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ON STREAMLINE DIFFUSION SCHEMES FOR THE ONE AND
ONE-HALF DIMENSIONAL RELATIVISTIC VLASOV-MAXWELL
SYSTEM

CHRISTOFFER STANDAR

ABSTRACT. We study streamline diffusion schemes applied for numerical so-
lution of the one and one-half dimensional relativistic Vlasov-Maxwell system
arising in modeling plasma of particles governed by electro-magnetic fields.
We derive stability estimates and prove optimal convergence rates, due to the
maximal available regularity of the exact solution.

1. INTRODUCTION

Our main concern will be approximation of the Vlasov-Maxwell system by a
semi-classical finite element approach of Petrov-Galerkin type, namely the stream-
line diffusion method. For the exact solution in the Sobolev space H**! (see Adams
[1] for the definitions), the classical finite element method for the Vlasov-Maxwell
system (hyperbolic equations) will have an optimal convergence rate only of or-
der O(h¥). Whereas, with the same regularity (H**!) the corresponding optimal
convergence rate for the elliptic and parabolic problems is O(h¥*1). Streamline
diffusion (SD) method is, roughly, a weak formulation where a multiple of the con-
vection term is added to the test function. This resembles to the add of artificial
diffusion to the continuous problem which enhance the regularity. Using the SD
strategy would improve the convergence rate of the hyperbolic problems by an order
of 1/2, i.e. O(h¥*+1/2). Then, by interpolation space techniques one can show that
for the hyperbolic problems, a convergence beyond this rate (for the exact solution
f € H**'; a convergence rate of O(h**+1/2)) is not achievable. The same result
is obtained for approximation with the streamline diffusion based discontinuous
Galerkin finite element method. Both approaches are investigated below.

The Vlasov-Maxwell (VM) system which describes the time evolution of colli-
sionless plasma is formulated as

Ouf +0-Vof +q(E+c v x B)-V,f =0,
O F =¢cVy, x B—j, V.- -E =p, (1.1)
OB =—-cV, x E, V.- -B=0.
Here f is the density, in phase space, of particles with charge ¢, mass m and velocity
b= (m?+ ¢ o)?) "% (v is momentum).

Further, c is the speed of light and the charge and current densities p and j are
given by

p(t,x) = 47r/qfdv and j(t,x) :47T/qfﬁdv. (1.2)

A proof for the existence and uniqueness of the solution to VM system can be
obtained using Schauder fixed point theorem: Insert an assumed and given g for f
n (1.2). Compute the corresponding p, and j, and insert the results in the Maxwell
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2 C. STANDAR

equations to get E; and By. Then insert, such obtained, E; and B, in the Vlasov
equation to get f, via an operator A, i.e. fy = Ag. A fixed point of A is the solution
of the Vlasov equation in the Vlasov-Maxwell system. For the discretized version
one should, instead, use the Brouwer fixed point theorem. Both these proofs are
rather technical and non-trivial.

The Vlasov-Maxwell system, as well as Vlasov-Poisson (VP), having similar
physical structures (physically VM is an extension of VP), are studied by sev-
eral authors in various settings. The analytic approaches relevant to this study
can be found in, e.g., Glassey and Schaeffer [8] (and the references therein) for the
one and one-half dimensional relativistic model. Other geometrics are considered
by Glass and Han-Kwan in [7], who studied the controllability of the relativistic
Vlasov-Maxwell system on a two dimensional torus. The discontinuous Galerkin
method is extensively studied by Cheng et al. in [4], deriving the same convergence
rates as in the present work, however, with much more involved and excessive cal-
culus and without involving the streamline diffusion strategy. Other numerical
approaches commonly used for kinetic type equations are the particle methodes
that are studied e.g., by Wollman for the Vlasov-Maxwell-Fokker-Planck system in
[11] (see also the references therein). In this paper, we study streamline diffusion
based finite element methods for the Vlasov-Maxwell system, prove existence and
uniqueness for both the continuous problem and its discretized version. We also
derive convergence rates and prove stability estimates. Assuming asymptotically
vanishing solutions and data, we shall consider initial boundary value problem with
compactly supported phase-space functions.

