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Abstract

Let p be an odd prime and let C,» be a cyclic group of order p™ and ¢, be a
primitive p"t1-th root of unity. There exists an exact sequence

0—V, x V" = PicZCpn+1 — PicZCpn x C1Z[(,] — 0,

where V,~ is known explicitly. In this thesis we deal with some problems re-
garding V.. This group is a quotient of a group denoted V,I and a conjecture of
Kervaire and Murthy from 1977 states the two groups are isomorphic. The con-
jecture also states that these groups are in fact isomorphic to the p-component
of C1Z[(p—1].

In the first paper in this thesis we introduce a new technique and give a new
proof of the known result that V;I, and hence also V,I, is trivial when p is a
regular prime. The proof is based on a generalization to Z[(,] of Kummer’s
famous result stating that a unit in Z[(] congruent to 1 modulo p is a p-th
power of another unit if p is a regular prime.

In the second paper we consider the structure of V; and its relations with V.
under three various assumptions on the prime p. All these assumptions are
valid for all primes up to 4.000.000 and no primes for which the assumptions
fail are known. Under two of these assumptions we prove that V,F = V.

In the third paper we give an exact formula for VI under the most general as-
sumption, namely that p is semi-regular, which by Vandiver’s conjecture should
be all primes. We also prove that V; and C1®) Z[¢,,_1] have the same number of
generators, which can be considered as a “weak version” of the Kervaire-Murthy
conjecture that Vi = C1P) Z[¢,,_,].

In the final paper we discuss a family of rings Aj; which in some sense fit in
between ZCp» and Z[(,]. Under one of our assumptions above we give an exact
sequence

0—V,, @&V = PicAy; — ClQ((rpi—1) ® Pic Apy—1 — 0
and calculate V,; and Vl:_l explicitly.

Keywords: Picard group, Grothendieck group, integer group ring, cyclic group
p-group, cyclotomic field, class group, Kummer’s lemma, semi-regular prime.

2000 AMS Subject classification: 11R65, 11R18, 19A31.
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ON THE PICARD GROUP OF INTEGER GROUP RINGS

OLA HELENIUS

1. INTRODUCTION TO K-GROUPS AND PICARD GROUPS

This thesis is made up of this introduction and the four papers [H1], [H-S], [H-S2]
and [H2], the middle two joint with Alexander Stolin. We concern ourselves with
Picard groups of integer group rings. Specifically we try to find information about
the Picard group of ZC)», where Cpn denotes the cyclic group of order p". Inside
the algebraic framework in which we work, Picard groups and Ky-groups have a
lot in common and most mathematicians that have worked on our problem before
us have formulated it in the language of Ky-groups. In this introduction we will
first give a very brief survey on the history of Picard- and Ky-groups as well as the
history of our particular problem. We then go on and write down some definitions
and basic results on Picard- and K-groups to give the non-expert reader a clue
about what kind of objects we deal with. Finally we give an overview of the four
papers that make up this thesis, what kind of techniques we use and what kind
of results we prove.

In retrospective, papers by Higman 1940 ([Hig]) and Whitehead 1939 ([Wh]) are
considered the first steps towards K-theory. The techniques used by Grothendieck
1958 ([BSG]) in his proof of the generalized Riemann Roch Theorem involves the
functor K, now known as Ky, and can maybe be considered the real start of
the subject. In 1961 Atiayh and Hirzebruch introduced topological K-theory
([A-H]) and this turned out to be a very fruitful theory leading to the proving
of many topological results. Algebraic K-theory first imitated its topological
predecessor but then quickly spread into domains where topology plays no central
role. K-theoretical methods were used to prove results in the theory of C*-
algebras, number theory and non-commutative algebra. Several authors were
involved in the development but Hyman Bass was maybe the most influential and
his book Algebraic K-theory, [B], is still a very important source of information.

There are many (different) ways of defining higher K-groups of a ring, but here
we only concern ourselves with the Grothendieck group Ky and the Whitehead
group K. Let A be a ring. In this thesis all rings will be commutative with

1991 Mathematics Subject Classification. 11R65, 11R21, 19A31.
Key words and phrases. Picard Groups, Integral Group Rings.
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2 OLA HELENIUS

identity and all ring homomorphism will map 1 to 1. The group KyA can be
seen as the group of (differences of isomorphism classes of) projective finitely
generated A-modules. An A-module P is called projective if there exists an A-
module ) such that P & @ is free. A module M is called finitely generated if
there exists a finite subset N of M such that RN = M. It is easy to see that a
module P is finitely generated and projective if and only if there exists a module
@ such that P @ Q = A" := @, A for some natural number n. Formally, if P
and @ are such modules we let brackets denote the isomorphism class and define
an operation by

[P]+1Q] =[P & Q.
The set of all isomorphism classes with this operation is a monoid. The group
KA is defined as the quotient of the free abelian group generated by this monoid
modulo the subgroup generated by all expressions [P] + [Q] — [P & Q]. Tt is easy

to see that every element of KyA can be represented as [P]-[Q] for some suitably
chosen P and Q.

The group K; A can be seen as a group of infinite matrices. Let GL(n, A) be the
group of n X n invertible matrices. For each n = 1,2,. .., consider the embedding
of GL(n, A) into GL(n + 1, A) defined by

H 0
zm(o 1)

for H € GL(n, A). Define the group GL(A) as the union of the sequence
GL(1,A) Cc GL(2,A) Cc GL(3,A) C --- .

A matrix in GL(A) is called elementary if it coincides with the identity matrix
except for a single off-diagonal entry. It can be shown that the multiplicative
group E(A) generated by the elementary matrices coincides with the commutator
subgroup of GL(A). We define the group KA as the quotient GL(A)/E(A). If
f:A— A is a ring homomorphism we can in the obvious way define a group
homomorphism f, : KA — K A'.

For more facts about these groups and proofs of the statements above, see [M],

[Si] and [B].

Picard groups are an important concept in algebraic geometry. If X is scheme
(or a ringed space), an invertible sheaf is defined to be a sheaf of locally free
Ox-modules of rank 1. The Picard group, Pic X, of X is then defined as the
group of isomorphism classes of invertible sheaves on X under the operation ®,
the tensor product of sheaves. One can show that Pic X can be expressed as the
cohomology group H'(X,0x) and if X is a an integral scheme, then Pic X is
isomorphic to CaCl X, the Cartier class group of X. Hence, if X is a noetherian,
integral, separated locally factorial scheme, then Pic X = Cl X, the group of Weil
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divisors of X modulo linear equivalence. The latter statement holds for example
if X is a (complete non-singular) curve over an algebraically closed field.

The “geometric” definition of the Picard group carries over to our algebraical
setting but instead of considering sheaves of Ox-modules we simplify a bit and
simply considers modules over a commutative ring with identity element (denoted

1).

An A-module M is called invertible if it satisfies any of the following equivalent
conditions:

i) M is projective and finitely generated of constant rank 1.
i) M @4 M = A, where M := Homu (M, A).
i11) There exists an A-module N with N @4 M = A.

To define the local rank of A, let p be a prime ideal of A and let A, denote the
localization of A at p. If M is an A-module the localization M, of M at p is
isomorphic to A, ®4 M. Suppose M is finitely generated and projective. Then,
since A, is a local ring, M, is a free, finitely generated A,-module and hence
M, = A} for some n. We can hence define rank,(M) = n. M is said to have
constant rank if rank,(A/) is constant over all prime ideals p of A.

If A is a commutative ring with identity, we define Pic A as the group of isomor-
phism classes of invertible modules under the tensor product ® 4. The identity
element of the Picard group is the class of A, considered as a module over itself,
and the inverse of the class of P is the class of P, where P := Hom (M, A).

The terminology invertible can be explained and this explanation also give a
connection between the Picard group and K. First note that we can supply
Ky A with a ring structure using the tensor product. By using the unique homo-
morphism i : Z — A we get a homomorphism iy : K¢Z — KA by sending a
projective module P over Z to i4P := A ®z P. One can show that every finitely
generated projective module over Z (or any principal ideal domain R or field F'
for that matter) is free and that two free modules Z" and Z° (R" and R® or F"
and F®) are isomorphic if r = s. Hence K¢Z = Z (and KoR = Z and KoF = 7).
Since A is commutative we can also always find a homomorphism j from A to a
field or skew field F'. Since jgiy is an isomorphism we get a direct sum decom-
position KypA = Imiy @ ker j» where the first summand is free cyclic. ker jy is
an ideal in the ring KyA which is denoted KyA and called the projective class
groups of A. Clearly we have

(1.1) KoA =7 @ KA.
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In the ring, KyA, consider the multiplicative group of units 1 + KyA. One can
show that two finitely generated projective modules, P and () generate the same
element in KA if and only if they are stably isomorphic, P& A" = Q & A" for
some r. Moreover one can show that two invertible modules are stably isomorphic
if and only if they are isomorphic, This means we have an embedding of Pic A
into the group of units of KyA, so the elements in the Picard group are really
invertible elements in the ring KyA. One can also show the following results:

Proposition 1.1. If A = ZCpn, then PicA = KoA. If A is a Dedekind ring
KyA = PicA=ClA.

Moreover we also know that KgA = Z when A is a field or a PID and this also
holds when A is a local ring.

Proposition 1.2. If A a principal ideal domain, a field or a local ring, then
KyA =7 and hence KgA =0 and Pic A = 0.

We will now define a pullback of a ring which we will use to extract some exact
sequences involving K- and Picard groups.

Let A;, Ay and D be commutative rings with unity and let 7, : Ay, — D, k=1,2
be homomorphisms. A ring A and homomorphisms i, : A — A, k = 1,2, is
called a pullback (of A; and Ay over D) if the following condition holds. For all
rings B and maps «y : B — A, k= 1,2 such that the outer part of the diagram
below commutes, there is a unique ¢ such that the whole diagram commutes.

A,—2 . p

If A is a pullback of A; and As over D we will call the rectangular part of the
diagram above a pullback diagram. It is easy to see that a pullback is unique up
to isomorphism. One can show that

A= {(a1,a2) € Ay x Ay @ ji(ar) = ja(az)}

is a pullback of A; and Ay over D. Often we will identify any pullback with A
defined above. If A is a commutative ring with unity and a and [ ideals in A,
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then
(1.2) Al(an () Ala
AlB Af(a+B)

is a pullback diagram. Pullbacks like this are the absolute starting point for all
papers making up this thesis.

Example 1.3. If we put A = Z[z], a = ((z" — 1)/(x — 1)) and 8 = (x — 1)
we get aNPB = (2" —1) and a + = (x — 1,p"). Since Z[x]/(x — 1) £ Z and
Zlz)/(x — 1,p") 2 Z/p"Z. Moreover ZCpn = Z[z]/(z*" — 1). We hence have a
pullback diagram

(1.3) ZCopn (f*[:le)
z oz

for eachn=1,2,....

Example 1.4. Again, put A = Z[z]. Let o« = ((z#""" = 1)/ = 1)) and
B = (""" =1)/(z*" =1)). Then, an g = ((*"""" =1)/(a®" —1)) and o+ =
(@7 = 1)/ = 1),p). Since Zla] /(@4 = 1))@ = 1)) = Z[Go ], where
Cost 15 a primitive p*+HH1th root of unity, we have a pullback diagram

Zz]
(14) (zpizlitllfl) —_— Z[CkJrl]
Ty ey
Cos) T ()

Following Milnor, we now indicate how starting from a pullback diagram

(1.5) A—"
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and projective (finitely generated) modules P; and P, over A; and A, respectively,
one can extract projective (finitely generated) modules over D and A and get a
commutative square of additive groups where each group has a module structure
over the corresponding ring in the pullback diagram. We will need to make the
extra assumption that j; or jo is surjective. For a full treatment of the matters
below we refer to [M].

First consider a ring homomorphism f : A — A’. If M is a projective (finitely
generated) A-module, then we can define a projective (finitely generated) A’-
module fuM = A’ ®4 M. We can also define a A-linear map f. : M — f.M
by f«(m) =1® m. Now return to the pullback diagram above and suppose that
there exists a D-module isomorphism A : j14 Py — jogPs. Define

M = M(Py, Py, h) == {(p1,p2) € Py x Py = hji(p1) = ja(p2)}-

We get a A-module structure on M by setting

a(p1, p2) = (ir(a)py, ia(a)pa).
The following results are Theorem 2.1, 2.2 and 2.3 of [M].

Proposition 1.5. Let M be the module constructed above. Then,

i) M 1is projective over A and if Py and Py are finitely generated over Ay and
Asy respectively, then M is finitely generated over A.
i1) Every projective A-module is isomorphic to M(Py, Py, h) for some suitably
chosen Py, P, and h.
iii) The modules Py and Py are naturally isomorphic to ivy M and isy M respec-
tively.

This gives us a commutative diagram of additive groups

M P
hjl*
j2* .
P, Jou o

The definition of pullbacks for abelian groups is similar to the one for rings. It is
easy to see that our in commutative square M is actually a pullback of P; and
P, over jouPs.

We are now ready to present the (K7, Ky)-Mayer-Vietoris Sequence, originally
obtained by Milnor. The reason why the sequence below bears the name Mayer-
Vietoris is the resemblance with the Mayer-Vietoris long exact sequence of alge-
braic topology (see for example [R] p. 177).
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Proposition 1.6. Consider the pullback diagram of rings (1.5) with j1 or jo
surjective. There is an exact sequence of additive groups

KAS KA @ KAy 2 KD 2 KyA 28 KoAy & Kods 2 KoD.

The homomorphisms «; and 3;, i = 0, 1, are defined by

ar(ar) = (ix(ar), t2(a1))
Bi(b1,c1) = jru(b1) — jau(c1)
ap(ao) = (i1+(ao), 12.(ao))
Bo(bo, co) = J1x(bo) — Jax(co)

for a; € K;A, b; € K;A; and ¢; € K;A,. To define 0 we first observe that an
element d of K1 D can be represented by a matrix in GL(n, D) for some n. This
matrix determines an isomorphism Ay from the free D-module j; 4 A} to the free
D-module jou AY. Let M = M (A}, A, hy) and define

a(d) = [M] — [A"] € KoA.

The verification that 0 is a well defined homomorphism and that the sequence
is exact is routine. We will now indicate how one can obtain from the (Ko, K)-
Mayer-Vietoris sequence a similar sequence involving unit groups and Picard
groups.

Proposition 1.7. Let A be a ring. There exist surjective maps detg : KgA —
Pic A and det; : K1A — A*

The proof of this can be found in [Si] p. 57 and p. 112. The map dety is defined
using exterior (or alternating) product A’y (see [L] p 731). If M is a projec-
tive finitely generated A-module of constant rank m, then A’} M is a projective
finitely generated A-module of constant rank (’7’:) One can show that there exists
subrings H and RKyA of KyA such that KoA = H® RKyA, where every module
in RKyA can be presented as [M]| — [A"] for some M and n. The map detg is
defined as the composition of the surjection KjA — RKyA with the map

RKyA — Pic A [M] — [A"] — /\ZLM,
where m = rank M.

With our definition of KA we can define det; : KA — A* as the map induced
by the usual determinant GL(A) — A*. This is well defined since any elementary
matrix has trivial determinant.

Proposition 1.8. Consider the pullback diagram of rings (1.5) with ji; or jo
surjective. The diagram



KA

detq

A*

OLA HELENIUS

KA @ KAy 2~ KD 2
detq @ dety detq
A Ay — D —
KoA O Ko dy @ KgAy 2 KoD
deto deto @ deto detg
Pic A o> Pic A, @ Pic Ay % Pic D

1s commutative and the rows are exact.

The bottom row is called the (x, Pic)-Mayer-Vietoris exact sequence correspond-
ing to the pullback diagram 1.5. The maps in the this sequence are defined as

follows:

fora € A*, a; € A7, P € Pic A and P, € Pic A;. To define 0 we first observe that
an element d of D* can be thought of as an isomorphism h between j;2A; = D
and jogAs = D. Let 0(d) := M(A;, A, h). The proof of the proposition can
be found in [Si]. In all four papers in this thesis, the starting point will be the
(%, Pic)-sequence associated to a pullback of the type from Example 1.4. As an
illustration of how one can use this to find information on the Picard group of
some ring we will prove the following result, which is a simple generalization of

Rim’s theorem.

Proposition 1.9. For alln=1,2,... we have

P —1

z—1

Pic ZCyn 2 Pic (Z[z]/(

))-
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Proof. Consider the pullback from Example 1.3. The corresponding (*, Pic)-
Mayer-Vietoris exact sequence reads

)~ ) e

ZC’;n — 7Z* x (

Z z
— PicZ x Pic xpiaf]l — Pic —.
( z—1 ) p Z

Since Z is a Dedekind principal ideal domain, PicZ = 0 and since Z/p™Z is local
PicZ/p"7Z = 0. This yields the exact sequence
1, -1} x — = (—) — PicZC,» — Pic — — 0
o sy = ) = e B e
and if we can prove that (3 is surjective, exactness gives us that « is an isomor-
phism which is what we want to show. Obviously, it is enough to show that
(2 )~ (Ly o
(=) Pz

is surjective. Fix k € (Z/p"Z)*. Consider

k-1 c Z[x]
=1 " (55

which easily can be shown to map to k € (Z/p"Z)*. We need to show that
(#F —1)/(x — 1) is a unit. Since (k,p) = 1 we can find integers r and s such that
ks — p"r = 1. Moreover,

n
:L‘lerT—l :L‘ks—l

xk —1 xk —1
L[z

(%)
z—1

P 4 k(=2 oy gk ¢

and since
ZL‘k -1 :L,ler"T -1 :L,ler"r -1
r—1 aF—1 N r—1
n n pn - 1 Z
= 14"V 4. 2P +1)x N =1le¢ :vl’lf]l
= ( r—1 )
which proves our statement. O

Calculating KyG, for various groups G is important because of applications in
algebraic topology. For example, Suppose X is a topological space with fun-
damental group 7, dominated by a finite CW-complex. C.T.C. Wall defined in
[Wal] and [Wa2| a “generalized Euler characteristic”, x(X), which is an element
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of KgZm and showed that X has the homotopy type of a CW-complex if and only
if x(X) is an integer.

2. A SUMMARY OF THIS THESIS

Let p be an odd prime. Recall that C,» denotes the cyclic group of order p" and
that ¢, is a primitive p"*'th root of unity. The three first of the four papers in
this thesis we work on the problem of finding Pic ZC),» and in the last paper we
work on Picard groups of some rings which in some sense fits between ZC)» and
Z[(,]. As mentioned, calculating Picard groups for these rings is equivalent to
calculating K, groups. Calculating KyZG for various groups G was mentioned
by R.G. Swan at his talk at the International congress of Mathematicians in
Nice 1970 as one of the important problems in algebraic K-theory. Of course,
the reasons for this is are applications in topology, like the one above. However,
calculating KyZG seems to be pretty hard and even to this date there are no
general results. Even when we restrict ourselves to G = Cp» no general explicit
formulas are known. Several people have worked on this, though. Kervaire and
Murthy presented in [K-M] an approach based on the pullback

(2.1) ZCynta Al

Z.Cyn

Fylz]/(2?" — 1) =: R,

which is a variant of 1.2. The (x, Pic)-Mayer-Vietoris exact sequence associated
to this pullback reads

(ZCyn)* X Z[C]* L RY — Pic ZCypuir — Pic ZCpn x Pic Z[(,] — Pic Ry,

Following Kervaire and Murthy, we observe that Picard groups of local rings are
trivial, that the Picard group of a Dedekind ring equals the class group of the
same ring and then define V,, as the co-kernel of the map j in the sequence above.
Then we get

(2.2) 0 — V, = PicZCpn+1 — PicZCyn x CIZ[(,] — 0.

