Thesis for the Degree of Doctor of Philosophy

Error Analysis and Smoothing Properties of Discretized Deterministic and Stochastic Parabolic Problems

Yubin Yan

Department of Computational Mathematics Chalmers University of Technology and Göteborg University Göteborg, Sweden 2003

Error Analysis and Smoothing Properties of Discretized Deterministic and Stochastic Parabolic Problems Yubin Yan ISBN 91-7291-283-9

© Yubin Yan, 2003

Doktorsavhandlingar vid Chalmers tekniska högskola Ny serie nr 1965 ISSN 0346-718X

Department of Computational Mathematics Chalmers University of Technology and Göteborg University SE-412 96 Göteborg Sweden Telephone +46 (0)31 772 1000

Printed in Göteborg, Sweden 2003

Error Analysis and Smoothing Properties of Discretized Deterministic and Stochastic Parabolic Problems

Yubin Yan

Department of Computational Mathematics Chalmers University of Technology Göteborg University

Abstract

In this thesis we consider smoothing properties and approximation of time derivatives for parabolic equations and error estimates for stochastic parabolic partial differential equations approximated by the finite element method.

In the first two papers, we study smoothing properties and approximation of the time derivative in time discretization schemes with constant and variable time steps for an abstract homogeneous linear parabolic problem. The time stepping schemes are based on using rational functions r(z) which are A(θ)-stable for suitable θ ∈ [0, π/2] and satisfy |r(∞)| < 1, and the approximations of the time derivative are based on using difference quotients in time.

In the third paper, we consider the smoothing properties and time derivative approximations in multistep backward difference methods for a nonhomogeneous parabolic equation.

In the fourth paper, as an application of the error estimates for the time derivative developed in the previous three papers, we study a postprocessed finite element method for semilinear parabolic equations.

In the last two papers, we consider the finite element method for both linear and nonlinear stochastic parabolic partial differential equations. Using appropriate nonsmooth data error estimates for deterministic finite element problems, we prove error estimates for both space and time discretization.

Keywords: parabolic, smoothing, time derivative, time discretization, finite element method, stochastic parabolic equation, postprocessing.

iii

This thesis consists of an introduction and the following papers:

• Paper I: Smoothing properties and approximation of time derivatives for parabolic equations: constant time steps, to appear in IMA J. Numer. Anal.

• Paper II: Smoothing properties and approximation of time derivatives for parabolic equations : variable time steps, to appear in BIT.

• Paper III: Smoothing properties and approximation of time derivatives in multistep backward difference methods for parabolic equations, preprint 2003–05, Chalmers Finite Element Center, Chalmers University of Technology.

• Paper IV: Postprocessing the finite element method for semilinear parabolic problems, preprint 2003–06, Chalmers Finite Element Center, Chalmers University of Technology.

• Paper V: The finite element method for a linear stochastic parabolic partial differential equation driven by additive noise, preprint 2003–07, Chalmers Finite Element Center, Chalmers University of Technology.

• Paper VI: A finite element method for a nonlinear stochastic parabolic equation, preprint 2003–08, Chalmers Finite Element Center, Chalmers University of Technology.

v

Contents

1. Introduction 1 1.1. Homogeneous linear parabolic equations 1 1.2. Nonhomogeneous linear parabolic equations 2 1.3. Semilinear parabolic equations 3 1.4. Stochastic parabolic equations 6 2. Summary of the appended papers 15 2.1. Paper I 15 2.2. Paper II 16 2.3. Paper III 18 2.4. Paper IV 19 2.5. Paper V 20 2.6. Paper VI 21 References 22

vii

Acknowledgements

First of all, I would like to thank my supervisor Dr. Stig Larsson for all the time, support and encouragement he gave to me during my PhD studies. He has been a huge source of knowledge for me during these years. Besides reading and commenting every piece of work I have written, he has always been willing to spend time discussing my ideas and answering my questions. He has generously and enthusiastically shared his knowledge with me. I thank him for all the care that he has devoted to my mathematical education.

I would like to thank my supervisor Prof. Vidar Thomée, who accepted me as a visiting scholar in the Mathematics Department at Chalmers from October 1997 to October 1998, and after that, gave me the opportunity to begin my graduate studies and became my licentiate thesis supervisor. He introduced me to the subject of this thesis and guided me patiently through my licentiate thesis until October 2000. He spent an immense amount of time reading my manuscripts with reviews and corrections. I thank him for all the care that he has devoted to my mathematical education.

I would also like to thank Dr. Patrik Albin for his inspiring lectures on stochastic calculus through which I understood much about stochastic differential equations.

I would also like to thank Dr. Mohammad Asadzadeh and Dr. Genkai Zhang for their help during my studies in Chalmers.

I take the opportunity to thank all my colleagues and friends at the School of Mathematical Sciences, in particular the Department of Computational Mathematics, for providing a friendly and stimulating working environment.

I would like to thank my friend Haiyan Qiao for always being there every step of the way.

I am grateful for the hospitality of the Mittag-Leffler Institute, where I spent two months in the spring of 1998 and where I began this thesis.

Finally, I would like to thank my wife Lin and my son Yixun for their love and encouragement.

ix

1. Introduction

This thesis consists of six papers. In papers [I, II] we consider the smoothing properties and approximation of time derivatives in single step methods for homogeneous linear parabolic equations. In paper [III] we consider the smoothing properties and time derivative approximation in multistep backward difference methods for nonhomogeneous linear parabolic equations. As an application of the error estimates for the time derivative, we consider, in paper [IV], the postprocessing of the finite element method for semilinear parabolic equations. In papers [V, VI] we apply nonsmooth data error estimates in the context of the finite element method for stochastic parabolic partial differential equations.

1.1. Homogeneous linear parabolic equations. In this subsection we introduce the homogeneous linear parabolic equation

(1.1) u_t + Au = 0, for t > 0, with u(0) = v,

in a Banach space B with norm ‖ · ‖, where v ∈ B and A is a closed, densely defined linear operator, with domain of definition D(A) ⊂ B. We assume that the resolvent set ρ(A) of A is such that, for some δ ∈ (0, π/2), (1.2) ρ(A) ⊃ Σ_δ = {z ∈ C : δ ≤ | arg z| ≤ π, z ≠ 0} ∪ {0}, and that its resolvent, R(z; A) = (zI − A)^{−1}, satisfies (1.3) ‖R(z; A)‖ ≤ M|z|^{−1}, for z ∈ Σ_δ, z ≠ 0, with M ≥ 1. In particular, if B is a separable Hilbert space H and A is a linear, selfadjoint, positive definite, not necessarily bounded operator with a compact inverse, densely defined in D(A) ⊂ H, then (1.2) and (1.3) are satisfied with δ arbitrarily close to 0.

It is well known that −A is the infinitesimal generator of a uniformly bounded analytic semigroup E(t) = e^{−tA}, t ≥ 0, which is the solution operator of (1.1), so that u(t) = E(t)v. The following smoothing properties hold, with D_t = ∂/∂t, see Pazy [41], (1.4) ‖D^j_t E(t)v‖ = ‖A^j E(t)v‖ ≤ C_jt^{−j} ‖v‖, for t > 0, j ≥ 0, which shows that the solution is regular for positive time even if the initial data are not.

We are mainly interested in the smoothing properties of discretizations of (1.1). Let U^n be an approximation of the solution u(t_n) = E(t_n)v of (1.1) at time t_n = nk, where k is the time step, defined by a single step method,

(1.5) U^n = r(kA)U^{n−1}, for n ≥ 1, with U^0 = v, where r(z) is accurate of order p ≥ 1, i.e.,

(1.6) r(z) − e^{−z} = O(z^{p+1}), as z → 0.

For example, the backward Euler method, given by r(z) = 1/(1 + z), is first order accurate and the Crank-Nicolson method, defined by r(z) = (1 −^1_2 z)/(1 +^1_2 z), is second order. As another example, the method defined by the (q, q + 1) subdiagonal Padé approximation r(z) = p_1(z)/p_2(z), where p_1 and p_2 are certain polynomials of degrees q and q + 1, respectively, is accurate of order 2q + 1.

Stability and error estimates for single step methods have been studied by many authors, see Thomée [46] and references therein.

For the smoothing properties of the time discretization scheme (1.5), if r(∞) = 0, r(z) is A(θ)-stable with θ ∈ (δ,^1_2 π] and A satisfies (1.2) and (1.3), then we have, see, e.g., Hansbo [27] and Thomée [46, Lemma 7.3], (1.7) ‖A^j U^n‖ = ‖A^j E^n_k v‖ ≤ Ct^{−j}_n ‖v‖, for t_n ≥ t_j, v ∈ B. Hansbo [27] also shows an optimal order error estimate in the nonsmooth data case for the approximation (−A)U^n ≈ (−A)u(t_n) = u_t(t_n) of the first order time derivative of the solution of (1.1). More precisely, if r(z) is A(θ)- stable with θ ∈ (δ,^1_2 π] and r(∞) = 0, then (1.8) ‖(−A)U^n − u_t(t_n)‖ ≤ Ck^pt^{−p−1}_n ‖v‖, for t_n > 0, v ∈ B. It is natural to consider the case when r(∞) ≠ 0. We know that (1.8) is not valid when r(∞) ≠ 0. In paper [I], we mainly consider the smoothing properties for (1.5) when |r(∞)| < 1. To do this we introduce difference quotients Q^j_kU^n, which approximate D^j_t u(t_n) to a certain order. We then obtain smoothing properties for (1.5) when |r(∞)| < 1 and error estimates for the time derivative in case of both smooth and nonsmooth data.

In paper [II], we consider the smoothing properties and time derivative approximations for (1.1) with variable time steps. We introduce the so called increasing quasi-quasiuniform assumptions for the time steps. Under these assumptions we show the smoothing properties for discretization of (1.1) and the error estimates for the time derivative, where we approximate the time derivative u_t by first and second order difference quotients.

1.2. Nonhomogeneous linear parabolic equations. In this subsection we introduce the nonhomogeneous parabolic equation

(1.9) u_t + Au = f, for t > 0, with u(0) = v,

in Hilbert space H with norm ‖ · ‖, where A is a linear, selfadjoint, positive definite, not necessarily bounded operator with a compact inverse, densely defined in D(A) ⊂ H, where v ∈ H and f is a function of t with values in H.

Further we introduce the multistep backward difference operator ¯∂_p, p ≥ 1 by (1.10) ¯∂_pU^n = p∑ j=1 k^{j−1} j ¯∂^j U^n, where ¯∂U^n = (U^n − U^{n−1})/k,

and define our approximate solution U^n by, with U^0, · · · , U^{p−1} given,

(1.11) ¯∂_pU^n + AU^n = f^n, for n ≥ p, where f^n = f(t_n).

It is well known from the theory for numerical solution of ordinary differential equations, see, e.g., Hairer and Wanner [26], that this method is A(θ)-stable for some θ = θ_p > 0 when p ≤ 6. The error estimates for such method has been studied in Bramble, Pasciak, Sammon, and Thomée [6]. It is easy to see that, for any smooth real-valued function u, see Thomée [46, Chapter 10],

(1.12) u_t(t_n) = ¯∂_pu^n + O(k^p), as k → 0, with u^n = u(t_n).

The theory of stability and error estimates for the approximation of the solution of (1.9) by using multistep methods have been well developed, see Becker [5], Bramble, Pasciak, Sammon, and Thomée [6], Crouzeix [9], Hansbo [28], LeRoux [36], [37], Palencia and Garcia-Archilla [40], Savaré [44], Thomée [46]. The smoothing properties and the approximation of time derivatives in single step methods for homogeneous parabolic problem have been studied in Hansbo [27], [28].

In paper [III] we study the smoothing properties of discretization scheme (1.11). We attempt to extend the results in papers [I, II] for the single step methods to the multistep backward difference methods.

1.3. Semilinear parabolic equations. In this subsection we introduce the semilinear parabolic equation

(1.13) u_t − Δu = F (u), in Ω, for t ∈ (0, T ], u = 0, on ∂Ω, for t ∈ (0, T ], u(0) = v, where Ω is a bounded domain in R^d, d = 1, 2, 3, with a sufficiently smooth boundary ∂Ω, u_t = ∂u/∂t, Δ is the Laplacian, and F : R → R is a smooth function.

Let H = L_2(Ω). We define the unbounded operator A = −Δ on H with domain of definition D(A) = H^2(Ω) ∩ H^1_0 (Ω), where, for integer m ≥ 1, H^m(Ω) denotes the standard Sobolev space W^m_2 (Ω), and H^1_0 (Ω) = {v : v ∈ H^1(Ω), v|_{∂Ω} = 0}. Then A is a closed, densely defined, and self-adjoint positive definite operator in H with compact inverse. The initial-boundary value problem (1.13) may then be formulated as the following initial value problem

(1.14) u_t + Au = F (u), for t ∈ [0, T ], with u(0) = v,

in the Hilbert space H.

We are interested in the postprocessing of the finite element method for (1.14). A postprocessing technique has been introduced to increase the efficiency of Galerkin methods of spectral type, see Canuto, Hussaini, Quarteroni, and Zang [8], De Frutos, Garcia-Archilla, and Novo [16], De Frutos and Novo [17], [19]. Postprocessed methods yield greater accuracy than standard Galerkin schemes at nearly the same computational cost. In Garcia- Archilla and Titi [24], the postprocessing technique has been extended to the h-version of the finite element method for dissipative partial differential equations. There, the authors prove that the postprocessed method has a higher rate of convergence than the standard finite element method when higher order finite elements, rather than linear finite elements, are used. Error estimates in L_2 and H^1 norms in spatially semidiscrete case are proved. More recently, in De Frutos and Novo [18], the authors show that the postprocessing technique can also be applied to the linear finite elements and the convergence rate can be improved in H^1 norm, but not in L_2 norm. The analysis is restricted to the spatially semidiscrete case.

Let {S_h} = {S_{h,r}} ⊂ H^1_0 be a family of finite element spaces with the accuracy of order r ≥ 2, i.e., S_h consists of continuous functions on the closure Ω̄ of Ω, which are polynomials of degree at most r − 1 in each triangle of the triangulation of Ω, where h denotes the maximal length of the sides of the triangulation.

The semidiscrete problem corresponding to (1.14) is to find the approximate solution u_h(t) = u_h(·, t) ∈ S_h for each t, such that,

(1.15) u_{h,t} + A_hu_h = P_hF (u_h), with u_h(0) = v_h,

where v_h ∈ S_h, P_h : L_2 → S_h is the orthogonal projection onto S_h, and A_h : S_h → S_h is the discrete analogue of A, defined by (1.16) (A_hψ, χ) = A(ψ, χ), ∀ ψ, χ ∈ S_h. Here A(·, ·) is the bilinear form on H^1_0 obtained from A.

Error estimates for the semilinear parabolic problem based on finite element methods with various conditions on the nonlinear term have been considered in many papers, see, e.g., Akrivis, Crouzeix, and Makridakis [1], [2], Crouzeix, Thomée, and Wahlbin [10], Elliott and Larsson [21], [22], Helfrich [29], Johnson, Larsson, Thomée, and Wahlbin [30], Thomée [46], Thomée and Wahlbin [47], Wheeler [49]. The long time behavior of finite element solutions was studied by Elliott and Stuart [23], Larsson [32], [33], Larsson and Sanz-Serna [34], [35].

Let us now describe the idea of the postprocessed finite element method proposed by Garcia-Archilla and Titi [24]. Suppose that we want to obtain high order approximation, for instance O(h^{r+2}). Then we can use, in every time step, either a family of high order finite element spaces S̃_h := S_{h,r+2} with the order r+2 of accuracy, or a family of finite element spaces S̃_h := S_{h̃,r} with accuracy of order r, but with finer partition T_{h̃} of the domain Ω, such that, h^{r+2} = h̃^r. In [24], another technique, called the postprocessed finite element method, is presented, which improves the convergence rate without using a high order finite element space S̃_h in every time step. Suppose that we are interested in the solution of (1.14) at a given time T . At time T , rewriting (1.14), we have

(1.17) Au(T ) = −u_t(T ) + F (u(T )).

Thus, u(T ) can be seen as the solution of an elliptic problem whose right hand side is not known but can be approximated. Garcia-Archilla and Titi first compute u_h(T ) by (1.15) in the finite element space S_h, then replace u_t(T ) by u_{h,t}(T ) and solve (or, in practice, approximate) the following linear elliptic problem: find ũ(T ) ∈ D(A), such that,

(1.18) Aũ(T ) = −u_{h,t}(T ) + F (u_h(T )),

which is the postprocessing step.

They obtained the following error estimate, with ℓ_h = 1 + log(T/h^2),

(1.19) ‖ũ(T ) − u(T )‖ ≤ C(u)ℓ_hh^{r+2}, for r ≥ 4,

where C(u) is some constant depending on u. A similar result holds for r ≥ 3. The proof is based on superconvergence for elliptic finite element methods in norms of negative order, which is the reason for the restriction r ≥ 3. We note that the bound (1.19) is an improvement over the error estimates for the standard Galerkin method, which is O(h^r). In practice ũ can not be computed exactly, since in general it does not belong to a finite element space. However, one can approximate the solution ũ of (1.18) by some ũ_h belonging to a finite element space S̃_h of approximation order r + 2 as described above. More precisely, we pose the following semidiscrete problem corresponding to (1.18): find ũ_h ∈ S̃_h, such that,

(1.20) Ã_hũ_h(T ) = P̃_h ( − u_{h,t}(T ) + F (u_h(T )) ) , where P̃_h : L_2 → S̃_h is the L_2 projection onto S̃_h and Ã_h is the discrete analogue of A with respect to S̃_h. The standard error estimate reads, see, e.g., Brenner and Scott [7],

(1.21) ‖ũ_h(T ) − ũ(T )‖ ≤ C(u)h^{r+2}.

Combining (1.19) and (1.21), we have ‖ũ_h(T )−u(T )‖ ≤ ‖ũ_h(T )−ũ(T )‖+‖ũ(T )−u(T )‖ ≤ C(u)ℓ_hh^{r+2}, for r ≥ 4. In paper [IV], we derive error estimates in the fully discrete case for the postprocessed finite element method applied to (1.14). To do this, we introduce a time stepping method to compute an approximate solution of (1.15) and replace the time derivative in (1.18) by a difference quotient. We then show error estimates for the completely discrete postprocessed method by using error estimates for time derivatives based on our methods in papers [I, II, III].

Our technique of proof is related to but different from the one employed in Garcia-Archilla and Titi [24].

1.4. Stochastic parabolic equations. In this subsection we will introduce the linear stochastic parabolic partial differential equation

(1.22) du + Au dt = dW, for 0 < t ≤ T, with u(0) = u_0,

in a Hilbert space H with inner product (·, ·) and norm ‖ · ‖, where u(t) is an H-valued random process, A is a linear, selfadjoint, positive definite, not necessarily bounded operator with a compact inverse, densely defined in D(A) ⊂ H, where W (t) is a Wiener process defined on a filtered probability space (Ω, F, P, {F_t }_{t≥0}) and u_0 ∈ H.

For the sake of simplicity, we shall concentrate on the case A = −Δ, where Δ stands for the Laplacian operator subject to homogeneous Dirichlet boundary conditions, and H = L_2(D), where D is a bounded domain in R^d, d = 1, 2, 3, with a sufficiently smooth boundary ∂D.

Such equations are common in applications. Many mathematics models in physics, chemistry, biology, population dynamics, neurophysiology, etc., are described by stochastic partial differential equations, see, Da Prato and Zabczyk [14], Walsh [48], etc. The existence, uniqueness, and properties of the solutions of such equations have been well studied, see Curtain and Falb [11], Da Prato [12], Da Prato and Lunardi [13], Da Prato and Zabczyk [14], Dawson [15], Gozzi [25], Peszat and Zabczyk [43], Walsh [48], etc. However, numerical approximation of such equations has not been studied thoroughly.

The equation (1.22) can be written formally as

(1.23) u_t + Au = dW dt for 0 < t ≤ T, with u(0) = u_0,

where the derivative^{dW}_{dt} (the noise) does not exist as a function of t in the usual sense. Thus the equation (1.23) is understood in the integral form.

Let E(t) = e^{−tA}, t ≥ 0. Then (1.23) admits a unique mild solution, see Da Prato and Zabczyk [14, Theorem 5.2, which is given by 5.4],

(1.24) u(t) = E(t)u_0 + ∫_t 0 E(t − s) dW (s) for 0 < t ≤ T, where the integral is understood in the Itô sense. In the following two subsections we review the construction of such a stochastic integral with respect to an H-valued Wiener process or a cylindrical Wiener process. For further information on Wiener processes, stochastic integrals and measures on Hilbert spaces, see Curtain and Falb [11], Da Prato and Zabczyk [14], Dawson [15], Gozzi [25], Kuo [31], Peszat [42], Zabczyk [50], etc.

1.4.1. The stochastic integral with respect to an H-valued Wiener process. A family W (t), t ≥ 0, of H-valued random variables is called a Wiener process on H, if and only if, see [14] and [50],

(i) W (0) = 0, (ii) for almost all ω ∈ Ω, t → W (t, ω) is a continuous function, (iii) W (t) has independent increments, (iv) L(W (t) − W (s)) = L(W (t − s)), 0 ≤ s ≤ t. Here L(X) denotes the law, or the distribution, of the H-valued random variable X, i.e., the probability measure on H defined by L(X)(A) = P{ω : X(ω) ∈ A}, for any A ∈ B(H), where B(H) is the Borel σ-algebra of H, i.e., the smallest σ-algebra containing all closed (or open) sets of H.

It turns out that if W (t) is a Wiener process, then, for arbitrary t, L(W (t)) is a Gaussian probability measure on H with the mean 0 and the covariance operator tQ, i.e., L(W (t)) = N (0, tQ), where Q is a linear, self-adjoint, positive definite, bounded operator with finite trace, i.e., Tr(Q) < ∞. In other words, if W (t) is a Wiener process, then, for arbitrary t, W (t) is an H-valued Gaussian random variable with

E(W (t)) = 0, and Cov(W (t)) = tQ, where for any H-valued random variable X, Cov(X) ∈ L(H) is defined by

Cov(X) = E ( (X − EX) ⊗ (X − EX) ) . Here, for a, b ∈ H, a ⊗ b is the bounded linear operator on H defined by (a ⊗ b)(h) = (b, h)a, ∀h ∈ H.

Moreover,

(1.25) E ( (h, W (t))^2 ) = t(Qh, h), ∀h ∈ H. We then call the above W (t) an H-valued Wiener process with covariance operator Q, Tr(Q) < ∞. Here we emphasize Tr(Q) < ∞ since, otherwise, W (t) will not be H-valued, see below.

Since Q is in trace class which implies that Q is a compact operator on H, there exists an orthonormal basis {e_l}^∞_{l=1} and a bounded sequence of positive real numbers {γ_l}^∞_{l=1}, such that

(1.26) Qe_l = γ_le_l, l = 1, 2, · · · .

Then, W (t) has the form

(1.27) W (t) = ∞∑ l=1 γ^{1/2}_l β_l(t)e_l,

which is convergent in L_2(Ω; H), where

(1.28) β_l(t) = γ^{−1/2}_l (e_l, W (t)), l = 1, 2, · · · ,

are real-valued, independent, Brownian motions on (Ω, F, P).

We now recall the definition of the stochastic integral for an operatorvalued process. There is a natural class of operator-valued processes, which can be stochastically integrated with respect to an H-valued Wiener process W (t). Denote by Q^{1/2}(H) the image of the operator Q^{1/2} on H. Since Q is a linear, self-adjoint, positive definite, and bounded operator with finite trace, we may define Q^{1/2} and its inverse Q^{−1/2} by the eigenvalues {γ_l} and eigenfunctions {e_l} of Q. More precisely, for arbitrary α ∈ R, we define the operator Q^α : D(Q^α) → H by Q^αv = ∞∑ l=1 γ^α_l (v, e_l)e_l, where D(Q^α) = { v ∈ H : ∞∑ l=1 γ^{2α}_l (v, e_l)^2 < ∞ } . It is obvious that D(Q^α) = H for α ≥ 0, since {γ_l}^∞_{l=1} is a bounded sequence of positive real numbers. It is easy to show that Q^{1/2}(H) is a separable Hilbert space with inner product

(v, w)_Q1/2_{(H)} = (Q^{−1/2}v, Q^{−1/2}w)

and the induced norm ‖v‖_Q1/2_{(H)} = ‖Q^{−1/2}v‖ for any v ∈ Q^{1/2}(H).

For any Hilbert space H_1, we denote by L^2_F ([0, T ]; H_1) the separable Hilbert space of all F_t-progressively measurable processes x, with values in H_1, such that

‖x‖_L2_{F ([0,T ];H1)} = ( E ∫_T 0 ‖x(t)‖^2_{H1} dt )_{1/2} < ∞.

Denote by L(H) the space of bounded linear operators on H, and by L^0_2(Q^{1/2}(H), H) the space of all Hilbert-Schmidt operators from Q^{1/2}(H) into H, i.e.,

L^0_2(Q^{1/2}(H), H) = { ψ ∈ L ( Q^{1/2}(H), H ) : ∞∑ j=1 ‖ψg_j ‖^2 < ∞ } , where {g_j }^∞_{j=1} is an arbitrary orthonormal basis of Q^{1/2}(H). Its norm is denoted by

‖ψ‖_L0_2 = (^∞∑ j=1 ‖ψg_j ‖^2 )_{1/2} . In particular, we can choose g_j = Q^{1/2}e_j = γ^{1/2}_j e_j , so that

‖ψ‖_L0_2 = (^∞∑ j=1 γ_j‖ψe_j ‖^2 )_{1/2} . For simplicity, we denote L^0_2 = L^0_2 ( Q^{1/2}(H), H ) below. It is easy to see that L(H) ⊂ L^0_2.

Let us review the construction of the stochastic integral ∫_T 0 ψ(t) dW (t) for a process ψ(·) ∈ L^2_F ([0, T ]; L^0_2). Suppose first that ψ(t), t ∈ [0, T ], is a simple process, i.e., there exist a sequence 0 = t_0 < t_1 < · · · < t_n = T and a sequence ξ_0, ξ_1, · · · , ξ_{n−1} of L(H)-valued random variables such that

ψ(t) = ξ_i, for t ∈ (t_i, t_{i+1}], i = 0, 1, · · · , n − 1, with ψ(0) = 0,

where ξ_i are F_{ti} -measurable and ψ(·) ∈ L^2_F ([0, T ]; L^0_2). We then define the stochastic integral by the formula ∫_T 0 ψ(t) dW (t) = n−1∑ i=0 ξ_i ( W (t_{i+1}) − W (t_i) ) . For a general L(H)-valued stochastic process ∈ L^2_F ([0, T ]; L^0_2), there is a sequence of simple processes {ψ_n(t)} such that ψ_n → ψ almost everywhere on [0, T ] × Ω and lim_{n→∞} ∫_T 0 E‖ψ_n(t) − ψ(t)‖^2 dt = 0. Moreover, { ∫_T 0 ψ_n(t)dW (t)} has a unique limit in L_2(Ω; H). We define the stochastic integral ∫_T 0 ψ(t) dW (t) to be this limit.

We have the following isometry property, see [14, Proposition 4.5].

Lemma 1.1. Let W (t) be an H-valued Wiener process with covariance operator Q, Tr(Q) < ∞. Let ψ(t) be an L(H)-valued process and ψ(·) ∈ L^2_F ([0, T ]; L^0_2). Then we have

(1.29) E ‖ ‖ ∫_T 0 ψ(t) dW (t) ‖ ‖^2 = ∫_T 0 E‖ψ(t)‖^2_L0_2 dt.

1.4.2. The stochastic integral with respect to a cylindrical Wiener process. The construction of the stochastic integral for an H-valued Wiener process W (t) above requires that W (t) is H-valued, which implies that Q is a trace class operator. In this subsection we extend the definition of the stochastic integral to the case of a cylindrical Wiener process. Let Q be a linear, self-adjoint, positive definite, bounded operator on H, not necessarily in trace class, but with a bounded sequence of positive eigenvalues {γ_l}^∞_{l=1} and a corresponding orthonormal basis of eigenvectors {e_l}^∞_{l=1} in H. Thus Q is not necessarily compact, for example, Q = I. By a cylindrical Wiener process with covariance operator Q, Tr(Q) ≤ ∞, we mean the series, see Da Prato and Zabczyk [14], Peszat [42], Peszat and Zabczyk [43],

(1.30) W (t) = ∞∑ l=1 γ^{1/2}_l e_lβ_l(t), t ≥ 0, where {β_l(t)} is a family of real-valued, independent, Brownian motions. In the special case Q = I, W (t) is defined by

(1.31) W (t) = ∞∑ l=1 e_lβ_l(t), t ≥ 0. We observe that (1.30) is divergent in L_2(Ω; H) if Q is not in trace class, in which case W (t) is not an H-valued process. In fact, for arbitrary t > 0, E ‖ ‖ ‖ ∞∑ l=1 γ^{1/2}_l e_lβ_l(t) ‖ ‖ ‖^2 = ∞∑ l=1 γ_lEβ_l(t)^2 = t ∞∑ l=1 γ_l = t Tr(Q) = ∞.

However, let H_L be an arbitrary Hilbert space such that the embedding of Q^{1/2}(H) into H_L is Hilbert-Schmidt. Then we have the following lemma, see [14, Proposition 4.11].

Lemma 1.2. The cylindrical Wiener process (1.30) defines a H_L-valued Wiener process with some covariance operator Q_L.

For arbitrary h ∈ H, the process

(1.32) ⟨h, W (t)⟩ := ∞∑ l=1 γ^{1/2}_l (h, e_l)β_l(t) is a real-valued Brownian motion and

(1.33) E ( ⟨h_1, W (t)⟩⟨h_2, W (s)⟩ ) = min(t, s)(Qh_1, h_2), for h_1, h_2 ∈ H.

For any ψ(·) ∈ L^2_F ([0, T ]; L^0_2), we can define the stochastic integral as follows:

(1.34) ∫_T 0 ψ(t) dW (t) = ∞∑ l=1 ∫_T 0 ψ(t)g_l d⟨g_l, W (t)⟩, where {g_l}^∞_{l=1} is an arbitrarily orthonormal basis in Q^{1/2}(H), and the integral on the right is the standard Itô integral.

Let us consider three special cases.

(i) If Q = I, then we can choose g_l = e_l, and hence ⟨g_l, W (t)⟩ = β_l(t) by (1.32), therefore the stochastic integral is ∫_T 0 ψ(t) dW (t) = ∞∑ l=1 ∫_T 0 ψ(t)e_l dβ_l(t), which is consistent with the definition in Peszat [42];

(ii) If W (t) is a Wiener process with Tr(Q) < ∞, then Q^{1/2} is Hilbert- Schmidt and H_L = H, in this case, the stochastic integral defined by (1.34) is consistent with the stochastic integral defined in the subsection 1.4.1. In fact, for simplicity, let ψ(t) = ψ ∈ L(H) ⊂ L^0_2, be independent of t. Then we have, with g_l = γ^{1/2}_l e_l, ∞∑ l=1 ∫_T 0 ψ(t)g_l d⟨g_l, W (t)⟩ = ∞∑ l=1 ψg_lβ_l(t) = ψ ∞∑ l=1 g_lβ_l(t) = ψW (t), which is indeed the stochastic integral ∫_T 0 ψ(t) dW (t) defined in subsection 1.4.1. (iii) In our work we assume that ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1], i.e.,

‖A^{(β−1)/2}‖^2_L0_2 = ∞∑ l=0 γ_l‖A^{(β−1)/2}e_l‖^2 < ∞. In this case we have H_L = Ḣ^{β−1}. In particular, this guarantees that W (t) is Ḣ^{−1}-valued, which is important for the finite element method.

The isometry property (1.29) also holds in the present case, see Da Prato and Zabczyk [14, Corollary 4.14]. Thus, even if the cylindrical Wiener process W (t) is not H-valued, we can still construct the H-valued stochastic integral ∫_T 0 ψ(t) dW (t).

1.4.3. Numerical methods for stochastic parabolic equation. In this subsection we will review some numerical methods for (1.22).

The difficulty of the numerical approximation for such equation is how to approximate the noise. Shardlow [45] considers the finite difference approximation of (1.22) in the one-dimensional case with H = L_2(0, 1), A = −^∂_{∂x2} with Dirichlet boundary condition. Let 0 = t_0 < t_1 · · · < t_N = T be a partition of [0, T ], t_n = nk, n = 0, 1, 2, · · · , N, where k is the time step. Let 0 = x_0 < x_1 < · · · < x_J = 1 be a space partition of [0, 1], x_j = jh, j = 0, 1, 2, · · · , J. Denote by e_j = √ 2 sin jπx, j = 1, 2, · · · , the eigenvectors of A = −^∂_{∂x2} with Dirichlet boundary condition, which forms an orthonormal basis of L_2(0, 1). Let P_J denote the operator taking f to its first J Fourier modes

P_J f = J∑ j=1 (f, e_j )e_j . Then, Shardlow [45] approximates the noise^{dW}_{dt} over the time step (t_{n−1}, t_n) by dW dt ≈ 1 k ∫_{tn} t_{n−1} P_J dW (s), which is a L_2(0, 1) function, since, for example, in the case Q = I, E ‖ ‖ 1 k ∫_{tn} t_{n−1} P_J dW (s) ‖ ‖ = 1 k ∫_{tn} t_{n−1} ‖P_J ‖^2_L0_2 ds = ‖P_J ‖^2_L0_2 = J = h^{−1} < ∞.

Then he defines a simple discretization based on the θ-method in time and the standard three point approximation to the Laplacian to obtain the discrete solution U^n_j , j = 0, 1, 2, · · · , J, on the time t = t_n, and show the following error estimates, if k/h^2 = C, ‖U^n − u(t_n)‖_{L2 (Ω;H)} ≤ Ch^{(1−ϵ)/2}, for ∀ ϵ > 0, where U^n = U^n(x) is some continuous function which satisfies U^n(x_j) = U^n_j , j = 0, 1, 2, · · · , J. The result shows that, in the one-dimensional case and in the cylindrical Wiener process case with Q = I, the convergence order is almost O(h^{1/2}) in the L_2(Ω; H) norm.

Allen, Novosel, and Zhang [3] consider both finite element and finite difference methods for the same problem studied in [45]. They approximate the space-time white noise^{∂2W}_{∂t∂x} by using piecewise constant functions on a partition [t_{n−1}, t_n] × [x_{j−1}, x_j ], 1 ≤ n ≤ N, 1 ≤ j ≤ J of [0, T ] × [0, 1]. More precisely, with k = t_n − t_{n−1} and h = x_j − x_{j−1},

∂^2W ∂t∂x ≈ ∂^2Ŵ ∂t∂x = 1 kh N∑ n=1 J∑ j=1 η_{nj} √ khχ_n(t)χ_j (x), where

χ_n(t) = { 1 t_{n−1} ≤ t ≤ t_n, 0 otherwise, χ_j(x) = { 1 x_{j−1} ≤ x ≤ x_j, 0 otherwise, and η_{jn} = 1 kh ∫_{tn} t_{n−1} ∫_{xj} x_{j−1} dW (t, x) = N (0, 1), where N (0, 1) is the standard real-valued Gaussian random variable and η_{jn} are independent and identically distributed (iid). It is obvious that

∂^2Ŵ ∂t∂x ∈ L2(0, 1) for fixed t ∈ [0, T ], w ∈ Ω. Applying the standard finite

element and finite difference methods for the new “simpler” problems, they obtain the approximate solution U^n ≈ u(t_n) and the corresponding error estimates. For example, using the backward Euler method, the finite element approximate solution U^n satisfies, with ℓ_k = 1 + log(T/k),

‖U^n − u(t_n)‖_{L2 (Ω;H)} ≤ Cℓ_k(k^{1/4} + h^{1/2}).

Du and Zhang [20] also consider the numerical approximation for the equation (1.22) but with some special additive noise. More precisely, the noise takes the form

∂^2W ∂t∂x = ∞∑ j=1 σ_j(t)β̇_j (t)e_j (x),

where σ_j(t) is a continuous function. β̇_j (t) is the derivative of the standard real-valued Wiener process, and e_j (x) = √ 2 sin jπx as above. They approximate the noise by

∂^2W ∂t∂x ≈ ∂^2Ŵ ∂t∂x = ∞∑ j=1 σ̂_j(t) (^N∑ n=1 1 √ k β_{jn}χ_n(t) ) e_j (x), where χ_n is defined as above, and β_{jn} = 1 √ k ∫_{tn} t_{n−1} dβ_j (t) = N (0, 1),

are independent and identically distributed (iid). Replacing σ_j (t) by σ̂_j (t) we get discretization in the x-direction, and replacing β̇_j (t) by ∑_N n=1 1√ k β_{jn}χ_n(t) we get the discretization in the t-direction. The standard finite element method now can apply to the “simpler” problem and obtain the approximate solution U^n and the corresponding error estimates. For example, in the cylindrical Wiener process case, i.e, σ_j(t) = 1, using σ̂_j (t) = 1 for j ≤ J and σ̂_j(t) = 0 for j > J to approximate σ_j(t), they show the following error estimate for the backward Euler method, with ℓ_k = 1 + log(T/k),

‖U^n − u(t_n)‖_{L2 (Ω;H)} ≤ Cℓ_k(k^{1/4} + h^{1/2}).

In the case where β̇_j (t) are more regular in time, higher order error estimates may be obtained by using the similar technique in the higher order finite element space.

1.4.4. Finite element method for stochastic parabolic equation. Let S_h ⊂ H^1_0 (D) be a family of finite element spaces as defined in section 3. The semidiscrete problem of (1.22) is then to find the process u_h(t) = u_h(·, t) ∈ S_h, such that (1.35) du_h + A_hu_h dt = P_hdW, for 0 < t ≤ T, with u_h(0) = P_hu_0, where P_h denotes the L_2-projection onto S_h, and A_h : S_h → S_h is the discrete analogue of A, defined by (1.36) (A_hψ, χ) = A(ψ, χ), ∀ψ, χ ∈ S_h. Here A(·, ·) is the bilinear form on H^1_0 (D) obtained from the operator A in (1.22).

Let E_h(t) = e^{−tAh} , t ≥ 0 be the semigroup generated by −A_h. Then (1.35) admits a unique mild solution

u_h(t) = E_h(t)u_{0h} + ∫_t 0 E_h(t − s)P_h dW (s). Let k be a time step and t_n = nk with n ≥ 1. We define the following backward Euler method

(1.37) U^n − U^{n−1} k + A_hU^n = 1 k ∫_{tn} t_{n−1} P_h dW (t), n ≥ 1, U^0 = P_hu_0,

i.e, we approximate the noise^{dW}_{dt} by dW dt ≈ 1 k ∫_{tn} t_{n−1} P_h dW (t) = 1 k P_h ( W (t_n) − W (t_{n−1}) ) . We make the assumption that ‖A^{(β−1)/2}‖_L0_2 ‖ < ∞ for some β ∈ [0, 1], which guarantees that W (t) is Ḣ^{−1}-valued . Hence P_hW (t) is well defined because P_h can be extended to a bounded linear operator from Ḣ^{−1} to Ḣ^{−1}.

In paper [V], we obtain error estimates for a linear stochastic parabolic partial differential equation in both semidiscrete and fully discrete cases with respect to strong and weak norms in space. In paper [VI] we extend the results in [V] to a nonlinear stochastic parabolic partial differential equation.

Under certain Lipschitz and growth conditions for nonlinear term, we obtain the similar error estimates as in the linear case.

2. Summary of the appended papers

2.1. Paper I. Smoothing properties and approximation of time derivatives for parabolic equations: constant time steps In this paper we study smoothing properties and approximation of time derivatives for time discretization schemes with constant time steps for a homogeneous parabolic problem formulated as an abstract initial value problem in a Banach space. The time stepping schemes are based on using rational functions r(z) ≈ e^{−z} which are A(θ)-stable for suitable θ ∈ [0, π/2] and satisfy |r(∞)| < 1, and the approximations of time derivatives are based on using difference quotients in time. Both smooth and nonsmooth data error estimates of optimal order for the approximation of time derivatives are proved. Further, we apply the results to obtain error estimates of time derivatives in the supremum norm for fully discrete methods based on discretizing the spatial variable by a finite element method.

For fixed j ≥ 1, we introduce the finite difference quotient

(2.1) Q^j_kU^n = 1 k^j m_2∑

ν=−m_1 c_ν U^{n+ν} , for n ≥ m_1,

where m_1, m_2 are nonnegative integers, and c_ν are real numbers, and where the operator Q^j_k is an approximation of order p ≥ 1 to D^j_t , that is, for any smooth real-valued function u,

D^j_t u(t_n) = Q^j_ku^n + O(k^p), as k → 0, with u^n = u(t_n).

For example, let j = 1, m_1 = 1, m_2 = 0, we have

D_tu(t_n) = 1 k (−u^{n−1} + u^n) + O(k), as k → 0,

and let j = 2, m_1 = 1, m_2 = 1, we have

D^2_t u(t_n) = 1 k^2

(u^{n−1} − 2u^n + u^{n+1}) + O(k^2), as k → 0.

We show that, if A satisfies (1.2) and (1.3), and r(z) is A(θ)-stable with θ ∈ (δ, π/2], and |r(∞)| < 1, then the following smoothing property holds: (2.2) ‖Q^j_kU^n‖ ≤ Ct^{−j}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ B. We also obtain the following smooth data error estimates for time derivative approximation: if A satisfies (1.2) and (1.3), and r(z) is A(θ)-stable with θ ∈ (δ, π/2], then (2.3) ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^p‖A^{p+j}v‖, for n ≥ m_1, v ∈ D(A^{p+j} ).

