surface to be regular. In later sections we consider such a surface for specific numbers
n in order to explicitly get the compatibility conditions.

In the next subsection we consider tangent plane continuity, i.e., G1-continuity.
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2.1 Geometric continuity of order 1

The lowest order of regularity for an n-patch surface is G0, which means that the surface is
continuous across common patch boundaries as well as the included patches are continuous.
The next level of regularity is tangent plane continuity, denoted by G1, which will be defined
next. For a more detailed discussion about tangent plane continuity, see Hoschek and Lasser
[5] or Johansson [8].

Definition 2.1 A continuous surface is said to be tangent plane continuous, denoted by G1,
if every point on the surface has a unique tangent plane which varies continuously on the
surface. Such a surface is also said to be geometrically continuous of order one.

The only points where G1-continuity can fail for an n-patch surface are those at a common
boundary between two patches, as long as all the patches are regularly enough, which in
this case means C1. Here we consider patches with a normal vector field, i.e., we assume
that the patches are of regularity C1

#, which means that the representation of each patch

(ui, vi) 7→ r(i)(ui, vi) ∈ R3 is in C1([0, 1]2) with r
(i)
ui × r

(i)
vi 6= 0 for 0 ≤ ui, vi ≤ 1 and

i = 1, 2, . . . , n. Another way to guarantee tangent plane continuity under these circumstances
is to require that

r(τ(i))vτ(i)
(t, 0) = λi(t)r

(i)
ui (0, t) + κi(t)r

(i)
vi (0, t), (2.2)

for t ∈ [0, 1], where λi and κi are continuous functions for i = 1, . . . , n, along the boundary

curve, and the tangent vectors r
(i)
ui (0, t) and r

(i)
vi (t, 0) are linearly independent for t ∈ [0, 1]

and i = 1, 2, . . . , n. We have here, as before, used the function τ(i) = i (mod n) + 1.
A natural convention we follow in the rest of this article is to exclude the indices of the

variables.
In the case of an n-patch surface, using the identity (2.2), we get the next system of

identities along the common boundaries of two patches, i.e., for t ∈ [0, 1]. We have

r
(1)
v (t, 0) = λn(t)r

(n)
u (0, t) + κn(t)r

(n)
v (0, t)

r
(2)
v (t, 0) = λ1(t)r

(1)
u (0, t) + κ1(t)r

(1)
v (0, t)

r
(3)
v (t, 0) = λ2(t)r

(1)
u (0, t) + κ2(t)r

(2)
v (0, t)

...

r
(n)
v (t, 0) = λn−1(t)r

(n−2)
u (0, t) + κn−1(t)r

(n−1)
v (0, t).

(2.3)

As long as t 6= 0, the above equalities do not interfere with each other, but at the point t = 0,
i.e., at the common vertex V , combining (2.1) and (2.3) it implies that the next identities
have to be simultaneously satisfied. We have

r
(1)
v = λnr

(n−1)
v + κnr

(n)
v

r
(2)
v = λ1r

(n)
v + κ1r

(1)
v

r
(3)
v = λ2r

(1)
v + κ2r

(2)
v

...

r
(n)
v = λn−1r

(n−2)
v + κn−1r

(n−1)
v ,

(2.4)
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where the notations λi = λi(0), κi = κi(0) and r
(i)
vi = r

(i)
vi (0, 0) for i = 1, 2, . . . , n, are used.

The compatibility conditions in the equation system (2.4) can be rephrased in such a way that
we formulate necessary and sufficient conditions for the functions λi and κi, i = 1, 2, . . . , n,
at the intersection point V . The relations (2.4) can be written in the form

λ2 κ2 −1 . . . 0 0

0 λ3 κ3 . . . 0 0

0 0 λ4 . . . 0 0
...

...
...

. . .
...

...

−1 0 0 . . . λn κn

κ1 −1 0 . . . 0 λ1





r
(1)
v

r
(2)
v

r
(3)
v

...

r
(n−1)
v

r
(n)
v


= 0.

Moreover, since we want to achieve tangent plane continuity, the vector rv = (r
(1)
v r

(2)
v . . . r

(n)
v )t

at the point V can be represented by the linearly independent vectors (r
(1)
u r

(1)
v )t, spanning

the tangent plane at the point V , as

r
(1)
v

r
(2)
v

r
(3)
v

...

r
(n−1)
v

r
(n)
v


=



0 1

λ1 κ1

λ1κ2 κ1κ2 + λ2
...

...

−κn/λn 1/λn

1 0



 r
(1)
u

r
(1)
v

 .

Finally, we have a necessary and sufficient condition for tangent plane continuity at the point
V that the functions λi and κi, i = 1, 2, . . . , n, satisfy the next equation system at the point
V , i.e., 

λ2 κ2 −1 . . . 0 0

0 λ3 κ3 . . . 0 0

0 0 λ4 . . . 0 0
...

...
...

. . .
...

...

−1 0 0 . . . λn κn

κ1 −1 0 . . . 0 λ1





0 1

λ1 κ1

λ1κ2 κ1κ2 + λ2
...

...

−κn/λn 1/λn

1 0


= 0. (2.5)

Thus, we have

Theorem 2.1 Let S be a continuous n-patch surface, composed of the C1
#-patches (u, v) 7→

r(i)(u, v), 0 ≤ u, v ≤ 1, i = 1, 2, . . . , n, which intersect at the point V = r(i)(0, 0) for i =
1, 2, . . . , n. Necessary and sufficient conditions for the surface S to be G1 are that there exist
continuous functions v 7→ λi(v) and v 7→ κi(v), 0 ≤ v ≤ 1, i = 1, 2, . . . , n, satisfying the
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relations in (2.3) with the coefficients λi = λi(0) and κi = κi(0), i = 1, 2, . . . , n, fullfilling the
equation system (2.5).

Next we continue to the case of curvature continuity, i.e., G2-continuity.

2.2 Geometric continuity of order 2

A further level of regularity for a surface is to be curvature continuous. We next introduce
the concept of curvature continuity, which also is denoted by G2.

Definition 2.2 A tangent plane continuous, G1, surface is said to be curvature continuous,
denoted by G2, if every point on the surface has a unique Dupin indicatrix, which varies
continuously on the surface. Such a surface is also said to be geometrically continuous of
order two.

An equivalent way to describe the notation of curvature continuity is to demand that every
pair of closely connected patches in the n-patch surface, consisting of C2

#-patches, fulfills the
next equation, together with equation (2.2), along their common boundary curve. We have

r(τ(i))vv (t, 0) = λ2i (t)r
(i)
uu(0, t) + 2λi(t)κi(t)r

(i)
uv(0, t) + κ2i (t)r

(i)
vv (0, t)

+µi(t)r
(i)
u (0, t) + νi(t)r

(i)
v (0, t), (2.6)

where the functions λi, κi, µi and νi are continuous for i = 1, 2, . . . , n, and t ∈ [0, 1]. Here we
have used the notation C2

# = C2∩C1
#. We assume from now on that the functions λi and κi,

i = 1, 2, . . . , n, are continuously differentiable. For a more detailed description of curvature
continuity and its relation to the equation (2.6) we refer to Hoschek and Lasser [5]. From
(2.6) it follows that for an n-patch surface the next equations must be satisfied along their
common patch boundaries. Thus, we have

r
(1)
vv (t, 0) = λ2nr

(n)
uu (0, ·) + 2λnκnr

(n)
uv (0, ·) + κ2nr

(n)
vv (0, ·) + µnr

(n)
u (0, ·) + νnr

(n)
v (0, ·)|t

r
(2)
vv (t, 0) = λ21r

(1)
uu (0, ·) + 2λ1κ1r

(1)
uv (0, ·) + κ21r

(1)
vv (0, ·) + µ1r

(1)
u (0, ·) + ν1r

(1)
v (0, ·)|t

r
(3)
vv (t, 0) = λ22r

(2)
uu (0, ·) + 2λ2κ2r

(2)
uv (0, ·) + κ22r

(2)
vv (0, ·) + µ2r

(2)
u (0, ·) + ν2r

(2)
v (0, ·)|t

...

r
(n)
vv (t, 0) = λ2n−1r

(n−1)
uu (0, ·) + 2λn−1κn−1r

(n−1)
uv (0, ·) + κ2n−1r

(n−1)
vv (0, ·)

+µn−1r
(n−1)
u (0, ·) + νn−1r

(n−1)
v (0, ·)|t

(2.7)

for t ∈ [0, 1]. We also have, as a consequence of the identities in (2.3) combined with the
assumption of differentiability of λi and κi for i = 1, 2, . . . , n, that the next relations must be
fulfilled, i.e.,

r
(1)
uv (t, 0) = λnr

(n)
uv (0, ·) + κnr

(n)
vv (0, ·) + λ′nr

(n)
u (0, ·) + κ′nr

(n)
v (0, ·)|t

r
(2)
uv (t, 0) = λ1r

(1)
uv (0, ·) + κ1r

(1)
vv (0, ·) + λ′1r

(1)
u (0, ·) + κ′1r

(1)
v (0, ·)|t

r
(3)
uv (t, 0) = λ2r

(2)
uv (0, ·) + κ2r

(2)
vv (0, ·) + λ′2r

(2)
u (0, ·) + κ′2r

(2)
v (0, ·)|t

...

r
(n)
uv (t, 0) = λn−1r

(n−1)
uv (0, ·) + κn−1r

(n−1)
vv (0, ·) + λ′n−1r

(n−1)
u (0, ·) + κ′n−1r

(n−1)
v (0, ·)|t
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in the interval [0, 1]. Here we use the same notations as in the previous section, complemented
by µi = µi(0), νi = νi(0), λ′i = λ′i(0) and κ′i = κ′i(0) for i = 1, 2, . . . , n. Using this in combi-
nation with the identities (2.1) and (2.2), the two equation systems above can be rewritten
at the vertex point V as follows

r
(2)
vv = λ21r

(n)
vv + 2λ1κ1r

(1)
uv + κ21r

(1)
vv + µ1r

(n)
v + ν1r

(1)
v

r
(3)
vv = λ22r

(1)
vv + 2λ2κ2r

(2)
uv + κ22r

(2)
vv + µ2r

(1)
v + ν2r

(2)
v

...

r
(n)
vv = λ2n−1r

(n−2)
vv + 2λn−1κn−1r

(n−1)
uv + κ2n−1r

(n−1)
vv + µn−1r

(n−2)
v + νn−1r

(n−1)
v

r
(1)
vv = λ2nr

(n−1)
vv + 2λnκnr

(n)
uv + κ2nr

(n)
vv + µnr

(n−1)
v + νnr

(n)
v

(2.8)

and

r
(2)
uv = λ1r

(1)
uv + κ1r

(1)
vv + λ′1r

(n)
v + κ′1r

(1)
v

r
(3)
uv = λ2r

(2)
uv + κ2r

(2)
vv + λ′2r

(1)
v + κ′2r

(2)
v

...

r
(n)
uv = λn−1r

(n−1)
uv + κn−1r

(n−1)
vv + λ′n−1r

(n−2)
v + κ′n−1r

(n−1)
v

r
(1)
uv = λnr

(n)
uv + κnr

(n)
vv + λ′nr

(n−1)
v + κ′nr

(n)
v .