Kervaire and Murthy set out to calculate V,, and their approach is based on
the fact that all rings involved can be acted upon by the Galois group G, =
Gal(Q(¢,)/Q). If s € Gy, let s(¢,) = ~%) " If we represent the rings in the
pullback as residue class rings of polynomials in the indeterminate X, the action
is generated by s(X) = X* for all involved rings. G,, becomes a group of auto-
morphisms of ZCpn+1, ZCyn and R,,. The maps in the pullback above commutes
with the action of G,, and the exact sequence becomes a sequence of G,,-modules.
In particular, complex conjugation, which we denote by ¢, belongs to G, and
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c(X) = X', When M is a multiplicative G,-module, like the group of units
of one of the rings in the pullback, we let M* denote the subgroup of elements
v € M such that ¢(v) = v and M~ denote the subgroup of elements such that
c(v) = v7'. V, is a finite abelian group of odd order and hence we have that
V, = VI x V.=, The main result in Kervaire and Murthy’s article is the following
theorem

Theorem 2.1 (Kervaire and Murthy).

1
(p71)2pn—u—l

Vo = 1@/pz)

n
1

3
|

N
Il

and when p is semi-reqular, there exists a canonical injection

Char V¥ — CI®) Q(Co-1),
where C1P) Q(C—1) is the p primary component of the ideal class group of Q(Cn_1).
The calculation of V,~ is straightforward. Finding the information on V, turns

out to be much harder. Kervaire and Murthy instead proves the result above
with V' replaced by the +-part of

R*
V) = —"—,
J(Z[2n]*)
that is, constructs a canonical injection
(2.3) Char V — C1?) Q(C,-1)

Then, since V,} is a canonical quotient of VI 2.3 extends to an injection
Char V¥ — CI®) Q(Ca-1)
via the canonical injection
Char V" — CharV;.

The injection 2.3 is actually a composition of the Artin map in class field theory
and a canonical injection from Iwasawa theory. The actual proof is mainly based
on class field theory.

Kervaire and Murthy conjecture that Char V' = C1%® Q(¢,_1) = (Z/p"Z)"®),
where r(p) is the index of regularity of p, that is the number of Bernoulli numbers
By, By, ..., B,_3 with numerators (in reduced form) divisible by p. They also
conjecture that V" = V.

When p is a regular prime it is known that C1® Q((,_;) is trivial and hence
V., =V, is determined completely in [K-M].
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In [U2], Stephen Ullom uses Iwasawa theory and studies the action of Aut Cpn
on Pic ZC),». He proves in that under a certain extra assumption on p, the first
of Kervaire and Murthy’s conjectures holds exactly when the Iwasawa invariant
A associated to p equals 7(p).. More explicitly the assumption is the following.

Assumption 1. The Iwasawa invariants A\y_; satisfy 1 < A\j_; < p—1

We refer you to [I] for notation. S. Ullom proves that if Assumption 1 holds then,
for even 1,

Z 7
2.4 Vi 2 —— )il
( ) € an © (pn—lz)
This yields, under the same assumption, that

7 7

2.5 Vi ") @y (— =)
(25) )Y @ (),
where

r(p)

)\ - Z )\172‘

i=1,7 even

Hence, when A\ = r we get the first of Kervaire and Murthy’s conjectures. Note
however, that if A > r the conjecture is false.

In the papers that make up this thesis we use a different approach.

Instead of directly studying ZCp» we study
Z[x]
(=)
z—1
and use Proposition 1.9 which reads PicZC,» = Pic A, Denote A, mod p =

F,lz]/(x — 1)?"~! by D,,. Then, the with k¥ = 0 and [ = n the pullback 1.4 looks
like

A, =

(2.6) Apia - Z[Cn]
Jn N, Tt
A, Ikl D,

The “norm-map” N, is constructed so that the lower right triangle of the diagram
becomes commutative.
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From our pullback we get back the exact sequence 2.2 but a different representa-
tion of V,,, namely
Dy Dy
Im{A: x Z[(,]* — D;}  Im{A; — Dz}’
where the second equality follows from the existence of N,,. Again using N,, we

construct an embedding of Z[(,_1]* into A%. We consider this an identification
and define

Vi =

v D;
" {ZG ) — Dy}

It turns out this definition is equivalent to the one in [K-M].

In paper 1, [H1], in this thesis we re-prove Kervaire and Murthy’s result in the
case when p is regular. The main part of our proof is based on calculation of the
orders of certain groups of units in Z[(,_1]*. Specifically, let

Upni := {real e € Z[(, 1]* : e=1mod (¢, — 1)*}.

If p is regular, a famous result by Kummer state that if a unit € in Z[(o]* is
congruent to a rational integer modulo (¢o — 1)”~" (that is modulo p) then € is a
p-th power of another unit. We prove a generalization of this (Paper 1, Theorem
3.1) stating that if € € Z[(o]* is congruent to 1 modulo (¢, —1)?""" =1, then e = A7
where 7 is a unit congruent to 1 modulo (¢, — 1)?"*L. If we let UP denote the
group of p-th powers of elements in U and define

_ Unvpn+1 -1
- 14
Un,p"Jrl

then our generalization of Kummer’s Lemma shows that r,, = 0 when p is regular
which is something we use in our re-proving of Kervaire and Murthy’s result.

Tn -

Y

In Paper 2, [H-S| we work with three different assumptions on the prime p. The
first one is Ulloms Assumption 1 above. We also consider

Assumption 2. rank,(C1?(Q(¢,))7) =7,

and

Assumption 3. rank,(C1”(Q(¢,))”) = r(p) for all n.

Under Assumption 1 we prove that Kervaire and Murthy’s second conjecture,
V't =V * holds even when conjecture number one does not. Under Assumption 2
we manage to calculate that the structure of Vi is given by

Z 7 - 7 _
+ ~ 70 T1—To ~ Tn—1—"Tn-2
(2.7) A= (an) & (pn_lz) B...H (pZ) :
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This result follows from the existence of a surjection m, : Vi — VI with
kerm, = (Z/pZ)™' and an inductive argument. Under Assumption 3 we first
prove that this implies r,, = r(p) for all n and then get that Vi = (Z/p"Z)"®.
Then we go on to prove by a direct construction that V7 = V.

In Paper 3, [H-S2], we construct an injection a,, : V1 | — VI using some results
from [K-M] and some class field theory. By using our previous surjection T,
together with «,, we manage to prove that the structure of 'V, is given by 2.7 for
all semi-regular primes. This in turn allows us to prove some structure results on
unit groups in Z[(,]*. We also get a result on class groups. Let for a multiplicative
p-group A, A(p) = {x € A : zP = 1}. Corollary 4.3 in Paper 3 states:

CLQ(Gr1)(p)  Char(V; /(VE)?) = (Z/pZ)™.

This result can be considered as a weak version of Kervaire and Murthys conjec-
ture:

C1P Q((,—1) = Char V.

It also follows that Assumption 2 actually always holds which means that any
unramified extension of K,, := Q((,) of degree p is of the form K, (¢'/?), where

e =1 mod (¢, — 1)1’”“*1. For big n we also get a slightly stronger statement, see
Corollary 4.5 of [H-S2].

Finally, in the last paper [H2] we generalize some of our results from [H-S] to
rings
Z[x]
Avi= 708
=
which in some sense fit in between ZC, and Z[(,|. For semi-regular primes
satisfying Assumption 3 we give an exact sequence

0=V, ® V,:l — Pic Ay — ClQ(Crs1—1) @ Pic Ag 1 — 0

and calculate V,; and V,', explicitly.
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KUMMER’S LEMMA AND PICARD GROUPS OF
INTEGER GROUP RINGS

OLA HELENIUS

ABSTRACT. In this paper we reprove a result by Kervaire and
Murthy concerning Picard groups of integer group rings ZC', where
C is a cyclic group of prime power order. Our method is more
elementary than the one used by Kervaire and Murthy and relies
on the construction of certain multiplicative maps by Stolin and on
a generalization of Kummer’s Lemma on units in cyclotomic fields
presented here.

1. INTRODUCTION

Forn =1,2,..., let Cp» be the cyclic group of order p™ and let ¢, be a
primitive p"*1-th root of unity. In [K-M], Kervaire and Murthy proved
the following theorem.

Theorem 1.1. Let p be a reqular prime and let n > 2. There is an
exact sequence

n—1
0— J[ Y — PicZCpn — CIZ[¢,-1] @ Pic ZCp1 — 0,
j=1
n—j—2

where ky = T for 1 < j<n—2 and koo, = 552,

The sequence is a slight variation of a Mayer-Vietoris sequence asso-
ciated with a certain cartesian square of rings. The hard part of the
proof is finding out the structure of the first non-zero term which is a
cokernel of a map between unit groups of rings involved in the cartesian
square. Kervaire and Murthy’s proof relies on Iwasawa theory and the
aim of this paper is to give a more elementary proof. Our proof relies
mainly on a construction of certain multiplicative maps (see section 2)
and a generalization of Kummer’s lemma on units in cyclotomic fields
to the prime power case (see section 3).

1991 Mathematics Subject Classification. 11R65, 11R21, 19A31.
Key words and phrases. Picard Groups, Integral Group Rings.
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As a starting point for our proof of Theorem 1.1 we will use the fol-
lowing pullback diagram (or Cartesian square)

hO,n
Jo,n fon—1
NO,n— 1
9go,n—1
AO n—1 DO,n—l
where
ZLlz]

Api = ﬁ
arpk—l
and the class of z is denoted by zy;,

D, . = Ak,i ~ Fp['r]
M) T

Jki(Thi) = o1, hii(Tri) = Covio1, frio1(Cerio1) = @ and gg ;1 is the
natural surjection. The maps Nj;, that are constructed in section 2,
are multiplicative and such that the lower triangle of the diagram com-
mutes. The pullback diagram gives us a Mayer-Vietoris sequence

)

(1.1) Z[G]" ® A5, 2 D,y — Pic Ag, —
— Pic Z[Cn—l] D Pic AO,n—l — Pic DO,n—l-

This sequence can be used as a starting point for finding the sequence

involving Pic ZC)» since, by a generalization of Rim’s theorem, Pic ZC)n =

Pic Ay, for each n > 1 (see [R] and [S1]). From the sequence 1.1 we
get

Dg,nfl
ﬁ(Z[Cn—l]* @ Aa,nfl)
The proof of the main theorem thus boils down to finding the structure

of Dg,_1/B(Z[(n]" @ Aj,,_1)- We will indicate how this is done in
this introduction and leave the details to section 4.

00—

— Pic AO,n — ClZ[Cn—l] D Pic AO,n—l — 0.

Step 1: By viewing Dy ,,—1 as the ring consisting of elements ag+a,(Z —
1) +...+ap-1_o(T—1)P , a; € F,, we see that |Dg,_1| = p?" !
Every element with ay = 0 is nilpotent so we get that every element
with ap # 0 is a unit and that |Dg,, | = (p — Dp?" 2. Clearly,
[, C Dg,,_; and by the structure theorem for abelian groups, Dg,,_; =

n—1_2

Fr & ﬁé,nq where 1587%1 is a p-group.

Let ¢ denote the map = — z~! in 1357”_1 and define

Dg;fl ={ue€ Dg,nq :c(u) = u}

[a¥)
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and
D’Ok;l_l ={ue€ [)S’n_l c(u) = u’l}.

Since 138,%1 is an finite abelian group of odd order and since ¢ has
order 2 we get

* ~ Tk y*+ yk—
DO,n—l - IFp D DO,n—l D DO,n—l'

Step 2: In Lemma 4.1 in section 4 we show that 3(Z[(,1]*® A, 1) =
B(AS.1) = Gon-1(AG,,_1)- Moreover, Lemma 4.2 tells us that

(1.2) Jom-1(Ap, 1) CF, @ Dg;,l@ < T >,
where < T >= Cn-1 is the subgroup of 136‘;1_1 generated by 7.

Step 3: We want to show that we have equality in Equation 1.2. By
elementary direct methods one can show that go,1(Aj, ;) D Fy® <
z >. Clearly, gon-1(%0,-1) =  and a direct calculation shows that if
k is the class of k in %, then go,,—1 maps (zf,_; —1)/(20,-1—1) on k.
The hard part is to show that ﬁg;_l is also contained in go n—1(A5,,_;)-
To do this we show that Z[(,_»] can be embedded in Ay, and that if
we consider this as an identification we actually have gg,—1(Z[(n—2]) 2
DS;_l. This is done in Theorem 4.4. In short, it is proved by finding
a subgroup of real elements of Z[(,_»] that maps onto [)Sjmq- We
prove this by just counting elements in the image of the subgroup but
it turns out that this is fairly tricky and we use both the generalization
of Kummer’s Lemma exposed in section 3 and some classical number
theoretical techniques.

As a result, we get

* s *k—
DO,n—l ~ DO,n—l

BZG & A, ) <>

Step 4: o finish of the proof of our main theorem we now only need to
find the structure of the p-group Dy, ;. This is done in Proposition 4.3

by an elementary calculation. The result is 136‘;71 = ;L;ll C;jf where
—1)2pn—3—2 . — . —

S; = M+J for1 <j<n-—2ands, | = ”Tl.l Since < T >

Cpn—1, we get

Dg,nfl ~ v Ck]
B(Z[Gn—1]* & A§ 1) -

J=1

where k; are given in Theorem 1.1 and this completes the proof.

~ p—1
f n =2 we get DSE%CZQ .
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2. NorM MAPS

In this section, we construct certain multiplicative maps. The maps
were first constructed by Stolin, see for example [S3], but since the
construction may not be well known we repeat it here.

Before we start we need to make some observations. First, for each
k >0 and ¢« > 1 we have a pullback diagram

hiit1

Ak,iJrl Z[Ck-l—z]

Jkyit1 T

9k,i
Api Dy

An element a € Ay ;11 can be uniquely represented as a pair (a;,b;) €
Z[Cyi] X A ;. Using a similar argument on b;, and then repeating this
we find that a can also be uniquely represented as an (i + 1)-tuple
(@jy ... Q... a9) Where a,, € Z[Ckim]. In the rest of this paper we
will identify an element of Ay ;1; with both its representations as a pair
or an (i + 1)-tuple.

For k> 0and ! >1 let Nk+l,l : Z[Ce11] — Z[(x] denote the usual norm.

We want to prove the following result.

Proposition 2.1. For each k > 0 and i > 1 there exists a multiplica-
tive map Ny; such that the diagram

Z[Ce+4]

Ng,i s
ki

9k,i
Apk.i Dy i
is commutative. Moreover, if a € Z[(j+4], then

Nyi(a) = (Nigin(a), Neiot(Nigin(a)) = (Nisia (@), Negiz(a), - .. Negia(a)).

The maps Nj; will be constructed inductively. If ¢ = 1 and k& is arbi-
trary, we have Ay, = Z[(}] and we define Ni; as the usual norm map
]\7;”171. Since Nk+1’1(Ck+1) = ( we only need to prove that our map is
additive modulo p, which follows from the lemma below.

Lemma 2.2. Fork >0 and i > 1 we have
i) Apy1 s a free Ap;-module under xy ; — xiJrM..

it) The norm map N : Agi1,; — Agi, defined by taking the determi-
nant of the multiplication operator, is additive modulo p.



PICARD GROUPS OF INTEGER GROUP RINGS 23

This is Lemma 2.1 and Lemma 2.2 in [S2] and proofs can be found
there.

Now suppose N ; is constructed for all £ and all j < ¢ — 1. Let
© = Ort1i ¢ LlCrys) — Argri be defined by ¢(a) = (a, Ngy1,i-1(a)). It
is clear that ¢ is multiplicative. From the lemma above we have a norm
map N : Ayy1;, — Aps. Define Ni; := N o . It is clear that N ; is
multiplicative. Moreover, Ny ;(Coti) = N(Cotir Tht1,i—1) = N(Tp41,4) =
Ty, where the latter equality follows by a direct computation. To prove
that our map makes the diagram in the proposition above commute,
we now only need to prove it is additive modulo p. This also follows
by a direct calculation once you notice that

k4i4+1

x2+1i —1
pla+b) - pla) — p(b) = L~
Tia1s — 1

for an element r € Ajyq ;.

Regarding the other two equalities in proposition 2.1, it is clear that
the second one follows from the first. The first statement will follow
from the lemma below.

Lemma 2.3. The diagram

Z[Cpot-i] Z[Cryi-1]
Ng,i Nkm‘/
Api Ak_1;

15 commutative

Proof. Recall that the maps denoted N (without subscript) are the
usual norms defined by the determinant of the multiplication map. An
element in Ay ; can be represented as a pair (a,b) € Z[Crti—1] X Agi-1
and an element in Aj_; ; can be represented as a pair (¢, d) € Z[Cgyi—2] X
Ag_1,-1. If (a,b) represents an element in Ay ; one can, directly from

the definition, show that N(a,b) = (N(a), N(b)) € Ag_1,.

We now use induction on ¢. If ¢ = 1 the statement is well known. Sup-
pose the diagram corresponding to the one above, but with ¢ replaced
by i — 1, is commutative for all k. If a € Z[(x1;] we have

N(Nyi(a)) = N(N((a, Ni+1,i-1(a))) = (N(N(a)), N(N(Nyt1,i-1(a))))
and

Ni—1i(N(a)) = (N(N(a)), N(Nyi-1(N(a))))-

)
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By the induction hypothesis Ny ;1 o N = N o Nj41,_1 and this proves
the lemma. O

3. KuMMER’S LEMMA

Let A, be the ideal (¢, —1) in Z[(,]. Here we will prove a generalization
of the theorem by Kummer that states that if a p is a regular prime
and € is a unit in Z[{y], congruent to 1 modulo p, then € is a p-th power
of a unit.

Theorem 3.1. Let p be a regular prime. Let € € Z[(,]* and suppose
e=1 mod Aﬁnﬂ_l. Then € = AP for some unit v € Z[(,]*.

The proof can be broken down into four lemmas. Before we state them
we need some notation. If R is the ring of integers of a number field
K and A a prime, we let K, denote the completion of K at A\ and R)
the valuation ring. By abuse of notation we let A denote the (unique)
maximal ideal of the local ring R).

Lemma 3.2. Let € € Z[C,]* and suppose that e = 1 mod X" 1.

n+1

Thene=1 mod \P" " .

Lemma 3.3. Let p be an odd prime. Let € € Z[(,]* and suppose that
e=1 mod X", Thene=1 mod """ +1,

Lemma 3.4. Let € be a unit in (Z[())r, with e = 1 mod X"+,
then there exists a unit v in (Z[C,))a, such that e = v?. Moreover,
=1 mod \2"*+1.

n

Lemma 3.5. Let p be a regular prime. If € € Z[(,]* and /e €
(Z[Ca)x, then /e € Z[Ga].

It is clear that Theorem 3.1 follows.

The rest of this section is devoted to the proofs of the four lemmas.
The last three are simple generalizations of the corresponding results
for n = 0. Lemma 3.2 is a bit harder and is due to Stolin. His result,
which is a bit more general, can be found in [S1]. We give a similar
proof here, but in slightly more detail. For this we need to develop
some notation and we leave this to the end of the section. We prove
the remaining three lemmas first.

Proof of Lemma 3.3. By a well known result by Kummer, € = ¢,¢*
for some real unit ¢, and some k € Z. Since (¥ = (1 + (¢, — 1))* =
14+ k(¢ — 1) mod A2 and ¢, = a mod A2 for some a € Z and since
&C" = e =1 mod N2, we get that \, divides k& and hence that p
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divides k and k = pk; for some k; € Z. It is easy to see that e ! =

mod A" and this shows that (2 = e¢~! = 1 mod A?""". This in turn
means that p|¢?*—1 = (2", —1in Z[¢,]. But then, (¢2*,—1)/p € Z[(_1]

and we get that /\Zn:lpn_l =p|¢* —1=¢*, —11in Z[(,_1]. Since

p?—p"~t > 2 this implies /\n,1|(§2’111‘1+. oA G +1) =2k mod A,
50 A\n_1|2k; and hence we get that p|k; and p?|k. This argument can be
repeated in Z[(,_»| to show that p3|k and so on until we, from a similar
argument in Z[(] get that p"*!|k. But this means that € = ¢,¢* = ¢,
so € is real. Since (¢, — (') = A, asideals, e =1 mod (¢, — ¢ )P
By representing ¢ in the basis (¢, — ;1) i =0,1,2,...,p"(p—1) -1
and observing that all coefficients with odd index must be zero we get

the desired result. O

We leave out the proof of Lemma 3.4 since it is just a simple general-
ization of the corresponding result for n = 0 (see for example the proof
of Theorem 5.36, p. 79 [W]).