To obtain an optimal order error estimate for nonsmooth data, A(θ)- stability is not sufficient. We find that, if A satisfies (1.2) and (1.3), and r(z) is A(θ)-stable with θ ∈ (δ, π/2], and |r(∞)| < 1, then (2.4) ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^pt^{−(p+j)}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ B. 2.2. Paper II. Smoothing properties and approximation of time derivatives for parabolic equations: variable time steps In this paper we study smoothing properties and approximation of time derivatives for time discretization schemes with variable time steps for a homogeneous parabolic problem formulated as an abstract initial value problem in a Banach space. The time stepping methods are based on using rational functions r(z) ≈ e^{−z} which are A(θ)-stable for suitable θ ∈ (0, π/2] and satisfy |r(∞)| < 1. First and second order approximations of time derivatives based on using difference quotients are considered. Smoothing properties are derived and error estimates are established under the so called increasing quasi-quasiuniform assumption on the time steps.

Let 0 = t_0 < t_1 < · · · < t_n < · · · be a partition of the time axis and let k_n = t_n − t_{n−1}, n ≥ 1, be the variable time steps. An approximate solution U^n ≈ u(t_n) = E(t_n)v of (1.1) may be defined by

(2.5) U^n = r(k_nA)U^{n−1}, for n ≥ 1, with U^0 = v,

where r(z) is defined in (1.6).

Stability results in variable time steps have been considered by some authors. For example, Palencia [38] shows that, if A satisfies (1.2) and (1.3), and r is A(θ)-stable with θ ∈ (δ, π/2], if the time steps {k_j }^∞_{j=1} satisfy, with some constant μ,

(2.6) 0 < μ^{−1} ≤ k_i k_j ≤ μ < ∞, for i, j ≥ 1, then there exists a constant C(μ) such that the following stability result holds

(2.7) ‖ ‖ n∏ j=1 E_{kj} ‖ ‖ ≤ C(μ), where Ekj = r(kj A). We observe that the stability bound will depend on the maximum ratio μ between the steps, but not on the steps themselves. In this way, the stability bound does not blow up when the maximum time step goes to zero, as long as μ remains bounded. In particular, a family of quasiuniform grids with k_{max} ≤ μk_{min} satisfies the assumption (2.6), where k_{max} = max_{1≤j≤n} k_j, k_{min} = min_{1≤j≤n} k_j . More precisely, Bakaev [4] shows that if A satisfies (1.2) and (1.3), and r is A(θ)-stable with θ ∈ (δ, π/2], then

(2.8) ‖ ‖ n∏ j=1 E_{kj} ‖ ‖ ≤ C log(1 + μ), where μ = kmax/kmin. Palencia [39] further finds that if |r(∞)| < 1, then the stability bound holds without any restriction on the time steps.

In the present paper, we first consider error estimates for (2.5) in both smooth and nonsmooth data cases. We show that if A satisfies (1.2) and (1.3) and r is A(θ)-stable with θ ∈ (δ, π/2] and accurate of order p ≥ 1, then the following smooth data error estimate holds: ‖U^n − u(t_n)‖ ≤ Ck^p_{max}‖A^pv‖, for t_n ≥ 0, v ∈ D(A^p). To obtain error estimates in the nonsmooth data case, we introduce the notion of increasing quasi-quasiuniform grids T in time. Let {T } be a family of partitions of the time axis, T = {t_n : 0 = t_0 < t_1 < · · · < t_n < · · · }. {T } is called a family of quasi-quasiuniform grids if there exist positive constants c, C, such that (2.9) ck_{n+1} ≤ k_n ≤ Ct_n/n, for n ≥ 1. Further, if k_1 ≤ k_2 ≤ · · · ≤ k_n ≤ · · · , then we call {T } a family of increasing quasi-quasiuniform grids. We note that increasing quasi-quasiuniform implies that k_n ∼ k_{n+1} and nk_n ∼ t_n, where a_n ∼ b_n means that a_n/b_n is bounded above and below.

For example, if we choose the variable time steps k_n = n^sk for some fixed s ≥ 1, with k > 0, then t_n = k ( ∑_n j=1 j^s ) , and the corresponding family of partitions {T } is a family of increasing quasi-quasiuniform grids. In fact, it is obvious that k_n/k_{n+1} = n^s/(n + 1)^s ≥ 1/2^s. Further, since t_n/k = ∑_n j=1 j^s ≥ Cn^{s+1} for some positive constant C, we have k_n ≤ Ct_n/n.

Under these assumptions, we have the following nonsmooth data error estimate: If A satisfies (1.2) and (1.3), and r is A(θ)-stable with θ ∈ (δ, π/2] and accurate of order p ≥ 1, if further |r(∞)| < 1 and {T } is a family of increasing quasi-quasiuniform grids, then we have ‖U^n − u(t_n)‖ ≤ Ck^p_nt^{−p}_n ‖v‖, for t_n > 0, v ∈ B. As for the smoothing property, we show that, if r(∞) = 0, and {T } satisfies (2.6), then ‖ ‖A^n∏ j=1 E_{kj} v ‖ ‖ ≤ Ct_{−1n} ‖v‖, for t_n > 0, v ∈ B.

As in the constant time step case, see paper [I], the above smoothing property is not true in the case of r(∞) ≠ 0. However, if |r(∞)| < 1, then we introduce similar difference quotients as (2.1) but with variable time steps. For simplicity we only consider the following first and second order approximations of time derivative u_t(t_n)

¯∂U^n = (U^n − U^{n−1})/k_n, for n ≥ 1, and ¯∂^2U^n = a_n ¯∂U^n + b_n ¯∂U^{n−1} = a_n(U^n − U^{n−1})/k_n + b_n(U^{n−1} − U^{n−2})/k_{n−1}, for n ≥ 2,

where

a_n = (2k_n + k_{n−1})/(k_n + k_{n−1}), b_n = −k_n/(k_n + k_{n−1}).

In both cases, under the assumption of increasing quasi-quasiuniform grids, we obtain a smoothing property and error estimates for time derivative in the nonsmooth data case. We also show a smooth data error estimate without any restrictions on the time steps.

2.3. Paper III. Smoothing properties and approximation of time derivatives in multistep backward difference methods for parabolic equations

In this paper we consider the smoothing properties and time derivative approximation in multistep backward difference methods for nonhomogeneous parabolic equations. Smoothing properties and time derivative approximation in single step method for homogeneous parabolic equation have been studied in Hansbo [27], [28], and in papers [I, II]. We extend some of the results in paper [I] to the multistep backward difference method.

We obtain the following smoothing property, i.e., if U^n is the solution of (1.11), then we have, with f = 0 and p ≤ 6, ‖ ¯∂_pU^n‖ ≤ Ct^{−1}_n p−1∑ j=0 ‖U^j ‖, for n ≥ 2p. It is natural to approximate the time derivative u_t(t_n) by ¯∂_pU^n (n ≥ 2p), where U^n, n ≥ p is computed by the multistep backward difference method (1.11). Denoting |v|_s = ‖A^{s/2}v‖ for s ∈ R, we obtained the following error estimates, with p ≤ 6, ‖ ¯∂_pU^n − u_t(t_n)‖ ≤ C p−1∑ j=0 ‖A(U^j − u^j )‖

+ Ck^p ∫_{tn} 0 ‖Au^{(p+1)}(s)‖ ds, for n ≥ 2p, and, with G(s) = |u^{(p+1)}(s)|^2_{−2p−1} + s^{2p+2}|u^{(p+1)}(s)|^2_1 + s^2|u_t(s)|^2_1,

t^{2p+2}_n ‖ ¯∂_pU^n − u_t(t_n)‖^2 ≤ C 2p−1∑

j=p ( |U^j − u^j |^2_{−2p} + k^{2p+2}‖A(U^j − u^j )‖^2 )

+ Ck^{2p} ( ∫ t_n 0 G(s) ds + t^3_{2p}|u_t(t_{2p})|^2_1 ) , When we choose some suitable discrete starting values U^0, U^1, · · · , U^{p−1}, we obtain the following nonsmooth data error estimates, with f = 0 and p ≤ 6, ‖ ¯∂_pU^n − u_t(t_n)‖ ≤ Ck^pt^{−p−1}_n , for n ≥ 2p. 2.4. Paper IV. Postprocessing the finite element method for semilinear parabolic problems

In this paper we consider postprocessing of the finite element method for semilinear parabolic problems. The postprocessing amounts to solving a linear elliptic problem on a finer grid (or higher-order space) once the time integration on the coarser mesh is completed. The convergence rate is increased at almost no additional computational cost. This procedure was introduced and analyzed in Garcia-Archilla and Titi [24]. We extend the analysis to the fully discrete case and prove error estimates for both space and time discretization. The analysis is based on error estimates for the approximation of time derivatives by difference quotients.

Let ũ_h and u be the solutions of (1.20) and (1.14), respectively. Under some assumptions for the smoothness of F and u, we prove that, with ℓ_h = 1 + log(T/h^2),

(2.10) ‖ũ_h(T ) − u(T )‖ ≤ Cℓ_hh^{r+2}, for r ≥ 4.

A similar result holds for r ≥ 3. The proof is based on superconvergence for elliptic finite element methods in norms of negative order, which is the reason for the restriction r ≥ 3.

In the fully discrete case, we define the following backward Euler method to compute the approximate solution U^n ∈ S_h, with ¯∂U^n = (U^n − U^{n−1})/k,

(2.11) ¯∂U^n + A_hU^n = P_hF (U^n), n ≥ 1, with U^0 = v_h.

It is natural to approximate u_{h,t}(T ), T = t_n in (1.18) by ¯∂U^n. We therefore define the following postprocessing step in the fully discrete case: find ũ(T ) ∈ D(A), such that

(2.12) Aũ(T ) = − ¯∂U^n + F (U^n).

The finite element solution of the elliptic problem (2.12) with respect to S̃_h is to find ũ_h(T ) ∈ S̃_h, such that,

(2.13) Ã_hũ_h(T ) = P̃_h(− ¯∂U^n + F (U^n)).

Let Û^n be the solution of

¯∂Û^n + A_hÛ^n = P_hF (u^n), n ≥ 1, with Û^0 = v_h.

Our main result in this paper is the following: let ũ_h and u be the solutions of (2.13) and (1.14), respectively, then we have, with ℓ_k = 1 + log(T/k), ‖ũ_h(T ) − u(T )‖ ≤ C ( ‖ ¯∂Û^1 − u_t(t_1)‖ + | ¯∂Û^1 − u_t(t_1)|_{−2} ) + C(1 + ℓ_k)(h^{r+2} + k), for r ≥ 4, n ≥ 2.

2.5. Paper V. The finite element method for a linear stochastic parabolic partial differential equation driven by additive noise In this paper we consider the finite element method for a stochastic parabolic partial differential equation forced by additive space-time noise in the multi-dimensional case. Optimal strong convergence estimates in the L_2 and Ḣ^{−1} norms with respect to spatial variable are obtained. The proof is based on appropriate nonsmooth data error estimates for the corresponding deterministic parabolic problem.

Let u_h(t) and u(t) be the solutions of (1.35) and (1.22), respectively. Under the condition ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1], we obtain the following error estimates in the semidiscrete case, ‖u_h(t) − u(t)‖_{L2 (Ω;H)} ≤ Ch^β ( ‖u_0‖_{L2(Ω;Ḣβ )} + ‖A^{(β−1)/2}‖_L0_2 ) , and, with ℓ_h = log(t/h^2), ‖u_h(t) − u(t)‖_{L2(Ω;Ḣ−1)} ≤ Ch^{β+1} ( ‖u_0‖_{L2(Ω;Ḣβ )} + ℓ_h‖A^{(β−1)/2}‖_L0_2 ) . We also consider the error estimates in the fully discrete case. Let U^n and u(t_n) be the solutions of (1.35) and (1.22), respectively. Under the condition ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1], we obtain the following error estimates in the fully discrete case,

‖U^n − u(t_n)‖_{L2 (Ω;H)} ≤ C(k^{β/2} + h^β) ( ‖u_0‖_{L2(Ω;Ḣβ )} + ‖A^{(β−1)/2}‖_L0_2 ) , and, with ℓ_k = log(t_n/k),

‖U^n−u(t_n)‖_{L2 (Ω;Ḣ−1)} ≤ C(k^{(β+1)/2} +h^{β+1}) ( ‖u_0‖_{L2(Ω;Ḣβ )} +ℓ_k‖A^{(β−1)/2}‖_L0_2 ) .

2.6. Paper VI. A finite element method for a nonlinear stochastic parabolic equation

In this paper we consider finite element approximation for nonlinear stochastic parabolic partial differential equations. This paper is the continuation of paper [IV], where the linear case is treated. Under certain global Lipschitz and growth conditions for the nonlinear term, we obtain the optimal error estimates in both semidiscrete and fully discrete cases with respect to strong and weak norms in spatial variable. The proof is based on the nonsmooth data error estimates for deterministic linear homogeneous parabolic problem.

Consider the following nonlinear stochastic parabolic partial differential equation

(2.14) du + Au dt = σ(u)dW, for 0 < t ≤ T, with u(0) = u_0,

in the Hilbert space H = L_2(D), where A = −Δ and W are as in paper [V].

Assume that σ : H → L^0_2 satisfies the following global Lipschitz and growth conditions, (i) ‖σ(x) − σ(y)‖_L0_2 ≤ C‖x − y‖, ∀x, y ∈ H, (ii) ‖σ(x)‖_L0_2 ≤ C‖x‖, ∀x ∈ H. Then (2.14) admits a unique mild solution which has the form, see Da Prato and Zabczyk [14, Chapter 7],

u(t) = E(t)u_0 + ∫_t 0 E(t − s)σ(u(s)) dW (s), and we have sup t∈[0,T ] E‖u(t)‖^2 ≤ C(1 + E‖u_0‖^2).

Note that if Tr(Q) < ∞, then the identity mapping σ(u) = I does not satisfies the condition (ii). In order to cover this important case, we introduce a modified version of (ii), i.e., (ii^′) ‖A^{(β−1)/2}σ(x)‖_L0_2 ≤ C‖x‖, for β ∈ [0, 1], ∀x ∈ H. We see that (ii) is the special case β = 1 of (ii^′).

The semidiscrete problem of (1.22) is to find the process u_h(t) = u_h(·, t) ∈ S_h, such that

(2.15) du_h + A_hu_h dt = P_hσ(u_h)dW, for 0 < t ≤ T, with u_h(0) = P_hu_0,

where P_h and A_h : S_h → S_h are defined as before.

Let E_h(t) = e^{−tAh} , t ≥ 0. Then (2.15) admits a unique mild solution

u_h(t) = E_h(t)u_{0h} + ∫_t 0 E_h(t − s)P_hσ(u_h) dW (s).

Under the assumptions (i) and (ii^′), we obtain the following error estimates in the semidiscrete case for t ∈ [0, T ], with C = C(T ), ‖u_h(t) − u(t)‖_{L2(Ω;H)} ≤ Ch^β ( ‖u_0‖_{L2(Ω;Ḣβ )} + sup_{0≤s≤T} E‖u(s)‖_{L2 (Ω,H)} ) . A similar result holds in the fully discrete case.

References

1. G. Akrivis, M. Crouzeix, and C. Makridakis, Implicit-explicit multistep finite element methods for nonlinear parabolic problems, Math. Comp. 67 (1998), 457–477.

2. , Implicit-explicit multistep methods for quasilinear parabolic equations, Numer.

Math. 82 (1999), 521–541.

3. E. J. Allen, S. J. Novosel, and Z. Zhang, Finite element and difference approximation of some linear stochastic partial differential equations, Stochastics Stochastics Rep. 64 (1998), 117–142.

4. N. Yu. Bakaev, On the bounds of approximations of holomorphic semigroups, BIT 35 (1995), 605–608.

5. J. Becker, A second order backward difference method with variable steps for a parabolic problem, BIT 38 (1998), 644–662.

6. J. H. Bramble, J. E. Pasciak, P. H. Sammon, and V. Thomée, Incomplete iterations in multistep backward difference methods for parabolic problems with smooth and nonsmooth data, Math. Comp. 52 (1989), 339–367.

7. S. C. Brenner and L. R. Scott, The Mathematical Theory of Finite Element Methods, Springer-Verlag, New York, 1994.

8. C. Canuto, M. Y. Hussaini, A. Quarteroni, and T. A. Zang, Spectral Methods in Fluid Dynamics, Springer Series in Computational Physics, Springer-Verlag, New York, 1988.

9. M. Crouzeix, On multistep approximation of semigroups in Banach spaces, J. Comput.

Appl. Math. 20 (1987), 25–35.

10. M. Crouzeix, V. Thomée, and L. B. Wahlbin, Error estimates for spatially discrete approximations of semilinear parabolic equations with initial data of low regularity, Math. Comp. 53 (1989), 25–41.

11. R. F. Curtain and P. L. Falb, Ito’s lemma in infinite dimensions, J. Math. Anal. Appl.

31 (1970), 434–448.

12. G. Da Prato, Some results on linear stochastic evolution equations in Hilbert spaces by the semigroups method, Stochastic Anal. Appl. 1 (1983), 57–88.

13. G. Da Prato and A. Lunardi, Maximal regularity for stochastic convolutions in L^p spaces, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 9 (1998), 25–29.

14. G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge University Press, Cambridge, 1992.

15. D. A. Dawson, Stochastic evolution equations, Math. Biosci. 15 (1972), 287–316. 16. J. de Frutos, B. García-Archilla, and J. Novo, A postprocessed Galerkin method with Chebyshev or Legendre polynomials, Numer. Math. 86 (2000), 419–442.

17. J. de Frutos and J. Novo, A postprocess based improvement of the spectral element method, Appl. Numer. Math. 33 (2000), 217–223.

18. , Postprocessing the linear finite element method, SIAM J. Numer. Anal. 40 (2000), 805–819.

19. , A spectral element method for the Navier-Stokes equations with improved accuracy, SIAM J. Numer. Anal. 38 (2000), 799–819.

20. Q. Du and T. Zhang, Numerical approximation of some linear stochastic partial differential equations driven by special additive noises, SIAM J. Numer. Anal. 40 (2002), 1421–1445.

21. C. M. Elliott and S. Larsson, Error estimates with smooth and nonsmooth data for a finite element method for the Cahn-Hilliard equation, Math. Comp. 58 (1992), 603– 630.

22. , A finite element model for the time-dependent Joule heating problem, Math.

Comp. 64 (1995), 1433–1453.

23. C. M. Elliott and A. M. Stuart, The global dynamics of discrete semilinear parabolic equations, SIAM J. Numer. Anal. 30 (1993), 1622–1663.

24. B. García-Archilla and E. S. Titi, Postprocessing the Galerkin method: the finiteelement case, SIAM J. Numer. Anal. 37 (2000), 470–499.

25. F. Gozzi, Regularity of solutions of a second order Hamilton-Jacobi equation and application to a control problem, Comm. Partial Differential Equations 20 (1995), 775–826.

26. E. Hairer and G. Wanner, Solving Ordinary Differential Equations. II, Springer-Verlag, Berlin, 1991, Stiff and Differential-algebraic Problems.

27. A. Hansbo, Nonsmooth data error estimates for damped single step methods for parabolic equations in Banach space, Calcolo 36 (1999), 75–101.

28. , Strong stability and non-smooth data error estimates for discretizations of linear parabolic problems, BIT 42 (2002), 351–379.

29. H. P. Helfrich, Error estimates for semidiscrete Galerkin type approximations to semilinear evolution equations with nonsmooth initial data, Numer. Math. 51 (1987), 559– 569.

30. C. Johnson, S. Larsson, V. Thomée, and L. B. Wahlbin, Error estimates for spatially discrete approximations of semilinear parabolic equations with nonsmooth initial data, Math. Comp. 49 (1987), 331–357.

31. H. H. Kuo, Gaussian Measures in Banach Spaces, Springer-Verlag, Berlin, 1975, Lecture Notes in Mathematics, Vol. 463.

32. S. Larsson, Nonsmooth data error estimates with applications to the study of the longtime behavior of finite element solutions of semilinear parabolic problems, Preprint 1992–36, Department of Mathematics, Chalmers University of Technology.

33. , The long-time behavior of finite-element approximations of solutions to semilinear parabolic problems, SIAM J. Numer. Anal. 26 (1989), 348–365.

34. S. Larsson and J.-M. Sanz-Serna, The behavior of finite element solutions of semilinear parabolic problems near stationary points, SIAM J. Numer. Anal. 31 (1994), 1000– 1018.

35. , A shadowing result with applications to finite element approximation of reaction-diffusion equations, Math. Comp. 68 (1999), 55–72.

36. M.-N. Le Roux, Semi-discrétisation en temps pour les équations d’évolution paraboliques lorsque l’opérateur dépend du temps, RAIRO Anal. Numér. 13 (1979), 119–137.

37. , Semidiscretization in time for parabolic problems, Math. Comp. 33 (1979), 919–931.

38. C. Palencia, A stability result for sectorial operators in Banach spaces, SIAM J. Numer.

Anal. 30 (1993), 1373–1384.

39. , On the stability of variable stepsize rational approximations of holomorphic semigroups, Math. Comp. 62 (1994), 93–103.

40. C. Palencia and B. Garcia-Archilla, Stability of linear multistep methods for sectorial operators in Banach spaces, Appl. Numer. Math. 12 (1993), 503–520.

41. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.

42. S. Peszat, Law equivalence of solutions of some linear stochastic equations in Hilbert spaces, Studia Math. 101 (1992), 269–284.

43. S. Peszat and J. Zabczyk, Stochastic evolution equations with a spatially homogeneous Wiener process, Stochastic Process. Appl. 72 (1997), 187–204.

44. G. Savaré, A(Θ)-stable approximations of abstract Cauchy problems, Numer. Math.

65 (1993), 319–335.

45. T. Shardlow, Numerical methods for stochastic parabolic PDEs, Numer. Funct. Anal.

Optim. 20 (1999), 121–145.

46. V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Springer-Verlag, Berlin, 1997.

47. V. Thomée and L. Wahlbin, On Galerkin methods in semilinear parabolic problems, SIAM J. Numer. Anal. 12 (1975), 378–389.

48. J. B. Walsh, An Introduction to Stochastic Partial Differential Equations, Lecture Notes in Math., vol. 1180, Springer, Berlin, 1986, pp. 265–439.

49. M. F. Wheeler, A priori L2 error estimates for Galerkin approximations to parabolic partial differential equations, SIAM J. Numer. Anal. 10 (1973), 723–759.

50. J. Zabczyk, Parabolic Equations on Hilbert Spaces, Lecture Notes in Math., vol. 1715, Springer, Berlin, 1999, pp. 117–213.

Paper I

To appear in IMA J. Numer. Anal.

Smoothing properties and approximation of time derivatives for parabolic equations: constant time steps

YUBIN YAN

Department of Mathematics, Chalmers University of Technology and Göteborg University SE–412 96 Göteborg, Sweden. email: yubin@math.chalmers.se

Abstract.

We study smoothing properties and approximation of time derivatives for time discretization schemes with constant time steps for a homogeneous parabolic problem formulated as an abstract initial value problem in a Banach space. The time stepping schemes are based on using rational functions r(z) ≈ e^{−z} which are A(θ)-stable for suitable θ ∈ [0, π/2] and satisfy |r(∞)| < 1, and the approximations of time derivatives are based on using difference quotients in time. Both smooth and nonsmooth data error estimates of optimal order for the approximation of time derivatives are proved. Further, we apply the results to obtain error estimates of time derivatives in the supremum norm for fully discrete methods based on discretizing the spatial variable by a finite element method.

AMS subject classification: 65M12, 65M15, 65M60, 65J10.

Key words: Banach space, parabolic, smoothing, time derivative, single step time stepping methods, fully discrete schemes, error estimates, finite element methods.

1 Introduction

In this paper, we consider single step time stepping methods for the following homogeneous linear parabolic problem

(1.1) u_t + Au = 0 for t > 0, with u(0) = v,

in a Banach space B. We first study the smoothing properties of the time stepping methods, then we consider approximations of time derivatives based on difference quotients of the approximate solutions of (1.1). Both smooth and nonsmooth data error estimates of the approximations of time derivatives are obtained. As an application we show error estimates in the supremum norm for fully discrete methods based on finite element methods in a spatial domain Ω ⊂ R^N , N ≥ 2.

We assume that A is a closed, densely defined linear operator defined in D(A) ⊂ B, that the resolvent set ρ(A) of A is such that, for some δ ∈ (0, π/2), (1.2) ρ(A) ⊃ Σ_δ = {z ∈ C : δ ≤ | arg z| ≤ π, z ≠ 0} ∪ {0}, and that its resolvent, R(z; A) = (zI − A)^{−1}, satisfies (1.3) ‖R(z; A)‖ ≤ M|z|^{−1}, for z ∈ Σ_δ , z ≠ 0, with M ≥ 1. Throughout this paper ‖·‖ denotes both the norm in B and the norm of bounded linear operators on B.

We assume that 0 ∈ ρ(A) for simplicity, but this is not essential. In the case of 0 /∈ ρ(A) we can add a multiple δ^′u of u to (1.1), thus replacing the operator A by A + δ^′I for some positive number δ^′ > 0.

Let −A is the infinitesimal generator of a uniformly bounded analytic semigroup E(t) = e^{−tA}, t ≥ 0, which is the solution operator of (1.1), so that u(t) = E(t)v. It may be represented as E(t) = 1 2πi ∫ Γ e^{−zt}R(z; A) dz, where Γ = { z : | arg z| = ψ} with ψ ∈ ( δ, π/2 ) and Imz decreasing. In particular the smoothing properties of analytic semigroups are valid, see, e.g., Pazy [13]. More precisely, let j ≥ 0 be fixed, if v ∈ B, we have, with D_t = ∂/∂t, (1.4) ‖D^j_t E(t)v‖ = ‖A^j E(t)v‖ ≤ C_j t^{−j} ‖v‖, for t > 0, which shows that the solution is regular for positive time even if the initial data are not.

Let U^n be an approximation of the solution u(t_n) = E(t_n)v of (1.1) at time t_n = nk, where k is the time step, defined by a single step method,

(1.5) U^n = E_kU^{n−1} for n ≥ 1, with U^0 = v,

where E_k = r(kA), and where the rational function r(z) has no poles on σ(kA). We may thus write U^n = E^n_k v.

We say that the time discretization scheme is accurate of order p, with p ≥ 1, if (1.6) r(z) − e^{−z} = O(z^{p+1}), as z → 0.

For example, the backward Euler method given by r(z) = 1/(1 + z) is first order accurate and the Crank-Nicolson method, defined by r(z) = (1 −^1_2 z)/(1 +^1_2 z), is second order. As another example, the method defined by the (q, q + 1) subdiagonal Padé approximation r(z) = p_1(z)/p_2(z), where p_1 and p_2 are certain polynomials of degrees q and q + 1, respectively, is accurate of order 2q + 1.

Stability and error estimates for single step methods have been studied by many authors, see, e.g., Bakaev [2] [3], Palencia [11] [12], Thomée [16] and references therein. For instance, if A satisfies (1.2) and (1.3), and r(z) is A(θ)- stable with θ ∈ (δ, π/2], i.e., |r(z)| ≤ 1 for | arg z| ≤ θ, and (1.6) holds, then we have (1.7) ‖U^n − u(t_n)‖ = ‖E^n_k v − E(t_n)v‖ ≤ Ck^p‖A^pv‖, for v ∈ D(A^p), see, e.g., Larsson, Thomée, and Wahlbin [9] and Crouzeix, Larsson, Piskarev, and Thomée [7]. Due to the assumption v ∈ D(A^p), we refer to this as a smooth data error estimate.

To obtain optimal order error estimates for nonsmooth initial data, A(θ)- stability of the scheme is not sufficient. However, if we require in addition that |r(∞)| < 1, then the following nonsmooth data result is valid: (1.8) ‖U^n − u(t_n)‖ = ‖E^n_k v − E(t_n)v‖ ≤ Ck^pt^{−p}_n ‖v‖, for t_n > 0, v ∈ B, see, e.g., Larsson, Thomée, and Wahlbin [9] and Crouzeix, Larsson, Piskarev, and Thomée [7]. The condition |r(∞)| < 1 ensures that oscillating components of the error are efficiently damped.

Let us recall some results about the smoothing properties of the time discretization schemes (1.5). When B is a Hilbert space H and A a linear, selfadjoint, positive definite, unbounded operator, the following smoothing property holds for A(0)-stable time discretization schemes with r(∞) = 0: for each j ≥ 0 there is C such that (1.9) ‖A^j U^n‖ = ‖A^j E^n_k v‖ ≤ Ct^{−j}_n ‖v‖, for t_n ≥ t_j , v ∈ H, see, e.g., Thomée [16, Lemma 7.3]. Hansbo [8] extends this result to Banach space, and shows that, if A satisfies (1.2) and (1.3), and r(z) is A(θ)-stable with θ ∈ (δ,^1_2 π] and r(∞) = 0, then (1.9) holds. Hansbo [8] also shows an optimal order error estimate in the nonsmooth data case for the approximation (−A)U^n ≈ (−A)u(t_n) = u_t(t_n) of the first order time derivative of the solution of (1.1). More precisely, if r(z) is A(θ)-stable with θ ∈ (δ,^1_2 π] and r(∞) = 0, then (1.10) ‖(−A)U^n − u_t(t_n)‖ ≤ Ck^pt^{−p−1}_n ‖v‖, for t_n > 0, v ∈ B. However, we observe in Section 3 that the smoothing property (1.9) is not valid when r(∞) ≠ 0. Therefore it is natural to investigate the smoothing properties of (1.5) when r(∞) ≠ 0. If |r(∞)| = 1, the discrete method (1.5) is not smoothing. However, if such a method of order p ≥ 2 is combined with a few steps of a smoothing method of order p − 1, then we have nonsmooth data error estimate of order p. For instance, if one uses the Crank-Nicolson method combined with two steps of the backward Euler method, then a second order nonsmooth data error estimate holds. This analysis is carried out in Hilbert space by Luskin and Rannacher [10] and Rannacher [14]. Hansbo [8] extends the results to Banach space.

In the present paper we shall consider the case |r(∞)| < 1. For fixed j ≥ 1 we introduce the finite difference quotient,

(1.11) Q^j_kU^n = 1 k^j m_2∑

ν=−m_1 c_ν U^{n+ν} , for n ≥ m_1,

where m_1, m_2 are nonnegative integers, and c_ν are real numbers, and where the operator Q^j_k is an approximation of order p ≥ 1 to D^j_t , that is, for any smooth real-valued function u, (1.12) D^j_t u(t_n) = Q^j_ku^n + O(k^p), as k → 0, with u^n = u(t_n).

For example, Let j = 1, m_1 = 1, m_2 = 0, we have D_tu(t_n) = 1 k (−u^{n−1} + u^n) + O(k), as k → 0.

Let j = 2, m_1 = 1, m_2 = 1, we have D^2_t u(t_n) = 1 k^2

(u^{n−1} − 2u^n + u^{n+1}) + O(k^2), as k → 0.

In Theorem 2.5, we show that, if A satisfies (1.2) and (1.3), and r(z) is A(θ)- stable with θ ∈ (δ, π/2], and |r(∞)| < 1, then the following smoothing property holds: (1.13) ‖Q^j_kU^n‖ ≤ Ct^{−j}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ B. Now let us turn to error estimates for approximations of time derivatives of the form (1.11). We show, in Theorem 2.1, the following smooth data error estimate for an A(θ)-stable discretization scheme, i.e., we have (1.14) ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^p‖A^{p+j} v‖, for n ≥ m_1, v ∈ D(A^{p+j} ). To obtain an optimal order error estimate for nonsmooth data, A(θ)-stability is not sufficient. Baker, Bramble and Thomée [5] show the following nonsmooth data error estimate in Hilbert space H by using a spectral method: if |r(λ)| ≤ 1 for λ ≥ 0, and |r(∞)| < 1, then (1.15) ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^pt^{−(p+j)}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ H. We extend in Theorem 2.6 this result to Banach space, that is, (1.15) also holds under the assumptions of Theorem 2.5.

The above results are proceeded under the assumption that the time step is constant. Some results for variable steps are proceeded in Yan [18].

Let us now discuss some properties of the coefficients c_ν in (1.11). With u(t) = e^t in (1.12) we have at t_n = 0

(1.16) k^j = P (e^k) + O(k^{p+j} ), as k → 0, where P (x) =

m_2∑

ν=−m_1 c_ν x^ν . Using Taylor expansion of e^{νk} at k = 0, we therefore easily find that (1.12) is equivalent to (1.17) P (e^z) − z^j = O(z^{p+j} ), as z → 0, where z is allowed to be complex-valued. For later use we note that (1.11) has the form (1.18) Q^j_kU^n = k^{−j} P (E_k)E^n_k v.

The paper is organized as follows. In Section 2, we show the smoothing properties of the abstract time stepping method, and give the optimal order error estimates of the approximation of the time derivatives for both smooth and nonsmooth data. In Section 3, we apply the results obtained in Section 2 to a fully discrete scheme. In Section 4, we give some numerical examples to illustrate our theoretical results.

By C and c we denote positive constants independent of the functions and parameters concerned, but not necessarily the same at different occurrences. When necessary for clarity we distinguish constants by subscripts.

2 Smoothing Properties and Error Estimates in Banach Space

In this section, we discuss smoothing properties of time stepping methods in the general Banach space situation and show smooth and nonsmooth data error estimates in the approximation Q^j_kU^n of D^j_t u(t_n) in the case of constant time steps, where U^n is defined by (1.5) and u(t_n) is the exact solution of (1.1).

We first show that (1.9) is not valid for a scheme with r(∞) ≠ 0. In fact, if B is a separable Hilbert space H and A is a linear, selfadjoint, positive definite, unbounded operator, we have, by spectral representation, t_n‖AE^n_k ‖ = t_n‖Ar(kA)^n‖ = sup_{λ∈σ(kA)} |nλr(λ)^n| = ∞, for fixed n ≥ 1, which implies that (1.9) does not hold for j = 1. Similar arguments work for any j > 1.

As an example of a scheme with r(∞) ≠ 0, we consider the θ-method:

(2.1) r(λ) = 1 − (1 − θ)λ 1 + θλ , with 1 2 < θ < 1. Here we have |r(λ)| < 1 for λ > 0, and r(∞) = (θ − 1)/θ ≠ 0. It is easy to check that r(λ) is accurate of order p = 1.

Another example is the so called Calahan scheme defined by

(2.2) r(λ) = 1 − λ 1 + bλ − √ 3 6 ( λ 1 + bλ )_2

, with b = 1 2 ( 1 + √ 3 3 ) . One can show that |r(λ)| < 1 for λ > 0, since r(λ) is a decreasing function on (0, ∞) and

r(∞) = 1 − 1 b − √ 3 6 1 b^2

= 1 − √ 3 > −1. A simple calculation shows that this scheme is accurate of order p = 3.

Before we study the smoothing properties of the discrete method (1.5), we will show an error estimate for the approximation (1.11) of the time derivative D^j_t u(t_n) in the case that the initial data, and hence the solution of (1.1), are smooth. Recall the error estimate (1.7), which shows that for v ∈ D(A^p), the error U^n − u(t_n) has the optimal order of accuracy. Similarly we find in the following theorem that if v ∈ D(A^{p+j} ), then the error estimate for the approximation of D^j_t u(t_n) has the optimal order of accuracy.

Theorem 2.1. Let u(t_n) and U^n be the solutions of (1.1) and (1.5). Assume that A satisfies (1.2) and (1.3), and that r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (δ, π/2]. Let j ≥ 1 and assume that Q^j_k, defined in (1.11), is an approximation of D^j_t , which is accurate of order p. Then there is a constant C such that ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^p‖A^{p+j} v‖, for n ≥ m_1, v ∈ D(A^{p+j} ).

To prove this theorem we need the following lemmas, which we quote from Thomée [16, Lemmas 8.1, 8.3].

Lemma 2.2. Assume that (1.2) and (1.3) hold and let r(z) be a rational function which is bounded for | arg z| ≤ ψ, |z| ≥ ϵ > 0, where ψ ∈ (δ, π/2), and for |z| ≥ R with some positive number R. If ϵ > 0 is so small that {z : |z| ≤ ϵ} ⊂ ρ(A), then we have r(A) = r(∞)I + 1 2πi ∫ γ_ϵ ∪Γ^R_ϵ ∪γ^R r(z)R(z; A) dz, where γ_ϵ = {z : |z| = ϵ, | arg z| ≤ ψ}, Γ^R_ϵ = {z : | arg z| = ψ, ϵ ≤ |z| ≤ R}, and γ^R = {z : |z| = R, ψ ≤ | arg z| ≤ π}, and with the closed path of integration oriented in the negative (clock-wise) sense.

Lemma 2.3. Assume that (1.2) and (1.3) hold, let ψ ∈ (δ, π/2), and j be any integer. Then we have for ϵ > 0 sufficiently small

A^j E(t) = 1 2πi ∫ γ_ϵ∪Γ_ϵ e^{−zt}z^j R(z; A) dz, where γ_ϵ = {z : |z| = ϵ, | arg z| ≤ ψ} and Γ_ϵ = {z : | arg z| = ψ, |z| ≥ ϵ}, and where Imz is decreasing along γ_ϵ ∪ Γ_ϵ. When j ≥ 0, we may take ϵ = 0.

Proof of Theorem 2.1. We have Q^j_kU^n − D^j_t u(t_n) = k^{−j} (P (r(kA))r(kA)^n − (−kA)^j e^{−nkA}), where P (x) is defined by (1.16). With

(2.3) G_n(z) = P (r(z))r(z)^n − (−z)^j e^{−nz},

our result will follow from ‖G_n(kA)(kA)^{−(p+j)}‖ ≤ C. Note that with A also kA satisfies (1.2) and (1.3) since, for z ∈ Σ_δ, ‖R(z; kA)‖ = ‖k^{−1}(zk^{−1}I − A)^{−1}‖ ≤ k^{−1}M|zk^{−1}|^{−1} = M|z|^{−1}.

Therefore it suffices to show (2.4) ‖G_n(A)A^{−(p+j)}‖ ≤ C, which we will prove now. Let r̄(z) = P (r(z))r(z)^nz^{−(p+j)}. Since n ≥ m_1 and r(z) is A(θ)-stable, we find that r̄(z) is bounded for | arg z| ≤ ψ, |z| ≥ ϵ > 0, with some ψ ∈ (δ, θ). Further r̄(z) is also bounded for |z| ≥ R with R sufficiently large since r̄(∞) = 0. Thus, applying Lemma 2.2 to the rational function r̄(z) = P (r(z))r(z)^nz^{−(p+j)}, we have

P (r(A))r(A)^n A^{−(p+j)} = 1 2πi ∫ γ_ϵ ∪Γ^R_ϵ ∪γ^R P (r(z))r(z)^nz^{−(p+j)}R(z; A) dz. Since the integrand is of order O(|z|^{−p−j−1}) for large z, we may let R tend to ∞. Using also Lemma 2.3 we conclude (2.5) G_n(A)A^{−(p+j)} = 1 2πi ∫ γ_ϵ ∪Γ_ϵ G_n(z)z^{−(p+j)}R(z; A) dz. We shall show that (2.6) G_n(z) = O(z^{p+j} ), as z → 0, with | arg z| ≤ ψ. Assuming this and combining this with the fact that 0 ∈ ρ(A), we have that the integrand in (2.5) is bounded on the small domain with boundary γ_ϵ ∪ Γ^ϵ_0, so that we may let ϵ → 0. It follows that G_n(A)A^{−(p+j)} = 1 2πi ∫ Γ G_n(z)z^{−(p+j)}R(z; A) dz, where Γ = {z : | arg z| = ψ}. We now estimate the above integral. Again using (2.6) and the fact that 0 ∈ ρ(A), we find, for η small enough, ‖G_n(z)R(z, A)‖ ≤ C|z|^{p+j} , for |z| ≤ η, | arg z| = ψ. Further, noting that P (r(z))r(z)^n is bounded on Γ, since n ≥ m_1 and r(z) is A(θ)-stable, we have, using (1.3) and (2.3) as well as the boundedness of e^{−nz} on Γ, ‖G_n(z)R(z, A)‖ ≤ M(C + |z|^j )|z|^{−1}, for |z| ≥ η, | arg z| = ψ. Thus ‖G_n(A)A^{−(p+j)} ‖ ≤ C ∫_η 0 ρ^{p+j} ρ^{−(p+j)} dρ + M ∫_∞ η (C + ρ^j )ρ^{−(p+j+1)} dρ ≤ C. It remains to prove (2.6). Since r(z) = e^{−z} + O(z^2) as z → 0, we have that, for η̃ > 0 small enough, (2.7) |r(z)| ≤ e^{−c|z|}, for |z| ≤ η̃, | arg z| ≤ ψ, with 0 < c < 1.