(2.9)

The equation system (2.9) can be written in a compact form as

Λ ruv = κ rvv +G rv, (2.10)

where ruv = (r
(1)
uv r

(2)
uv r

(3)
uv . . . r

(n)
uv )t, i.e., the column vector of the mixed derivatives of respec-

tively patch. Similarly for the other two column vectors rvv and rv. The matrices in equation
(2.10) are given by

Λ =



−λ1 1 0 . . . 0

0 −λ2 1 . . . 0

0 0 λ3 . . . 0
...

...
...

. . .
...

1 0 0 . . . −λn


, κ =



κ1 0 0 . . . 0

0 κ2 0 . . . 0

0 0 κ3 . . . 0
...

...
...

. . .
...

0 0 0 . . . κn


and

G =



κ′1 0 0 . . . λ′1

λ′2 κ′2 0 . . . 0

0 λ′3 κ′3 . . . 0
...

...
...

. . .
...

0 0 0 . . . κ′n


.
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The equalities in (2.8) can, in a similar way, also be written in a compact form. We have

Γ rvv = H ruv + F rv, (2.11)

where the matrices are

Γ =



1 0 0 . . . −κ2n
−κ21 1 0 . . . −λ21
−λ22 −κ22 1 . . . 0

...
...

...
. . .

...

0 0 0 . . . 1


,

H =



0 0 . . . 0 2λnκn

2λ1κ1 0 . . . 0 0

0 2λ2κ2 . . . 0 0
...

...
. . .

...
...

0 0 . . . 2λn−1κn−1 0


and

F =



0 0 . . . µn νn

ν1 0 . . . 0 µ1

µ2 ν2 . . . 0 0
...

...
. . .

...
...

0 0 . . . νn−1 0


.

Next, we formulate a result of the invertibility of the matrix Λ.

Lemma 2.2 Let Λ be the matrix given above for n = 3, 4, . . .. Then, det(Λ) = (−1)n(λ1 . . . λn−
1) 6= 0. Suppose that λ1λ2 . . . λn = (−1)n,. Thus, for an odd integer n the matrix Λ is invert-
ible and

Λ−1 =
1

2



λ2 . . . λn λ3 . . . λn λ4 . . . λn . . . 1

1 λ3 . . . λ1 λ4 . . . λ1 . . . λ1

λ2 1 λ4 . . . λ2 . . . λ1λ2
...

...
...

. . .
...

λ2 . . . λn−1 λ3 . . . λn−1 λ4 . . . λn−1 . . . λ1 . . . λn−1


.
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Using the above Lemma for an odd integer n. From (2.10) we get

ruv = Λ−1 κ rvv + Λ−1G rv,

which combined with (2.11) implies that

(Γ−H Λ−1 κ)rvv = (F +HΛ−1G)rv. (2.12)

In order to solve equation (2.12) we start with

H Λ−1 =



λ2 . . . λnκn λ3 . . . λnκn . . . −κn

−κ1 λ3 . . . λ1κ1 . . . λ1κ1

λ2κ2 −κ2 . . . λ1λ2κ2
...

...
. . .

...

λ2 . . . λn−1κn−1 λ3 . . . λn−1κn−1 . . . λ1 . . . λn−1κn−1


.

First, a multiplication with κ and we have

H Λ−1 κ =

λ2 . . . λnκnκ1 λ3 . . . λnκnκ2 . . . −κ2n
−κ21 λ3 . . . λ1κ1κ2 . . . λ1κ1κn

λ2κ2κ1 −κ22 . . . λ1λ2κ2κn
...

...
. . .

...

λ2 . . . λn−1κn−1κ1 λ3 . . . λn−1κn−1κ2 . . . λ1 . . . λn−1κn−1κn


from which it follows that

Γ−H Λ−1 κ =

1− λ2 . . . λnκnκ1 −λ3 . . . λnκnκ2 . . . 0

0 1− λ3 . . . λ1κ1κ2 . . . −λ21 − λ1κ1κn

−λ22 − λ2κ2κ1 0 . . . −λ1λ2κ2κn
...

...
. . .

...

−λ2 . . . λn−1κn−1κ1 −λ3 . . . λn−1κn−1κ2 . . . 1− λ1 . . . λn−1κn−1κn


.
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Second, we multiply G by H Λ−1 to get

H Λ−1G =

λ3 . . . λnκn(λ2κ
′
1 + λ′2) λ4 . . . λnκn(λ3κ

′
2 + λ′3) . . . λ2 . . . λnκnλ

′
1 − κnκ′n

λ3 . . . λ1κ1λ
′
2 − κ1κ′1 λ4 . . . λ1κ1(λ3κ

′
2 + λ′3) . . . κ1(λ1κ

′
n − λ′1)

κ2(λ2κ
′
1 − λ′2) λ4 . . . λ2κ2λ

′
3 − κ2κ′2 . . . λ2κ2(λ1κ

′
n + λ′1)

...
...

. . .
...

λ3 . . . λn−1κn−1(λ2κ
′
1 + λ′2) λ4 . . . λn−1κn−1(λ3κ

′
2 + λ′3) . . . λ2 . . . λn−1κn−1(λ1κ

′
n + λ′1)


and then

F +H Λ−1G =

λ3 . . . λnκn(λ2κ
′
1 + λ′2) λ4 . . . λnκn(λ3κ

′
2 + λ′3) . . . λ2 . . . λnκnλ

′
1 − κnκ′n + νn

λ3 . . . λ1κ1λ
′
2 − κ1κ′1 + ν1 λ4 . . . λ1κ1(λ3κ

′
2 + λ′3) . . . κ1(λ1κ

′
n − λ′1) + µ1

κ2(λ2κ
′
1 − λ′2) + µ2 λ4 . . . λ2κ2λ

′
3 − κ2κ′2 + ν2 . . . λ2κ2(λ1κ

′
n + λ′1)

...
...

. . .
...

λ3 . . . λn−1κn−1(λ2κ
′
1 + λ′2) λ4 . . . λn−1κn−1(λ3κ

′
2 + λ′3) . . . λ2 . . . λn−1κn−1(λ1κ

′
n + λ′1)


.

This concludes the odd case. For even integers n, n ≥ 4, we instead consider the equation
(2.13) below. Supposing κ is invertible, it follows from (2.10) that

κ−1 Λ ruv = rvv + κ−1G rv.

Combined with (2.11), we get

Γκ−1 Λ ruv = Γ rvv + Γκ−1G rv = H ruv + F rv + Γκ−1G rv,

or more specifically
(Γκ−1Λ−H) ruv = (Γκ−1G+ F ) rv. (2.13)
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We have

Γκ−1 =



1 0 0 . . . −λ2n −κ2n
−κ21 1 0 . . . 0 −λ21
−λ22 −κ22 1 . . . 0 0

...
...

...
. . .

...
...

0 0 0 . . . 1 0

0 0 0 . . . −κ2n−1 1





1
κ1

0 0 . . . 0 0

0 1
κ2

0 . . . 0 0

0 0 1
κ3

. . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . 1
κn−1

0

0 0 0 . . . 0 1
κn



=



1
κ1

0 0 . . . − λ2n
κn−1

−κn

−κ1 1
κ2

0 . . . 0 − λ21
κn

−λ22
κ1
−κ2 1

κ3
. . . 0 0

...
...

...
. . .

...
...

0 0 0 . . . 1
κn−1

0

0 0 0 . . . −κn−1 1
κn


and

Γκ−1Λ =



1
κ1

0 0 . . . −κn

−κ1 1
κ2

0 . . . − λ21
κn

−λ22
κ1
−κ2 1

κ3
. . . 0

...
...

...
. . .

...

0 0 0 . . . 1
κn





−λ1 1 0 . . . 0

0 −λ2 1 . . . 0

0 0 −λ3 . . . 0
...

...
...

. . .
...

1 0 0 . . . −λn



=



−λ1
κ1
− κn 1

κ1
0 . . . λnκn − λ2n

κn−1

λ1κ1 −
λ21
κn

−λ2
κ2
− κ1 1

κ2
. . .

λnλ21
κn

λ1λ22
κ1

λ2κ2 −
λ22
κ1
−λ3
κ3
− κ2 . . . 0

...
...

...
. . .

...

1
κn

0 0 . . . −λn
κn
− κn−1


.
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Thus, we easily se that

Γκ−1Λ−H =



−λ1
κ1
− κn 1

κ1
. . . λn−1λ2n

κn−1
−λnκn − λ2n

κn−1

−λ1κ1 −
λ21
κn

−λ2
κ2
− κ1 . . . 0

λnλ21
κn

λ1λ22
κ1

−λ2κ2 −
λ22
κ1

. . . 0 0
...

...
. . .

...
...

1
κn

0 . . . −λn−1κn−1 −
λ2n−1

κn−2
−λn
κn
− κn−1



=



−λ1+κnκ1
κ1

1
κ1

. . . λn−1λ2n
κn−1

−λn(λn+κn−1κn)
κn−1

−λ1(λ1+κnκ1)
κn

−λ2+κ1κ2
κ2

. . . 0
λnλ21
κn

λ1λ22
κ1

−λ2(λ2+κ1κ2)
κ1

. . . 0 0
...

...
. . .

...
...

1
κn

0 . . . −λn−1(λn−1+κn−2κn−1)
κn−2

−λn+κn−1κn
κn


.

Also, we have

Γκ−1G =



1
κ1

0 . . . − λ2n
κn−1

−κn

−κ1 1
κ2

. . . 0 − λ21
κn

−λ22
κ1
−κ2 . . . 0 0

...
...

. . .
...

...

0 0 . . . −κn−1 1
κn





κ′1 0 . . . 0 λ′1

λ′2 κ′2 . . . 0 0

0 λ′3 . . . 0 0
...

...
. . .

...
...

0 0 . . . λ′n κ′n



=



κ′1
κ1

0 . . . −λ2nκ
′
n−1

κn−1
− κnλ′n

λ′1
κ1
− κnκ′n

λ′2
κ2
− κ1κ′1

κ′2
κ2

. . . −λ21λ
′
n

κn
−λ21κ

′
n

κn
− κ1λ′1

−λ22κ
′
1

κ1
− κ2λ′2

λ′3
κ3
− κ2κ′2 . . . 0 −λ22λ

′
1

κ1
...

...
. . .

...
...

0 0 . . . λ′n
κn
− κn−1κ′n−1

κ′n
κn


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and

Γκ−1G+ F =



κ′1
κ1

0 . . . −λ2nκ
′
n−1

κn−1
− κnλ′n

λ′1
κ1
− κnκ′n

λ′2
κ2
− κ1κ′1

κ′2
κ2

. . . −λ21λ
′
n

κn
−λ21κ

′
n

κn
− κ1λ′1

−λ22κ
′
1

κ1
− κ2λ′2

λ′3
κ3
− κ2κ′2 . . . 0 −λ22λ

′
1

κ1
...

...
. . .

...
...

0 0 . . . λ′n
κn
− κn−1κ′n−1

κ′n
κn



+



0 0 . . . µn νn

ν1 0 . . . 0 µ1

µ2 ν2 . . . 0 0
...

...
. . .

...
...

0 0 . . . νn−1 0


.

Thus

Γκ−1G+ F =

κ′1
κ1

0 . . . −λ2nκ
′
n−1

κn−1
− κnλ′n + µn

λ′1
κ1
− κnκ′n + νn

λ′2
κ2
− κ1κ′1 + ν1

κ′2
κ2

. . . −λ21λ
′
n

κn
−λ21κ

′
n

κn
− κ1λ′1 + µ1

−λ22κ
′
1

κ1
− κ2λ′2 + µ2

λ′3
κ3
− κ2κ′2 + ν2 . . . 0 −λ22λ

′
1

κ1
...