Proof of Lemma 3.5. Let w be a prime in Q((,) that ramifies in
Q(Cn, ¥/€). Since all archimedian primes are complex, they do not
ramify so w is not archimedian. Then w divides the discriminant
A(S/Z[¢,]) where S is the ring of integers in Q((,, ¢/¢). Let N =
No(c,, ve)/0(c,) denote the relative norm and let f be the minimal poly-
nomial 2P — €. It is well known that A(S/Z[C,])|N(f'(¥/€) (see for ex-
ample [J], p. 39). But N(f'({/€)) = N(pe® V/P) = ypp = y\"" =1
for some unit u, so w = \,,. Assume that € is not a p-th power. Then,
since Q((,, ¥/€) is the splitting field of f(z) = 2P —e, Q((n, ¥/€) 2 Q(¢n)
is an abelian extension of degree p . By assumption, (Q({,))x, =
(Q(Cn))a, (¥e) so A, trivially does not ramify in (Q((,))x, (¥/€) and
hence A\, does not ramify in Q((,, ¢/¢) either so Q(¢,) C Q((y, Ve) is

an unramified abelian extension of degree p. Q((,, ¥/€) is thus a sub-
field of the Hilbert class field H of Q(¢,) and since [H : Q(¢,)] = haoc,)
we get that p|hg,). But this is a contradiction since p is regular and
since p|hq,) implies p|hg,) by Theorem 10.4 (a), p. 187, [W]. O

The rest of this section is devoted to the norm residue symbol and the
proof of Lemma 3.2. Let K = Q((,). If w is a valuation on K and
a € K*, we have a local Artin map

U, K — Gal(Ko(Va)/K.).

For a € K*, we will denote the action of W, (b) on a by a¥»®. We
define the norm residue symbol

(7 )w:KZ;XKZ;_):UJP’
where 1, is the group of p-th roots of unity, by (a, b),, = (¢/a)¥*® (ya)~".
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Lemma 3.6. Let a,b € K}, and let N = Nk (ya)/k,- Then,
i) (a,b)w =1 if and only if b € N(K,(¥/a)*)
i) (a,b)y =1 ifa+be (K,)P
iii) [[,(a,b)w = 1, where the product is taken over all valuations of
K.

Proof. i): This follows immediately by the well known fact that ¥, (b)
is the identity map if and only if b is a local norm.

it): If F' is any field that contains the p-th roots of unity, y € F* and
v € F, then the element 2 — y is a norm from F(¢/y) since if { is a
fixed primitive p-th root of unity, then

p—1
o —y =[] = ") = Neayr(e — &)
k=0

This fact applied to F' = (Q((,))x,, ¥y = a and 2P = a + b shows that b
is a local norm and hence, by 4) that (a,b), = 1.

ii1): It is well known that b is a local norm for almost all valuations. By
i), the product can be considered finite, taken over the set S consisting
of valuations where b is not a local norm and valuations where the
extension K, (¥/a)/K, is unramified. Since W, (b) is the identity if
w ¢ S and since [], ¥,,(b) = 1 we get that [[,.qVw(b) = 1 and the
result follows.

O

Now fix n and let A= \,. Let fori =1,2,...,n =1 — A%

Lemma 3.7. Let w be a valuation of K. Then,
) (Mis0i)w = (i i )ow (Mg M) (N ik )
i) Ifw= X\ and i+ j > p"! then (i, Mj)w =1
i) Ifw=2X,i+j=p"" and 1 <i<p—1, then (9;,n;)w # 1.

Proof. i): Since pisodd, (a,—1), = 1 and by Lemma 3.6 ii), (a, —a),, =
1 =(a,1—a), forall a € K*. It is easy to see that ( , ), is (multiplica-
tively) bilinear so (a, —b),, = (a, —1)y(a,b), = (a,b),, for all a,b € K*.
Hence (a,a), = (a,—a), = 1 and by applying the latter equality to
(ab, —ab),, we get that (a,b),(b,a),, =1 Since n; + NMn; = 0,4, we get

i M — 1 and hence by Lemma 3.6 i) that

Ni+j Ni+j
= (2
Nitj Mty / w
and 17) follows by a straightforward calculation, using the above identi-
ties.
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pn+1+1

i): Suppose i+j > p"*t. Then n;1; =1 mod A2 . By Lemma 3.4
any such element is a p-th power and hence a norm in any extension
KA(y/me)/ K- By i),

(i m)x = Mg )% iy M)A (Mg, N3 =1
If on the other hand i+j = p"™ and 1 <i < p—1, then i+j+1i > p**!
and i +j +j > p"* so

(3> )3 = igs )N (iegs M)A (Mg X)X = (e, A3 # 1
by Lemma 3.6 since A* cannot be a norm in the extension K (¢/fpn+1)/K).
O

Now, put R = Z[(,] and for k = 1,2,...,let U, = {u € R} : u=1
mod A*}. Then (the image of) 1, generates the group Uy /Uy, of order
p. This means that if u € Uy \ Uy there exists i such that (i,p) =1
and u'n, ' =t € Upy:.

Proof of Lemma 3.2. Let € satisfy the conditions of the lemma. Let
v = vy, be the valuation of K = Q((,) with respect to the prime A,
and let w be a valuation not equal to v. From for example the proof
of Lemma 3.5, we know that the extension K, ({/u)/K, is unramified
for every unit u € Z[(,], so € is a norm in every such extension. By 3.6
i), (u,€), =1 and then, by 3.6 i), (u,€), = 1.

Now let u = 7;. By the assumptions € € Uyn+1_1. Suppose € & Upn+1.
Choose ¢ such that (i,p) = 1 and e"n;nﬂlfl =1t € Upn+1 and in a similar
way j such that tjn;nlJrl = 5 € Upn+149. Then by Lemma 3.4 and 3.7 we
have (u,s), = (u, Myn+1), = 1. All this implies

(u, e)f,j = (u, npn+1,1t){; = (u, npn+1,1){) £ 1.

Hence (u, €), # 1 which is a contradiction by the first part of the proof.
Hence € € Uyn+1 and this finishes the proof. O

4. PROOF OF THE MAIN THEOREM

In this section we state and prove the results we needed to prove the
main theorem of this paper.

Lemma 4.1. 3(Z[(,-1]" ® Ag,nq) = gO,nfl<Aan71>'

Proof. Recall that 8(a,b) = fon_1(a)gon_1(b)~'. By setting k = 0
and ¢ = n — 1 in the commutative diagram from Proposition 2.1 and
using the fact that the norm map maps units to units we get

fO,nfl(Z[Cnfl]*) - gO,n71<N0,n*1<Z[<n*1]*)) - gO,nfl(AS,n—l)
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Lemma 4.2. go,_1(Aj, ) CF; @ D(]n D <T>.

Let ¢ : A} ; — Aj; be the map defined by z; — :ck In Z|[(x] we also
denote complex conjugation by c. An element invariant under ¢ will be
called real. If € € Z[(x], a famous result by Kummer tells us that there
exists ¢ € Z and a real unit €, such that e = (,ier. This result can be
generalized to the rings Ay ;, where it can be used to prove the lemma.
Since the proof is almost identical to the proof of Lemma 3.2 in [K-M],
which is the corresponding result for ZC)», we refrain from repeating
it here..

n—1

n 1_
Proposition 4.3. |D0n J=p" \DOn J=p"72 and

n—1
— S
1)871 1 - ij
7j=1
2n
wheresj:(pl)f]forlgjgn—Q cmalsn_lzp—gl.2

Proof. Dg,nq can be presented as {1+ai(x —z ™) +... +apm-1_o(z—
AR Y Since ¢((r — 27")) = (=1)/(x — 27')/ it is not hard
to see that Dj,,_; can be represented as {1 + ai(z — 27") + ag(z —
~ n—1_
TP 4+ apeag(w — 2772 Hence |Dj, | = p™ 7 and
~ _ pn 1 ~
since |Df,,_i| = p”" "2 we get |D8n | =p ==, Since Dy, is a
p-group it is isomorphic to a product of copies of cyclic groups of prime
power order. By using the above presentation, taking p*-th powers and
counting the number of elements of different orders we get a system of

equations that gives us the s; in the lemma. O

The rest of this paper is devoted to proving that

(4.1) Jon-1(Agn_1) D DOn 1

For each k > 0 and i > 1 let pg; : Z[Gryi—1]* — Aj,; be the injective
group homomorphism defined by € — (¢, Ni;(e)). By Proposition 2.1,
wi; is well defined. In what follows, we identify Z[(x4;—1]* with its
image in Aj ;.

Let Z[(,_o]*" be the subgroup of real units of Z[(,_»|*. To show that
Equation 4.1 holds it is obviously enough to prove the following result

Theorem 4.4. Let p be a regular prime. Then, gon—1(Z[Cr—2]*) D
Dty

~ p—1
2If n = 2 we get DSE%CZQ .
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The proof will rely on the following lemma which is Theorem [.2.7 in

3].

k+i__
Lemma 4.5. ker(gkvi‘z[gkﬂiﬂ*) ={e€ Z[Cyi—1]* : €=1 mod N, F

We will not repeat the proof here, but since the technique used is inter-
esting we will indicate the main idea. If a € Z[(x4i—1]" and gxi(a) =1
we get that @ =1 mod p in Z[(xti-1], Ngi—1(a) =1 mod p in A,y

and that fj i71(a;1) = Ok 1'71(]\['“’%@_1). Since the norm map com-

mutes with f and g this means that Ny, 1(“p1) = N’“%@_l The
latter is a congruence in Ay, and by the same method as above we
deduce a congruence in Z[(;4;—2| and a congruence in Ay ;_». This can
be repeated ¢ — 1 times until we get a congruence in Ay = Z[(;]. The
last congruence in general looks pretty complex, but can be analysed
and gives us the neccesary information.

If for example i = 2, we get after just one step a =1 mod p in Z[(j41],
N(a) =1 mod p and N(%) = % mod p in Ay = Z[(x], where
N is the usual norm. By viewing N as a product of automorphisms,
recalling that N is additive modulo p and that the usual trace of any
element of Z[(y1] is divisible by p one gets that N(a) =1 mod p? and
hence that N (%) = 0 mod p. By analysing how the norm acts one
k+2

can show that this means that a =1 mod A} 77 *

Proof of Theorem 4.4. For m = 1,2, ..., define
Un ={€€Z[(o]" : e=1 mod A" ,}.

It is clear that U; D U, D ... and that U; = Z[(,_»]*. Let U] be
the subgroup of real units in U;. Since gg,—; commutes with complex
conjugation we have go,,_1(U;") C DSn , and to prove the theorem it
is obviously enough to show that this is actually an equality. We will

prove this by induction on n. First, by Lemma 4.5, we have for any
n>2

Uy’
Gon—1(U]") = .
o U) 2 gt
+
Since gon-1(U;") € gom_1(Z[¢no]*) C Dgn ; the group is
pn 1_1
finite. Similarly 7 M is finite. This shows that }ZC" 2] ’ is finite

pn— 11
since

‘Z[Cn—Q]*JFH U = Z[Gn- 2]*‘
uf Ui Ul
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If n = 2, this and Dirichlet’s theorem on units tells us that both U;"
and U;,L_Ll = U , are isomorphic to /e . By the classical version of
Kummer’s lemma we get U”, = (U{")?. Hence

|
w

p—3
U o Z: Lo

I
.

U o)

This shows that
p=3 )%
1901 (UN)| =p = = |D5}
so we have proved our statement for n = 2.

Now fix n > 2 and assume the statement of the theorem holds with n
replaced by n — 1. We can write

e [ [t L
Unll Ul;tlf Un 2+1 Upnll
nflipn72
By Dirichlet’s theorem on units we have (Z[(,_o]*)" = Z" -1

Since all quotient groups involved are finite we get that U, U™, 115

1_p -2

U;; >, and Upn >, are all isomorphic to 7" . The rest of the
proof is devoted to the analysis of the three right hand factors of 4.2.

By Theorem 3.1, Kummer’s Lemma in the prime power case, we have
Un L1 (U;L_QH)” SO

+
Upn,2+1 ~ 2 ~ Cf
UJr - p— 1_ pn— 2 1 - p

p”_lfl (pZ) -

This shows that

+
Un 2+1 pnfl n—2
‘ = p 2

Un11

We now turn to the second factor of the right hand side of Equation 4.2.
We will show that this number is p by finding a unit € & U™, such
that

n2+1

Un2 1
U+

pn72+1

<€>=

Since we know that the p-th power of any unit in U, A belongs to
U, 2+1. Then n* = ¢
KRR NED

and ¢(n) =7 ! Let e : = = . Then ¢(€) = € and one can
by direct calculations show that € is the unit we are looking for.

n2+1
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We now turn to
Jr
|
- )
Upn—271

Consider the commutative diagram

Z[Gn—2]"
No,n—2 |f
0,n—2

* go,n—2 *
AO,n—Z DO,n—2

Let W, :={e € Z[¢,_3] : €e=1 mod A\™ ,}. Tt is clear that fo, »(U;") C
Dyt 5 and that go,—o(Wih) C Dy, 5. Recall that A, , = Z[(,—3]* @
B and that the norm map Ny ,_»s acts like the usual norm map N =
]\~fn_271 D Z[Cno]* — Z[C,3]*. Tt is well known that N((, 2) = (3.
By finding the constant term of the minimal polynomial (z —1)? —(,_3
of A\,_2 we see that N(A,_2) = A\,_3 and by a similar argument that
N(¢F 5, —1)=¢* 5 —1 when (k,p) = 1. Since N is additive modulo p
we get that Ny, _o(U;") € W, Hence we have a commutative diagram

Uy
v !
Wt Y . Dt
1 0,n—2
P
We want to show that N is surjective. In Z[(;], let w; := —(; * and
consider
wé» — wj’l
Vil = 1
If we fix ¢; = e®™V=1/P™) we see that
sin(lm/p™)

Vil & -
7 sin(w/pitt)
and hence real. Moreover,

—I+1 gyl' —1

G—1
so when (I,p) = 1 the ;, are units. Let J; be the group of positive
real units in Z[(;] and let Jy; be the subgroup generated by 7, | €
{2,3,..., (P —1)/2, (I,p) = 1}. This is a well known construction
and the details can be found in the proof of Lemma 8.1, p. 149 in [W].
Since 7y;; is real, it is congruent to a rational integer a mod ()\3) Of
course, a 2 0 mod (p). Hence a?! =1 mod (p) and this shows that
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vil_l =1 mod A;. With j = n—2 this shows that 7~ 21 € U} and with
j =n—3 that fyz_gJ € W;". Now, a straightforward calculation shows
that N(viié,l) = 72::13.,1 SO Jg;iz C N(UT"). Let bt be the class number
of Q(¢u—3)*. It is well known that h*|hg,_,). Since p is regular we
get that (p,h™) = 1. By Theorem 8.2 on p. 145 of [W] we have

‘Jn?)

JOn 3
Now take arbitrary e € W;". Then €? is positive and hence an element
of J,_3. By the fact above there exists s € Z such that (s,p) = 1 and
e € Jon_3. This means that e>*®=1) € N(U}"). Since (2s(p—1),p) = 1
we can find u, v € Z such that 2s(p — 1)u+pv = 1 so € = 2P~ Hutry —
(e2(r=Dyu(er)? € N(U;). This shows that N is surjective.

=n

We will now use our inductive hypothesis. This means that g(W;") =
DOn 5, that is, the map g is surjective. But since the diagram above
is commutative this implies that f is also surjective. It is easy to see

that ker(f) = Un -

L o~ DFt
+ - 0,n—2
Upn—2,1
and
U . p"2-3
‘U ‘ = |D0Jrrz ol =P 2
n 2_1
by proposition 4.3 This finally gives
Uf’ pn72_3 pnfl_pn72 1 pn71—3
‘ U ‘ = p 2 . p . p 2 = p 2
n 1_1
Hence |go.,_1(U])| = ‘DOn 1| and this proves the theorem. O
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UNIT BASES IN INTEGER GROUP RINGS AND THE
KERVAIRE-MURTHY CONJECTURES

OLA HELENIUS AND ALEXANDER STOLIN

ABSTRACT. In 1977 Kervaire and Murthy presented two conjectures regarding
KoZCpn, where Cyn is the cyclic group of order p™ and p an odd semi-regular
prime. There is a group V,, that injects into f(OZC’pn 2 PicZCpn. Vi is a
canonical quotient of an in some sense simpler group V,,. Both groups split
in a “positive” and “negative” part. While V- is well understood there is
still no complete information on V.. Kervaire and Murthy conjectured that
V.t = (Z/p"Z) ), where 7(p) is the index of irregularity of the prime p and
that Vi = V¥, Under an extra assumption on the prime p, Ullom proved in
1978 that V+ = (Z/p"7Z)"P) @ (Z,/p" 1 7Z)*~"(P) | where ) is one of the Iwasawa
invariants. Hence Kervaire and Murthys first conjecture holds only when \ =
r(p). In the present paper we prove that under the same condition Ullom
used, conjecture two always holds. We also discuss a different assumption
on p regarding the p-rank of certain class groups in relation to the order of
certain groups of units. Under this assumtion, which is implied by Ulloms
assumption, we give a complete characteristation of V;'. Finally, in the case
A = 7(p) we reprove Ulloms result by first proving that Vi = (Z/p"Z)" ().
Then we construct a special basis for a ring closely related to ZC)pn, consisting
of units from a number field. This basis is used to prove that V;; = V.

1. INTRODUCTION

In his talk at the International Congress of Mathematicians in Nice 1970, R.G
Swan named calculation of KyZG for various groups G as one of the important
problems in algebraic K-theory. In the paper [K-M] published in 1977, M. Ker-
vaire and M.P. Murthy took a big step towards solving Swans problem in the
case when G = C)n is a cyclic group of prime power order. Before explaining
their results we recall that KoZG = Z @ KoZG and that KoZG = PicZG. In
this paper we will formulate the result in the language of Picard groups.

From now on, we let p be an odd semi-regular prime, let C)» be the cyclic group
of order p" and let ¢, be a primitive p"T!-th root of unity. Kervaire and Murthy

1991 Mathematics Subject Classification. 11R65, 11R21, 19A31.
Key words and phrases. Picard Groups, Integral Group Rings.
37
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prove that there is an exact sequence
0=V eV, — PicZCpr — ClQ((,) ® PicZCyn — 0,

where

and Char(V,") injects canonically in the p-component of the ideal class group of

@(Cnfl)'

The exact sequence originates as a Mayer-Vietoris sequence of a certain pullback
of rings. Explicitly, V,, is defined by

Fp[X] \x
o ((XP"—l))
I {Z[C)* X (ks )" — (oids )}

where R* denote the group of units in a ring R (see [K-M] for details). The

homomorphism ¢ defined by X +— X! in ( i )]ff;y[{}l))* extends to V,, and Kervaire

and Murthy define V. :={v eV, : ¢(v) =v}and V. :={v eV, : c(v) =
v}, Getting the exact structure of V- is then just a matter of a straightforward
calculation. When they get to the part of the proof that concerns VI things get
much harder, however. Kervaire and Murthy’s solution is to consider the group

V1t defined by

o B/ -1y
" ImfZ[G)r — Fyla]/ (2" — 1))}
instead. They make extensive use of Iwasawa- and class field theory to prove
that Char(V}) injects canonically into C1®(Q((,_1)). This is actually enough

since V,, is a canonical quotient of V,, so clearly we have a canonical injection
Char(V,}) — Char(V;")

Kervaire and Murthy also formulate the following conjectures.