Thus, using also (1.6), |r(z)^n − e^{−nz}| = | | |(r(z) − e^{−z}) n−1∑ j=0 r(z)^{n−1−j} e^{−jz} | | | (2.8) ≤ Cn|z|^{p+1}e^{−c(n−1)|z|} ≤ C|z|^p, for |z| ≤ η̃, | arg z| ≤ ψ. Further, with η̃ possibly further restricted, (2.9) |P (r(z)) − (−z)^j | ≤ C|z|^{p+j} , for |z| ≤ η̃. In fact, by Taylor’s formula, we have P (r(z)) − P (e^{−z}) = j−1∑ l=1 P^{(l)}(e^{−z}) l! (r(z) − e^{−z})^l

+ (r(z) − e^{−z})^j ∫_1 0 (1 − s)^{j−1} (j − 1)! P^{(j)}(r(z) + s(r(z) − e^{−z})) ds. Since P (e^{−z}) is an analytic function of z and P (e^{−z}) = O(z^j ) as z → 0 by (1.17), we have P^{(l)}(e^{−z}) = O(z^{j−l}), 0 ≤ l ≤ j as z → 0. Moreover, since r(z) → 1, e^{−z} → 1 as z → 0, it is easy to see that there exist constants c_1 > 0, c_2 > 0 and small η̃ such that c_1 ≤ |r(z) + s(r(z) − e^{−z})| ≤ c_2 for |z| ≤ η̃, 0 ≤ s ≤ 1, which implies that |P^{(j)}(r(z) + s(r(z) − e^{−z}))| ≤ C for |z| ≤ η̃, 0 ≤ s ≤ 1, since P (x) has the form P (x) = ∑_{m2} ν=−m_1 cν x ν . Thus, using also (1.6) we get |P (r(z)) − P (e^{−z} )| = j−1∑ l=1 O(z^{j−l})O(z^{l(p+1)}) + O(z^{j(p+1)}) = O(z^{p+j} ), as z → 0.

Combining this with (1.17) shows (2.9).

Thus, by (2.8) and (2.9), |G_n(z)| = | |(P (r(z)) − (−z)^j )r(z)^n + (−z)^j (r(z)^n − e^{−nz}) | | ≤ C|z|^{p+j} , for |z| ≤ η̃, | arg z| ≤ ψ, which is (2.6).

We next prove a smoothing property of an A(θ)-stable discretization scheme with |r(∞)| < 1. Before doing this, we show that Q^j_kU^n defined by (1.11) can be expressed as a linear combination of the backward difference quotients ¯∂^j U^{n+μ} for some integers μ.

Lemma 2.4. Let j ≥ 1 and Q^j_kU^n be defined by (1.11). Then there exist constants α_μ, −m_1 + j ≤ μ ≤ m_2, such that

Q^j_kU^n =

m_2∑

μ=−m_1 +j α_μ ¯∂^j U^{n+μ}, where ¯∂U^n = (U^n − U^{n−1})/k.

Proof. With P (x) = ∑_{m2} ν=−m_1 cν x ν , we have

k^j Q^j_kU^n =

m_2∑

ν=−m_1 c_ν E^ν_k U^n = P (E_k )U^n, where E_k = r(kA),

i.e., the difference operator is associated with the rational function P (x). Similarly the operator k^j ¯∂^j U^{n+μ} corresponds to the rational function P̃ (x) = x^μ(1− x^{−1})^j , since

k^j ¯∂^j U^{n+μ} = (1 − E^{−1}_k )^j E^{n+μ}_k v = (I − E^{−1}_k )^j E^μ_k U^n = P̃ (E_k )U^n.

Thus we only need to show that there exist α_μ such that

(2.10) P (x) =

m_2∑

μ=−m_1+j α_μP̃ (x) = (1 − x^{−1})^j

m_2∑

μ=−m_1 +j α_μx^μ. But by (1.17) we find P^{(l)}(1) = 0 for 0 ≤ l ≤ j − 1, which implies that P (x), and hence x^{m1} P (x) contains the factor (x − 1)^j , that is, there exists a polynomial P̄ (x) of degree m_1 + m_2 − j such that xm1 P (x) = (x − 1)jP̄ (x). Denoting P̄ (x) = ∑^{m1+m2 −j} k=0 β_kx^k for some constants β_k, we get that there exist constants α_μ such that

x^{m1} P (x) = (x − 1)^j

m_1+m_2−j ∑ k=0 β_kx^k = (x − 1)^j

m_2∑

μ=−m_1 +j α_μx^{μ+m1 −j} , which shows (2.10).

Theorem 2.5. Let U^n be the solution of (1.5). Assume that (1.2) and (1.3) hold, and r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (δ, π/2], and |r(∞)| < 1. Let j ≥ 1 and assume that Q^j_k, defined in (1.11), is an approximation of D^j_t , which is accurate of order p. Then there is a constant C such that ‖Q^j_kU^n‖ ≤ Ct^{−j}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ B. Proof. By Lemma 2.4, it suffices to show (2.11) ‖ ¯∂^j U^n‖ ≤ Ct^{−j}_n ‖v‖, for n ≥ j. In fact, this implies, for n ≥ m_1, t_n > 0, ‖Q^j_kU^n‖ = ‖ ‖^{m2}∑ μ=−m_1+j α_μ ¯∂^j U^{n+μ} ‖ ‖ ≤ C^{m2}∑ μ=−m_1+j t^{−j}_{n+μ}‖v‖ ≤ Ct^{−j}_{n−m1+j} ‖v‖ ≤ Ct^{−j}_n ‖v‖. We know show (2.11). Noting that ¯∂^j U^n = k^{−j}P̃ (E_k)E^n_k v for P̃ (x) = (1 − x^{−1})^j = x^{−j} (x − 1)^j , we need to show ‖P̃ (r(A))r(A)^n ‖ = ‖r(A)^{n−j} (r(A) − 1)^j ‖ ≤ Cn^{−j} , for n ≥ j.

As in the proof of Theorem 2.1 this then also holds with A replaced by kA, and thus shows (2.11).

Since n ≥ j and r(z) is A(θ)-stable with θ ∈ (δ, π/2] and |r(∞)| < 1, which implies that r(z)^{n−j} (r(z) − 1)^j is bounded for | arg z| ≤ ψ, |z| ≥ ϵ with some ψ ∈ (δ, θ) and arbitrary ϵ > 0, and also bounded for |z| ≥ R with R sufficiently large, we therefore have, by Lemma 2.2,

r(A)^{n−j} (r(A) − 1)^j =r(∞)^{n−j} (r(∞) − 1)^j I + 1 2πi ∫ γ_ϵ∪Γ^R_ϵ ∪γ^R r(z)^{n−j} (r(z) − 1)^j R(z; A) dz. By |r(∞)| < 1, we have, for fixed R ≥ 1 large enough, (2.12) |r(z)| ≤ e^{−c}, for |z| ≥ R. Clearly then |r(∞)| ≤ e^{−c}, so that |r(∞)^{n−j} (r(∞) − 1)^j | ≤ Ce^{−cn} ≤ Cn^{−j} , for n ≥ 1. To bound the integrals over the three components of the path of integration, we have, by (2.12), ‖ ‖ 1 2πi ∫ γ^R r(z)^{n−j} (r(z) − 1)^j R(z; A) dz ‖ ‖ ≤ Ce^{−cn} ∫ γ^R |dz| |z| ≤ Cn^{−j} , for n ≥ 1. For the other two components of the path of integration, since r(z) is A(θ)-stable and 0 ∈ ρ(A) and accurate of order p ≥ 1, which imply that the integrand is bounded on the small domain with boundary γ_ϵ ∪ Γ^ϵ_0, we may let ϵ tend to 0. Thus it suffices to bound the integral over Γ^R_0 . But by A(θ)-stability and the maximum-principle we have |r(z)| < 1 for | arg z| < θ, z ≠ 0. In particular, |r(z)| < 1 on the compact set {z : η̃ ≤ |z| ≤ R, | arg z| ≤ ψ}, which means that the inequality (2.7) also holds for |z| ≤ R, | arg z| ≤ ψ with c sufficiently small. Thus, we have, noting that r(z) − 1 = O(z) as z → 0, ‖ ‖ ‖ 1 2πi ∫ Γ^R_0 r(z)^{n−j} (r(z) − 1)^j R(z; A) dz ‖ ‖ ‖ ≤ C ∫_R 0 e^{−cnρ}ρ^{j−1} dρ ≤ Cn^{−j} . Together these estimates complete the proof.

We remark that if |r(∞)| = 1 with r(∞) ≠ 1, then the conclusion of Theorem 2.5 is not valid. For example, let us consider the Crank-Nicolson scheme, with r(∞) = −1. Assume that A is a linear selfadjoint, positive definite, unbounded operator with compact inverse in Hilbert space H, and A has eigenvalues {λ_j }^∞_{j=1} and a corresponding basis of orthonormal eigenvectors {φ_j }^∞_{j=1}. Then, with v = φ_j , we have, noting that r(∞) = −1, t_n‖ ¯∂U^n‖ = n‖r(kA)^{n−1}(r(kA) − 1)v‖ = n|r(kλ_j )^{n−1}(r(kλ_j ) − 1)| → 2n, as j → ∞, which implies that there does not exist a constant C such that t_n‖ ¯∂U^n‖ ≤ C‖v‖, for n ≥ 1, v ∈ H. However, if r(∞) = 1, then the conclusion of Theorem 2.5 holds in special cases: Let us consider the (2, 2) Padé scheme,

(2.13) r(λ) =

1 −^1_2 λ +^1_{12} λ^2 1 +^1_2 λ +^1_{12} λ^2

, where r(∞) = 1.

We show that in this case t_n‖ ¯∂U^n‖ ≤ C‖v‖. In fact, for this it suffices to show (2.14) |nr(λ)^{n−1}(r(λ) − 1)| ≤ C, for λ > 0. For small λ this follows directly from the fact that |r(λ)| ≤ e^{−cλ}, |r(λ) − 1| ≤ Cλ for 0 ≤ λ ≤ λ_0 and it remains to consider large λ. Noting that |r(λ)| ≤ e^{−cλ−1} with some constant c and |r(λ) − 1| ≤ Cλ^{−1} for λ > λ_0, see, e.g., Thomée [16, Lemma 8.2], we have |nr(λ)^{n−1}(r(λ) − 1)| ≤ C(nλ^{−1})e^{−c(n−1)λ−1} ≤ C, which shows (2.14).

Our next result is an error estimate in the nonsmooth data case. The estimate has optimal order of accuracy for t_n bounded away from zero, but contains a negative power of t_n. Comparing with the error estimate (1.8), we find that t^{−p}_n is replaced by t^{−p−j}_n in our theorem. The proof in the Hilbert space case can be found in Baker, Bramble, and Thomée [5]. Here we extend the result to Banach space.

Theorem 2.6. Let u(t_n) and U^n be the solutions of (1.1) and (1.5). Assume that (1.2) and (1.3) hold, and r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (δ, π/2], and |r(∞)| < 1. Let j ≥ 1 and assume that Q^j_k, defined in (1.11), is an approximation of D^j_t , which is accurate of order p. Then there is a constant C such that ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^pt^{−(p+j)}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ B.

To prove this theorem, we need the following lemma, which we quote from Thomée [16, Lemma 8.5].

Lemma 2.7. Assume that the rational function r(z) is A(θ)-stable with θ ≤ π/2, and that |r(∞)| < 1. Then for any ψ ∈ (0, θ) and R > 0 there are positive C and c such that, with κ = r(∞), |r(z)^n − κ^n| ≤ C|z|^{−1}e^{−cn}, for |z| ≥ R, | arg z| ≤ ψ, n ≥ 1.

Proof of Theorem 2.6. We need to show, with G_n(z) given by (2.3), ‖G_n(A)‖ ≤ Cn^{−(p+j)}.

We set κ = r(∞) and

G̃_n(z) = G_n(z) − P (κ)κ^nz/(1 + z).

Obviously G̃_n(∞) = 0. Since |κ| < 1, we have |κ| ≤ e^{−c} for some c > 0. Noting that ‖A(I + A)^{−1}‖ ≤ 2M, we have, since n ≥ m_1, n ≥ 1, ‖P (κ)κ^nA(I + A)^{−1}‖ ≤ 2M|P (κ)κ^n| ≤ 2M | | m_2∑

ν=−m_1 c_ν e^{−c(n+ν)} | | ≤ Ce^{−cn} ≤ Cn^{−(p+j)}. It remains to show the same bound for the operator norm of G̃_n(A). We may now use Lemmas 2.2 and 2.3 to see that, with ψ ∈ (δ, θ),

G̃_n(A) = 1 2πi ∫ γ_ϵ ∪Γ_ϵ G̃_n(z)R(z; A) dz. Since n ≥ m_1 and r(z) is A(θ)-stable and 0 ∈ ρ(A), the integrand is bounded on the small domain with boundary γ_ϵ ∪ Γ^ϵ_0, so that we may let ϵ tend to 0. We therefore have, with Γ = { z : | arg z| = ψ },

G̃_n(A) = 1 2πi ∫ Γ G̃_n(z)R(z; A) dz. We write

G̃_n(z) = (P (r(z)) − (−z)^{−j} )r(z)^n + (−z)^j (r(z)^n − e^{−nz})) − P (κ)κ^nz/(1 + z).

Using the estimates (2.7), (2.8), (2.9) and |1/(1 + z)| ≤ 1 for Re z ≥ 0 and the boundedness of R(z; A), we have, for z ∈ Γ, |z| ≤ 1, n ≥ 1, ‖G̃_n(z)R(z, A)‖ ≤ ( C|z|^{p+j} e^{−cn|z|} + |z|^j (Cn|z|^{p+1}e^{−cn|z|}) ) + Cκ^n ≤ Cn^{−p−j} . Further, we rewrite

G̃_n(z) = ( P (r(z))r(z)^n − P (κ)κ^n ) + P (κ)κ^n/(1 + z) − (−z)^j e^{−nz}. By Lemma 2.7 we have, for z ∈ Γ, |z| ≥ 1 and n ≥ m_1, |P (r(z))r(z)^n − P (κ)κ^n| = | |^{m2}∑ ν=−m_1 c_ν ( r(z)^{n+ν} − κ^{n+ν} )| |

≤ C|z|^{−1} m_2∑

ν=−m_1 |c_ν |e^{−c(n+ν)} ≤ C|z|^{−1}e^{−c(n−m1)} ≤ C|z|^{−1}e^{−cn}.

Thus, since |1 + z| ≥ |z| for Rez ≥ 0, we get, for z ∈ Γ, |z| ≥ 1, n ≥ m_1 and n ≥ 1, ‖G̃_n(z)R(z, A)‖ ≤ ( C|z|^{−1}e^{−cn} + κ^n|z|^{−1} ) |z|^{−1} + C|z|^{−p−1}|z|^{p+j} e^{−cn|z|} ≤ Cn^{−p−j} (|z|^{−2} + |z|^{−p−1}) ≤ Cn^{−p−j} |z|^{−2}. We therefore obtain ‖G̃_n(A)‖ ≤ ∫_1 0 Cn^{−p−j} dρ + ∫_∞ 1 Cn^{−p−j} ρ^{−2} dρ ≤ Cn^{−p−j} . Together these estimates complete the proof.

3 Fully Discrete Schemes

In this section we study fully discrete schemes of the initial boundary value problem

(3.1) { u_t = Δu in Ω, for t > 0, u = 0 on ∂Ω, for t > 0, u(·, 0) = v in Ω,

where Ω is a bounded domain in R^N , N ≥ 2 with smooth boundary ∂Ω.

Let L_p(Ω) denote the usual real Lebesgue spaces with norms

(3.2) ‖v‖_{Lp(Ω)} = ( ∫ Ω |v(x)|^p dx ) 1_p , 1 ≤ p < ∞, ess sup{|v(x)| : x ∈ Ω}, p = ∞, and let k be a nonnegative integer and let W^k_p (Ω) be the standard real Sobolev spaces with norms ‖ · ‖_W k_{p (Ω)} defined by

‖v‖_W k_{p (Ω)} = ( ∑ |α|≤k ‖D^αv‖^p_{Lp(Ω)} ) 1_p ,

for 1 ≤ p ≤ ∞ with the usual modification in the case p = ∞. In the case p = 2, we set H^k(Ω) = W^k_2 (Ω), which is a Hilbert space with the inner product

(v, w)_Hk_{(Ω)} = ∑ |α|≤k ∫ Ω D^αvD^αw dx.

Moreover we denote H^k_0 (Ω) = {v : v ∈ H^k(Ω), v|_{∂Ω} = 0} and Ẇ^r_p (Ω) = W^r_p ∩H^1_0 for 1 ≤ r ≤ ∞.

In (3.1), we consider A = −Δ with D(A) = Ẇ^2_p (Ω) = W^2_p ∩ H^1_0 . It is known that Δ generates a strongly continuous and analytic semigroup E(t) = e^{tΔ} in L_p for 1 < p < ∞, but for p = ∞ the strong continuity at t = 0 is lost. Nevertheless, the corresponding stability and smoothing estimates are valid in L_p, 2 ≤ p ≤ ∞, i.e., (3.3) ‖E(t)v‖_{Lp} + ‖E^′(t)‖_{Lp} ≤ Ct^{−1}‖v‖_{Lp} , for v ∈ L_p, 2 ≤ p ≤ ∞, see, e.g., Thomée [16, Chapter 5] for more details.

We assume that Ω is approximated by a quasi-uniform family of finite element meshes τ_h such that the union of the elements determines a domain Ω_h with boundary nodes on ∂Ω. For simplicity we assume that Ω is convex and let S_h be the space of continuous functions that are linear on each element and vanish outside Ω_h, so that S_h ⊂ H^1_0 . We define the discrete Laplacian Δ_h by (3.4) (Δ_hψ, χ) = −(∇ψ, ∇χ), ∀ψ, χ ∈ S_h. The spatially semidiscrete problem is then to find u_h : [0, ∞) → S_h, such that

(3.5) u_{h,t} = Δ_hu_h, for t > 0, with u_h(0) = v_h,

where v_h ∈ S_h is some approximation of v. Let P_h denote the orthogonal projection of v onto S_h with respect to the inner product to the L_2 norm, i.e.,

(3.6) (P_hv, χ) = (v, χ), ∀χ ∈ S_h, for v ∈ L_2(Ω).

We also need the so called elliptic or Ritz projection R_h onto S_h as the orthogonal projection with respect to the inner product (∇v, ∇w) so that (3.7) (∇R_hv, ∇χ) = (∇v, ∇χ), ∀χ ∈ S_h, for v ∈ H^1_0 (Ω). Note that

(3.8) Δ_hR_h = P_hΔ,

which we need in the proof of our theorems.

We now apply our above time stepping procedure (1.5) to this semidiscrete equation (3.5). This defines the fully discrete approximation U^n ∈ S_h of u(t_n) recursively by

(3.9) U^n = E_{kh}U^{n−1}, for n ≥ 1, where E_{kh} = r(−kΔ_h), with U^0 = v_h.

We shall derive L_∞ error estimates for the approximations Q^j_kU^n of the time derivatives D^j_t u(t_n) of the solution of (3.1), where U^n is defined by (3.9). We first show some L_∞ error estimates in the spatially semidiscrete case. We begin with an error estimate in the nonsmooth data case.

Theorem 3.1. Let u(t) and u_h(t) be the solutions of (3.1) and (3.5) and j ≥ 0. If v ∈ L_∞ and v_h = P_hv, then we have ‖D^j_t u_h(t) − D^j_t u(t)‖_{L∞} ≤ Ch^2ℓ^2_ht^{−j−1}‖v‖_{L∞} , where ℓ_h = ln(1/h). The proof of the result depends on the following lemmas. The first lemma concerns error bounds for the L_2 and Ritz projections in maximum-norm.

Lemma 3.2. Let u(t) be the solution of (3.1) and j ≥ 0. Then, we have, for ρ = (R_h − I)u and η = (P_h − I)u ,

(3.10) t^{j+1} ( ‖ρ^{(j)}(t)‖_{L∞} + ℓ_h‖η^{(j)}(t)‖_{L∞} ) ≤ Ch^2ℓ^2_h‖v‖_{L∞} . Proof. With I_h : C(Ω̄) → S_h the standard Lagrange interpolation operator, we have, see, e.g., Brenner and Scott [6],

‖I_hu − u‖_{L∞} ≤ Ch^{2−2/s}‖u‖_W 2_s , for 2 ≤ s ≤ ∞, u ∈ Ẇ^2_s = W^2_s ∩ H^1_0 .

Since ρ^{(j)} = (R_h−I)D^j_t u = (R_h−I)(I−I_h)D^j_t u, using the logarithmic maximumnorm stability of R_h, i.e., ‖R_hu‖_{L∞} ≤ Cℓ_h‖u‖_{L∞} , see, e.g., Schatz and Wahlbin [15], we have, ‖ρ^{(j)}‖_{L∞} ≤ Cℓ_h‖(I − I_h)D^j_t u‖_{L∞} ≤ Cℓ_hh^{2−2/s}‖D^j_t u‖_W 2_s . By the Agmon-Douglis-Nirenberg [1] regularity estimate ‖u‖_W 2_s ≤ Cs‖Δu‖_{Ls} , for 2 ≤ s < ∞, u ∈ Ẇ^2_s , we hence obtain, using also the smoothing property (3.3), ‖ρ^{(j)}(t)‖_{L∞} ≤ Ch^{2−2/s}ℓ_hs‖ΔD^j_t u(t)‖_{Ls} ≤ Ch^{2−2/s}ℓ_hst^{−j−1}‖v‖_{Ls} ≤ Ch^{2−2/s}ℓ_hst^{−j−1}‖v‖_{L∞} . With s = ℓ_h this shows the bound in (3.10) for ρ^{(j)}(t). The proof of the bound for η^{(j)}(t) is analogous, with one less factor ℓ_h because P_h is bounded in L_∞, see Thomée [16, Lemma 5.7].

We also need the following lemma which shows that the discrete solution operator E_h(t) = e^{tΔh} is stable in the L_∞ norm and has a smoothing property, see, e.g., Thomée and Wahlbin [17].

Lemma 3.3. Let E_h(t) be the solution operator of (3.5). Then (3.11) ‖E_h(t)v_h‖_{L∞} + t‖E^′_h(t)v_h‖_{L∞} ≤ C‖v_h‖_{L∞} , for t > 0. Proof of Theorem 3.1. We write u_h − u = (u_h − P_hu) + (P_hu − u) = ζ + η. Here η^{(j)} is bounded as desired by Lemma 3.2 and it remains to bound ζ^{(j)} = D^j_t ζ = D^j_t (u_h − P_hu). We will show that for each j ≥ 0 there is C, which maybe depend on j, such that (3.12) sup_{0≤s≤t}(s^{j+1}‖ζ^{(j)}(s)‖_{L∞} ) ≤ Ch^2ℓ^2_h‖v‖_{L∞} .

The case j = 0 can be found in Thomée [16, Theorem 5.4]. Assuming now that the result is already shown with j replaced by j − 1. Since ζ_t − Δ_hζ = −Δ_hP_hρ, we find

(t^{j+1}ζ^{(j)})_t − Δ_h(t^{j+1}ζ^{(j)}) = (j + 1)t^j ζ^{(j)} + t^{j+1}(ζ^{(j)}_t − Δ_hζ^{(j)})

(3.13)

= (j + 1)t^j (Δ_hζ^{(j−1)} − Δ_hP_hρ^{(j−1)}) − t^{j+1}Δ_hP_hρ^{(j)}.

Thus, by Duhamel’s principle, we have, noting that E_h(t − s)Δ_h = E^′_h(t − s), t^{j+1}ζ^{(j)}(t) = ∫_t 0 E^′_h(t − s) ( (j + 1)s^j ζ^{(j−1)}(s) − (j + 1)s^j P_hρ^{(j−1)}(s) − s^{j+1}P_hρ^{(j)}(s) ) ds = I + II + III. For II, we write II = − ( ∫ t/2 0 + ∫_t t/2 ) E^′_h(t − s)(j + 1)s^j P_hρ^{(j−1)}(s) ds = II_1 + II_2.

Here, using Lemmas 3.2 and 3.3, ‖II_1‖_{L∞} ≤ C ∫_{t/2} 0 (t − s)^{−1}s^j ‖ρ^{(j−1)}(s)‖_{L∞} ds ≤ Ch^2ℓ^2_h‖v‖_{L∞} . Further, after integration by parts,

II_2 = [ E_h(t − s)(j + 1)s^j P_hρ^{(j−1)}(s) ]_t t/2 − ∫_t t/2 E_h(t − s)(j + 1)P_h ( js^{j−1}ρ^{(j−1)}(s) + s^j ρ^{(j)}(s) ) ds, and thus by Lemmas 3.2 and 3.3, we get ‖II_2‖_{L∞} ≤ Ch^2ℓ^2_h‖v‖_{L∞} . Therefore ‖II‖_{L∞} ≤ Ch^2ℓ^2_h‖v‖_{L∞} . Following the estimate of II, we can also show ‖III‖_{L∞} ≤ Ch^2ℓ^2_h‖v‖_{L∞} . Now we turn to I, and write, with a > 1, I = ( ∫ t/a 0 + ∫_t t/a ) E^′_h(t − s)(j + 1)s^j ζ^{(j−1)}(s) ds = I_1 + I_2.

Here, using Lemma 3.3 and the induction assumption, we have ‖I_1‖_{L∞} ≤ C ∫_{t/a} 0 (t − s)^{−1}s^j ‖ζ^{(j−1)}(s)‖_{L∞} ds ≤ C ln( a a − 1 )h^2ℓ^2_h‖v‖_{L∞} . Further, after integration by parts,

I_2 = − [ E_h(t − s)(j + 1)s^j ζ^{(j−1)}(s) ]_t t/a + ∫_t t/a E_h(t − s)(j + 1)s^{−1}(js^j ζ^{(j−1)}(s) + s^{j+1}ζ^{(j)}(s)) ds, and thus by Lemma 3.3 and the induction assumption, we have ‖E_h(t − s)(j + 1)s^j ζ^{(j−1)}(s)‖_{L∞} ≤ Ch^2ℓ^2_h‖v‖_{L∞} , for s = t, t/a, and ‖ ‖ ∫_t t/a E_h(t − s)(j + 1)s^{−1}(js^j ζ^{(j−1)}(s)) ds ‖ ‖ L_∞ ≤ C ln(a)h^2ℓ^2_h‖v‖_{L∞} . Thus

‖I_2‖_{L∞} ≤ (C + C ln(a))h^2ℓ^2_h‖v‖_{L∞} + C ln(a) sup_{0≤s≤t} ‖s^{j+1}ζ^{(j)}‖_{L∞} . Therefore, with C_a = C + C ln(a) + C ln(^a_{a−1} ), ‖I‖_{L∞} ≤ C_ah^2ℓ^2_h‖v‖_{L∞} + C ln(a) sup_{0≤s≤t} ‖s^{j+1}ζ^{(j)}(s)‖_{L∞} . By (3.13), we get sup 0≤s≤t ‖s^{j+1}ζ^{(j)}(s)‖_{L∞} ≤ C_ah^2ℓ^2_h‖v‖_{L∞} + C ln(a) sup_{0≤s≤t} ‖s^{j+1}ζ^{(j)}(s)‖_{L∞} .

Choosing a such that C ln(a) ≤ 1/2, we obtain (3.12). The proof is complete.

We now turn to an error estimate in the smooth data case. Theorem 3.4. Let u(t) and u_h(t) be the solutions of (3.1) and (3.5) and j ≥ 0. If v ∈ Ẇ^{2j+2}_∞ , then we have

(3.14) ‖D^j_t u_h(t) − D^j_t u(t)‖_{L∞} ≤ Ch^2ℓ^2_h‖v‖_W 2j+2_∞ + C‖Δ^j_hv_h − R_hΔ^j v‖_{L∞} .

The proof will depend on the following:

Lemma 3.5. Let u(t) be the solution of (3.1) and j ≥ 0. Then we have, for ρ = R_hu − u, ‖ρ^{(j)}(t)‖_{L∞} + t‖ρ^{(j+1)}(t)‖_{L∞} ≤ Ch^2ℓ^2_h‖v‖_W 2j+2_∞ , for v ∈ Ẇ^{2j+2}_∞ .

Proof. The case j = 0 can be found in Thomée [16, Lemma 5.6]. Hence ‖ρ^{(j)}(t)‖_{L∞} + t‖ρ^{(j+1)}(t)‖_{L∞} ≤ Ch^2ℓ^2_h‖D^j_t u(0)‖_W 2_∞ ≤ Ch^2ℓ^2_h‖v‖_W 2j+2_∞ , which completes the proof.

Proof of Theorem 3.4. First we assume v_h = T^{j+1}_h (−Δ)^{j+1}v, where T_h = (−Δ_h)^{−1}, which implies that Δ^j_hv_h = R_hΔ^j v. In this case, we want to show ‖D^j_t u_h(t) − D^j_t u(t)‖_{L∞} ≤ Ch^2ℓ^2_h‖v‖_W 2j+2_∞ , which we will do now.

We write, with θ = u_h − R_hu and ρ = R_hu − u, D^j_t u_h(t) − D^j_t u(t) = θ^{(j)}(t) + ρ^{(j)}(t).

Here ρ^{(j)}(t) is bounded as desired by Lemma 3.5. To estimate θ^{(j)}(t) we write, since θ^{(j)}(0) = Δ^j_hv_h − R_hΔ^j v = 0,

θ^{(j)}(t) = − ( ∫ t/2 0 + ∫_t t/2 ) E_h(t − s)P_hρ^{(j)}_t (s) ds = I + II. Here by Lemmas 3.3 and 3.5, noting that ρ^{(j)}_t (s) = ρ^{(j+1)}(s), ‖II‖_{L∞} ≤ C ∫_t t/2 ‖ρ^{(j)}_t (s)‖_{L∞} ds ≤ Ch^2ℓ^2_h‖v‖_W 2j+2_∞ . For I we integrate by parts to obtain I = − [ E_h(t − s)P_hρ^{(j)}(s) ]_{t/2} 0 − ∫_{t/2} 0 E^′_h(t − s)P_hρ^{(j)}(s) ds. Using Lemmas 3.3 and 3.5 we have ‖E_h(t − s)P_hρ^{(j)}_t (s)‖_{L∞} ≤ C‖ρ^{(j)}_t (s)‖_{L∞} ≤ Ch^2ℓ^2_h‖v‖_W 2j+2_∞ , for s = 0, t/2, and ‖ ‖ ‖ ∫_{t/2} 0 E^′_h(t − s)P_hρ^{(j)}(s) ds ‖ ‖ ‖_{L∞} ≤ C ∫_{t/2} 0 (t − s)^{−1}‖ρ^{(j)}(s)‖_{L∞} ds ≤ Ch^2ℓ^2_h‖v‖_W 2j+2_∞ , which shows (3.14) for present choice of v_h.

It remains to consider the contribution to the semidiscrete solution of the initial data v_h − T^{j+1}_h (−Δ)^{j+1}v. We have by the above proof

‖D^j_t E_h(t)(T^{j+1}_h (−Δ)^{j+1}v) − D^j_t u(t)‖_{L∞} ≤ Ch^2ℓ^2_h‖v‖_W 2j+2_∞ . On the other hand, by the stability of E_h(t),

‖D^j_t E_h(t)(v_h − T^{j+1}_h (−Δ)^{j+1}v)‖_{L∞} ≤ C‖Δ^j_hv_h − R_hΔ^j v‖_{L∞} . Together these estimates complete the proof of (3.14).

Now we consider the error estimates for the fully discrete scheme (3.9). In order to apply the results in Section 2, we have to consider the appropriate bound for the resolvent R(z, −Δ_h). To do this, we quote the following lemma from Bakaev, Thomée, and Wahlbin [4, Theorem 1.1]

Lemma 3.6. For any δ ∈ (0, π/2) there exists a constant C such that ‖R(z, −Δ_h)f‖_{L∞} ≤ C|z|^{−1}‖f‖_{L∞} , for z ∈ Σ_δ.

By using this lemma, we see that A = −Δ_h satisfies (1.2) and (1.3), hence we can apply the results in Section 2 for the case A = −Δ_h, B = S_h with respect to L_∞ norm.

We first combine Theorem 3.1, for the error estimate in the semidiscrete case, with Theorem 2.6, applied to the semidiscrete equation (3.5), to obtain the following error estimate in the nonsmooth data case.

Theorem 3.7. Let u(t_n) and U^n be the solutions of (3.1) and (3.9). Assume that r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (0, π/2] and |r(∞)| < 1. Let j ≥ 1 and assume that Q^j_k, defined in (1.11), is an approximation of D^j_t , which is accurate of order p. Then, there is a constant C such that, if v ∈ L_∞ and v_h = P_hv, we have, for n ≥ m_1, t_n > 0, ‖Q^j_kU^n − D^j_t u(t_n)‖_{L∞} ≤ C(h^2ℓ^2_ht^{−j−1}_n + k^pt^{−p−j}_n )‖v‖_{L∞} .

We now show an error estimate in the smooth data case.

Theorem 3.8. Let u(t_n) and U^n be the solutions of (3.1) and (3.9). Assume that r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (0, π/2]. Let j ≥ 1 and assume that Q^j_k, defined in (1.11), is an approximation of D^j_t , which is accurate of order p. Then, there is a constant C such that, if v ∈ L_∞ and v_h = P_hv, we have, for n ≥ m_1,

‖Q^j_kU^n − D^j_t u(t_n)‖_{L∞} ≤ C(h^2ℓ^2_h‖v‖_W 2+2j_∞ + k^p‖v‖_W 2p+2j_∞ ) + C‖Δ^j_hv_h − Δ^j v‖_{L∞} .

In order to prove the theorem, we need the following lemma. Lemma 3.9. Assume that r(z) is A(θ)-stable with θ ∈ (0, π/2] and accurate of order p ≥ 1. Let j ≥ 1 and let G̃_{n,s} = G_n(−kΔ_h)T^s_h , where G_n is defined by (2.3) and T_h = (−Δ_h)^{−1}. Then we have ‖G̃_{n,l+j} w‖_{L∞} ≤ Ck^{l+j} ‖w‖_{L∞} , for 0 ≤ l ≤ p, n ≥ m_1. Proof. Using Lemma 3.6, we obtain by Theorem 2.1, for n ≥ m_1, (3.15) ‖G̃_{n,l+j} w‖_{L∞} = ‖G_n(−kΔ_h)T^{l+j}_h w‖_{L∞} ≤ Ck^{l+j} ‖w‖_{L∞} , for 0 ≤ l ≤ p. Note that if r(z) is accurate of p it is also accurate of order l with 1 ≤ l ≤ p, which shows (3.15) for 1 ≤ l ≤ p. The case l = 0 follows by the direct proof as in the case l = p.

Proof of Theorem 3.8. By Theorem 3.4, Lemma 3.5 and the estimate

‖Δ^j_hv_h − R_hΔ^j v‖_{L∞} ≤ ‖Δ^j_hv_h − Δ^j v‖_{L∞} + ‖(R_h − I)Δ^j v‖_{L∞} ,

we only need to show (3.16) ‖Q^j_kU^n −D^j_t u_h(t_n)‖_{L∞} ≤ C(h^2ℓ^2_h‖v‖_W 2+2j_∞ +k^p‖v‖_W 2p+2j_∞ )+C‖Δ^j_hv_h −Δ^j v‖_{L∞} .

Assuming first that v_h = T^j_h (−Δ)^j v, we have Q^j_kU^n − D^j_t u_h(t_n) = k^{−j}G̃_{n,j} (−Δ)^j v.

Following Thomée [16, Theorem 8.6], we choose ṽ_k, such that, with C independent of s, (3.17) ‖(−Δ)^j (v − ṽ_k)‖_{L∞} ≤ Ck^p‖Δ^{p+j} v‖_{L∞} ≤ Ck^p‖v‖_W 2p+2j_∞ ,

(3.18) ‖(−Δ)^{p+j}ṽ_k‖_{L∞} ≤ C‖Δ^{p+j} v‖_{L∞} ≤ C‖v‖_W 2p+2j_∞ ,

(3.19) k^l‖(−Δ)^{l+j}ṽ_k‖_W 2_s ≤ Cs‖Δ^j v‖_W 2_s , for 0 ≤ l ≤ p − 1, 2 ≤ s < ∞.

Applying now the identity v = p−1∑ l=0 T^l_h(T − T_h)(−Δ)^{l+1}v + T^p_h (−Δ)^pv,

to (−Δ)^jṽ_k, we have

G̃_{n,j} (−Δ)^jṽ_k = G_n(−kΔ_h)T^j_h (−Δ)^jṽ_k

(3.20)

= p−1∑ l=0 G̃_{n,l+j} (T − T_h)(−Δ)^{l+j+1}ṽ_k + G̃_{n,p+j} (−Δ)^{p+j}ṽ_k.

By Lemma 3.9, we have, since (T − T_h)(−Δ) = I − R_h, ‖G̃_{n,l+j} (T − T_h)(−Δ)^{l+j+1}ṽ_k‖_{L∞} ≤ Ck^{l+j} ‖(I − R_h)(−Δ)^{l+j}ṽ_k‖_{L∞} . Using the following bound for the Ritz projection in maximum-norm, see, e.g., Thomée [16, Lemma 5.6], ‖(R_h − I)v‖_{L∞} ≤ Ch^{2−2/s}ℓ_h‖v‖_W 2_s , for 2 ≤ s < ∞, and (3.19), choosing s = ℓ_h, we therefore obtain ‖G̃_{n,l+j} (T − T_h)(−Δ)^{l+j+1}ṽ_k‖_{L∞} ≤ Ck^{l+j} h^{2−2/s}ℓ_h‖Δ^{l+j}ṽ_k‖_W 2_s ≤ Ck^j sh^{2−2/s}ℓ_h‖Δ^j v‖_W 2_s ≤ Ck^j h^2ℓ^2_h‖v‖_W 2+2j_∞ , for 0 ≤ l ≤ p − 1.

For the case l = p we have by (3.18), ‖G̃_{n,p+j} (−Δ)^{p+j}ṽ_k‖_{L∞} ≤ Ck^{p+j} ‖Δ^{p+j}ṽ_k‖_{L∞} ≤ Ck^{p+j} ‖v‖_W 2p+2j_∞ .

Together these estimates imply

‖G̃_{n,j} (−Δ)^jṽ_k ‖_{L∞} ≤ Ck^j (h^2ℓ^2_h‖v‖_W 2+2j_∞ + k^p‖v‖_W 2p+2j_∞ ). By Lemma 3.9 and (3.17), we have

‖G̃_{n,j} (−Δ)^j (v − ṽ_k)‖_{L∞} = ‖G_n(−kΔ_h)T^j_h (−Δ)^j (v − ṽ_k)‖_{L∞} ≤ Ck^j ‖(−Δ)^j (v − ṽ_k)‖_{L∞} ≤ Ck^{p+j} ‖v‖_W 2p+2j_∞ . We conclude that ‖Q^j_kU^n − D^j_t u_h(t_n)‖_{L∞} = ‖k^{−j}G̃_{n,j} (−Δ)^j v‖_{L∞} ≤ C(h^2ℓ^2_h‖v‖_W 2+2j_∞ + k^p‖v‖_W 2p+2j_∞ ), which shows (3.16) for present choice of v_h.

It remains to consider the contribution to the fully discrete solution of v_h − T^j_h (−Δ)^j v. Since (3.21) Q^j_kE^n_{kh}(v_h − T^j_h (−Δ)^j )v = P (r(−kΔ_h))r(−kΔ_h)^n(−kΔ_h)^{−j} v, it suffices to show (3.22) ‖P (r(−kΔ_h))r(−kΔ_h)^n(−kΔ_h)^{−j} ‖_{L∞} ≤ C, where ‖ · ‖_{L∞} denotes the operator norm. In fact,

P (r(−Δ_h))r(−Δ_h)^n(−Δ_h)^{−j} = 1 2πi ∫ Γ P (r(z))r(z)^nz^{−j} R(z, −Δ_h) dz. Since 0 ∈ ρ(−Δ_h), P (r(z)) = O(z^j ) as z → 0, there exists small η > 0, such that ‖R(z, −Δ_h)‖_{L∞} ≤ C and |P (r(z))z^{−j} | ≤ C for |z| ≤ η. Thus, we have, noting r(z) is bounded on Γ and n ≥ m_1, ‖ ‖ ‖ ∫ Γ P (r(z))r(z)^nz^{−j} R(z, −Δ_h) dz ‖ ‖ ‖_{L∞} ≤ ∫_η 0 dρ + ∫_∞ η dρ ρ^{j+1} ≤ C, which shows (3.22). The proof is now complete.

4 Numerical Illustrations

In this section, we show some numerical results illustrating our theoretical analysis. We consider a one-dimensional problem with nonsmooth data,

(4.1) { u_t − u_{xx} = 0, in [0, 1], with u(0, t) = u(1, t) = 0, for t > 0, u(x, 0) = v(x), in [0, 1], where

(4.2) v = { 1, if^1_4 < x <^3_4 , 0, otherwise.

We have that v ∈ L_∞, but v /∈ W^s_∞ for any s > 0.

The exact solution of (4.1) is u(x, t) = 4 π ∞∑ n=1 (−1)^n sin (2n − 1)π 4 (2n − 1)^{−1}e^{−((2n−1)π)2t} sin(2n − 1)πx,

and the derivative of u(x, t) is u_t(x, t) = 4π ∞∑ n=1 (−1)^{n+1} sin (2n − 1)π 4 (2n − 1)e^{−((2n−1)π)2t} sin(2n − 1)πx.