The VM system we are going to discretize is the relativistic Vlasov-Maxwell
model (RVM) in one and one-half dimensional geometry (z € R,v € R?):

Oif + 010, f + (By +2B)dy, f + (By — 01B)0y, f =0
9,Fy = [ fdv —n(z) = p(t, )

8tE1 = —fﬁlfd’l) = —jl(t,a:) (13)
0¢Ey + 0,B = — f’f)gfdv = —jg(t,l‘)
0:B + 0,E5 = 0.

The system (1.3) is assigned with the Cauchy data
£(0,2,v) = fO(z,v) >0, Es(0,2) = EY(x), B(0,z) = B%(z)
and

00 = [ ([ Pt -nw) dy = B

This is the only initial data that leads to a finite-energy solution (see [8]). In
(1.3) we have for simplicity set all constants equal to one. We assume that the
background density n(x) is smooth, has compact support and is neutralizing. This
yields

/OO p(0,z)dz = 0. (1.4)

— 00
To carry out discrete analysis, we need global existence of a classical solution.
We have the following Theorem from [8].

Theorem 1.1 (Glassey, Schaeffer). Assume that n is neutralizing,
(i) 0 < fO(x,v) € CF(R?), (ii) ES € C¥TY(R), B® € CFTI(R).
for k > 1. Then, there exists a global C* solution of RVM.
The theorem is an existence result. For & > 2 we can differentiate to get
0tEs 4+ 0,B=—j, wrtez= 0,0:Fs+ 8;3 = —0.J2
{ NB+0,Fy=0 wrtt= 03B+ 80,E;=0.
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Subtracting the resulting equations, one can show that B has solution of d’Alembert
type and satisfies the one dimensional wave equation. Similarly the same is valid
for F5. The closed form solution for F; is yet simpler. Hence (by uniqueness of the
solution for the wave equation) we have now both existence and uniqueness in the
one and one-half dimensional case, when k& > 2.

An outline of this paper is as follows. In Section 2 we introduce some notations.
In Sections 3 and 4 we study the streamline diffusion method for the Vlasov-Maxwell
equations. This is done by first looking at the Maxwell part and then using the
results for the Vlasov part. The fifth and sixth Sections are devoted to a streamline
diffusion based discontinuous Galerkin scheme for the Vlasov-Maxwell equations.

Throughout this note C' will denote a generic constant, not necessarily the same
at each occurrence, and independent of the parameters in the equations, unless
otherwise explicitly specified.

2. ASSUMPTIONS AND NOTATIONS

Let Q, C R and €, C R? denote the space and velocity domains, respectively.
We assume that f(t,z,v), Ea(t,x), B(t,z) and n(z) have compact supports in
Q, and that f(¢,2,v) has compact support in §2,. Since we have assumed that
J p(0,2)dz = 0, it follows that also E; has compact support in Q.

Now we will introduce a finite element structure on Q, x Q,. Let T} = {7}
and Ty = {7, } be finite elements subdivision of 2, with elements 7, and Q, with
elements 7,, respectively. Then T}, = T) x T = {1, X 7,} = {7} is a subdivision of
Qe x Q. Let 0=tp <t; <...<tpy—1 <ty =T be a partition of [0, 7] into sub-
intervals I, = (tm, tm+1], m = 0,..., M — 1. Further let C;, be the corresponding
subdivision of Q7 = [0,T] X Q, x Q, into elements K = I, x 7, with h = diam K as
the mesh parameter. Introduce C, as the finite element subdivision of [0, 7] x €.
Before we define our finite dimensional spaces we need to define

M-1 M-1
Ho= ] HiIm x Q0 x Q) and Ho= [] Hj(Im x D),
m=0 m=0

where
Hy ={we H';w =0 on 00}.

