CHALMERS )) UNIVERSITY OF GOTHENBURG

PREPRINT 2014:8

Convergence of Finite Volume
Scheme for Three Dimensional
Poisson’s Equation

MOHAMMAD ASADZADEH
KRZYSZTOF BARTOSZEK

Department of Mathematical Sciences
Division of Mathematics

CHALMERS UNIVERSITY OF TECHNOLOGY
UNIVERSITY OF GOTHENBURG
Gothenburg Sweden 2014






Preprint 2014:8

Convergence of Finite Volume Scheme for Three
Dimensional Poisson’s Equation

Mohammad Asadzadeh and Krzysztof Bartoszek

Department of Mathematical Sciences
Division of Mathematics

Chalmers University of Technology and University of Gothenburg
SE-412 96 Gothenburg, Sweden
Gothenburg, March 2014



Preprint 2014:8
ISSN 1652-9715

Matematiska vetenskaper
Goteborg 2014



CONVERGENCE OF FINITE VOLUME SCHEME FOR THREE
DIMENSIONAL POISSON’S EQUATION

MOHAMMAD ASADZADEH' AND KRZYSZTOF BARTOSZEK 2

ABSTRACT. We construct and analyze a finite volume scheme for numerically solving a
three-dimensional Poisson equation. This is an extension of a two-dimensional approach
by Siili [26]. We derive optimal convergence rates in the discrete H' norm and sub-optimal
in the maximum norm, using the maximal available regularity of the exact solution and
with minimal smoothness requirement on the source term. We also find a gap in the proof
of a key estimate in a reference in [26] and present a modified and completed proof. Fi-
nally, the theoretical results derived in the paper are justified through implementing some
canonical examples in 3D.

Keywords: Finite volume method, Poisson’s equation, stability estimates, convergence rates.

1. INTRODUCTION

Our motivation for the numerical study of the classical Poisson equation stems from
its appearance in coupled system of PDEs involving the Vlasov type equations of plasma
physics with a wide range of application areas, especially in modelling plasma of Coulomb
particles. The common approach has been to consider a continuous Poisson solver and fo-
cus the approximation strategy on the study of the associated hyperbolic equations of the
system of, e.g. Vlasov-Poisson-Fokker-Planck (VPFP) or Vlasov-Maxwell-Fokker-Planck
(VMFP) equations. However, in a discrete scheme including the continuous Poisson so-
lution, which is in an infinite dimensional space, requires an unrealistically fine degree
of resolution for the mesh size and hence an excessive amount of computational cost.
Even with availability of a computational environment, a miss-match will appear due to
the lack of compatibility between the resolution degree for the continuous Poisson solver
and a flexible numerical scheme for the discretized equations in the system. The present
study concerns numerical approximations of the Poisson equation that can both complete
the previous semi-analytic/semi-discrete schemes, for the Vlasov-type systems, and mean-
while are accurate enough to be comparable with the fully discrete numerical schemes for
the hyperbolic system of PDEs. To this approach, we construct and analyze a finite volume
scheme, prove stability estimates, and also derive optimal convergence rates in the discrete
H' (corresponding to an order of ¢(h?) for the exact solution in the Sobolev space Hg ()
as well as suboptimal convergence rates in the maximum norm (the maximum norm esti-
mates are optimal in 2D) for the Dirichlet problem for the following three dimensional
Poisson equation

{—Vzu = f inQ (1.1)

u = 0 ondQ,
where Q = (0,1) x (0,1) x (0,1).
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Problem (1.1) is a simplified form of the general Poisson equation formulated as

—V(AVu) = f inQ
{ u = 0 ondQ, (1.2)
where A is a conductivity matrix and Q is a bounded convex domain in R>. To simplify
the calculus we have assumed that A = I (the identity matrix) and considered the cubic
domain Q = (0, 1)3. Considering Problem (1.2) with a variable coefficient matrix A will
be much more involved and shift the focus away from the study of the Poisson operator.
On the other hand, e.g. for a unifying finite element approach for VPFP, transferring the
Poisson equation to a hyperbolic system yields the simple but less advantageous problem,

(see. e.g. [3]),

v = —Vu
{ divy = f. (1.3

Therefore, considering the finite volume method (FVM) for the Dirichlet problem (1.1) we
can also circumvent these inconvenient issues.

The convergence results for Problem (1.1) here, being for a cell-centered finite volume
scheme in a quasi-uniform mesh, may be compared with that of a finite element scheme
with no quadrature procedure. A finite element scheme combined with a quadrature would
cause a reduce in the convergence rate by an order of ~ & (hl/ 2). In this aspect and com-
pared to standard finite elements, the usual finite volume method (as the finite difference)
is quasi-optimal.

The main advantage of the finite volume method is its local conservativity property of
the numerical flux. This property makes the finite volume method an attractive tool in mod-
elling problems emphasizing the flux, like most hyperbolic PDEs, e.g. fluid problems and
conservation laws, see [14] for further details. In higher dimensions, a draw-back is that the
calculus, being seemingly involved, cannot be represented by simple, short-hand notation.
The finite volume method has been studied for both the Poisson equation, fluid problems
and other PDEs by several authors in various settings: e.g. the discontinuous finite volume
method for second-order elliptic problems in two-dimensions is considered in [7], where
the closeness of the FVM to the interior penalty method is demonstrated and optimal error
estimates are derived in L;- and L..-norms. A three dimensional discrete duality finite vol-
ume scheme for nonlinear elliptic equations is considered in [12], where well-posedness
and a priori Lj-error bounds are discussed. These are convergence analysis, with no par-
ticular consideration of their optimality. A more computation oriented, second-order finite
volume scheme in three dimensions is considered in [28]. This paper deals with computing
eigenvalues of a Schrodinger type operator in 3D. As another computational exposition we
mention [24] where the authors construct a shape interface FVM for elliptic equations on
Cartesian grids in three dimensions with second order accuracy in L;- and L.-norms. This
paper concerns variable coefficients as well with a particular piecewise trilinear ansatz. As
for the fluid problems, e.g. in [2] a 3D finite volume scheme is presented for the ideal mag-
netohydrodynamics. Theoretical analysis for the upwind FVM on the counter-example of
Peterson, for a two-dimensional, time dependent advection problem, can be found in [9].
For a detailed study of the finite volume method for compressible flow see [22].