(1.1) Vi o= v
~ (L )
(1.2) Char(V,[) = (an) ”

where r(p) is the index of irregularity of the prime p and G" denotes r copies of
a group G.

In the case n = 1 both conjectures were proven in [K-M] for semi-regular primes
and in [ST1] complete information, without any restriction on p was obtained by
Stolin.



THE KERVAIRE-MURTHY CONJECTURES 39

In 1978 Ullom proved in [U2] that under a certain condition on the Iwasawa
invariants associated to the semi-regular prime p, conjecture 1.2 holds. More
explicitly the assumtion is the following.

Assumption 1. The [wasawa invariants A\y_; satisfy 1 < \j_; <p—1

We refer you to [I] for notation. S. Ullom proves that if Assumption 1 holds then,
for even 1,

Z Z

1.3 Vo2 — @ (—5) -k
( ) € an D (pn—lz)

This yields, under the same assumption, that

Z 4
14 V= () oy (2 \A-r(p)
(1.4 ) e ()
where
7(p)

P Z Mo

1=1,1 even

Hence, when A = r(p) we get 1.2. Note however, that if A\ > r(p), then conjec-
ture 1.2 is false.

In this paper we concentrate on conjecture 1.1, which we will prove under the
same assumption on the A;_;’s Ullom uses. In contrast to what happens to
conjecture 1.2 we prove that 1.1 hold even if A > r(p) (only assuming As-
sumption 1). We also discuss two different assumptions, both concerning the
p-rank of certain class groups. Under the weaker one of these assumptions we
calculate the structure of V;'. Under the stronger we prove both Kervaire-
Murthy conjectures by constructing a certain basis for a p-adic completion of
2CS = {a € ZCypn : c(a) = a}, where ¢ is the canonical involution of ZCpn

defined above.

2. PRELIMINARIES

We start this section by defining some rings that in some sense are close to ZC ).
We discuss why we can and want to work with these rings instead of ZC)» and go
on get an exact Mayer-Vietoris sequence from a certain pullback of these rings.

Letfor k>0and ! >1
Zlx
App = H

T (ml’kﬂfl)
PP —1
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and
DkJ = AkJ mod p.

We denote the class of x in Ay; by zx; and in Dy; by Zx;. Sometimes we will,

by abuse of notation, just denote classes by x. Note that A, ; = Z[(,] and that
~_ Bpla]
D = o

By a generalization of Rim’s theorem (see for example [ST1]) Pic ZC,» = Pic Ay,
for all n > 1 so for our purposes we can just as well work with Ay, instead of
directly with ZC)». It is easy to see that there exists a pullback diagram

Tk l+1

(2.1) Aki41

Z[Ce+1)

Jk,i+1 fr
Ni

9k,
Ay Dy,

where iy 11 (2ki41) = Corty Jeast (Trir1) = Tray fe1(Cert) = Try and gxy is just
taking classes modulo p. The norm-maps Nj; will be constructed later in this
paper. These maps are really the key to our methods.

The pullback 2.1 induces a Mayer-Vietoris exact sequence

Z[Cn]* D Aan — Dg,n — PiCAO’n_,_l — PlCZ[Cn] D PiCAO’n — PiCDO’n,

Since Dy, is local, Pic Dy, = 0 and since Z[(,] is a Dedekind ring, Pic Z[(,] =
C1Z[(,]. By letting V,, be the cokernel

D
V, = ’
T Im{Z[G] x AS, — DG
we get an exact sequence
0 — V,, — Pic Ay ny1 — CLZ[(,] ® Pic Ag,, — 0.

Note that definition of V,, is slightly different from the one from [K-M] but the
two groups are isomorphic. By abuse of notation, let ¢ denote the automorphisms
on Ay, Z[(,]* and Dy, induced by c(t) = t7!for t = xpy, t = (¢, and t = Ty
respectively. We also denote the maps induced on V,, and V,, by c.

Before moving on we need to introduce the map Ny ;. An element a € Ay ;41 can
be uniquely represented as a pair (a;, b)) € Z[Cr+1] X Ag,. Using a similar argument
on b;, and then repeating this, we find that a can also be uniquely represented
as an (I + 1)-tuple (a;,...,am,...,a0) where a,, € Z[Ct1m]. In the rest of this
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paper we will identify an element of Ay ;4 with both its representations as a pair
or an (I + 1)-tuple.

For k>0 and > 1 let Nk_’_l’l : Z[Ce 1] — Z[(x] denote the usual norm.

Proposition 2.1. For each k > 0 and | > 1 there exists a multiplicative map
N, such that the diagram

Z[Cr+1]

Ng,a s
%l

9kl
Ay Dy

is commutative. Moreover, if a € Z[Cx41], then

Nia(a) = (Niyr1(a), Neg—1(Nisi1(a))) = (Negia(a), Nisro(a), - -, Negaa(a).

The construction of Ny ; can be found in [ST2]. Since it may not be well known
we will for completeness repeat it here. Before this we notice an immediate
consequence of the commutativity of the diagram in Proposition 2.1.

Dn

Corollary 2.2. Vn = m

Proof. The maps Nj; will be constructed inductively. If « = 1 and k& is arbitrary,
we have Ay; = Z[(;] and we define Ny ; as the usual norm map N1 ;. Since

Nkﬂ,l(@ﬂ) = (} we only need to prove that our map is additive modulo p, which
follows from the lemma below.

Lemma 2.3. Fork >0 andl > 1 we have

i) Ay is a free Ay -module under xyy — 7, .
it) The norm map N : Agi1; — Agy, defined by taking the determinant of the
multiplication operator, is additive modulo p.

This is Lemma 2.1 and Lemma 2.2 in [ST2] and proofs can be found there.

Now suppose N ; is constructed for all £ and all j <1 —1. Let ¢ = @p41, :
Z[Cry1) — Ag+1g be defined by ¢(a) = (a, Ngy14-1(a)). It is clear that ¢ is
multiplicative. From the lemma above we have a norm map N : A1, — Ay
Define Ny ; := No. It is clear that Ny ; is multiplicative. Moreover, N ;(Cer1) =
N(Crtts Thr11-1) = N(xg411) = @, where the latter equality follows by a direct
computation. To prove that our map makes the diagram in the proposition above
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commute, we now only need to prove it is additive modulo p. This also follows
by a direct calculation once you notice that

xpk+l+l
k+1,0
pla+b) — pla) - p(b) = =L,
L1, — 1

for some r € Api1;.

Regarding the other two equalities in Proposition 2.1, it is clear that the second
one follows from the first. The first statement will follow from the lemma below.

Lemma 2.4. The diagram

Z[Cr+1] Z[Crr1-1]
Ni Nku\/
Ay A1

18 commutative

Proof. Recall that the maps denoted N (without subscript) are the usual norms
defined by the determinant of the multiplication map. An element in Ay ; can be
represented as a pair (a,b) € Z[Cp4i1-1] X Ak -1 and an element in Ay_;,; can be
represented as a pair (¢,d) € Z[Cgri1—2] X Ag_1,-1. If (a,b) represents an element
in Ay, one can, directly from the definition, show that N(a,b) = (N(a), N(b)) €
Aj_1;. We now use induction on [. If [ = 1 the statement is well known. Suppose
the diagram corresponding to the one above, but with i replaced by i« — 1, is
commutative for all k. If a € Z[(x4,] we have

N(Ny(a)) = N(N((a; Nit14-1(a)) = (N(N(a), N(N(Ni+1,-1(a))))
and
Ni-11(N(a)) = (N(N(a)), N(Ni-1(N(a)))).

By the induction hypothesis Ni;_j0N = N o Njy;;-; and this proves the lemma.
O

With the proof of this Lemma the proof of Proposition 2.1 is complete. O

We will now use our the maps Nj; to get an inclusion of Z[(x4;—1]* into A,’;l.
Define ¢i; : Z[Cryi-1]" — A}, be the injective group homomorphism defined by
€ — (&, Nii(e)). By Proposition 2.1, ¢y is well defined. For future use we record
this in a lemma.
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Lemma 2.5. Let By be the subgroup of Ay, consisting of elements (1,b), b €
Az,lfl‘ Then AZ:,I = Z[Ck-‘,—l—l]* X Bk,l

In what follows, we identify Z[Cxy;-1]* with its image in Aj .

Before we move on we will state a technical lemma which is Theorem 1.2.7 in

ST3].

k+l_ k

Lemma 2.6. ker(gi|zic,,, ,+) = {€ € Z[(kr1—1]* : €=1 mod X,

We will not repeat the proof here, but since the technique used is interesting
we will indicate the main idea. If a € Z[(x4,-1]" and gg,(a) = 1 we get that
a=1 mod pin Z[(kti-1], Nri-1(a) =1 mod pin Ay, and that fk,l—l(%) =

gk7l_1(m“+@_l). Since the norm map commutes with f and g this means that
Nk,l,l(%) = N’“%@_l. The latter is a congruence in Aj;_; and by the same

method as above we deduce a congruence in Z[(;4;—2] and a congruence in Ay ;_o.
This can be repeated [ — 1 times until we get a congruence in Ay = Z[(x]. The
last congruence in general looks pretty complex, but can be analyzed and gives
us the neccesary information.

If for example | = 2, we get after just one step a =1 mod p in Z[Cx11], N(a) =1
mod p and N(“le) = % mod p in Ay = Z[(], where N is the usual norm.
By viewing N as a product of automorphisms, recalling that /V is additive modulo
p and that the usual trace of any element of Z[(;1] is divisible by p, we get that
N(a) =1 mod p? and hence that N(“le) = 0 mod p. By analyzing how the
norm acts one can show that this means that « =1 mod )\gl_c:f*p ’

In the rest of this paper we paper will only need the the rings A;; and Dy in the
case k = 0. Therefore we will simplify the notation a little by setting A; :== Ay,

Dy := Doy, g1 := Gou, Ji:= fous @ 2= 101, Ji := Jou and Njp:= No.
Now define V,, as
D;

V, = = —,
Im{Z[¢,1]* — D}

where Z[Cn_l]* are the group of all units € such that e = 1 mod \,_;, where A,

denotes the ideal ((, — 1), and [); are the units that are congruent to 1 modulo
the class of (z —1) in D. This definition is equivalent to the definition in [K-M]
by the following Proposition.

Proposition 2.7. The two definitions of 'V,, coincide.
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Proof. The kernel of the surjection (F,[z]/(x — 1)P")* — (F,[z]/(z — 1)P"71)* =

n p i
Dy consists of units congruent to 1 mod (x — 1)?"~'. Let n := (, * . Then
n* = (¢, and ¢(n) = n~. Let € := % One can by a direct calculation

show that € = 1+ ((,—1)P" 1 +£(¢—1)P" for some t € Z[(,)]. I a = 14+apm_y (2, —
1>pn_1 € (Fplz]/(x — 1)pn)*7 apn_1 € F;, Then it is just a matter of calculations
to show that a = f,(e)%"-1. This shows that (F,[z]/(z — 1)"")*/fL(Z[(.]") =
(Fpla]/(x — 1)P" 1)/ fo(Z[(,]*). Since

Z[Gn]*

f

Z[Cnfl]*

=t
Dn

is commutative and N (which is the restriction of the usual norm-map) surjective
when p is semi-regular (Lemma 3.3) the proposition follows. O

3. ON CONJECTURE 2
Let Vi :={v €V, : ¢(v) =v}. What we want to do is to find the structure of
V. Forn >0 and k > 0, define
Upi = {real ¢ € Z|¢,]* : ¢ =1 mod \F}.
One of our main results is the following proposition.

Proposition 3.1. Ifp is semi-regular, |V;}| = |\7:{_1\-\Un,Lpn,l/(Un,Lpn_lH)(1’)|.

Here U®) denotes the group of p-th powers of elements of the group U.
For £ =0,1,..., define r; by

|Uk7pk+1_1/(Uk7pk+1)(p)| = prk.

By Lemma 2 in [ST1] we get that Uy ye+1_; = Uy pr+1 and since the the A,-adic
valuation of € — 1, where € is a real unit, is even, Uy je+1 = Uy yr+141. We hence
have

Lemma 3.2. Uy k411 = Uy pr1;.

One can prove that 7o = r(p), the index of irregularity, since if the Ag-adic
valuation of € € Z[(o]*" is less than p — 1, then local considerations show that the
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extension Q({y) C Q((o, ¥/e) is ramified. The result then follows from the fact
that

Uovp_l o~ i
(Uo2)?  pSo

where Sy is the p-class group of Q((p).

Before the proof of Proposition 3.1 we will state and a lemma, which is well-
known.

Lemma 3.3. Ifp is semi-reqular Ny,_y : Z[Cy—1] — A1 maps U,_1 ;1 surjectively
onto Uy_21.

Proof of Proposition 3.1. In a similar way as the ideal X, := ({, — 1) equal
the ideal (¢, — ¢,") in Z[C,] one can show that that (7 — 1) = :Y: Y in D,.
It is easy to show that D** can be represented by elements 1 + ay(Z — Z71)% +
ay(T — T D)+ 4 apn_g(z — 27" 3 a; € F,. Hence |Dit| = p®"—3/2. We
want to evaluate

D5 1/190(Un-1.1)].

By Lemma 2.6 we have
Unfl,l

Unfl,pnfl

gn(Un—l,l) =

Since gn(Un-11) € gn(Z[Gn-1]*t) C [);Jr the group U,_11/Up—1,n-1 is finite.
Similarly Z[(,—1]*"/Un—1,n—1 is finite. This shows that Z[(,—1]*"/U,—1, is finite
since
Z[Cn—l]*Jr H Un—l,l } _ ’Z[Cn—l]*Jr
Un—l,l Un—l,p”—l Un—l,pn—l

We can write

’ Un—1,1 ’ . } Un—1,1 HUnfl,p"_lfl Un—l,p"—lﬂ} o

Un—1pr—1 B Un—ipn—1-1" Up_1pn-141"" Up_1pna -

(3.1) = | Un-11 Un-1pnt-1 1 Un-1pn-141/ (Un—1pn-141)" | =
Un-1pn=1-1" Un—1pn=141"" Un—1pn-1/(Un— 1p” 1p)P

_’ U"*Ll HU”*LP"_l*l Un— 1,pn 141 H Un— 1,pn—1 ’f
Un—lvp”*—l Un—l,p"*1+1 (Un Lpn— 1+1 Un 1p" 1+1

By Dirichlet’s theorem on units we have (Z[(,_1]*)* & 775 1 Since all quo-
tient groups involved are finite we get that U,_11, Uy—1pn—1, Up_1pn-1-1 and

U, _1pn-141 are all isomorphic to 7”51 The rest of the proof is devoted to
the analysis of the four right hand factors of 3.1.
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Obviously,
pn_pnfl 1 n el
Un,17pn—1+1 ~ Z 2 ~ P —127 1
- n_.,n—1 - p
(UN—l,p"71+1)p (pZ) p” 127 1

This shows that
Unfl,p"_1+1 o pnipn—l 1
—— | =p 2 .

(Un—l,p"71+1)p

We now turn to the second factor of the right hand side of 3.1. We will show
that this number is p by finding a unit € ¢ U,n-14; such that

U —1.pn—1_-1
<e>=_——F —

Unfl,p"_lJrl.
Since the p-th power of any unit in U,_; yn-1_4 belongs to U,,_q n-14; this is
enough. Let ( = (,_; and n := C#. Then n?> = ¢ and ¢(n) = n~!. Let
€= ”pn%H:Z:(lpnilH). Then ¢(e) = € and one can by direct calculations show
that € is the unit we are looking for.

We now want to calculate
Un—l,l ’

Un—l,p"*1—1
Consider the commutative diagram

Z[Cn—l]*

Nn—1 f
n—1

* In—1 %
Anfl anl

It is clear that f,,_1(U,—11) C b;‘:l and that g,—2(U,—21) C [);fl By Lemma 3.3
we have a commutative diagram

Un—l,l

.
Un—21 DTy

where N is surjective. Clearly, f(Un—11) = g(Un—21).
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It is easy to see that ker(f) = U, n-1_1 so by above

Un—
= = f(Un11) = g(Uns).
Unfl,p"_lfl
Now recall that by definition V| = D**,/g(U,_s.1). Hence
Un-11 . _ P _
] = loUna) = DRIV =0 IV
n— 7p"’l/— —
This finally gives
Vil = D llg(Un-ra)l ™t =
= ppn273 p_p"%lfi’» . |V:*1| -p_l .p_pnign_l—’—l . }—Un—l,p"—l } =

Unfl,p"fl ‘
(Un—l,p”‘l-i-l)p

which is what we wanted to show.

= |V:Lr—1| ) ‘

O

Recall that A\yZ[Crq1] = A4, as ideals in Z[Cx41]. By Lemma 3.2, the inclusion
of Z[(y] in Z[(41] induces an inclusion of Uy, jr+1_1 = Uy pr+141 into Uy g prtzy, C
Ugy1pre+2_1. Since a p-th power in Z[(x] obviously is a p-th power in Z[(x41] we
get an homomorphism of

Uk,pk‘Hfl Uk+1,pk+271

— .
(Uhpk-i-l)(p) (Uk+1,p’“+1+1)(p)

If € € Ugprer1_y is a not p-th power in Z[(;| then one can show that Q((z) C
Q(Ck, €) is an unramified extension of degree p. If ¢ would be a p-th power
in Z[Cry1] we would get Q((ry1) = Q(Cx,€) which is impossible since Q({x) C
Q(Ck+1) is ramified. Hence the homomorphism 3.2 is injective. This shows that
the sequence {ry} non-decreasing.

(3.2)

Since it is known by for example [K-M] that |V{| = p™, by induction and Propo-
sition 3.1 we now immediately get:

Proposition 3.4. |V}| = protrittrn-1,

On the other hand, recall that [K-M] provide us with an injection of Char(V;)
into C1P(Q(¢,—1))~, the p-component of the class group of Q((,_1). This shows
that the number of elements in V' is bounded by the number of elements in
C1P(Q(¢y—1))”. By Iwasawas theorem, there are numbers A > 0, > 0 and v
such that | C1P/(Q((_1)~| = "~ D#"+¥ for all n big enough. It has later been
proved that p = 0. This immediately implies the following proposition.
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Proposition 3.5. There is a number ng such that for n > ng, |Vi| < prn=b+v

By comparing the sequences {ro+r;+...+ 7,1} and {A\(n — 1) + v} for big n,
remembering that r; is non-decreasing, we now obtain the following

Proposition 3.6. r, < X for all k and that there exists a number N such that
ryix =N for all k> 0.

Now recall that if Assumption 1 is satisfied, then 1.4 holds so
V| = prontO-ro)n=1) — pAn=D-+r0,
Since V. is a quotient of V| applying this to n = ny + 1 yields
ro+ AN <o +T1 Ty ST+ Nl < To + Mo
This obviously implies that r, = A for all k =1,2,....
Lemma 3.7. When Assumtion 1 holds ry, = X for allk=1,2,....

The following theorem is now immediate.

Theorem 3.8. If Assumtion 1 holds, then Vi =V t.

We end this section by discussing another type of assumption on the semi-regular
prime p.

Assumption 2. rank,(C1®(Q((,))7) = ry.

This assumtion always holds for n = 0. Note that by the proof of Proposition 4.1,
the rank,(C1?(Q(¢,))) is always greater or equal to ,. Under Assumption 1
it follows from [K-M] and [U2] that rank,(C1?(Q(¢,))”) = A when n =1,2,....
This and Lemma 3.7 means that Assumption 1 implies Assumption 2. It is
worth noting that Assumption 2 implies that the character group of S, /pS,,
where S, = C1P(Q(¢,))~, is generated by units from U, pns1_;.

Again, recall that ro = 7(p) and that the sequence {ry} is non-decreasing.