Here ) stands for either Q, or Q, x Q,. For k = 0,1,2,..., we define the finite
element spaces

Vi = {w S Ho;w|K € Pk(T) X P]C(Im)7 VK =71x1,, € Ch}
and
Vi = {g € [Hol*; 9il g € Pe(72) X Pe(In), VK = 75 x Iy, € Cp, i = 1,2,3},

where Py(-) is the set of polynomial with degree at most k on the given set. We
shall also use some notation, viz

(fvg)m = (f7g)Sma Hgllm = (97.9)'}7{2

and

<f>g>m = (f(tmv .- ')7g(tm7~' ))Qa |g|m = <g»g>71ﬂ{2a

where S, = I, X €, is the slab at m-th level, m =0,..., M — 1.
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3. THE MAXWELL EQUATIONS

We start looking at the Maxwell part, therefore in this section Q2 = €. Set

00 0 1 00
1 00 0 0 0
Mi=1 o 10| M=|g o1
0 0 1 01 0
and let W = (ElaE27B)Ta WO = (E?vEgaBO)T and b = (p7 _jla_j270)T' Thena

the Maxwell equations can be written as

MWy + MW, =0

W(0,z) = W9 (z).
The streamline diffusion method for the Maxwell part can now be formulated as:
Find W" € V}, such that for m =0,1,...,M —1,

(3.1)

(MW + M2 W, § + 6(Mige + M2ga))m + (WL, g4 ) =
= (b,ﬁ + 5(M1gt + MQQI))m + <Wﬁvg+>m7 Vg € th

where § = (91,91,92,93)7, g+ (t,x) = lim,_,o= g(t + s,2) and ¢ is a multiple of h.
Now we define the bilinear form

M-1 M-1
BW,g) = > (MyWy+MoWa, g+8(Mige+Mage))m+ Y (W], g4 )m+ (Wi, g4 )0
m=0 m=1

and the linear form

M-1
= 0,9+ 6(Migi + Mags))m + (WO, g4 )0,
—0

where [W] = W, — W_. Then, the streamline diffusion can be formulated as: Find
W e Vj, such that

BW",g) = L(g) Yg€ Vh. (3.2)
We also have that the solution of (3.1) satisfies

B(W,g) = L(g) Vg€ Vi

Subtracting (3.2) from this equation, we end up with the Galerkin orthogonality
relation

BW —W" g)=0 VYgeV,, (3.3)

which is of vital importance in the error analysis. Now we will define the norm

M-—1 M-—1
agll3s = = <g+o+lg B+ D lgllZ +20 ) ||Mlgt+M2gzm> :

m=1 m=0

Lemma 3.1. We have
B(g,9) = lllglll3; Vg € Ho.
Proof. By definition of B we have that

M—-1 M—-1
B(g,9) = Y (Mige + Maga, §)m + 0| Migr + Maga|7,) + > ([g) 94)m + 9+ 5.
m=0 m=1

Integrating by parts we get that

3" (Miged) + 3 (la) 94 +|g+|o—§<2| I+ lo- |M+|g+|o>

m=0 m=1 m=1
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and

M—1

Z (M2gz7g)m =0,

m=0
since g(t,z) = 0 on I x 9Q,. Then, the proof follows immediately through adding
all above terms. d

Lemma 3.2. For any positive constant C' we have that for g € Ho,
1
o1, < (lo-Buss + G 1M100-+ Mo, ) 1P,

Proof. For t,, <t < t,+1, we may write
5 9 41 d )
o, =lo-Fs = [ llals)l, ds =
t
9 tm41
=lg-lms1 — 2/ (Migs + Mags, §)a,ds <
t
9 1 9 tm+1 )
<lg-Poir + Mg+ Magal + [ R, <
t

1 tm41
Slg- B + g+ Mol 420 [ gl
t

Now Grénwall’s inequality gives us that

1
oI, < (lo-Buss + 513100+ Magal ) 7.
By integrating over [t,,,t,+1] we obtain the Lemma. O

Lemma 3.3. For any h > 0 the problem (3.2) has a solution and if h is small
enough the solution is unique.

The proof of this Lemma is similar to the corresponding proof in the Vlasov part
and is therefore omitted in here.