...
. . .

...
...

0 0 . . .
κ′n−1

κn−1
0

0 0 . . . λ′n
κn
− κn−1κ′n−1 + νn−1

κ′n
κn


.

In order to formalize what have been discussed above, we formulate it as

Theorem 2.3 Consider a G1-continuous n-patch surface S, composed of the C2
#-patches

(u, v) 7→ r(i)(u, v), 0 ≤ u, v ≤ 1 for i = 1, 2, . . . , n, which intersect at the point V = r(i)(0, 0),
where i = 1, 2, . . . , n. Necessary and sufficient conditions for the surface S to be G2 are
that there exist continuously differentiable functions v 7→ λi(v), v 7→ κi(v) and continuous
functions v 7→ µi(v), v 7→ νi(v) for 0 ≤ v ≤ 1 and i = 1, 2, . . . , n, satisfying the relations
(2.7), with the coefficients λi = λi(0), κi = κi(0), µi = µi(0), νi = νi(0), λ′i = λ′i(0) and
κ′i = κ′i(0) fullfilling equation (2.12) in the case of odd integers n and equation (2.13) in the
case of even integers n and invertible κ respectively.

The cases where κ is not invertible will be handled separately in its context.

3 A 3-patch Surface

In this section we restrict ourselves to consider a 3-patch surface and formulate necessary and
sufficient conditions for such a surface to be tangent plane continuous and curvature continu-
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ous respectively. Thus, we reformulate Theorem 2.1 and Theorem 2.3 for this particular case.
We start by considering G1-regularity.

3.1 Tangent plane continuity – G1

The system of identities in (2.3) is in this case reduced to the next three equations which
have to be simultaneously satisfied for t ∈ [0, 1], i.e.,

r
(1)
v (t, 0) = λ3(t)r

(3)
u (0, t) + κ3(t)r

(3)
v (0, t)

r
(2)
v (t, 0) = λ1(t)r

(1)
u (0, t) + κ1(t)r

(1)
v (0, t)

r
(3)
v (t, 0) = λ2(t)r

(2)
u (0, t) + κ2(t)r

(2)
v (0, t).

(3.1)

In order to restate Theorem 2.1 in the case n = 3, we have to solve the equation system (2.5),
which in this case is 

λ2 κ2 −1

−1 λ3 κ3

κ1 −1 λ1




0 1

λ1 κ1

1 0

 = 0.

This is equivalent to the following equation systems

λ1κ2 − 1 = 0

λ2 + κ1κ2 = 0,

and

λ1λ3 + κ3 = 0

λ3κ1 − 1 = 0.

Thus, we can state our first result in this section as

Theorem 3.1 Let S be a continuous 3-patch surface, composed of the three C1
#-patches r(1),

r(2) and r(3) which meet at the vertex point V . Necessary and sufficient conditions for the
surface S to be G1 are that there exist continuous functions λi and κi, i = 1, 2, 3, fulfilling
the relations (3.1), with the coefficients λi = λi(0) and κi = κi(0), i = 1, 2, 3, satisfying the
equations

λ3κ1 = 1

λ1κ2 = 1
and

λ2 + κ1κ2 = 0

λ3λ1 + κ3 = 0.
(3.2)

Trivially consequences of Theorem 3.1 are the next two results

Corollary 3.2 The equations in (3.2) implies

λ1λ2λ3 = −1 and κ1κ2κ3 = −1.
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Corollary 3.3 The equations in (3.2) also implies the natural symmetry conditions, i.e.,

λ2κ3 = 1

λ1 + κ3κ1 = 0

λ3 + κ2κ3 = 0

and

λ2λ3 + κ2 = 0

λ1λ2 + κ1 = 0.

In fact, we can substitute any of the equalities in Theorem 3.1 against any other condition
in Corollary 3.3. This can easily be proved, but can also be seen as a result of symmetry. In
fact, any four of the above nine symmetry conditions can be used in Theorem 3.1.

Let us now continue to the next level of regularity.

3.2 Curvature continuity – G2

In the case of a 3-patch surface to be G2, compare (2.7), the next equation system has to be
fulfilled. We have

r
(1)
vv (t, 0) = λ23r

(3)
uu (0, ·) + 2λ3κ3r

(3)
uv (0, ·) + κ23r

(3)
vv (0, ·) + µ3r

(3)
u (0, ·) + ν3r

(3)
v (0, ·)|t

r
(2)
vv (t, 0) = λ21r

(1)
uu (0, ·) + 2λ1κ1r

(1)
uv (0, ·) + κ21r

(1)
vv (0, ·) + µ1r

(1)
u (0, ·) + ν1r

(1)
v (0, ·)|t

r
(3)
vv (t, 0) = λ22r

(2)
uu (0, ·) + 2λ2κ2r

(2)
uv (0, ·) + κ22r

(2)
vv (0, ·) + µ2r

(2)
u (0, ·) + ν2r

(2)
v (0, ·)|t

(3.3)

for t ∈ [0, 1].
In order to formulate Theorem 2.3 in the case of n = 3, we start by stating that n is an

odd integer and therefor we want to solve equation (2.12). From Theorem 3.1 in the previous
subsection, combined with its corollaries, we get

Γ−H Λ−1 κ =


1− λ2λ3κ3κ1 −λ23 − λ3κ3κ2 0

0 1− λ3λ1κ1κ2 −λ21 − λ1κ1κ3

−λ22 − λ2κ2κ1 0 1− λ1λ2κ2κ3

 = 0

and

f +H Λ−1 g =


λ3κ3(λ2κ

′
1 + λ′2) κ3(λ3κ

′
2 − λ′3) + µ3 λ2λ3κ3λ

′
1 − κ3κ′3 + ν3

λ3λ1κ1λ
′
2 − κ1κ′1 + ν1 λ1κ1(λ3κ

′
2 + λ′3) κ1(λ1κ

′
3 − λ′1) + µ1

κ2(λ2κ
′
1 − λ′2) + µ2 λ1λ2κ2λ

′
3 − κ2κ′2 + ν2 λ2κ2(λ1κ

′
3 + λ′1)



=


λ3κ3(λ2κ

′
1 + λ′2) κ3(λ3κ

′
2 − λ′3) + µ3 λ3(λ1κ

′
3 + λ′1) + ν3

λ1(λ2κ
′
1 + λ′2) + ν1 λ1κ1(λ3κ

′
2 + λ′3) κ1(λ1κ

′
3 − λ′1) + µ1

κ2(λ2κ
′
1 − λ′2) + µ2 λ2(λ3κ

′
2 + λ′3) + ν2 λ2κ2(λ1κ

′
3 + λ′1)

 .
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Thus, in this case equation (2.12) becomes
λ3κ3(λ2κ

′
1 + λ′2) κ3(λ3κ

′
2 − λ′3) + µ3 λ3(λ1κ

′
3 + λ′1) + ν3

λ1(λ2κ
′
1 + λ′2) + ν1 λ1κ1(λ3κ

′
2 + λ′3) κ1(λ1κ

′
3 − λ′1) + µ1

κ2(λ2κ
′
1 − λ′2) + µ2 λ2(λ3κ

′
2 + λ′3) + ν2 λ2κ2(λ1κ

′
3 + λ′1)




0 1

λ1 κ1

1 0

 = 0.

If we multiply the above equation with the invertible matrix
1 0 −λ3/λ2κ2

−λ1/λ3κ3 1 0

0 −λ2/λ1κ1 1

 ,

we get
2λ3κ3λ

′
2 −

λ3µ2
λ2κ2

2λ3κ3κ
′
2 + µ3 − λ3ν2

λ2κ2
ν3

ν1 2λ1κ1λ
′
3 −

λ1µ3
λ3κ3

2λ1κ1κ
′
3 + µ1 − λ1ν3

λ3κ3

2λ2κ2κ
′
1 + µ2 − λ2ν1

λ1κ1
ν2 2λ2κ2λ

′
1 −

λ2µ1
λ1κ1




0 1

λ1 κ1

1 0

 = 0,

which is equivalent to the next equation system

λ1(2λ3κ3κ
′
2 + µ3 − λ3ν2

λ2κ2
) + ν3 = 0

2λ3κ3λ
′
2 −

λ3µ2
λ2κ2

+ κ1(2λ3κ3κ
′
2 + µ3 − λ3ν2

λ2κ2
) = 0

λ1(2λ1κ1λ
′
3 −

λ1µ3
λ3κ3

) + 2λ1κ1κ
′
3 + µ1 − λ1ν3

λ3κ3
= 0

ν1 + κ1(2λ1κ1λ
′
3 −

λ1µ3
λ3κ3

) = 0

λ1ν2 + 2λ2κ2λ
′
1 −

λ2µ1
λ1κ1

= 0

2λ2κ2κ
′
1 + µ2 − λ2ν1

λ1κ1
+ κ1ν2 = 0.

A further simplification using Theorem 3.1 and its Corollaries combined with multiplying the
above equation system by the following invertible matrix

0 0 0 0 λ1 0

0 0 0 0 0 λ1

λ22 λ2 0 0 0 0

λ2κ2 0 0 0 0 0

0 0 0 λ23 0 0

0 0 λ3 λ3κ3 0 0


gives us the next result, which states
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Theorem 3.4 Let S be a G1-continuous 3-patch surface, composed of the three C2
#-patches

r(1), r(2) and r(3) which meet at the vertex point V . Necessary and sufficient conditions for
the surface S to be G2 are that there exist continuously differentiable functions λi, κi and
continuous functions µi, νi for i = 1, 2, 3, fulfilling the relations (3.3), with the coefficients
λi = λi(0), κi = κi(0), µi = µi(0), νi = νi(0), λ′i = λ′i(0) and κ′i = κ′i(0) for i = 1, 2, 3,
satisfying the equations

2λ2λ
′
1 + κ2µ1 + λ21ν2 = 0

2λ2κ
′
1 + λ1µ2 + κ2ν1 + λ1κ1ν2 = 0

2λ3λ
′
2 + κ3µ2 + λ22ν3 = 0

2λ3κ
′
2 + λ2µ3 + κ3ν2 + λ2κ2ν3 = 0

2λ1λ
′
3 + κ1µ3 + λ23ν1 = 0

2λ1κ
′
3 + λ3µ1 + κ1ν3 + λ3κ3ν1 = 0.

It can be worth noticing that the case µi = νi = 0 for i = 1, 2, 3, implies that λ′i = κ′i = 0 for
i = 1, 2, 3. On the other hand, if λ′i = κ′i = 0 for i = 1, 2, 3, then µi = νi = 0 for i = 1, 2, 3.

4 A 4-patch Surface

In this section we study the most common case, i.e., a 4-patch surface. Just as in the previous
section, we use the results in the second section applied to the case where n = 4 in order to
formulate necessary and sufficient conditions for the surface to be tangent plane continuous
as well as curvature continuous.

4.1 Tangent plane continuity – G1

In the case of a 4-patch surface we have, as a consequence from (2.3), the next equation
system for t ∈ [0, 1]

r
(1)
v (t, 0) = λ4(t)r

(4)
u (0, t) + κ4(t)r

(4)
v (0, t)

r
(2)
v (t, 0) = λ1(t)r

(1)
u (0, t) + κ1(t)r

(1)
v (0, t)

r
(3)
v (t, 0) = λ2(t)r

(2)
u (0, t) + κ2(t)r

(2)
v (0, t)

r
(4)
v (t, 0) = λ3(t)r

(3)
u (0, t) + κ3(t)r

(3)
v (0, t).