However, the most relevant to our study are the works by Siili et. al., e.g. [26], for a two-
dimensional version of our work, and [27] and [23], considering the accuracy of cell-vertex
FVM for time-dependent advection- and convection-diffusion problems, respectively. Fi-
nally, a thorough theoretical study for the numerical solutions of general, linear, nonlinear
and quasilinear elliptic problems are given by Béhmer in [8], where most numerical meth-
ods are rigorously featured.

Below, for the sake of completeness, we recall some classical results concerning regu-
larities connecting the solution and the data for Problem (1.1) in different geometries. First



CONVERGENCE OF FINITE VOLUME SCHEME FOR POISSON’S EQUATION 3

we state these results for R” and then for an open set Q C R" with smooth boundary. For
details we refer the reader to, e.g. Folland [15].

Proposition 1.1. Suppose f € Li(R"), and also that |- |f(x)[log|x|dx < e in case

n=2. Let N be the fundamental solution of the —V?* operator: —V*N = 8. Thenu= f «N
is locally integrable and is a distribution solution of —V?u = f.

Proposition 1.2. If f satisfies the conditions of proposition 1.1 and in addition f is €*(Q)
for some o € (0,1) on some open set Q, then u= f N is €*"% on Q.

Corollary 1.1. If f € €5%(Q) for some integer k and a € (0,1) then u € €*+*+%(Q).
To express in, L-based, Sobolev spaces (see Adams[1] for details) we have
Proposition 1.3. If f € H*(Q) then u € H}(Q) NH*"(Q).

In propositions 1.1-1.3, Q is assumed to have a smooth boundary. For a general bounded
convex domain Q, by Dirichlet principle, given f € H~!(Q), there exists a unique solution,
ue H& (Q), satisfying (1.1), and the mapping f —— u is a Hilbert space isomorphism from
H~'(Q) onto H}(Q). This is crucial in our study where, in order to derive optimal con-
vergence with minimum smoothness requirement on the exact solution, we shall assume
the data f belong to H~!, the dual of H} (Q). Then for f € H° (Q), we have u € H°2(Q)
where —1 < ¢ < 1. For justification of preserving regularity we refer the reader to ap-
proaches based on Green’s function, see, e.g. [16] and [21].

The purpose of this study is to generalize the two dimensional results in [26] for the
rectangular domain Q = (0,1) x (0, 1) to the cube Q = (0,1) x (0,1) x (0,1). The study of
the finite volume scheme in three dimensions is somewhat different from a straightforward
generalization of the two dimensional case and there are adjustments that need to be made
for the dimension. We also provide a corrected (cf. [13]) proof of Theorem 4.2 (in [26])
utilized for the convergence of the finite volume method.

For Problem (1.1), existence uniqueness and regularity studies are extensions of two-

dimensional results in [17]: f € H~!(Q) implies that: there exists a unique solution
u€ HY(Q), and for f € H(Q), with —1 <5< 1, s % £1/2, u € H**3(Q). The finite
volume scheme can be described as: exploiting divergence from the differential equation
(1.1) integrating over disjoint ”volumes” and using Gauss’ divergence theorem to convert
volume-integrals to surface-integrals, and then discretizing to obtain the approximate so-
lution uy,, with h denoting the mesh size. Here, the finite volume method is defined on the
Cartesian product of non-uniform meshes as a Petrov-Galerkin method using piecewise
trilinear trial functions on a finite element mesh and piecewise constant test functions on
the dual box mesh. The main result of this paper: Theorem 1.1, together with the optimal
finite element estimate in Theorem 1.2, justifies the sharpness of our estimate in L,. The
L.. estimate in three dimensions is suboptimal.

Theorem 1.1. The finite volume error estimates for general non-uniform and quasi-uniform
meshes in Q@ C RY, d = 2,3, are given by

lu—upl|1p <CRulgsrr,  |u—upllo <CRH'=2 Togh|ju|gsrr, 1/2<s<2. (1.4)
whereas the corresponding finite element estimates can be read as:

Theorem 1.2. (¢f[19])
a) For the finite element solution of the Poisson problem (1.1), in two dimensions, with a
quasiuniform triangulation we have the error estimate:

[l — up|1,00 < Ch"|logh| X ||ut]| y+1 005 r<2
b)Ve € (0,1) small, 3 C¢ such that ||u—up||1 .. > Ceh"¢|logh].

Note that, in the two dimensional case, s = 2 in Theorem 1.1 corresponds to » = 1 in
Theorem 1.2, whereas the optimal L., estimate in 2D is not generalized to the 3D case.
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2. THE FINITE VOLUME METHOD IN 3D

A version of the three—dimensional scheme construction has also been discussed in
[6]. On our spatial domain Q we construct an arbitrary (not necessarily uniform) mesh
Qh = Qi’ X Q;’ X Qﬁ' as a Cartesian product of three one—dimensional meshes,

Q= {x,i=0,...,M: x0=0, x;—xi-1 =k, xpy, = 1}
g_Z;l = {yia i:07"'7My: X0 =0, yifyifl:hga yM):l}
Q= {z,i=0,....M;: x0=0, zi—zi-1 =K, 2. = 1}.