We define S_h to be the set of continuous piecewise linear functions on a uniform mesh of size h, which vanish at x = 0 and x = 1. As explained in Section 3, the semidiscrete problem may be written

(4.3) u_{h,t} = A_hu_h, for t > 0, with u_h(0) = P_hv,

where A_h is the discrete analogue of A = −d^2/dx^2, defined by (A_hψ, χ) = ∫_1 0 ψ^′χ^′ dx, ∀ ψ, χ ∈ S_h. We first compute the approximate solution U^n of (4.1) by applying the time stepping method U^n = r(kA_h)U^{n−1} to the semidiscrete problem (4.3), where r(λ) will be specified in our examples below. As mentioned in the introduction, if r(∞) = 0, then u_{h,t}(t_n) can be approximated by −A_hU^n and the error estimates (1.10) holds. In the case of r(∞) ≠ 0, we then use ¯∂U^n = (U^n − U^{n−1})/k, which is the special case of (1.11), to approximate u_t(t_n). Theorem 3.7 shows an error estimate for the fully discrete method with nonsmooth data in L_∞ norm. More precisely, if |r(∞)| < 1, we have

(4.4) ‖ ¯∂U^n − u_t(t_n)‖ ≤ Ct^{−2}_n (k + h^2ℓ^2_h)‖v‖_{L∞} .

For the approximation −A_hU^n of u_t(t_n) when r(∞) = 0, combining (1.10) and Theorem 3.1, we have the same error bound as in (4.4).

In our experiment, we consider the θ-method defined by (2.1) with θ = 2/3, in this case |r(∞)| = 1/2. Since we are mostly interested in the time stepping, we choose h very small and a sequence of moderate k. We thus use h = 1/200 fixed, and the time step k is chosen as 1/20, 1/40 and 1/80.

Denote ε(k) = ε(k, t_n) = ‖U^n − u(t_n)‖_{L∞} , and let ρ(k_1, k_2) = ε(k_1)/ε(k_2). Table 1 shows the L_∞ norm of the error of the approximation U^n of u(t_n) at time t_n. From Thomée [16], we know that ‖U^n −u(t_n)‖ ≤ Ct^{−1}_n (k+h^2ℓ^2_h)‖v‖_{L∞} . Table 1 show the expected O(k) order of convergence. We also see that the error becomes large when t tends to 0.

In Table 2, we show the results of the approximation ¯∂U^n of u_t(t_n). Here ε(k) = ε(k, t_n) = ‖ ¯∂U^n − u_t(t_n)‖_{L∞} , and again ρ(k_1, k_2) = ε(k_1)/ε(k_2). The results confirm the expected O(k) order of convergence and the singular behavior of the error as t → 0.

t ε(1/20) ε(1/40) ε(1/80) ρ(1/20, 1/40) ρ(1/40, 1/80) 0.1 1.669E-01 4.343E-02 6.465E-03 3.84 6.71 0.2 4.794E-02 8.957E-03 4.764E-03 5.35 1.87 0.3 1.537E-02 5.082E-03 2.688E-03 3.02 1.89 0.4 5.498E-03 2.570E-03 1.348E-03 2.13 1.90 0.5 2.214E-03 1.218E-03 6.342E-04 1.81 1.92 0.6 1.020E-03 5.548E-04 2.863E-04 1.83 1.93 0.7 4.572E-04 2.456E-04 1.257E-04 1.86 1.95 0.8 2.009E-04 1.065E-04 5.405E-05 1.88 1.97 0.9 8.693E-05 4.548E-05 2.288E-05 1.91 1.98 1.0 3.717E-05 1.918E-05 9.568E-06 1.93 2.00

Table 1. θ-method, with the approximation U^n of u(t_n) in L_∞ norm.

t ε(1/20) ε(1/40) ε(1/80) ρ(1/20, 1/40) ρ(1/40, 1/80) 0.1 9.664E+00 4.558E+00 6.097E-01 2.11 7.47 0.2 2.460E+00 3.964E-01 1.020E-01 6.20 3.88 0.3 6.737E-01 9.585E-02 4.741E-02 7.02 2.02 0.4 1.939E-01 4.30E-02 2.123E-02 4.50 2.02 0.5 5.960E-02 1.883E-02 9.270E-03 3.16 2.03 0.6 1.970E-02 8.102E-03 3.969E-03 2.43 2.04 0.7 7.118E-03 3.437E-03 1.674E-03 2.07 2.05 0.8 3.018E-03 1.442E-03 6.983E-04 2.09 2.06 0.9 1.268E-03 5.996E-04 2.884E-04 2.11 2.07 1.0 5.293E-04 2.474E-04 1.182E-04 2.13 2.09

Table 2. θ-method, with the approximation ¯∂U^n of u_t(t_n) in L_∞ norm.

Acknowledgement

I wish to express my sincere gratitude to my supervisor Prof. Vidar Thomée, who suggested the topic of this paper, for his support and valuable criticism. I am also greatly indebted to my supervisor Dr. Stig Larsson for reading the manuscript carefully and providing many valuable comments on the manuscript.

REFERENCES

1. S. Agmon, L. Douglis, and L. A. Nirenberg, Estimates near the boundary for solutions of elliptic partial differential equations satisfying general boundary conditions, Comm. Pure. Appl. Math. 12 (1950), 623–727.

2. N. Yu. Bakaev, On the bounds of approximations of holomorphic semigroups, BIT 35 (1995), 605–608.

3. , On variable stepsize Runge-Kutta approximations of a Cauchy problem for the evolution equation, BIT 38 (1998), 462–485.

4. N. Yu. Bakaev, V. Thomée, and L. B. Wahlbin, Maximum-norm estimates for resolvents of elliptic finite element operators, Preprint 2001–58, Department of Mathematics, Chalmers University of Technology, 2001.

5. G. A. Baker, J. H. Bramble, and V. Thomée, Single step Galerkin approximations for parabolic problems, Math. Comp. 31 (1977), 818–847.

6. S. C. Brenner and L. R. Scott, The Mathematical Theory of Finite Element Methods, Springer-Verlag, New York, 1994.

7. M. Crouzeix, S. Larsson, S. Piskarëv, and V. Thomée, The stability of rational approximations of analytic semigroups, BIT 33 (1993), 74–84.

8. A. Hansbo, Nonsmooth data error estimates for damped single step methods for parabolic equations in Banach space, Calcolo 36 (1999), 75–101.

9. S. Larsson, V. Thomée, and L. B. Wahlbin, Finite-element methods for a strongly damped wave equation, IMA J. Numer. Anal. 11 (1991), 115–142.

10. M. Luskin and R. Rannacher, On the smoothing property of the Crank- Nicolson scheme, Applicable Anal. 14 (1982/83), 117–135.

11. C. Palencia, A stability result for sectorial operators in Banach spaces, SIAM J. Numer. Anal. 30 (1993), 1373–1384.

12. , On the stability of variable stepsize rational approximations of holomorphic semigroups, Math. Comp. 62 (1994), 93–103.

13. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.

14. R. Rannacher, Finite element solution of diffusion problems with irregular data, Numer. Math. 43 (1984), 309–327.

15. A. H. Schatz and L. B. Wahlbin, On the quasi-optimality in L_∞ of the Ḣ^1- projection into finite element spaces, Math. Comp. 38 (1982), 1–22.

16. V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Springer-Verlag, Berlin, 1997.

17. V. Thomée and L. B. Wahlbin, Stability and analyticity in maximum-norm for simplicial Lagrange finite element semidiscretizations of parabolic equations with Dirichlet boundary conditions, Numer. Math. 87 (2000), 373–389.

18. Y. Yan, Approximation of time derivatives for parabolic equations in Banach space: variable time steps, Preprint 2002–02, Chalmers Finite Element Center, Chalmers University of Technology, to appear in BIT.

Paper II

To appear in BIT

Smoothing properties and approximation of time derivatives for parabolic equations: variable time steps

YUBIN YAN

Department of Mathematics, Chalmers University of Technology and Göteborg University SE–412 96 Göteborg, Sweden. email: yubin@math.chalmers.se

Abstract.

We study smoothing properties and approximation of time derivatives for time discretization schemes with variable time steps for a homogeneous parabolic problem formulated as an abstract initial value problem in a Banach space. The time stepping methods are based on using rational functions r(z) ≈ e^{−z} which are A(θ)-stable for suitable θ ∈ (0, π/2] and satisfy |r(∞)| < 1. First and second order approximations of time derivatives based on using difference quotients are considered. Smoothing properties are derived and error estimates are established under the so called increasing quasi-quasiuniform assumption on the time steps.

AMS subject classification: 65M12, 65M15, 65M60, 65J10.

Key words: Banach space, parabolic, smoothing, time derivatives, error estimates, variable time steps.

1 Introduction

Let us consider the following homogeneous linear parabolic problem

(1.1) u_t + Au = 0 for t > 0, with u(0) = v,

where A is a closed, linear operator, with dense domain D(A) ⊂ B, where B is a Banach space with norm ‖ · ‖ and v ∈ B. We shall study time discretization schemes with variable time steps and show error estimates for the approximations of u and u_t.

We assume that −A is the infinitesimal generator of a bounded analytic semigroup E(t) = e^{−tA} and that 0 ∈ ρ(A), where ρ(A) denotes the resolvent set of A. This is equivalent to saying that there is an angle δ ∈ (0, π/2) such that (1.2) ρ(A) ⊃ Σ_δ = {z ∈ C : δ ≤ | arg z| ≤ π, z ≠ 0} ∪ {0}, and that the resolvent, R(z; A) = (zI − A)^{−1}, satisfies

(1.3) ‖R(z; A)‖ ≤ M|z|^{−1}, for z ∈ Σ_δ , with M ≥ 1,

where ‖ · ‖ denotes the standard norm of bounded linear operators on B.

Under these assumptions E(t) may be represented as E(t) = 1 2πi ∫ Γ e^{−zt}R(z; A) dz, where Γ = { z : | arg z| = ψ} with ψ ∈ ( δ, π/2 ) and Imz is decreasing along Γ. Furthermore, the smoothing properties of analytic semigroups are valid. More precisely, see Pazy [11], we have (1.4) ‖D^j_t E(t)v‖ = ‖A^j E(t)v‖ ≤ Ct^{−j} ‖v‖, for t > 0, v ∈ B, which shows that the solution is regular for positive time even if the initial data are not.

Let 0 = t_0 < t_1 < · · · < t_n < · · · be a partition of the time axis and let k_n = t_n − t_{n−1}, n ≥ 1, be the variable time steps. An approximate solution U^n ≈ u(t_n) = E(t_n)v of (1.1) may be defined by (1.5) U^n = E_{kn} U^{n−1}, for n ≥ 1, with U^0 = v, where E_{kn} = r(k_nA) and r is a rational function that satisfies certain conditions. For example, r(z) = 1/(1 − z) and r(z) = (1 + z/2)/(1 − z/2) correspond to the backward Euler and Crank-Nicolson methods, respectively.

We say that r is A(θ)-stable with θ ∈ [0, π/2] if (1.6) |r(z)| ≤ 1, for | arg z| ≤ θ, and accurate of order p ≥ 1, if (1.7) r(z) − e^{−z} = O(z^{p+1}), as z → 0.

Let us recall some results for the time stepping method (1.5) with constant time step k. If A satisfies (1.2) and (1.3), and r is A(θ)-stable with θ ∈ (δ, π/2], then we have the stability estimate, with E_k = r(kA), (1.8) ‖U^n‖ = ‖E^n_k v‖ ≤ C‖v‖, for t_n ≥ 0, v ∈ B, see, e.g., Crouzeix, Larsson, Piskarev, and Thomée [3] and Palencia [9], [10]. If A satisfies (1.2) and (1.3), and r is A(θ)-stable with θ ∈ (δ, π/2] and accurate of order p ≥ 1, then the following smooth data error estimate holds: (1.9) ‖U^n − u(t_n)‖ ≤ Ck^p‖A^pv‖, for t_n ≥ 0, v ∈ D(A^p). Moreover, if |r(∞)| < 1, then the following nonsmooth data error estimate holds: (1.10) ‖U^n − u(t_n)‖ ≤ Ck^pt^{−p}_n ‖v‖, for t_n > 0, v ∈ B. The condition |r(∞)| < 1 ensures that oscillating components of the error are efficiently damped, see, e.g., Le Roux [8], Larsson, Thomée, and Wahlbin [7], Fujita and Suzuki [5].

Smoothing properties and approximation of time derivatives for (1.5) with constant time step have also been studied by some authors. Let j ≥ 1 be fixed. If A satisfies (1.2) and (1.3), and r is A(θ)-stable with θ ∈ (δ, π/2], and with r(∞) = 0, then the following smoothing property holds: (1.11) ‖A^j U^n‖ = ‖A^j E^n_k v‖ ≤ Ct^{−j}_n ‖v‖, for t_n ≥ t_j , v ∈ B, see, e.g., Thomée [12] for the Hilbert space case and Hansbo [6] for the Banach space case. However (1.11) is not true in general when r(∞) ≠ 0.

Let us introduce the finite difference quotients,

(1.12) Q^j_kU^n = 1 k^j m_2∑

ν=−m_1 c_ν U^{n+ν} , for n ≥ m_1,

where m_1, m_2 are nonnegative integers, and c_ν are real numbers such that the operator Q^j_k is an approximation of order p ≥ 1 to D^j_t , that is, for any smooth real-valued function u,

D^j_t u(t_n) = Q^j_ku^n + O(k^p), as k → 0, with u^n = u(t_n).

We then have the following smoothing property and nonsmooth data error estimates: If A satisfies (1.2) and (1.3), and r is A(θ)-stable with θ ∈ (δ, π/2], and |r(∞)| < 1, then we have (1.13) ‖Q^j_kU^n‖ ≤ Ct^{−j}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ B, and, if further r(z) is accurate of order p ≥ 1, (1.14) ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^pt^{−(p+j)}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ B, see Yan [13]

For the smooth data error estimate, the condition |r(∞)| < 1 is not necessary. In fact, we have, for any A(θ)-stable discretization scheme with θ ∈ (δ, π/2], (1.15) ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^p‖A^{p+j} v‖, for n ≥ m_1, v ∈ D(A^{p+j} ), see, e.g., Baker, Bramble, and Thomée [2] for the Hilbert space case and Yan [13] for the Banach space case.

Now let us mention some results for the variable time steps which are related to the present paper. Stability results have been considered by some authors. For example, Palencia [9] shows that, if A satisfies (1.2) and (1.3), and r is A(θ)- stable with θ ∈ (δ, π/2], if the time steps {k_j }^∞_{j=1} satisfy, with some constant μ, (1.16) 0 < μ^{−1} ≤ k_i k_j ≤ μ < ∞, for i, j ≥ 1, then there exists a constant C(μ) such that the following stability result holds

(1.17) ‖ ‖ n∏ j=1 E_{kj} ‖ ‖ ≤ C(μ), where Ek_j = r(kj A).

We observe that the stability bound will depend on the maximum ratio μ between the steps, but not on the steps themselves. In this way, the stability bound does not blow up when the maximum time step goes to zero, as long as μ remains bounded. In particular, a family of quasi-uniform grids with k_{max} ≤ μk_{min} satisfies the assumption (1.17), where k_{max} = max_{1≤j≤n} k_j , k_{min} = min_{1≤j≤n} k_j . More precisely, Bakaev [1] shows that if A satisfies (1.2) and (1.3), and r is A(θ)-stable with θ ∈ (δ, π/2], then

(1.18) ‖ ‖ n∏ j=1 E_{kj} ‖ ‖ ≤ C ln(1 + μ), where μ = kmax/kmin.

Palencia [10] further finds that if |r(∞)| < 1, then the stability bound holds without any restriction on the time steps.

In the present paper, we first consider error estimates for (1.5) in both smooth and nonsmooth data cases. We show, in Theorem 2.1, that if A satisfies (1.2) and (1.3) and r is A(θ)-stable with θ ∈ (δ, π/2] and accurate of order p ≥ 1, then the following smooth data error estimate holds: ‖U^n − u(t_n)‖ ≤ Ck^p_{max}‖A^pv‖, for t_n ≥ 0, v ∈ D(A^p). To obtain error estimates in the nonsmooth data case, we introduce the notion of increasing quasi-quasiuniform grids T in time. Let {T } be a family of partitions of the time axis, T = {t_n : 0 = t_0 < t_1 < · · · < t_n < · · · }. {T } is called a family of quasi-quasiuniform grids if there exist positive constants c, C, such that

(1.19) ck_{n+1} ≤ k_n ≤ Ct_n/n, for n ≥ 1.

Further, if k_1 ≤ k_2 ≤ · · · ≤ k_n ≤ · · · , then we call {T } a family of increasing quasi-quasiuniform grids. We note that increasing quasi-quasiuniform implies that k_n ∼ k_{n+1} and nk_n ∼ t_n, where a_n ∼ b_n means that a_n/b_n is bounded above and below.

For example, if we choose the variable time steps k_n = n^sk for some fixed s ≥ 1, with k > 0, then t_n = k ( ∑_n j=1 j^s ) , and the corresponding family of partitions {T } is a family of increasing quasi-quasiuniform grids. In fact, it is obvious that k_n/k_{n+1} = n^s/(n + 1)^s ≥ 1/2^s. Further, since t_n/k = ∑_n j=1 j^s ≥ Cn^{s+1} for some positive constant C, we have k_n ≤ Ct_n/n.

Under these assumptions we have the following nonsmooth data error estimate: If A satisfies (1.2) and (1.3), and r is A(θ)-stable with θ ∈ (δ, π/2] and accurate of order p ≥ 1, if further |r(∞)| < 1 and {T } is a family of increasing quasiquasiuniform grids, then we have ‖U^n − u(t_n)‖ ≤ Ck^p_nt^{−p}_n ‖v‖, for t_n > 0, v ∈ B. We note that these two error estimates correspond to (1.9) and (1.10) for constant time step, respectively.

As for the smoothing property, we show that, if r(∞) = 0, and {T } satisfies (1.17), then ‖ ‖ ‖A n∏ j=1 E_{kj} v ‖ ‖ ‖ ≤ Ct^{−1}_n ‖v‖, for tn > 0, v ∈ B. As in the constant time step case, see Yan [13], the above smoothing property is not true in the case of r(∞) ≠ 0. However, if |r(∞)| < 1, then we introduce similar difference quotients as (1.12) with variable time steps. For simplicity we only consider the following first and second order approximations of time derivative u_t(t_n)

(1.20) ¯∂U^n = (U^n − U^{n−1})/k_n, for n ≥ 1, and ¯∂^2U^n = a_n ¯∂U^n + b_n ¯∂U^{n−1} (1.21) = a_n(U^n − U^{n−1})/k_n + b_n(U^{n−1} − U^{n−2})/k_{n−1}, for n ≥ 2,

where

a_n = (2k_n + k_{n−1})/(k_n + k_{n−1}), b_n = −k_n/(k_n + k_{n−1}).

In both cases, under the assumption of increasing quasi-quasiuniform grids, we obtain a smoothing property and error estimates for time derivative in the nonsmooth data case which are similar to (1.14) and (1.15), respectively. We also show a smooth data error estimate without any restrictions on the time steps.

The paper is organized as follows. In Section 2 we show error estimates for the approximation U^n of u^n in both smooth and nonsmooth data cases. In Section 3 we consider the first order approximation (1.21) of u_t(t_n) and show a smoothing property and error estimates for time derivative. In Section 4 we consider the second order approximation (1.22) and obtain similar results as in Section 3.

By C and c we denote large and small positive constants independent of the functions and parameters concerned, but not necessarily the same at different occurrences. When necessary for clarity we distinguish constants by subscripts.

2 Error Estimates

In this section we will consider error estimates for the approximation U^n defined by (1.5) of the solution u(t_n) of (1.1). Our first result is an error estimate in the smooth data case in which there is no restriction on the time steps k_n.

Theorem 2.1. Let U^n and u(t_n) be the solutions of (1.5) and (1.1), respectively. Assume that A satisfies (1.2) and (1.3), and that r(z) is accurate of order p ≥ 1, and A(θ)-stable with θ ∈ (δ, π/2]. Let k_j , 1 ≤ j ≤ n, be time steps. Then we have ‖U^n − u(t_n)‖ ≤ Ck^p_{max}‖A^pv‖, for t_n ≥ 0, v ∈ D(A^p), where k_{max} = max_{1≤j≤n} k_j .

In order to prove Theorem 2.1, we need the following lemmas which are simple consequences of (1.6) and (1.7). The first lemma is quoted from Thomée [12, Lemma 8.2].

Lemma 2.2. Assume that r(z) is A(θ)-stable with θ ∈ (0, π/2], and accurate of order p ≥ 1. Then for arbitrary R > 0 and ψ ∈ (0, θ) there is c > 0 such that |r(z)| ≤ e^{−c|z|}, for |z| ≤ R, | arg z| ≤ ψ.

Lemma 2.3. Assume that r(z) is A(θ)-stable with θ ∈ (0, π/2], and accurate of order p ≥ 1. Let k_j , 1 ≤ j ≤ n, be any positive numbers. Then for arbitrary R > 0 and ψ ∈ (0, θ) there are c, C > 0 such that, with F_n(z) = ∏_n j=1 r(k_j z) − e^{−tnz}, (2.1) |F_n(z)| ≤ Cn|k_{max}z|^{p+1}e^{−ctn|z|}, for |k_{max}z| ≤ R, | arg z| ≤ ψ, and (2.2) |F_n(z)| ≤ C|k_{max}z|^pt_n|z|e^{−ctn|z|}, for |k_{max}z| ≤ R, | arg z| ≤ ψ, where k_{max} = max_{1≤j≤n} k_j .

Proof. Since r(z) is accurate of order p ≥ 1, there exists a small η > 0 such that |r(z) − e^{−z}| ≤ C|z|^{p+1}, for |z| ≤ η. Further, by (1.6), we have, for arbitrary R > 0 and ψ ∈ (0, θ), (2.3) |r(z) − e^{−z}| ≤ C|z|^{p+1}, for |z| ≤ R, | arg z| ≤ ψ. We next observe that, if c ≤ cos ψ, (2.4) |e^{−z}| = e^{−Rez} ≤ e^{−c|z|}, for | arg z| ≤ ψ. It is easy to show that (2.5) |F_n(z)| ≤ C n∑ j=1 (k_j |z|)^{p+1}e^{−c(tn−kj )|z|}, for |k_{max}z| ≤ R, | arg z| ≤ ψ.

In fact, using Lemma 2.2, (2.4) and (2.5), we have, for |k_{max}z| ≤ R, | arg z| ≤ ψ, |F_1(z)| = |r(k_1z) − e^{−k1z}| ≤ C(k_1|z|)^{p+1}e^{−c(t1−k1 )|z|}, and |F_2(z)| = |(r(k_1z) − e^{−k1z})r(k_2z) + e^{−k1z}(r(k_2z) − e^{−k2z} )| ≤ C|k_1z|^{p+1}e^{−c(t2−k1)|z|} + Ce^{−c(t2−k2 )|z|}|k_2z|^{p+1} = C 2∑ j=1 (k_j |z|)^{p+1}e^{−c(tn−kj )|z|}.

In general, for n ≥ 3, |F_n(z)| = | | ( r(k_1z) − e^{−k1z} )^n∏ j=2 r(k_j z) + e^{−k1z} ( r(k_2z) − e^{−k2z} )^n∏ j=3 r(k_j z)

+ · · · + (^{n−1}∏ j=1 e^{−kj z} )( r(k_nz) − e^{−knz} )| |

≤ C n∑ j=1 ( e^{−ctj−1 |z|}(k_j |z|)^{p+1}e^{−c(tn−tj )|z|} )

= C n∑ j=1 (k_j |z|)^{p+1}e^{−c(tn−kj )|z|}. Thus, by (2.6), we get, using k_j |z| ≤ |k_{max}z| ≤ R, 1 ≤ j ≤ n, |F_n(z)| ≤ Cn|k_{max}z|^{p+1}e^{−ctn|z|}, for |k_{max}z| ≤ R, | arg z| ≤ ψ, and |F_n(z)| ≤ Ce^{−ctn|z|} n∑ j=1 (k_j |z|)^{p+1} ≤ C|k_{max}z|^pt_n|z|e^{−ctn|z|}, for |k_{max}z| ≤ R, | arg z| ≤ ψ. Together these estimates complete the proof.

The following lemma gives the Dunford-Taylor spectral representation of a rational function of the operator A when the rational function is bounded in a sector in the right halfplane, see Thomée [12, Lemma 8.1].

Lemma 2.4. Assume that (1.2) and (1.3) hold and let r(z) be a rational function which is bounded for | arg z| ≤ ψ, |z| ≥ ϵ > 0, where ψ ∈ (δ, π/2), and for |z| ≥ R. If ϵ > 0 is so small that {z : |z| ≤ ϵ} ⊂ ρ(A), then we have r(A) = r(∞)I + 1 2πi ∫ γ_ϵ ∪Γ^R_ϵ ∪γ^R r(z)R(z; A) dz, where γ_ϵ = {z : |z| = ϵ, | arg z| ≤ ψ}, Γ^R_ϵ = {z : | arg z| = ψ, ϵ ≤ |z| ≤ R}, and γ^R = {z : |z| = R, ψ ≤ | arg z| ≤ π}, and with the closed path of integration oriented in the negative sense.

For our error estimates we shall apply the following spectral representation of the semigroup, see Thomée [12, Lemma 8.3].

Lemma 2.5. Assume that (1.2) and (1.3) hold, let ψ ∈ (δ, π/2), and j be any integer. Then we have for ϵ > 0 sufficiently small

A^j E(t) = 1 2πi ∫ γ_ϵ∪Γ_ϵ e^{−zt}z^j R(z; A) dz, where γ_ϵ = {z : |z| = ϵ, | arg z| ≤ ψ} and Γ_ϵ = {z : | arg z| = ψ, |z| ≥ ϵ}, and where Imz is decreasing along γ_ϵ ∪ Γ_ϵ. When j ≥ 0, we may take ϵ = 0.

Proof of Theorem 2.1. Since U^n − u(t_n) = ∏_n j=1 r(k_j A)v − e^{−tnA}v = F_n(A)v, we need to show ‖F_n(A)v‖ ≤ Ck^p_{max}‖A^pv‖, or in operator norm, ‖F_n(A)(k_{max}A)^{−p}‖ ≤ C, which we will do now. Let r̄(z) = ∏_n j=1 r(k_j z)(k_{max}z)^{−p}. Since r(z) is A(θ)- stable with θ ∈ (δ, π/2], we find that r̄(z) is bounded for | arg z| ≤ ψ, |z| ≥ ϵ with some ψ ∈ (δ, θ) and any ϵ > 0. Further r̄(z) is also bounded for |z| ≥ R with R sufficiently large, since r̄(∞) = 0. Thus, applying Lemma 2.4 to the rational function r̄(z), we have n∏ j=1 r(k_j A)(k_{max}A)^{−p} = 1 2πi ∫ γ_ϵ ∪Γ^R_ϵ ∪γ^R n∏ j=1 r(k_j z)(k_{max}z)^{−p}R(z; A) dz.

By (1.3) and (1.6), we know that the integrand is of order O(z^{−p−1}) for large z which implies that the integrand has no poles when |z| ≥ R, so that we may let R tend to ∞. Using also Lemma 2.5 we conclude F_n(A)(k_{max}A)^{−p} = 1 2πi ∫ γ_ϵ ∪Γ_ϵ F_n(z)(k_{max}z)^{−p}R(z; A) dz. Now by (2.1) we see that F_n(z) = O(z^{p+1}) as z → 0. Combining this with (1.3) we have that the integrand is bounded on the small domain with boundary γ_ϵ ∪ Γ^ϵ_0, so that we may let ϵ → 0. It follows that, using also (1.3), ‖F_n(A)(k_{max}A)^{−p}‖ ≤ C ∫_∞ 0 (|F_n(ρe^{iψ} )| + |F_n(ρe^{−iψ} )|)(k_{max}ρ)^{−p} dρ ρ . By (2.2), we have, for arbitrary R > 0, ∫_{R/kmax} 0 |F_n(ρe^{±iψ} )|(k_{max}ρ)^{−p} dρ ρ ≤ C ∫_{R/kmax} 0 e^{−ctnρ}t_n dρ ≤ C. Since r(z) and e^{−tz} are bounded on Γ, where Γ = {z : | arg z| = ψ}, we find ∫_∞ R/k_{max} |F_n(ρe^{±iψ} )|(k_{max}ρ)^{−p} dρ ρ ≤ C ∫_∞ R/k_{max} (k_{max}ρ)^{−p} dρ ρ ≤ C. Together these estimates complete the proof.

We now show a nonsmooth data error estimate.

Theorem 2.6. Let U^n and u(t_n)be the solutions of (1.5) and (1.1), respectively. Assume that A satisfies (1.2) and (1.3), and that r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (δ, π/2] and |r(∞)| < 1. Assume further that {T } is a family of increasing quasi-quasiuniform grids. Then there is a constant C such that ‖U^n − u(t_n)‖ ≤ Ck^p_nt^{−p}_n ‖v‖, for t_n > 0. To prove Theorem 2.6 we need the following lemma.

Lemma 2.7. If the rational function r(z) is A(θ)-stable with θ ∈ (0, π/2] and |r(∞)| < 1, then for any ψ ∈ (0, θ) and R > 0 there are positive c and C such that, for any sequences k_1 ≤ k_2 ≤ · · · ≤ k_n, with κ = r(∞),

(2.6) | | | n∏ j=1 r(k_j z) − κ^n | | | ≤ C|k1z|^{−1}e^{−cn}, for |k1z| ≥ R, | arg z| ≤ ψ. Proof. Since r(z) − κ vanishes at infinity and r(z) is A(θ)-stable with θ ∈ (0, π/2], we have, see Thomée [12, Lemma 8.5], |r(z) − κ| ≤ C|z|^{−1}, for |z| ≥ R, | arg z| ≤ ψ. Further, (2.7) |r(z)| ≤ e^{−c}, for |z| ≥ R, | arg z| ≤ ψ. In fact, |κ| < 1 implies that (2.8) holds for |z| ≤ R̃ with R̃ sufficiently large. By (1.6) and the maximum-principle we have |r(z)| < 1 for | arg z| < θ, z ≠ 0. In particular, |r(z)| < 1 on the compact set {z : R ≤ |z| ≤ R̃, | arg z| ≤ ψ}, which shows (2.8).

(2.7) is obvious for n = 1. When n ≥ 2, we have, for |k_1z| ≥ R, noting that κ ≤ e^{−c} and k_1 ≤ k_2 ≤ · · · ≤ k_n, | |^n∏ j=1 r(k_j z) − κ^n | | = | |(r(k_1z) − κ)^n∏ j=2 r(k_j z) + · · · + κ^{n−1}(r(k_nz) − κ) | |

≤ Ce^{−cn} n∑ j=1 |k_j z|^{−1} ≤ C|k_1z|^{−1}ne^{−cn} ≤ C|k_1z|^{−1}e^{−cn}, which completes the proof of Lemma 2.7.

Proof of Theorem 2.6. The case n = 1 follows from the constant time step case, see Thomée [12]. We now consider n ≥ 2. With F_n(z) as in Lemma 2.3, we need to show ‖F_n(A)‖ ≤ Ck^p_nt^{−p}_n . Since t_n ≤ nk_n, it suffices to show ‖F_n(A)‖ ≤ Cn^{−p}. Set F̃_n(z) = F_n(z) − κ^nk_nz/(1 + k_nz), where κ = r(∞). Since |κ| < 1, and by the obvious fact that ‖k_nA(I + k_nA)^{−1}‖ ≤ C, we have ‖κ^nk_nA(I + k_nA)^{−1}‖ ≤ C|κ|^n ≤ Cn^{−p}, and it remains to show the same bound for the operator norm of F̃_n(A). Since ∏_n j=1 r(k_j z) − κ^nk_nz/(1 + k_nz) vanishes at z = ∞, we may use Lemmas 2.4 and 2.5 to see that F̃_n(A) = 1 2πi ∫ Γ F̃_n(z)R(z; A) dz, where Γ = {z : | arg z| = ψ} for some ψ ∈ (δ, θ). By (1.3), we get ‖F̃_n(A)‖ ≤ C ∫_∞ 0 |F̃_n(ρe^{±iψ} )| dρ ρ .

Let R be arbitrary. We will bound the above integral over the intervals [0, R/k_n]∪ [R/k_n, R/k_1] ∪ [R/k_1, ∞). We rewrite F̃_n(z) = ( ∏_n j=1 r(k_j z) − κ^n) + κ^n/(1 + k_nz) − e^{−tnz}. Using (2.5) and Lemma 2.7 and |1 + k_nz| ≥ |k_nz| for Re z ≥ 0, we get ∫_∞ R/k_1 |F̃_n(ρe^{±iψ})| dρ ρ ≤ C ∫_∞ R/k_1 ( e^{−cn}(k_1ρ)^{−1} + |κ|^n(k_nρ)^{−1} + e^{−ctnρ} ) dρ ρ . Obviously, ∫_∞ R/k_1 e^{−cn}(k_1ρ)^{−1} dρ ρ ≤ ∫_∞ R e^{−cn}x^{−2} dx ≤ Cn^{−p}, and, using k_1 ≤ k_n, ∫_∞ R/k_1 |κ|^n(k_nρ)^{−1} dρ ρ ≤ ∫_∞ R |κ|^n(k_nk^{−1}_1 )^{−1}x^{−2} dx ≤ Cn^{−p}, and, using nk_1 ≤ t_n, ∫_∞ R/k_1 e^{−ctnρ} dρ ρ ≤ C ∫_∞ R/k_1 (t_nρ)^{−p} dρ ρ ≤ C ∫_∞ R (t_nk^{−1}_1 )^{−p}x^{−p−1} dx ≤ Cn^{−p}. Thus

(2.8) ∫_∞ R/k_1 |F̃_n(ρe^{±iψ} )| dρ ρ ≤ Cn^{−p}, for n ≥ 2. Using (2.1) and |1/(1 + k_nz)| ≤ 1 for Re z ≥ 0, we have, since nk_n ∼ t_n, ∫_{R/kn} 0 |F̃_n(ρe^{±iψ})| dρ ρ ≤ ∫_{R/kn} 0 |F_n(ρe^{±iψ})| dρ ρ + ∫_{R/kn} 0 |κ|^nk_n dρ ≤ C ∫_{R/kn} 0 (k_nρ)^{p+1}e^{−ctnρ}n dρ ρ + C|κ|^n ≤ C ∫_R 0 x^pe^{−c(tn/kn)x}n dx + C|κ|^n ≤ Cn^{−p}, for n ≥ 2. It remains to consider the integral over the interval [R/k_n, R/k_1] for n ≥ 2. By Lemma 2.2 and (2.8) there exist constants c_1 and c_2 such that |r(z)| ≤ e^{−c1|z|} for |z| ≤ R, | arg z| ≤ ψ, and |r(z)| ≤ e^{−c2} for |z| ≥ R, | arg z| ≤ ψ, where c_2 can be chosen arbitrarily small. Therefore, assuming that z ∈ Γ^{R/km}_{R/km+1} with some m : 1 ≤ m ≤ n − 1 so that k_j |z| ≤ R for j ≤ m, we have | | n∏ j=1 r(k_j z) | | ≤ e^{−c1tm |z|}e^{−c2(n−m)} ≤ e^{−c2n} ( e^{c2m}e^{−c1tm|z|} ) , for n ≥ 2.

Further, by (1.20),

(2.9) c_1t_m|z| = c_1(t_m/k_m)(k_m/k_{m+1})(k_{m+1}|z|) ≥ c_1c_0C^{−1}_0 Rm = c_3m.

Thus if we choose c_2 ≤ c_3 and let c_4 = c_3 − c_2, we get

(2.10) | | | n∏ j=1 r(k_j z) | | | ≤ e^{−c2n}e^{−c4m}, if z ∈ Γ^{R/km}_{R/km+1} , 1 ≤ m ≤ n − 1.

We rewrite F̃_n(z) = ∏_n j=1 r(k_j z) − e^{−tnz} − κ^nk_nz/(1 + k_nz). Using (2.12) and noting that ln(k_{m+1}/k_m) ≤ ln C ≤ C, we get ∫_{R/k1} R/k_n | | | n∏ j=1 r(k_j ρe^{±iψ}) | | | dρ ρ ≤ n−1∑ m=1 ∫_{R/km} R/k_{m+1} | | | n∏ j=1 r(k_j ρe^{±iψ}) | | | dρ ρ ≤ n−1∑ m=1 ∫_{R/km} R/k_{m+1} e^{−c2n}e^{−c4m} dρ ρ ≤ e^{−c2n} n−1∑ m=1 ( e^{−c4m} ln(k_{m+1}/k_m) ) (2.11)

≤ Ce^{−c2n} (^{n−1}∑ m=1 e^{−c4m} ) ≤ Ce^{−c2n} ≤ Cn^{−p}, for n ≥ 2. Further, using (2.5) and noting that (1.20) implies t_nρ ≥ c(nk_n)ρ ≥ cn for ρ ∈ [R/k_n, R/k_1], we have, since ln(k_n/k_1) = ∑_{n−1} m=1 ln(k_{m+1}/k_m) ≤ Cn, ∫_{R/k1} R/k_n ( |e^{−tnρe±iψ} | + k_nρ 1 + k_nρ κ^n ) dρ ρ ≤ ∫_{R/k1} R/k_n (e^{−cn} + κ^n) dρ ρ (2.12) ≤ (e^{−cn} + κ^n) ln(k_n/k_1) ≤ Cn(e^{−cn} + κ^n) ≤ Cn^{−p}, for n ≥ 2. Hence ∫_{R/k1} R/k_n | | |F̃n(ρe^{±iψ}) | | | dρ ρ ≤ Cn^{−p}, for n ≥ 2. Together these estimates complete the proof.

3 Approximation of Time Derivative — First Order

In this section, we shall consider a smoothing property of the time discretization scheme (1.5) and error estimates for the first order approximation of time derivative u_t(t_n)

(3.1) ¯∂U^n = (U^n − U^{n−1})/k_n, for n ≥ 1.

We begin with a smooth data error estimate for the approximation (3.1). Theorem 3.1. Let U^n and u(t_n)be the solutions of (1.5) and (1.1), respectively. Assume that A satisfies (1.2) and (1.3), and that r(z) is accurate of order p ≥ 1, and A(θ)-stable with θ ∈ (δ, π/2]. Let k_j , 1 ≤ j ≤ n, be increasing. Then we have (3.2) ‖ ¯∂U^n − u_t(t_n)‖ ≤ Ck_n‖A^2v‖, for t_n > 0. Proof. The case n = 1 follows from the result in constant time step case, see Yan [13]. Now we consider the case when n ≥ 2. Setting

G_n(z) = n−1∏ j=1 r(k_j z)(r(k_nz) − 1) − (−k_nz)e^{−tnz} , our result will follow from ‖G_n(A)(k_nA)^{−2}‖ ≤ C, for n ≥ 2. Let r̄(z) = ( ∏_{n−1} j=1 r(k_j z)(r(k_nz) − 1) ) (k_nz)^{−2}. As in the proof of Theorem 2.1, applying Lemma 2.4 to the rational function r̄(z) and using also Lemma 2.5 we conclude G_n(A)(k_nA)^{−2} = 1 2πi ∫ γ_ϵ ∪Γ_ϵ G_n(z)(k_nz)^{−2}R(z; A) dz. Since 0 ∈ ρ(A), we have, by (1.3), (3.3) ‖R(z; A)‖ ≤ C, for δ ≤ | arg z| ≤ π. We will show that (3.4) G_n(z) = O(z^2) as z → 0.

Combining this with (3.3) shows that the integrand is bounded on the small domain with boundary γ_ϵ ∪ Γ^ϵ_0, so that we may let ϵ → 0. It follows that, with Γ = {z : | arg z| = ψ} for some ψ ∈ (δ, θ), (3.5) G_n(A)(k_nA)^{−2} = 1 2πi ∫ Γ G_n(z)(k_nz)^{−2}R(z; A) dz. In order to show (3.4), we write G_n(z) = G^1_n(z) + G^2_n(z) + G^3_n(z), for n ≥ 2, where G^1_n(z) = n−1∏ j=1 r(k_j z)(r(k_nz) − 1 + k_nz), and, with F_n(z) = ∏_n j=1 r(k_j z) − e^{−tnz} ,

G^2_n(z) = −k_nz n−1∏ j=1 r(k_j z)(1 − r(k_nz)), G^3_n(z) = −k_nzF_n(z).

By (1.7), there exists a small η > 0 such that (3.6) |r(z)| ≤ C, |r(z) − 1| ≤ C|z|, |r(z) − 1 − z| ≤ C|z|^2, for |z| ≤ η. Combining this with (2.2) shows |G_n(z)| ≤ C|k_nz|^2 for |k_nz| ≤ η, which is (3.4).

It remains to consider (3.5). Let us first consider the integral over Γ^{η/kn}_0 . By (1.2) and (1.3), R(z; A) is analytic in the domain {z : δ ≤ | arg z| ≤ π}, and hence G_n(z)(k_nz)^{−2}R(z; A) is analytic in the domain bounded by Γ^{η/kn}_0 ∪ γ^{η/kn} (see Lemmas 2.4 and 2.5 for the definition of the curve). We then can replace the path of integration in (3.5) by Γ̃ = γ^{η/kn} ∪ Γ_{η/kn} . We find, using |G_n(z)| ≤ C|k_nz|^2 for |k_nz| ≤ η, (3.7) ‖ ‖ ∫ γ^{η/kn} G_n(z)(k_nz)^{−2}R(z; A) dz ‖ ‖ ≤ ∫ γ^{η/kn} |dz| |z| = C, and, by the boundedness of r(z) and e^{−tnz} over Γ, (3.8) ‖ ‖ ‖ ∫ Γ_{η/kn} G_n(z)(k_nz)^{−2}R(z; A) dz ‖ ‖ ‖ ≤ C ∫_∞ η/k_n (C + C(k_nρ))(k_nρ)^{−2} dρ ρ ≤ C. Together these estimates complete the proof.