(4.1)

In this case equation (2.5) reads
λ2 κ2 −1 0

0 λ3 κ3 −1

−1 0 λ4 κ4

κ1 −1 0 λ1




0 1

λ1 κ1

λ1κ2 κ1κ2 + λ2

1 0

 = 0,
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from which we get

λ1λ3 + λ1κ2κ3 − 1 = 0

κ1λ3 + κ3(κ1κ2 + λ2) = 0

λ4λ1κ2 + κ4 = 0

−1 + λ4(κ1κ2 + λ2) = 0.

Thus, we have the following result

Theorem 4.1 Let S be a continuous 4-patch surface, composed of the C1
#-patches r(i), for

i = 1, . . . , 4, which meet at the vertex point V . Necessary and sufficient conditions for the
surface S to be G1 are that there exist continuous functions λi and κi, i = 1, . . . , 4, fulfilling
the relations (4.1) and the coefficients λi = λi(0) and κi = κi(0), i = 1, . . . , 4, satisfy the
equations

λ1(λ3 + κ2κ3) = 1

λ3λ4κ1 + κ3 = 0

and

λ4(λ2 + κ1κ2) = 1

λ4λ1κ2 + κ4 = 0.

With the same assumptions as in Theorem 4.1, we can prove the next three Corollaries.

Corollary 4.2
λ1λ2λ3λ4 = 1.

Proof

1 = λ1(λ3 + κ2κ3) = λ1(λ3 − κ2λ3λ4κ1)
= λ1λ3(1− λ4κ1κ2) = λ1λ3(1− (1− λ2λ4))
= λ1λ2λ3λ4.

�

We can easily see that the symmetry conditions also hold. We have

λ2λ3κ4 + κ2 = λ2λ3κ4 + λ1λ2λ3λ4κ2 = λ2λ3(κ4 + λ4λ1κ2) = 0

λ1λ2κ3 + κ1 = λ1λ2κ3 + λ1λ2λ3λ4κ1 = λ1λ2(κ3 + λ3λ4κ1) = 0

and
λ2(λ4 + κ3κ4) = λ2(λ4 + λ3λ4κ1λ4λ1κ2) = λ4(λ2 + κ1κ2) = 1

λ3(λ1 + κ4κ1) = λ3(λ1 + λ4λ1κ2λ1λ2κ3) = λ1(λ3 + κ2κ3) = 1.

17



Corollary 4.3 It holds that

κ1κ2 = λ2(λ1λ3 − 1)

κ3κ4 = λ4(λ1λ3 − 1)

and

κ2κ3 = λ3(λ2λ4 − 1)

κ4κ1 = λ1(λ2λ4 − 1).

Corollary 4.4 It also holds that

κ1κ2κ3κ4 =
(1− λ1λ3)2

λ1λ3
=

(1− λ2λ4)2

λ2λ4
.

4.2 Curvature continuity – G2

Since we are now dealing with a 4-patch surface and its curvature continuity, the next equa-
tions have to be fulfilled, i.e., for t ∈ [0, 1] we have

r
(1)
vv (t, 0) = λ24r

(4)
uu (0, ·) + 2λ4κ4r

(4)
uv (0, ·) + κ24r

(4)
vv (0, ·) + µ4r

(4)
u (0, ·) + ν4r

(4)
v (0, ·)|t

r
(2)
vv (t, 0) = λ21r

(1)
uu (0, ·) + 2λ1κ1r

(1)
uv (0, ·) + κ21r

(1)
vv (0, ·) + µ1r

(1)
u (0, ·) + ν1r

(1)
v (0, ·)|t

r
(3)
vv (t, 0) = λ22r

(2)
uu (0, ·) + 2λ2κ2r

(2)
uv (0, ·) + κ22r

(2)
vv (0, ·) + µ2r

(2)
u (0, ·) + ν2r

(2)
v (0, ·)|t

r
(4)
vv (t, 0) = λ23r

(3)
uu (0, ·) + 2λ3κ3r

(3)
uv (0, ·) + κ23r

(3)
vv (0, ·) + µ3r

(3)
u (0, ·) + ν3r

(3)
v (0, ·)|t.

(4.2)

As a consequence of this, we refer to Theorem 2.3 under the assumption that κ1κ2 6= 0, the
equation (2.13) must be satisfied. We have for n = 4 that

Γκ−1Λ−H =


−λ1+κ4κ1

κ1
1
κ1

λ3λ24
κ3

−λ4(λ4+κ3κ4)
κ3

−λ1(λ1+κ4κ1)
κ4

−λ2+κ1κ2
κ2

1
κ2

λ4λ21
κ4

λ1λ22
κ1

−λ2(λ2+κ1κ2)
κ1

−λ3+κ2κ3
κ3

1
κ3

1
κ4

λ2λ23
κ2

−λ3(λ3+κ2κ3)
κ2

−λ4+κ3κ4
κ4

 (4.3)

and

Γκ−1G+ F

=



κ′1
κ1

−λ24λ
′
3

κ3
−λ24κ

′
3

κ3
− κ4λ′4 + µ4

λ′1
κ1
− κ4κ′4 + ν4

λ′2
κ2
− κ1κ′1 + ν1

κ′2
κ2

−λ21λ
′
4

κ4
−λ21κ

′
4

κ4
− κ1λ′1 + µ1

−λ22κ
′
1

κ1
− κ2λ′2 + µ2

λ′3
κ3
− κ2κ′2 + ν2

κ′3
κ3

−λ22λ
′
1

κ1

−λ23λ
′
2

κ2
−λ23κ

′
2

κ2
− κ3λ′3 + µ3

λ′4
κ4
− κ3κ′3 + ν3

κ′4
κ4

 .
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Using the identities in Theorem 4.1 and its Corollaries we can simplify the matrix in (4.3) in
such a way that we get

Γκ−1Λ−H =


− 1
λ3κ1

1
κ1

λ3λ24
κ3

− λ4
λ2κ3

− λ1
λ3κ4

− 1
λ4κ2

1
κ2

λ4λ21
κ4

λ1λ22
κ1

− λ2
λ4κ1

− 1
λ1κ3

1
κ3

1
κ4

λ2λ23
κ2

− λ3
λ1κ2

− 1
λ2κ4

.

 .

Introducing the notation 
h1

h2

h3

h4

 = Γκ−1G+ F,

the equation (2.13) transforms into


− 1
λ3κ1

1
κ1

λ3λ24
κ3

− λ4
λ2κ3

− λ1
λ3κ4

− 1
λ4κ2

1
κ2

λ4λ21
κ4

λ1λ22
κ1

− λ2
λ4κ1

− 1
λ1κ3

1
κ3

1
κ4

λ2λ23
κ2

− λ3
λ1κ2

− 1
λ2κ4

 ruv =


h1

h2

h3

h4

 rv.

Using Theorem 4.1 and its Corollaries once more, we get


− 1
λ3κ1

1
κ1

λ3λ24
κ3

− λ4
λ2κ3

0 0 0 0

0 0 0 0

0 0 0 0

 ruv =


h1

h2 − λ1κ1
κ4

h1

h3 − λ2κ2
κ1

h2

h4 − λ3κ3
κ2

h3

 rv.

Thus, we want to solve the equation system
h2 − λ1κ1

κ4
h1

h3 − λ2κ2
κ1

h2

h4 − λ3κ3
κ2

h3

 rv = 0. (4.4)

From (2.4) we have a relation to express rv in the linear independent vectors r
(1)
u and r

(1)
v as

rv =


r
(1)
v

λ1r
(1)
u + κ1r

(1)
v

λ1κ2r
(1)
u + (λ2 + κ1κ2)r

(1)
v

r
(1)
u

 =


0 1

λ1 κ1

λ1κ2
1
λ4

1 0


 r

(1)
u

r
(1)
v

 . (4.5)
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Substituting the identity (4.5) into equation (4.4) we can rewrite it as

(
q1 q2 q3 q4

)


0 1

λ1 κ1

λ1κ2
1
λ4

1 0

 = 0, (4.6)

where qi, i = 1, . . . , 4, is naturally defined from equation (4.4). In fact, we have

q1 =


λ′2
κ2
− κ′1

λ3κ4
+ ν1

− λ′2
λ4κ1
− λ2κ′1

κ1
(λ2 − κ1κ2) + µ2 − λ2κ2

κ1
ν1

−λ3λ′2
κ2

(λ3 − κ2κ3) +
λ22λ3κ3κ

′
1

κ1κ2
− λ3κ3

κ2
µ2



q2 =


κ′2
κ2

+
λ24λ1κ1λ

′
3

κ3κ4
λ′3
κ3
− κ′2

λ4κ1
+ ν2

− λ′3
λ1κ2
− λ3κ′2

κ2
(λ3 − κ2κ3) + µ3 − λ3κ3

κ2
ν2



q3 =


−λ1λ′4

κ4
(λ1 − κ4κ1) +

λ24λ1κ1κ
′
3

κ3κ4
− λ1κ1

κ4
µ4

κ′3
κ3

+
λ21λ2κ2λ

′
4

κ4κ1
λ′4
κ4
− κ′3

λ1κ2
+ ν3



q4 =


− λ′1
λ3κ4
− λ1κ′4

κ4
(λ1 − κ4κ1) + µ1 − λ1κ1

κ4
ν4

−λ2λ′1
κ1

(λ2 − κ1κ2) +
λ21λ2κ2κ

′
4

κ4κ1
− λ2κ2

κ1
µ1

κ′4
κ4

+
λ22λ3κ3λ

′
1

κ1κ2

 .

Next we multiply equation (4.6) by the invertible matrix
−λ2λ3κ4 λ4λ1

κ4
− λ1κ2
λ23κ4κ1

λ2λ
2
3κ4 −λ3λ4κ1 0

λ2λ
2
3λ4κ4 0 −λ4λ1κ2


to get

(
q̃1 q̃2 q̃3 q̃4

)


0 1

λ1 κ1

λ1κ2
1
λ4

1 0

 = 0, (4.7)
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where

q̃1 =


λ1λ2λ3
κ1

ν1

2λ22λ
2
3λ4κ4κ1κ

′
1 − λ3λ4κ1µ2 − λ2λ3κ2κ3κ4ν1

−2λ23λ4κ4κ1λ
′
2 − λ23λ24λ1κ1µ2 + λ2λ

2
3λ4κ4ν1



q̃2 =


2λ4λ1λ2λ

′
3 + 1

λ23λ4κ1
µ3

−λ3λ4κ1ν2

−2λ23λ4κ4κ1κ
′
2 + κ4µ3 − λ23λ24λ1κ1ν2



q̃3 =


2λ21λ2λ3λ

′
4 + 2λ4λ1λ2κ

′
3 + λ1λ2λ3κ1µ4 + 1

λ23λ4κ1
ν3

2λ1λ2λ
2
3κ4κ1λ

′
4 − λ1λ2λ23κ1µ4

2λ3κ4κ1λ
′
4 − λ3κ1µ4 + κ4ν3



q̃4 =


2λ21λ2λ3κ

′
4 + 1

λ4κ1
µ1 + λ1λ2λ3κ1ν4

2λ22λ
2
3λ4κ4κ1λ

′
1 + 2λ1λ2λ

2
3κ4κ1κ

′
4 − λ2λ3κ2κ3κ4µ1 − λ1λ2λ23κ1ν4

2λ3κ4κ1κ
′
4 + λ2λ

2
3λ4κ4µ1 − λ3κ1ν4

 .

