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CEM

Development of
existing methods

New approaches
using LSFEM

LL* -FEM

H(div,curl)

H(div)

Computational
environment
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EGF3HJICKL*3MNEPO/KRQ�S(TUKVQ � � � ICW-KXQ�O/KRY<Z � H[I(K=T ��\ K=F-]^O_ICK>W-K=I�F \<` Z�K=I(F3Q�SCW-KRK>Z�Z � ZS \ Q�O/Ka] � TbY[c/Q�K ` TbF3d \ K>Q�S(]RK \ K>Z�d�SCK � c � S \ deQ�O/KNf
f
g!h	TUK>Q�O �5` F \<` Y[SCK=],K>i�S � KI(S \ K=F3Z�Y � I(j \/� TkS(F-IlK=ICK=TUK \ Q � 4mEPO/KnZ�K>opK>Z�K \ ],KqWF-I�c/K � F3Z�KqorZ � TsQ	i �t` S(TUK \ � S ��\ F-I] � TUY[c/Q�F3Q�S ��\ � `/��\ KqF3Q�u�vwvyx � K>K � + � 4

z S \ K=F3Z {�K>orK>Z!K \ ],K
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i�O/K>Z!K |a���)�m` K \<� Q�K � Q�O/K�TbF3d \ K>Q�S(]�K \ K>Z�d�S(K � S \ Q�O/K�Z�K>orK>Z!K \ ],K � � I(c/Q�S ��\ ] � TUY[c/Q�K `HAj�u�vwvyx3F \<`�|N��` K \/� Q�K � Q�O/K ��\ K � ] � TUY[c/Q�K ` opZ � T�Q�O<K�f
f g � � I(c/Q�S ��\ � Q�O/Z � c/d�O} 7A461 � 4�EPO/K�F-],Q�c<F-IA] � TUY[c<Q�K ` K \ K>Z�d�S(K � F3Z�K � O � i \ S \ E�F3H[ICK�0Po � ZGQ�O/K�� \ K � Q�TUK � O$4
� c/KPQ � Q�O/K�c � K � o$c \ � Q�Z!c[],Q�c/Z�K ` d-Z!S ` � Q � d-K>Q�O/K>Z
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Eddy-Current Computations Using Adaptive Grids
and Edge Elements

Yueqiang Liu, A. Bondeson, R. Bergström, C. Johnson, M. G. Larson, and K. Samuelsson

Abstract—Results are presented from eddy-current computa-
tions using adaptive techniques, based on rigorous a posteriori
error estimates. The adaptivity restores the quadratic conver-
gence with grid size of the magnetic energy, despite singularities
occurring at corners. A new procedure is introduced to satisfy
the solvability condition for the curl–curl equation. The methods
are applied to a model of a hydrogenerator, with anisotropic con-
ductivity and permeability. The ungauged formulation with both
vector and scalar potentials gives very significant improvements
in rate of convergence for this problem. Reasons for the improved
convergence are discussed.

Index Terms—Adaptivity, AV formulation, edge elements, hy-
drogenerator, ungauged.

I. INTRODUCTION

THREE-DIMENSIONAL (3-D) eddy-current problems in
realistic geometry are still demanding, and improvements

in solution techniques are very valuable. In the present paper, we
present results obtained using adaptive finite-element method
(FEM) techniques based on a recent a posteriori error estimate
[1]. We also demonstrate and discuss the advantages of the “un-
gauged” formulation with vector and scalar potentials [2]–[4]
which significantly improves the convergence rate for iterative
solvers.

The methods are applied to a simplified model of a hydrogen-
erator, assuming a time-harmonic field. The geometry is shown
in Fig. 1. The simulated region contains an angular segment of
the four stacks at the axial end of the hydrogenerator. In the cir-
cumferential direction of the generator, the simulation region
includes a slot and half a tooth, and its physical dimensions
are 50 mm 749 mm 400 mm. The geometry is described
in detail in [5]. The material properties are listed in Table I.
Both the electric conductivity and the magnetic permeability
are anisotropic. The boundary conditions have been prescribed
as vanishing normal magnetic flux density on certain
symmetry planes (essentially the surfaces facing the viewer in
Fig. 1), and the tangential components of the magnetic field ,
as calculated from the Biot–Savart law for the currents in the
rotor coil, on the remaining surfaces.
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Fig. 1. Geometry of the hydrogenerator model. The simulation region is half
a tooth and a slot of the generator. The region is elongated in the radial direction
of the generator ( � ) and narrow in the azimuthal direction (� ).

TABLE I
MATERIAL PARAMETERS IN DIFFERENT REGIONS. � REFERS TO THE ��� PLANE

II. FORMULATION

In simply connected regions where the current density van-
ishes, we use the magnetic scalar potential , such that

, and solve . The permeability is in general
a tensor.

In coil regions, the current density is specified, and the mag-
netic vector potential satisfies

(1)
In conducting regions, the most efficient formulation uses

both the vector and scalar potential, so that ,
and imposes no gauge [2]–[4]. Instead of a gauge condition, it
is advantageous to impose the condition that the divergence of
the conduction current vanish

(2)

(3)

We call this the AV formulation. is a parameter that can be
chosen. The conductivity is typically a tensor to model lami-
nations. We have solved (1) together with (2) and (3) using the

0018-9464/02$17.00 © 2002 IEEE
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lowest order edge elements for and piecewise linear, nodal el-
ements for . The magnetic scalar potential is also expanded
in piecewise linear, nodal elements.

III. SOLVABILITY CONDITIONS

The operator in (1) has a large nullspace, to
which the source-term must be orthogonal, in order for the
equation to have a solution. Within the space of the lowest order
edge elements, the nullspace for the discretized curl–curl oper-
ator consists of gradients of piecewise linear functions. Thus, the
right-hand side of (1) must be orthogonal to the gradients of all
piecewise linear functions . Although the exact coil currents
are divergence-free, the orthogonality will in general not be
exact for the finite-element representation. To ensure
numerically, we add a gradient as a correction to the prescribed
current

(4)

We assume that (1) holds in a region with the boundary condi-
tions (to specify ) on and

on . is determined by multiplying (1) by all
gradients of piecewise linears, and integrating over :

(5)

( of course vanishes on all nodes on surfaces where is spec-
ified). Equations (4) and (5) remove any projection of on the
null space of the curl–curl equation and guarantee that (1) has a
solution. Iterative solvers converge also for singular systems of
equations if the right-hand side is consistent.