We further define Q? := Q2N (0,1], Q" := Q"N (0,1], @ := QN (0,1], 9Q% := {0,1} x
Q x (_22’, Q= Q1 x {0,1} x QF, 9Q! := Q! x Q! x {0,1}, Q" := QN Q" and 9Q" :=
QN QM. With each mesh point (x;,y;,2;) € Q" we associate the finite volume element

@k = (Xi—1/2,%i41/2) X V1725V j1/2) X (Zk—1/2,%41/2)5

where

— Iy — i
Xi—1)2 = Xi— g, Xiy1j2 = X+,

) h}:+]

Py J Py J
Yi—12 = Yi— 3, Yirtp = Yyt -5-,

hZ /’LZ

P— k — k+1
Zk—1/2 = Uk~ 73 k12 T kT 5

and denote the dimensions of the volume element ;i by,

Y y
.t/ IS hj+hin 5t Mt Hi
P 2 2 Tk 2
see Fig. 1.

z
hk+1

hy b
FIGURE 1. Part of mesh showing the grid and finite volume ; j (inside
box) in three dimensions.

The characteristic function of the box @;j, i.e. x;jx belongs to H T(R3) forall 7<1/2.
This can be easily checked by the fact that the Fourier transform of the characteristic func-
tion of the unit interval g 1) is the sinc function sin & /. Thus using the Fourier transform
we may determine the Sobolev class of x;jx. To this end, for each s € R* we recall the

operator A® defined as (ASE)"(x) = (1+|€[?)*/24(&) and the Soblolev norm of order s,
1276113 = 11A° 2317 gy

A R O G I I

We split the above integral as

/R‘ * b= /Ié\él *dt +/|f§\>l il
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and check for which s-values the integrals on the right hand side converge. For the first
integral, since limg,_sin;/&; = 1, i = 1,2,3, we get an immediate bound. As for the
second integral we have that,

/§|>1(1+§1|2+|§2|z+|53|2)s(3i2151) (smgz) (sm§3)

' A s s 1 1 1
s./‘él (L4 162 (1 1EP) (1 -+ 1&) @~@-@dé 2.2)

<[, (+16P g e =TT [0y

which converges for 2s—2 < —1,i.e. s < 1/2. Since y € H*(Q), T < 1/2, we may assume
that f € H° (Q) for 6 > —1/2. Then the convolution ;  * f will be continuous on R* and
if we have f € L} (Q), then
-2 du 1
VN 7ds:7 Xv'k*f x"y'7Z ) (2'3)
| @ | on | | (i x £) Ceryjo2)
@ jk

where |@;ji| = lij . Let now Sj be the set of piecewise continuous trilinear functions

defined on the cubic rectangular partition of Q induced by Q" and vanishing on 9Q. We
can now construct the finite volume approximation u” € S(})’ of u as satisfying,

-2 Ju”
et | on T mnn
ik ik

d a),'_ jk

(Xijk *f) (xiayjazk) for (xiay,/'7zk) S Qh~ (24)

Here the factor 2 appears due to the jump of y;x across the inter-element boundaries on
d w;j, and will not matter for any of the stability results and convergence rates as consid-
ered by [6] and [26] but only in numerical implementations of the scheme.

3. PROPERTIES OF THE SCHEME AND STABILITY ESTIMATES

To investigate the behavior of this scheme we will rewrite it as a finite difference
scheme. To this end, we define the averaging operators (all are presented, due to miss-
matches in indexing discrepancies they are not presentable in a single generic form)

Mayltije 1= 16hxh) (h r, i1, 1k+h,+1h Wisj—1k+ 12051 i

+hy h]+1uz 1]+1k+h,+1hj+1”1+1 J+1.k

Wi = 16ﬁxh~ (K Ry jr—r + B Wiy ey + 1207 ﬁkuz/k 3.1)
TR Uik +hi+1hk+1”i+1./}k+l) )
Wylijk = 16h’ﬁ‘ (h g i1 g 1+h1+1h Wi jr1k—1 +127i)}hiuijk

FRGRG i1 gt +h,,-+1hi+1“i,j+1,k+1) ;

and the divided differences,

- Ui jk—Ui—1,jk Uit 1,k —Ui,jk
Asuijk ”1%7 Afuijp = %,
— Ujjk—Uij—1k + _ Wi j+1k—Uijk
ATu: Ui jk Wi j—1k Atu. = MLk Uik
y Ui jk A s i,j.k Y ’
j J
- — Wi jk— Ui jk—1 + _ Ui jk+1"Uijk
Ajtijik = w Ajuije = —HE
Then, we can write
R (ATAT 1y, + ATAT 1 + AT AT [ 9uy
ik ( v Ay Myz TAVAL e HAS A, .uxy) Ujjk = on S.

8wijk
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This allows us to restate the finite volume scheme, (2.4) as the following finite difference
scheme,

2 (AFAL Wy HATAS s + AT A )W = Tinf inQP )
W' = 0 on dQ", (3.2)
where |
(T f)ip = W (Kijk* f) (i, 2)-

To extend (3.2) to higher than three dimensions, the same scheme will apply, however the
definition of u will change. If we look at carefully how this averaging operator works then
it appears that the main difference will be what will correspond to the factor 12 appearing
as the coefficient of the central term in (3.1). In fact if we denote by d the dimension then,

oo —_L 1 (3. 9d-1 gXi Xg-1,
Focyxy.xgy Wi ig = 297 00 a1 (3 2 iy, "'hid,l Wiy..ig
17 g (3.3)
x| X1 . . x| Xi-1 o ) )
Jrhi] "'hid,l Uiy —1 gy —Liig T +hilJrl . 'hid,1+1u’1+]7-~-7ld—l+]Jd) :

We will study the behavior of the scheme defined by (3.2) in the discrete H' norm || - || Ly

Ivllie=/lVIIZ+ |V|%,h,

where || - || is the discrete L,-norm over Q" (we suppressed / in the discrete L,), i.e.,
M 1M~ 1 M1

HVH =V (V7 V)? (Vv W) =Y X X hfhy'hiviaj-,kwiv.ﬁk’

: ) J

=

i=1 j=1

and |- |1 5, is the discrete H'-seminorm given by

s = /AT vI2 + 145 vIl2 + A7 v,

with
MMM
IV =l (vwly = » I BV j kWi j ks
vl a0 e
MIF = vy, (wly = L XL Bl
M1 o
V2 =WV, (vw], = L jZl p lﬁ?ﬁj}'hivi,j,kwi,j,b

In addition we define the discrete H~! norm as,

v, w

W= sup 1
weHg'h(Qh) HW”Lh

where the supremum is over all non—zero mesh functions on Q" vanishing on dQ".