Equation (4.7) can also be written as the following equation system

λ1
(
2λ4λ1λ2λ

′
3 + 1

λ23λ4κ1
µ3
)

+ λ1κ2
(
2λ21λ2λ3λ

′
4 + 2λ4λ1λ2κ

′
3 + λ1λ2λ3κ1µ4

+ 1
λ23λ4κ1

ν3
)

+ 2λ21λ2λ3κ
′
4 + 1

λ4κ1
µ1 + λ1λ2λ3κ1ν4 = 0

λ1λ2λ3
κ1

ν1 + κ1
(
2λ4λ1λ2λ

′
3 + 1

λ23λ4κ1
µ3
)

+ 1
λ4

(
2λ21λ2λ3λ

′
4 + 2λ4λ1λ2κ

′
3

+λ1λ2λ3κ1µ4 + 1
λ23λ4κ1

ν3
)

= 0

λ1(−λ3λ4κ1ν2) + λ1κ2
(
2λ1λ2λ

2
3κ4κ1λ

′
4 − λ1λ2λ23κ1µ4

)
+ 2λ22λ

2
3λ4κ4κ1λ

′
1

+2λ1λ2λ
2
3κ4κ1κ

′
4 − λ2λ3κ2κ3κ4µ1 − λ1λ2λ23κ1ν4 = 0

2λ22λ
2
3λ4κ4κ1κ

′
1 − λ3λ4κ1µ2 − λ2λ3κ2κ3κ4ν1 + κ1(−λ3λ4κ1ν2)

+ 1
λ4

(
2λ1λ2λ

2
3κ4κ1λ

′
4 − λ1λ2λ23κ1µ4

)
= 0

λ1
(
− 2λ23λ4κ4κ1κ

′
2 + κ4µ3 − λ23λ24λ1κ1ν2

)
+ λ1κ2

(
2λ3κ4κ1λ

′
4 − λ3κ1µ4

+κ4ν3
)

+ 2λ3κ4κ1κ
′
4 + λ2λ

2
3λ4κ4µ1 − λ3κ1ν4 = 0

−2λ23λ4κ4κ1λ
′
2 − λ23λ24λ1κ1µ2 + λ2λ

2
3λ4κ4ν1 + κ1

(
− 2λ23λ4κ4κ1κ

′
2 + κ4µ3

−λ23λ24λ1κ1ν2
)

+ 1
λ4

(
2λ3κ4κ1λ

′
4 − λ3κ1µ4 + κ4ν3

)
= 0.
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In order to simplify these equations we multiply the above equation system by the invertible
matrix 

1
λ21λ2

−λ4κ2
λ1λ2

0 0 0 0

0 λ4
λ1λ2

0 0 0 0

0 0 1
λ2λ23κ4κ1

0 0 0

0 0 0 λ4
λ2λ23κ4κ1

0 0

0 0 1
λ2λ23κ4κ1

0 − λ1
λ3κ4κ1

0

λ4κ1
λ1λ2

− λ4
λ1λ2

0 0 −λ4κ1
κ4κ1

λ4λ1
κ4κ1


and then rearrange the new equation system to get our result. Thus, we are now in a position
to formulate the main result in this section. We have

Theorem 4.5 Let S be a G1-continuous 4-patch surface, composed of the C2
#-patches r(i)

for i = 1, . . . , 4, which meet at the vertex point V . Necessary and sufficient conditions for
the surface S to be G2 are that there exist continuously differentiable functions λi, κi and
continuous functions µi, νi for i = 1, . . . , 4, fulfilling the relations (4.2), and the coefficients
λi = λi(0), κi = κi(0), µi = µi(0), νi = νi(0), λ′i = λ′i(0) and κ′i = κ′i(0) for i = 1, . . . , 4, with
κ1κ2 6= 0, satisfy the equations

2λ2κ1λ
′
1 + 2λ21λ3κ1κ

′
2 − λ2µ1 − λ31λ2µ3 −

λ1κ21
λ2

ν2 −
λ21κ2
λ3λ4

ν3 = 0

2λ3κ2λ
′
2 + 2λ22λ4κ2κ

′
3 − λ3µ2 − λ32λ3µ4 −

λ2κ22
λ3

ν3 −
λ22κ3
λ4λ1

ν4 = 0

2λ4κ3λ
′
3 + 2λ23λ1κ3κ

′
4 − λ4µ3 − λ33λ4µ1 −

λ3κ23
λ4

ν4 −
λ23κ4
λ1λ2

ν1 = 0

2λ1κ4λ
′
4 + 2λ24λ2κ4κ

′
1 − λ1µ4 − λ34λ1µ2 −

λ4κ24
λ1

ν1 −
λ24κ1
λ2λ3

ν2 = 0

2λ24κ
2
1λ
′
3 + 2λ1λ3κ1λ

′
4 + 2λ4κ1κ

′
3 + λ4κ1

λ3
µ3 + λ3κ

2
1µ4 + 1

λ3
ν3 + λ3λ4ν1 = 0

2λ21κ
2
2λ
′
4 + 2λ2λ4κ2λ

′
1 + 2λ1κ2κ

′
4 + λ1κ2

λ4
µ4 + λ4κ

2
2µ1 + 1

λ4
ν4 + λ4λ1ν2 = 0.

An observation worth noticing is that there is no absolute ordering of the patches, i.e., we
can number them in any order.

In order to complete our study in the 4-patch surface case we must consider two different
subcases. First, the case κ1 = κ1(0) = 0, but κ2 = κ2(0) 6= 0. This implies that also κ3 = 0
and κ4 6= 0. Second, the case κ1 = κ2 = 0, which implies that κi = 0 for i = 1, 2, 3, 4.

4.2.1 The first subcase

In this subsection we consider the case where κ1 = κ1(0) = 0 and κ2 = κ2(0) 6= 0. We use
the equation systems (2.8) and (2.9) restricted to n = 4 to get

r
(1)
vv = λ24r

(3)
vv + 2λ4κ4r

(4)
uv + κ24r

(4)
vv + µ4r

(3)
v + ν4r

(4)
v

r
(2)
vv = λ21r

(4)
vv + µ1r

(4)
v + ν1r

(1)
v

r
(3)
vv = λ22r

(1)
vv + 2λ2κ2r

(2)
uv + κ22r

(2)
vv + µ2r

(1)
v + ν2r

(2)
v

r
(4)
vv = λ23r

(2)
vv + µ3r

(2)
v + ν3r

(3)
v

(4.8)
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and

r
(2)
uv = λ1r

(1)
uv + λ′1r

(4)
v + κ′1r

(1)
v

r
(3)
uv = λ2r

(2)
uv + κ2r

(2)
vv + λ′2r

(1)
v + κ′2r

(2)
v

r
(4)
uv = λ3r

(3)
uv + λ′3r

(2)
v + κ′3r

(3)
v

r
(1)
uv = λ4r

(4)
uv + κ4r

(4)
vv + λ′4r

(3)
v + κ′4r

(4)
v .

(4.9)

We can now formulate the above relations in the next matrix equation as



λ1 −1 0 0 0 0 0 0 κ′1 0 0 λ′1

0 λ2 −1 0 0 κ2 0 0 λ′2 κ′2 0 0

0 0 λ3 −1 0 0 0 0 0 λ′3 κ′3 0

−1 0 0 λ4 0 0 0 κ4 0 0 λ′4 κ′4

0 0 0 0 0 −1 0 λ21 ν1 0 0 µ1

0 2λ2κ2 0 0 λ22 κ22 −1 0 µ2 ν2 0 0

0 0 0 0 0 λ23 0 −1 0 µ3 ν3 0

0 0 0 2λ4κ4 −1 0 λ24 κ24 0 0 µ4 ν4




ruv

rvv

rv

 = 0.

Multiplying the above matrix equation with the the invertible matrix



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

λ4λ3λ2 λ3λ2 λ2 1 0 0 κ4 0

0 0 0 0 1 0 λ21 0

0 −2κ2 2λ2κ4 0 0 1 λ22κ
2
4 λ22

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


we get simplified matrices as follows

A

 ruv

rvv

+Brv = 0, (4.10)
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where

A =



λ1 −1 0 0 0 0 0 0

0 λ2 −1 0 0 κ2 0 0

0 0 λ3 −1 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 λ23 0 −1

0 0 0 2λ4κ4 −1 0 λ24 κ24


and

B =



κ′1 0 0 λ′1

λ′2 κ′2 0 0

0 λ′3 κ′3 0

κ′1
λ1

+ λ3λ4λ
′
2 λ3λ4κ

′
2 + λ4λ

′
3 + κ4µ3 λ′4 + λ4κ

′
3 + κ4ν3 κ′4 +

λ′1
λ1

ν1 λ21µ3 λ21ν3 µ1

µ2 − 2κ2λ
′
2 ν2 − 2κ2κ

′
2 + 2λ2κ4λ

′
3 + λ22κ

2
4µ3 λ22µ4 + 2λ2κ4κ

′
3 + λ22κ

2
4ν3 λ22ν4

0 µ3 ν3 0

0 0 µ4 ν4



.

Let B̄ be defined by restricting B to the rows four to six, i.e.,

B̄ =


κ′1
λ1

+ λ3λ4λ
′
2 λ3λ4κ

′
2 + λ4λ

′
3 + κ4µ3 λ′4 + λ4κ

′
3 + κ4ν3 κ′4 +

λ′1
λ1

ν1 λ21µ3 λ21ν3 µ1

µ2 − 2κ2λ
′
2 ν2 − 2κ2κ

′
2 + 2λ2κ4λ

′
3 + λ22κ

2
4µ3 λ22µ4 + 2λ2κ4κ

′
3 + λ22κ

2
4ν3 λ22ν4

 .

By writing rv in terms of the independent vectors r
(1)
u and r

(1)
v as in (4.5), it follows from

(4.10) that

B̄


0 1

λ1 0

λ1κ2 λ2

1 0

 = 0.
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Explicitly this means

λ1(λ3λ4κ
′
2 + λ4λ

′
3 + κ4µ3) + λ1κ2(λ

′
4 + λ4κ

′
3 + κ4ν3) + κ′4 +

λ′1
λ1

= 0

κ′1
λ1

+ λ3λ4λ
′
2 + λ2(λ

′
4 + λ4κ

′
3 + κ4ν3) = 0

λ1λ
2
1µ3 + λ1κ2λ

2
1ν3 + µ1 = 0

ν1 + λ2λ
2
1ν3 = 0

λ1(ν2 − 2κ2κ
′
2 + 2λ2κ4λ

′
3 + λ22κ

2
4µ3) + λ1κ2(λ

2
2µ4 + 2λ2κ4κ

′
3 + λ22κ

2
4ν3) + λ22ν4 = 0.

µ2 − 2κ2λ
′
2 + λ2(λ

2
2µ4 + 2λ2κ4κ

′
3 + λ22κ

2
4ν3) = 0.