To proceed we define F' = F3 + B and G = F, — B. By adding and subtracting
the equations for Fy and B, we get the following equations for F' and G:

{ OF + 0, F = —ja(t, ), F(0,2) = E(z) + B%(z),
hG — 0,G = —ja(t, x), G(0,z) = EY(z) — B°(x)

Solving these equations and using the facts that Es = 2(F+G) and B = 1(F —G),
we get that

By(t,z) = % (ES(x —t) + ES(z +t) + Bz —t) — B°(z + 1)) —
—%/0 Je(myx+ 1 —t)+ jo(T,x + ¢t — T)dr
and
B(t,z) = % (ES(z —t) — E9(x+t)+ Bz —t) + B(z + 1)) —

1

t
_5/ Je(ryx+ 71 —1t) — jo(r,x +t — 7)dr.
0

Moreover, using the equations for E; we will get

Bit,) = [ (/#0080 = n) an
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Then by some simple inequalities we end up with

1811, <€ (101, +7 [ InGo)a) (3.4

x

and
|Eali3, < CT ( /Q |EQ(2) P + /Q 1B (2)Pda + If»zflléT> . (35)
In a similar way we get for ¢ = 1,2 that
[6B%, < OT ( [ pwpars [ B IIﬁzflléT> .36

Next we start the error analysis. First let W be an interpolant of W in the finite
dimensional discrete function space Vi Then we represent the error as the following
split

e=W—-Wh=W-W)—W'-W)=n-=¢.
Now we state and prove the convergence theorem.
Theorem 3.4. If W" is a solution to (3.2) and the exact solution W for (3.1)
satisfies

[Wlk+1 <C,

then there exists a constant C such that

W = Wl[ar < CHFT2.
Proof. We have by Lemma 3.1 and (3.3) that
I3, = B, €) = B(n, &) =

1

M—1 M-
= > (Myng + Mo, &+ 6(Mi&e + Ma&s))m + + (14, &+ )0-
m=0 m:l
Partial integration gives the identities

(M1, = (01 € = / el dz — (0, &)m =

x € bt — (1€ ) — (1,00
and R
(M27717£)m = (nr7§)7n = *(ﬂ,ﬁm)m,

since n and ¢ have compact supports in €2,. Inserting these equations into the
expression for B(n, ) we end up with an estimate of the form

M-—1
B(n,&) < [(n—,& ) — Y (n-

m=1
M-—1
+ > (0 Ma&s + Ma&y)m + S(Muigy + Mony, Mi&y + Moy ) ml-
m=0

Further, using some standard inequalities it follows that
M—-1
llBe < = 11€l1, + Y @l + 5 ||77||2 + 40[| My, + Mons|[7,).

m=0
Hiding the £-term on the right hand side in the &-term on the left hand side, implies
the following inequality
M—1 3
1€l < = > @[ + S l1ml7 + 400 Mane + Mo |7,)-

m=0

o¢)
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Thus, we have estimated |||¢]||%; by terms only depending on 7. This implies that

elll3; < lnlll2, + el <

M-1 M-1
1
<C (Iml% + Y (n-los + Ellnllfn + bl + hllna ) + D [n]li) ;
m=0 m=1

where we have used that § is a multiple of h. By standard interpolation theory we
have that the interpolation error satisfies (see e.g. [5])

m=0

M-1 M1 1/2
[hlmlg + Y By + 0l + B2 melZ + P2 lnal12) + hl[??]ﬁn] <
m=1
< CRE W s
Then, it now follows that
llelllar < CR**2 W]l
and the proof is complete. O

We have the following Corollary of the Theorem, which will be useful for the
error analysis for the Vlasov equation.

Corollary 3.5. Assume that ES, B® € C2 and that f° € C}. Assume also that the
hypothesis in the previous Theorem hold true, then

/ B () — B, (0,2)]2 + |BO(x) — B (0, 2)2dx < Ch2M

Proof. We will prove the Corollary for the B-term. A similar proof works for the
FEs-term. We start by noticing that |e, |2 is included in |||e[||3;. Theorem 1.1 states
that if £, B® € C2 and f° € C}, then there exists a global solution to (1.3)
such that f, Fy, Fo and B are differentiable. Especially B is continuous, meaning
B4(0,x) = B_(0,z) = B°(x). This will together with the previous Theorem imply
that

|B%(«) = BY(0,2)[*dz = | By — BYL[§ < |lle][[3, < Ch***.