We will now state and prove two coercivity-type estimates describing relationships be-
tween the above and our operators. These are essentially the same as Lemmas 3.1 and 3.2
in [26] with the coefficients adjusted for the three dimensional case.

Lemma 3.1. Let v be a mesh function on Q". If v =0 on 89}&13, then (Ugpv,v]y > %Hv”%,,
in the following three cases:

(i) af:=xy, y:i=2z (ii) af:=xz, y:=y, and (iii) af:=yz, v:i=x
Proof. We only prove i) here as all of the rest will be done in the same way. Note, in

particular, that v =0 on 89)@, and we shall also use a/2 +2ab +b*/2 > —a® /2 — b* /2.
To proceed let

_ 1
.7 Xpy 2 y ¥
o= Y Y (ﬁihjvijk+hfhjvi—1,j—1,kvijk+hf+1hjvi+1,j—1.kvijk
. &

Y Y
Fh R Vi1V +h?‘+1hj+jvi+1,j+1,kvz'jk> :
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Then we use the shift law, vanishing boundary conditions, and split the terms in <7 at the
end-point indices to obtain

M1 M—1 M1 Wl
A = 122 Z hh (Vi—l,j—l,k+vijk)vijk+ ): (hxhyvljk) Z_l (hf Vi)
2j7w71 M N
+ Z Z h,+1h (VH-I,/ 1k+vz/k) vljk+ Z ( xMxhij‘V[zuxjk)

i=1

M2 v, M2
+ 4):1 (B v + .):2 -Zl hih (Vi—laj+1vk+vi/k)vifk
i =2 j=
M- M1
+ ): (hxhyvljk) ‘):2 (B iy Vingo)
j=1 i=

M—2 MY —2 § MY—1 .
X X 4
+ ‘):1 ): hi+1hj+1 (Vit 141k Vije) vijk -+ ,):1 (ypelt sy Vi i)
= = Jj=

>
+ ): ( Lo Vi)

Since the single sums in above identity are all nonnegative, removing them it follows that

-1 M¥—1 M*—1M M*-2 MY —1

o > Zz Z hk, Viel,j—1kVijk T Z _Z hxhv ,]k+ _Z Z hﬁ_]hi{"wl,jfl,kvijk
i ]7 i=
-2 M’ — 1 MY —

+ Z Z h:+1 l]k+ Z Z hh/+lvl*1 J+LAVijk + Z ]_E hxh/+1 ijk

2M‘ 2 y —2 M2 v
X . . .. X N
+ ,21 _Zl hi+1hj+1"t+17./+17k"l./k"’ '21 '21 hi+1hj+1"ijk =%
=1 j= =1 j=

For simplicity we denoted the right hand side above by %;. Below, once again using the
shift law, we make | uniformly indexed, i.e. with all sums having the same index range.
Then we can easily verify that

M*—1 MP—1 M*—1 M
%1: Z hhvl— 1,j— lkthk+ Z Z hhvlj 1kVi—1,jk
i=2  j=2 i=2  j=2
M*—1 MY—1 M*—1 M
+ Z Z hhvl— ,jkvt,j 1k+ Z Z hhvljkvl—lj 1,k
i=2  j=2 =2  j=2
M1 MY _ 2
X X
+ XX iy et 4): .): hh/ 1,7k
i=2  j=2 i=2 j=
M*—1 MY—1 v M*—1 My ¥ 2
X X
+ X ): hilvi; 1t X Z hh/ i-1j-1k
i=2  j=2 i=2 j=
M*—1 MY —1 y
_ X
=Y Y hh ( 1k T 2Vie1 - lk"uk+"uk+"z/ 1t
=2  j=2
2
+2Vi,j71,kvi71,j,k Vi1, k)
| -2 MY — M*—
X7,y
2_1 Zl Z hl+1hj+1vl]k+ Z Z hh l]k
i=
-2 MY—1 M —1 M

+ Z Z hH—l l]k+ Z Z hthrlvuk
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Now, recalling the definition of <7 and using the bound for 4 iteratively, we can derive
the following chain of estimates

M1 -1
1 xpy
6 Z Z (1277,-7? ,jk+hh Vio1,j- lsz/k+h,+1h Vitl,j—1kVijk
=
v y
+hihj+1vifl,j+1,kVijkh;CJ,.lth,.jviJrl,j+1,kVijk>

| M v (M -
X
Z 16 ; j§1 i hy Vijk 4 l_)_:l ‘)_:1 i1 Vie

_ M—2M
* E’ E’ hth Vijk igl Z h lh\ l/k+ Z Z hthHVUk

M*—1M M*—1M>—1 x AR —2MY =2 By
10 y.2 1 I Jrhz+1 + 1,2 ,+17]+1 2
zﬁ ; Z h h ljk+T6 Y X 7 Vijk— Z Z Viik
i=1 j=1 i=1 j=1
X y_ X y_ x y
_MZIMZIhIVh/ 5 MZZMZIh;CJrl MEIMZZ;I:%H_1 5
. I t/k ljk . ; 4 thk
i=2 ]:2 j=2 i=2 1:1
10 M M ¥,2 1.2 y (MM -
_ X
=16 . Z h Vijk teavije | il Z Y 1- ): Z 1
i=l j=1 j=1 i=
v M —1M>—1 M —1MY— M —1MY—1 —2M’—1
+hih ‘)21 Zl Z _): )+ i ): z 1— zl _): 1
= = i= = =l j=2
M —1 M —1 M*—2 MY —

y 10
+thrlhj-&-l E Z 1- Z Z 1 2 16 Z Z hhy Uk’

i= i=

where in the last step we used that all the differences of the sums are positive. Note in
particular the role of the coefficient 12 in the central differencing term and the splits in this
term. Finally, recalling the definition of (i,,v,v];, we multiply the above estimate by ny,
and sum over k to obtain.