Theorem 3.9. If Assumption 2 holds

Z: 0 Z T1—T0 Z’ Tn—1—"Tn-—2
)" (o) e e ()T

Vi (

Before the proof we need some results.

Lemma 3.10. There exists a surjection 7, : Vi — V.
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Proof of Lemma 3.10. The canonical surjection 7, : A, — A,_; can be con-
sidered mod (p) and hence yields a surjection j, : D, — D,_;. Suppose that
u € D, v e D) j.(v) = @ and that © = g,(v), where v = (e, N,,_1(e€)),
€ € Z[Cnfl] Then ]n(v) = n71<€>7 and u = jn(6> = jngnNn71<€>' But
N,_1(e) = (Nn,m(e),Nn,an,Ll(e)) by Proposition 2.1. In other words, if v
represents 1 in V,,, then j,(0) represents 1 in V,,_; so the map j, induces a well
defined surjection V' — V1 . 0O

Proposition 3.11. For any semi-reqular prime p, ker 7, = (Z/pZ)™".

Proof. Proposition 3.1 and the definition of r, clearly implies that | kern,| =
p~*. We need to prove that any element in ker 7,, has order at most p. Suppose
that in the surjection D* — D%  the element u € D}, is the image of
v € D** and suppose u = gn_1((€, N,,—2(€))) for some € € U,_o1 C Z[z,_2]. For
some a € A,, v = g,(a) and (¢, N,,_2(€)) = jn(a). Since p is semi-regular we
know from Lemma 3.3 that the norm map N,,_; resticted to U,_1; is surjective
onto U,_2; and acts as the usual norm Nn,m. Hence there exists € € U,_1;
such that N, _1(€¢') = (¢, N,—2(€)). This means that (¢/, N,,_1(€')) € AT maps to
(€, Np—2(€)) under j,. Since f,—1(€') = gn—1N,—1(¢') = w and all the maps come
from a pullback we get that a = (¢/, N,,_1(€¢')), that is, v is the image of a unit in
Un—1,1. Now define ﬁ;‘;;k) = {a € D*" :a=1mod (z —1)*}. Then

ker{f);fr — [)::1} D::Epnfl 1)

ker{D;;Jr - D;tl} N Gn(Z[Cn—1]*") N In(Un—1pm-1-1)

ker w,, =

Now note that if b € D**

a1y, then bP =1 so such a unit clearly has order p. We
n,(p"~1)

will show that any unit a € b:;zpn—lq) can be written as a = bg, (¢)* for some b €
[):Ep”*)’ natural number k and € € U,,_; ;n-1_;. Then a? = WPg,(e)*” is clearly

trivial in kerm, C V. Let n := C,iTl Then 7? = (,_1 and c(n) = n~!. Let
n_1+17n*(Pn_1+1)
n—n=!
Up_1pn-141. Infact, e = 14 epn1_1 (o1 — G 4+ 1(Cuor — G4 )P" ! for
some NON-Zero eyn—1_1 € Z[z,_s], not divisible by A,_;, and some ¢t € Z. Suppose

a =1+ apn*1—1(£17n71 _ x;il)P”‘lfl + ... € D:Epnfl—nv Apn-1_1 € IF;. Since
epn-1-1 is not divisible by A, 1, gn(€) € I, Hence we can choose k such that
kgn(epn-1_1) = apn-1_1 mod p. Then it is just a matter of calculations to show

that a = bg,(e)*, where b € D;szn,l), which concludes the proof O

P
€:= 1

. One can by a direct calculation show that € € U,,_ yn-1_1\

Proof of Theorem 3.9. Induction with respect to n. If n = 1 the result is
known from for example [K-M]. Suppose the result holds with the index equal to
n — 1. There are no elements in D} with order greater than p" and hence there
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are no elements in V;" with order greater than p". Since V' is a p-group,
Z an Z an—1 Z al
Lye e e ()"

By Proposition 3.11 and the assumtion we have an exact sequence

E Tn—1 - L a; P E T(n—1)—i~T(n—2)—i Z To
0_> (pZ) HGg(pzz) H@(pzz) EB (pn—lz) HO

i=1 i=1

The injection from [K-M], Vi — Char C1”(Q((,—1))”) together with Assum-
pion 2 means V" has at most r,,_; generators. Hence V| has exactly 7, 1 gener-
ators and we get

Vi = (

Z

Jr
Vi (s

I

T0 Z’ r1—T0 Z Tn—1—"Tn—2
)@ (o) @8 ()

4. THE KERVAIRE-MURTHY CONJECTURES WHEN 7, = r(p)

We now proceed by making a different assumtion under we will give a constructive
proof of the two Kervaire-Murthy conjectures.

Assumption 3. rank,(C1?(Q(¢,))”) = r(p) for all n.

This holds for example if the Iwasava invariant A satisfy A = r(p) =: r which
follows from, for instance, certain congruence assumptions on Bernoulli num-
bers (see page 202 in [W]). Under this assumption we can prove the following
proposition.

Proposition 4.1. Let p be an odd semi-reqular, prime and let r = r(p) be
the index of irreqularity of p. Suppose the Assumption 3 holds. Then p™ =

U,
|| =07 for alln > 0.

Again, since it is proved in [K-M] that V{ = (Z/pZ)", induction and Propositions
4.1 and 3.1 now gives us the following theorem.

Theorem 4.2. When Assumption 3 holds, |V}| = p™.

Proof of Proposition 4.1. By Lemma 3.2 we need to calculate the number
|Upnpn+141/(Unpri1)?|. Denote the field Q(¢,) by K, and let L, be the max-
imal unramified extension of K, of period p. Clearly, G, = Gal(L,/K,) =
C1?(K,)/pCIP(K,). By the assumption |G,| = p’. It is known by Iwasawa
theory that G,, = G,,. If € € U, yn+141 it follows from local considerations that
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the extension K, C K, ({/€) is unramified so K, (¥/¢) C L,. Using Kummer’s
pairing we get a bilinear map G, X U, 111 — ((o), (0,€) — o(e)e !, The
kernel on the right is obviously the group of all p-th powers of elements in Z[(,]
belonging to U, ,n+141 which is (U, pni1)P. It is enough to prove that the kernel

on the left is trivial. Then, ozl o Char(G,,). Since |G| = p" this proves the

’ (Un,p"+l)p
theorem. Suppose < g,e¢ >=1 for all e. If we can show that every unramified ex-

tension K,, C L of degree p is given by L = K(7y), where v is a p-th root of some
€ € U, pnt141 we are done. Again, |G| = p’, so there are r distinct unramified
extensions of degree p. We now use induction. Let n = 0 and suppose Ky C L is
an unramified extension of degree p. It is well known that such an extension can
be generated by /e for some real unit €. If € € Uy and € & Ups11, then local
considerations show that s < p — 1 implies that Ky C Ky({/€) is ramified. Hence
L = Ky(¥/€) where € € Uy, = Uy p41. Now suppose every unramified extension of
K, is given by a p-th root of a unit, that is we have r units €y, ..., € Up_1pnq1
such that each distinct extension F;, ¢ = 1,2,...r is generated by a p-th root
of ¢;. Consider ¢; as elements of K,,. A straightforward calculation shows that
€; € Uy pn+141. Hence a p-th root of ¢; either generate an unramified extension of
K, of degree p or ¢/¢; € K,,. The latter case can not hold since then we would get
FE; = K,, which is impossible since F; is unramified over K,_; while K, is not.
Hence we have found r distinct extension of K, and this concludes the proof. [

Now recall that for n = 1 it is proved in [K-M] that V{ = (Z/pZ)". Suppose
the result holds for all £ < n. Then V! | = (Z/p"'Z)" and the surjection m,, :
Vi — YVt | from Lemma 3.10 means that VI has at least r generators. By our
assumtion C1? Q(¢u—1) has r generators and by using the injection Char V' —
C1® Q(Cu—1) we get that VI has at most, and hence by above exactly r generators.
By Theorem 4.2 |V;"| = p™. Since no elements in D" and hence no elements in
V+ have order greater than p™ we now get the following theorem by induction.

Theorem 4.3. If p is a semi-reqular prime and r the index of irregularity and
Assumption 3 holds, then V}} = (Z/p"Z)".

~Y

We now proceed to show how we can directly show that V! = V© when V' =
(Z/p"Z)". The proof of this relies of constructing a certain basis for D | con-
sisting of norms of elements from Z[(,_1]* considered mod p.

Let ® : U, 1 pn_pn-1 — D, be defined by
6—1) Nn71(€>_1

p p

Since N,_; is additive mod p one can show with some simple calculations that
® is a group homomorphism. See Lemmas 4.8 and 4.14 for details.

®(€) = Npoo (

mod p.
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Explicitly, what we want to prove is the following.

Theorem 4.4. If V) = (Z/p"Z)", then ® is a surjective group homomorphism.

As we can see by the following corollary, the theorem is what we need.

Corollary 4.5. If V) = (Z/p"Z)", then V[ =V}

Proof of the Corollary. We want to show that for any (1,v) € A} there exists
(€, Np_1(€)) € Af such that (1,7) = (¢, N,—1(¢)) mod p, or more explicitly that
forally € AT, v = 1 mod p there exists € € Z[(,_1]* such that (¢, N(¢)) = (1,7)
mod pin A,,. This is really equivalent to the following three statements in Z[(,,_1],

A,_1 and D,,_; respectively
e = 1 modp
N,-1(¢) = v modp
-1 N, _1(€) —
¢ ) = Noa(e) = mod p
p
Note that (1,v) € A, implies ¢g,—1(7) = fn—1(1) in D,_1, or in other words, that
v =1 mod p. Hence we only need to show that for any v € A*", there exists
€ € U,_1pn_pn—1 such that

anl(

-1 N, -1 1-
Nn_l(e ) — 1(€) = 7 mod D.
D p D
But the left hand side is exactly ®(¢) so the corollary really does follow from
Theorem 4.4 O

We now proceed to start proving Theorem 4.4. Recall that r = r(p) are the
number of indexes iy, 4z .. .4, among 1,2...(p — 3)/2 such that the nominator of
the Bernoulli number B;, (in reduced form) is divisible by p.

Let E, : D,, — D7 be the truncated exponantial map defined by

f y? yr !
E,(y)=1 e
(y)=1+y+ o+ R
and let L, : D! — D, be the truncated logarithm map
2 p—1
- Yy Yy
L,(14+y)=y—=+...— .
(1+9) 2 (p—1)

We also consider the usual A-adic log-map defined by a power series as usual.

We denote the cyclytomic units of Z[(o]*" by Cy. Let M be the group of real
Ao-adic integers with zero trace. Any a € M can be uniquely presented as a =
S iAY m = (p—1)/2. Consider the homomorphism W : Z[(o]* — M defined
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by € — log(eP™1). Following [B-S], page 370-375, we see that there are exactly r
elements A}, namely Ao, such that A2 ¢ ¥(CJ). This implies that for exactly
the r indexes i1, s . . .4, we have (z; — ;1)%* # g1(log(e?~1)) for any € € C;.

Suppose (x — z71)%: = g;(loge) for some € € Z[(]*". Tt is well known that the
index of Cf in Z[(]*" equals the classnumber h, of Q(¢)*. Since p is semi-
regular there exists s with (s,p) = 1 such that ¢¢ € C; and by co-primality
of s(p — 1) and p we can find u,v such that 1 = s(p — 1)u + pv. Then € =
eSPmDutpy — (5)P=1erv g0 Jog((e**)P~DU) = loge — pvloge = loge = (v — 27 1)%s,
which is a contradiction. Hence (z — x71)%= & g;(logZ[(]*"). Since formally,
exp(log(1 +vy)) = 1 + y it is not hard to see that F1(Li(14+y)) =1+ y mod p
and that we have a commutative diagram

mod p

Dy Dt

Ly

Recall that DZ?ES) ={ye D" :y=1 mod (z —271)*} and that we know that

Vi = Dit/g1(Z[(o]*") has r := r(p) generators. If we now apply the map F;
and do some simple calculations we now get the following proposition.

Proposition 4.6. The r elements E\((x; — x7")**) generate Dt /g1(Z[¢o]*F)
and belong to Df(rZ) but do not belong to D?(LP_Q).

We now want to lift this result to D*. From now on (exepting Lemma 4.11) we
will denote the generator x € D,, by x,.

Proposition 4.7. If Assumption 8 holds, then the r elements E,((z, — x;')%*)
generate the group Vi = Dt /g (Z[Co 1 ]*T). The elements B, ((x, —x;1)%x)P" "

n
are non-trivial in VI, belong to D;szn,l) but do not belong to D;szn_zpn,l)

Proof. Induction on n. If n = 1 this is exactly Proposition 4.6. Suppose the
statement holds for the index equal to n — 1. The diagram

(4.1) Z[Cnal** Dyt
Nn,l
Z[Cn—Q]*Jr D:;Jil
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is commutative. Hence, if 2z, € D} is mapped to z,.1 € D} ; and 2,1 &
ImZ[¢,—o]*, then z, & ImZ[(,_1]*. Moreover, 22 ¢ ImZ[(,—1]* in this case.
This follows from the fact that V| = (Z/p™Z)" for all m. Hence, if an element
z € V! has order p, then the surjection V' — V. | maps z to the neutral
element in V*_,. Now, the elements E,((z, — 2;;2)%*)?""" are not in the image
of Z[(,—1]* by Theorem 4.3 and since E,((x, — z;')2*)?""* clearly map onto
By (g — 212" & gu_1(Z[Cos]™) by induction. Finally, since 1 <
2ip, < p—1we get p»~! < 2p" i, < p® — 2p" ! and this means that all the
elements

En((xn — :10;1)2"‘“)1’n_1 = (14 (z, — x;l)zi’“ +. )P =
= 14 (za —a )" R4

n

fulfil our requirements. O

Recall that ¢ : D,, — D, is the map induced by z — z~! and that D := {a €
D, : ¢(a) = a} Define ¢ : U* w1 — Dby p(y) = Nn,l(%l) mod p.

n—1,p®—p

Lemma 4.8. ¢ is a homomorphism from the multiplicative group U;;Lpnfpn_l

to the additive group D) | and the kernel is U,]L_Lpn_l = U,]L_Lpnﬂ.

Proof. Let ¢ and 7 belong to € U

Lpn_pn-1- Then, since N,,_; is additive mod
pand N,_1(e) =1 mod p,

et N s | R et
Nt (7 =) = Naaa P )=
= NN (D 4w () =

6_1) mod p

—1
= Noa (=) o+ Naa

so ¢ is a homomorphism. Suppose N, _1((y — 1)/p) = 0 mod p. Then, by
Proposition 2.1, fo_1((y —1)/p) = 0 which means v € U, ,»_; = U, ,n; (the
latter equality is due to Lemma 3.2). O

In this notation, what we want to prove is the following

Proposition 4.9. If Assumption 3 holds, then the map
@ (Un-1,pn—pn=1)/ (Un-1pn41) — D,

induced by ¢ is an isomorphism.

Since ¢ is obviously injective it is enough to prove the following proposition
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Proposition 4.10. Suppose Assumption 3 holds. Then

D+ o Un,Lpn,pn—l
| n71| - U
n—1,p"+1

—1

Proof. Recall that |D || =p" =  so we need to prove that
pn71—1
|(Un—1pm—pn=1)/(Un-1pm-1)| =p 2
An element of V| of the form b = 1+(z,,—x,,')?*, where p" ™! < 25 < 2s; < p"—1,
correspond to a non-trivial element of

s+
n,(2)

9n(Z[Ga1]"F) N D}y

which is a canonical subgroup of V,I. If to, is the number of independent such
elements b, then

o+
Dn,(ZS)
9n(Z[Go]™) N D}y
By Proposition 4.7, ty, = 0 if 25 > p™ — 2p"~1. On the other hand

gn(Z[Cn—l]*+) N D::EQS) = Un—l,ZS/Un—l,p"—l

= (Z/pz)""

since U,_1,n_1 = ker(g,), and hence U, _125/Up_ 1,01 = D:LJEQS) if 25 > p" —

n_q_
4 p 1-2s n—1

2p"~". The number of elements in D (25) is p~ =2 . Setting 2s = p" —p
completes the proof. O

n—1

We now have to do some carefull estimations of some congruences of our norm-
maps.

Lemma 4.11. Let 2 < nand 1 < k < n. Ife € Z[(1] and If e = 1
mod p5+1)\fl_7117pk, then (N,,_1(€)—1)/p can be represented by a polynomial f(z) =
P fi(x) in Ap_y, where fi(z) =0 mod (z —1)?" """ in D,_;.

Before the proof, recall that the usual norm ]\7”,1, 1 <n,1 <k < n, can be
viewed as a product of automorphisms of Q(¢,,) over Q((,—1). If t, € Z[(,] and
tn—1 € Z[(n—1] we immediately get Nn,l(l +tno1tn) = 14+ Troe,) /1) (tn)tn-1t’
for some t' € Z[(,_1]. Recall that the trace is always divisible by p. In the
proof below we will for convenience denote any generic element whose value is
not interesting for us by the letter ¢.
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Proof. Induction on n. If n = 2 (which implies k = 1), N,_y = Ny, : Z[¢1] —
Ay 2 Z[Co]. Let e := 1+ tp>*! Then e = 1 + tp* A 7 = 1 + tp* A2 1. By the note
above,

Nl’l(E) -1 N

s\p—1
= tp°\}

which is represented by some f(z) = p*(x — 1)P7'fi(z) in A; Suppose the
statement of the Lemma holds with the index equal to n — 2. Let ¢ := 1 +

-2

tszrl)\fL:l " Note that e = 1+tpstIAP" 7 and by the note before this proof,
No11(e) = 1+ tp8+2)\fln_7;*pk71. Let (N,_1(€) — 1)/p be represented by a pair

(a,b) € Z[Cy_s] X An_g. Then a = (N,_11(e) —1)/p = tpsﬂ)\fi_;_pk_l. In A,_5;
a hence can be represented by a polynomial a(z) = p (= 1)P" P gy () for

some a;(x). By the expression for NV,_;1(e) and by the assumption, we get
N, o(N,_ SN, (1t
p o Vo2(Wa1a(e) =1 _ 2o(1+1p Ny ) — by (2)
p p
where by(z) = (z — 1)P" " by(z) mod p for some by(x). Define b(z) :=
p*T1by(z). We want to find a polynomial f(z) € A,_; that represents (a,b),
that is, maps to a(x) and b(z) in A,,_o; and A, _» respectively. Note that

-1 "~ 1
1T t(a)————

x
for some polynomial ¢(x) € Z[z]. Hence

a(z) — b(z) = (

Then we can define a polynomial f(x) by

p= r—1

xpnfl o 1 xpn72 - 1

S
i L

2_ k-1 xP -1

fl@): = al@) +p"((e =D 7 ar(w) = bi(@)) =

k—1 xP -1

= b+ (= 1P () — b))

Clearly, f maps to a(z) and b(z) respectively. We now finish the proof by ob-
serving that

n—1
n—2 k—1 2_ k-1 P 1_
1_

f@)/p* = pla=1" " a(@) + ((x - 1)”n_ _p_ al(l“) — by (1)

xpn—Q _
n—2 k

= ((@- 1" ay(e) - (@1

ba())(x — 1) =

n—1 k—1
P mod p.

n—2__
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By setting s = 0 we in the lemma above we immediately get the following theo-
rem.

Theorem 4.12. Let 2 < n and 1 < k < n. Suppose ¢ € U, _ Then

Gn1((Np_1(€) = 1)/p) =0 mod (z —1)*"'*""" in D,_,

1,p"—pk .

The following proposition is immediate by using that g, 1NV, 1 = fn._1.

Proposition 4.13. Let2 <n, 1 <k <n and let € € U, pn_pr \ Up_q pn_ph—1.
Then gn-1(No-1((e=1)/p))) =0 mod (w—1)"""" 7" but g, 1((No-1((e=1)/p))) #

0 mod (z—1)?"""*""" in D, ;.
Let w: U,y pn_pn—1 — D;f_; be defined by w(7) := gn-1((Np-1(7) — 1)/p).