After multiplying the above equation system by the inverse matrix

0 0 0 κ22 0 1

0 2λ4κ4 0 0 0 λ34

2λ1κ4 0 −λ3κ24 0 −λ24λ1 0

0 0 0 0 −λ23 λ3λ4κ2

0 0 1 0 0 0

0 0 0 1 0 0


we finally arrive with the next result. We have

Corollary 4.6 Let S be a G1-continuous 4-patch surface, composed of the C2
#-patches r(i)

for i = 1, . . . , 4, which meet at the vertex point V . Necessary and sufficient conditions for
the surface S to be G2 are that there exist continuously differentiable functions λi, κi and
continuous functions µi, νi for i = 1, . . . , 4, fulfilling the relations (4.2), and the coefficients
λi = λi(0), κi = κi(0), µi = µi(0), νi = νi(0), λ′i = λ′i(0) and κ′i = κ′i(0) for i = 1, . . . , 4, with
κ1 = κ1(0) = 0, κ2 = κ2(0) 6= 0, satisfy the equations

2κ2λ
′
2 + 2λ1λ2κ2κ

′
3 − µ2 − λ32µ4 − λ32κ24ν3 = 0

2κ4λ
′
4 + 2λ3λ4κ4κ

′
1 − µ4 − λ34µ2 − λ34κ22ν1 = 0

2κ4λ
′
1 + 2λ21κ2κ4λ

′
4 + 2λ1κ4κ

′
4 − λ3κ24µ1 − λ21κ2µ4 − λ24λ21ν2 − λ1ν4 = 0

2κ2λ
′
3 + 2λ23κ4κ2λ

′
2 + 2λ3κ2κ

′
2 − λ1κ22µ3 − λ23κ4µ2 − λ22λ23ν4 − λ3ν2 = 0

µ1 + λ31µ3 + λ31κ2ν3 = 0

ν1 + λ21λ2ν3 = 0.
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4.2.2 The second subcase

Just as in the previous subsection we start with (4.8) and (4.9) further restricted by κ2 = 0.
We end up, as above, in the following equation system

λ1(λ3λ4κ
′
2 + λ4λ

′
3) + κ′4 +

λ′1
λ1

= 0

κ′1
λ1

+ λ3λ4λ
′
2 + λ2(λ

′
4 + λ4κ

′
3) = 0

λ1λ
2
1µ3 + µ1 = 0

ν1 + λ2λ
2
1ν3 = 0

λ1ν2 + λ22ν4 = 0

µ2 + λ2λ
2
2µ4 = 0.

Thus, we have

Corollary 4.7 Let S be a G1-continuous 4-patch surface, composed of the C2
#-patches r(i)

for i = 1, . . . , 4, which meet at the vertex point V . Necessary and sufficient conditions for
the surface S to be G2 are that there exist continuously differentiable functions λi, κi and
continuous functions µi, νi for i = 1, . . . , 4, fulfilling the relations (4.2), and the coefficients
λi = λi(0), κi = κi(0), µi = µi(0), νi = νi(0), λ′i = λ′i(0) and κ′i = κ′i(0) for i = 1, . . . , 4, with
κ1 = κ2 = 0, satisfy the equations

λ3λ4λ
′
2 + λ2λ

′
4 + λ3κ

′
1 + κ′3 = 0

λ4λ1λ
′
3 + λ3λ

′
1 + λ4κ

′
2 + κ′4 = 0

µ1 + λ31µ3 = 0

µ2 + λ32µ4 = 0

ν1 + λ21λ2ν3 = 0

ν2 + λ22λ3ν4 = 0.

5 A 5-patch Surface

In this section we consider a 5-patch surface. As before, we want to study which compatibility
conditions have to be satisfied in order for the surface to be tangent plane continuous and
curvature continuous respectively. We start to consider the case of geometric continuity of
order one.
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5.1 Tangent plane continuity – G1

In the case of a 5-patch surface the relations (2.3) are

r
(2)
v (t, 0) = λ1(t)r

(1)
u (0, t) + κ1(t)r

(1)
v (0, t)

r
(3)
v (t, 0) = λ2(t)r

(2)
u (0, t) + κ2(t)r

(2)
v (0, t)

r
(4)
v (t, 0) = λ3(t)r

(3)
u (0, t) + κ3(t)r

(3)
v (0, t)

r
(5)
v (t, 0) = λ4(t)r

(4)
u (0, t) + κ4(t)r

(4)
v (0, t)

r
(1)
v (t, 0) = λ5(t)r

(5)
u (0, t) + κ5(t)r

(5)
v (0, t)

(5.1)

for t ∈ [0, 1]. The restriction of this equation system to the vertex t = 0 gives us the analogy
to equation (2.5). That is

λ2 κ2 −1 0 0

0 λ3 κ3 −1 0

0 0 λ4 κ4 −1

−1 0 0 λ5 κ5

κ1 −1 0 0 λ1





0 1

λ1 κ1

λ1κ2 κ1κ2 + λ2

λ1(λ3 + κ2κ3) κ1(λ3 + κ2κ3) + κ3λ2

1 0


= 0.

Equivalently, we have

λ4λ1κ2 + κ4λ1(λ3 + κ2κ3)− 1 = 0

λ4(κ1κ2 + λ2) + κ4(κ1(λ3 + κ2κ3) + κ3λ2) = 0

λ5λ1(λ3 + κ2κ3) + κ5 = 0

−1 + λ5(κ1(λ3 + κ2κ3) + κ3λ2) = 0.

After a minor rewriting of the above equation system, or more precisely multiply the equation
system with the invertible matrix 

λ5 0 κ4 0

0 0 −1 λ1

0 λ5 0 κ4

0 0 1 0

 ,

we can now formulate our first result in this subsection.

Theorem 5.1 Let S be a continuous 5-patch surface, composed of the C1
#-patches r(i), for

i = 1, . . . , 5, which meet at the vertex point V . Necessary and sufficient conditions for the
surface S to be G1 are that there exist continuous functions λi and κi, i = 1, . . . , 5, fulfilling
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the relations (5.1) and the coefficients λi = λi(0) and κi = κi(0), i = 1, . . . , 5, satisfy the
equations

λ4λ5λ1κ2 − κ4κ5 = λ5

λ5λ1λ2κ3 − κ5κ1 = λ1

and

λ4λ5(κ1κ2 + λ2) + κ4 = 0

λ5λ1(κ2κ3 + λ3) + κ5 = 0.

From the above Theorem the next Corollary easily follows. This result meets the assump-
tion in Lemma 2.2. We have

Corollary 5.2 Suppose that the relations in Theorem 5.1 hold, then

λ1λ2λ3λ4λ5 = −1.

Proof

0 = λ4λ5λ1κ2 − κ4κ5 − λ5 = λ4λ5λ1κ2 + κ5λ4λ5(λ2 + κ1κ2)− λ5
= λ4λ5κ2(λ1 + κ5κ1) + κ5λ4λ5λ2 − λ5 = λ4λ5κ2λ5λ1λ2κ3 + κ5λ4λ5λ2 − λ5
= λ5(λ4λ2(λ5λ1κ2κ3 + κ5)− 1) = λ5(λ4λ2(−λ5λ1λ3)− 1)

= −λ5(λ1λ2λ3λ4λ5 + 1).

�

Because of symmetry the next two Corollaries are obvious, but anyhow we prove the
results here. Thus

Corollary 5.3 If the compatibility conditions in Theorem 5.1 hold, then

λ1λ2λ3κ4 − κ1κ2 = λ2

λ2λ3λ4κ5 − κ2κ3 = λ3

and

λ2λ3(λ5 + κ4κ5) + κ2 = 0

λ3λ4(λ1 + κ5κ1) + κ3 = 0.

Proof The above identities follows immediately from the compatibility conditions. We have

λ4λ5(λ1λ2λ3κ4 − κ1κ2 − λ2) = −κ4 − λ4λ5(κ1κ2 + λ2) = 0

λ5λ1(λ2λ3λ4κ5 − κ2κ3 − λ3) = −κ5 − λ5λ1(κ2κ3 + λ3) = 0

λ4λ5λ1(λ2λ3(λ5 + κ4κ5) + κ2) = −λ5 − κ4κ5 + λ4λ5λ1κ2 = 0

λ3λ4λ5(λ1λ2(λ4 + κ3κ4) + κ1) = −λ4 − κ3κ4 + λ3λ4λ5κ1 = 0.

�
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Corollary 5.4 If the above compatibility conditions hold also the last symmetry conditions
hold, ı.e.,

λ3λ4λ5κ1 − κ3κ4 = λ4

λ1λ2(λ4 + κ3κ4) + κ1 = 0.

Proof Let us consider the first equation. Using an identity in Corollary 5.3 we first get

λ3λ4λ5κ1 − κ3κ4 − λ4 = λ3λ4λ5κ1 + κ3λ4λ5(κ1κ2 + λ2)− λ4
= λ3λ4λ5κ1 + κ3λ4λ5λ2 + λ4λ5κ1κ2κ3 − λ4
= λ3λ4λ5κ1 + κ3λ4λ5λ2 + λ4λ5κ1(λ2λ3λ4κ5 − λ3)− λ4
= κ3λ4λ5λ2 + λ4λ5κ1λ2λ3λ4κ5 − λ4

= − 1

λ1λ3
(κ3 + λ3λ4(κ5κ1 + λ1)) = 0.

From this first equality the other also follows immediately. We have

0 = λ1λ2(λ3λ4λ5κ1 − κ3κ4 − λ4) = −κ1 − λ1λ2(κ3κ4 + λ4),

which completes the proof. �

5.2 Curvature continuity – G2

In this subsection we will study what conditions that are needed to be satisfied in order for
a 5-patch surface to be regular of order two. Besides fulfilling

r
(1)
vv (t, 0) = λ25r

(5)
uu (0, ·) + 2λ5κ5r

(5)
uv (0, ·) + κ25r

(5)
vv (0, ·) + µ5r

(5)
u (0, ·) + ν5r

(5)
v (0, ·)|t

r
(2)
vv (t, 0) = λ21r

(1)
uu (0, ·) + 2λ1κ1r

(1)
uv (0, ·) + κ21r

(1)
vv (0, ·) + µ1r

(1)
u (0, ·) + ν1r

(1)
v (0, ·)|t

r
(3)
vv (t, 0) = λ22r

(2)
uu (0, ·) + 2λ2κ2r

(2)
uv (0, ·) + κ22r

(2)
vv (0, ·) + µ2r

(2)
u (0, ·) + ν2r

(2)
v (0, ·)|t

r
(4)
vv (t, 0) = λ23r

(3)
uu (0, ·) + 2λ3κ3r

(3)
uv (0, ·) + κ23r

(3)
vv (0, ·) + µ3r

(3)
u (0, ·) + ν3r

(3)
v (0, ·)|t

r
(5)
vv (t, 0) = λ24r

(4)
uu (0, ·) + 2λ4κ4r

(4)
uv (0, ·) + κ24r

(4)
vv (0, ·) + µ4r

(4)
u (0, ·) + ν4r

(4)
v (0, ·)|t

(5.2)
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for t ∈ [0, 1], the equation (2.12) must be satisfied for n = 5. In order to solve this equation
we start by considering Γ−H Λ−1 κ on page 8. We have