Q.
d
4. THE VLASOV-MAXWELL EQUATIONS
Let us now return to the Vlasov equation given by
Orf + 010, f + (E1 + 02B)0y, f + (B2 — 01B)0y, f =0 (4.1)
f0,2,v) = fO(z,v) >0 ’

Introduce the notation
G(f) = (01, B+ 02B,Ey — 01 B)
and
vf = (6acf7 6v1f7 avzf)'
We can write the Vlasov equation as
atf+G(f)-Vf=0.

In this section Q = Q, x Q,. The streamline diffusion method for the Vlasov part
can now be formulated as: Find f" € Vj, such that for m =0,1,...,M — 1,

(f+GUM) -V g+6(9e + G - Va)m + (F900m = (f" 91)m Vg € Vi,
where
G(f") = (01, E} + 9,B", El — 6, B").
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Define the bilinear form

M-1 M-1
B(Gif.g)= > (fi+G-VFg+(g+G(")V9)m+ > f) g4 )m + (f+:9:)0
m=0 m=1

and the linear form
E(g) = <f0ag+>0-
Streamline diffusion can now be formulated as: Find f* € V}, such that
B(G(f*): f",9) = L(g) Vg € Vi (4.2)
Here we need to define a new norm, viz

M-1 M-—1
1
gl = 5 (lg+15 + lg- 137 + D gl +26 > llge+ G(") - Val)-

m=1 m=0

Lemma 4.1. We have that
B(G(f");9,9) = lllglll} Vg € Ho.

The proof of this is similar to the proof of Lemma 3.1 and will therefore be
omitted.

Lemma 4.2. For any constant C we have for g € Hy,
1
o1, < (1o + o+ 6™ - Tl ) 1e

This proof will also be omitted since it is similar to the proof of Lemma 3.2.

Lemma 4.3. For any h > 0 there exists a solution for the problem (4.2). If h is
small enough and we assume that

IG(N)lloo +VFlleo < C
for some constant C, then the solution is unique.

Proof. We will start by proving the existence part of the Lemma by following the
proof of Lemma 2.4 in [10]. Let V™ = {v|,,;v € V4 } and define P™ : V™ — V'™
by

[P0, 0] = (vi+G(f")-Vv,0+5(0:+G(f") V) A0, 0 ) m—(v_, 0 ) VO € V™.

Notice that P™v = 0 if and only if v = f" satisfies (4.2). We also need to define
the new scalar product

['Uve] = (Ua O)m + <'U—’ 9—>m+1 + <U+a 9+>m

and the corresponding norm |v|? = [v,v]. With respect to this norm P™ is contin-

uous. We have that
m 1 1
[P0, 0] = o P + g or B+ 8o+ GO - Vol = o).
Using Lemma 4.2 and the Cauchy-Schwarz inequality it follows that
m 1 1
[P, v] > Z‘v—|12n+l + §|’U+Ifn +CM)[vll7 = [v=lmlv+]m > C(R) 0] = o-|m|v]-

For a large enough r, we have that [P™v,v] > 0 when |v| = r. Using a Brouwer’s
fixed point theorem argument implies that there exists v = f™ € V™ with |v| <r
such that P™v = 0 (see [6] for more details). An induction argument completes
the proof of the existence.
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To prove uniqueness, suppose that f; and fo are two solutions of (4.2). For any
m, write f = fi — fo and assume that f(¢,,,-)— = 0. Subtracting the equations for
f1 and fy we get

Ocfs FmH F 15488 f1,0: f+G ()N [m+(G(f1)-V fr, fH6(0: f+G(f1)-V ))m—

= 0(0tf2, 0 f + G(f2) V)m — (G(f2) - Vo, f + (0 f + G(f2) - V))m = 0.