M —1MY—1 M?

(Hyv, V], > 10 r _z wh’hk Vi = 1elvlIZ > SIIvZ.
1= Jj=1

This completes the proof of the first assertion i) of the lemma. The other two estimates are
derived by similar calculus, alternating the relevant sub- and super-indices and therefore
are omitted. O

In the general case of d dimensions we can see that the coefficient will become M.

The general ratio above is linked to the coefficient of the central term in the finite difference
case (3.3).

Lemma 3.2. Let v be a mesh function on Q" that vanishes on 0Q", then

1
||V||2 §|V|1h
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Proof. Using the definitions of the divided differences and following the notation, the de-
sired result is obtained through the successive estimates below

s M*—1M y M —1M>— y ’
[Iv[|* = Zl Z Z h v =3 Z Zl k21 i Z oA Vin k|
i Jj=1 =1

M*—1 MY —1 M*— y M*—1 MY —1 M p
+I LT AL z A Vi + 21 T kzl A 2 A Vi 2
= J= i=1 j= =

M—1M—1M

§< XX kilhhyhk(<th>(ihm|A vm,k|>
LA S

1
(L) (£ miarmr)+ (£m) (£ hanzvu-mz)))

M MP—1M*—1 M*—1
(z L X miac vm,k|2hyhk>( Y i z hx>

| (M ~ 2 Moty &y
+3( Y Z Z h |A Vzmk| ﬁ h ) h/ Y
=1 m=1 k=1 j=1 m=1
1 M)” IMY—1 M? ) y M—1 z k
+3 W2, AL vijm|* T} I; Y np ¥ hf,,)
] 1 mf k=1 m=1
S%(HA VIR 1A VIS A vIZ) = 3T, < 5 VI

O

In the general case of d dimensions the coefficient 1/3 above, becomes 1/d.
Based on these estimates we can prove the counterparts of Theorems 3.1 and 3.2 in [26]
in three (as well as higher) dimensions.

Theorem 3.1. Let L"v = —(ATA; ty; +ATA; e +ATAS iy )v, then

Lh
Vllin < 15“ vl[= 1
Proof. Evidently, we have the identities
(=Afwv) = WAV, (AT wv) = (WATY]y,  (—ATw,v) = (w, A7 V..
Therefore, using Lemmas 3.1 and 3.2 yields

(th7 v) = (_(A;A;Uyz +Ay+A;sz +A;A;“xy)va v)
= (SA; LyzVs AL V] + (A;/sz"’ A;V]y + (SA;/nyV’ Alz;V}Z
> g (IAcvlle+ Ay vy + 1A V) = gV = 5311V,

Thus, by the definition of || - ||, we obtain,

32, .,
s < T IEYI-10-

In d dimensions following the same procedure we obtain
29(1+d)
(3-272-1)

Theorem 3.2. If f € H°(Q), 6 > —1/2, then the convolution Ty} is continuous and the
equation (3.2) has a unique solution u". Further,

1LV -1-

[Ju

"lin < 30||T111f|| 1h-

Proof. Follows directly from Eq. (3.2) and Theorem 3.1. U
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In d dimensions we will obtain

27(1+d)

W 1701 f1 =10

4. CONVERGENCE ANALYSIS

In this section we derive convergence rate of the proposed finite volume scheme. Most
of the results in here hold true for the corresponding finite difference- and finite element-
schemes as well. In the convergence rate proofs, we shall use the following classical result:

Theorem 4.1. Let W be a Banach space and W a normed linear space. Let A : W — W)
be a compact linear operator and let S| : W — R and S, : W — R denote two bounded
sublinear functionals (i.e. S;(au+Bv) <|a|Si(u)+|B|Si(v) for ,a, B € Rand ,u,veW).
Further, assume that there exists a constant Cy such that,

Vliw < Co(lAv]w, +S2(v)) Vv e W,
and that Ker(S,) C Ker(S1). Then

i) P:=XKer(S,) is a finite dimensional vector space,
ii) there exists a constant Cy such that in;[; lv—rplw <Ci1S2(v) Wvew,
pE

iii) there exists a constant Cy such that S;(v) < C28,(v).

Proof. Follows directly from Theorem 5.1 (see Appendix) by taking E =W, Ey, E|, F =
W],S]:LandSzzAl. O

Theorem 4.2. Ifu € H'*°(Q), 1/2 < 6 <2, then
="y 1 < ChOJul grvo )

where h = max; j x(hf ,h)],hi) and the constant C > 0 does not depend on u and the dis-
cretization parameters.