We now turn to smoothing properties of (1.5). Recall from the introduction that the smoothing property (1.11) is not valid if r(∞) ≠ 0. However, if r(∞) = 0, the analogue of (1.11) holds also for some special schemes r(z) with no restriction on the time steps, see Eriksson, Johnson, and Larsson [4]. For a general scheme r(z) we have the following smoothing property:

Theorem 3.2. Assume that (1.2) and (1.3) hold, and r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (δ, π/2], and that r(∞) = 0. Let {k_j } satisfy ck_j ≤ k_{j+1} ≤ Ck_j . Then there is a constant C such that

(3.9) ‖ ‖A n∏ j=1 r(k_j A)v ‖ ‖ ≤ Ct^{−1}_n ‖v‖, for tn > 0. Proof. The case n = 1 follows the result in the constant time step case, see Hansbo [6]. Here we consider the case when n ≥ 2. We shall show that, with g_n(z) = t_nz ∏_n j=1 r(k_j z), ‖g_n(A)‖ ≤ C, for n ≥ 2. Since r(∞) = 0, we have, see Thomée [12, Lemma 7.3], (3.10) |r(z)| ≤ 1 1 + c|z| , for | arg z| ≤ ψ, which implies that g_n(z) is bounded for | arg z| ≤ ψ and g_n(∞) = 0. Thus there exists R > 0 such that g_n(z) is bounded for |z| ≥ R. Lemma 2.4 shows that

g_n(A) = 1 2πi ∫ γ_ϵ ∪Γ^R_ϵ ∪γ^R g_n(z)R(z; A) dz.

Noting that g_n(z) is analytic for |z| ≥ R, ψ ≤ | arg z| ≤ π, and g_n(z) = O(z) as z → 0, | arg z| ≤ ψ, we may let R → ∞ and ϵ → 0, so that

g_n(A) = 1 2πi ∫ Γ g_n(z)R(z; A) dz, where Γ = {z : | arg z| = ψ} for some ψ ∈ (δ, θ). We split the path of integration as Γ = Γ^{R/tn}_0 ∪ Γ_{R/tn} . By (2.8), we have ‖ ‖ ‖ ∫ Γ^{R/tn} 0 g_n(z)R(z; A) dz ‖ ‖ ‖ ≤ C ∫_{R/tn} 0 t_nρe^{−ctnρ} dρ ρ ≤ C. We now consider the integral over Γ_{R/tn} . If k_{max} ≤ t_n/2, then we have

t^2_n = n∑ l=1 k^2_l + ∑ l≠j k_lk_j ≤ k_{max}t_n + ∑ l≠j k_lk_j ≤ t^2_n/2 + ∑ l≠j k_lk_j ,

so that ∑ l≠j klkj ≥ t 2 n/2 and hence n∏ j=1 (1 + ck_j ρ) = 1 + c (^n∑ j=1 k_j ) ρ + cρ^2 ( ∑ l≠j k_lk_j ) + · · · ≥ ct^2_nρ^2,

which implies that, by (3.10), ‖ ‖ ‖ ∫ Γ_{R/tn} g_n(z)R(z; A) dz ‖ ‖ ‖ ≤ C ∫_∞ R/t_n t_nρ ∏_n j=1(1 + ck_j ρ) dρ ρ ≤ C ∫_∞ R/t_n t_n cρ^2t^2_n dρ ≤ C. If k_{max} ≥ t_n/2, then, assuming that k_{max} = k_m for some m with 1 ≤ m ≤ n, and since n ≥ 2, we have ‖ ‖ ‖ ∫ Γ_{R/tn} g_n(z)R(z; A) dz ‖ ‖ ‖ ≤ C ∫_∞ R/t_n t_n (1 + ck_mρ)^2 dρ ≤ C ∫_∞ R/t_n t_n (1 + ct_nρ)^2 dρ ≤ C. Together these estimates complete the proof.

As in Yan [13] for the constant time step case, if |r(∞)| < 1, using difference quotients in time rather than the elliptic operator A in (3.9), we have a following smoothing property:

Theorem 3.3. Let U^n be the solution of (1.5), respectively. Assume that (1.2) and (1.3) hold and that the discretization scheme is accurate of order p ≥ 1, and A(θ)-stable with θ ∈ (δ, π/2], and |r(∞)| < 1. Assume that {T } is a family of increasing quasi-quasiuniform grids. Then there is a constant C such that (3.11) ‖ ¯∂U^n‖ ≤ Ct^{−1}_n ‖v‖, for t_n > 0.

Proof. The case n = 1 follows from the constant time step case, see Yan [13]. We now consider the case when n ≥ 2. We want to show that, with g̃_n(z) = ∏_{n−1} j=1 r(k_j z)(r(k_nz) − 1), ‖g̃_n(A)‖ ≤ Cn^{−1}, for n ≥ 2. Since t_n ≤ nk_n this implies ‖g̃_n(A)‖ ≤ Ck_nt^{−1}_n .

Since |r(∞)| < 1 we find that g̃_n(∞) exists, which implies that there is R̃ > 0, such that for fixed n, g̃_n(z) is bounded for |z| ≥ R̃. Further, by (1.6), g̃_n(z) is bounded for |z| ≥ ϵ, | arg z| ≤ ψ with ψ ∈ (δ, θ). Applying Lemma 2.4, we get

g̃_n(A) = g̃_n(∞)I + 1 2πi ∫ γ_ϵ∪Γ^{R̃}_ϵ ∪γ^{R̃} g̃_n(z)R(z; A) dz. Since the integrand is bounded for |z| ≥ R̃, we may let R̃ tend to ∞. Moreover, by (3.6), we have g̃_n(z) = O(z) as z → 0, so that we may let ϵ → 0. Thus

g̃_n(A) = g̃_n(∞)I + 1 2πi ∫ Γ g̃_n(z)R(z; A) dz, where Γ = {z : | arg z| = ψ} for some ψ ∈ (δ, θ).

Clearly, ‖g̃_n(∞)I‖ ≤ |r(∞)^{n−1}(r(∞) − 1)| ≤ Ce^{−cn} ≤ Cn^{−1}. Since |r(∞)| < 1, there exist R > 0 and c > 0 such that (3.12) |r(z)| ≤ e^{−c}, for |z| ≥ R, which shows that the integrand has no poles when |z| ≥ R/k_1, δ ≤ | arg z| ≤ π. In fact, using also (3.3), we have (3.13) ‖g̃_n(z)R(z; A)‖ ≤ Ce^{−c(n−1)}(e^{−c}+1) ≤ Ce^{−cn}, for |z| ≥ R/k_1, δ ≤ | arg z| ≤ π. Thus we can replace the path of the integration by Γ̃ = Γ^{R/kn}_0 ∪ Γ^{R/k1}_{R/kn} ∪ γ^{R/k1} . We have, since |g̃_n(z)| ≤ Ce^{−cn} for |z| ≥ R/k_1, ‖ ‖ ‖ ∫ γ^{R/k}1 g̃_n(z)R(z; A) dz ‖ ‖ ‖ ≤ C ∫ γ^{R/k}1 e^{−cn} |dz| |z| ≤ Cn^{−1}. By (1.6) and (3.6), we know that, for arbitrary R, (3.14) |r(z) − 1| ≤ C|z|, |r(z) − 1 − z| ≤ C|z|^2, for |z| ≤ R, | arg z| ≤ ψ. Using this, Lemma 2.2 and t_{n−1}/k_n = (t_{n−1}/k_{n−1})(k_{n−1}/k_n) ≥ C(t_{n−1}/k_{n−1}) ≥ C(n − 1), we have ‖ ‖ ‖ ∫ Γ^{R/kn} 0 g̃_n(z)R(z; A) dz ‖ ‖ ‖ ≤ C ∫_{R/kn} 0 e^{−ctn−1ρ}(k_nρ) dρ ρ ≤ C ∫_R 0 e^{−c(tn−1/kn)x} dx ≤ C ∫_R 0 e^{−cnx} dx ≤ Cn^{−1}.

Finally, we write ∫ Γ^{R/k1} R/kn g̃_n(z)R(z; A) dz = ( ∫ Γ^{R/kn−1} R/kn + ∫ Γ^{R/k1} R/kn−1 ) g̃_n(z)R(z; A) dz = I + II. If n = 2, we have, by Lemma 2.2 and ln(k_2/k_1) ≤ C, ‖ ‖ ∫ Γ^{R/k1} R/k2 g̃_n(z)R(z; A) dz ‖ ‖ ≤ ∫_{R/k1} R/k_2 e^{−ck1ρ} dρ ρ ≤ C ≤ Cn^{−1}. If n ≥ 3, using Lemma 2.2 and (1.6) and (2.11) with m = n − 1, we obtain, for z ∈ Γ^{R/km}_{R/km+1} , 1 ≤ m ≤ n − 2,

|g̃_n(z)| ≤ C | | | n−1∏ j=1 r(k_j z) | | | ≤ Ce^{−ctn−1|z|} ≤ Ce^{−c3(n−1)}, which implies that, since k_{n−1} ∼ k_n, ‖I‖ ≤ C ∫_{R/kn−1} R/k_n e^{−c3(n−1)} dρ ρ ≤ Ce^{−cn} ln(k_n/k_{n−1}) ≤ Ce^{−cn}. Further, by (1.6) and (2.12), |g̃_n(z)| ≤ | | | n−1∏ j=1 r(k_j z) | | | ≤ Ce^{−c2(n−1)}e^{−c4m}, for z ∈ Γ^{R/km}_{R/km+1} , 1 ≤ m ≤ n − 2, which shows that, following the proof of (2.13), ‖II‖ ≤ C n−2∑ m=1 ∫_{R/km} R/k_{m+1} e^{−c2(n−1)}e^{−c4m} dρ ρ ≤ Ce^{−cn}. We therefore obtain

(3.15) ‖ ‖ ‖ ∫ Γ^{R/k1} R/kn g̃_n(z)R(z; A) dz ‖ ‖ ‖ ≤ Ce^{−cn} ≤ Cn^{−1}, for n ≥ 3. Together these estimates complete the proof.

Our next result is a nonsmooth data error estimate.

Theorem 3.4. Let U^n and u(t_n)be the solutions of (1.5) and (1.1), respectively. Assume that A satisfies (1.2) and (1.3), and that r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (δ, π/2] and |r(∞)| < 1. Assume further that {T } is a family of increasing quasi-quasiuniform grids. Then there is a constant C such that ‖ ¯∂U^n − D_tu(t_n)‖ ≤ Ck_nt^{−2}_n ‖v‖, for t_n > 0. Proof. The case n = 1 follows from the constant time step case, see Yan [13]. Here we consider the case when n ≥ 2.

With the notation of Theorem 3.1 and since t_n ≤ nk_n we need to show ‖G_n(A)‖ ≤ Cn^{−2}, for n ≥ 2. We set, with κ = r(∞), (3.16) G̃_n(z) = G_n(z) − κ^{n−1}(κ − 1)k_nz/(1 + k_nz). For the same reason as in the proof of Theorem 2.6, we have ‖κ^{n−1}(κ − 1)k_nA(I + k_nA)^{−1}‖ ≤ C|κ|^{n−1} ≤ Cn^{−2}, and G̃_n(A) = 1 2πi ∫ Γ G̃_n(z)R(z; A) dz, where Γ = {z : | arg z| = ψ} for some ψ ∈ (δ, θ).

We write

G̃_n(z) = (^{n−1}∏ j=1 r(k_j z)(r(k_nz) − 1) − κ^{n−1}(κ − 1) ) (3.17) + κ^{n−1}(κ − 1)/(1 + k_nz) − (−k_nz)e^{−tnz}. By Lemma 2.7 and |1 + k_nz| ≥ |k_nz| for Re z ≥ 0, we have ∫_∞ R/k_1 |G̃_n(ρe^{±iψ} )| dρ ρ ≤ C ∫_∞ R/k_1 ( e^{−cn}(k_1ρ)^{−1} + |κ|^n(k_nρ)^{−1} + (k_nρ)e^{−ctnρ} ) dρ ρ ≤ Cn^{−2}. Using |1/(1 + k_nz)| ≤ 1 for Re z ≥ 0, we have, by (3.17), with G^l_n(z), l = 1, 2, 3, as in the proof of Theorem 3.1, ∫_{R/kn} 0 |G̃_n(ρe^{±iψ} )| dρ ρ ≤ ∫_{R/kn} 0 |G_n(ρe^{±iψ})| dρ ρ + C ∫_{R/kn} 0 |κ|^{n−1}k_ndρ ≤ 3∑ l=1 ∫_{R/kn} 0 |G^l_n| dρ ρ + C|κ|^n. Obviously, we have, by Lemma 2.2 and (3.14) and t_{n−1}/k_n ≥ C(n − 1), ∫_{R/kn} 0 ( |G^1_n| + |G^2_n| ) dρ ρ ≤ C ∫_{R/kn} 0 e^{−ctn−1ρ}(k_nρ)^2 dρ ρ (3.18) ≤ ∫_R 0 e^{−c(tn−1/kn)x}x dx ≤ ∫_R 0 e^{−c(n−1)x}x dx ≤ Cn^{−2}, and, by (2.1) with p = 1 and nk_n ∼ t_n, ∫_{R/kn} 0 |G^3_n| dρ ρ ≤ C ∫_{R/kn} 0 (k_nρ)(k_nρ)^2e^{−ctnρ}n dρ ρ = ∫_R 0 x^2e^{−c(tn/kn)x}n dx ≤ C ∫_R 0 x^2e^{−cnx}n dx ≤ Cn^{−2}.

Thus, combining this with |κ|^n ≤ Cn^{−2}, we get ∫_{R/kn} 0 |G̃_n(ρe^{±iψ})| dρ ρ ≤ Cn^{−2}, for n ≥ 2. It remains to consider the integral on interval [R/k_n, R/k_1]. We rewrite

G̃_n(z) =^{n−1} ∏ j=1 r(k_j z)(r(k_nz − 1) − (−k_nz)e^{−tnz} − k_nz 1 + k_nz (κ^n − κ^{n−1}). We have, since t_nρ = (t_n/k_n)k_nρ ≥ Cn for ρ ∈ [R/k_n, R/k_1], ∫_{R/k1} R/k_n e^{−tnρe±iψ} (k_nρ) dρ ρ ≤ ∫_{R/k1} R/k_n e^{−ctnρ}k_ndρ ≤ e^{−cn} ∫_{R/k1} R/k_n e^{− c2 tnρ}t_ndρ (3.19)

≤ e^{−cn} ∫_∞ 0 e^{− c2 x} dx ≤ Ce^{−cn} ≤ Cn^{−2}, and, since ln(k_n/k_1) ≤ Cn,

(3.20) ∫_{R/k1} R/k_n k_nρ 1 + k_nρ

(κ^n − κ^{n−1}) dρ ρ ≤ Cκ^n ln(k_n/k_1) ≤ Cn^{−2}. Combining this with (3.15) shows ∫_{R/k1} R/k_n |G̃_n(ρe^{±iψ} )| dρ ρ ≤ Cn^{−2}, for n ≥ 2. The proof is complete.

4 Approximation of Time Derivative — Second Order In this section we shall consider the following second order approximation of u_t(t_n), ¯∂_2U^n = a_n ¯∂U^n + b_n ¯∂U^{n−1} (4.1) = a_n(U^n − U^{n−1})/k_n + b_n(U^{n−1} − U^{n−2})/k_{n−1},

where

a_n = (2k_n + k_{n−1})/(k_n + k_{n−1}), b_n = −k_n/(k_n + k_{n−1}), and U^n is the discrete solution of (1.1) defined by (1.5). Combining (4.1) and Theorem 3.3, we obtain the following smoothing property.

Theorem 4.1. Let U^n be the solution of (1.5). Assume that (1.2) and (1.3) hold and that the discretization scheme is accurate of order p ≥ 1, and A(θ)-stable with θ ∈ (δ, π/2], and |r(∞)| < 1. Assume that {T } is a family of increasing quasi-quasiuniform grids. Then there is a constant C such that ‖ ¯∂_2U^n‖ ≤ Ct^{−1}_n ‖v‖, for n ≥ 2.

Note that (4.1) can also be written in the form

(4.2) ¯∂_2U^n = k^{−1}_n ( c_0U^n + c_1U^{n−1} + c_2U^{n−2} ) , for n ≥ 2, where c_1 = 1 + γ_n, c_2 = γ^2_n/(1 + γ_n), c_0 = c_1 + c_2 and γ_n = k_n/k_{n−1}.

We shall now consider error estimates for the approximation (4.1). We begin with a smooth data error estimate.

Theorem 4.2. Let U^n and u(t_n)be the solutions of (1.5) and (1.1), respectively. Assume that A satisfies (1.2) and (1.3), and that r(z) is accurate of order p ≥ 2, and A(θ)-stable with θ ∈ (δ, π/2]. Let k_j , 1 ≤ j ≤ n, be increasing. Then we have

(4.3) ‖ ¯∂_2U^n − D_tu(t_n)‖ ≤ Ck^2_n‖A^3v‖, for n ≥ 2.

Proof. With P (x, y) = c_0 + c_1y^{−1} + c_2x^{−1}y^{−1} and

G_n(z) = n∏ j=1 r(k_j z)P (r(k_{n−1}z), r(k_nz)) − (−k_nz)e^{−tnz}, for n ≥ 2, we want to prove ‖G_n(A)(k_nA)^{−3}‖ ≤ C, for n ≥ 2. Let r̄(z) = ( ∏_n j=1 r(k_j z)P (r(k_{n−1}z), r(k_nz)) ) (k_nz)^{−3}. As in the proof of Theorem 2.1, applying Lemma 2.4 to the rational function r̄(z) and using also Lemma 2.5 we conclude

G_n(A)(k_nA)^{−3} = 1 2πi ∫ γ_ϵ ∪Γ_ϵ G_n(z)(k_nz)^{−3}R(z; A) dz. We now show that

(4.4) G_n(z) = O(z^3), as z → 0.

In fact, we write

(4.5) G_n(z) = G^1_n(z) + G^2_n(z) + G^3_n(z), for n ≥ 2,

where

G^1_n(z) = n∏ j=1 r(k_j z) ( P (r(k_{n−1}z), r(k_nz)) − P (e^{−kn−1z}, e^{−knz} ) ) ,

and, with F_n(z) = ∏_n j=1 r(k_j z) − e^{−tnz} , G^2_n(z) = n∏ j=1 r(k_j z)P (e^{−kn−1z}, e^{−knz}) − (−k_nz), G^3_n = k_nzF_n(z).

It is easy to see that there exists a small η > 0 such that (4.6) |r(k_j z)| ≤ C, for 1 ≤ j ≤ n, |k_nz| ≤ η, and (4.7) |P (e^{−kn−1z}, e^{−knz} ) − (−k_nz)| ≤ C|k_nz|^3, for |k_nz| ≤ η, and (4.8) |P (r(k_{n−1}z), r(k_nz)) − P (e^{−kn−1z}, e^{−knz})| ≤ C|k_nz|^3, for |k_nz| ≤ η. Combining this with (2.2) shows (4.9) |G_n(z)| ≤ C|k_nz|^3, for |k_nz| ≤ η, which is (4.5). We remark that we can not extend (4.8) and (4.9) to |k_nz| ≤ R, | arg z| ≤ ψ for arbitrary R and ψ ∈ (δ, θ), since P (x, y) is not a polynomial for variables x, y. Combining (3.3) with (4.10) shows that the integrand is bounded on the small domain with boundary γ_ϵ ∪ Γ^ϵ_0, so that we may let ϵ → 0. It follows that, with Γ = {z : | arg z| = ψ} for some ψ ∈ (δ, θ), G_n(A)(k_nA)^{−3} = 1 2πi ∫ Γ G_n(z)(k_nz)^{−3}R(z; A) dz. The remainder of the proof is similar to the proof of Theorem 3.1. The proof is complete.

We close this section with an error estimate in the nonsmooth data case. Theorem 4.3. Let U^n and u(t_n)be the solutions of (1.5) and (1.1), respectively. Assume that A satisfies (1.2) and (1.3), and that r(z) is accurate of order p ≥ 2 and A(θ)-stable with θ ∈ (δ, π/2] and |r(∞)| < 1. Assume further that {T } is a family of increasing quasi-quasiuniform grids. Then there is a constant C such that (4.10) ‖ ¯∂_2U^n − D_tu(t_n)‖ ≤ Ck^2_nt^{−3}_n ‖v‖, for n ≥ 2. Proof. With the notation of Theorem 4.2 we need to show ‖G_n(A)‖ ≤ Cn^{−3}, for n ≥ 2. Following the argument in the proof of Theorem 3.4, we set, with κ = r(∞), (4.11) G̃_n(z) = G_n(z) − κ^nP (κ, κ)k_nz/(1 + k_nz), and we have ‖κ^nP (κ, κ)k_nA(I + k_nA)^{−1}‖ ≤ C|κ|^n ≤ Cn^{−3}, and G̃_n(A) = 1 2πi ∫ Γ G̃_n(z)R(z; A) dz.

We write

G̃_n(z) = (^n∏ j=1 r(k_j z)P (r(k_{n−1}z), r(k_nz)) − κ^nP (κ, κ) ) (4.12) + κ^nP (κ, κ)/(1 + k_nz) − (−k_nz)e^{−tnz} , for n ≥ 2. By Lemma 2.7 and |1 + k_nz| ≥ |k_nz| for Re z ≥ 0, we have, with η as in the proof of Theorem 4.2, ∫_∞ η/k_1 |G̃_n(ρe^{±iψ} )| dρ ρ ≤ C ∫_∞ η/k_1 ( e^{−cn}(k_1ρ)^{−1} + |κ|^n(k_nρ)^{−1} + (k_nρ)e^{−tnρ} ) dρ ρ ≤ Cn^{−3}. Using |1/(1 + k_nz)| ≤ 1 for Re z ≥ 0, we have, by (4.13), with G^l_n(z), l = 1, 2, 3, as in the proof of Theorem 4.2, ∫_{η/kn} 0 |G̃_n(ρe^{±iψ} )| dρ ρ ≤ 3∑ l=1 ∫_{η/kn} 0 |G^l_n| dρ ρ + C|κ|^n. Obviously, using Lemma 2.2, (4.7), (4.8) and (4.9), we have ∫_{η/kn} 0 (|G^1_n| + |G^2_n|) dρ ρ ≤ Cn^{−3}, and, by (2.1) with p = 2 and nk_n ∼ t_n, ∫_{η/kn} 0 |G^3_n| dρ ρ ≤ C ∫_{η/kn} 0 (k_nρ)(k_nρ)^3e^{−ctnρ}n dρ ρ ≤ Cn^{−3}. Thus, combining this with |κ|^n ≤ Cn^{−3}, we get ∫_{η/kn} 0 |G̃_n(ρe^{±iψ})| dρ ρ ≤ Cn^{−3}, for n ≥ 2. It remains to consider the integral on the interval [η/k_n, η/k_1] for n ≥ 2. If n = 2, we write, by (4.3),

G̃_2(z) = ( c_0r(k_1z)r(k_2z) + c_1r(k_1z) + c_2 ) − (−k_2z)e^{−t2z} − k_2z 1 + k_2z

(c_0κ^2 + c_1κ + c_2) = I + II + III,

where the integrals related to II and III can be bounded by (3.20) and (3.21), respectively. For I, we have ‖ ‖ ∫ Γ^{η/k1} η/k2 ( c_0r(k_1z)r(k_2z) + c_1r(k_1z) + c_2 ) R(z; A) dz ‖ ‖

≤ C ∫_{η/k1} η/k_2 dρ ρ ≤ C ln(k_2/k_1) ≤ C ≤ Cn^{−3}.

If n ≥ 3, we write, by (4.3),

G̃_n(z) = ( c_0 n∏ j=1 r(k_j z) + c_1 n−1∏ j=1 r(k_j z) + c_2 n−2∏ j=1 r(k_j z) ) − (−k_nz)e^{−tnz} − k_nz 1 + k_nz

(c_0κ^n + c_1κ^{n−1} + c_2κ^{n−2}) = I + II + III.

We can consider the case for n = 3 as for n = 2. If n ≥ 4, the integrals related to II and III can be bounded by (3.20) and (3.21), respectively. Following the argument in the proof of (3.15), we have ∫_{η/k1} η/k_n | | | n−2∏ j=1 r(k_j ρe^{±iψ}) | | | dρ ρ ≤ Ce^{−cn} ≤ Cn^{−3}.

Using this and the boundedness of r(k_j z) on Γ we obtain the desired bound for the integral related to I.

Together these estimates complete the proof.

Acknowledgement

I wish to express my sincere gratitude to my supervisor Prof. Vidar Thomée, who suggested the topic of this paper, for his support and valuable criticism. I am also greatly indebted to my supervisor Dr. Stig Larsson for reading the manuscript carefully and many valuable comments on the manuscript.

REFERENCES

1. N. Yu. Bakaev, On the bounds of approximations of holomorphic semigroups, BIT 35 (1995), 605–608.

2. G. A. Baker, J. H. Bramble, and V. Thomée, Single step Galerkin approximations for parabolic problems, Math. Comp. 31 (1977), 818–847.

3. M. Crouzeix, S. Larsson, S. Piskarëv, and V. Thomée, The stability of rational approximations of analytic semigroups, BIT 33 (1993), 74–84.

4. K. Eriksson, C. Johnson, and S. Larsson, Adaptive finite element methods for parabolic problems. VI. Analytic semigroups, SIAM J. Numer. Anal. 35 (1998), 1315–1325.

5. H. Fujita and T. Suzuki, Evolution Problems, Handbook of Numerical Analysis, Vol. II, North-Holland, Amsterdam, 1991, pp. 789–928.

6. A. Hansbo, Nonsmooth data error estimates for damped single step methods for parabolic equations in Banach space, Calcolo 36 (1999), 75–101.

7. S. Larsson, V. Thomée, and L. B. Wahlbin, Finite-element methods for a strongly damped wave equation, IMA J. Numer. Anal. 11 (1991), 115–142.

8. M.-N. Le Roux, Semidiscretization in time for parabolic problems, Math.

Comp. 33 (1979), 919–931.

9. C. Palencia, A stability result for sectorial operators in Banach spaces, SIAM J. Numer. Anal. 30 (1993), 1373–1384.

10. , On the stability of variable stepsize rational approximations of holomorphic semigroups, Math. Comp. 62 (1994), 93–103.

11. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.

12. V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Springer-Verlag, Berlin, 1997.

13. Y. Yan, Approximation of time derivatives for parabolic equations in Banach space: constant time steps, Preprint 2002–01, Chalmers Finite Element Center, Chalmers University of Technology, to appear in IMA J. Numer. Anal.

Paper III

Smoothing properties and approximation of time derivatives in multistep backward difference methods for linear parabolic equations

YUBIN YAN

Department of Mathematics, Chalmers University of Technology and Göteborg University SE–412 96 Göteborg, Sweden. email: yubin@math.chalmers.se

Abstract.

In this paper we consider smoothing properties and time derivative approximation in multistep backward difference methods for nonhomogeneous parabolic equations. Smoothing properties and time derivative approximations in single step methods for homogeneous parabolic equations have been studied in Hansbo [5], Yan [12], [13]. We extend the similar results in Yan [12] to the multistep backward difference methods.

AMS subject classification: 65M15, 65N30, 65F10.

Key words: parabolic equations, time derivative, multistep difference method, error estimates.

1 Introduction

In this paper we shall consider the smoothing properties and the approximation of time derivatives in multistep backward difference methods for the following nonhomogeneous linear parabolic equation

(1.1) u_t + Au = f, for t > 0, with u(0) = v,

in a Hilbert space H with norm ‖ · ‖, where u_t = du/dt and A is a linear, selfadjoint, positive definite, not necessarily bounded operator with a compact inverse, densely defined in D(A) ⊂ H, where v ∈ H and f is a function of t with values in H.

The theory of stability and error estimates for the approximation of the solution of (1.1) by a multistep method have been well developed, see Becker [1], Bramble, Pasciak, Sammon, and Thomée [2], Crouzeix [3], Hansbo [6], LeRoux [7], [8], Palencia and Garcia-Archilla [9], Savaré [10], Thomée [11], and the references there in. The smoothing properties and the approximation of time derivatives in single step methods for homogeneous parabolic problems have been studied by Hansbo [5], [6], Yan [12], [13].

This paper is related to Yan [12]. Let us first recall the main results in Yan [12]. Consider (1.1) with f = 0, i.e.,

(1.2) u_t + Au = 0 for t > 0, with u(0) = v.

Let U^n, n ≥ 1, be an approximation of the solution u(t_n) of (1.2) at time t_n = nk, where k is the time step, defined by a single step method, (1.3) U^n = r(kA)U^{n−1}, for n ≥ 1, with U^0 = v, where the rational function r(λ) is accurate of order p ≥ 1, i.e., (1.4) r(λ) − e^{−λ} = O(λ^{p+1}), as λ → 0.

Let j ≥ 1. Define the following finite difference quotient, with some nonnegative integers m_1, m_2 and real numbers c_ν , (1.5) Q^j_kU^n = 1 k^j m_2∑

ν=−m_1 c_ν U^{n+ν} , for n ≥ m_1.

Assume that Q^j_k is an approximation of order p ≥ 1 to the time derivative D^j_t , that is, for any smooth real-valued function u, (1.6) D^j_t u(t_n) = Q^j_ku^n + O(k^p), as k → 0, with u^n = u(t_n). We then have the following smooth data error estimates (1.7) ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^p‖A^{p+j} v‖, for n ≥ m_1, v ∈ D(A^{p+j} ). Further, if |r(∞)| < 1, then we have the following smoothing properties (1.8) ‖Q^j_kU^n‖ ≤ Ct^{−j}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ H, and nonsmooth data error estimates (1.9) ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^pt^{−(p+j)}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ H. The purpose of this paper is to extend the above results for homogeneous parabolic equation, which is approximated by a single step method, to the nonhomogeneous parabolic equation, which will be approximated by a multistep backward difference method.

We introduce the backward difference operator ¯∂_p, p ≥ 1, by

(1.10) ¯∂_pU^n = p∑ j=1 k^{j−1} j ¯∂^j U^n, where ¯∂U^n = (U^n − U^{n−1})/k.

With U^0, · · · , U^{p−1} given, we define our approximate solution U^n by (1.11) ¯∂_pU^n + AU^n = f^n, for n ≥ p, where f^n = f(t_n).

It is well known from the theory for numerical solution of ordinary differential equations, see, e.g., Hairer and Wanner [4], that this method is A(θ)-stable for some θ = θ_p > 0 when p ≤ 6. The error estimates for such method has been studied in Bramble, Pasciak, Sammon, and Thomée [2]. It is easy to see that, for any smooth real-valued function u, see Thomée [11, Chapter 10],

(1.12) u_t(t_n) = ¯∂_pu^n + O(k^p), as k → 0, with u^n = u(t_n).

In Theorem 2.1 below, we obtain the following smoothing property: if U^n is the solution of (1.11) with f = 0, then we have, with p ≤ 6, ‖ ¯∂_pU^n‖ ≤ Ct^{−1}_n p−1∑ j=0 ‖U^j ‖, for n ≥ 2p.

It is natural to approximate the time derivative u_t(t_n) of the solution of (1.1) by ¯∂_pU^n (n ≥ 2p), where U^n, n ≥ p, is computed by the multistep backward difference method (1.11). In Theorems 3.1 and 3.4, we obtain the following error estimates ‖ ¯∂_pU^n − u_t(t_n)‖ ≤ C p−1∑ j=0 ‖A(U^j − u^j )‖ + Ck^p ∫_{tn} 0 ‖Au^{(p+1)}(s)‖ ds, for n ≥ 2p,

and, with G(s) = |u^{(p+1)}(s)|^2_{−2p−1} + s^{2p+2}|u^{(p+1)}(s)|^2_1 + s^2|u_t(s)|^2_1,

t^{2p+2}_n ‖ ¯∂_pU^n − u_t(t_n)‖^2 ≤ C 2p−1∑

j=p ( |U^j − u^j |^2_{−2p} + k^{2p+2}‖A(U^j − u^j )‖^2 )

+ Ck^{2p} ( ∫ tn 0 G(s) ds + t^3_{2p}|u_t(t_{2p})|^2_1 ) , respectively.

When we choose some suitable discrete starting values U^0, U^1, · · · , U^{p−1}, we get the following nonsmooth data error estimates, with f = 0 and p ≤ 6, ‖ ¯∂_pU^n − u_t(t_n)‖ ≤ Ck^pt^{−p−1}_n ‖v‖, for n ≥ 2p. By C and c we denote large and small positive constants independent of the functions and parameters concerned, but not necessarily the same at different occurrences. When necessary for clarity we distinguish constants by subscripts.

2 Smoothing properties

In this section we will show the smoothing properties for the multistep backward difference method. Before showing this, we first discuss some properties of the backward difference operator ¯∂_p defined by (1.10). We first note that (1.10) can be written in another form, see, e.g., Yan [12],

(2.1) ¯∂_pU^n = k^{−1} p∑ ν=0 c_ν U^{n−ν} , where the coefficients c_ν are independent of k. Introducing P (x) = ∑_p ν=0 c_ν x^ν , it is easy to check that (1.12) is equivalent to

(2.2) P (e^{−λ}) − λ = O(λ^{p+1}), as λ → 0.

In fact, with u(t) = e^t in (1.12), we have

P (e^{−k}) − k = O(k^{p+1}), as k → 0,

replacing k by λ, we show (2.2). On the other hand, if (2.2) holds, (1.12) follows from Taylor expansion of ¯∂_pu^n at t_n.

For p = 1, (1.11) reduces to the backward Euler method

(U^n − U^{n−1})/k + AU^n = f^n, for n ≥ 1,

and the starting value is U^0 = v.

For p = 2, we have

(^3_2 U^n − 2U^{n−1} +^1_2 U^{n−2})/k + AU^n = f^n, for n ≥ 2,

and both U^0 and U^1 are needed to start the procedure.

Bramble, Pasciak, Sammon, and Thomée [2] obtain the following stability result, i.e., with U^n the solution of (1.11),

(2.3) ‖U^n‖ ≤ C p−1∑ j=0 ‖U^j ‖ + Ck n∑ j=p ‖f^j ‖, for n ≥ p. In this paper we first show the following smoothing property for the multistep backward difference method.

Theorem 2.1. Let p ≤ 6. Then there is a constant C, independent of the positive definite operator A, such that for the solution U^n of (1.11) with f = 0,

(2.4) ‖ ¯∂_pU^n‖ ≤ Ct^{−1}_n p−1∑ j=0 ‖U^j ‖, for n ≥ 2p.

To prove this theorem, we need the following lemma from Thomée [11, Lemma 10.3].

Lemma 2.2. The solution of (1.11) may be written, with g^j = kf^j = kf(t_j ),

(2.5) U^n = n∑ j=p β_{n−j} (kA)g^j + p−1∑ s=0 β_{ns}(kA)U^s, for n ≥ p,

where the β_j (λ) and β_{ns}(λ) are defined by, with λ > 0, P (ζ) = ∑_p ν=0 c_ν ζ^ν ,

(2.6) ∞∑ j=0 β_j (λ)ζ^j := (P (ζ) + λ)^{−1}, β_{ns}(λ) = p∑ j=p−s β_{n−s−j} (λ)c_j .

If p ≤ 6, there are positive constants c, C and λ_0 such that

(2.7) |β_j (λ)| ≤ { Ce^{−cjλ}, for 0 < λ ≤ λ_0, Cλ^{−1}e^{−cj} , for λ ≥ λ_0.

Proof of Theorem 2.1. By (2.5) and (2.1), we find that

¯∂_pU^n = k^{−1} p∑ ν=0 c_ν p−1∑ s=0 β_{(n−ν)s}(kA)U^s ≡ p−1∑ s=0 β^′_{ns}(kA)U^s, where obviously we require that n − ν ≥ p (0 ≤ ν ≤ p) which implies n ≥ 2p, and where β^′_{ns}(λ) are some functions of λ. Since ¯∂_pU^n is linearly dependent on U^s (0 ≤ s ≤ p − 1), it suffices to consider separately the cases when all terms but one on the right of (2.4) vanish.

We consider the case when U^l ≠ 0, 0 ≤ l ≤ p − 1 and U^s = 0, 0 ≤ s ≤ p − 1, s ≠ l. In the case 0 < l ≤ p − 1, we need to show (2.8) ‖ ¯∂_pU^n‖ ≤ Ct^{−1}_n ‖U^l‖. By Lemma 2.2, we have

¯∂_pU^n = k^{−1} p∑ ν=0 c_ν ( β_{(n−ν)l}U^l ) = k^{−1} p∑ ν=0 c_ν (^p∑ j=p−l β_{n−ν−l−j} (kA)c_j ) U^l

= k^{−1} p∑ j=p−l (^p∑ ν=0 c_ν β_{n−ν−l−j} (kA) ) c_j U^l, for 0 ≤ l ≤ p − 1.

We also note that

(2.9) p∑ ν=0 c_ν β_{n−ν−s}(λ) = −λβ_{n−s}(λ), for p < s ≤ n, n − ν − s ≥ 0. In fact, if n − s < p, (2.9) follows from comparing the coefficients of ζ^{s̄} of (2.6) for 0 ≤ s̄ ≤ p. If n − s ≥ p, by comparing the coefficients of ζ^{s̄} of (2.6) for s̄ ≥ p, we get (c_0 + λ)β_{s̄} + · · · + c_pβ_{s̄−p} = 0.

Replacing s̄ by n − s (n ≥ 2p, n − s ≥ p), we get (2.9).

Thus (2.8) follows from | |nλ p∑ j=p−l β_{n−l−j} (λ) | | ≤ C, for 0 < l ≤ p − 1, which follows from, for fixed l, 0 < l ≤ p − 1, | |nλ p∑ j=p−l β_{n−l−j} (λ) | | ≤ C p∑ j=p−l nλe^{−c(n−l−j)λ} ≤ C, for 0 ≤ λ ≤ λ_0, and | | |nλ p∑ j=p−l β_{n−l−j} (λ) | | | ≤ C p∑ j=p−l ne^{−c(n−l−j)} ≤ C, for λ ≥ λ_0. We now consider the case l = 0, we have, by Lemma 2.2,

¯∂_pU^n = k^{−1} p∑ ν=0 c_ν (β_{(n−ν)0}U^0) = k^{−1} (^p∑ ν=0 c_ν β_{n−ν−p}(kA) ) c_pU^0.

We will show

(2.10) n s | |^p∑ ν=0 c_ν β_{n−ν−s}(λ) | | ≤ C, for λ ∈ σ(kA), n ≥ 2p.

Assuming this in the moment, by spectral representation, the desired estimate ‖ ¯∂_pU^n‖ ≤ Ct^{−1}_n ‖U^0‖ follows.

It remains to prove (2.10). In fact, since (2.9), it suffices to show,

(2.11) n s |λβ_{n−s}(λ)| ≤ C, for λ ∈ σ(kA), n ≥ 2p, p < s ≤ n, which we will now prove. For small λ < λ_0, we have, by (2.7), n s |λβ_{n−s}(λ)| ≤ (nλe^{−cnλ})(s^{−1}e^{csλ}) ≤ (nλe^{−cnλ}) max{p^{−1}e^{cpλ}, n^{−1}e^{cnλ}} ≤ C. For λ ≥ λ_0, using again (2.7), we have, n s |λβ_{n−s}(λ)| ≤ C(ne^{−cn})(s^{−1}e^{cs}) ≤ C, which completes the proof of (2.11). Together these estimates complete the proof of Theorem 2.1.

3 Error estimates

In this section, we will show the error estimates for the approximation ¯∂_pU^n of the time derivative u_t(t_n) in both smooth and nonsmooth data cases. Recall that the error estimate for the approximation U^n of u(t_n) in the smooth data case reads, see Thomée [11, Theorem 10.1],

(3.1) ‖U^n − u^n‖ ≤ C p−1∑ j=0 ‖U^j − u^j ‖ + Ck^p ∫_{tn} 0 ‖u^{(p+1)}(s)‖ ds, for n ≥ p. Applying (3.1), we can easily prove the following smooth data error estimate for the time derivative approximation.

Theorem 3.1. Let p ≤ 6. Then there is a constant C, independent of the positive definite operator A, such that (3.2) ‖ ¯∂_pU^n − u_t(t_n)‖ ≤ C p−1∑ i=0 ‖A(U^i − u^i)‖ + Ck^p ∫_{tn} 0 ‖Au^{(p+1)}(s)‖ ds, for n ≥ 2p.

Proof. By (1.11) and (1.1), we have ‖ ¯∂_pU^n − u_t(t_n)‖ = ‖A(U^n − u(t_n))‖. Applying (3.1) with norm ‖A · ‖, we obtain (3.2). The proof is complete.

We now turn to nonsmooth data error estimate. Below we will use the norm |v|_s = (A^sv, v)^{1/2}, s ∈ R, defined by

|v|^2_s = ∞∑ l=1 μ^s_l (v, φ_l)^2 < ∞, for s ∈ R,

where {μ_l, φ_l}^∞_{l=1} is the eigensystem of the operator A.