Lemma 4.14. w s a homomorphism

Proof. Suppose € and vy belong to U,,_j yn_pn-1. Then N,_1(y) =1 mod p in
A, _1 because

Nn—l(’Y) = (Nn—l,l(’y% Nn—1,2(7)7 ey Nn—l,n—l(’}/))
and qu,k(’y) =1 mod p? forall k=1,2,...,n— 1. Hence
Ny, 1(ey) — 1 _ Noo1(9)No-1(€) = Npoa(€) + Ny (e) — 1 _

w(ey) = 5
= Nn—l('Y)Nn1§:> —1 + an(}j) —1 =
= Noae) — 1 + Noa(r) =1 =w(€e) +w(y) mod p

D p
U

Note that if € € U,y n—1 then w(e) = 0. This can be shown using similar, but
simpler, methods as we did in the proof of Lemma 4.11. We can hence define

U —1.pn—pn—1
) i N D:{—l-
Unfl,p”fl

Now, if a € D, let O(a) be the maximal power of (z —z~!) that devides a. In

n—1»
this language we can combine Thereom 4.12 and Proposition 4.13 to the following
lemma.

Lemma 4.15. Let2<n, 1 <k<n andlete € U, 1,0\ Uy_1pn_pi-1. Then
Pt = p" < 0(@(e) < p"t = PP < 0(0(e)).

Proposition 4.16. The map ® := ® — w 1s an isomorphism.



58 OLA HELENIUS AND ALEXANDER STOLIN

Proof. By Proposition 4.9 ¢ is an isomorphism. Hence there exists (classes of)
units €;,4=1,2,...,(p" ! —1)/2 such that the set ¢(¢;) forms a basis for D ;.

If a € D, | there exist unique a; such that a = Zgﬂil_lw a;p(€;). To prove the
Proposition it is enough to show that the map
(" -1)/2 (p"'-1)/2

Z aip(e;) — Z a;(p(€) — w(ei))

i=1 i=1
is invertible. Consider the matrix M for this map in the basis {(x — z71)%}.
Obviously this matrix can be written I — M’, where I is the identity matrix
and M’ is induced by ¢(¢;) — w(e;). By Lemma 4.15 the matrix M’ is a lower
diagonal matrix with zeros on the diagonal. This means M is lower triangular
with ones on the diagonal and hence invertible. O

Proof of Theorem 4.4. The map @ is obviously induced by ® which hence
must be surjective by prop 4.16. U

5. FINAL REMARKS

We end this paper with some further discussion about how one can find a basis
for the groups D;'. In the proof of Theorem 4.4 the main idea was that one could
find a basis for D} consisting of the image of certain elements from Z[(,,_»] under
a certain mapping. To be a bit more specific we can formulate this as a corollary
to Proposition 4.9.

Corollary 5.1. There is a basis for D) consisting of elements gn(Nn(%)),
where € € Up_q pn_pn—1.

Recall that this was proved under the assumption r, = r(p) for all k. Now
suppose that Assumption 1 holds instead. Then, by Lemma 3.7, r, = X for
k=1,2,... and 79 = r(p). From Theorem 3.7 and Ullom’s result we conclude
V. has A generators for all k¥ > 2 and all of these generators have exponent at
least p"~1. In particular, V{ (p) = (Z/pZ)* and hence coincides with ker m; by
Proposition 3.10 and Lemma 3.6. Here for any abelian p-group A we denote by
A(p*) the subgroup generated by all elements of A of exponent p*.

It follows from the proof of Proposition 3.10 that there exist \ elements a; =

L+ (zy —ayh)PHs € [);’J(FPH), p? —p—3>s; > 1, which generate V3 (p) (see the

proof of Proposition 3.10 for the definition of lNDZJEt))
The natural projection D;J(rp ) D;f(rp ) induces the following exact sequence

0 — kerms — Vi (p?) — V3 (p) — 0 which reads as 0 — (Z/pZ)* — (Z/p*Z)* —
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(Z/pZ)» — 0. Let us consider elements b; = 1+ (v3 — x3')P™ € D3 )
The commutativity of the diagram 4.1 implies that images of b; are nontrivial
in V§. Moreover, Proposition 3.10 implies again that b; are not in ker w3 and
therefore all b; have exponent p? and generate V5 (p?). Thus, we can conclude
that b* = 1 + (z3 — 23 1)?" 7% are not in the image of Z[(s]*.

On the other hand p® — 3p > p? + ps; > p* + p and O} generate V3 (p) = ker m3.

It follows that

’ U2,p3 3p+2 ’

UQ p3_1

Proceeding in the same way we obtain the following

Lemma 5.2. Letn > 3. Ifa € D*Y (o —3pn—242) » then a € Gn(Z[Cn-1]").

From this lemma, just as in the proof of Proposition 4.10, we get the following
proposition.

Proposition 5.3. Suppose Assumption 1 holds. Then

U n+l__,n—1 pn—171
Unvpn+1_1

Now define @y : U, pn+1_pn-1 — D\ by @a(7) = gn,l(Nn,l(an 11(5- 1)), We

remind the reader that qu,l is the usual norm ZI[(,] — Z[(,_1] and Ny,_1 :
Z[Cn1] — A,_q is our “standard” multiplicative map. One can easily check
that @9 is a group homorphism. A straightforward calculation gives us that
ker g = U,, ynt1_1. We hence get an induced injective map

Un,p"‘H _pn—l

P2 ! - D:qu

Unypn-'»l*l
Since
Uy pnt1_pn
| =10l
n,pnti—1
this map is surjective. Therefore we get the following proposition.

Proposition 5.4. Suppose Assumption 1 holds. Then @ : U, yos1_pn-1 — DiF|
is an isomorphism and there exists a basis for D) | consisting of elements 902(7)
where v € U, pnt1_pn—1.

If we analyse the proof above we see that we really only require that r; = ry =
rank (VY), n > 1 (rank (V;}) is the number of generators of V) for Proposi-
tion 5.4 to hold. We know from Proposition 3.6 that ry = ry, for some N and
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if Assumption 2 is true, then ry = ryyp = rank (VNJrk) k > 0. In this case it
follows that we have the following exact sequence

0— kermyi — ’\7]—"\_/'+1(p2) - V]Tf(p> —0

and the following two statements are now straightforward.

Lemma 5.5. Suppose Assumption 2 holds. Then D*JE n_gpn-n 19y C InlZ[Gu]")
forn >N+ 1.
Now define on : Uy, pnt1_pn-v — D} \ by
1 e—1
¢N(€)=:gn—N(A%—N(Ef%uN(Xga:tp:qu)»-

As before, it is straightforward to control that ¢y is a homomorphism and that
the kernel is U,, yn+1_1. We hence get an induced homomorphism

U n+1 n—N
~ . n,p —Pp +
@N U — anN
nypn-'»l*l
Since
‘ Ump"“—l? ‘ _ ‘D ‘
Upprti-1

this map is surjective and we get the following proposition.

Proposition 5.6. Suppose Assumption 2 holds. Let N be as in Proposition 3.6
and let n > N + 1. Then there exists a basis for D} consisting of elements
on(7y) where v € Uy, ynr1_pn-n.

Finally, it is not hard to show that V,, and V,, do not differ by too much even
without any further assumption on p than semi-regularity. Recall from lemma 2.5
that AX 2 Z[C,1]* x By. If (1,¢) € B,, then ¢ =1 mod (p) and €’ = 1 mod (p?)
in A* 5. This also means that (¢’ — 1)/p = 0 mod (p) in A% _, which is enough
for (1,e)? = (1,1) mod (p) in A’ _, to hold. By abuse of notation,

V. Vi
" Im{B, — D:}*

I

and Im{B,, — D*}" consist of elements of exponent p.
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PICARD GROUPS OF INTEGER GROUP RINGS AND UNITS
IN CYCLOTOMIC FIELDS

OLA HELENIUS AND ALEXANDER STOLIN

ABSTRACT. In 1977 Kervaire and Murthy presented conjectures regarding
KoZCpn, where Cpn is the cyclic group of order p™ and p a semi-regular prime.
There is a group V;, that injects into f(OZC’pn = PicZCpn. V,, is a canonical
quotient of an in some sense simpler group V,,. Both groups split in a “positive”
and “negative” part. While V- is well understood there is still no complete
information on V,f. In a previous paper we gave the explicit structure of V"
under some different extra assumptions on the semi-regular prime p. Here we
extend this result to all semi-regular primes. We also present results on the
structure of the real units in Z[(,], prove that the number of generators of V;
coincides with the number of generators of C1% Q(¢n-1) and prove that the
extra assumption about an explicit form of the elements generating all unram-
ified extensions of Q((,,) of degree p (which we used in the previous paper) is
valid for all semi-regular primes.

1. INTRODUCTION

This paper is an extension of a previous paper, [H-S], from the authors. We refer
you there for some history and more explicit notation.

Let p be an odd semi-regular prime, let C,» be the cyclic group of order p" and
let ¢, be a primitive p"*1-th root of unity. Kervaire and Murthy prove in [K-M]
that there is an exact sequence

0— V. @V, — PicZCp+1 — C1Q((,) ® Pic ZCpn — 0,

where

(p1)2n1]

Vngélj[

and Char (V") injects canonically in the p-component of the ideal class group of
Q(Cu—1)- The latter statement is proved with V' replaced by a group V;', where
V-t is a canonical quotient of V" (which is obv1ously enough).

1991 Mathematics Subject Classification. 11R65, 11R21, 19A31.
Key words and phrases. Picard Groups, Integral Group Rings.
65
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Under an extra assumption on the prime p (concerning the Iwasawa-invariants of
p), Ullom proved in 1978 in [U] that V. = (Z/p"Z)"®) @ (Z/p"~'Z)*"P) where
A is one of the Iwasawa invariants. In [H-S] we among other things proved that
under a certain condition on the p-rank of the class groups C1® Q(¢,) (a weaker
condition than the one Ullom uses) we have

Z: 0 Z T1—T0 Z’ Tn—1—"Tn-—2
an) & (pn—lz) S...0 (p—Z) :

The numbers 7, are defined as log, of orders of certain groups of units in Z[(y]

V= (

and our assumption is exactly that r; = rank, C1® Q(¢).

In this paper we will show that V" is given by the formula above for all semi-
regular primes. Throughout this paper we assume that p is semi-regular.

2. V' FOR SEMI-REGULAR PRIMES

We start by defining the numbers r,, by
|Un,pn+1f1/(Un7pn+1)(”)| = p.

Here U, is the group of all real units in Z[(,]* that are congruent to 1 modulo
M where A\, = (¢, — 1). We proved in [H-S] that r, is non-decreasing sequence
bounded by A, where X is one of the Iwasawa invariants for p.

Our main theorem is, as mentioned, the following.

Theorem 2.1. For every semi-regqular prime p

YA Y/ - Z _
+ ~ 70 r1—"T0 o Tn—1—Tn—2

Before we can prove this we need to recall some notation from [H-S]. Let for
k>0and ! >1

Ay = 20

T
PP —1

and
DkJ = Ak,l mod p.

We denote the class of x in Ay; by zx; and in Dy; by Zx;. Sometimes we will,

~Y

by abuse of notation, just denote classes by z. Note that A,,; = Z[(,] and that

~ Fp['r]
kil — (fL‘ — l)pk+l_pk'
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By a generalization of Rim’s theorem (see for example [S1]) Pic ZC» = Pic Ag,
for all n > 1 and this is why these rings are relevant for us. It is easy to see that
there exists a pull-back diagram

Tk, l41
(2.1) Ak 41 Z[G11]
Jk,i41 Nes fr,l
9k,1
Ag Dy,

where i 141(Trie1) = Cots Trir1(@i1) = Ty fei(Cert) = Ty and gy is just
taking classes modulo p. The norm-maps Ny, are defined in [H-S], Proposition
2.1, and by Lemma 2.5 in the same paper we have an injection Z[(y1]* — AL

In what follows, we identify Z[Cyy;-1]* with its image in Aj .

In the rest of this paper we paper will only need the the rings Ay ; and Dy in the
case k = 0. Therefore we will simplify the notation a little by setting A; := Ay,

Dy := Doy, g1 := Gou, Ji 7= fous @ 2= tog, Ji := Jou and Ny := No,.

By abuse of notation we let for each group (or ring) ¢ denote the homomorphism
defined by sending a generator x to x~! (this is complex conjugation in Z[(,]).
We denote by GT the group of elements of G invariant under c.

In our setting, V. is defined by
Dy
2.2 V=
( ) gn(Un—l,l)
where D** is the group of all units in D** congruent to 1 modulo (z — 1).

Note that this definition is not the same as the one used in [K-M]. They instead
look at

p"r *
Im{Z[G]* — (Fplz]/(a?" — 1))}
The confusion regarding the two definitions of V,, is cleared up by the following.

Proposition 2.2. The definitions of V,, and V!, (2.3 and 2.2) coincide.

Proof. The kernel of the surjection (F,[x]/(z—1)"")* — (F,[z]/(xz—1)""1)* = D},

n+1+1

consist of units congruent to 1 mod (z — 1)?"~!. Let n:= ¢, ® . Then n* = ¢,
and c(n) = n~!. Let ¢, := o) Ope can by a direct calculation show

that €, = 1+ (¢, — 1)P" 1 +£(¢, — 1)P" for some ¢ € Z[(,]. If a =1+ apn_1(z, —
P"=t e (Fpla]/(x — 1)P")*, apn_y € F}, Then it is just a matter of calculations
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to show that a = fn(€)®"=1. This shows that (F,[z]/(xz — 1)P")*/f1(Z[(.]*) &
(Fpla]/(x — 1)1/ fu(Z[Ca]*). Since

Z[Gn]*

f

Z[Go]" —— D+

is commutative and N (which is the restriction of the usual norm-map) surjective
when p is semi-regular (a well known fact) the proposition follows. O

We now introduce some techniques from [K-M].

Let Py, be the group of principal fractional ideals in Q((,,) prime to \,. Let H,
be the subgroup of fractional ideals congruent to 1 modulo A?". In [K-M], p. 431,
it is proved that there exists a canonical isomorphism

;. R (Blal/@ — 1"y

— ; =: V.
Now consider the injection ¢ : Q((,—1) — Q((n), oot — (2. It is clear we get an
induced map Fy,,—1 — Fy,. Since ¢t map \,_; to AP it is easy to see that we get
an induced homomorphism

/ PO,nfl PO,n

o, : — .
n
H, H,

Considered as a map o/, : V', | — "V, this map acts as (F,[z]/(z — 1)?" ")* 3
Tyq — 22 € (Fplz]/(z — 1)P")*. Since V), = V, (see Proposition 2.2) we can
consider this as a homomorphism «, : V,_; — V,. Clearly we then get that
a is induced by x,-; — 2P Note however, that z,_; — 2P does not induce a
homomorphism D;_, — D;.

Lemma 2.3. The map o, is injective on V.

Proof. In this proof, denote Q((,,) by K,. Let L, be the p-part of the Hilbert
class field of K,, and let M, /K, be the p-part of the ray class field extension
associated with the ray group H,. In other words we have the following Artin
map

(I)Kn : IO(Kn) - Gal(Mn/Kn),
which induces an isomorphism (Iy(K,)/H,)® — Gal(M,/K,). Here I(K,)

is the group of ideals of K, which are prime to \,, and (Iy(K,)/H,)® is the
p-component of Iy(K,)/H,.



PICARD GROUPS OF INTEGER GROUP RINGS 69

The following facts were proved in [K-M]:

1) Gal* (M, /K,) = Gal*(M,/L,) = V+

n

2) M, 1 NK, = K, (lemma4.4).
Obviously the field extension K, /K, _; induces a natural homomorphism
Gal(My—1 /K1) = (]O(Kn—l)/Hn—l)(p) - (IO(Kn)/Hn)(p) = Gal(M,/Ky,)

which we denote with some abuse of notations by a,,. Therefore it is sufficient
to prove that the latter «,, is injective. First we note that the natural map
F: Gal(M,—1/K,—1) — Gal(M,_, K, /K,) is an isomorphism. Let us prove that
M, 1K, C M,. Consider the Artin map ®% : Iy(K,) — Gal(M,_K,/K,) (of
course F' is induced by the canonical embedding Io(K,,_1) — [o(K,)). We have
to show that the kernel of ®% contains H,,.

To see this note that F~'(®% (s)) = Pk, _, (Nk, /K, .(s)) for any s € Io(K,).
If s € H, then without loss of generality s = 1+ A\P"t, t € Z[(,], and thus,
Nk, /k,_.(s)) = 1+ pty for some t; € Z[(,—1]. Now it is clear that ®% (s) =0
since Pg, ,(1+ pty) =0 (0 is the identical automorphism).

It follows that the identical map id : [Io(K,) — Io(K,) induces the canonical
Galois surjection Gal(M,, /K,) — Gal(M, 1K, /K,) and we have the following

commutative diagram:

Gal(Mnfl/anl)

e

Gal(M,/K,) Gal(M,_1K,/K,)

If a,(a) = 0 then F(a) = 0 and a = 0 because F' is an isomorphism which proves
the lemma. O

Proof of Theorem 2.1. Induction with respect to n. If n = 1 the result is
known from for example [K-M]. Suppose the result holds with the index equal to
n—1. Lemma 3.10 in [H-S] tells us that we have a surjection 7, : V" — V1 | and
Proposition 3.11 in [H-S] that ker 7, isomorphic to C}»~*. Suppose 1+ (21— 1)
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is non-trivial in V;_;. Since

(2.4) Z[Cnal** Dyt
Nn,l
Z[Cn—Q]H— D:;Jil

is commutative, 1+ (x, — 1)* is non-trivial in V.. Moreover, since «, is injective,
a(l+ (zp1 = 1)F) =1+ (2h = 1)F = (1 + (2, — DM
is non-trivial in V. Now let 1+ (x,,_; —1)% generate V! | and suppose 7, (a;) =
14+ (-1 —1)%. Since 7, (14 (2, —1)%) = 1+ (2,1 —1)* we get a; = b;(1+ (z,, —
1)%) for some b; € ker m,, which implies that b is trivial. Suppose 1+ (2,1 —1)*
has exponent p* for some 1 < k < n — 1. To prove the theorem we need to prove
that a; has exponent p*+1. Since ker m,, = C’;(p ) a; has exponent less than or equal
to p**L. But (1+ (£n_1 — 1)%)?" =1+ (2,1 — 1)?"% is non-trivial in V| so
k+1

a7 = (= ) = (L (- )

7

is non-trivial in V;" by above, which is what we needed to show O

As an application of Theorem 2.1 we can get some results on the unit basis in
D,,, previously obtained in [H-S| under an extra assumption. Let

Unge = {7 € Z[C]" : v =1 mod (X})}

Define ¢y : U, o~ — DF by

prtl—p

1~ e—1
pn(e) = gn—N(Nn—N(]—)Nn,N(W)))-

In [H-S], p. 24, it is proved that ¢y is a homomorphism. The following corollary
now follows immediately in the same way as Proposition 5.8 of [H-S]

Corollary 2.4. Suppose p is semi-reqular. Let N be as in Proposition 3.7 in
[H-S] and let n > N + 1. Then there exists a basis for D}  consisting of
elements () where v € Uy, pn+1_pn-n.

Furthermore, since Dy ; = Ay;/(p), we can get a p-adic version of this result. Let
Zy| X]
Apip) = W

PP —1

be the p-adic completion of Aj; and let A;i be “the real elements” of Aj;.
Let Uy = {reale € ZyG,|* : ¢ = 1 mod A¥} and let us define ¢y :
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Un,p”“fp”‘N,(p) - (onn—f\ﬂ(p))Jr by

1 e—1
Pn(€) = No,n—N(];Nn,N(W)))-

where the norm-maps are the obvious p-adic extensions of our usual norm-maps.