This is an optimal result corresponding to a finite element approach without a quadrature
(gives an Ly-estimate of order & (h"*l )). With the same regularity, i.e. u € H '*"(Q), the
corresponding L,-estimate for the finite element method with quadrature rule, and the finite
difference method, would have a lower convergence rate of order & (h®+1/2),

Proof. For a cuboid @ = I1¢_,e; := T, [a;,b;] C R and a d-dimensional multi-index

a:=(a,...,aq), fori=1,...,d, we use the notation &’ := (0,...,0,0,...,0) (only the
i-th coordinate is non—zero) and set @_; := @ \ ®;. Further we denote by x_; the (d — 1) di-
mensional vector x_; := (X1,...,Xj_1,Xi+1,...Xg). Then we define H*(®), the anisotropic

Sobolev space, that consists of all functions u € L, (@) such that

1/2
iy = ([ ) ) <o

H%(w) is a Banach space with the norm,

1/2
1/2
ety = (1B + (o) Qw; +zwwt) ’

see, e.g. [20]. Further we denote the global error function z = u — u" then as Ty f= Lhh
and f = —Au we have,

2

azu 8 u 214 _
L'z= (Tm 2 —ATAD “}z”) (Tm 52 > —ATA; ﬂxyu> ~

0
—ATAS ﬂxzu> <T111az
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We can easily verify that

2 2
(Tm%)i,’k = %ﬁ[x#hk (Xijk * %) (xi k)

| th+1/2yj+1/2(9 8
= 2 nne f f Bx( i+1/2:,2 ) ( Xi—1/2:,2 )dydx

ERRALE NS FERY.S
N e
- 2Ax (T011 ax)ljk’

where,
Zk+1/2Yj+1/2

(Torw)ije = w(xi_1/2,y,2)dydz.

Y2
i J
G_1/2Yj-1)2

2 2 ) .
(T %)ijk, and (T11; %)iﬂ( are treated in analogous fashion, e.g.

B Z+1/2Xi+1/2
(Tyo1W)iji = R I ] wleyjoi)2,2)dxdz(Tygw)ijie
k—1/2%i-1/2
Yj+1/2%it1/2
I w(xyzk—1/2)dxdy.

il /y, 1/2%i-1/2

This gives us

{ Lz = Ain1+Ay+n2 +Afm3 in Q @1
z = 0 on JQ" :
with
m = 3 T0711 P — AL Myt
m = 3T g — A Hatt
= 3T 3z A7 Myu.

Now from Eq. (4.1) and Theorem 3.1 we can derive

lzll1n < 15HA+771+A+712+A+773|| 1Lh-

We can also show that for certain mesh functions (e.g. shape regular) defined on Q" and
vanishing on €, we have (—Azf w,g) = (w,Ag]. Hence

[(AF M+ AT M + A 13, w)|

~

|(T'[ 7A;W]X+ (levA;W]y + (n3aA;W]Z|
Il A wile + 20l 1Ay wily =+ [[m3]]2 A2 wil-]
(Il + [Im2lly + [mal]) Wl 1a-

Thus, by the definition of the dual norm, we get

[(AFm+ AT+ AT 3wl [[wll 1, < limlle+ 72 lly + sl
AT+ AT + A3, w) =10 < Imlle + 2]y + 73]

<
<

Therefore,

et — " J[1 < 15(Ilml] w+mlly +lmslle) - (4.2)

We now have to bound the right-hand side of (4.2). Here we only consider the 7;-term
as the other two can be treated in the same way. To this end, for a fixed x let I,,w(x,-,-)
denote the piecewise interpolant of w(x,-,-) on the mesh th and

(.uyzu)(xa)’jazk) 116ﬁ r~ (hyh "‘(x Yj—15%k— 1)+h1+1h u(x Yj+1,%k— 1)

+12h§hku(x,yj,zk) +hjhk+1u(x,yj,1,zk+1) +h.;+1hk+1u(x7)’j+l7Zk+l)) )

then
Yj+1/2%%k+1/2

/ (Iyzu) (x,y,z)dzdy.

), 1/2%%k—1/2

(:u)’Zu)(‘x y]vzk) h)hz
J
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Further, using

Xi
(Mytt)iji — (Myztt)i1je = [ %(Hyzu)(xaypxk)dx
xi—l
yj+_1/22k+1/2
_ f 2L h || (Lzu)(x,y,z)dzdydx
Xj— TTkyi 1/2%k—1/2
. X; }/+,1/22k+_1/2 5
= ot j j j ﬁ(lyzu)(xvyvz)dzdydx
TRXi 1 Y12 212
xi Yj+1/2%%k+1/2
o LT T 5 (%) (o 2)dedva,

"x, 1Yj-1/2%—1/2

we can write (11 );jx as
X; Yj+1/2%%+1/2
1 1du du
(M)ijk = pE e / / Ea(xm/zay,z) —Ton <8x) (Xay’1)> dzdydx.
i kxi—lyj—l/ZZk—l/Z
Now we split (11 );jx into a sum of four terms:

x;i Vi+1/2%k+1/2

(Mm)ijx = W I (%%(%‘71/2,%2)—7"011 (az) (x, 3,2 )) dzdydx,
! Yi-l Vi %
Xi Y;+J|/2 Zk 19 P
(M2)ije = Fer huxfl yf . f/ (jaf(xi—uzyy,Z)—Tou( ,'ﬁ) (x,,2 )) dzdydx,
- J k—1/2
| xi Vi %k+1)2 | 5
(M3)ijk = ht,{h\/]ﬁkxfly f/ Z{ (jj(xi—1/zyy,2)—T011( ';) (x, 2 )) dzdydx,
i 1/2
X J)’j 2k 1 ou P
(Ma)ije = fk A (57( ifl/zay,Z)*Tml( fﬁ) (x y,z)) dzdydx
Xi—

1Yj-1/2%—1/2

Thus, to estimate 1); it suffices to estimate 111, 113, 113 and 114. Here, we only show how
to estimate 7)1 as the other three terms will follow in the same fashion. We introduce the
change of variables

1 1 :
X=xiyp sl 5 Ss<an y=yitihn,, 0SS L z=gobrhiy,, 0<r<
and define
L ou
F5s1,7) 1=} S ((5),(0),2(0)
This gives us
W, K
(nll)ijk_ }Jlj;h};?z_l ~1 5
il
with
1/2 1/21/2
A = / //5 (0,1,7) — (7(s,0,0)(1 — — ) + (s, 1,0)¢ + (s, 0, 1)r) drdrds.
~1/20 0

Note that 7(0,z,r) = %(xi—l/%va) and

¥(s,0,0)(1 —1—r) 4+ (s, 1,0)r +9(s,0,1)r = (Iyz%)(x,y,z).