We first recall the following stability result, see Thomée [11, Theorem 10.4]. Lemma 3.2. Let p ≤ 6 and s ≥ 0, and let U^n be the solution of (1.11). Then we have, with C independent of the positive definite operator A,

t^s_n‖U^n‖^2 + k n∑ j=p t^s_j |U^j |^2_1 ≤ C p−1∑ j=0 (|U^j |^2_{−s} + k^s‖U^j ‖^2)

+ Ck n∑ j=p (|f^j |^2_{−s−1} + t^s_j |f^j |^2_{−1}), for n ≥ p.

We need the following generalization of Lemma 3.2.

Lemma 3.3. Let p ≤ 6 and s ≥ 0, and let U^n be the solution of (1.11). Assume that m ≥ p and U^{m−p}, · · · , U^{m−1} are given. Then we have, with C independent of the positive definite operator A,

t^s_n‖U^n‖^2 + k n∑ j=m t^s_j |U^j |^2_1 ≤ C m−1∑ j=m−p (|U^j |^2_{−s} + k^s‖U^j ‖^2)

+ Ck n∑ j=m (|f^j |^2_{−s−1} + t^s_j |f^j |^2_{−1}), for n ≥ m.

Proof. We modify the proof of Lemma 3.2. By eigenfunction expansion, it suffices to show

n^s(U^n, φ_l)^2 + (kμ_l) n∑ j=m j^s(U^j , φ_l)^2 ≤ C m−1∑ j=m−p ( (kμ_l)^{−s} + 1 ) (U^j , φ_l)^2

(3.3)

+ C n∑ j=m ( (kμ_l)^{−s−1} + j^s(kμ_l)^{−1} ) (kf^j , φ_l)^2, for 1 ≤ l < ∞.

By (1.11), we find that, with 1 ≤ l < ∞,

(c_0 + kμ_l)(U^n, φ_l) + c_1(U^{n−1}, φ_l) + · · · + c_p(U^{n−p}, φ_l) = (kf^n, φ_l).

We now instead consider the equation, with λ ∈ σ(kA), W^n = W^n(λ), (3.4) (c_0 + λ)W^n + c_1W^{n−1} + · · · + c_pW^{n−p} = F^n, for n ≥ m, where W^{m−p}, · · · , W^{m−1} ∈ R are given and F^l ∈ R, (m ≤ l ≤ n) are arbitrary. We shall show

n^s(W^n)^2 + λ n∑ j=m j^s(W^j )^2 ≤ C m−1∑ j=m−p (λ^{−s} + 1)(W^j )^2

(3.5)

+ C n∑ j=m (λ^{−s−1} + j^sλ^{−1})(F^j )^2.

Assuming this and applying this to W^n = (U^n, φ_l), λ = kμ_l and F^n = (kf^n, φ_l), for fixed l, 1 ≤ l < ∞, we complete the proof of (3.3).

We now turn to prove (3.5). By linearity it suffices to consider separately the case when W^{m−l} = 0, 1 ≤ l ≤ p, and then the case when F^l = 0 for l ≥ m.

By Lemma 2.2, we find that

(3.6) n^s|β_n| + λ ∞∑ j=0 j^s|β_j | ≤ C(1 + λ^{−s}), for n ≥ 0. In fact, by (2.7), we have, for 0 ≤ λ ≤ λ_0, n^s|β_n| ≤ Cn^se^{−cnλ} ≤ Cλ^{−s}, and λ ∞∑ j=0 j^s|β_j | ≤ Cλ ∞∑ j=0 j^se^{−cλj} = Cλ^{1−s} ∞∑ j=0 e^{− c2 λj} ≤ Cλ^{−s}. and for λ ≥ λ_0, the left-hand side of (3.6), is less than Cn^se^{−cn} +C ∑_∞ j=0 j^se^{−cj} , which is bounded.

We also note that the solutions W^n(n ≥ m) of (3.4) satisfy, by (2.5),

W^m = β_0(λ)F^m + p−1∑ s=0 β_{ps}(λ)W^{s+m−p},

W^{m+1} = β_0(λ)F^m + β_1(λ)F^{m+1} + p−1∑ s=0 β_{(p+1)s}(λ)W^{s+m−p}, . . W^n = n∑ j=m β_{n−j} (λ)F^j + p−1∑ s=0 β_{(p+n−m)s}(λ)W^{s+m−p}, n ≥ m, or, in general form,

(3.7) W^n = n∑ j=m β_{n−j} F^j + p−1∑ s=0 β_{(p+n−m)s}W^{s+m−p}, for n ≥ m.

After the above preparations, we now consider the proof of (3.5) in the case when W^{m−p} = · · · = W^{m−1} = 0. We have, by (3.7),

W^n = n∑ j=m β_{n−j} F^j = n−m∑ l=0 β_lF^{n−l}, for n ≥ m, so that, using the Schwarz inequality,

n^s(W^n)^2 = n^s (^{n−m}∑ l=0 β_lF^{n−l} )_2 ≤ n^s (^{n−m}∑ l=0 |β_l| )^{n−m}∑ l=0 |β_l|(F_{n−l})^2. Hence, by (3.6), and noting that n^s ≤ C(l^s + (n − l)^s) and 1 ≤ (n − l)^s, we find

n^s(W^n)^2 ≤ Cλ^{−1} n−m∑ l=0 ( l^s|β_l|(F^{n−l})^2 + (n − l)^s|β_l|(F^{n−l})^2 ) (3.8)

≤ Cλ^{−1} n−m∑ l=0 (λ^{−s} + (n − l)^s)(F^{n−l})^2,

which is the desired estimate for the first term of the left hand side in (3.5). For the second term in (3.5), we have, by (3.8), λ N∑ n=m n^s(W^n)^2 ≤ λ N∑ n=m ( λ^{−1} n−m∑ j=0 ( j^s|β_j |(F^{n−j} )^2 + |β_j |(n − j)^s(F^{n−j} )^2 ))

≤ N∑ n=m N−m∑ j=0 ( j^s|β_j | + n^s|β_j | ) (F^n)^2

≤ Cλ^{−1} N∑ n=m (1 + λ^{−s})(F^n)^2 + λ^{−1} N∑ n=m n^s(F^n)^2

≤ Cλ^{−1} N∑ n=m (λ^{−s} + n^s)(F^n)^2,

which completes the proof in the present case.

We next consider the case when F^j = 0, m ≤ j ≤ n and W^{m−l} ≠ 0, 1 ≤ l ≤ p, W^{m−l̄} = 0, 1 ≤ l̄ ≤ p, l̄ ≠ l. We begin with the special case l = p. By (3.7) with s = 0, we have W^n = β_{(p+n−m)0}(λ)W^{m−p} = β_{n−m}(λ)c_pW^{m−p}, so that, using (2.7) and n^s ≤ C ( (n − m)^s + m^s ) , n^s(W^n)^2 ≤ Cn^sβ_{n−m}(λ)(W^{m−p})^2 ≤ C ( 1 + (n − m)^s ) β_{n−m}(λ)(W^{m−p})^2 ≤ C(1 + λ^{−s})(W^{m−p})^2.

From this we also obtain λ N∑ n=m n^s(W^n)^2 ≤ Cλ N∑ n=m ( 1 + (n − m)^s ) β^2_{n−m}(λ)(W^{m−p})^2

≤ C(1 + λ^{−s})(W^{m−p})^2.

For the general case l ≠ p, we have, by (3.7) with s = p − l W^n = β_{(p+n−m)(p−l)}(λ)W^{m−l} = p∑ j=l β_{n−m+l−j} (λ)c_j W^{m−l},

so that, using (2.7) and n^s ≤ C ( (n − m + l − j)^s + (m − l + j)^s ) , n^s(W^n)^2 ≤ Cn^s p∑ j=l β_{n−m+l−j} (λ)(W^{m−l})^2

≤ C p∑ j=l ( 1 + (n − m + l − j)^s ) β_{n−m+l−j} (λ)(W^{m−l})^2

≤ C p∑ j=l (1 + λ^{−s})(W^{m−l})^2.

From this we also obtain λ N∑ n=m n^s(W^n)^2 ≤ Cλ N∑ n=m p∑ j=l ( 1 + (n − m + l − j)^s ) β^2_{n−m+l−j} (λ)(W^{m−l})^2 ≤ C(1 + λ^{−s})(W^{m−l})^2.

Together these estimates complete the proof.

Now we are the position to state our error estimate.

Theorem 3.4. Let p ≤ 6 and let U^n and u be the solutions of (1.11) and (1.1), respectively. Then, with G(s) = |u^{(p+1)}(s)|^2_{−2p−1} + s^{2p+2}|u^{(p+1)}(s)|^2_1 + s^2|u_t(s)|^2_1,

t^{2p+2}_n ‖ ¯∂_pU^n − u_t(t_n)‖^2 ≤ C 2p−1∑

j=p ( |U^j − u^j |^2_{−2p} + k^{2p+2}‖A(U^j − u^j )‖^2 )

+ Ck^{2p} ( ∫ tn 0 G(s) ds + t^3_{2p}|u_t(t_{2p})|^2_1 ) ,

Proof. The error ε^n = ¯∂_pU^n − u_t(t_n) (n ≥ p) satisfies

¯∂_pε^n + Aε^n = −τ^n, where τ^n = A( ¯∂_pu(t_n) − u_t(t_n)), for n ≥ 2p.

Applying Lemma 3.3 with s = 2p + 2, m = 2p, we have, for n ≥ 2p, t^{2p+2}_n ‖ε^n‖^2 ≤ C 2p−1∑

j=p ( |ε^j |^2_{−2p−2} + k^{2p+2}‖ε^j ‖^2 )

+ Ck n∑ j=2p ( |τ^j |^2_{−2p−3} + t^{2p+2}_j |τ^j |^2_{−1} ) . We now estimate the term k ∑_n j=2p |τ j |^2_{−2p−3}. We will show that, with any norm ‖ · ‖ in H, (3.9) ‖ ¯∂_pu(t_j ) − u_t(t_j )‖ ≤ Ck^{p−1} ∫_{tj} t_{j−p} ‖u^{(p+1)}(s)‖ ds, for j ≥ 2p. Assuming this we have |τ^j |^2_{−2p−3} ≤ Ck^{2p−1} ∫_{tj} t_{j−p} |u^{(p+1)}(s)|^2_{−2p−1} ds, for j ≥ 2p. Thus k n∑ j=2p |τ^j |^2_{−2p−3} ≤ Ck^{2p} n∑ j=2p ∫_{tj} t_{j−p} |u^{(p+1)}(s)|^2_{−2p−1} ds

≤ Ck^{2p} ∫_{tn} 0 |u^{(p+1)}(s)|^2_{−2p−1} ds. It remains to estimate k ∑_n j=2p t 2p+2

j |τ^j |^2_{−1}. If j ≠ 2p, we have, by (3.9) with norm ‖A^{1/2} · ‖, k n∑ j=2p+1 t^{2p+2}_j |τ^j |^2_{−1} ≤ Ck^{2p} n∑ j=2p+1 t^{2p+2}_j ∫_{tj} t_{j−p} |u^{(p+1)}(s)|^2_1 ds.

Here we have t_j ≤ cs for s ∈ [t_{j−p}, t_j ], j ≥ 2p + 1 which follows from t_j ≤ s t_j t_{j−p} ≤ s t_{2p+1} t_{p+1} ≤ cs, for j ≥ 2p + 1. Hence k n∑ j=2p+1 t^{2p+2}_j |τ^j |^2_{−1} ≤ Ck^{2p} n∑ j=2p+1 ∫_{tj} t_{j−p} s^{2p+2}|u^{(p+1)}(s)|^2_1 ds.

For j = 2p, we write, since ∑_p ν=0 c_ν = 0, τ^{2p} = k^{−1}A (^p∑ ν=0 c_ν u(t_{2p−ν} ) − u_t(t_{2p}) )

= k^{−1}A (^p∑ ν=0 c_ν ∫_{t2p−ν} t_p u_t(s) ds − u_t(t_{2p}) ) , and we obtain k|τ^{2p}|^2_{−1} ≤ C ∫_{t2p} t_p |u_t(s)|^2_1 ds + k|u_t(t_{2p})|^2_1, which follows from |τ^{2p}|^2_{−1} ≤ C ( k^{−2} p∑ ν=0 | | ∫_{t2p−ν} t_p u_t(s) ds | |^2 1 + |u_t(t_{2p})|^2_1 )

≤ Ck^{−2} p∑ ν=0 (pk) ∫_{t2p−ν} t_p |u_t(s)|^2_1 ds + |u_t(t_{2p})|^2_1

≤ Ck^{−1} ∫_{t2p} t_p |u_t(s)|^2_1 ds + |u_t(t_{2p})|^2_1.

Thus, we get

kt^{2p+2}_{2p} |τ^{2p}|^2_{−1} ≤ Ck^{2p+2} ( ∫ t2p t_p |u_t(s)|^2_1 ds + k|u_t(t_{2p})|^2_1 )

≤ Ck^{2p} ( ∫ t2p t_p s^2|u_t(s)|^2_1 ds + t^3_{2p}|u_t(t_{2p})|^2_1 ) . It remains to estimate (3.9). We write, by Taylor expansion around t_{j−p}, u(t) = p∑ l=0 u^{(l)}(t_{j−p}) l! (t − t_{j−p})^l + 1 p! ∫_t t_{j−p} (t − s)^pu^{(p+1)}(s) ds ≡ Q(t) + R(t). By (1.12) and since Q(t) is a polynomial of degree p, we have ¯∂_pQ(t)−Q_t(t) = 0. Thus, by (2.1),

¯∂_pu(t_j ) − u_t(t_j ) = ¯∂_pR(t_j ) − R_t(t_j ) = k^{−1} p∑ ν=0 c_ν R(t_{j−ν} ) − R_t(t_j ). Noting that ‖R(t_{j−ν} )‖ ≤ Ck^p ∫_{tj} t_{j−p} ‖u^{(p+1)}(s)‖ ds, for 0 ≤ ν ≤ p, j ≥ 2p, and ‖R_t(t_j )‖ = 1 (p − 1)! ‖ ‖ ‖ ∫_{tj} t_{j−p} (t_j − s)^{p−1}u^{(p+1)}(s) ds ‖ ‖ ‖ ≤ Ck^{p−1} ∫_{tj} t_{j−p} ‖u^{(p+1)}(s)‖ ds, we complete the proof of (3.9).

Together these estimates complete the proof.

In the homogeneous case, i.e., f = 0, we have the following nonsmooth data error estimates.

Theorem 3.5. Let p ≤ 6 and let U^n and u be the solutions of (1.11) and (1.1), respectively. Assume that f = 0 and the discrete initial values satisfy (3.10) |U^j − u^j |_{−2p} + k^{p+1}‖A(U^j − u^j )‖ ≤ Ck^p‖v‖, for p ≤ j ≤ 2p − 1. Then, with C independent of the positive definite operator A, ‖ ¯∂_pU^n − u_t(t_n)‖ ≤ Ck^pt^{−p−1}_n ‖v‖, for n ≥ 2p.

Proof. For the solution u of homogeneous parabolic equation, it is easy to show that ∫_{tn} 0 |u^{(p+1)}(s)|^2_{−2p−1}ds ≤ C‖v‖^2, ∫_{tn} 0 s^{2p+2}|u^{(p+1)}(s)|^2_1ds ≤ C‖v‖^2,

and t^3_{2p}|u_t(t_{2p}|^2_1 ≤ C‖v‖^2. Applying for Theorem 3.4, we complete the proof.

4 Error estimates for the starting values

In Theorems 3.4 and 3.5, we see that it is necessary to define starting approximations {U^j }^{p−1}_{j=0} such that

|U^j − u^j |_{−2p} + k^{p+1}‖A(U^j − u^j )‖ = O(k^p), for p ≤ j ≤ 2p − 1. In this section we will investigate two simplest cases p = 1, 2. The approach can be extended to the general case for p > 2, but the proof is more complicated.

In the case of p = 1, the approximate solution is defined by the backward Euler method (4.1) ¯∂_1U^n + AU^n = f^n, for n ≥ 1, with U^0 = v, or, with r(λ) = 1/(1 + λ),

U^n = r(kA)U^{n−1} + kr(kA)f^n, for n ≥ 1, with U^0 = v. We then have the following lemma.

Lemma 4.1. Let U^1 and u be the solutions of (4.1) and (1.1), respectively. Then we have |U^1 − u^1|_{−2} + k^2‖A(U^1 − u^1)‖

(4.2) ≤ Ck‖v − A^{−1}f(0)‖ + Ck ∫_k 0 ‖A^{−1}f^′(τ)‖ dτ + Ck^2 ∫_k 0 ‖f^′(τ)‖ dτ.

In particular, if f = 0, then

(4.3) |U^1 − u^1|_{−2} + k^2‖A(U^1 − u^1)‖ ≤ Ck‖v‖.

Proof. Noting that u^1 = e^{−kA}v + ∫_k 0 e^{−(k−s)A}f(s) ds and using Taylor’s formula, we have

U^1 − u^1 = ( r(kA) − e^{−kA} ) v + kr(kA)f^1 − ∫_k 0 e^{−(k−s)A}f(s) ds = ( r(kA) − e^{−kA} ) v + kr(kA) ( f(0) + ∫_k 0 f^′(τ) dτ )

− k ∫_1 0 e^{−(1−s)kA} ( f(0) + ∫_{ks} 0 f^′(τ) dτ ) ds = ( r(kA) − e^{−kA} ) v + kb_0(kA)f(0) + kR(f), where

b_0(λ) = r(λ) −

∫_1 0 e^{−(1−s)λ} ds, and (4.4) R(f) = r(kA) ∫_k 0 f^′(τ) dτ − ∫_1 0 e^{−(1−s)kA} ∫_{ks} 0 f^′(τ) dτ ds. Thus we have, noting that λb_0(λ) = −(r(λ) − e^{−λ}),

A(U^1 − u^1) = ( r(kA) − e^{−kA} ) (Av − f(0)) + kAR(f) (4.5) = − ( r(kA) − e^{−kA} ) u_t(0) + kAR(f). We first show that

(4.6) k^2‖A(U^1 − u^1)‖ ≤ Ck‖A^{−1}u_t(0)‖ + Ck^2 ∫_k 0 ‖f^′(τ)‖ dτ. In fact, by (4.4) and (4.5), k^2‖A(U^1 − u^1)‖ ≤ k‖kA(r(kA) − e^{−kA})A^{−1}u_t(0)‖ + k^2 ‖ ‖kAr(kA) ∫_k 0 f^′(τ) dτ ‖ ‖ + k^2 ‖ ‖ ‖ ∫_1 0 kAe^{−(1−s)kA} ∫_{ks} 0 f^′(τ) dτ ds ‖ ‖ ‖ = I + II + III. For I, we have, since |λ(r(λ) − e^{−λ})| ≤ C for 0 < λ < ∞, I ≤ Ck‖A^{−1}u_t(0)‖.

For II, we have, since |λr(λ)| ≤ C for 0 < λ < ∞, II ≤ Ck^2 ∫_k 0 ‖f^′(τ)‖ dτ. For III, we have, since | | ∫_1 ϵ λe^{−(1−s)λ} ds | | ≤ C for 0 ≤ ϵ ≤ 1, III = k^2 ‖ ‖ ‖ ∫_k 0 ∫_1 τ /k kAe^{−(1−s)kA}f^′(τ) ds dτ ‖ ‖ ‖ ≤ Ck^2 ( ∫ k 0 ‖f^′(τ)‖ dτ )‖ ‖ ∫_1 τ /k kAe^{−(1−s)kA} ds ‖ ‖ ‖ ≤ Ck^2 ∫_k 0 ‖f^′(τ)‖ dτ. Thus we obtain (4.6).

We next show that

(4.7) |A(U^1 − u^1)|_{−4} ≤ Ck‖A^{−1}u_t(0)‖ + Ck ∫_k 0 ‖A^{−1}f^′(τ)‖ dτ. In fact, by (4.4) and (4.5), |A(U^1 − u^1)|_{−4} ≤ k‖(kA)^{−1}(r(kA) − e^{−kA})A^{−1}u_t(0)‖ + k ‖ ‖r(kA) ∫_k 0 A^{−1}f^′(τ) dτ ‖ ‖

+ k ‖ ‖ ‖ ∫_1 0 e^{−(1−s)kA} ∫_{ks} 0 A^{−1}f^′(τ) dτ ds ‖ ‖ ‖ = I + II + III. For I, we have, since |λ^{−1}(r(λ) − e^{−λ})| ≤ C for 0 < λ < ∞, I ≤ Ck‖A^{−1}u_t(0)‖ ≤ Ck‖v − A^{−1}f(0)‖. For II, we have, since |r(λ)| ≤ C for 0 < λ < ∞, II ≤ Ck ∫_k 0 ‖A^{−1}f^′(τ)‖ dτ. For III, we have, since | | | ∫_1 ϵ e^{−(1−s)λ} ds | | | ≤ C for 0 ≤ ϵ ≤ 1, III = k ‖ ‖ ∫_k 0 ∫_1 τ /k kAe^{−(1−s)kA}A^{−1}f^′(τ) ds dτ ‖ ‖ ≤ Ck ( ∫ k 0 ‖A^{−1}f^′(τ)‖ dτ )‖ ‖ ∫_1 τ /k e^{−(1−s)kA} ds ‖ ‖

≤ Ck ∫_k 0 ‖A^{−1}f^′(τ)‖ dτ.

Thus we obtain (4.7).

We now turn to the case p = 2. In this case we need two starting values U^0, U^1. We will use the backward Euler method to compute U^1, i.e., the approximation U^n of the solution u(t_n) of (1.1) is defined by

(4.8) ¯∂_2U^n + AU^n = f^n for n ≥ 2, ¯∂U^1 + AU^1 = f^1, with U^0 = v.

We have the following lemma.

Lemma 4.2. Let U^j , j = 2, 3 and u be the solutions of (4.8) and (1.1), respectively. Then we have (4.9)

|U^j − u^j |_{−4} + k^3‖A(U^j − u^j )‖ ≤ Ck^2 ( ‖v‖ + ‖f(0)‖ + ∫_{tj} 0 ‖f^′(τ)‖ dτ ) , j = 2, 3. In particular, if f = 0, then

(4.10) |U^j − u^j |_{−4} + k^3‖A(U^j − u^j )‖ ≤ Ck^2‖v‖, j = 2, 3.

Proof. Here we only prove the case j = 2, i.e., we will show that

(4.11) |U^2 − u^2|_{−4} + k^3‖A(U^2 − u^2)‖ = O(k^2).

The proof for the case j = 3 is similar.

Since ¯∂_2U^2 = k^{−1}

(_3 2 U^2 − 2U^1 +^1_2 U^0 ) , we may write

U^2 = q_1(kA)U^1 + q_2(kA)U^0 + kP (kA)f^2,

where

q_1(λ) = 2 3/2 + λ

, q_2(λ) = −1/2 3/2 + λ

, and P (λ) = 1 3/2 + λ . Thus, noting that u^2 = e^{−2kA}v + ∫_{2k} 0 e^{−(2k−s)A}f(s) ds, we have

U^2 − u^2 = q_1(kA)(U^1 − u^1) + q_2(kA)(U^0 − u^0) + E_2.

Here E_2 = q_1(kA)u^1 + q_2(kA)u^0 + kP (kA)f^2 − u^2

= q_1(kA) ( e^{−kA}v + ∫_k 0 e^{−(k−s)A}f(s) ds )

+ q_2(kA)v + kP (kA)f^2 − ( e^{−2kA}v + ∫_{2k} 0 e^{−(2k−s)A}f(s) ds )

= ( q_1(kA)e^{−kA} + q_2(kA) − e^{−2k} ) v (4.12)

+ kq_1(kA)

∫_1 0 e^{−(1−s)kA} ( f(0) + ∫_{ks} 0 f^′(τ) dτ ) ds + kP (kA) ( f(0) + ∫_{2k} 0 f^′(τ) dτ )

− 2k ∫_1 0 e^{−2(1−s)kA} ( f(0) + ∫_{2ks} 0 f^′(τ) dτ ) ds = Q(kA)v + kb_0(kA)f(0) + kR(f), where Q(λ) = q_1(λ)e^{−λ} + q_2(λ) − e^{−2λ}, and b_0(λ) = q_1(λ)

∫_1 0 e^{−(1−s)λ} ds + P (λ) − 2 ∫_1 0 e^{−2(1−s)λ} ds, and R(f) = q_1(kA)

∫_1 0 e^{−(1−s)kA} ( ∫ ks 0 f^′(τ) dτ ) ds + P (kA) ∫_{2k} 0 f^′(τ) dτ − 2 ∫_1 0 e^{−2(1−s)kA} ( ∫ 2ks 0 f^′(τ) dτ ) ds. Thus we have (4.13) A(U^2 − u^2) = Aq_1(kA)(U^1 − u^1) + AE_2. Let us show that

(4.14) k^3‖A(U^2 − u^2)‖ ≤ Ck^2 ( ‖v‖ + k‖f(0)‖ + k ∫_{2k} 0 ‖f^′(τ)‖ dτ ) . In fact, by (4.12) and (4.13),

k^3‖A(U^2 − u^2)‖ ≤ k^3‖Aq_1(kA)(U^1 − u^1)‖ + k^3‖AQ(kA)v‖ + k^3‖kAb_0(kA)f(0)‖ + k^3‖kAR(f)‖ = I + II + III + IV.

We first estimate the terms II, III, and IV , then we turn to the term I.

For II, we have, since |λQ(λ)| < C for 0 < λ < ∞, II = k^2‖kAQ(kA)v‖ ≤ Ck^2‖v‖. For III, we have, since |λb_0(λ)| ≤ C for 0 < λ < ∞, III = k^3‖kAb_0(kA)f(0)‖ ≤ Ck^3‖f(0)‖. For IV , we have IV ≤ Ck^3 ‖ ‖ ‖kAq1(kA) ∫_k 0 ∫_1 τ /k kAe^{−(1−s)kA}f^′(τ) ds dτ ‖ ‖ ‖ + Ck^3 ‖ ‖ ‖kAP (kA) ∫_{2k} 0 f^′(τ) dτ ‖ ‖ ‖ + Ck^3 ‖ ‖ ‖kA ∫_{2k} 0 ∫_1 τ /2k e^{−2(1−s)kA}f^′(τ) ds dτ ‖ ‖ ‖ ≤ Ck^3 ∫_{2k} 0 ‖f^′(τ)‖ dτ. Now we turn to I. I = k^3‖Aq_1(kA)(U^1 − u^1)‖ ≤ k^3‖Aq_1(kA)(r(kA) − e^{−kA}v‖ + k^3 ‖ ‖ ‖Aq1(kA) ( kr(kA) − k ∫_1 0 e^{−(1−s)kA} ds ) f(0) ‖ ‖ ‖ + k^3 ‖ ‖Aq_1(kA)(kr(kA) ∫_k 0 f^′(τ) dτ − k ∫_1 0 e^{−(1−s)kA} ∫_{ks} 0 f^′(τ) dτ ds )‖ ‖ = I_1 + I_2 + I_3.

It is easy to show that

I_1 ≤ Ck^2‖v‖, I_2 ≤ Ck^3‖f(0)‖, and I_3 ≤ 2k^3 ∫_k 0 ‖f^′‖ dτ. Thus we get I ≤ Ck^2 ( ‖v‖ + k‖f(0)‖ + k ∫_k 0 ‖f^′‖ dτ ) . Combining this with the estimates for II, III and IV , we obtain (4.14) We next show that

(4.15) |A(U^2 − u^2)|_{−6} ≤ Ck^2 ( ‖v‖ + ∫_{2k} 0 ‖f^′(τ)‖ dτ ) . In fact, by (4.12) and (4.13),

|A(U^2 − u^2)|_{−6} ≤ |Aq_1(kA)(U^1 − u^1)|_{−6} + |AQ(kA)v|_{−6} + |kAb_0(kA)f(0)|_{−6} + |kAR(f)|_{−6} = I^′ + II^′ + III^′ + IV^′.

(4.16)

We first estimate the terms II^′, III^′, and IV^′, then we turn to the term I^′.

For II^′, we have, since |λ^{−2}Q(λ)| < C for 0 < λ < ∞, II^′ = |kAQ(kA)v|_{−6} = k^2‖(kA)^{−2}Q(kA)v‖ ≤ Ck^2‖v‖. For III^′, we have, since |λ^{−1}b_0(λ)| ≤ C for 0 < λ < ∞, III^′ = |kAb_0(kA)f(0)|_{−6} = k^2‖(kA)^{−1}b_0(kA)A^{−1}‖ ≤ Ck^2‖f(0)‖. For IV^′, we have IV^′ ≤ C ‖ ‖ ‖kA^{−2}q1(kA) ∫_k 0 ∫_1 τ /k kAe^{−(1−s)kA}f^′(τ) ds dτ ‖ ‖ ‖ + C ‖ ‖ ‖kA^{−2}P (kA) ∫_{2k} 0 f^′(τ) dτ ‖ ‖ ‖ + C ‖ ‖ ‖kA^{−2} ∫_{2k} 0 ∫_1 τ /2k e^{−2(1−s)kA}f^′(τ) ds dτ ‖ ‖ ‖ ≤ Ck^2 ∫_{2k} 0 ‖f^′(τ)‖ dτ. Now we turn to I^′. I^′ = |Aq_1(kA)(U^1 − u^1)|_{−6} ≤ |Aq_1(kA)(r(kA) − e^{−kA}v|_{−6} + | | |Aq1(kA) ( kr(kA) − k ∫_1 0 e^{−(1−s)kA} ds ) f(0) | | |_{−6} + | | |Aq1(kA) ( kr(kA) ∫_k 0 f^′(τ) dτ − k ∫_1 0 e^{−(1−s)kA} ∫_{ks} 0 f^′(τ) dτ ds )| |_{−6} = I^′_1 + I^′_2 + I^′_3.

It is easy to show that

I^′_1 ≤ Ck^2‖v‖, I^′_2 ≤ Ck^2‖f(0)‖, and I^′_3 ≤ Ck^2 ∫_k 0 ‖f^′‖ dτ. Thus we get I^′ ≤ Ck^2 ( ‖v‖ + ‖f(0)‖ + ∫_k 0 ‖f^′‖ dτ ) . Combining this with the estimates for II^′, III^′ and IV^′, we obtain (4.15).

Together these estimates we show (4.11). The proof is complete.

Acknowledgement

I wish to express my sincere gratitude to my supervisor Dr. Stig Larsson, who suggested the topic of this paper, for his support and valuable criticism.

REFERENCES

1. J. Becker, A second order backward difference method with variable steps for a parabolic problem, BIT 38 (1998), 644–662.

2. J. H. Bramble, J. E. Pasciak, P. H. Sammon, and V. Thomée, Incomplete iterations in multistep backward difference methods for parabolic problems with smooth and nonsmooth data, Math. Comp. 52 (1989), 339–367.

3. M. Crouzeix, On multistep approximation of semigroups in Banach spaces, J. Comput. Appl. Math. 20 (1987), 25–35.

4. E. Hairer and G. Wanner, Solving Ordinary Differential Equations. II, Springer-Verlag, Berlin, 1991, Stiff and Differential-algebraic Problems.

5. A. Hansbo, Nonsmooth data error estimates for damped single step methods for parabolic equations in Banach space, Calcolo 36 (1999), 75–101.

6. , Strong stability and non-smooth data error estimates for discretizations of linear parabolic problems, BIT 42 (2002), 351–379.

7. M.-N. Le Roux, Semi-discrétisation en temps pour les équations d’évolution paraboliques lorsque l’opérateur dépend du temps, RAIRO Anal. Numér. 13 (1979), 119–137.

8. , Semidiscretization in time for parabolic problems, Math. Comp. 33 (1979), 919–931.

9. C. Palencia and B. Garcia-Archilla, Stability of linear multistep methods for sectorial operators in Banach spaces, Appl. Numer. Math. 12 (1993), 503– 520.

10. G. Savaré, A(Θ)-stable approximations of abstract Cauchy problems, Numer.

Math. 65 (1993), 319–335.

11. V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Springer-Verlag, Berlin, 1997.

12. Y. Yan, Approximation of time derivatives for parabolic equations in Banach space: constant time steps, Preprint 2002–01, Chalmers Finite Element Center, Chalmers University of Technology, to appear in IMA J. Numer. Anal.

13. , Approximation of time derivatives for parabolic equations in Banach space: variable time steps, Preprint 2002–02, Chalmers Finite Element Center, Chalmers University of Technology, to appear in BIT.

Paper IV

Postprocessing the finite element method for semilinear parabolic problems

YUBIN YAN

Department of Mathematics, Chalmers University of Technology and Göteborg University SE–412 96 Göteborg, Sweden. email: yubin@math.chalmers.se

Abstract.

In this paper we consider postprocessing of the finite element method for semilinear parabolic problems. The postprocessing amounts to solving a linear elliptic problem on a finer grid (or higher-order space) once the time integration on the coarser mesh is completed. The convergence rate is increased at almost no additional computational cost. This procedure was introduced and analyzed in Garcia-Archilla and Titi [13]. We extend the analysis to the fully discrete case and prove error estimates for both space and time discretization. The analysis is based on error estimates for the approximation of time derivatives by difference quotients.

AMS subject classification: 65M60, 65M15, 65M20.

Key words: time derivative, postprocessing, finite element method, backward Euler method, error estimates, semilinear parabolic problem.

1 Introduction

In this paper we shall consider postprocessing of the finite element method for the semilinear parabolic problem

(1.1) u_t − Δu = F (u) in Ω, for t ∈ (0, T ],

u = 0 on ∂Ω, for t ∈ (0, T ], with u(0) = v,

where Ω is a bounded domain in R^d, d = 1, 2, 3, with a sufficiently smooth boundary ∂Ω, u_t = ∂u/∂t, Δ is the Laplacian, and F : R → R is a smooth function.

Let H = L_2(Ω). We define the unbounded operator A = −Δ on H with domain of definition D(A) = H^2 ∩ H^1_0 , where, for integer m ≥ 1, H^m = H^m(Ω) denotes the standard Sobolev space W^m_2 (Ω), and H^1_0 = H^1_0 (Ω) = {v ∈ H^1 : v|_{∂Ω} = 0}. Then A is a closed, densely defined, and self-adjoint positive definite operator in H with compact inverse. The initial-boundary value problem (1.1) may then be formulated as the following initial value problem

(1.2) u_t + Au = F (u), for 0 < t ≤ T, with u(0) = v,

in the Hilbert space H.

Recently, a postprocessing technique has been introduced to increase the efficiency of Galerkin method of spectral type, see Canuto, Hussaini, Quarteroni, and Zang [4], De Frutos, Garcia-Archilla, and Novo [6], De Frutos and Novo [7], [9]. Postprocessed methods yield greater accuracy than standard Galerkin schemes at nearly the same computational cost. In Garcia-Archilla and Titi [13], the postprocessing technique has been extended to the h-version of the finite element method for dissipative partial differential equations. There, the authors prove that the postprocessed method has a higher rate of convergence than the standard finite element method when higher order finite elements, rather than linear finite elements, are used. Error estimates in L_2 and H^1 norms in the spatially semidiscrete case are obtained. More recently, in De Frutos and Novo [8], the authors show that the postprocessing technique can also be applied to linear finite elements and the convergence rate can be improved in H^1 norm, but not in L_2 norm. The analysis is restricted to the spatially semidiscrete case.

The purpose of the present paper is to derive the error estimates in the fully discrete case for the postprocessed finite element method applied to (1.2). To do this, we introduce the time-stepping method to compute the discrete solution of (1.2) and define a difference quotient approximation to time derivative. We then define the postprocessing step in the fully discrete case and show the error estimates for postprocessing method by using the error estimates for time derivatives. For simplicity we only consider the error estimates in L_2 norm. Our technique of proof is related to, but different from, the one employed in Garcia-Archilla and Titi [13].

The paper is organized as follows. In Section 2, we introduce some basic notations and lemmas. In Section 3 we consider error estimates for the postprocessed finite element method in the semidiscrete case. In Section 4, we consider error estimates in the fully discrete case. In Section 5, we consider the starting approximation of time derivatives. Finally, in Section 6, we consider higher order time-stepping in the context of the linear homogeneous problem.

By C_0 we denote positive constant independent of the functions and parameters concerned, but not necessarily the same at different occurrences.

2 Preliminaries

Let T denote a partition of Ω into disjoint triangles τ such that no vertex of any triangle lies on the interior of a side of another triangle and such that the union of the triangles determine a polygonal domain Ω_h ⊂ Ω with boundary vertices on ∂Ω. Let h denote the maximal length of the sides of the triangulation T_h. We assume that the triangulations are quasiuniform in the sense that the triangles of T_h are of essentially the same size.

Let r be any nonnegative integer. We denote by ‖ · ‖_r the norm in H^r. Let {S_h} = {S_{h,r}} ⊂ H^1_0 be a family of finite element spaces with the accuracy of order r ≥ 2, i.e., S_h consists of continuous functions on the closure Ω̄ of Ω which are polynomials of degree at most r − 1 in each triangle of T_h and which vanish outside Ω_h, such that, for small h, inf_{χ∈Sh}{‖v − χ‖ + h‖∇(v − χ)‖} ≤ Ch^s‖v‖_s, for 1 ≤ s ≤ r, when v ∈ H^s ∩ H^1_0 .

The semidiscrete problem of (1.2) is to find the approximate solution u_h(t) = u_h(·, t) ∈ S_h for each t, such that,

(2.1) u_{h,t} + A_hu_h = P_hF (u_h), with u_h(0) = v_h,

where v_h ∈ S_h, P_h : L_2 → S_h is the L_2 projection onto S_h, and A_h : S_h → S_h is the discrete analogue of A, defined by (2.2) (A_hψ, χ) = A(ψ, χ), ∀ ψ, χ ∈ S_h. Here A(·, ·) = (∇·, ∇·) is the bilinear form on H^1_0 obtained from A.

Error estimates for finite element methods for semilinear parabolic problems with various conditions on the nonlinearity have been considered in many papers, see, e.g., Akrivis, Crouzeix, and Makridakis [1], [2], Crouzeix, Thomée, and Wahlbin [5], Elliott and Larsson [10], [11], Helfrich [14], Johnson, Larsson, Thomée, and Wahlbin [15], Thomée [21], Thomée and Wahlbin [22], Wheeler [23]. The long time behavior of finite element solutions was studied by Elliott and Stuart [12], Larsson [16], [17], Larsson and Sanz-Serna [18], [19].

Let us now describe the idea of the postprocessed finite element method proposed by Garcia-Archilla and Titi [13]. Suppose that we want to obtain high order approximation, for instance O(h^{r+2}). Then we can use, in every time step, either a family of high order finite element spaces S̃_h := S_{h,r+2} with the order r + 2 of accuracy, or a family of finite element space S̃_h := S_{h̃,r} with accuracy of order r, but with finer partition T_{h̃} of the domain Ω, such that, h^{r+2} = h̃^r. In [13], another technique, called the postprocessed finite element method, is presented, which improves the convergence rate without using a high order finite element space S̃_h in every time step. Suppose that we are interested in the solution of (1.2) at a given time T . At time T , rewriting (1.2), we have

(2.3) Au(T ) = −u_t(T ) + F (u(T )).

Thus, u(T ) can be seen as the solution of an elliptic problem whose right hand side is not known but can be approximated. Garcia-Archilla and Titi first compute u_h(T ) by (2.1) in the finite element space S_h, then replace u_t(T ) by u_{h,t}(T ) and solve (or, in practice, approximate) the following linear elliptic problem: find ũ(T ) ∈ D(A), such that,

(2.4) Aũ(T ) = −u_{h,t}(T ) + F (u_h(T )),

which is the postprocessing step.

They obtained the following error estimate, with ℓ_h = 1 + log(T/h^2),

(2.5) ‖ũ(T ) − u(T )‖ ≤ C(u)ℓ_hh^{r+2}, for r ≥ 4, where C(u) is some constant depending on u. A similar result holds for r ≥ 3. The proof is based on superconvergence for elliptic finite element methods in norms of negative order, which is the reason for the restriction r ≥ 3.

We note that the bound (2.5) is an improvement over the error estimates for the standard Galerkin method, which is O(h^r). In practice ũ can not be computed exactly, since in general it does not belong to a finite element space. However, one can approximate the solution ũ of (2.4) by some ũ_h belonging to a finite element space S̃_h of approximation order r + 2 as described above. More precisely, we pose the following semidiscrete problem corresponding to (2.4): find ũ_h ∈ S̃_h, such that,

(2.6) Ã_hũ_h(T ) = P̃_h ( − u_{h,t}(T ) + F (u_h(T )) ) , where P̃_h : L_2 → S̃_h is the L_2 projection onto S̃_h and Ã_h is the discrete analogue of A with respect to S̃_h. The standard error estimate reads, see, e.g., Brenner and Scott [3],

(2.7) ‖ũ_h(T ) − ũ(T )‖ ≤ C(u)h^{r+2}.

Combining (2.5) and (2.7), we have ‖ũ_h(T ) − u(T )‖ ≤ ‖ũ_h(T ) − ũ(T )‖ + ‖ũ(T ) − u(T )‖ ≤ C(u)ℓ_hh^{r+2}, for r ≥ 4. Let us now introduce norms of negative order. Consider the stationary problem,

(2.8) Au = f.