Corollary 2.5. Suppose p is semi-reqular. There exists a basis for (Ao, )"
consisting of elements 'y (v) where v are global units, v € Uy, pn+1_pn—n.

An interesting remark on Theorem 2.1 is that this result might be thought of
as an indication on that Assumption 2 in [H-S] is true. We will prove this later
in this paper and hence we will find a number of generators of the p-part of

C1?Q(¢,).

Another interesting remark is that for every semi-regular prime V' is (isomor-
phic to) a subgroup of C1? Q(¢,_1) (under the injection from [K-M]), a subgroup
which we now by Theorem 2.1 now explicitly. Kervaire and Murphy also conjec-
tures that V" is actually isomorphic to C1%) Q(¢,—1). If this is true Theorem 2.1
of course would provide an explicit description of this class group.

3. AN APPLICATION TO UNITS IN Z[(,]

The techniques we developed in [H-S] also lead to some conclusions about the
group of units in Z[(,|*. From the previous results we know that

k4 Mx+
fVJr _ Dn+1 ~ Dn+1
n+1l 7 - n
gni1(Ung) 22—
Up prt1_1

Let s, pnt1-1 = |Upn1/Up—1pn+1-1]. A naive first guess would be that s, ynt1_1 =

p"+12—1—2 = p"+21 =3 which is the maximal value of this number. Incidentally, this

maximal value equals |D:;[1 . In this case we say that U, /U, yn+1_; is full, but
this happens if and only if p is a regular prime. In other words V;,, is trivial
if and only if p is a regular. This fact is by the way proved directly in [H]. For
non-regular (but as before semi-regular) primes what happens is that there are
“missed places” in U, /U, n+1-1. We define 2k as a missed place (at level n)
if Uy ok/Un 2k42 is trivial. Lemma 3.2 in [H-S] reads U, yn+1_1 = U, pn+14; and
hence provides an instant example of a missed place, namely p"*t — 1. It follows
from our theory that every missed place corresponds to a non-trivial element of
V1. Recall that Z[¢,—1]* is identified with its image in A,,. We will now prove
that the map g, : Z[(,_1]* — D} respects the filtrations \¥ | and (z — 1)*.

Proposition 3.1. Let 1 < s <p"—1 and € € Z[(,-1]*. Then € € U,_1 ¢ if and
only if gn(€) € D}, .
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*+

Using this Proposition we see that an element of D%, (25

) which is non-trivial in
V,f,, corresponds to a missed place 2s at level n.

Proof. To show that g,(e) € Dy implies € € U,_; s we can use the same
technique as in the proof of Theorem 1.2.7 in [S3] (also see Lemma 2.6 [H-S]).
For the other direction, first note that is s < p® — p"~! the statement follows
directly from the commutativity of the diagram

(3.1) A L]
mod p mod p
* AU plT * Fplz] *
Dy = ((mlFU[pT]L—l) ((x_l)p"fpnfl )

What is left to prove is that € € U,,_1 s implies g, (¢) € Dy, ) also for p" —pl <
s < p" — 1. For technical reason we will prove that if € € U,_; jn_, for
some 1 <k <n-—1and 0 <7 <p*"—p"! then g,(c) € D:,,(pnfpk#»r)' Note
that € € U,_1,n_1 is equivalent to g,(¢) = 1 € D by Lemma 2.6 of [H-S].
Suppose € = 1 + t)\f;:pk” for some ¢ € Z[(,_1]. By Lemma 4.11 of [H-S] we get
Np1(e) =1+ t'p(x —1)?" 7" for some t' € A,_1. In A,,

P — 1 P =1

p = n—1 _ +t($)

xP xr—1

for some polynomial ¢(z). In A, consider the element

Pt — 17— f @ = ) =

- ]_ n—1__k r n—1_ k-1
— +t(m)ﬁ)(t(x— 1P (= 1)),

By computing the right hand side and re-arrange the terms we get

n

n—1__k r n—1__k r n—1_, k—1 ?L‘p — ]_
f=tplx = 1) P — (Hx = 1P P — (= 1P P )7#”_1 — =
pnfl _ 1
— -1 pr—loph—l b X
(e-1) (0} ——

Using the two representations of f we see that i,,(1 + f) = € and j,(1 + f) =
N,_1(€) so 1 + f represents (€, N,,_1(€)) (which represents e under our usual
identification) in A,. Since < p* — p*~! we now get ¢,(1 + f) = 1 mod (x —
1)P" "' =P"+7 in D, as asserted. O
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Theorem 2.1 and its proof now give us specific information about the missed
places which we will formulate in a Theorem below. We start with a simple
lemma.

Lemma 3.2. Let 1 <s<n+1and1 <k <s. Then p° —p* is a missed place
at level n if and only if s=n+1 and k = 1.

Proof. Let n := G2 Phen n* = ¢, and ¢(n) = n~'. Define

0" +p* _ n—(ps+p’“)

€.

npk — n—(Pk)
Clearly, € is real and since
s k
€ = nipsigg - 1
Cgk 1 )
€ is a unit. By a calculation one can show that € € U, s 1 \ U, ps_pija. O

Define for k = 0,1, ... the k-strip as the numbers p* +1,p* +3,...,pF ! — 1.
Theorem 3.3. At level n we have the following

1. Let 0 < k <n. In the k-strip there are exactly r, missed places.

2. The missed places in the 0-strip are in one to one correspondence with the
numbers 2iq, . . ., 2i,, such that the numerator of the Bernoulli-number Bo;,
(in reduced form) is divisible by p.

3. Suppose i1,...,14,, are the missed places in the k-strip. Then piq,...,Di,,
are missed places in the k + 1 strip. The other ry 1 — rr missed places in
the k + 1 strip are not divisible by p.

Proof. We know from Proposition 4.6 of [H-S] that we have r, missed places
in the O-strip at level 0 and that they correspond exactly to the indexes of the
relevant Bernoulli numbers. As in Proposition 4.7 of [H-S] an induction argument
using the map 7, to lift the generators of V' | to V' show that we have ry missed
places in the 0-strip at every level and that a missed place k at level n — 1 lift
to missed places k and pk at level n. What is left to prove is that the “new”
missed places we get when we go from level n — 1 to n all end up in the n-strip
and that no “new” missed places are divisible by p. First, p” — 1 can not be a
missed place (at level n) by the lemma above. It follows from our theory that
the “new” missed places correspond to the generators of V.| of exponent p.

We need to show that each such generators a;, I = 1,... 7,1 — r,_o, belong
to D;:L(pnﬂ)' Suppose for a contradiction that a; = 1 + t(x,41 — 1)%, t # 0,

s <p"—1,is a “new” generator. Then m,.1(a;) = 1+ t(z,, — 1)® is neccesarily
trivial in V¥ but not in D**. Hence m,.1(a;) = gn(€) for some € € Z[(, 1]*.
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Since the usual norm map ]\~fn,1 is surjective (when p is semi-regular) and by
commutativity of diagram 4.1 of [H-S| we then get a;g,.1(€')™" = b for some
¢ € Z[C,)* and b € ker{D;T, — Di*} = Dt (p" — 1). Since p" — 1 is not a
missed place, b = g,11(€”) for some some €¢” € Z|[(,,|*. But this means q, is trivial
in V7, which is a contradiction. We conclude that a; € D1, (uy)-

To prove no “new” missed places are divisible by p we need to show that if

a; € D;‘:H’(S) \ D;il,(s 42) 15 @ “new” generator of V.1, then p does not divide
s. Now, a generator can always be chosen of the form 1+ (z,,1 — 1)°. Then an
element of the form 1+ (2,4, — 1)P*, with k & {i1,...,4, ,} cannot be a missed

place. This follows from the fact that if & is not a missed place, then 1+ (z,, — 1)*
is trivial in V¥ and since q, is injective, 1 + (2,11 — 1)?* = a, (1 + (2, — 1)¥) is
also trivial in V| ;. O

4. CLASS GROUPS AND THE KERVAIRE-MURTHY CONJECTURES

In this section we will prove that C1Q((,—1)(p) = V;f/(V;7)P. Here A(p) :={z €
A : 2P = 1}. Tt follows from Theorem 2.1 that V,}/('V,}')P has r, 1 generators,
and it was proved in [K-M] that Char(V;) can be embedded into C1%® Q(¢,_1).

So, in order to prove the result we need, it suffices to prove the following

Theorem 4.1. There exists an embedding ClQ((,—1)(p) — Char(V;).

Proof. First note that all our maps, g¢,,Jn, NV, etc and rings A, and can be
extended p-adically. Recall that A, (, is defined by

ZLp|x]
An,p) = (mﬁil)
rz—1

We have a commutative diagram

(4.1) A ) — Zp[Gor]
jn N . fnfl
At (p) — > Dyyy

Considering pairs (a, N,,—1(a)), where a € Z,[(,—1], we can embed Z,[(,—1]* into
A; - In [S2] it was proved that Dy is isomorphic to Zp[Co—1]"/Up—1pm—1,5)- We
hence have the following proposition
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Proposition 4.2.

Zp[gn—l]*
Un-1pm-1,p) * 9n(Z[Cn1]")

12

Vi

Now for any valuation w of K, ; = Q((,_1) and any a,b € Q((,_1)* we have
the norm residue symbol (a, b),, with values in the group of p-th (not p") roots
of unity. Let w = A\,_1 = (Coo1 — ¢ %) and let m = 1 — AF_ . Then

(1, ﬁj)An_l = (i, ?7i+j)An_1 (Th‘+ja TIj)An_l (Th‘+ja )\nfl)xrf,l

It follows that (a,b), , =1ifa € Uy_14, b € U,_1,5 and k + s > p". Further,
(Mpns An—1)r,_, = Co and therefore (n;,n;)x, , # 1ifi+j = p", j is co-prime to p.

Let a be an ideal in Z[(, 1] co-prime to A,_; and such that o? = (¢), where
q=14+X2_,t € Z[(,_1] (we can choose such g since (,,_1 = 1+ X\, 11 (14C,1) !
and (,_1(1+¢u1)7t € Z[¢,1]*). Define the following action of C1Q(¢,_1)(p) on
U+ .
n—1,2,(p) *
Ta(v) = (U7Q))\n71

Let us prove that this action is well-defined. First of all it is independent of the
choice of the representative v in C1Q((,—1)(p) because if we use ra instead of «

then (v,rpq),\n_l = (U7q))\n—1'

The action is independent of the choice of ¢ by the following reason: another
generator of a?, which is 1 modulo A\?_,, differs from “the old” ¢ by some unit
v =1+ A2_,t;, and it can be easily verified that v is either real or v = 5111’}/1
with a real unit v;. Hence we must consider 7,,(v) for real 7. In other words we
have to prove that (v,7)a,_, = 1. But if the latter is untrue, then (v,7),_, = (o,
which is not consistent with the action of the “complex conjugation” (v and =

are real, while (j is not real).

Clearly (Un—1pm-1,(p)» @)r,_, = 1. It remains to prove that (v,¢)x,_, = 1 for any
unit 7 and we will obtain an action of C1Q((,_1)(p) on V;. For this consider a
field extension K,_,(¢"/?)/K,_,. Since (¢) = a?, it can remify in the \,_; only.
Then clearly (v, q¢), = 1 for any w # A, and it follows from the product formula
that (v,¢), , = 1.

Therefore C1Q((,—1)(p) acts on V;I and obviously 7,5 = 7475.

The last stage is to prove that any o € C1Q((,_1)(p) acts non-trivially on V.
Let (¢) = a? and let ¢ = 1 + Ak ¢ with some k > 1 and ¢, co-prime to \,_;.

Let us prove that £ < p™ — 1. Assume that £ > p™ — 1. Then the field extension
Kn_1(¢"?)/K,_; is unramified. It is well-known that if p is semi-regular, then
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Kn_1(¢"?) = K,_1(y"/?) for some unit v. Kummer’s theory says that ¢ = vr?
and then obviously a = (r), i.e. « is a principal ideal. So, it remains to prove
that the case £ = p™ — 1 is impossible. For this consider (,_; and take into
account that ¢,— 1 = 1+ A\_1Cu1(1 + ¢uo1)~t. Then clearly it follows from the
properties of the local norm residue symbol (, ), , that ((,-1,¢)a,, # 1. On
the other hand ((,_1,¢), = 1 for any w # \,_; because (,_; is a unit and the
extension K,,_1(q'/?)/K,_, is unramified in w. Therefore ((,_1,¢)x,_, = 1 by the
product formula and the case k = p™ — 1 is impossible and k < p" — 1.

Now let us consider the cyclic subgroup of C1Q((,_1)(p) generated by « and all
the ¢; which generate all o”® for non-trivial o (i.e. s is co-prime to p). Let us
choose that q € Uy,_1,(p), Which has the maximal value of k.

Then ged(k,p) = 1 (otherwise consider ¢(1 — )\]:L/_pl)p). Next we prove that k
is odd. If untrue, consider the following element from our set of {¢;}, namely
q/o(q), where o is the complex conjugation. Easy computations show that if k
is even for ¢, then q/o(q) € Up—1,5,p) with s > k. On the other hand ¢/o(q) is in
our chosen set of {¢;} because it generates some ideal from the class of a? since
ClQ(¢n-1)(p) = ClQ(¢n-1)(p)~. Therefore we have proved that k is odd. Then
(Npn—k,q) # 1 and this means that 7,»_ is a non-trivial element of V;\ for which

Ta (np"*k‘) # 1

The theorem is proved.

O

Recall that one of the Kervaire-Murthy conjectures was that Vi 2 C1®) Q(¢,_y).
Now we partially solve this conjecture.

Corollary 4.3. ClQ((,-1)(p) = Vi (VP = (Z/pZ) ™ (see Section 2 for the
definition of r,_1).

Proof. It remains to prove the second isomorphism only, which follows from
Theorem 2.1. O

Now it is clear that the Assumption 2 from [H-S], which we used there to describe
V1t is valid for any semi-regular prime.

Corollary 4.4. Any unramified extension of Q(¢,—1) = K,_1 of degree p is of
the form K,_1(€'/?)/K,_1, where € is a unit satisfying e = 1+ X2 't

Corollary 4.5. There ezists an integer N such that ry = X for k > N (here X is
the Twasawa invariant for p). Moreover, any unramified extension of Q((x) = Ky
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of degree p is of the form Ki(e'/?)/K}, where ¢ € Z[(n]* is a unit satisfying
_ PN+l
e=1+ XNy t.

Finally we obtain Kummer’s Lemma for semiregular primes
Corollary 4.6. Let a unit e € Z[(,_1]* satisfy € = r” mod X "
with units v,y and v, = 1 mod X" 1.

Then € = Py,

Proof. If e = r» mod X?" " then 7 Pe = 1mod X?" " and it follows from the proof

of the theorem that in fact 7 ?¢ = 1mod A¥"_,. Then the extension K,,_;(¢'/?)/K,_,

is unramified and therefore € = 4?v,, where v, = 1 mod Af:{l. Clearly, then ~ is

a unit. N
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ON THE PICARD GROUP OF SOME POLYNOMIAL RINGS

OLA HELENIUS

ABSTRACT. Let ¢, be a primitive p"*1th root of unity and let Cpn be the
cyclic group of order p™. There exists an exact sequence

0— Vn+ ®V, — PicZCpns1 — ClQ(¢,) ® PicZCyn — 0.

V.~ is explicitly known and when p is semi-regular and satisfies some mild extra
assumptions, so is V. In this paper we study rings Ay ; := Z[z]/(pk,(x)),
where py(x) = (zP*" — 1)/(a?" — 1) which in some sense fits in between

ZCpyn+1 and Z[(,]. For each such ring Ay we exhibit an exact sequence
0— Vi ® Vi, — PicAg; — ClQ(Ceti-1) ® PicAg 1 — 0

and calculate V,:rl and V,; explicitly when p is semi-regular and satisfies one
extra assumption.

1. INTRODUCTION

Let p be an odd semi-regular prime, let C,» be the cyclic group of order p" and
let ¢, be a primitive p"T!-th root of unity. Kervaire and Murthy prove in the
article [K-M] 1977, that there exists an exact sequence

(1.1) 0— VeV, — PicZCy+ — ClQ((,) ® PicZCy — 0,

where

p—3 — (p=1)“p"— 77 1)2 n-1-j
(1.2) Vo0 H
and Char (V") injects canonically in the p-component of the ideal class group of
Q(¢n—1). The latter statement is actually proved with a group V! in place of V.,
where VT is a canonical quotient of V,'', which is obviously enough.

In [U2], Ullom proved under an extra assumption on the prime p, that

Z Z

1. =

n

)r(p) D ( )Afr(p)

)

1991 Mathematics Subject Classification. 11R65, 11R21, 19A31.
Key words and phrases. Picard Groups, Integral Group Rings.
81
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where A is one of the Iwasawa-invariants of p and r(p) is the index of regularity of
p, that is the number of Bernoulli numbers B;, i = 1,2, ..., p—3 with nominators
(in reduced form) divisible by p.

In the articles [H-S] and [H-S2] we use that fact that Pic ZC,» = Pic %
Z[z]

@ 1)/ @) Among other things we re-prove
Ulloms result using a different technique and also find the exact structure of V@
for all semi-regular primes. An important part of our technique is that we use
ing 2l Zlz] : :
not only the ring @™ —1)/@=D) but also (@D /1)) for different [ and k. It is

((mpkﬂ,zl[;;}(xp’tl)) and to try to find

a sequence corresponding to 1.1 and groups Vj;. In this paper we will complete
this task for semi-regular primes satisfying one extra assumption, namely that
for all n, the p-part of the ideal class group of Q((,) has p-rank equal to r(p). It
is known this assumption holds for all primes p < 4.000.000.

and concentrate our efforts on

hence a natural question for us to consider Pic

Let for k >0and ! >1
Z|x
Akli_ H

b (ml’kﬂfl)
PP —1

and
DkJ = Ak,l mod p.

We denote the class of x in Ay, by zx; and in Dy ; by Z;;. Sometimes we will,
by abuse of notation, just denote classes by z. Note that A,,; = Z[(,] and that

Fpylz]
k,l — (fL‘ — l)pk+l_pk'

It is easy to see that there exists a pull-back diagram

T l+1

(1.4) Ak Z[Cr1]

Jk,i+1 fr,
Ni

9k,
Ay Dy,

where i 141(Trie1) = Cots Trir1(@ri1) = Ty fei(Cert) = Ty and gy is just
taking classes modulo p. The multiplicative “norm” maps Ny ;, which make lower
right triangle of the diagrams commute, are defined in [H-S|, Proposition 2.1. By
Lemma 2.5 in the same paper we have an injection ¢y, : Z[Cry11]" — Ay, By
using the pull-back above with [ replaced by [ — 1 we see that every element of
Ay, can be represented as a pair (a,b) € Z[(rt1-1] X Aky—1. The injection ¢y is



ON THE PICARD GROUP OF SOME POLYNOMIAL RINGS 83

defined by ¢y(€) = (€, Nxi—1(€). In what follows, we identify Z[Cyi—1]* with its
image in Ay ;. The pull-back 1.4 induces a Maier-Vietoris exact sequence
Z[Ck—f—l]* X Az,l — D;l — PiCAkJ_H — PlCZ[Ck_H] X PiCAkJ — PiCDkJ,

Since Dy is local, Pic Dy; = 0 and since Z[(x4] is a Dedekind ring, Pic Z[(x1] =
ClZ[Ck+]- By letting Vi, be the cokernel

D
Vk7l = * ’ * *
I {Z[k41]* % Ap— Dk,l}
we get an exact sequence
(15) 0— Vk,l — Pic Ak,l+1 — ClZ[CkJrl] x Pic Ak,l — 0.