After some simplifications by adding and subtracting some auxiliary terms we end
up with the following equation

S Puia 515 B+ 8100 + GUR) - VI + (GUF) - IF. ot
+((G(fr) = G(f2)) Vo, f+6(0uf + G(f2)  V))m+
FO0f2 + GUR) - T 0uf + (GL) — C(2) - V) =

Moving the last three terms of the equation to the right hand side and taking
absolute values yields

ST P + 5142+ 6107 + GUR) - VI <
SNGU D oo IV flloo- 1 4G (f1) =G (f2) oo IV flloo (1 f lm 4011 0¢ f+G (f2)-V £ llm) +
+ 60 falloo + IG(f1)lloo - IV f2lloo) (1O fllm + IG(f1) = G(f2)lloo - IV flm)-
By the assumption

and inverse inequalities, we get the inequality

1 1
§|f*|72n+1 + §|f+|3n +0|0f + G(fr) -V < ClfI
for some constant C'. This inequality together with Lemma 4.2 implies that

A= fllm < Cll fllon-

If h is small enough, this inequality implies that ||f||,, = 0. Hence fi = f> and the
uniqueness follows. O

Let us now start with the error analysis. First we let f be an interpolant of f.
Then we set

e=f-f'=(-H-"-H=n-¢
We have the following convergence theorem.

Theorem 4.4. Let f be a solution to (4.2) and assume that the exact solution f
of (4.1) is in the Sobolev class H**(I x Q) and satisfies the bound

IV flloo +IG(f)llse + [Vl < C.
Also assume that h is sufficiently small, then there exists a constant C such that
I1f = Il < ChMF2,
Proof. By (4.2) and Lemma 4.1 we get that
€T = BG(f");€,€) = L(&) = BG(f"); £,6) = T + T,
where

and

Ty = B(G(f); f.€) — B(G(f"); 1,€).
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We will estimate these two terms separately. Starting with 77, estimations are
done similar to the proof of Theorem 3.4. After partial integration and using some
standard inequalities it follows that

M
4 1
T3] < Sl +48llme + G(f") - Vnllg, +4 Dol + SlIell-

m=1
To estimate T we use the definition of B and write

M-—1

Ty =Y (G(f) = G(") - VIE+ &+ G(f") - VE))m.-

m=1

From some standard inequalities it follows that

L _ hy2. . 2 ﬁ 2
1| < 55 1G(F) = GG - IVl + 5 lllor+

0
+20[G(f) = GUMNENVFI% + gll& + G - VeElG,. (43)
To proceed we need to estimate [|G(f) — G(f")[3, - By the definition of G(f) and
G(f") we have that
G(f) = G(f") = (0, By = By + 02(B = B"), By — By — 01(B = B")).

Therefore

IG(f) =GN, < 201Br = EYlG, + 102(B = BB+

+ B2 — B33, + 101(B — B")II,.)-

Using (3.4) - (3.6) we thus obtain

IG(f) = G(F")Ey, < Cllellgy,. + OT |[ozelly, +

+ CT/ In(z) —a(2)]® + |E3(z) — By . (0,2)]* + |B(z) — B} (0,2)*de,
where n(x) is an interpolant of n(z) on the space
{w e Hy(Q);wlr, € Py(rs), V1, € Ti ).
We can now use Corollary 3.5 and get

IG(f) = GG, < Ol +/ In(z) — A(z)Pdz + K. (4.4)

x

This inequality together with (4.3) and the assumption |V f||o < C, leads to the
following inequality

- C 0
T2| < C(T)(llelldy, +/ In(z) - f(x)]*dz + h**) + %II&II%T + SlIIEllf

x

Let us now estimate

e+ G(F*) - Villor < Inellar + IG(NHscIVillor + IVallslG(F") = G(f)ll@r-
Using the assumption ||G(f)|loc + [|VN]loo < C and (4.4), we get that
lne + G(F*) - Villgr < lInelar + ClIVallar+

+C(T)(||e||éT+/ In(z) — B(2)*de + h**). (4.5)

T
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Combining the inequalities for T} and T, together with (4.4) and (4.5), we have

M
4 1
€l < Slnlley +40lmller + CollValar +4 > -l + 1N+

m=1

HCI) el + [ ) = 5P+ W) + ool

Hiding all &-terms in the norm on the left hand side, will give us the following
inequality