Another procedure to achieve consistency was given by [6],
who constructed a vector potential for the current. However, in
addition to making the current divergence-free, the new proce-
dure also provides a way of dealing with numerically generated
boundary conditions for . The left-hand side of (5) vanishes
if on the entire boundary of .

Solvability has to be considered also in connection with the
divergence condition (3). Since we do not want (3) to add any
new information that is inconsistent with Ampère’s law (2), the
weak form of (3) is constructed by projecting (2) on test func-
tions that span the null space of the curl–curl operator,
giving:

(6)

IV. EFFICIENCY OF ITERATIVE SOLVERS

It has already been established for eddy-current problems that
iterative solvers converge much faster in the ungauged AV for-
mulation (2) and (3) than in the pure A formulation or other
gauged formulations [2]–[4]. Our study confirms this. In fact,
we find even larger improvement from the ungauged formula-
tion than previous authors, presumably because the A formu-
lation gives very badly conditioned matrices in the regions of
anisotropic conductivity, as discussed in Section V.

TABLE II
NUMBER OF ITERATIONS FOR DIFFERENT FORMULATIONS IN THE CONDUCTING

AND NONCONDUCTING REGIONS FOR THE STATIC AND TIME-HARMONIC
HYDROGENERATOR PROBLEM

We have used the PETSc package for preconditioned Krylov
methods [7]. For these eddy-current problems, transpose-free
quasi-minimized residuals (TFQMRs) are generally the most
efficient solver. As preconditioner, we used the ILU decompo-
sition of a matrix obtained from the system matrix by multi-
plying the diagonal elements for by a factor 1.1. Without
such a multiplication, the preconditioning fails, apparently be-
cause of the null space of the curl–curl operator. The incomplete
LU decomposition has been tried with different levels of fill in
(ratio of the number of fill ins to the number of nonzero diagonal
elements in the original matrix, indicated in parenthesis). Al-
though the default ILU(1) works well for simple test problems,
ILU(3) was considerably more efficient for the hydrogenerator
problem. To reduce the memory requirement, we used ILU(2)
for the largest grids, at the expense of a larger number of itera-
tions.

Table II shows the number of iterations for the different grids,
generated by adaptive mesh refinement, and different formula-
tions in the conducting and nonconducting regions. In the coil
region, we always use the A formulation in (1), with the source
current modified according to (4) and (5).

Notably, the number of iterations is very high for the A for-
mulation at 50 Hz, and the AV-formulation achieves a very sig-
nificant reduction. The number of iterations is further reduced
by using the magnetic scalar potential in the nonconducting
regions. The combination of the A or AV formulations with
the scalar magnetic potential was made following the standard
Galerkin procedure. If the equations are combined in such a way
that the boundary terms are symmetric, the matrix representing
the highest derivatives is no longer definite.

V. EIGENVALUE DISTRIBUTION

Insights into why the AV formulation speeds up the conver-
gence can be gained by considering the eigenvalue distribution
for the different formulations. When the discretization is free of
“spurious solutions” (as are the discretizations using edge ele-
ments for the vector potential), it is sufficient to consider the
eigenvalues of the analytic operators applied to complex expo-
nentials , where ranges from the longest spatial
scale of the problem to the smallest, i.e., the grid size.
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Fig. 2. Numerical spectrum in the complex plane for a discritized conducting
cube with the A formulation. The side of the cube is 1 m, the frequency 50 Hz,
the conductivity 10 S/m, ���

����� �
	�� , and the number of edges is 250.

Fig. 3. Numerical spectrum in the complex plane for a discritized conducting
cube with the AV formulation. The parameters are the same as in Fig. 2.

For isotropic and , the eigenvalues of the A formulation,
where the operator is , are

(electromagnetic) and (electrostatic ).
For the AV operator in a homogeneous medium

(7)
(8)

the eigenvalues in the isotropic case are
(electromagnetic), (electrostatic) and
(gauge transformation). Thus, in addition to creating zero eigen-
values connected with gauge transformations, the AV formula-
tion gives the electrostatic eigenvalues a real part. This brings
them closer in the complex plane to the electromagnetic eigen-
modes. Since all the nonzero eigenvalues have a part propor-
tional to , the AV formulation makes the problem elliptic
(excepting the gauge transformations, of course). Since eigen-
values that are exactly zero do not affect iterative solvers if the
right-hand side is consistent, and the nonzero spectrum for the
AV formulation covers a smaller region of the complex plane,
this formulation gives faster convergence. The gain from the AV

formulation depends on the size of the imaginary part in com-
parison to the smallest and largest real parts, i.e., on the relation
of the skin depth to the macroscopic scales and the grid size.
Figs. 2 and 3 show the eigenvalue distributions for the test case
of a discretized cube, with the A and AV formulations, respec-
tively. Close examination shows that the separation between the
electrostatic and electromagnetic eigenvalues of the matrix for
the A formulation is not perfect (it would be if the normalization
included the “mass matrix” where de-
note the edge basis functions for the vector potential). However,
when the number of elements is large enough to resolve the skin
depth well, the eigenvalues separate as found analytically, and
there is one “electrostatic” set very close to the imaginary axis.

For an anisotropic conductivity corresponding to laminations
in the plane, , the differences are even
more significant. For the A formulation the eigenvalues are:

(electromagnetic), while (mixed elec-
tromagnetic/electrostatic) satisfy the quadratic equation

(9)
with . Equation (9) shows that numerically small
eigenvalues occur (for nearly electrostatic modes) when

Since the largest possible is inversely proportional to the ele-
ment size , we see that the effective condition number (ratio
of largest to smallest nonzero eigenvalue) of the A formula-
tion, varies as to be compared with the scaling for
the isotropic case. Thus, the A formulation gives an unfavor-
able scaling of the number of iterations when the grid is refined
in the anisotropic case. This is confirmed by our numerical re-
sults.