To find Vj; we start by splitting this group in “positive” and “negative” parts.
For this we use the map ¢. By abuse of notation we let ¢ act on all our rings Z[n/,
Agy and Dy On ZI[(,], ¢ is just complex conjugation. On the other rings c is
the homomorphism induced by x +— z~! (for z = Ty € Agy and Ty € Dyy). If
B is a ring (or group) upon which ¢ act, we define Bt = {b € B : ¢(b) = b} and
B ={be B : c¢(b) =b""}. It is easy to see that ¢ commute with all maps in
diagram 1.4, hence extends to Vj;, so we can define V;fl and V,; in the obvious
ways.

It turns out that the calculation of V,, is easy and reasonably straightforward.
Once we have found the structure of the group D;; the result follows from a

generalization of Kummer’s famous result that a unit in Z[(s]* can be written as
a real unit times a power of (j.

When it comes to ka’l we run into more trouble. We first consider a group V:,l
such that V,:l is a canonical quotient of V:,l (see section 3 for a definition). We
then show that \7:71 = Vaf p1- Here we use a result from [H-S] that tells us that a
unit in D,’;Jlr congruent to 1 modulo a sufficiently high power of (z — 1) is actually
the image of an element from A,’ZJ; After this, of course, we need only use the
structure of Var’k 41> which we also calculated in [H-S], to get our hands on V;l.

Finally we prove that V,/, = V|, by a direct construction.

2. STRUCTURE OF Dj; AND V,;;

We start off with some preliminary results.

Proposition 2.1.

s Dy
kl — A* D*
Im{ El k,z}
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Proof. fri = Niio g, O

We now zoom in on the structure of Dy ;. Clearly any element of Dy, can be
represented by ag + a1(x — 1) + ... + aperi_pr (T — )P g e By, (@ —
1P 7" =0, s0 |Dpy| = p”"'P". Every element with ag = 0 is nilpotent and
hence not a unit. Since, clearly, ag # 0 is a unit we see that every element with
ap # 0 is a unit, so |[Dy,| = (p — 1)pr* T =rt=t, F, C Dy, so Dy, = F, X [);;l,
where D,’;l is a p-group of order ppw_pk_l. Since the map ¢ has order 2 we also
get D,’;l = D,’;’l X D,’:Jlr (for convenience we use the notation D,’;Jlr instead of the

maybe more correct ([),’;l)*)

It is easy to see that we can also use (x — =1 i =0,1,...,p"" —pF — 1 asa
basis for Dy ; over F,. Using this basis we see that

D;; ={l+a(z—a N4a(z—a ")’ +.. . +ap_p (v — g Pty

and

k+1 k

—p _2}

ﬁ,’:Jlr ={l4+a(z -2V +as(x —a ) + . .+ apr_p oz —a )P

so |Dyy| = pP* =72 and D] = p@* ' =p"/2=1 For later use we need to find

the exact structure of [);;7 By the structure theorem for Abelian groups,

~ k+l1
(2.1) Dy =]]cs
=1

for some s;. Observe that if

u=1+a(z—z ") +az(x—a7 ) + ... +apr_p_ (T — S G

then

wW=1+ai(z—a VW +az(x—a )P+ . 4 a1 (@ — x_l)pk+l_pk_p.

Hence if u? = 1 we must have a; = a3 = ... = @prr-1_pe-1_4

= 0 so the
subset of elements in ﬁ,’;j of order p has order p(@"*'—p'=D)-E"1—p"=-1)/2 _

p@* T =P TP /2. Similarly, if we let o; denote the number of elements of
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order p’ or less we get

K+l _ ok k+l—1 _ o [k—1]
p p P P
logp 01 = ( 2 ) - ( 2 )
k+l _ k k+1—2 _  [k—2]
logp 02 = (p 2 P ) - (p 2 P )
. k+l _ .k -1
logp Ok+l-1 = (p 2 P ) B (p 2 )
| B karl _ pk
ng Ok+l - 2

where [m| = (m + |m|)/2 for an integer m. By comparing this with 2.1 we can
find the exponents s; by.

s1 = 2log,o01 —log, 09
sy = 2log, 0o —log, 01 —log, 03
s3 = 2log,o03 —log, 0, —log, 04
Sktl—1 — 2 logp Ok+1—1 — logp Ok+1—2 — logp Ok+1
Sk+l = 10gp Ok+1 — logp Ok+1—-1
which gives us
. pEH - 2pk+l71 _ pl-1l . P2 _ ple=2]
! 2 2 2
. Pl plh=1] - 2pk+l—2 _ ple=2] . phH=3 _ plk=3]
? 2 2 2
3 [—l43] 2 [—1+2] _1
Ski-2 = L ]2? —oF ]2? + 2 5
B p? — pl=i+2 2p _1
Sk+1-1 = B - 5
_ p-1
Sk+l = o

We summarize this and some other facts proved above in a proposition.
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Proposition 2.2. |Dy,| = . |Dy = p®* N2 D | = L
Dyl = p® =2 gnd |DZJ{| = Hl 7)/2- L. Moreover,

k+1
~>k— ~J S;
Dy, = HCPE,
=1

where

frH=it1 _ plk—it] pleti=il _ plk=il pleti=i=1] oy lk—i-1]

-2
2 2 * 2

p

S; =

fori=1,2,....k+1L.

The following lemma, sometimes called Kummer’s Lemma, is well known. A
proof can be found in for example [W], p 3.

Lemma 2.3. For every unit € € Z[(,|* there exists a natural number k and a
unit €, € Z[C,]* such that € = ¢,CF.

We now generalize this to the rings Ay .

Proposition 2.4. For every unit e € Ay, there exists a natural number k and a
unit e, € Ay such that e = e,xj .

Proof. Induction with respect to [. If [ equals 1, this in the lemma above. Fix
[ > 1 and suppose the statement holds in Ay, ; (for all k). Consider the dia-
gram 1.4 and let ;1 € A}, be represented by (€,€') € Z[(]" x A}, By
the assumption there exists ¢, € Z[(x14]*" and ). € A} and integers ki, kg such

that ¢ = €. ll:il and € = € x’,?l. Since the maps ¢ commute with the pull-back

diagram, c((€, ) = (€, €l) and (¢,€) = (€, e)(ClLal). (€,€) € Apron is
equivalent to fi(€') = gr(€e’) and also c(fr(€')) = c(gk,(e')). We hence get

o fra€)) = T gra(e))

and

——k ——k

xk,llfk,l<€lr) = xk,l29k,l(€;~)
which implies xzkll = :Ezkf in Dy;. Since Ty, € D, which is a p-group, this
implies xill k2 — 1. Now recall that D;7 do have elements of order p*' by

Prop081t10n 2.2 and hence it is not hard to realize that z;; then must have

order p**. This means k» = ki mod p**! which in turn means that 7% = 7.
Now it follows that e, := (e, e;) € Ajj,, and since ! = (C,fjrl,xifl) we get

_ k1
Cki+1 = ErLpyq- [
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We also have the following lemma.

Lemma 2.5. F; C Im{A;, — Dj,}

Proof. Fix arbitrary ¢ € F;. By Fermat’s little theorem, ¢ = """ mod p. Con-
sider =1 € Ay ;. Choose r, s € Z such that tr — sp**' = 1. Then

r—1
ot — 1 gt 1 — gttt 1=
z—1 ozt —1 - z—1 -
x1+spk+l T xspk+l _ 1
= = —
r—1 r—1
k+1
o s(pk‘Hfl) l’p — ]_ .
= x e = | =
( )=
A |
— s(pFti-1) —
x( +...+x+1)x_1 1 0
in Ag,;. Since
‘,L,lJrspk‘H -1 B 7t — 1 B
zt —1 oot —1

gD 4 pat 1 e Ay

: zt—1 *
this shows 2= € Ay ;. Now,

xt—1

. —t=a"1+ . ta+l-k=(r—-1)f(2)
l‘_

for some polynomial f € Z[z]. Hence, in Dj; we get

t_ 1 t 1
(=) ) =t = (=) - =
t [—
o) N (O VL (E L

We are now ready to prove the first proposition about the structure of Vj .

Proposition 2.6. V,; = D;,/ < Ty > and Vi = Dit /(gra(A;,) N D).

Proof. The first statement follows directly by Lemma 2.4 since Zj; is clearly in
Dy The second statement follows by Lemma 2.5. O
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3. THE STRUCTURE OF V, AND V/,

In the quest for V;fl a main role will be played by a close relative to ka’l, namely
. Dii

Vi m .
S I Z[ Gy — Dy

where Z[Cpyi—1]*t consists of units congruent to 1 modulo (Cyyi—1—1). Recall that
we identify Z[Cx1;—1]* with its image in A}, under the injection py : ZCer1-1]* —
Aips pra(e) = (6, Npi—1(€)) (see Lemma 2.5 in [H-S]).

Our main goal for now is to find the structure of \7;1. We will see that it is closely
related to the structure of V' which we have found in [H-S] (for semi-regular
primes with some extra condition) and [H-S2]| (for all semi-regular primes). In
this paper we will do this under the following assumption, which is Assumption
3 in [H-S]. We will continue to call it Assumption 3 even though we do not use
any assumptions 1 and 2 here. Recall that r(p) denotes the index of regularity
of p.

Assumption 3. rank,(C1”(Q(¢,))”) = r(p) for all n.

This holds for example if the Iwasawa invariant A satisfy A = r(p) which follows
from, for instance, certain congruence assumptions on Bernoulli numbers (see
page 202 in [W]) which calculations have shown holds for all p < 4000000.

Under this assumption we can prove the following theorem.

Theorem 3.1. If p is semi-reqular and Assumption 3 holds, then V, , = V(.

Let D;*(s) denote the group of real units congruent to 1 modulo (Zy; — 7, )°.

Proof. By using the identifications
okt ZChr1a]" — Af gy
and
Ok LlCrria]” — Af,

we get a commutative diagram

Z[CkJrlfl]*

90,k+1 9k,l

* *
DO,kJrl Dkl

p )
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where p is the natural surjection. We hence get an induced surjection
e Dgi Dii ¢
01 Vg i = = ~ — = ~ = Vi
9o+t (Z[Ceri—1]*) gt (Z[Crri—1]")
Suppose a € D,’:Jlr is trivial in V;l, that is a = gx(€) for some € € Z[(ppi_1]*, and
that a = p(b). Then

p(b) = a = gru(e) = p((gor(e))
in [)ZJ{ which implies

bgorsi(e) € Dyt (P = p").
By the proof of Proposition 4.10 of [H-S] we have (when Assumption 3 holds)
that

Dg;j,;ﬂ(zs)
gose+1(Z[Cr1-1]*) N Dy, (25)

is trivial whenever 2s > p*+! — 2pF*H=1_ Since pF+! — pF > phtl — phHi=1 5 ph+l _

2pF =1 this implies bgo (€ 71) = gori(€) for some € € Z[Ck+l_1]* which means
b is trivial in V{ 41~ In other words, p is injective and hence an isomorphism. [

By Theorem 4.3 in [H-S] we have that when Assumption 3 holds, V| = C’;ﬁp ).
We hence get the following corollary of Theorem 3.1.

Corollary 3.2. When Assumption 3 holds, Vi, ; = C’;,Eﬁ)l.

The rest of this paper is devoted to proving the following theorem.

Theorem 3.3. When Assumption 3 holds, Vi, = V.

Proof. Any element of AZT can be presented as a pair (¢, €) € Z[Cxyi-1] X A1

Recall that we make Z[(x4;1]" a summand of Af, by using the map ¢, :
ZlCrr1—1]" — Aj;. Wehave (€, e) = (€, Npy-1(€)) (1, eNpg—1(e7)) = wrae) (1, eNga—1(e7h)).
What we need to show is hence that for all (1,v) € AZJIF there exists € € Z[Cx1-1]*

such that

(1,v) = (€, Ny—1(€)) mod p.

This is equivalent to

2
|

1 mod p in Z[Cyt1-1]

Nii-1(e) = vy mod pin Ay

Nii-1(e) =7
p

SN—
I

mod p in Ak,lfl-
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The last condition comes from that fy;—1 = grj—1 0 Ni—1 (and gy 1 is the
surjection mod p) and we need to have

Jei—1((e = 1)/p) = gri—1((Nr—1(€) =) /p)
in Dy, for

(6 - 1’ Nii-1(€) — ’7) € Ar,
p p
to hold. Since we assume (1,7) € Ag,; we must have gx;-1(7) = fri-1(1) =1
in Dy;_1, that is, ¥ = 1 mod p. What we need to prove is hence that for all
v € Ay}, such that v = 1 mod p there exists € € Z[(j4;1]" with € = 1 mod p

such that
= mod p.

3.1 N
(3.1) ki1 ( ) p

Let U,y : {real € € Z[¢,]* : € = 1 mod A\t}, where A, := (¢, — 1). Recall that
in Z[Co—1]*, e = 1 mod p is equivalent to e = 1 mod A" Consider the

map (I)k,lfl : Uk+l,17pk+l,pk+lf1 — Dlj,l—l defined by
1) . Nk,l71<6) —1

6—1)_Nk7l,1<6)—1 _ 1—’)/

mod p.

6 J—
(I)k,l71<€> = Nk,lfl( D

If we can prove that ®;;_; is a surjective group homomorphism, then we can
obviously for any v find € such that 3.1 holds which in turn means Theorem 3.3
is proved. We will prove the surjectivity in Proposition 3.4 below and this ends
the proof of the theorem. O

Proposition 3.4. When Assumption 3 holds, ®j ;1 is a surjective group homo-
morphism for all k > 0 and | > 2.

This result will follow from the following lemma which is the corresponding result

for £ =0.

Lemma 3.5. When Assumption 3 holds, ®¢,,—1 is a surjective group homomor-
phism for all n > 2.

This is Theorem 4.4 in [H-S]. We will not re-prove it here, but for the sake of
completeness we will give some indication of how the proof goes.

We start by looking the first part of ®g,_, namely g1 : Uppn_pn-1 — Dafn_l
defined by ¢g,-1(€) = Non—1((e —1)/p). It is easy to prove, using our standard
commutative diagram, that the kernel is Uy »_; which by Lemma 3.2 in in [H-S]
equals Uy pny1. This gives us an injection

UO n n—1
s . P"—P +
Pon-1: ———— = Dy 1.

UO,p"Jrl
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We then prove that this map is an also surjective, that is, an isomorphism.
This is done by showing that (Uy yn_pn-1)/(Uppn41) have the “correct” number of
elements and this is one of the harder parts of the proof. In short, to prove this
we use that we have (by definition) r(p) indexes iy,7s...%, among 1,2...(p —
3)/2 such that the nominator of the Bernoulli number B;, (in reduced form)
is divisible by p. We prove that E,((z, — x,")**) generate the group V{, :=
DS;/go,n(Z[Cn_l]*Jr) where E, : Dy, — Dy, is the truncated exponential map
defined by

> Y yr!

We first use some old number theoretical techniques to prove the result for n =1
and then lift the result to arbitrary n. To make the lifting work it is vital that we
already know that V{, = (Z/p"Z)"®. After this we use that we know “where”
to find a set of generators of Vg, to show that D7 (2s) C g,n(Z[¢y—1]*") when
2s > p" —2p™~'. Since ker(gon) = U,_1 1 (by Lemma 2.6, [H-S]) when go,,
is restricted to units, one can now show that Dif(2s) = Ut ., /U, .y if
25 > p" — 2p"~ L. Finally we set 2s = p™ — p"~! and easily calculate the number

of elements in Dy (p™ — p" ') to be the “correct” one.

n—1

LTt
Now let wg -1 : Un—l,pn—p

wWon-1(7) = gn1((Nn-1(v) — 1)/p).

el — DSL,n—l be defined by

As before one can show that wy,_; is a group homomorphism and that we get
an induced map @op-1 : (Ugpn_pn-1)/(Uoprs1) = Dg,,_; Since @1 is an iso-
morphism we can find units {¢;} C U yn_pn—1 such that {Pg,—1(€;)} is a basis of
DSL,n—l- We now consider the map induced by @ n—1(€) — @on—1(€:) — Do n-1(€)
(in the “standard” basis (z — z~1)%). After some pretty long calculations we fi-
nally manage to find some congruences on our norm maps which helps us conclude
that the matrix for the map above is upper triangular with invertible elements
on the diagonal, that is, invertible. This means that the map ¢g,—1 — @Won—1
is in particular surjective, which implies that ®¢,,_; = @o,—1 — won—_1 is also
surjective.

We are now ready to prove Proposition 3.4.

Proof of Proposition 3.4. We will show that ®;; 1 = p o ®gj4;—1, Where p :
Dy 41—1 — Dy -1 is the natural surjection, which means that ®;,;_; is surjective
(by Lemma 3.5) as a composition of surjective maps. It is enough to show that
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Gki—1© Nii—1 = p 0 go+i—1 © Nog+i—1. Consider the diagram

9o,k+1—1

(3.2) Ao k-1 Do joti-1
Ni,—1
Z[Chy1-1] p P
No,kt1-1
Aki-1 o Dri

The square part is obviously commutative. It is hence enough to prove that
the triangular part is commutative. Recall that an element a € A,  can be
uniquely represented by a pair (zyys-1,0) € ZGrqs-1] X Ays_1 Using this re-
cursively we find that any element of Aj;_; can be uniquely represented by a
(I —1)-tuple in Z[Crt1—2]) X Z[Cryi—2] X ... X Z[(x] and that any element of A i1
can be uniquely represented by a (k + [ — 1)-tuple in Z[(r1i—o] X Z[Crri—2] X

. X Z|Co]. As before we consider the tuple-representations as identifications.
If @ = (2ks1-2, Zkti—2,-- -, 20) € Apgi—1 (with z; € Z[(;]) we have that p(a) =
(Zka1-2y Zkai—2y---52K). For k> 0and [ > 1 let Nkﬂ,l : Z[Cry) — Z[Ck] denote
the usual norm. By Proposition 2.1 of [H-S| we have that

,O(No,k+l—1(a)) = p((Nk+z—1,1(a), Sy Nk+l—1,l—1(a)7 ceey Nk+l—1,k+l—1(a))) =
(Nigi-1,1(a), Nk+l—1,2(a)a ooy Niegi1-1(a)) =
= Nk,lq(a)

which completes the proof. O

4. CONCLUSIONS AND DISCUSSION
We can now summarize and write down the main theorem of this paper. Recall
that [m] := (m + |m])/2.

Theorem 4.1. Let p be a semi-reqular prime satisfying Assumption 3. Then
there exists an exact sequence

0— Vb @ Vi, — Pic Apy — C1Q(Cryi-1) @ Pic Ay — 0,
where

Vl:l = C; Igﬁ)l
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and
k+1
-~ ti
‘/;CJ = H Cpi’
i=1
where
B phH=itl p[kfiJrl] p[kHﬂ'] . p[k‘fz} p[k+lﬂ>1] . p[k'fifl]
l; = 5 -2 5 + 5

3

Jori=1,2,...)k+1 andtpy =5%5".

Proof. The exact sequence is just the sequence 1.5. The structure of Vl:l follows
directly by Theorem 3.3 and Corollary 3.2. By Proposition 2.6,

Dy

Vil = 50>

kl >

The structure of [)ZJ{ can be found in Lemma 2.2. Since there exists elements of
order p** in D;] it is easy to see that Zy; must have order p*™ which yields the
structure of V. O

One can ask the question if Assumption 3 really is necessary. The structure of
Vi1 holds for all primes, so here lies no problem. Regarding the +-part, we prove
in [H-S2| that

Von ZCROCT ... ®C T2,

where the numbers r; are given by the order of certain groups of units in Q((;)
and 7o can be shown to equal r(p) (see [H-S] for details). When Assumption 3
holds, all r; equal (p) which gives us \7& n = C;flp ) as mentioned. When we in the
present paper show that V;l = VBL, s We for technical reasons use Assumption 3
but we still conjecture that

+ o~ Yo T1—T0 Thtl—1—Thk41—2
VO, e ChN G ... @ )

for each semi-regular prime. Showing that V;, = V,!, without using Assumption 3
seems to be harder and this result is not known even in the case £ = 0.
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