Γ−H Λ−1 κ

=



1− λ2 . . . λ5κ5κ1 −λ3λ4λ5κ5κ2 −λ4λ5κ5κ3 −λ25 − λ5κ5κ4 0

0 1− λ3 . . . λ1κ1κ2 −λ4λ5λ1κ1κ3 −λ5λ1κ1κ4 −λ21 − λ1κ1κ5

−λ22 − λ2κ2κ1 0 1− λ4 . . . λ2κ2κ3 −λ5λ1λ2κ2κ4 −λ1λ2κ2κ5

−λ2λ3κ3κ1 −λ23 − λ3κ3κ2 0 1− λ5λ1λ2λ3κ3κ4 −λ1λ2λ3κ3κ5

−λ2λ3λ4κ4κ1 −λ3λ4κ4κ2 −λ24 − λ4κ4κ3 0 1− λ1 . . . λ4κ4κ5



=



λ5λ2κ3 −λ3λ4λ5κ5κ2 −λ4λ5κ5κ3 λ5κ2
λ2λ3

0

0 λ1λ3κ4 −λ4λ5λ1κ1κ3 −λ5λ1κ1κ4 λ1κ3
λ3λ4

λ2κ4
λ4λ5

0 λ2λ4κ5 −λ5λ1λ2κ2κ4 −λ1λ2κ2κ5

−λ2λ3κ3κ1 λ3κ5
λ5λ1

0 λ3λ5κ1 −λ1λ2λ3κ3κ5

−λ2λ3λ4κ4κ1 −λ3λ4κ4κ2 λ4κ1
λ1λ2

0 λ4λ1κ2



=



f1

f2

f3

f4

f5


,

where fi, i = 1, 2, . . . , 5, are defined by the above equality. Supposing that κ3κ4κ5 6= 0, it is
easily seen that the above matrix equality can be reduced as follows

f1

f2

f3 − κ4
λ4λ25κ3

f1 + λ2λ3λ4κ5κ2
κ3

f2

f4 − κ5
λ5λ21κ4

f2 + λ3λ4λ5κ1κ3
κ4

f3

f5 − κ1
λ1λ22κ5

f3 + λ4λ5λ1κ2κ4
κ5

f4


=



f1

f2

0

0

0


. (5.3)
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Next we have, see page 9,

F +H Λ−1G

=



λ3λ4λ5κ5(λ2κ
′
1 + λ′2) λ4λ5κ5(λ3κ

′
2 + λ′3) λ5κ5(λ4κ

′
3 + λ′4)

λ3 . . . λ1κ1λ
′
2 − κ1κ′1 + ν1 λ4λ5λ1κ1(λ3κ

′
2 + λ′3) λ5λ1κ1(λ4κ

′
3 + λ′4)

κ2(λ2κ
′
1 − λ′2) + µ2 λ4 . . . λ2κ2λ

′
3 − κ2κ′2 + ν2 λ5λ1λ2κ2(λ4κ

′
3 + λ′4)

λ3κ3(λ2κ
′
1 + λ′2) κ3(λ3κ

′
2 − λ′3) + µ3 λ5 . . . λ3κ3λ

′
4 − κ3κ′3 + ν3

λ3λ4κ4(λ2κ
′
1 + λ′2) λ4κ4(λ3κ

′
2 + λ′3) κ4(λ4κ

′
3 − λ′4) + µ4

κ5(λ5κ
′
4 − λ′5) + µ5 λ2 . . . λ5κ5λ

′
1 − κ5κ′5 + ν5

λ1κ1(λ5κ
′
4 + λ′5) κ1(λ1κ

′
5 − λ′1) + µ1

λ1λ2κ2(λ5κ
′
4 + λ′5) λ2κ2(λ1κ

′
5 + λ′1)

λ1λ2λ3κ3(λ5κ
′
4 + λ′5) λ2λ3κ3(λ1κ

′
5 + λ′1)

λ1 . . . λ4κ4λ
′
5 − κ4κ′4 + ν4 λ2λ3λ4κ4(λ1κ

′
5 + λ′1)


=



h1

h2

h3

h4

h5


.

Here we have defined hi, i = 1, 2, . . . , 5, by the above equality. Because of the structure of
the matrix in (5.3), we restrict ourselves to consider only the three lower rows in that matrix
equation. Thus, we have reduced our interest to the matrix

h3 − κ4
λ4λ25κ3

h1 + λ2λ3λ4κ5κ2
κ3

h2

h4 − κ5
λ5λ21κ4

h2 + λ3λ4λ5κ1κ3
κ4

h3

h5 − κ1
λ1λ22κ5

h3 + λ4λ5λ1κ2κ4
κ5

h4

 =
(
q1 q2 q3 q4 q5

)
, (5.4)

where we at the same time have defined the column vectors qi, for i = 1, 2, . . . , 5.
Since our goal is to solve equation (2.12), we see from above that this equation is now

reduced to the next equation

(
q1 q2 q3 q4 q5

)


0 1

λ1 κ1

κ2λ1 − κ4
λ4λ5

−κ5
λ5

1
λ5

1 0


= 0. (5.5)

The column vectors qi, i = 1, 2, . . . , 5, are defined in equation (5.4). A direct calculation gives

q1 =


κ2(λ2κ

′
1 − λ′2) + µ2 − κ4

λ4λ25κ3
λ3λ4λ5κ5(λ2κ

′
1 + λ′2) + λ2λ3λ4κ5κ2

κ3
(−κ1

λ2
(λ′2 + λ2κ

′
1) + ν1)

λ3κ3(λ2κ
′
1 + λ′2)− κ5

λ5λ21κ4
(−κ1

λ2
(λ′2 + λ2κ

′
1) + ν1) + λ3λ4λ5κ1κ3

κ4
(κ2(λ2κ

′
1 − λ′2) + µ2)

λ3λ4κ4(λ2κ
′
1 + λ′2)− κ1

λ1λ22κ5
(κ2(λ2κ

′
1 − λ′2) + µ2) + λ4λ5λ1κ2κ4

κ5
λ3κ3(λ2κ

′
1 + λ′2)


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q2 =


−κ2
λ3

(λ′3 + λ3κ
′
2) + ν2 − κ4

λ4λ25κ3
λ4λ5κ5(λ3κ

′
2 + λ′3) + λ2λ3λ4κ2κ5

κ3
λ4λ5λ1κ1(λ3κ

′
2 + λ′3)

κ3(λ3κ
′
2 − λ′3) + µ3 − κ5

λ5λ21κ4
λ4λ5λ1κ1(λ3κ

′
2 + λ′3) + λ3λ4λ5κ1κ3

κ4
(−κ2

λ3
(λ′3 + λ3κ

′
2) + ν2)

λ4κ4(λ3κ
′
2 + λ′3)− κ1

λ1λ22κ5
(−κ2

λ3
(λ′3 + λ3κ

′
2) + ν2) + λ4λ5λ1κ2κ4

κ5
(κ3(λ3κ

′
2 − λ′3) + µ3)



q3 =


λ5λ1λ2κ2(λ4κ

′
3 + λ′4)− κ4

λ4λ25κ3
λ5κ5(λ4κ

′
3 + λ′4) + λ2λ3λ4κ5κ2

κ3
λ5λ1κ1(λ4κ

′
3 + λ′4)

−κ3
λ4

(λ′4 + λ4κ
′
3) + ν3 − κ5

λ5λ21κ4
λ5λ1κ1(λ4κ

′
3 + λ′4) + λ3λ4λ5κ1κ3

κ4
λ5λ1λ2κ2(λ4κ

′
3 + λ′4)

κ4(λ4κ
′
3 − λ′4) + µ4 − κ1

λ1λ22κ5
λ5λ1λ2κ2(λ4κ

′
3 + λ′4) + λ4λ5λ1κ2κ4

κ5
(−κ3

λ4
(λ′4 + λ4κ

′
3) + ν3)



q4 =


λ1λ2κ2(λ5κ

′
4 + λ′5)− κ4

λ4λ25κ3
(κ5(λ5κ

′
4 − λ′5) + µ5) + λ2λ3λ4κ5κ2

κ3
λ1κ1(λ5κ

′
4 + λ′5)

λ1λ2λ3κ3(λ5κ
′
4 + λ′5)− κ5

λ5λ21κ4
λ1κ1(λ5κ

′
4 + λ′5) + λ3λ4λ5κ1κ3

κ4
λ1λ2κ2(λ5κ

′
4 + λ′5)

−κ4
λ5

(λ′5 + λ5κ
′
4) + ν4 − κ1

λ1λ22κ5
λ1λ2κ2(λ5κ

′
4 + λ′5) + λ4λ5λ1κ2κ4

κ5
λ1λ2λ3κ3(λ5κ

′
4 + λ′5)



q5 =


λ2κ2(λ1κ

′
5 + λ′1)− κ4

λ4λ25κ3
(−κ5

λ1
(λ′1 + λ1κ

′
5) + ν5) + λ2λ3λ4κ5κ2

κ3
(κ1(λ1κ

′
5 − λ′1) + µ1)

λ2λ3κ3(λ1κ
′
5 + λ′1)− κ5

λ5λ21κ4
(κ1(λ1κ

′
5 − λ′1) + µ1) + λ3λ4λ5κ1κ3

κ4
λ2κ2(λ1κ

′
5 + λ′1)

λ2λ3λ4κ4(λ1κ
′
5 + λ′1)− κ1

λ1λ22κ5
λ2κ2(λ1κ

′
5 + λ′1) + λ4λ5λ1κ2κ4

κ5
λ2λ3κ3(λ1κ

′
5 + λ′1)

 .

We simplify equation (5.5) by multiplying it by two matrices as seen below. Since we are
assuming that κ3κ4κ5 6= 0, it follows that both those matrices are invertible and we have the
equivalent equation


1 0 λ1λ2λ3

0 1 λ1λ2λ3λ4

λ4λ5 0 1




κ3 0 0

0 κ4 0

0 0 κ5

( q1 q2 q3 q4 q5

)


0 1

λ1 κ1

λ1κ2 − κ4
λ4λ5

−κ5
λ5

1
λ5

1 0


= 0.
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Considering the previous equation as a system of equations, we have