For the AV formulation, the two mixed electromagnetic/elec-
trostatic eigenvalues satisfy

(10)
[which reduces to (9) when ]. These eigenvalues are well
behaved when , in the sense that the small eigenvalues
approach , which is bounded from zero when the mesh
is refined, and the condition number scales as . Thus, for
laminated materials, the AV formulation strongly reduces the
condition number in comparison with the A formulation.

VI. ADAPTIVITY

We have implemented a scheme for adaptive mesh refine-
ment, based on an error estimate in energy norm [1]. Which
elements are to be refined is decided from their contributions
to the total error. For the AV-formulation, the contribution
from element is

(11)

where is the jump in tangential across element bound-
aries, the jump in the normal component of the conduction
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Fig. 4. Convergence of the magnetic energy with adaptive grid for the
hydrogenerator at 50 Hz.

current, the area of face , the volume of the element,
and bars refer to averages defined in [1]. Similar estimates have
been applied previously, on more heuristic grounds [8]. For the

formulation, we used the error indicator [9]

Fig. 4 shows that the energy converges for the hy-
drogenerator problem as , where is an average element
size defined as , and is the number of elements. Be-
cause of singular behavior at corners where the permeability is
discontinuous, ( , where is the distance to the corner,
and if has a large jump), computations with uniform
grids only give convergence, so that adaptivity clearly
improves the convergence. In addition to refining the grid at
corners, the adaptivity also refines regions of the stacks where
the skin effect makes the solution vary rapidly. Fig. 5 illustrates
how the magnetic field along a stator pole varies in the direction
across the stacks.

VII. CONCLUSION

For eddy-current computations with edge elements, the un-
gauged AV formulation gives much faster convergence than the
pure A formulation, in particular when combined with a scalar
magnetic potential in nonconducting regions. The improvement
is explained by the eigenvalue distribution: the ungauged AV
formulation moves the eigenvalues of the electrostatic compo-
nents away from the imaginary axis, and closer to the electro-
magnetic eigenvalues. We have also introduced a procedure, that

Fig. 5. The radial component of the flux density along an axial line, crossing
the stacks of the generator.

only requires the solution of a Poisson equation, to make both
the source current and boundary conditions for consistent, so
that the singular, ungauged AV formulation has a solution. Fi-
nally, adaptive mesh refinement, based on a local error estimator
recovers the nominal convergence, despite the presence
of singularities. These techniques have been tested successfully
on a model of a generator, including anisotropy and large vari-
ations in material properties.
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Edge Element Computations of Eddy Currents in
Laminated Materials

Yueqiang Liu, A. Bondeson, R. Bergström, M. G. Larson, and K. Samuelsson

Abstract— Results are shown from three-dimensional computations of
the power dissipation in laminated conductors, using edge elements. It is
found that the lowest order hexahedral edge elements, with Nédélec con-
straints, give much more accurate results than the corresponding tetrahe-
dral elements. Whenever possible, the best choice is to use hexahedral grid
aligned with the laminations. If this is not possible, the dissipation can still
be accurately computed with the lowest order hexahedral elements, by us-
ing midpoint integration. Tetrahedral grids work well only with the com-
plete basis, at the expense of doubled number of degrees of freedom in the
conducting regions. Midpoint integration improves the convergence of the
power dissipation also for the complete tetrahedral basis.

Keywords— Anisotropic conductivity, Hexahedral, Tetrahedral, Edge el-
ements, Adaptivity.

I. INTRODUCTION

EDDY current computations with anisotropic electric and
magnetic material properties are needed to understand the

power loss distributions in large electrical machines and gener-
ators.

Three-dimensional eddy current computations for laminated
materials have been made with nodal based finite elements ap-
plied to different formulations, e.g., AV [1] and T Φ formula-
tion [2], or a single-component electric vector potential [3][4].
Recently, edge elements for the electric vector potential or mag-
netic vector potential have also been implemented, but only with
hexahedral grid and the laminations aligned with the grid [5][6].

In an eddy current computation [7] using the lowest order
Nédélec tetrahedral elements, we found that it is very difficult
to achieve reasonably accurate results for the power loss, even
though the magnetic field converged well. The error of the com-
puted power loss can readily exceed 50%, even for a simple cube
test problem with well resolved skin layer. We found similar
difficulties for hexahedral grids when the laminations are not
aligned with the grid. In this paper, we point out the reason
for this and show some possible solutions. We also show that
adaptive techniques, with anisotropic refinement, can be used to
improve the convergence on hexahedral grids.

II. BASIS FUNCTIONS AND NOTATIONS

For a tetrahedral grid, we first use the lowest order Nédélec
elements, denoted here as Tet-(1,0) elements. We follow the
standard choice of the basis functions

�Ni = ξi1∇ξi2 − ξi2∇ξi1 , i = 1, ...,6. (1)
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where ξ j, j = 1, ...,4 is the linear basis functions associated with
the nodes of a tetrahedron.

For the complete basis, denoted as Tet-(1,1) elements, we add
6 more basis functions to (1)

�Ni = ξi1∇ξi2 + ξi2∇ξi1 = ∇(ξi1 ξi2), i = 1, ...,6. (2)

Thus, for Tet-(1,0) elements, we assign 1 degree of freedom
(DOF) to each edge; and for Tet-(1,1) elements, we assign 2
DOFs to each edge. Clearly, Tet-(1,1) spans the same space as
the Mur type [10] elements: �Ni j = ξi∇ξ j.

For a hexahedral grid, we denote as Hex-(1,0) elements the
set of 12 vector basis functions, which are constant along the
associated edges, and vary linearly in the transverse directions,
e.g., �N(x,y,z) = xyẑ in a reference element, where ẑ is the unit
vector of z-coordinate. The Hex-(1,1) elements are obtained by
adding 12 more basis functions, which vary linearly not only in
the transverse directions, but also in the longitudinal direction,
e.g., �N(x,y,z) = xyzẑ. Therefore, for Hex-(1,0) elements, 1 DOF
is assigned to each edge; and for Hex-(1,1) elements, 2 DOFs are
assigned to each edge.