Hence we treat 1 as a linear functional with the argument ¥ defined on H°(®) o >
1/2, where & = (— 2, 2) (0,1) x (0,1). Note that o > 1/2 is due to the fact that all 7
components, defined by 7711, are convolutions with the characteristic function é,; k- Since
& € HY(R?), © < 1/2, continuity requires ¢ > 1/2. Notice further that, for a given 7,
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11 is constant and its value on the boundary is the same as anywhere inside the domain.
Therefore, by the trace theorem we have
M1l <Clvllgo@), — 0>1/2,
and using Theorem 4.1 with W = H® (®), W) = L(®), S1 = |f11],
0.5

Sy = (‘ |H000< - lgocog +| |H()()o'( )) and with A : H°(®) — L,(®) being the
compact embeddmg operator we obtain

. 0.5

170 (7)) < € (000, + 1720006 + T00e(s))

for 6 > 1/2. We let now @,;" = (xi—1,%;) X (¥},j+1) X (2, 2k+1), then returning to the
original variables we obtain

2 X’ }
|f] |2<C h gy hz|a | hi j+1 |8u‘ n hx hi_,'_] ‘au‘
11 > hng i1 Ho00 (@ ++) 7}1)%) 72 ox HO90 (@ ++) 7}1)%) 7 ox HOO"(COJ/T)
1
Thus
y 7 261 2 y20—+| z 5 y 20+1
()il <C Iy b |@ oooris +h1+1 hk+1|@ oo +h1+1hk+1 l&u oo
R = h?zhf ox 'HOM ey h;‘h’yfzh’iz ox 'H e hfh"‘jzh’“ ox HOM (@)
Similar estimates are derived for
+—
Oy = (Xim1,%1) X (¥, Yj+1) X (Zk—1,2k)
,]k = (-xlflrxl) (y/ 1,y]) X (Zk7zk+1)a
Oy = (Kie1X) X (j-1,55) X (2-1,2),
leading to
—1 26+1 J20+1
" hh 2 h" ", hy, 2
2
|(rl12)ijk‘ <C ’*;‘_h |8x ‘H"U“(aﬁ /+' | ‘Hoo'() ol )T ]’rj;) h2 ‘3)5 HOOS (@)
j
e 20-1 }25+l v, 20+
12 h;'hkﬂhi du? h; hk+l Iy
[(M3)il= < C h)jzhzz |5 oo += e |3)r |H0-G-0(w,.;,j)+h,_xh‘zzh“ |94 |H006(co )
20+1 20+1
) RER 5,2 R 5,2 I "
[(Mma)ipl= <C 7”% ‘a 00 ,.;;)Jrh_jh}_h 2155 ooy + Tz.h |94 lao 005 (@)
J 1y J

Writing h = max; ; ¢ (A}, hi, h), by the super—additivity of the Sobolev norm on a family

of disjoint Lebesgue measurable subsets of €2,

lm H)zc < Ch* % %Ia.oo + | ox HOO‘O (@) + ‘% éo‘o.a(g) )
HnZH% S Chzc |% ?.10'00 + |% ?{0.60 ) + ‘% ?.10.070'(9) 9 (43)
d d
Hr’3H§ S h26 | ‘HGOO +| u|[.100'0 )+‘£|1210,010'(Q)
All together we arrive at,
e — w11 < Ch®Jul 10
for1/2< o0 <2. O

From the above calculus we can see that the proof will also carry over to the d—dimensional
case, but then C will depend on d.

In [26] it is shown that on a two—dimensional quasi—uniform mesh (i.e. there is a
constant C, such that h := max; ;(h},k’ 7) < Comin; j(h, ", 7)) the finite volume method of
Eq. (2.4) is almost optimally accurate in the discrete (over the mesh points) maximum
norm || - ||, i.e. foru € H'*°(Q),1 < 6 <2 we have

= "o < ChO /[ Toghl ] 40 gy,
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where C depends on C,. This does not hold in the three—dimensional case as,

l[ul| 2= (@) §C||”prk(g)7 k>n/p,
here k is the number of derivatives and p is the parameter of the L,-space (Q should be
Lipschitz, as it is in our case). But n =3 and p = 2, requires k > 3/2, and if we use the
inverse estimate to go down half of a derivative to H'(€), then we need to pay with half a
power of /. Thus in three—dimensional case the result is 7/°~!/2, rather than % /[logh|.

5. NUMERICAL EXAMPLE

We implemented the finite volume scheme described by equation (2.4) according to the
finite difference scheme for the equation (3.2) in C++. The code is available from URL:
http://www.math.chalmers.se/ mohammad. The implementation is general and al-
lows for any dimension of the problem, a user defined mesh (through an external text file)
and a user defined data function, f. The data functions are implemented in an external
dynamically linked library and can be parametrized. The user can provide the values of
the parameters via a text file at execution. Therefore the user is completely free to spec-
ify a data function. Furthermore the program allows for comparison of the solution to
a user defined function (similarly in an external dynamically linked library and it can be
parametrized through a text file).

We use the uBLAS Boost and umfpack libraries for matrix operations. This has the one
consequence that the sparse solver collapses in the three dimensional case if we increase
the mesh size above 54 points in all directions. In the two dimensional case we did not
observe any problems with the sparse solver. For multidimensional numerical integration
we use the Cuba library [18]. We tested our code for a number of different functions based
on the normal distribution density and on mollifier functions. We define the shrunk to the
unit cube Gaussian function in k dimensions as,

. 1
u(x) =exp(— Z

b v .
e tan(ﬂ:xi)z) unit cube (X)

a mollifier function shrunk to the unit cube in £ dimensions as,
u(x) =exp((1—4|x—(0.5,... ,O.S)H%)_l)lum cube (X)

and a multidimensional Hicks—Henne sine bump function as,

u(x) = (sin (271 (0.25 — [IX%))) Ly, —0.52<0.25 (X)-
We considered the following as the difference of two functions G| and G» for x in the unit
cube,
u(x) =Gi(x) —3-Go(2x—0.5).
G1 and G, were both either a Gaussian, mollifier or Hicks—Henne sine bump.