The variational form of this problem is to find u ∈ H^1_0 = H^1_0 (Ω), such that A(u, φ) = (f, φ), ∀ φ ∈ H^1_0 . The standard Galerkin finite element problem is to find u_h ∈ S_h, such that, (2.9) A(u_h, χ) = (f, χ), ∀ χ ∈ S_h. Let G : L_2 → H^1_0 be the exact solution operator of (2.8) and define the approximate solution operator G_h : L_2 → S_h by G_hf = u_h so that u_h = G_hf ∈ S_h is the solution of (2.9). We recall that G_h is the selfadjoint, positive semidefinite on L_2 and positive definite on S_h. Further we have, see Thomée [21, Chapter 6], (2.10) ‖(G_h − G)f‖ ≤ Ch^r‖f‖_{r−2}, for f ∈ H^{r−2}, r ≥ 2, and (2.11) ‖(G_h − G)f‖_{−2} ≤ Ch^{r+2}‖f‖_{r−2}, for f ∈ H^{r−2}, r ≥ 4.

Here r is the order of the accuracy of the family {S_h}, and the negative order norm is defined by

‖ · ‖_{−2} = sup { (v, ϕ) ‖ϕ‖_2 : ϕ ∈ H^2 } . We note that G : L_2 → H^1_0 ∩ H^2 is the inverse operator of A : H^1_0 ∩ H^2 → L_2, i.e., G = A^{−1}, and similarly G_h = A^{−1}_h on S_h, where A_h is the discrete Laplacian of A defined by (2.2). Moreover, we will use the following properties, see, Thomée [21, Chapter 2],

(2.12) G_hP_h = G_h and G_h = R_hG,

where R_h : H^1_0 → S_h is the elliptic projection, or Ritz projection, defined by (2.13) A(R_hu, χ) = A(u, χ), ∀ χ ∈ S_h. For our analysis it will be convenient to use instead of the negative order norm introduced above, such a norm defined by |v|_{−s} = ‖G^{s/2}v‖ = (G^sv, v)^{1/2}, for s ≥ 0, we think of this as a norm in L_2.

We introduce also a discrete negative order seminorm on L_2 by |v|_{−s,h} = ‖G^{s/2}_h v‖ = (G^s_hv, v)^{1/2}, for s ≥ 0; it corresponds to the discrete semi-inner product (v, w)_{−s,h} = (G^s_hv, w), ∀ v, w ∈ L_2. Since G_h is positive definite on S_h, |v|_{−s,h} and (v, w)_{−s,h} define a norm and an inner product there. We also find that the discrete negative order seminorm is equivalent to the corresponding continuous norm, modulo a small error. More precisely, we have the following bounds, see, e.g., Thomée [21, Lemma 6.3].

Lemma 2.1. We have, for 0 ≤ s ≤ r, |v|_{−s,h} ≤ C_0(|v|_{−s} + h^s‖v‖), and |v|_{−s} ≤ C_0(|v|_{−s,h} + h^s‖v‖).

We also need Gronwall’s lemma.

Lemma 2.2. If a, b are nonnegative constants and 0 ≤ u(t) ≤ a + b ∫_t 0 u(s) ds, for 0 ≤ t ≤ T, then we have u(t) ≤ ae^{bt}, for 0 ≤ t ≤ T. For the nonlinear operator F , we have the following bounds, see Garcia- Archilla and Titi [13, Lemma 3]. For the sake of completeness, we include the proof, written in our slightly simpler form.

Lemma 2.3. Let u ∈ H^r(Ω)∩H^1_0 (Ω), r ≥ 4, and χ ∈ H^1_0 (Ω)∩L^∞(Ω). Assume that F is a smooth function. Further assume that d ≤ 3 and ‖u − χ‖_{L∞} ≤ K for some positive number K. Then there is a constant C = C(‖u‖_r, K) such that (2.14) ‖F (u) − F (χ)‖ ≤ C‖u − χ‖, and (2.15) |F (u) − F (χ)|_{−2} ≤ C ( |u − χ|_{−2} + ‖u − χ‖^2 ) .

Proof. By Taylor’s formula, we have, with ξ = u + θ(χ − u), 0 ≤ θ ≤ 1, ‖F (u) − F (χ)‖ = ‖F^′(ξ)(u − χ)‖ ≤ ‖F^′(ξ)‖_{L∞} ‖u − χ‖. Since F^′(x) is bounded in {x : |x| ≤ ‖u‖_{L∞} + ‖χ − u‖_{L∞} }, we have, noting that ‖u‖_{L∞} ≤ C_0‖u‖_r for r ≥ 4, d ≤ 3, (2.16) ‖F^′(ξ)‖_{L∞} ≤ C(‖u‖_{L∞} , K) ≤ C(‖u‖_r, K), which shows (2.14).

To prove (2.15), we have, by Taylor’s formula, |F (u) − F (χ)|_{−2} ≤ |F^′(u)(u − χ)|_{−2} + 1 2 |F^{′′}(ξ)(u − χ)^2|_{−2}. We first show

(2.17) |F^{′′}(ξ)(u − χ)^2|_{−2} = ‖A^{−1}F^{′′}(ξ)(u − χ)^2‖ ≤ C‖u − χ‖^2.

In fact, by duality, for ∀ ϕ ∈ L_2(Ω), |( A^{−1}F^{′′}(ξ)(u − χ)^2, ϕ )| = |( F^{′′}(ξ)(u − χ)^2, A^{−1}ϕ )| ≤ ‖F^{′′}(ξ)‖_{L∞} ‖(u − χ)^2‖_{L1} ‖A^{−1}ϕ‖_{L∞} . Following (2.16), we have ‖F^{′′}(ξ)‖_{L∞} ≤ C(‖u‖_r, K). Further, by Sobolev’s inequality and elliptic regularity, we have ‖A^{−1}ϕ‖_{L∞} ≤ C_0‖A^{−1}ϕ‖_H2 ≤ C_0‖ϕ‖, for d ≤ 3. Thus, | |(A^{−1}F^{′′}(ξ)(u − χ)^2, ϕ) | | ≤ C‖u − χ‖^2‖ϕ‖, ∀ ϕ ∈ L_2(Ω), which implies that (2.17) holds.

Now we show (2.18) |F^′(u)(u − χ)|_{−2} = ‖A^{−1}F^′(u)(u − χ)‖ ≤ C|u − χ|_{−2}. In fact, by duality, for ∀ ϕ ∈ L_2(Ω), noting that F^′(u)A^{−1}ϕ ∈ D(A), ( A^{−1}F^′(u)(u − χ), ϕ ) = ( F^′(u)(u − χ), A^{−1}ϕ ) = ( A^{−1}(u − χ), A(F^′(u)A^{−1}ϕ) ) .

With A = −Δ, we have

‖A(F^′(u)A^{−1}ϕ)‖ = ‖F^′(u)ϕ + 2∇F^′(u) · ∇(A^{−1}ϕ) + (ΔF^′(u))A^{−1}ϕ‖ ≤ ‖F^′(u)‖_{L∞} ‖ϕ‖ + 2‖∇F^′(u)‖_{L∞} ‖A^{−1}ϕ‖_H1 + ‖ΔF^′(u)‖_{L∞} ‖A^{−1}ϕ‖ ≤ C‖F^′(u)‖_W 2_∞ ‖A^{−1}ϕ‖_H2 ≤ C(‖u‖_r)‖ϕ‖. Thus we get |(A^{−1}F^′(u)(u − χ), ϕ)| ≤ C(‖u‖_r)‖A^{−1}(u − χ)‖ ‖ϕ‖, which implies (2.18).

Together these estimates complete the proof.

Remark 2.1. In our application of Lemma 2.3, we will choose u to be the solution of (1.2) and χ to be the corresponding finite element approximation solution u_h. It is obvious that u_h and u satisfy the assumptions of the Lemma 2.3. For instance ‖u_h −u‖_∞ ≤ K can be achieved by using the inverse inequality provided we know that the L_2 error estimates for u_h − u is O(h^r ), see Thomée [21, Chapter 14].

3 Semidiscrete approximation

In this section we will consider the error estimates for the postprocessed finite element method for the semilinear parabolic problem (1.2) in the semidiscrete case. The main theorem in this section is the following:

Theorem 3.1. Let r ≥ 4 and S_h and S̃_h be the finite element spaces of order r and r +2, respectively, as described in Section 1. Let ũ_h and u be the solutions of (2.6) and (1.2), respectively. Assume that F satisfies ‖F (u)‖_r ≤ C_0 in addition to the assumptions in Lemma 2.3. Let u_h be the solution of (2.1). Assume that v_h = R_hv and sup s∈[0,T ] ‖u_h(s) − u(s)‖_{L∞} ≤ K, and sup s∈[0,T ] ( ‖u(s)‖_r + ‖u_t(s)‖_r + ‖u_{tt}(s)‖_r ) ≤ M, for some positive numbers K, M, T . Then there is a constant C = C(K, M, T ) such that, with ℓ_h = 1 + log(T/h^2),

(3.1) ‖ũ_h(T ) − u(T )‖ ≤ Cℓ_hh^{r+2}.

As we mentioned in Section 2, Garcia-Archilla and Titi [13] has proved the similar results: if ũ(T ) and u are the solutions of (2.4) and (1.2), then

(3.2) ‖ũ(T ) − u(T )‖ ≤ C(u)ℓ_hh^{r+2}, for r ≥ 4,

where C(u) is some constant depending on u.

For the comparison, let us recall the idea of their proof. By (2.4) and (1.2), it follows that

‖ũ(T ) − u(T )‖ = ‖A^{−1}(−u_{h,t}(T ) + F (u_h(T ))) − A^{−1}(−u_t(T ) + F (u(T )))‖ ≤ |u_{h,t}(T ) − u_t(T )|_{−2} + |F (u_h(T )) − F (u(T ))|_{−2}. Lemma 2.3 with u = u(T ) and χ = u_h(T ) implies that |F (u_h(T )) − F (u(T )|_{−2} ≤ C(‖u‖_r, K) ( |u_h(T ) − u(T )|_{−2} + ‖u_h(T ) − u(T )‖^2 ) . Introducing elliptic projection R_h defined by (2.13), it follows that ‖ũ(T ) − u(T )‖ ≤ |ρ_t(T )|_{−2} + |θ_t(T )|_{−2} + C(‖u‖_r, K) ( |ρ(T )|_{−2} + |θ(T )|_{−2} + ‖ρ(T )‖^2 + ‖θ(T )‖^2 ) , (3.3) where ρ = R_hu − u, θ = u_h − R_hu, ρ_t = R_hu_t − u_t, and θ_t = u_{h,t} − R_hu_t.

The desired bounds of |ρ|_{−l}, l = 0, 2, and ‖ρ_t‖_{−2} are well known, see, e.g., Thomée [21, Chapter 6]. The task is to estimate |θ|_{−l} for l = 0, 2, and |θ_t|_{−2}. To do this, consider the following equation (3.4) θ_t + A_hθ = P_h(−ρ_t + F (u_h) − F (u)), with θ(0) = v_h − R_hv = 0. By Duhamel’s principle, it follows, with E_h(t) = e^{−tAh} , (3.5) θ(T ) = ∫_T 0 E_h(T − s)P_h ( − ρ_t(T ) + F (u_h(T )) − F (u(T )) ) ds. The desired bounds of ‖θ‖_{−l} for l = 0, 2 can be easily proved by using Lemma 2.2 and the stability of E_h(t). To estimate |θ_t|_{−2}, they note that, by the second part of Lemma 2.1 with s = 2, |θ_t|_{−2} = C_0(h^2‖θ_t‖ + |θ_t|_{−2,h}).

By (3.4), we have |θ_t|_{−2,h} ≤ ‖θ‖ + |P_h(−ρ_t + F (u_h) − F (u))|_{−2,h}, and, noting that ‖A_hθ‖ ≤ Ch^{−2}‖θ‖, ‖θ_t‖ ≤ ‖A_hθ‖ + ‖P_h(−ρ_t + F (u_h) − F (u))‖ ≤ Ch^{−2}‖θ‖ + ‖P_h(−ρ_t + F (u_h) − F (u))‖. Hence |θ_t|_{−2} ≤ C_0‖θ‖ + C_0h^2‖P_h(−ρ_t + F (u_h) − F (u))‖

(3.6) + C_0|P_h(−ρ_t + F (u_h) − F (u))|_{−2,h}.

The desired bounds for the last two terms in the right hand side of (3.6) follow from Lemmas 2.1 and 2.3, and the estimates for |ρ_t|_{−l} and |u_h − u|_{−l}, l = 0, 2. Further they show that θ has the superconvergence property, i.e, ‖θ‖ ≤ C(u)ℓ_hh^{r+2}, for r ≥ 4. Together these estimates completes the proof of (3.2).

We note that the logarithmic factor ℓ_h appears in the superconvergent estimate of θ.

We now return to Theorem 3.1 and state the idea of the proof in present paper. In Theorem 3.1, we consider the error bounds for ‖ũ_h − u‖, not only for ‖ũ − u‖. To prove Theorem 3.1, it suffices to show the bounds of |u_h − u|_{−l} and |u_{h,t} − u_t|_{−l} for l = 0, 2. We first split

(3.7) u_h − u = (u_h − û_h) + (û_h − u) = η + e,

where û_h satisfies

(3.8) û_{h,t} + A_hû_h = P_hF (u), û_h(0) = v_h.

Since u satisfies

(3.9) u_t + Au = F (u), u(0) = v,

the desired bounds of e = û_h − u and e_t follow from the error estimates for the linear parabolic problem because the right hand side of (3.8) is independent of û_h. In other words we only need to consider the nonlinear term F when we show the bounds of η = u_h − û_h and η_t. Note that η satisfies

(3.10) η_t + A_hη = P_h(F (u_h) − F (u)), η(0) = 0.

By Duhamel’s principle, we have

(3.11) η(T ) = ∫_T 0 E_h(T − s)P_h ( F (u_h(s)) − F (u(s)) ) ds. We obtain the desired bounds for |η|_{−l}, l = 0, 2, by using Lemmas 2.2 and 2.3 as above for showing the bounds of |θ|_{−l}, l = 0, 2, in [13]. For |η_t|_{−l}, l = 0, 2, we have two ways to consider the bounds. One way is to use the superconvergence property of η, which can be proved as we mentioned above for proving the superconvergence property of θ in [13]. Another way is to work with the following equality

η_t(T ) =P_h(F (u_h(T )) − F (u(T )))

(3.12) − ∫_T 0 A_hE_h(T − s)P_h ( F (u_h(s)) − F (u(s)) ) ds, which follows from (3.10) and (3.11).

Below we will use the second way to estimate |η_t|_{−l} for l = 0, 2. This is the main difference between our proof and the proof in Garcia-Archilla and Titi [13]. We will extend this idea to the fully discrete case in Section 4.

We remark that since η(0) = 0, we don’t need to consider the term E_h(T )η(0) in (3.11). This observation is very useful in the fully discrete case.

Lemma 3.2. Let u_h and u be the solutions of (2.1) and (1.2), respectively. Assume that F satisfies the assumptions in Lemma 2.3. Further assume that v_h = R_hv and (3.13) sup_{0≤s≤T} ‖u_h(s) − u(s)‖_{L∞} ≤ K, and (3.14) sup_{0≤s≤T} ( ‖u(s)‖_r + ‖u_t(s)‖_r ) ≤ M_1, for some positive numbers K, M_1, T . Then there is a constant C = C(K, M_1, T ) such that

(3.15) sup_{0≤t≤T} ‖u_h(t) − u(t)‖ ≤ Ch^r for r ≥ 2, and (3.16) sup_{0≤t≤T} |u_h(t) − u(t)|_{−2} ≤ Ch^{r+2}, for r ≥ 4.

Proof. The error estimate (3.15) is well known, see Wheeler [23] and Thomée [21], where it is proved by splitting u_h − u = θ + ρ, where θ = u_h − R_hu, ρ = R_hu − u. Here we will show (3.15) by splitting u_h − u = η + e, where η, e are defined by (3.7). We will use this idea in subsequent lemmas for the proof of the error estimate for time derivative approximation and later in the proof of the error estimates in fully discrete case.

For e = û_h − u, we have, by the standard error estimates for linear parabolic problem in semidiscrete case, see, e.g., Thomée [21, Lemma 1.3],

(3.17) ‖e(t)‖ ≤ ‖û_h(0) − u(0)‖ + C_0h^r ( ‖v‖_r + ∫_t 0 ‖u_t‖_r ds ) , for r ≥ 2. Note that û_h(0) = v_h = R_hv = R_hu(0), we therefore have (3.18) ‖e(t)‖ ≤ C(M_1, T )h^r, for r ≥ 2, 0 ≤ t ≤ T. For η = u_h − û_h, we have, by (3.11) and the stability of E_h(t), ‖η(t)‖ ≤ ∫_t 0 ‖F (u_h(s)) − F (u(s))‖ ds. By Lemma 2.3, we have ‖η(t)‖ ≤ C(K, M_1) ∫_t 0 ‖u_h − u‖ ds ≤ C(K, M_1) ( ∫ t 0 ‖η‖ ds + ∫_t 0 ‖e‖ ds ) .

Further, by Lemma 2.2 and (3.18), (3.19) ‖η(t)‖ ≤ C(K, M_1) ∫_t 0 ‖e‖ ds ≤ C(K, M_1, T )h^r, for r ≥ 2, 0 ≤ t ≤ T, which shows (3.15).

Now we turn to (3.16). By Thomée [21, Theorem 6.2], we have, since v_h = R_hv, (3.20) |e(t)|_{−2} ≤ C_0h^{r+2} ( ‖v‖_r + ∫_t 0 ‖u_t‖_r ds ) , for r ≥ 4. To estimate |η|_{−2}, we first note that, by Lemma 2.1, (3.21) |η|_{−2} ≤ C_0(h^2‖η‖ + |η|_{−2,h}) = C_0(h^2‖η‖ + ‖G_hη‖). Here G_hη satisfies, by (3.10), G_hη_t + A_hG_hη = G_hP_h(F (u_h) − F (u)), G_hη(0) = 0, which implies, by Duhamel’s principle, G_hη(t) = ∫_t 0 E_h(t − s)G_hP_h ( F (u_h) − F (u) ) ds. Note that, by Lemmas 2.1 and 2.3, and (3.15), (3.20), ‖G_hP_h(F (u_h) − F (u))‖ = |F (u_h) − F (u)|_{−2,h} ≤ C_0 ( h^2‖F (u_h) − F (u)‖ + |F (u_h) − F (u)|_{−2} ) ≤ C(‖u‖_r, K) ( h^2‖u_h − u‖ + ‖u_h − u‖^2 + |u_h − u|_{−2} ) ≤ C(K, M_1, T ) ( h^{r+2} + |η|_{−2} ) . Hence, by stability of E_h(t), ‖G_hη(t)‖ ≤ C(K, M_1, T ) ( h^{r+2} + ∫_t 0 |η|_{−2} ds ) . Combining this with (3.21), (3.19), and using Lemma 2.2, we get (3.22) |η(t)|_{−2} ≤ C(K, M_1, T )h^{r+2}, for 0 ≤ t ≤ T. Together these estimates complete the proof.

Next lemma is the error estimates for time derivative of the solution of (1.2). Lemma 3.3. Let u_h and u be the solutions of (2.1) and (1.2), respectively.

Assume that F satisfies the assumptions in Lemma 2.3. Further assume that v_h = R_hv and (3.23) sup_{0≤s≤T} ‖u_h(s) − u(s)‖_{L∞} ≤ K, and (3.24) sup_{0≤s≤T} ( ‖u(s)‖_r + ‖u_t(s)‖_r + ‖u_{tt}(s)‖_r ) ≤ M_2, for some positive numbers K, M_2, T . Then there is a constant C = C(K, M_2, T ) such that, with ℓ_h = 1 + log(T/h^2), (3.25) sup_{0≤t≤T} ‖u_{h,t}(t) − u_t(t)‖ ≤ Cℓ_hh^r, and (3.26) sup_{0≤t≤T} |u_{h,t}(t) − u_t(t)|_{−2} ≤ Cℓ_hh^{r+2}.

Proof. We write u_{h,t} − u_t = (u_{h,t} − û_{h,t}) + (û_{h,t} − u_t) = η_t + e_t. Following the proofs of Theorems 1.3 and 6.2 in Thomée [21] for the error estimate |e|_{−l}, l = 0, 2, we can show the following error estimates for |e_t|_{−l}, l = 0, 2, that is, ‖e_t(t)‖ ≤ ‖û_{h,t}(0) − u_t(0)‖ + C_0h^r ( ‖u_t(0)‖_r + ∫_t 0 ‖u_{tt}‖_r ds ) , and |e_t(t)|_{−2} ≤ |û_{h,t}(0) − u_t(0)|_{−2} + C_0h^{r+2} ( ‖u_t(0)‖_r + ∫_t 0 ‖u_{tt}‖_r ds ) . We observe that, by (3.8), and noting that û_h(0) = R_hu(0),

û_{h,t}(0) = −A_hû_h(0) + P_hF (u(0)) = −A_hR_hu(0) + P_hF (u(0)) = P_h ( Au(0) + F (u(0)) ) = P_hu_t(0).

We therefore have, by the error bounds for the L_2 projection, ‖u_{h,t}(0) − u_t(0)‖ = ‖(P_h − I)u_t(0)‖ ≤ C_0h^r‖u_t(0)‖_r, and |u_{h,t}(0) − u_t(0)|_{−2} ≤ C_0h^{r+2}‖u_t(0)‖_r.

Thus, we get (3.27) ‖e_t(t)‖ ≤ C_0h^r ( ‖u_t(0)‖_r + ∫_t 0 ‖u_{tt}‖_r ds ) ≤ C(M_2, T )h^r, and, similarly, (3.28) |e_t(t)|_{−2} ≤ C(M_2, T )h^{r+2}.

We now turn to |η_t|_{−l}, l = 0, 2. Using the fact ‖A_hE_h(t)‖ ≤ C_0(t + h^2)^{−1}, see Schatz, Thomée, and Wahlbin [20], we have

(3.29) ∫_t 0 ‖A_hE_h(t − s)‖ ds ≤ C_0(1 + log(T/h^2)) ≤ C_0ℓ_h.

Thus, by (3.12), (3.15), and Lemma 2.3,

‖η_t(t)‖ ≤ ‖P_h(F (u_h(t)) − F (u(t)))‖ (3.30)

+ ∫_t 0 ‖ A_hE_h(t − s)P_h ( F (u_h(s)) − F (u(s)) )‖ ds ≤ C(K, M_2, T )(1 + ℓ_h) sup_{0≤s≤T} ‖u_h(s) − u(s)‖ ≤ C(K, M_2, T )ℓ_hh^r, For |η_t(t)|_{−2}, we have, by (3.12), |η_t(t)|_{−2} ≤ |P_h(F (u_h(t)) − F (u(t)))|_{−2} + ∫_t 0 | |A_hE_h(t − s)P_h(F (u_h(t)) − F (u(t))) | |_{−2} ds. Here, by Lemmas 2.1 and 2.3, and (3.15), (3.16), |P_h(F (u_h) − F (u))|_{−2} ≤ C_0 ( h^2‖P_h(F (u_h) − F (u))‖ + ‖G_hP_h(F (u_h) − F (u))‖ ) ≤ C(‖u‖_r, K) ( h^2‖u_h − u‖ + ‖u_h − u‖^2 + |u_h − u|_{−2} ) , ≤ C(K, M_2, T )h^{r+2}. Thus, by (3.29), |η_t(t)|_{−2} ≤ C(K, M_2, T )ℓ_hh^{r+2}. Together these estimates complete the proof.

Proof of Theorem 3.1. Combining (2.3) and (2.4), we have, with G̃_h = Ã^{−1}_h ,

ũ_h(T ) − u(T ) = G̃_hP̃_h(−u_{h,t} + F (u_h)) − G(−u_t + F (u)) = (G̃_hP̃_h − G) ( − u_{h,t} + F (u_h) + u_t − F (u) ) − (G̃_hP̃_h − G)(u_t − F (u)) + G(−u_{h,t} + F (u_h) + u_t − F (u)) Thus, by Lemmas 2.3, 3.2 and 3.3, we get, noting that ‖(G̃_hP̃_h − G)f‖ ≤ Ch^s‖f‖_{s−2} for 0 ≤ s ≤ r + 2, ‖ũ_h(T ) − u(T )‖ ≤ C_0h^2 ( ‖u_{h,t} − u_t‖ + ‖F (u_h) − F (u)‖ ) + C_0h^{r+2} ( ‖u_t‖_r + ‖F (u)‖_r ) + |u_{h,t} − u_t|_{−2} + |F (u_h) − F (u)|_{−2} ≤ C(K, M, T )ℓ_hh^{r+2}. The proof is complete.

4 Completely discrete approximation

In this section we will consider the postprocessed finite element method for (1.2) in the fully discrete case.

We use the similar technique developed in Section 3 to derive the error estimates in fully discrete case. Let t_n = nk, k time step. We define the following backward Euler method, with ¯∂U^n = (U^n − U^{n−1})/k,

(4.1) ¯∂U^n + A_hU^n = P_hF (U^n), n ≥ 1, with U^0 = v_h,

It is natural to approximate u_{h,t}(T ), T = t_n in (2.4) by ¯∂U^n for fixed n. The postprocessing step in the fully discrete case is to find ũ(T ) ∈ D(A), such that

(4.2) Aũ(T ) = − ¯∂U^n + F (U^n).

The semidiscrete problem of (4.2) is to find ũ_h(T ) ∈ S̃_h, such that,

(4.3) Ã_hũ_h(T ) = P̃_h(− ¯∂U^n + F (U^n)).

Let Û^n be the solution of

(4.4) ¯∂Û^n + A_hÛ^n = P_hF (u^n), n ≥ 1, with Û^0 = v_h.

We have the following theorem.

Theorem 4.1. Let r ≥ 4 and S_h and S̃_h be the finite element spaces of order r and r +2, respectively, as described in Section 1. Let ũ_h and u be the solutions of (4.3) and (1.2), respectively. Assume that F satisfies ‖F (u^n)‖_r ≤ C_0 in addition to the assumptions in Lemma 2.3. Let T = t_n be a fixed time. Let U^n be the solution of (4.1). Assume that v_h = R_hv and sup 0≤t_n≤T ‖U^n − u(t_n)‖_{L∞} ≤ K, and (4.5) sup_{0≤s≤T} ( ‖u(s)‖_r + ‖u_t(s)‖_r + ‖u_{tt}(s)‖ + |u_{tt}(s)|_{−2} + ‖Au_{tt}(s)‖ ) ≤ M, for some positive numbers K, M, T . Then there is a constant C = C(K, M, T ) such that, with ℓ_k = 1 + log(T/k), ‖ũ_h(T ) − u(T )‖ ≤ C_0 ( ‖ ¯∂Û^1 − u_t(t_1)‖ + | ¯∂Û^1 − u_t(t_1)|_{−2} ) + Cℓ_k(h^{r+2} + k).

We now state a lemma for the error estimate of the approximation U^n of u(t_n) in the L_2 norm.

Lemma 4.2. Let U^n and u be the solutions of (4.1) and (1.2), respectively. Assume that F satisfies the assumptions in Lemma 2.3. Further assume that v_h = R_hv, and (4.6) sup_{0≤tn≤T} ‖U^n − u(t_n)‖_{L∞} ≤ K, and (4.7) sup_{0≤s≤T} ( ‖u(s)‖_r + ‖u_t(s)‖_r + ‖u_{tt}(s)‖ + |u_{tt}(s)|_{−2} ) ≤ M_3, for some positive numbers K, M_3, T . Then there is a constant C = C(K, M_3, T ) such that (4.8) sup_{0≤tn≤T} ‖U^n − u(t_n)‖ ≤ C(h^r + k), and (4.9) sup_{0≤tn≤T} |U^n − u(t_n)|_{−2} ≤ C(h^{r+2} + k). Proof. We split U^n − u(t_n) = (U^n − Û^n) − (Û^n − u(t_n)) = η^n + e^n, where Û^n is defined by (4.4).

For e^n = Û^n − u(t_n), we have, by the standard error estimates for linear parabolic problems, see, e.g., Thomée [21, Theorem 1.5],

‖e^n‖ ≤ C_0‖R_hv − v‖ + C_0h^r ( ‖v‖_r + ∫_{tn} 0 ‖u_t‖_r ds ) + C_0k ∫_{tn} 0 ‖u_{tt}(s)‖ ds (4.10)

≤ C(M_3, T )(h^r + k).

For η^n = U^n − Û^n, noting that, by (4.4) and (4.1),

(4.11) { ¯∂ηn + A_hηn = P_h(F (U n) − F (un)), for n ≥ 1, η^0 = 0, we have, by Lemma 2.3, with r(λ) = 1/(1 + λ), ‖η^n‖ ≤ k n∑ j=1 ‖r(kA_h)^{n−j+1}‖ ‖P_h(F (U^j ) − F (u^j ))‖

≤ C_0k n∑ j=1 ‖F (U^j ) − F (u^j )‖ ≤ C(K, M_3) ( k n∑ j=1 ‖η^j ‖ + k n∑ j=1 ‖e^j ‖ ) .

Further, by the discrete Gronwall’s lemma, and (4.10), we have ‖η^n‖ ≤ C(K, M_3, T )(h^r + k), which shows (4.8).

Now we turn to (4.9). Following the proof of (4.10), we can show that,

|e^n|_{−2} ≤ C_0|R_hv − v|_{−2} + C_0h^{r+2} ( ‖v‖_r + ∫_t 0 ‖u_t‖_r ds ) (4.12)

+ C_0k ∫_{tn} 0 |u_{tt}(s)|_{−2} ds ≤ C(M_3, T )(h^{r+2} + k).

To estimate |η^n|_{−2}, we first note that, by Lemma 2.1, (4.13) |η^n|_{−2} ≤ C_0(h^2‖η^n‖ + ‖G_hη^n‖). Here G_hη^n satisfies, by (4.11),

(4.14) { ¯∂(G_hηn) + A_h(G_hηn) = G_hP_h(F (U n) − F (un)), for n ≥ 1, η^0 = 0, which implies

G_hη^n = k n∑ j=1 r(kA_h)^{n−j+1}G_hP_h(F (U^j ) − F (u^j )).

Note that, by Lemmas 2.1 and 2.3,

‖G_hP_h(F (U^j ) − F (u^j ))‖ = |F (U^j ) − F (u^j )|_{−2,h} ≤ C(‖u‖_r, K) ( h^2‖U^j − u^j ‖ + ‖U^j − u^j ‖^2 + |U^j − u^j |_{−2} ) . Hence, by the stability of r(λ), ‖G_hη^n‖ ≤ C(K, M_3) ( k n∑ j=1 |η^j |_{−2} + h^2k n∑ j=1 ‖U^j − u^j ‖

+ k n∑ j=1 (‖U^j − u^j ‖^2 + |e^j |_{−2}) ) . Combining this with (4.13) and using the discrete Gronwall’s lemma, we get, by (4.8) and (4.12), (4.15) |η^n|_{−2} ≤ C(K, M_3, T )(h^{r+2} + k). Together these estimates complete the proof.

We also need the following lemma for the error estimate of the approximation ¯∂U n of u_t(t_n).

Lemma 4.3. Let U^n and u be the solutions of (4.1) and (1.2), respectively. Assume that F satisfies the assumptions in Lemma 2.3. Further assume that v_h = R_hv and (4.16) sup_{0≤tn≤T} ‖U^n − u(t_n)‖_{L∞} ≤ K, and (4.17) sup_{0≤s≤T} ( ‖u(s)‖_r + ‖u_t(s)‖_r + ‖u_{tt}(s)‖_r + ‖u_{tt}(s)‖ + ‖Au_{tt}(s)‖ ) ≤ M_4, for some positive numbers K, M_4, T . Then there is a constant C = C(K, M_4, T ) such that, with ℓ_k = 1 + log(T/k), (4.18) sup_{k≤tn ≤T} ‖ ¯∂U^n − u_t(t_n)‖ ≤ C_0‖ ¯∂Û^1 − u_t(t_1)‖ + Cℓ_k(h^r + k), and (4.19) sup_{k≤tn ≤T} | ¯∂U^n − u_t(t_n)|_{−2} ≤ C_0| ¯∂Û^1 − u_t(t_1)|_{−2} + Cℓ_k(h^{r+2} + k).

Proof. We use the same notation as in Lemma 4.2 and write ¯∂U^n − u_t(t_n) = ( ¯∂U^n − ¯∂Û^n) + ( ¯∂Û^n − u_t(t_n)) = ¯∂η^n + (¯ ∂Û^n − u_t(t_n) ) . We first show

‖ ¯∂Û^n − u_t(t_n)‖ ≤ C_0‖ ¯∂Û^1 − u_t(t_1)‖ + C_0h^r ( ‖u_t(0)‖_r + ∫_{tn} 0 ‖u_{tt}‖_r ds ) (4.20)

+ C_0k ∫_{tn} 0 ‖Au_{tt}(s)‖ ds ≤ C_0‖ ¯∂Û^1 − u_t(t_1)‖ + C(M_4, T )(h^r + k).

To show (4.20), we write

¯∂Û^n − u_t(t_n) = ( ¯∂Û^n − R_hu_t(t_n)) + (R_hu_t(t_n) − u_t(t_n)) = θ^n + ρ^n. In the standard way ρ^n is bounded as desired, and it remains to consider θ^n ∈ S_h. We have ¯∂θ^n + A_hθ^n = P_hω^n, for n ≥ 2, where ω^n = (R_h − I) ¯∂u_t(t_n) + A( ¯∂u^n − u^n_t ) = σ^n + τ^n.

By stability estimate, see, e.g., Thomée [21, Theorem 10.2],

(4.21) ‖θ^n‖ ≤ C_0‖θ^1‖ + C_0k n∑ j=2 ‖σ^j ‖ + C_0k n∑ j=2 ‖τ^j ‖, for n ≥ 2.

We have k‖σ^n‖ ≤ C_0h^r ∫_{tn} t_{n−1} ‖u_{tt}‖_r ds, and k‖τ^n‖ ≤ C_0k‖A( ¯∂u^n − u^n_t )‖ ≤ C_0k ∫_{tn} t_{n−1} ‖Au_{tt}(s)‖ ds. Together with ‖θ^1‖ ≤ ‖ ¯∂U^1 − u^1_t ‖ + ‖ρ^1‖, with the obvious bounds for ‖ρ^1‖, this completes the proof of (4.20).

For ‖ ¯∂η^n‖, we have, by (4.11),

(4.23) ¯∂η^n = P_h(F (U^n) − F (u^n)) − k n∑ j=1 A_hr(kA_h)^{n−j+1}P_h(F (U^n) − F (u^n)).

Using the following smoothing property

(4.24) k n∑ j=1 ‖A_hr(kA_h)^{n−j+1}‖ ≤ C_0ℓ_k, which follows from k n∑ j=1 ‖A_hr(kA_h)^{n−j+1}‖ ≤ C_0k n∑ j=1 t^{−1}_{n−j+1} = C_0 ( 1 + n−1∑ j=1 t^{−1}_{n−j+1} )

≤ C_0 ( 1 + ∫_{tn} t_1 1 s ds ) ≤ C_0(1 + log(t_n/k)) ≤ C_0ℓ_k, we have, by Lemma 2.3, and (4.8), ‖ ¯∂η^n‖ ≤ C(K, M_4) ( ‖U^n − u^n‖ + ℓ_k max_{1≤j≤n} ‖U^j − u^j ‖ ) ≤ C(K, M_4, T )ℓ_k(h^r + k). (4.25) Together these estimates complete the proof of (4.18).

Now we turn to estimate (4.19). Following the proof of (4.20), we can show

| ¯∂Û^n − u_t(t_n)|_{−2} ≤ C_0| ¯∂Û^1 − u_t(t_1)|_{−2} + C_0h^{r+2} ( ‖u_t(0)‖_r + ∫_{tn} 0 ‖u_{tt}‖_r ds ) (4.26)

+ C_0k ∫_{tn} 0 ‖u_{tt}(s)‖ ds, ≤ C_0| ¯∂Û^1 − u_t(t_1)|_{−2} + C(M_4, T )(h^{r+2} + k).

For | ¯∂η^n|_{−2}, we have, using (4.22), and by Lemmas 2.1 and 2.3, | ¯∂η^n|_{−2} ≤ C(K, M_4, T )ℓ_k max_{1≤j≤n} ( h^2‖U^j − u^j ‖ + ‖U^j − u^j ‖^2 + |U^j − u^j |_{−2} ) . Thus, by (4.8) and (4.9), (4.27) | ¯∂η^n|_{−2} ≤ C(K, M_4, T )ℓ_k(h^{r+2} + k).

Together these estimates complete the proof.

Proof of Theorem 4.1. Combining (2.3) and (4.3), we have, with G̃_h = Ã^{−1}_h ,

ũ_h(T ) − u(T ) = G̃_hP̃_h(− ¯∂U^n + F (U^n)) − G(−u_t(t_n) + F (u^n)) = (G̃_hP̃_h − G) ( − ¯∂U^n + F (U^n) + u_t(t_n) − F (u^n) ) − (G̃_hP̃_h − G) ( u_t(t_n) − F (u^n) ) + G ( − ¯∂U^n + F (U^n) + u_t(t_n) − F (u^n) ) . Thus, we get, noting that ‖(G̃_hP̃_h − G)f‖ ≤ Ch^s‖f‖_{s−2} for 0 ≤ s ≤ r + 2, ‖ũ_h(T ) − u(T )‖ ≤ C_0h^2 ( ‖ ¯∂U^n − u_t(t_n)‖ + ‖F (U^n) − F (u^n)‖ ) + C_0h^{r+2}‖u_t(t_n) − F (u^n)‖_r + | ¯∂U^n − u_t(t_n)|_{−2} + |F (U^n) − F (u^n)|_{−2}.

Combining this with Lemmas 2.3, 4.2, and 4.3, we complete the proof.

5 Error estimate for the starting approximation

In this section we will consider the error estimate for the starting approximation of the time derivative | ¯∂Û^1 − u_t(t_1)|_{−s}, s = 0, 2, which appears in Theorem 4.1, where u and Û^1 satisfy (5.1) u_t + Au = F (u), with u(0) = v, and (5.2) ¯∂Û^1 + A_hÛ^1 = P_hF (u^1), with Û^0 = v_h = R_hv, respectively.

The semidiscrete problem of (5.1) is to find û_h ∈ S_h such that, (5.3) û_{h,t} + A_hû_h = P_hF (u), with û_h(0) = R_hv.

We observe that we use F (u^1) in (5.2), thus | ¯∂Û^1 − u_t(t_1)|_{−s}, s = 0, 2, can be bounded by the standard technique for nonhomogeneous linear parabolic problems. We have the following theorem:

Theorem 5.1. Let Û^1 and u be the solutions of (5.2) and (5.1), respectively. Assume that F is continuously differentiable and

‖Au_t(0)‖ + ‖u_t(0)‖_r + max_{0≤τ ≤k} ( ‖F^′(u(τ))u_t(τ)‖ + ‖u_{tt}(τ)‖_r ) ≤ M_0, for some positive number M_0. Then there is a constant C = C(M_0) such that (5.4) ‖ ¯∂Û^1 − u_t(t_1)‖ ≤ C(h^r + k), and (5.5) | ¯∂Û^1 − u_t(t_1)|_{−2} ≤ C(h^{r+2} + k). Proof. We first show (5.4). We write ¯∂Û^1 − u_t(t_1) = ( ¯∂Û^1 − û_{h,t}(t_1)) + (û_{h,t}(t_1) − u_t(t_1)).

By (3.27), we have (5.6) ‖û_{h,t}(t_1) − u_t(t_1)‖ ≤ C_0h^r ( ‖u_t(0)‖_r + ∫_{t1} 0 ‖u_{tt}(s)‖_r ds ) . For ¯∂Û^1 − û_{h,t}(t_1), we have, by (5.2) and (5.3), ¯∂Û^1 − û_{h,t}(t_1) = A_h(Û^1 − û^1_h).

Here, by Taylor’s formula, with r(λ) = 1/(1 + λ), E_h(t) = e^{−tAh} , Û^1 − û^1_h =(r(kA_h) − E_h(t_1))R_hv + kr(kA_h)P_hF (u^1) − ∫_{t1} 0 E_h(t_1 − s)P_hF (u(s)) ds = ( r(kA_h) − E_h(t_1) ) R_hv + kr(kA_h) ( P_hF (u(0)) + ∫_k 0 P_hF^′(u(τ))u_t(τ) dτ )

− k ∫_1 0 e^{−(1−s)kAh} ( P_hF (u(0)) + ∫_{ks} 0 P_hF^′(u(τ))u_t(τ) dτ ) ds = ( r(kA_h) − E_h(t_1) ) R_hv + kb_0(kA_h)P_hF (u(0)) + kR(F ), where b_0(λ) = r(λ) −

∫_1 0 e^{−(1−s)λ} ds, and R(F ) = r(kA_h) ∫_k 0 P_hF^′(u(τ))u_t(τ) dτ − ∫_1 0 e^{−(1−s)kAh} ∫_{ks} 0 P_hF^′(u(τ))u_t(τ) dτ ds. Thus, we have ¯∂Û^1 − û_{h,t}(t_1) =(r(kA_h) − E_h(t_1))A_hR_hv + kA_hb_0(kA_h)P_hF (u(0)) + kA_hR(F ).