One observation is that for the tetrahedral grid, the space
spanned by {∇× �N j, j = 1, ...,12} from Tet-(1,1) is the same
as that spanned by {∇× �N j, j = 1, ...,6} from Tet-(1,0), which
means that Tet-(1,1) can not improve the accuracy of the so-
lutions, as long as only the magnetic field is concerned (e.g.
in the static calculations). On the contrary, for the hexahedral
grid, the space spanned by {∇× �N j, j = 1, ...,24} from Hex-
(1,1) is larger than that spanned by {∇× �N j, j = 1, ...,12} from
Hex-(1,0). Therefore, even the field representation should be
improved.

III. THE DIFFICULTY WITH OBLIQUE LAMINATIONS

In the case of laminations not aligned with the mesh, the
power loss computed with the lowest order Nédélec elements
can be very inaccurate. This is demonstrated for an eddy current
problem in a cube, refered hereafter as the cube problem.

Assume an 1m × 1m × 1m conducting cube, with homoge-
neous permeability µ = µ0 and anisotropic conductivity

=
σ. The

magnetic field at the surface of the cube is specified as a given
time-harmonic field n̂× �H = n̂× �Hs. We want to compute the
power dissipation due to the induced current in the cube. The
computational domain is Ω = {(x,y,z)|(x,y,z) ∈ [0,1]3}.

In the simplest case, the given field is homogeneous �Hs =
Hyŷ = const. If the laminations are effective so that there is little
or no eddy current, the magnetic vector potential �A satisfies

∂Ax

∂z
−

∂Az

∂x
= By = const. (3)



SUBMITTED TO IEEE TRANSACTIONS ON MAGNETICS 2

If the lamination is aligned with the (hexahedral) grid, e.g.

=
σ= σ0





1 0 0
0 1 0
0 0 0



 , (4)

the solution of the time-harmonic problem is a homogeneous
field �H = �Hs, with zero eddy current. Therefore, E x = 0 and
Ax = 0. Equation (3) then shows that Az, and consequently Ez,
are linear functions of x. Such solutions can be represented ex-
actly by the mixed order hexahedral elements Hex-(1,0).

For the oblique lamination, e.g.,

=
σ= σ0





0.5 0 −0.5
0 1 0

−0.5 0 0.5



 , (5)

the solution is still a homogeneous field with zero current, which
means Ex = Ez and Ax = Az. Equation (3) and Ax = Az yield

∂Az

∂z
−

∂Ax

∂x
= By. (6)

Therefore, at least one of ∂Ex/∂x and ∂Ez/∂z does not vanish.
Such E-field can not be represented exactly by the mixed order
edge elements, where the basis functions have constant tangen-
tial components along the associated edges. The mixed order el-
ements represent Ex (Ez) as piece-wise constant functions along
x (z).

The approximation error of the power dissipation can be es-
timated from (6). Equation (6) implies that the eddy current
|Jx|= |0.5σ0(Ex −Ez)| = |0.5σ0 jω(Ax −Az)| ∼ σ0hωBy, where
h is the mesh size. The power loss density can then be estimated
as J2/σ0 ∼ σ0h2ω2B2

y , which is quite large even for a fine grid.
The exact power loss is zero for the problem described above.

In more general cases, the eddy current does not vanish with the
oblique lamination (5). Let us consider an example, when the
given field �Hs at the surfaces of the cube is due to an infinitely
long wire, located outside the cube, with a time-harmonic cur-
rent flowing in the z-direction. We compare the accuracy of
power loss computations with different types of elements.
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(a)  Hex(1,0)

0 0.05 0.1 0.15 0.2 0.25
0.75

0.8

0.85

0.9

0.95

1

x

z

(b)  Hex(1,1)

Fig. 1. Eddy current pattern of the cube problem with external field from a
straight wire and oblique lamination in the xz-plane. The current is computed
with (a) Hex-(1,0) and (b) Hex-(1,1), and plotted at the same plane. One quarter
of the solution plane is shown.

Figure 1 shows the eddy current pattern with oblique lamina-
tion (5) in the xz-plane. The current is computed with Hex-(1,0)

and Hex-(1,1) and plotted at the same plane at Gaussian quadra-
ture points. (In this calculation 8-points Gaussian quadrature for
a hexahedron is used, which gives exact integration for element
matrix calculation.) Figure 1(a) shows that Hex-(1,0) elements
gives a current pattern with oscillations, whereas the Hex-(1,1)
elements, which approximate correctly a linear E-field along all
directions, give a much more regular current pattern, as shown
in Fig.1(b).

The oscillating pattern in Fig.1(a) can be understood by look-
ing at the electric field in the conductor. Figure 2 shows the x-
and z-components of the E-field, plotted along x. For Hex-(1,0)
elements, Ex is piece-wise constant along x, and Ez is piece-
wise linear along x. Since for this lamination, Jx = 0.5σ0(Ex −
Ez),Jz = 0.5σ0(Ez − Ex), both Jx and Jz will have oscillating
characteristics along x. Obviously, both Jx and Jz are oscillating
also along z, since Ex is piece-wise linear and Ez is piece-wise
constant along z.
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Fig. 2. The x- and z-component of the electric field along x, for the cube test
problem with oblique lamination and hexahedral grids. Solid curves correspond
to Hex-(1,0) elements; dashed curves correspond to Hex-(1,1) elements. Curves
marked with “o” are Ex-fields, curves without makers are Ez-fields. The E-fields
from Hex-(1,1) elements are shifted up by δE = 0.5×10−5 in the plot.

The approximation with Tet-(1,0) elements is even worse,
since in this case the grid can never be aligned with any lam-
ination in a fixed direction. The current pattern seems rather
chaotic as shown in figure 3, where the same cube problem with
non-uniform field is solved for the lamination (4). The analyti-
cal solution in this case again has zero eddy current, which can
be obtained with Tet-(1,1) elements, even at the coarsest grid.