The mesh points were randomly distributed in all dimensions. We present graphs of L,
Hj and relative errors of our implementation in Figs. 2, 3 and 4 .

APPENDIX

Theorem 5.1. Let E be a Banach space and let Ey, E1 and F be three normed linear
spaces, Ay, A1 and L be linear continuous operators from E into Ey, E1 and F respectively.

If
i)
gl = Co ([lAogllg, + 1418l ) (.1
ii) Lg=0ifA;g =0, i.e. Ker(L) C Ker(A)),
iii) Ag is compact,
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then, there exists a constant C such that,
Ve, [ILgllr < CllA1g]lE, -

Proof. This theorem is an unpublished lemma of Tartar, mentioned as an exercise in [11]
and cited in [26]. Both of the works indicate that its proof can be found in [10]. The proof
starts by noticing that P := Ker(A ) is finite dimensional however the argument for this

(5.2)
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in [10] is that if weak sequential convergence implies norm convergence then it indicates
that P is finite dimensional. This argument is not clear however as due to Schur [25] we
have that in /!, weak sequential convergence is equivalent to norm convergence. Below we
provide an alternative proof.

We will use the property that a unit ball is compact iff the subspace is finite dimensional.
Let us take g € P =Ker(A|) C E and of course we have

Iglle = llglle < Co ([lAoglE, + 1A1gllE,) = CollAogl|,
hence we can write
|Ao0gllE, = Cllglle = Cllgl|p-

Let us assume that the kernel of A{, P is infinite dimensional and then P is not bounded
in particular not totally bounded and hence will not have a finite €-net, meaning,

ngPa

38>07 Vm Hgl,...,gnel’.7 ||gl_gj||P Z E.
llgillp<1

We assumed that Ag is compact so (denoting by Kg the unit ball in £ and by Ky unit ball
in Ey)

Ao(KE) C [|Aol|Ko,
due to

Vaekps  [[Aox|| < [|Aoll[}xl|&-
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By P being infinite dimensional we can write,
1Aogi —Aogjllzy = Cligi — gjlle = Cllgi —gjllp = Ce.

This means that Ag(Kg) does not have a finite e-net so Ag(Kg) would not be relatively
compact contradicting that Ag is compact. Hence P must be finite dimensional.

After establishing that dim P < oo one can follow the proof found in [10] but, for the
sake of completeness, we repeat it below.

The proof of Eq. (5.2) will be done in two steps. For all g € E we define Q(g) :=

inf ||g — ||z
inf i~ plle

I: We show first that there exists a constant C; such that

Veer, 0(g) < Cil|Aig|l, - (5.3)
II: Secondly we will show that there exists a constant C, such that
VXGEv ”LgHF < CZQ(g)a (5.4)

giving Eq. (5.2) ||Lg||r < C||Ai1g]|E,-
Proof of I. We show Eq. (5.3) by contradiction, assume that there is a sequence
{gn} C E such that ||A;g,||g, — 0 and O(g,) = 1. i.e.,
Y, El{gn} : Q(gn) > nHAlgnHEl
and for convenience we can rescale 1 > 57—~ ||A1gx| g, , so we can take Q(g,) = 1.

O(gn)
As P is finite dimensional and totally bounded (hence compact) there exists a

sequence g, = g, — P» such that,
[&nlle = Q(gn) = inf |lgn — pllE = [|8n — PallE-
pEP
Therefore we have ||A18,]|g, = ||A1&n|lE, — 0 as Ap, = 0. Since the sequence
{8} isboundedin E (||g, ||z =1 as Q(g,) = 1) it will contain a weakly convergent
subsequence g,, — g* € E giving Agg,, S, Aog” and A gy, A 1g" implying
A18n, A, A18* = 0. Now by this and Eq. (5.1) g, £, g as

lgn, — 8"l < Co (|| A0gn, —Aog™ ||, + 1A 18, —A18"[IE,)
giving in£||§nk —plle < 118w, — &*l|e — 0 but this contradicts Q(g,, ) = 1 and so
pe

there exists a constant C; such that Q(g) < Ci||A1g||g, -
Proof of II. We now turn to Eq. (5.4). As we assumed L is continuous and by the
assumption of the theorem Lp = 0 we have,

ILgllF = ILg —Lpl[r < Callg = pllE-
Taking inf over p € P on both sides gives,

ILgllF < ngfellf,||g—P||E =00(g) <C1G|ArgllE,

as desired.
O

Conclusion. We construct and analyze a finite volume method for Poisson’s equation,
using a quasi-uniform mesh, in the three dimensional cube Q = (0,1) x (0,1) x (0,1).
We derive both stability and convergence estimates. The convergence rates are optimal
in an Lj-setting, whereas the L. error estimates are sub-optimal. This generalizes the
two-dimensional result by Siili, [26] to three dimensions. We show that the underlying
theory for the two-dimensional case, studied by Grisvard in [17], is extendable to three
dimensions (with some draw-back for L., error estimate). We also include a corrected
proof of a classical result, cited in [26], and used in convergence analysis. Finally we have
implemented the scheme in the C++ environment, for a general k-dimensional unit cube,
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and for Gaussians, mollifier and multidimensional Hicks-Henne sine bump functions. The
implementations are justifying the convergence rates both in Ly- and H'- norms. The
Figures 2-4 are showing the absolute and relative errors.
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