M
C
HENR < Il + Clinlig, + Colnlaer + CollValar +C D In-ln+

m=1

+C(T)(llell?), +/ In(z) — a(z)[>de + K.

x

We can now estimate |||e|||v in the following way

C
elll5- < 20l + 201l < 5 Inllé, + Clule, + Collmller + CollVallor+

M M-—1
+CY |777\3n+C(T)(||€||€gT+/Q n(z) — () *de+h ) g5+ D [l
m=1 x m=1

By some standard interpolation inequalities and using Lemma 4.2 with an adequate
choice of C, we get that
1 M
elll5- < Sllellly, + hC(T) Y le—fo + C(T) (AP 4 p2432),
m=1
Here we need also to assume that h is sufficiently small. Otherwise, we do not get
2{/le]l[# on the right hand side. To sum up it follows directly that

M
lelll < hC(T) Y le-[, + C(T) (R 4+ n?2), (4.6)
m=1
We shall now use the following discrete Gronwall estimate. If

n
Un <C+ Y gk,
k=1

then
Yn < CeZZ;f gk
From the definition of |||e|||v it follows that

M
le_|3; < C1A%FFL 4+ Oyl Z le_|%,,
m=1
with C; = C(T)(1 4+ h) and Cy = C(T'). The discrete Gronwall estimate implies
that
|6, |?\4 < Clh2k+1662h(M_1).

Using this inequality on the right hand side of (4.6), give us that

M—1

le_ 3, < C1AZFHL(1 4 heC2MM=1)) L Oyh Z le_|?,.
m=1

Once again applying the discrete Gronwall estimate leads to

|€,|?\/171 < Clh2k+1<1 + heCQh(j\/[—l)>eC‘2h(M—2).
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Continuing in this way yields the following estimate
lelll} < Ch* + O(n*+2),
which is the desired result. (]

5. SD-BASED DG FOR THE MAXWELL EQUATIONS

We are now going to prove the same error estimates for the streamline diffusion
based discontinuous Galerkin method. We start with the Maxwell equations. Define

OK = {(t,x) € OK;ny(t, x) + nay(t,z) < 0}
for K € éh and where (n¢, n;) denotes the outward unit normal to K. Introduce
Wi = {g € [L2(Q7)]% il g € Pe(K),VK € Cp,i = 1,2,3}.

The discontinuous Galerkin finite element method for (3.1) can now be formulated
as follows: find W" € W), such that

(MW} + MW, g+ 5(0gi + Maga)ar + Y [ (W'lgrdo =
Rey 0K _
= (b,§+ 6(Migi + Mags))or Y9 € Wi (5.1)

We introduce the bilinear form

B(W,g) = (MiWy+ MWy, G+6(Migi+Magz)) g, + E / (Wlgydo+ (Wi, g4 )0
—~ Jok'
= "

and the linear form
L(g) = (b,§+ (Mg + Ma2g))gr + (Wo, g+ )0,

where K’ = 0K_\{0} x Q,. We can now reformulate (5.1) in a more compact
form: find W" € W, such that

B(W", g)=L(g) Vg€ Wy

Define the norm

1
Mgl = o +los 3+ 32 [ lol*do -+ 261000+ Moge ).
I"{ —

Lemma 5.1. We have
B(g,9) =llglll3 Vg € Wh

Proof. The proof of this Lemma is very similar to the proof of Lemma 3.1. Here
we use the equality

(Mige + Mage, ) + o5 2+ 3 /8 ' [glgado =
~ K’
 Jor:

1 2 2 / 2
= (9= +19+10 + gl“do),
2(I 2 + 19+1o EK 8f(/_[] )

which follows from partial integration. O

Lemma 5.2. For any constant C > 0 we have for g € Wh

M
1
lollor < | G100+ Maglly, + 3 la-B+ 3 [ lado | ne
m=1 K —

where K" = {(t,z) € 31}1;%(@%) = 0}.
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Proof. This proof is similar to the proof of Lemma 3.2. In this proof we have to
prove an estimate for every K € Cj, (local estimates) and then adding them together
to get the desired inequality. O

We have the following theorem for the error estimate.