Figure 4 shows the convergence of the computed power loss
with respect to the grid refinement, for tetrahedral and hexahe-
dral grids. Here, we consider the cube problem with oblique
lamination (5) and external field from an infinite wire. From the
figure, one can see that all four types of elements give the same
converged loss value. However, the accuracy is very different on
finite grids. With Tet-(1,0) elements, the relative error is about
68% even on the finest grid, where the mesh size is about 30%
of the skin depth. With the same number of nonzero matrix
elements, the Hex-(1,0) grid gives a relative error of 57%. In
contrast, the Tet-(1,1) and Hex-(1,1) give 2.9% and 4.5% error,
respectively, with the same number of nonzero matrix elements



SUBMITTED TO IEEE TRANSACTIONS ON MAGNETICS 3

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x [m]

y 
[m

]

Fig. 3. Eddy current pattern of the cube problem with σz = 0, shown at the
xy-plane. The lowest order Nédélec tetrahedral elements are used.

at coarser resolution.

0 0.2 0.4 0.6 0.8 1 1.2

x 10
−3

0

1

2

3

4

5
x 10

−7

Nnz−2/3 (∼ h2)

P
ow

er
 L

os
s

exact  integration

o : Tet(1,0) 
* : Tet(1,1) 
+ : Hex(1,0) 
x : Hex(1,1) 

Fig. 4. Convergence of power loss with grid refinement, for the cube problem
with oblique lamination and external field from an infinite wire. Different el-
ements are used. Nnz is the number of non-zero matrix elements. The loss is
calculated with exact integration.

Since the oscillating current pattern from Hex-(1,0) elements
(see Fig.1(a)) has quite regular behavior, one would expect that
some interpolation techniques could help in establishing better
results [11]. We found that a suitable procedure is to apply mid-
point integration to compute the dissipation. Another, similar
way is to average the current over Gaussian points before com-
puting the power dissipation. Both techniques, applying to Hex-
(1,0) elements, give quite accurate power dissipation even on
very coarse grids.

Figure 5 shows the convergence of the computed power loss
with respect to the grid refinement. The difference with figure 4
is that here we applied midpoint integration to compute the loss.
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Fig. 5. Convergence of power loss with grid refinement, for the same problem
as in Fig. 4, but the loss is calculated by midpoint integration. Nnz is the number
of non-zero matrix elements.

The advantage of averaging technique for Hex-(1,0) elements is
obvious: the error of power dissipation decreases from 57% to
less than 1%. The averaging is not very helpful for Tet-(1,0)
elements: the error decreases only from 68% to 39%, for the
finest grid. The averaging does not increase the accuracy for
Tet-(1,1) and Hex-(1,1) elements, for this test problem.

IV. COMPUTATIONS FOR A GENERATOR MODEL

For the generator problem, discussed in [6][7], the simulated
region contains an angular segment of the four stacks at the axial
end of the hydrogenerator. In the circumferential direction of the
generator, the simulation region includes a slot and half a tooth,
and its physical dimensions are 50mm × 749mm × 400mm.
The geometry and the material properties are described in de-
tail in [6][7]. In this problem, both the electric conductivity and
the magnetic permeability are anisotropic. Particularly, the lam-
inated cores in the four stacks are replaced by a homogeneous
material with zero conductivity along the axial direction. The
boundary conditions have been prescribed as vanishing normal
magnetic flux density Bn = 0 on certain symmetry planes ΓB and
the tangential components of the magnetic field �Hs, as calculated
from the Biot-Savart law for the currents in the rotor coil, on the
remaining surfaces ΓH .

In this problem, there are several non-connected conducting
regions Ωσ (laminated stator cores, finger), a simply connected
non-conducting region Ω0 (air, rotor part, clamping plate), and
the coil region Ωs, where the source current �Js is specified. The
coil region is separated from the conducting regions.

In the non-conducting region Ω0, we solve an equation for the
magnetic scalar potential ψ

−∇·
=
µ ·∇ψ = 0, (7)

where the permeability
=
µ is in general a tensor. The magnetic

field is calculated as �H = −∇ψ.
In the coil region Ωs, where the time-harmonic source current
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is specified, we solve the curl-curl equation for the magnetic
vector potential �A

∇×
=
µ
−1

∇×�A = �Js (8)

In conducting regions Ωσ, we use the so-called ungauged AV
formulation, which improves dramatically the convergence rate
of the iterative solver, compared with gauged A-formulations
[7].

∇×
=
µ
−1

∇×�A+
=
σ ·( jω�A+ ∇V) = 0, (9)

−∇·
=
σ ·( jω�A+ ∇V) = 0. (10)

The conductivity
=
σ is typically a tensor to model the lamina-

tions, and ω is the angular frequency. The electric field in the
conductors is computed as �E =−( jω�A+∇V ), and the eddy cur-
rent is �Jσ =

=
σ ·�E.

Galerkin’s method is applied to solve Eqs. (7)-(10). A scalar
function φ is introduced in the coil region to guarantee solvabil-
ity of the discretized equations [7]. The first order nodal-based
elements are used to approximate all the scalar functionsV,φ,ψ,
and the first order incomplete/complete edge elements are used
to approximate vector potential �A.
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x 10
6

Fig. 6. Power loss distribution at the surface of the first stack of the laminated
stator core, calculated for the generator problem with the lowest order Nédélec
hexahedral elements.

Figure 6 shows the power loss distribution at the surface of
the first stack of the laminated stator core, calculated for the
generator problem with hexahedral elements Hex-(1,0). (In or-
der to show the eddy current effect clearly, this figure, as well
as figures 8 and 9, is plotted with a distorted aspect ratio along
x, y, and z directions. Therefore, the elements could look “elon-
gated” along certain direction.) The eddy current is distributed
mainly along one of the bottom corners of the stack, as a result
of the magnetic field distribution and laminations.

The eddy current in the corner region is plotted in figure 7,
at the lamination plane. A regular pattern is observed. Such
pattern is also obtained with Hex-(1,1) elements.
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Fig. 7. Eddy current pattern in the corner region of the first stack, computed for
the generator problem with Hex-(1,0) elements.
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Fig. 8. Power loss distribution at the surface of the first stack of the laminated
stator core, calculated for the generator problem with lowest order Nédélec tetra-
hedral elements.