−2λ1κ4κ5λ5
λ′3 − 2

κ4κ25
λ4λ35

λ′5 − 2λ2κ5λ5λ1
λ′1 − 2 λ1κ4

λ2λ4λ5
λ3κ

′
2 − 2λ1κ2κ4κ5λ4λ5

λ4κ
′
3 + 2 κ4κ5

λ4λ25λ1
λ1κ

′
5

+λ2λ3λ4κ5κ2µ1 − λ21κ2κ4µ3 + λ21λ2λ3κ5κ2µ4 + κ4κ5
λ4λ35

µ5 + λ1(κ3 − λ3κ1
λ2

)ν2

−λ21κ22κ4ν3 −
λ1λ2λ3κ25

λ5
ν4 − κ4

λ4λ25
ν5 = 0

2λ1λ
2
3κ4λ

′
2 − 2κ4κ5κ1λ5

λ′3 + 2κ4κ5
λ4λ35

λ′5 + 2λ2λ3λ4κ5λ2κ
′
1 − 2 κ1κ4

λ2λ4λ5
λ3κ

′
2 + 2

κ24κ5
λ24λ

2
5
λ4κ

′
3

+(κ3 − λ3κ1
λ2

)µ2 − λ1κ4κ1κ2µ3 − λ1λ2λ3κ4κ5
λ4λ5

µ4 − κ4
λ4λ35

µ5 + λ2λ3λ4κ5κ2ν1

+κ1(κ3 − λ3κ1
λ2

)ν2 +
λ1κ2κ24
λ4λ5

ν3 + λ1λ2λ3κ5
λ5

ν4 = 0

−2λ1λ4κ4κ5λ5
λ′3 + 2κ5κ1

λ5λ21
λ′1 − 2λ1λ3λ4κ4κ5κ1λ3κ

′
2 − 2λ1κ2κ4κ5λ5

λ4κ
′
3 − κ5

λ5λ21
µ1

−λ1κ24κ5
λ5

µ3 + λ21λ2λ3λ4κ5κ2µ4 +
λ3λ4κ5κ21

λ2
ν2 −

λ1κ24κ5κ2
λ5

ν3 −
λ1λ2λ3λ4κ25

λ5
ν4 = 0

2λ3κ4κ5κ1λ5λ1λ2
λ′2 − 2λ4κ4κ5κ1λ5

λ′3 + 2 κ5κ1
λ5λ21λ2

λ2κ
′
1 − 2λ3λ4κ4κ5κ

2
1λ3κ

′
2 + 2

κ24κ5
λ4λ25

λ4κ
′
3

+
λ3λ4κ5κ21
λ1λ2

µ2 −
κ24κ5κ1
λ5

µ3 − λ1λ2λ3κ4κ5
λ5

µ4 − κ5
λ5λ21

ν1 +
λ3λ4κ5κ31
λ1λ2

ν2 +
κ34κ5
λ4λ25

ν3

+λ1λ2λ3λ4κ5
λ5

ν4 = 0

2λ24λ5λ
2
1κ2λ

′
3 + 2λ5λ1κ2λ

′
4 − 2λ4λ1κ5κ2λ5

λ′5 − 2κ2κ3λ1λ3
λ′1 + 2κ1κ2

λ22λ3
λ3κ

′
2 + 2λ4λ5λ

2
1κ

2
2λ4κ

′
3

−2κ5λ5λ5κ
′
4 + 2λ4κ2λ1κ

′
5 + λ2λ3λ

2
4λ5κ5κ2µ1 + λ4λ5λ

2
1κ2κ4µ3 + λ1κ2κ5µ4

+κ4κ5
λ25

µ5 + λ1(λ4λ5κ3 − κ1
λ1λ22

)ν2 + λ4λ5λ
2
1κ

2
2κ4ν3 −

κ25
λ5
ν4 − κ4

λ5
ν5 = 0

2κ1κ2
λ1λ22

λ′2 + 2λ24λ5λ1κ1κ2λ
′
3 − 2κ4λ4λ

′
4 + 2λ4λ1κ2λ5

λ′5 − 2 κ2κ3
λ1λ2λ3

λ2κ
′
1 + 2

κ21κ2
λ1λ22λ3

λ3κ
′
2

−2λ1κ2κ4λ4κ
′
3 + 2 1

λ5
λ5κ

′
4 + (λ4λ5κ3 − κ1

λ1λ22
)µ2 + λ4λ5λ1κ1κ2κ4µ3 − κ4κ5

λ4λ5
µ4

−κ4
λ25
µ5 + λ2λ3λ

2
4λ5κ5κ2ν1 + κ1(λ4λ5κ3 − κ1

λ1λ22
)ν2 − λ1κ2κ24ν3 + κ5

λ5
ν4 = 0.

In order to reduce the equations in such a way that we can see a pattern, we multiply the
above equation system by still another invertible matrix. That matrix is

0 0 0
λ4λ25κ2
λ2λ3κ5

0 −λ4λ5κ4

−λ4λ35λ1
κ4

0
λ35λ1
κ4

0 0 0

0 0
λ5λ21λ2κ1

κ5
−λ5λ31λ2

κ5
0 0

−λ2κ2
λ1

κ22
λ1λ3κ4

λ2κ2
λ1λ4

λ2λ5κ22
κ4

−λ22λ3κ4κ5
λ4λ5λ1

λ2κ5κ2
λ4λ5λ1

0 0 0 − 1
λ3λ4κ5

0 0

−λ4λ5κ2
λ1κ4

0 λ5κ2
λ1κ4

0 κ5
λ4λ5λ21

0


.
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We get an equivalent equation system, which can be rewritten in the following way

2κ24λ5λ
′
4 − 2λ24κ2κ4λ1λ

′
5 − 2λ4κ4λ5κ

′
4 + 2λ34λ

2
5κ2λ2κ

′
1

−λ5κ4µ4 +
λ4κ24
λ5

µ5 + λ34λ
2
5µ2 + λ4λ5ν4 + λ34λ

2
5κ

2
2ν1 + λ34λ

2
5κ1ν2 = 0

2κ25λ1λ
′
5 − 2λ25κ3κ5λ2λ

′
1 − 2λ5κ5λ1κ

′
5 + 2λ35λ

2
1κ3λ3κ

′
2

−λ1κ5µ5 +
λ5κ25
λ1

µ1 + λ35λ
2
1µ3 + λ5λ1ν5 + λ35λ

2
1κ

2
3ν2 + λ35λ

2
1κ2ν3 = 0

2κ21λ2λ
′
1 − 2λ21κ4κ1λ3λ

′
2 − 2λ1κ1λ2κ

′
1 + 2λ31λ

2
2κ4λ4κ

′
3

−λ2κ1µ1 +
λ1κ21
λ2

µ2 + λ31λ
2
2µ4 + λ1λ2ν1 + λ31λ

2
2κ

2
4ν3 + λ31λ

2
2κ3ν4 = 0

2κ22λ3λ
′
2 − 2λ22κ5κ2λ4λ

′
3 − 2λ2κ2λ3κ

′
2 + 2λ32λ

2
3κ5λ5κ

′
4

−λ3κ2µ2 +
λ2κ22
λ3

µ3 + λ32λ
2
3µ5 + λ2λ3ν2 + λ32λ

2
3κ

2
5ν4 + λ32λ

2
3κ4ν5 = 0

2κ1κ4λ3λ
′
2 + 2κ1κ4λ3λ5

λ′3 + 2κ21κ4λ3κ
′
2 + 2

λ1λ2κ24
λ4λ5

λ4κ
′
3 + 2κ1λ1λ2κ

′
1

− κ21
λ1λ2

µ2 +
κ24κ1
λ3λ4λ5

µ3 + λ1λ2κ4
λ4λ5

µ4 −
κ31
λ1λ2

ν2 −
κ34

λ3λ24λ
2
5
ν3 − λ1λ2

λ5
ν4 − λ2

λ1
ν1 = 0

2κ2κ5λ4λ
′
3 + 2κ2κ5λ4λ1

λ′4 + 2κ22κ5λ4κ
′
3 + 2

λ2λ3κ25
λ5λ1

λ5κ
′
4 + 2κ2λ2λ3κ

′
2

− κ22
λ2λ3

µ3 +
κ25κ2
λ4λ5λ1

µ4 + λ2λ3κ5
λ5λ1

µ5 −
κ32
λ2λ3

ν3 −
κ35

λ4λ25λ
2
1
ν4 − λ2λ3

λ1
ν5 − λ3

λ2
ν2 = 0.

Before we formulate the main theorem in this subsection we consider what different cases
that are possible to receive. First let us consider the case κi = κi(0) 6= 0 for i = 1, 2, . . . , 5.
Second, without loss of generality, we assume that κ1 = κ1(0) = 0 and all the other κi:s are
non-zero. From Theorem (5.1) and its Corollaries it follows that

κ3 = 1
λ5λ2

κ4 = 1
λ1λ3

λ2κ5 + λ1κ2 = 1
λ4
.

(5.6)

The third and last case is where κ2 = κ2(0) = 0 besides the fact that κ1 = κ1(0) = 0. From
the relations (5.6) it now follows that

κ3 = 1
λ5λ2

κ4 = 1
λ1λ3

κ5 = 1
λ2λ4

.

Now we are in the position to formulate the main Theorem. Since the conditions are rotion
invariants, we start by changing indices in the previous equation system by i 7→ τ(i + 2) =
(i + 1)mod 5 + 1. With this setting all the different cases are included in next formulation.
We have

Theorem 5.5 Let S be a G1-continuous 5-patch surface, composed of the C2
#-patches r(i)

for i = 1, . . . , 5, which meet at the vertex point V . Necessary and sufficient conditions for
the surface S to be G2 are that there exist continuously differentiable functions λi, κi and
continuous functions µi, νi for i = 1, . . . , 5, fulfilling the relations (5.2), and the coefficients
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λi = λi(0), κi = κi(0), µi = µi(0), νi = νi(0), λ′i = λ′i(0) and κ′i = κ′i(0) for i = 1, . . . , 5, with
κi 6= 0 for i = 3, 4, 5, satisfying the equations

2κ22λ3λ
′
2 − 2λ22κ5κ2λ4λ

′
3 − 2λ2κ2λ3κ

′
2 + 2λ32λ

2
3κ5λ5κ

′
4

−λ3κ2µ2 +
λ2κ22
λ3

µ3 + λ32λ
2
3µ5 + λ2λ3ν2 + λ32λ

2
3κ

2
5ν4 + λ32λ

2
3κ4ν5 = 0

2κ23λ4λ
′
3 − 2λ23κ1κ3λ5λ

′
4 − 2λ3κ3λ4κ

′
3 + 2λ33λ

2
4κ1λ1κ

′
5

−λ4κ3µ3 +
λ3κ23
λ4

µ4 + λ33λ
2
4µ1 + λ3λ4ν3 + λ33λ

2
4κ

2
1ν5 + λ33λ

2
4κ5ν1 = 0

2κ24λ5λ
′
4 − 2λ24κ2κ4λ1λ

′
5 − 2λ4κ4λ5κ

′
4 + 2λ34λ

2
5κ2λ2κ

′
1

−λ5κ4µ4 +
λ4κ24
λ5

µ5 + λ34λ
2
5µ2 + λ4λ5ν4 + λ34λ

2
5κ

2
2ν1 + λ34λ

2
5κ1ν2 = 0

2κ25λ1λ
′
5 − 2λ25κ3κ5λ2λ

′
1 − 2λ5κ5λ1κ

′
5 + 2λ35λ

2
1κ3λ3κ

′
2

−λ1κ5µ5 +
λ5κ25
λ1

µ1 + λ35λ
2
1µ3 + λ5λ1ν5 + λ35λ

2
1κ

2
3ν2 + λ35λ

2
1κ2ν3 = 0

2κ4κ2λ1λ
′
5 + 2κ4κ2λ1λ3

λ′1 + 2κ24κ2λ1κ
′
5 + 2

λ4λ5κ22
λ2λ3

λ2κ
′
1 + 2κ4λ4λ5κ

′
4

− κ24
λ4λ5

µ5 +
κ22κ4
λ1λ2λ3

µ1 + λ4λ5κ2
λ2λ3

µ2 −
κ34
λ4λ5

ν5 −
κ32

λ1λ22λ
2
3
ν1 − λ4λ5

λ3
ν2 − λ5

λ4
ν4 = 0

2κ5κ3λ2λ
′
1 + 2κ5κ3λ2λ4

λ′2 + 2κ25κ3λ2κ
′
1 + 2

λ5λ1κ23
λ3λ4

λ3κ
′
2 + 2κ5λ5λ1κ

′
5

− κ25
λ5λ1

µ1 +
κ23κ5
λ2λ3λ4

µ2 + λ5λ1κ3
λ3λ4

µ3 −
κ35
λ5λ1

ν1 −
κ33

λ2λ23λ
2
4
ν2 − λ5λ1

λ4
ν3 − λ1

λ5
ν5 = 0.
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