Theorem 5.3. If W" is a solution to (5.1) and the exact solution W of (3.1)
satisfies
Wikt < C,

then there exists a constant C such that
[IW = W"l[ar < Ch¥+2.
Proof. We have as in the proof of Theorem 3.4,
€113, = B0, &),

where £ and 7 are the same as in Section 3. Integration by parts leads to appearance

of a term of the form
=3 [ ldndo
i OK"

We can estimate this term with
1
Tl <4y [ o 53 [ (ke
= JOK! = Jok”

By standard interpolation theory the first sum can be estimated by Ch**+[|[W |2, |
while the second sum can be hidden in |||£|[|3;. This together with the proof of
Theorem 3.4 completes the proof. O

6. SD-BASED DG FOR THE VLASOV-MAXWELL EQUATIONS

Before formulating the discontinuous Galerkin method for the Vlasov equation,
we need to introduce some notations. For each K € C;, define

OK_ ={(t,z,v) € OK;n(t,x,v) + n(t,z,v) - G(fh) < 0},

where (ng,n) = (ng,ng, n,) denotes the outward unit normal to 0K. Let us also
introduce for k£ > 0,

Wy, = {g c LQ(QT);g|K < Pk(K),VK c Ch}

We can now formulate the discontinuous Galerkin method as: find f* € W, such
that

(fI +G™) -V " g+ 6(g + G(f") - Va))or+
S [ Mgl G o = 0.6 €W (61)

KeCy,

Here g+ = limgs 0+ g(t + s, (x,v) + G(f")s). We introduce the bilinear form
B(G; f,9) = (fi + G-V f,9+6(g: + G(f") - Vg))ar+
S [ flaslne+ne o+ (g0
< Jor’

and the linear form

L(g) = <f0>g+>07
where 0K’ = 0K_\{0} x Q. Now we can write (6.1) as: find f* € W), such that

B(G(f"); f*, 9) = L(g) Vg € Wh.
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Lemma 6.1. We have
B(G(f");9,9) = lglll} Vg € W,

where

gllly = *(Ig \M+|g+|o+2/ e +n-G(f")|do +2h]g:+ G (") Valg,)-

Lemma 6.2. For any constant C > 0 we have

gl < < lge + G(f") - Vald, + Z lg—I +

m=1

+Z/

12|n - th)|da> Ch g e Wy,

K//

where

OK! = {(t,x,v) € OK";ny(t,x,v) = 0}.

The two lemmas are proven similar to Lemma 5.1 and Lemma 5.2, respectively.
We end this section with the following theorem corresponding to Theorem 4.4.

Theorem 6.3. Let f and f" be as in Theorem 4.4 and || f|lk+1.00 < C, then we
have the following error estimate for the problem (6.1),

1
I = f*lllv < ont*z,
where || - ||k41.00 denotes the WEF(Qz)-norm.

Proof. As in the proof of Theorem 5.3, we only get one extra term of the form

Z/ niln- G(f)ldo

to estimate. Following the proof of Theorem 4.1 in [2] together with the proof of
Theorem 4.4, the theorem follows. O

7. CONCLUSION

In summary, we have performed numerical studies of a relativistic Vlasov-Maxwell
system of equations formulated for an one and one-half dimensional model (i.e. one
space variable and two velocity variables). As for the existence and uniqueness of
the analytic solution for the continuous problem, both the electric and magnetic
fields have unique representations given by the initial data. Notice that this ap-
proach will not work in higher dimensions, therefore extensions to higher dimensions
require a different type of investigation.

As for the numerical approach, we have applied the streamline diffusion finite el-
ement strategy and discretized the Vlasov-Maxwell system accordingly. We derived
for the Maxwell equations and the Vlasov equation, optimal convergence rates for
a priori error estimates using streamline diffusion as well as discontinuous Galerkin
finite element methods. In a forthcoming paper we shall study a posteriori error
estimates for the current problem. This will generalize the work by Johnson and
Hansbo [9] and Asadzadeh et al. [3]. A natural extension thereafter is to study
both a priori and a posteriori error estimates for higher dimensional cases.
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