Figure 8 shows the power loss distribution at the surface of the
first stack of the laminated stator core, calculated for the same
problem with tetrahedral elements Tet-(1,0). The irregular be-
havior of the solution is clearly seen. The computed total power
loss is more than 20 times larger than that from the hexahedral
grid shown in Fig. 6. Contrary to this, the complete basis Tet-
(1,1) gives much better results, as shown in figure 9. The eddy
current has the same density distribution as that computed with
Hex-(1,0) elements (see Fig. 6). The total losses computed with
Tet-(1,1) and Hex-(1,0) agree within 4%.

The current pattern at this corner shows clear differences be-
tween Tet-(1,1) and Tet-(1,0) elements. Figure 10 shows the
eddy current in xy-plane across the corner, for both Tet-(1,0)
and Tet-(1,1) elements. The current computed with Tet-(1,0) is
highly oscillatory. Tet-(1,1) elements give a much more regular
pattern.

Figure 11 shows By, computed along a line across the stator
core of the generator with Tet-(1,1), Hex-(1,0), and Hex-(1,1)
elements. The field from the tetrahedral grid has been smoothed
in the plot. One can see that different basis functions give quite
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Fig. 9. Power loss distribution at the surface of the first stack of the laminated
stator core, calculated for the generator problem with lowest order complete
tetrahedral elements.
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Fig. 10. Eddy current pattern at the corner of the first stack, computed for the
generator problem with Tet-(1,0) and Tet-(1,1) elements.

similar results.

V. ADAPTIVE MESH REFINEMENT

For the adaptive mesh refinement, we use an a posteriori,
element-wise, local error estimator ηe

η2
e = h2

e







1
µ
‖∇ ·�B‖2

e

︸ ︷︷ ︸

Ω0

+µ‖∇×�H− �Jσ− �Js‖
2
e

︸ ︷︷ ︸

Ωσ � Ωs







+

∑
f

h f







1
µ̄
‖[n̂ ·�B]‖2

f

︸ ︷︷ ︸

Ω0

+
1

σ̄ω
‖[n̂ · �Jσ]‖2

f
︸ ︷︷ ︸

Ωσ

+ µ̄‖[n̂× �H]‖2
f

︸ ︷︷ ︸

Ωσ � Ωs







where {�B, �H, �Jσ} is the FEM solution on the current grid, he is
the characteristic dimension of the element considered, and h f

is the characteristic dimension of the element face f , [·] denotes
the jump value across the element face, and ‖ ·‖ is the L2-norm.

This estimator can be derived using the energy norm for the
local residuals, following Refs. [9] and [8]. Some aspects con-
cerning this error estimator can be noted:
• For the first order tetrahedral elements and Hex-(1,0) ele-
ments, since ∇ ·�B as well as ∇×�H vanishes inside each element,
these two terms give no contribution to the error estimator.
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Fig. 11. By computed along a line across the stator core of the generator with
Tet-(1,1) (solid line), Hex-(1,0) (dashed), and Hex-(1,1) (dotted) elements. The
results from the two hexahedral grids are almost indistinguishable. The fre-
quency is f = 50Hz.

• If two neighboring elements have different material properties
µ or σ, some average value of the coefficients before the inter-
face face integral has to be taken, we adopt the one described in
Ref. [9].
• For the tetrahedral grids with isotropic refinement, the choice
of the parameters he and h f has little influence on the refine-
ment process. This is not the case for the hexahedral grids and
anisotropic refinement. The refinement here is more sensitive to
how these parameters have been chosen. For instance, one could
choose he as the shortest edge of the hexahedron, or the longest
one, or the averaged edge lengths. According to [8], the proper
choice is to set he = hmin and h f = hn, where hmin is the mini-
mum distance inside the local element, and hn is the dimension
of the element along the direction, perpendicular to the face f .
We found that this choice does restore the O(h2) convergence
rate for the power dissipation.
• Since we are using conforming hexahedral grids, local refine-
ment is not possible. Instead, we use global refinement for hex-
ahedral grids, based on “global” error estimators computed as
the sum of local ones along certain directions. For anisotropic
refinement of hexahedral grids, we adopted the following pro-
cedure.

The local error estimator ηe can be rewritten as

η2
e = η2

ee +(ηx
e f )

2 +(η
y
e f )

2 +(ηz
e f )

2,

where ηee represents the contribution from the volume integrals,
η

x,y,z
e f represent the contributions from the surface jump integrals

at surfaces which have normal vector along x,y,z directions, re-
spectively. Thus, each local estimator is splitted into three parts:

(ξx
e)

2 = η2
ee +(ηx

e f )
2, (ξy

e)
2 = η2

ee +(η
y
e f )

2, (ξz
e)

2 = η2
ee +(ηz

e f )
2.

The global error estimator along x direction is defined as

ζx(x) = ∑
e

[αξx
e + β(ξy

e + ξz
e)] ,
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where the sum is taken over all elements e whose center has the
same x-coordinate. The parameters α and β are defined such
that

α+ 2β = 1, β = Caα.

The estimators along y and z directions, ζy(y) and ζz(z), are
defined in a similar manner. Finally, the grids are refined ac-
cording to the global indicators ζ = {ζx,ζy,ζz}. The refinement
is anisotropic if the parameter Ca �= 1.
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Fig. 12. Convergence of power loss with grid refinement, for the generator
problem, using different elements and different integration schemes.

The convergence of the power loss with grid refinement for
the generator problem is shown in Fig. 12, both for exact and
midpoint integration in the laminated region. The problem has
been solved with Tet-(1,1) and Hex-(1,0) elements. Also Hex-
(1,1) elements were tested but always gave worse convergence
than both Tet-(1,1) and Hex-(1,0). For the tetrahedral grids,
we did isotropic refinement; for the hexahedral grids, we used
anisotropic refinement with he = hmin and h f = hn. The best
choice of parameter Ca we found for the generator problem is
Ca = 2 for Hex-(1,0) elements. The nominal O(h 2) convergence
rate can be easily recovered with local refinement, as shown for
tetrahedral grids. With global refinement (for hexahedral grids),
it is still possible, but more difficult to recover O(h2) conver-
gence for the power dissipation. Nevertheless, the values ex-
trapolated to zero grid size for these schemes agree within 4%.
Figure 12 shows that Hex-(1,0) elements give much more accu-
rate results, with the same number of non-zero matrix elements
(hence approximately the same computation effort). Midpoint
integration improves the convergence slightly for the Hex-(1,0)
elements. For Tet-(1,1) the improvement from midpoint inte-
gration is considerable, and this solution gives almost as good
convergence as the Hex-(1,0) elements aligned with the lamina-
tions. Similar differences between the different bases are found
for the convergence of the magnetic energy, but here the con-
verged values agree within 1%.

Figure 13 shows the refined hexahedral mesh for the generator
problem at 50Hz, after 5 steps of anisotropic refinement. Shown

x

y

z

Fig. 13. The refined hexahedral mesh for the generator problem at 50Hz.
Anisotropic mesh refinement is used to recover O(h2) convergence.

also the 2-D geometry (bold lines) of the generator in xy and yz
planes.

VI. CONCLUSION

For anisotropic conductivity, we found that the first order
Nédélec elements on tetrahedral grids give very inaccurate re-
sults, for the power dissipation from conduction currents. In
practice, this type of elements can not be used for realistic prob-
lems, such as the generator problem considered in this paper.
The hexahedral elements give much better results, even on quite
coarse grid, when the grid is aligned with the laminations. If this
is not possible, good convergence is found for the currents at the
midpoints of the hexahedral elements and the Hex-(1,0) basis.

The complete first order Nédélec elements give significant
improvement on tetrahedral grids, at the expense of almost dou-
bled number of DOFs in the conducting regions. When com-
bined with midpoint integration, they perform almost as well as
the Hex-(1,0) elements.

The main conclusion is that for laminated eddy current com-
putations, the lowest order hexahedral element is the best
choice, in the sense of both accuracy and efficiency. Further-
more, midpoint integration is generally favorable in regions of
laminated materials.

When the grid is aligned with the laminations,we found it
is possible to recover the O(h2) nominal convergence rate for
the power dissipation with conforming hexahedral grids, by us-
ing anisotropic adaptive refinement techniques. For this kind
of calculations, non-conforming hexahedral grids with local
anisotropic refinement may be more efficient and we plan to im-
plement such schemes in the future.
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1 Introduction

Although the FDTD (Finite-Difference Time-Domain) scheme [1, 2] has been very suc-
cessful for electromagnetic problems, its connection to structured grids makes it difficult to
use in applications with complicated geometry. For complex geometry, which frequently
arises in technical applications, unstructured grids are generally needed, and in such cases
FEM is the method of choice. Unstructured tetrahedral grids allows the use of powerful
grid generators [3].

This is the basis for a collaborative project started early 1998 at Chalmers University
of Technology between the Department of Electromagnetics and the Department of Math-
ematics. The project is connected to the Chalmers Finite Element Centre � and involves
two graduate students under the NGSSC program. The aim of the project is to implement
FEM schemes for Maxwell’s equations in 3D that are accurate, efficient and flexible for
multi-purpose applications and can deal with complex geometries.

2 Choice of elements

Several FEM schemes have been developed for solving Maxwell’s equations, both in the
frequency [4–8] and time [9] domains. Early approaches mainly used Galerkin formula-
tions and nodal elements for the scalar and vector potentials [4, 5]. However, we prefer
formulations in terms of the physical fields

�� and
�� because they are more accurate for the

fields and should be easier to couple to calculations involving other physical phenomena or
to other methods for solving Maxwell’s equations.

There are well known difficulties in solving Maxwell’s equations using finite elements
[7, 8, 10]. Straightforward application of nodal elements for

�� and
�� in frequency-domain

calculations gives rise to “spurious solutions”, which are rapidly varying spatially, yet have
low frequencies. The occurrence of such spurious solutions can be understood by means
of “numerical dispersion relations” [10–13]. Paulsen and Lynch [10] added a penalty term
���
	��� �������� � to the variational form to eliminate the spurious solutions. This approach
can be used to turn Maxwell’s equations into a vector Helmholtz equation. Unfortunately
this procedure introduces other extra solutions for which 	��

������� . (Quite obviously, the
solutions of the Helmholtz and Maxwell equations are not identical.)



A FEM approach, that is well suited to high frequency applications, uses the Galerkin
method with the edge elements of Nédélec [6, 7]. In fact, the lowest order edge elements
on a cubic grid together with mass lumping leads to the FDTD. Edge elements avoid spu-
rious solutions and have mixed order. For the lowest order edge elements, this means that
in any direction, the component transverse to that direction is a linear function, while the
longitudinal component is constant inside one cell. At the cell boundaries the tangential
components are continuous (the elements are curl-conforming), while the normal compo-
nent is discontinuous.

It may be thought therefore that edge elements cannot deal correctly with space charge
and cannot be used for an electrostatic problem. However, as will be shown in the following
section, the edge elements work well also for almost electrostatic problems. A disadvantage
of the edge elements on tetrahedrons compared with the FDTD is that “mass lumping” leads
to a mass matrix that is not guaranteed to be positive definite, so that explicit timestepping
cannot in general be used [9].

The other approach that we are pursuing is a node-based scheme for both �� and ��
in the time-domain which permits mass lumping and explicit time-stepping. Although a
frequency-domain analysis of such elements together with the strict Galerkin method show
spurious eigenmodes, these can be avoided in time-domain calculations by adaptive grid
techniques. We have carried out tests of such node-based elements and find good perfor-
mance in the time-domain. We will study the stabilization of the spurious modes by means
of the combined Galerkin/least squares method [14].

We plan to test higher order finite elements and time-stepping and the resulting schemes
will be compared for accuracy, efficiency, stability and the absence of spurious solutions.
We are also examining the possibilities of implementing different forms of boundary con-
ditions and of matching the solutions to those of other schemes for Maxwell’s equations
(the FDTD and the Method of Moments), as well as to FEM modeling of other physical
processes coupled to the electromagnetic fields. Adaptive mesh generation based on a pos-
teriori error estimates will be applied to optimize the computational work required to reach
a certain accuracy.

3 Edge elements

Edge elements are constructed for solving the electromagnetic problem

�����	�
 ��� �����������	����������� ��! #"%$ (1)

The edge elements contain a null space for the operator ���&��� , (“electrostatic” compo-
nents). Furthermore, there are solutions whose eigenvalues converge towards those of the
correct “physical” solutions as the resolution is increased and there are no spurious solu-
tions at low frequencies [7, 8]. We have verified that this holds true on a 2D rectangular
region with perfectly conducting boundaries. The eigenvalues converge quadratically with
the grid spacing ' , and the convergence can be both from below and above.



It is not well known how edge elements handle space charge, and we therefore decided
to test the elements in a capacitance problem at low frequency � ����� . Because of the null
space for the ���	�
� operator, the frequency cannot be chosen as exactly zero. The
test case is an idealized problem from the field of lossy dielectrics: calculate the effective
dielectric constant of a dielectric medium containing small particles with finite conductiv-
ity. Specifically, Eq. (1) is solved in the two dimensional computational domain shown in
Figure 1. In the dielectric medium (domain I) the dielectric constant is ������� , and the con-
ductivity ��� ��� . In the cylindrical conducting regions (domain II) the dielectric constant
is the same ���������� , and the conductivity ����� �����! #" S/m. The simulation domain is 1
m � 1 m and the radius of subdomain II is 0.309019 m. The upper and lower boundary

I
II

Figure 1: Computational domain with two different materials.

of the square are perfect electrical conductors. The simulation domain is discretized using
triangular elements and the electric field is expressed in terms of the standard linear edge
elements. The electric field is forced to be periodic in the horizontal direction and we apply
Galerkin’s method to Eq. (1). The voltage between the plates is prescribed as $ ��%	&')(�* &+
along the vertical boundaries and this is imposed by means of a Lagrange multiplier. (As a
consequence, Maxwell’s equations are not strictly satisfied on the vertical boundaries.) The
resulting system of equations is solved for 7 frequencies from 200 Hz to 2 MHz. Figure 2
shows the electric field for the frequency 15.4 kHz.

Figure 2: The real and the imaginary part of the solution, to the left and right respectively.



We have computed solutions for discretizations with 322 triangles and then doubled the
linear resolution twice to make a convergence study for the resulting complex capacitance
per unit length, ���������
	���������������������� . There are different ways to extract the capacitance
from the solution and the order of convergence is affected by this definition. A simple
definition is ����� �"! , where the charge �#�%$'&�(�)+*-, , for example along the conducting
plates. With this definition, the order of convergence . is typically between 1 and 1.5. By
contrast, we find clearly quadratic convergence when � is computed from the quadratic
form �0/ !0/ 12��35476�484'9:&�;=<">�@? / (A/ 1�*�BC�
Convergence is worst at the frequency where the imaginary part of � maximizes. For this
case, the relative error on the coarsest mesh with 322 triangles is about 4 per mille. The real
and imaginary part of the effective permittivity &�DFEG are shown in Figure 3 as circles.
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Figure 3: Left - real and right - imaginary part of the effective permittivity.

An excellent approximation to ���H�I	 can be obtained as the complex conductance of
a circuit consisting of the high frequency capacitor �J�K�MLN&�� in parallel with the series
combination of a resistor O and a capacitor � � giving

���P� � � ���Q � < �2OR��� (2)

This gives a Padé approximation for � and for our particular test case OS�ST"T"TU� V k W
and � � �XT"YU� LNV pF. The low frequency limit agrees with the result of a Boundary Element
analysis at zero frequency. The fit (2) is shown as the curve in Figure 3. If we exclude the
highest frequency 2 MHz (where finite wavelength, or electromagnetic, effects are nonneg-
ligible) and the lowest frequency 200 Hz (where convergence is uncertain because of an
ill-conditioned matrix) the relative error of the fit (2) is less than 0.3 per mille.

We conclude that the lowest order edge elements converge as Z��[� 1 	 in an integral sense
(although the local field components tend to converge as Z��[�\	 ) and handle space charge



correctly. Furthermore, although edge elements cannot be used in strictly static problems,
they work well at surprisingly low frequencies.

4 Node-based Schemes

When using node-based elements we solve the Maxwell’s equations directly. For time
dependent problems we apply the Lee-Madsen formulation [15, 16]

��������	� �
��� �������� �
���� ���������� �
���� � �!"� �
�� (3)�$#%�� � � �& �  �'��(� ��� �& � � )
(4)

for
)+*-,�.0/

and with initial conditions
��21 )43�� ���5 and

��61 )43�� ��(5 where
��(5 satisfies�87 �1 # � 593:�8) in ; and

�� 5 7 �< �=) on > . The boundary condition
�< �?�� �8)

on > � 1 ) � /@3
is then fulfilled in a weak sense which simplifies the implementation. If not the whole of
the boundary consists of perfect conductors, a boundary integral has to be added in Eq. (4).

In two dimensions this formulation has been tested successfully. Problems with spuri-
ous eigenmodes in reflected waves could effectively be avoided by resolving the reflecting
objects and only eight nodes per wavelength were needed to get the phase velocity within
one per cent of the correct one.

We have now tested this in three dimensions with promising results. In Figure 4 we
show an electromagnetic wave in three dimensions, interacting with a complex object. The
mesh consisted of approximately 1.1 million elements. In this particular case an implicit
time stepping algorithm was used but, as mentioned above, mass lumping and explicit meth-
ods can be used.

For magneto- and electrostatic problems we have used the least squares finite element
method [17]. In this formulation the equations are solved in primitive variables and the
divergence constraint is included in the formulation. In this approach the boundary condi-
tions are fulfilled by imposing them in a strong sense. The solution strategy is based on an
adaptive multigrid solver. In figure 5 an example of a magnetostatic problem can be seen. It
is the resulting magnetic field produced by a constant current in a solenoidal wound around
a core. Both the surrounding air and the inside of the coil and core have been meshed us-
ing an advancing front mesh generator. This mesh has then been adaptively refined by the
solver. In figure 5 isolines of the magnitude of the magnetic field can be seen in a plane. In
fig 6 an isosurface of the same quantity is shown.



(a) (b)

(c) (d)

Figure 4: Time evolution of the magnitude of the electric field. In 4(d) the wavefront in
4(b) is shown.



Figure 5: Magnitude of the magnetic field around a coil

Figure 6: Isosurface of the same quantity as above
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