Noting that A_hR_h = P_hA and λb_0(λ) = − ( r(λ) − e^{−λ} ) , we get

¯∂Û^1 − û_{h,t}(t_1) = (r(kA_h) − E_h(t_1))P_h(Av − F (u(0))) + kA_hR(F ) (5.7) = ( r(kA_h) − E_h(t_1) ) P_hu_t(0) + kA_hR(F ) = I + II. For I, we have, by the error estimate for homogeneous parabolic problems, ‖I‖ ≤ ‖ ‖(r(kA_h) − E_h(t_1))(P_h − R_h)u_t(0) ‖ ‖ + ‖ ‖(r(kA_h) − E_h(t_1)R_hu_t(0) ‖ ‖ ≤ ‖(P_h − R_h)u_t(0)‖ + C_0k‖A_hR_hu_t(0)‖ ≤ C_0h^r‖u_t(0)‖_r + C_0k‖Au_t(0)‖.

For II, we write II = kA_hr(kA_h) ∫_k 0 P_hF^′(u(τ))u_t(τ) dτ − kA_h ∫_1 0 e^{−(1−s)kAh} ∫_{ks} 0 P_hF^′(u(τ))u_t(τ) dτ ds = II_1 + II_2.

We have, noting that |λr(λ)| ≤ 1, ‖P_h‖ ≤ 1, ‖II_1‖ ≤ ‖kA_hr(kA_h)‖ ∫_k 0 ‖P_hF^′(u(τ))u_t(τ)‖ dτ ≤ k max 0≤τ ≤k ‖F^′(u(τ))u_t(τ)‖, and, by exchanging the integral order and noting that

∫_1 ϵ λe^{−(1−s)λ} ds ≤ 1, for 0 ≤ ϵ ≤ 1, ‖II_2‖ = ‖ ‖kA_h ∫_k 0 P_hF^′(u(τ))u_t(τ)

∫_1 τ /k e^{−(1−s)kAh} dsdτ ‖ ‖

≤ k max 0≤τ ≤k ‖F^′(u(τ))u_t(τ)‖ ‖ ‖ ‖kAh ∫_1 τ /k e^{−(1−s)kAh} ds ‖ ‖ ‖ ≤ k max 0≤τ ≤k ‖F^′(u(τ))u_t(τ)‖. Together these estimates show

(5.8) ‖ ¯∂Û^1 −û_{h,t}(t)‖ ≤ C_0 ( h^r‖u_t(0)‖_r +k‖Au_t(0)‖+k max_{0≤τ ≤k} ‖F^′(u(τ))u_t(τ)‖ ) . Combining this with (5.6) shows (5.4).

We now turn to (5.5). We again write

¯∂Û^1 − u_t(t_1) = ( ¯∂Û^1 − û_{h,t}(t_1)) + (û_{h,t}(t_1) − u_t(t_1)).

The desired bound for |û_{h,t}(t_1) − u_t(t_1)|_{−2} follows from (3.28).

For ¯∂Û^1 − û_{h,t}(t_1), we have, by Lemma 2.1,

| ¯∂Û^1 − û_{h,t}(t_1)|_{−2} ≤ C_0 ( h^2‖ ¯∂Û^1 − û_{h,t}(t_1)‖ + | ¯∂Û^1 − û_{h,t}(t_1)|_{−2,h} ) . Thus, by (5.7), | ¯∂Û^1 − û_{h,t}(t_1)|_{−2,h} ≤ |I|_{−2,h} + |II|_{−2,h}. For |I|_{−2,h}, we have, by the error estimate for homogeneous parabolic problems, see [24], |I|_{−2,h} = |(r(kA_h) − E_h(t_1))P_hu_t(0)|_{−2,h} ≤ C_0 ( h^{r+2}‖u_t(0)‖_r + k‖Au_t(0)‖ ) . For |II|_{−2,h}, we have, noting that |r(λ)| ≤ 1,

∫_1 ϵ e^{−(1−s)λ} ds ≤ 1 for 0 ≤ ϵ ≤ 1, |II|_{−2,h} ≤ ∫_k 0 ‖kr(kA_h)‖ ‖P_hF^′(u(τ))u_t(τ)‖ dτ + ‖ ‖k ∫_k 0 P_hF^′(u(τ))u_t(τ)

∫_1 τ /k e^{−(1−s)kAh} ds dτ ‖ ‖ ≤k^2 max_{0≤τ ≤k} ‖F^′(u(τ))u_t(τ)‖. Hence we get | ¯∂Û^1 −û_{h,t}(t_1)|_{−2,h} ≤ C_0 ( h^{r+2}‖u_t(0)‖_r +k‖Au_t(0)‖+k^2 max_{0≤τ ≤k} ‖F^′(u(τ))u_t(τ)‖ ) . Combining this with (5.8) shows (5.5).

Together these estimates complete the proof of the theorem.

6 High order time-stepping

The postprocessing requires very accurate time-stepping in order to match the high order spatial approximation. It would be natural then to use a timestepping method of higher order than the backward Euler method of Section 4. However, we have not been able to analyze such methods except in the case of linear homogeneous problems, where we can apply the analysis of time derivative approximation from [24].

In this section we consider the linear homogeneous parabolic problem (6.1) u_t + Au = 0, for t > 0, with u(0) = v. We define the following time-stepping method (6.2) U^n = r(kA_h)U^{n−1}, U^0 = v_h, where r(λ) is a rational function and accurate of order p ≥ 1, i.e., r(λ) − e^{−λ} = O(λ^{p+1}), λ → 0.

For example, if r(λ) = 1/(1 + λ), we have (1 + kA_h)U^n = U^{n−1}, which is the backward Euler method. If r(λ) = (1−λ/2)/(1+λ/2), we have (1+^1_2 kA_h)U^n = (1 −^1_2 kA_h)U^{n−1} which is the Crank-Nicolson method.

Further we define the quotient Q_kU^n to approximate the time derivative u_{h,t}(t_n), with positive integers m_1, m_2, and real numbers c_ν ,

(6.3) Q_kU^n = k^{−1}

m_2∑

ν=−m_1 c_ν U^{n+ν} , for n ≥ m_1,

We assume that the operator Q_k satisfies, for any smooth function u,

(6.4) Q_ku^n − u_t(t_n) = O(k^p), k → 0.

For example, Q_ku^n = ¯∂u^n = (u^n − u^{n−1})/k, for n ≥ 1, and Q_ku^n = ( 3 2 u^n − 2u^{n−1} + 1 2 u^{n−1})/k, for n ≥ 2, satisfy ¯∂u^n − u_t(t_n) = O(k), k → 0, and (^3_2 u^n − 2u^{n−1} +^1_2 u^{n−1})/k − u_t(t_n) = O(k^2), k → 0,

respectively.

The postprocessing step in fully discrete case is to find ũ(T ) ∈ S_h, T = t_n, such that

(6.5) Aũ(T ) = −Q_kU^n.

The finite element solution of the elliptic problem (6.5) with respect to S̃_h is to find ũ_h(T ) ∈ S̃_h, such that,

(6.6) Ã_hũ_h(T ) = P̃_h(−Q_kU^n).

Our main theorem in this section is the following:

Theorem 6.1. Let r ≥ 4 and S_h and S̃_h be the finite element spaces of order r and r + 2, respectively, as described in Section 1. Let ũ_h and u be the solutions of (6.6) and (6.1), respectively. Let T = t_n be a fixed time. Then we have, if v_h = R_hv, ‖ũ_h(T ) − u(T )‖ ≤ C_0 ( h^{r+2}|v|_{r+2} + k^p|v|_{2(p+1)} + h^{r+2}‖u_t(T )‖_r ) , for r ≥ 4.

Recalling the proof of Theorem 4.1, we note that Theorem 6.1 follows once we have proved appropriate estimates of ‖Q_kU^n − u_t(t_n)‖ and |Q_kU^n − u_t(t_n)|_{−2} which are given in the following two lemmas.

Lemma 6.2. Let U^n and u be the solutions of (6.2) and (6.1), respectively. Assume that |r(λ)| < 1 for λ > 0. Then, we have, if v_h = R_hv,

‖Q_kU^n − u_t(t_n)‖ ≤ C_0(h^r|v|_{r+2} + k^p|v|_{2(p+1)}).

Lemma 6.2 was proved in [24].

Lemma 6.3. Let U^n and u be the solutions of (6.2) and (6.1), respectively. Assume that |r(λ)| < 1 for λ > 0. Then, we have, if v_h = R_hv,

|Q_kU^n − u_t(t_n)|_{−2} ≤ C_0 ( h^{r+2}|v|_{r+2} + k^p|v|_{2(p+1)} ) .

Let us first prove the following error estimate for the approximation U^n of u(t_n) in negative order norm. We do not need it here but it serves as a guide for the proof of Lemma 6.3. We remark that we choose v_h = P_hv, not R_hv.

Lemma 6.4. Let U^n and u be the solutions of (6.2) and (6.1), respectively. Assume that |r(λ)| < 1 for λ > 0. Then, we have, if v_h = P_hv, |U^n − u(t_n)|_{−2} ≤ C ( h^{r+2}|v|_r + k^p|v|_{2p} ) .

Proof. By Thomée [21, Theorem 6.2], we have |u_h(t) − u(t)|_{−2} ≤ C_0h^{r+2}|v|_r. Therefore it suffices to show

(6.7) |U^n − u_h(t_n)|_{−2} = C_0 ( h^{r+2}|v|_r + k^p|v|_{2p} ) , which we will prove now.

By Lemma 2.1, we have

|U^n − u_h(t_n)|_{−2} ≤ C_0(h^2‖U^n − u_h(t_n)‖ + |U^n − u_h(t_n)|_{−2,h}).

We first estimate |U^n − u_h(t_n)|_{−2,h} = ‖G_h(U^n − u_h(t_n)‖. We write

U^n − u_h(t_n) = ( r(kA_h)^n − e^{−knAh} ) P_hv = F_n(kA_h)P_hv, where F_n(λ) = r(λ)^n − e^{−nλ}. We need to show ‖G_hF_n(kA_h)P_hv‖ ≤ C ( h^{r+2}|v|_r + k^p|v|_{2p} ) . To do this we set v_k = ∑ kλ_l ≤1 (v, φ_l)φ_l, where φ_l and λ_l are the eigenfunctions and eigenvalues of the operator A. Then v_k ∈ Ḣ^s for each s ≥ 0. Further, by the definition of the norm in Ḣ^s, we find easily (6.8) ‖v − v_k‖ ≤ k^p|v|_{2p},

(6.9) |v_k|_{2p} ≤ |v|_{2p}, and (6.10) |v_k |_{r+2j} ≤ k^{−j} |v|_r, for 0 ≤ j ≤ p − 1. Applying now the identity

(6.11) v = p−1∑ j=0 G^j_h(G − G_h)A^{j+1}v + G^p_hA^pv, for v ∈ Ḣ^{2p}, where G^0_h = I,

to v_k, we have, with F_n = F_n(kA_h)P_h,

(6.12) G_hF_nv_k = p−1∑ j=0 G_hF_nG^j_h(G − G_h)A^{j+1}v_k + G_hF_nG^p_hA^pv_k.

It is easy to show that, see, e.g., Thomée [21, Lemma 7.2], (6.13) ‖F_n(kA_h)P_hG^j_h‖ ≤ C_0k^j for 0 ≤ j ≤ p, n ≥ 0. Thus, by (6.9) and noting the boundedness of G_h, ‖G_hF_nG^p_hA^pv_k‖ ≤ ‖F_nG^p_hA^pv_k‖ ≤ C_0k^p‖A^pv_k‖ ≤ C_0k^p|v_k|_{2p} ≤ C_0k^p|v|_{2p}. Further, by (6.10), (6.13), and using (2.11), and noting that P_hG^j_h = G^j_h, with 0 ≤ j ≤ p − 1, ‖G_hF_nG^j_h(G − G_h)A^{j+1}v_k ‖ ≤ C_0k^j ‖G_h(G − G_h)A^{j+1}v_k‖ ≤ C_0k^j h^2 ‖ ‖(G − G_h)(A^{j+1}v_k) ‖ ‖ + C_0k^j | |(G − G_h)(A^{j+1}v_k) | |_{−2} ≤ C_0k^j h^{r+2}‖A^{j+1}v_k ‖_{r−2} ≤ C_0k^j h^{r+2}|v_k|_{r+2j} ≤ C_0h^{r+2}|v|_r.

Together these estimates imply ‖G_hF_nv_k‖ ≤ C_0 ( h^{r+2}|v|_r + k^p|v|_{2p} ) . Since obviously, by (6.8), the boundedness of G_h and stability, we get ‖G_hF_n(v − v_k)‖ ≤ ‖F_n(v − v_k)‖ ≤ 2‖(v − v_k)‖ ≤ C_0k^p|v|_{2p}, so that ‖ ‖G_h(U^n − u_h(t_n)) ‖ ‖ = ‖G_hF_nv‖ ≤ C_0(h^{r+2}|v|_r + k^p|v|_{2p}). By Thomée [21, Theorem 7.8], we have ‖U^n − u_h(t_n)‖ ≤ C_0 ( h^r|v|_r + k^p|v|_{2p} ) , t_n ≥ 0.

Thus, | |U^n − u_h(t_n) | |_{−2} ≤ ‖ ‖(G − G_h)(U^n − u_h(t_n)) ‖ ‖ + ‖ ‖G_h(U^n − u_h(t_n)) ‖ ‖ ≤ C_0 ( h^{r+2}|v|_r + k^p|v|_{2p} ) . Together these estimates complete the proof.

Now we turn to the proof of Lemma 6.3. The idea of the proof is similar to the one used in Lemma 6.4

Proof of Theorem 6.3. By Thomée [21, Theorem 6.4], we have | |u_{h,t}(t) − u_t(t) | |_{−2} ≤ Ch^{r+2}|v|_{r+2}. Therefore it suffices to show

(6.14) | |Q_kU^n − u_{h,t}(t_n) | |_{−2} ≤ C(h^{r+2}|v|_{r+2} + k^p|v|_{2(p+1)}), which we will prove now.

We first estimate | Q_kU^n −u_{h,t}(t_n) | −2,h. Noting that, with vh = Rhv = GhAv,

Q_kU^n − u_{h,t}(t_n) = k^{−1} (^m2∑ ν=−m_1 c_ν U^{n+ν} − (−A_h)e^{−nkAh} ) G_hAv = k^{−1}g_n(kA_h)G_hAv, where g_n(λ) = ∑_{m2} ν=−m_1 r(λ) n+ν − (−λ)e^{−nλ}, we need to show ‖ ‖G_h(k^{−1}g_n(kA_h)G_hAv) ‖ ‖ ≤ C_0(h^{r+2}|v|_{r+2} + k^p|v|_{2(p+1)}). As in the proof of Lemma 6.4, we introduce v_k which satisfies: (6.15) ‖A(v − v_k)‖ ≤ k^p|v|_{2p+2}, (6.16) |v_k|_{2(p+1)} ≤ |v|_{2(p+1)}, and (6.17) |v_k|_{r+2l+2} ≤ k^{−l}|v|_{r+2}, for 0 ≤ l ≤ p − 1.

Applying now the identity (6.11) to v = Av_k, we get G_hg_n(kA_h)G_hAv_k = p−1∑ l=0 g_n(kA_h)G^{l+1}_h ( G_h(G − G_h)A^{l+2}v_k )

+ G_hg_n(kA_h)G^{p+1}_h A^{p+1}v_k.

It is easy to show that, see, e.g., [24, Lemma 3.9],

(6.18) ‖g_n(kA_h)G^{l+1}_h ‖ ≤ C_0k^{l+1}, for 0 ≤ l ≤ p, n ≥ 0.

Thus, by (6.16) and noting the boundedness of G_h,

‖G_hg_n(kA_h)G^{p+1}_h A^{p+1}v_k‖ ≤ ‖g_n(kA_h)G^{p+1}_h A^{p+1}v_k‖ ≤ C_0k^{p+1}‖A^{p+1}v_k‖ ≤ C_0k^{p+1}|v_k|_{2(p+1)} ≤ C_0k^{p+1}|v|_{2(p+1)}.

Further, by (6.17), (6.18), and using (2.11), we have, with 0 ≤ l ≤ p − 1, ‖ ‖g_n(kA_h)G^{l+1}_h (G_h(G − G_h)A^{l+2}v_k ) ‖ ‖ ≤ C_0k^{l+1}‖G_h(G − G_h)A^{l+2}v_k‖ ≤ C_0k^{l+1}h^2‖(G − G_h)(A^{l+2}v_k)‖ + C_0k^{l+1}h^{r+2}|A^{l+2}v_k|_{r−2} ≤ C_0k^{l+1}h^{r+2}‖A^{l+2}v_k‖_{r−2} ≤ C_0k^{l+1}h^{r+2}|v_k |_{r+2l+2} ≤ C_0kh^{r+2}|v|_{r+2}.

Together these estimates imply ‖G_hg_n(kA_h)G_hAv_k‖ ≤ C_0k(h^{r+2}|v|_{r+2} + k^p|v|_{2(p+1)}). Since obviously, by (6.15), the boundedness of G_h and stability, we get ‖G_hg_n(kA_h)G_hA(v − v_k)‖ ≤ ‖g_n(kA_h)G_hA(v − v_k)‖ ≤ C_0k‖A(v − v_k)‖ ≤ C_0k^{p+1}|v|_{2(p+1)}, we conclude that ‖G_h(Q_kU^n − u_{h,t}(t_n))‖ = k^{−1}‖G_hg_n(kA_h)G_hAv‖ ≤ C_0(h^{r+2}|v|_{r+2} + k^p|v|_{2(p+1)}).

By [24, Theorem 3.8], we have ‖Q_kU^n − u_{h,t}(t_n)‖ ≤ C_0(h^r|v|_{r+2} + k^p|v|_{2p}). Thus |Q_kU^n − u_{h,t}(t_n)|_{−2} ≤ ‖(G − G_h)(Q_kU^n − u_{h,t}(t_n))‖ + ‖G_h(Q_kU^n − u_{h,t}(t_n))‖ ≤ C_0(h^{r+2}|v|_{r+2} + k^p|v|_{2(p+1)}).

Together these estimates complete the proof.

After the preparations above we now come to the proof of Theorem 6.1. Proof of Theorem 6.1. Combining (6.6) and (6.1), we get, with G̃_h = Ã^{−1}_h , ũ_h(T ) − u(T ) = G̃_hP̃_h(−Q_kU^n) − G(−u_t) = (G̃_hP̃_h − G)(−Q_kU^n + u_t(t_n)) − (G̃_hP̃_h − G)u_t(t_n) + G(Q_kU^n − u_t).

Thus, by Lemmas 6.2 and 6.3, and noting that ‖(G̃_hP̃_h − G)f‖ ≤ Ch^s‖f‖_{s−2}, for 0 ≤ s ≤ r + 2, we have

‖ũ_h(T ) − u(T )‖ ≤ C_0h^2‖Q_kU^n − u_t(t_n)‖ + C_0h^{r+2}‖u_t(t_n)‖_r + |(Q_kU^n − u_t(t_n))|_{−2} ≤ C_0 ( h^{r+2}|v|_{r+2} + k^p|v|_{2(p+1)} + h^{r+2}‖u_t(t_n)‖_r ) . Together these estimates complete the proof.

Acknowledgement

I wish to express my sincere gratitude to my supervisor Dr. Stig Larsson, who suggested the topic of this paper, for his support and valuable criticism.

REFERENCES

1. G. Akrivis, M. Crouzeix, and C. Makridakis, Implicit-explicit multistep finite element methods for nonlinear parabolic problems, Math. Comp. 67 (1998), 457–477.

2. , Implicit-explicit multistep methods for quasilinear parabolic equations, Numer. Math. 82 (1999), 521–541.

3. S. C. Brenner and L. R. Scott, The Mathematical Theory of Finite Element Methods, Springer-Verlag, New York, 1994.

4. C. Canuto, M. Y. Hussaini, A. Quarteroni, and T. A. Zang, Spectral Methods in Fluid Dynamics, Springer Series in Computational Physics, Springer- Verlag, New York, 1988.

5. M. Crouzeix, V. Thomée, and L. B. Wahlbin, Error estimates for spatially discrete approximations of semilinear parabolic equations with initial data of low regularity, Math. Comp. 53 (1989), 25–41.

6. J. de Frutos, B. García-Archilla, and J. Novo, A postprocessed Galerkin method with Chebyshev or Legendre polynomials, Numer. Math. 86 (2000), 419–442.

7. J. de Frutos and J. Novo, A postprocess based improvement of the spectral element method, Appl. Numer. Math. 33 (2000), 217–223.

8. , Postprocessing the linear finite element method, SIAM J. Numer.

Anal. 40 (2000), 805–819.

9. , A spectral element method for the Navier-Stokes equations with improved accuracy, SIAM J. Numer. Anal. 38 (2000), 799–819.

10. C. M. Elliott and S. Larsson, Error estimates with smooth and nonsmooth data for a finite element method for the Cahn-Hilliard equation, Math. Comp. 58 (1992), 603–630.

11. , A finite element model for the time-dependent Joule heating problem, Math. Comp. 64 (1995), 1433–1453.

12. C. M. Elliott and A. M. Stuart, The global dynamics of discrete semilinear parabolic equations, SIAM J. Numer. Anal. 30 (1993), 1622–1663.

13. B. García-Archilla and E. S. Titi, Postprocessing the Galerkin method: the finite-element case, SIAM J. Numer. Anal. 37 (2000), 470–499.

14. H. P. Helfrich, Error estimates for semidiscrete Galerkin type approximations to semilinear evolution equations with nonsmooth initial data, Numer. Math. 51 (1987), 559–569.

15. C. Johnson, S. Larsson, V. Thomée, and L. B. Wahlbin, Error estimates for spatially discrete approximations of semilinear parabolic equations with nonsmooth initial data, Math. Comp. 49 (1987), 331–357.

16. S. Larsson, Nonsmooth data error estimates with applications to the study of the long-time behavior of finite element solutions of semilinear parabolic problems, Preprint 1992–36, Department of Mathematics, Chalmers University of Technology.

17. , The long-time behavior of finite-element approximations of solutions to semilinear parabolic problems, SIAM J. Numer. Anal. 26 (1989), 348–365.

18. S. Larsson and J.-M. Sanz-Serna, The behavior of finite element solutions of semilinear parabolic problems near stationary points, SIAM J. Numer. Anal. 31 (1994), 1000–1018.

19. , A shadowing result with applications to finite element approximation of reaction-diffusion equations, Math. Comp. 68 (1999), 55–72.

20. A. H. Schatz, V. Thomée, and L. B. Wahlbin, Stability, analyticity, and almost best approximation in maximum norm for parabolic finite element equations, Comm. Pure Appl. Math. 51 (1998), 1349–1385.

21. V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Springer-Verlag, Berlin, 1997.

22. V. Thomée and L. Wahlbin, On Galerkin methods in semilinear parabolic problems, SIAM J. Numer. Anal. 12 (1975), 378–389.

23. M. F. Wheeler, A priori L_2 error estimates for Galerkin approximations to parabolic partial differential equations, SIAM J. Numer. Anal. 10 (1973), 723–759.

24. Y. Yan, Approximation of time derivatives for parabolic equations in Banach space: constant time steps, Preprint 2002–01, Chalmers Finite Element Center, Chalmers University of Technology, to appear in IMA J. Numer. Anal.

Paper V

The finite element method for a linear stochastic parabolic partial differential equation driven by additive noise

YUBIN YAN

Department of Mathematics, Chalmers University of Technology and Göteborg University SE–412 96 Göteborg, Sweden. email: yubin@math.chalmers.se

Abstract.

In this paper we consider the finite element method for a stochastic parabolic partial differential equation forced by additive space-time noise in the multi-dimensional case. Optimal strong convergence error estimates in the L2 and Ḣ^{−1} norms with respect to spatial variable have been obtained. The proof is based on appropriate nonsmooth data error estimates for the corresponding deterministic parabolic problem.

AMS subject classification: 65M, 60H15, 65C30, 65M65.

Key words: stochastic parabolic partial differential equations, finite element method, backward Euler method, additive noise, Hilbert space.

1 Introduction

In this paper we will study the finite element approximation of the linear stochastic parabolic partial differential equation

(1.1) du + Au dt = dW, for 0 < t ≤ T, with u(0) = u_0,

in a Hilbert space H with inner product (·, ·) and norm ‖ · ‖, where u(t) is an Hvalued random process, A is a linear, selfadjoint, positive definite, not necessarily bounded operator with a compact inverse, densely defined in D(A) ⊂ H, where W (t) is a Wiener process defined on a probability space (Ω, F, P) and u_0 ∈ H.

For the sake of simplicity, we shall concentrate on the case A = −Δ, where Δ stands for the Laplacian operator subject to homogeneous Dirichlet boundary conditions, and H = L_2(D), where D is a bounded domain in R^d, d = 1, 2, 3, with a sufficiently smooth boundary ∂D.

Such equations are common in applications. Many mathematics models in physics, chemistry, biology, population dynamics, neurophysiology, etc., are described by stochastic partial differential equations, see, Da Prato and Zabczyk [5], Walsh [18], etc. The existence, uniqueness, and properties of the solutions of such equations have been well studied, see Curtain and Falb [2], Da Prato [3], Da Prato and Lunardi [4], Da Prato and Zabczyk [5], Dawson [7], Gozzi [9],

Peszat and Zabczyk [14], Walsh [18], etc. However, numerical approximation of such equations has not been studied thoroughly.

The equation (1.1) can be written formly as

(1.2) u_t + Au = dW dt for 0 < t ≤ T, with u(0) = u_0,

where the derivative^{dW}_{dt} (noise) does not exist as a function of t in the usual sense. Thus the equation (1.2) is understood in the integral form.

Let E(t) = e^{−tA}, t ≥ 0. Then (1.2) admits a unique mild solution, see Da Prato and Zabczyk [5, Theorem 5.2, 5.4],

(1.3) u(t) = E(t)u_0 + ∫_t 0 E(t − s) dW (s) for 0 < t ≤ T, where the integral is understood in Itô sense.

We assume that W (t) is a Wiener process with covariance operator Q. This process may be considered in terms of its Fourier series. Suppose that Q has eigenvalues γ_l > 0 and corresponding eigenfunctions e_l. Then

W (t) = ∞∑ l=1 γ^{1/2}_l e_lβ_l(t),

where β_l, l = 1, 2, · · · , is a sequence of real-valued independent identically distributed Brownian motions.

If Q is in trace class, then W (t) is an H-valued process. If Q is not in trace class, for example Q = I, then W (t) does not belong to H, which is called a cylindrical Wiener process, but stochastic integral can be defined with respect to W , when the integral smoothes the noise process sufficiently.

Let L^0_2 = HS(Q^{1/2}(H), H) denote the space of Hilbert-Schmidt operators from Q^{1/2}(H) to H, i.e.,

L^0_2 = { ψ ∈ L(H) : ∞∑ l=1 ‖ψQ^{1/2}e_l‖^2 < ∞ } ,

with norm ‖ψ‖_L0_2 = ( ∑_∞ l=1 ‖ψQ^{1/2}e_l‖^2 )_{1/2} , where L(H) is the space of bounded operator from H to H.

Let E denote the expectation. The Itô isometry for a Wiener process of covariance operator Q states that, for an integrand ψ ∈ L^0_2, E ‖ ‖ ‖ ∫_t 0 ψ(s) dW (s) ‖ ‖ ‖^2 = ∫_t 0 ‖ψ(s)‖^2_L0_2 ds. Let S_h be a family of finite element spaces, where S_h consists of continuous piecewise polynomials of degree ≤ 1 with respect to the triangulation T of Ω. For simplicity, we always assume that {S_h} ⊂ H^1_0 = H^1_0 (D) = {v ∈ L_2(D), ∇v ∈

L_2(D), v|_{∂D} = 0}. The semidiscrete problem of (1.1) is to find the process u_h(t) = u_h(·, t) ∈ S_h, such that

(1.4) du_h + A_hu_h dt = P_hdW, for 0 < t ≤ T, with u_h(0) = P_hu_0,

where P_h denotes the L_2-projection onto S_h, and A_h : S_h → S_h is the discrete analogue of A, defined by (1.5) (A_hψ, χ) = A(ψ, χ), ∀ψ, χ ∈ S_h. Here A(·, ·) is the bilinear form on H^1_0 (D) obtained from the operator A in (1.1).

With E_h(t) = e^{−tAh} , t ≥ 0, then (1.4) admits a unique mild solution

u_h(t) = E_h(t)P_hu_0 + ∫_t 0 E_h(t − s)P_h dW (s). Let Ḣ^s = Ḣ^s(D) = D(A^{s/2}) for any s ∈ R and denote the norm by | · |_s = ‖A^{s/2} · ‖. For any Hilbert space H_1, we denote L_2(Ω; H_1) by

L_2(Ω; H_1) = { v : E‖v‖^2_{H1} = ∫ Ω ‖v(ω)‖^2_{H1} dP(ω) < ∞ } , with the norm ‖v‖_{L2(Ω;H1 )} = (E‖v‖^2_{H1} )^{1/2}.

Under the condition ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1], we show in Lemma 2.5 that W (t) ∈ Ḣ^{β−1} ⊂ Ḣ^{−1}, so that P_hW (t) is well defined, and we obtain, in Theorems 3.2, 3.4, the error estimates in semidiscrete case,

(1.6) ‖u_h(t) − u(t)‖_{L2(Ω;H)} ≤ Ch^β ( ‖u_0‖_{L2(Ω;Ḣ}β_) + ‖A^{(β−1)/2}‖_L0_2 ) , and, with ℓ_h = log(T/h^2),

(1.7) ‖u_h(t) − u(t)‖_{L2(Ω;Ḣ}−1_) ≤ Ch^{β+1} ( ‖u_0‖_{L2(Ω;Ḣ}β_) + ℓ_h‖A^{(β−1)/2}‖_L0_2 ) . We also consider the error estimates in the fully discrete case . Let k be a time step and t_n = nk with n ≥ 1. We use the backward Euler scheme to approximate u(t_n),

(1.8) U^n − U^{n−1} k + A_hU^n = 1 k ∫_{tn} t_{n−1} P_h dW (s), n ≥ 1, U^0 = P_hu_0.

With r(λ) = (1 + λ)^{−1}, we can rewrite (1.8) in the form

(1.9) U^n = r(kA_h)U^{n−1} + ∫_{tn} t_{n−1} r(kA_h)P_h dW (s), n ≥ 1, U^0 = P_hu_0.

Under the condition ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1], we obtain, in Theorems 4.2, 4.4, the error estimates in the fully discrete case,

(1.10) ‖U^n − u(t_n)‖_{L2(Ω;H)} ≤ C(k^{β/2} + h^β ) ( ‖u_0‖_{L2(Ω;Ḣ}β_) + ‖A^{(β−1)/2}‖_L0_2 ) , and, with ℓ_k = log(t_n/k), (1.11) ‖U^n − u(t_n)‖_{L2(Ω;Ḣ}−1_) ≤ C(k^{(β+1)/2} + h^{β+1}) ( ‖u_0‖_{L2(Ω;Ḣ}β_) + ℓ_k‖A^{(β−1)/2}‖_L0_2 ) . We briefly recall some previous works on the numerical approximation for (1.1). Allen, Novosel, and Zhang [1] consider both finite element and finite difference methods of (1.1) in the one-dimensional case and in the cylindrical Wiener process case with Q = I and H = L_2(0, 1), A = −^∂_{∂x2} with Dirichlet boundary condition. Shardlow [16] also considers the finite difference approximation of (1.1) in the one-dimensional case. Du and Zhang [8] consider the numerical approximation for (1.1) but with some special additive noises. Printems [15] considers the time discretization in more general case in abstract framework based on the θ-method. For the numerical approximation of nonlinear evolution partial differential equation, we mention Davie and Gaines [6], Gyöngy [10], [11], Hausenblas [12], etc.

This paper is organized as follows. In Section 2, we consider the regularity of the solution of (1.1). In Section 3, we consider the error estimates in semidiscrete case. In Section 4, we consider the error estimates in the fully discrete case. Finally in Section 5, we consider how to compute the approximate solution U^n numerically.

By C and c we denote large and small positive constants independent of the functions and parameters concerned, but not necessarily the same at different occurrences. When necessary for clarity we distinguish constants by subscripts.

2 Regularity of the mild solution

In this section we will consider the regularity of the mild solution of (1.1). We have

Theorem 2.1. Let u(t) be the mild solution (1.3) of (1.1). If ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1]. Then we have, for fixed t ∈ [0, T ], (2.1)

‖u(t)‖_{L2(Ω;Ḣ}β_) ≤ C ( ‖u_0‖_{L2(Ω;Ḣ}β_) + ‖A^{(β−1)/2}‖_L0_2 ) , for u_0 ∈ L_2(Ω; Ḣ^β ).

In particular, if W (t) is an H-valued Wiener process with covariance operator Q, Tr(Q) < ∞, then we have

(2.2) ‖u(t)‖_{L2(Ω;Ḣ}1_) ≤ C ( ‖u_0‖_{L2(Ω;Ḣ}1_) + Tr(Q)^{1/2} ) , for u_0 ∈ L_2(Ω; Ḣ^1).

To prove this theorem, we need some regularity results which are related to the fact that E(t) = e^{−tA} is an analytic semigroup on H. For later use, we collect some results in the next two lemmas, see Thomée [17] or Pazy [13].

Lemma 2.2. Let α, β ∈ R and let l ≥ 0 be any integer. We have (2.3) |D^l_tE(t)v|_β ≤ Ct^{−(β−α)/2−l}|v|_α, for t > 0, 2l + β ≥ α, and (2.4) ∫_t 0 s^α|D^l_tE(s)v|^2_β ds ≤ C|v|^2_{l+β−α−1}, for t ≥ 0, α ≥ 0.

Lemma 2.3. For arbitrary α ≥ 0, 0 ≤ β ≤ 1, we have (2.5) ‖A^αE(t)‖ ≤ Ct^{−α}, for t > 0, and (2.6) ‖A^{−β}(I − E(t))‖ ≤ Ct^β , for t ≥ 0. Proof of Theorem 2.1. Since the mild solution has the form u(t) = E(t)u_0 + ∫_t 0 E(t − s) dW (s). Thus, for arbitrary β ≥ 0, using stability property of E(t) and isometry property, E(|u(t)|^2_β ) ≤ 2E(|E(t)u_0|^2_β ) + 2E ‖ ‖ ‖ ∫_t 0 A^{β/2}E(t − s) dW (s) ‖ ‖ ‖^2

(2.7) = 2E(|u_0|^2_β) + 2E ∫_t 0 ‖A^{β/2}E(t − s)‖^2_L0_2 ds. With {e_l}^∞_{l=1} an arbitrary orthonormal basis on H, we have, using Lemma 2.2, ∫_t 0 ‖A^{β/2}E(t − s)‖^2_L0_2 ds = ∞∑ j=1 ∫_t 0 ‖A^{β/2}E(t − s)Q^{1/2}e_l‖^2 ds

= ∞∑ j=1 ∫_t 0 |E(s)Q^{1/2}e_l|^2_β ds ≤ C ∞∑ j=1 |Q^{1/2}e_l|^2_{β−1} = C‖A^{(β−1)/2}‖^2_L0_2 .

Together with (2.7) this shows (2.1).

In particular, if W (t) is an H-valued Wiener process with Tr(Q) < ∞, then we can choose β = 1 because ‖I‖^2_L0_2 = ∞∑ j=1 ‖Q^{1/2}e_j ‖^2 = ∞∑ j=1 γ_j = Tr(Q).

Corollary 2.4. Let u(t) be the solution of (1.1) and A = −^{∂2}_{∂x2} with D(A) = H^1_0 (0, 1) ∩ H^2(0, 1). Assume that W (t) is a cylindrical Wiener process with Q = I. Then we have, for every β ∈ [0, 1/2),

‖u(t)‖_{L2(Ω;Ḣ}β_) ≤ C(1 + ‖u_0‖_{L2(Ω;Ḣ}β_)), for u_0 ∈ L_2(Ω; Ḣ^β ).

Proof. By (2.1), it suffices to check that in what case ‖A^{(β−1)/2}‖_L0_2 < ∞. It is well known that A has eigenvalues λ_j = j^2π^2, j = 1, 2, · · · , and corresponding eigenfunctions φ_j = √ 2 sin jπx, j = 1, 2, · · · , which form an orthonormal basis in H = L_2(0, 1). Thus, we have

‖A^{(β−1)/2}‖^2_L0_2 = ∞∑ j=1 ‖A^{(β−1)/2}φ_j ‖^2 = ∞∑ j=1 λ^{β−1}_j ,

which is convergent if β ∈ [0, 1/2). The proof is complete.

We note that in Theorem 2.1, we require the condition ‖A^{(β−1)/2}‖_L0_2 < ∞ for β ∈ [0, 1]. The following lemma shows that this condition is equivalent to saying tht W (t) is Ḣ^{β−1}-valued. In particular, W (t) ∈ Ḣ^{−1}, which is important when applying the finite element method.

Lemma 2.5. Assume that W (t) is a Wiener process with covariance operator Q. Assume that A and Q have the same eigenvectors. Then the following statements hold.

(i) If ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1], then

W (t) = ∞∑ l=1 Q^{1/2}e_lβ_l(t), t ≥ 0,

defines an Ḣ^{β−1}-valued Wiener process with covariance operator Q̃, Tr(Q̃) < ∞. In particular, Q̃ = Q if Tr(Q) < ∞;

(ii) If W (t) = ∑_∞ l=1 Q^{1/2}e_lβ_l(t), t ≥ 0, is an Ḣ^{β−1}-valued Wiener process with the covariance operator Q̃, Tr(Q̃) < ∞, then

‖A^{(β−1)/2}‖_L0_2 < ∞, for some β ∈ [0, 1].

Proof. We first prove (i). With {γ_l, e_l}^∞_{l=1} the eigensystem of Q in H, it is easy to show that g_l = Q^{1/2}e_l = γ^{1/2}_l e_l is an orthonormal basis of Q^{1/2}(H). In fact, (g_l, g_k)_Q1/2_{(H)} = (Q^{−1/2}g_l, Q^{1/2}g_k) = (e_l, e_k) = δ_{k,l}.

Note that ∞∑ l=1 |g_l|^2_{β−1} = ∞∑ l=1 ‖A^{(β−1)/2}Q^{1/2}e_l‖^2 = ‖A^{(β−1)/2}‖_L0_2 < ∞,

which means that the embedding of Q^{1/2}(H) into Ḣ^{β−1} is Hilbert-Schmidt. By Lemma 4.11 in Da Prato and Zabczyk [5], W (t) defines an Ḣ^{β−1}-valued Wiener process with covariance operator Q̃, Tr(Q̃) < ∞. It is obvious that Q̃ = Q if Tr(Q) < ∞.

We now turn to (ii). Since W (t) = ∑_∞ l=1 Q^{1/2}e_lβ_l(t), t ≥ 0, is an Ḣ^{β−1}-valued Wiener process with the covariance operator Q̃, Tr(Q̃) < ∞, we have E|W (t)|^2_{β−1} < ∞.

With {λ_l, e_l}^∞_{l=1} the eigensystem of A in H, we have

E|W (t)|^2_{β−1} = E | | | ∞∑ l=1 Q^{1/2}e_lβ_l(t) | | |^2_{β−1}

= E ∞∑ l=1 λ^{β−1}_l γ_lβ_l(t)^2 = t‖A^{(β−1)/2}‖_L0_2 ,

which implies that ‖A^{(β−1)/2}‖_L0_2 < ∞ for β ∈ [0, 1]. The proof is complete.

3 Error estimates in the semidiscrete case

In this section we will consider the error estimates for stochastic partial differential equation in semidiscrete case. 3.1 Error estimates for deterministic problem

In order to prove our error estimates for stochastic partial differential equation, we need some nonsmooth data error estimates for homogeneous deterministic parabolic problem.

Let us first consider the stationary problem (3.1) −Δu = f in D, with u = 0 on ∂D, where f ∈ Ḣ^{−1}.

The variational form of (3.1) is to find u ∈ H^1_0 such that (3.2) (∇u, ∇ϕ) = ⟨f, ϕ⟩, ∀ϕ ∈ H^1_0 , where ⟨·, ·⟩ denotes the duality pairing between Ḣ^{−1} and H^1_0 .

Let S_h ⊂ H^1_0 be the finite element space. The semidiscrete problem of (3.2) is to find u_h ∈ S_h such that (3.3) (∇u_h, ∇χ) = ⟨f, χ⟩, ∀χ ∈ S_h. By Lax-Milgram lemma, there exist unique solutions u ∈ H^1_0 and u_h ∈ S_h such that (3.2) and (3.3) hold. Moreover the following stability result holds: (3.4) |u|_1 ≤ C|f|_{−1}, ∀f ∈ Ḣ^{−1}. The standard error estimates read: (3.5) ‖u_h − u‖ ≤ Ch^s|u|_s, s = 1, 2. Let G : Ḣ^{−1} → H^1_0 denote the exact solution operator of (3.1), i.e., u = Gf.

We define the linear operator G_h : Ḣ^{−1} → S_h by G_hf = u_h, so that u_h = G_hf ∈ S_h is the approximate solution of (3.2). It is easy to see that G_h is selfadjoint, positive semidefinite on H, and positive definite on S_h. Introducing the elliptic projection R_h : H^1_0 → S_h by (∇R_hv, ∇χ) = (∇v, ∇χ), ∀v ∈ H^1_0 .

We see that G_h = R_hG, and R_hv is the finite element approximation of the solution of the corresponding elliptic problem with exact solution v. By (3.5), we get ‖R_hv − v‖ ≤ Ch^s|v|_s, s = 1, 2. Hence, using (3.4) and the elliptic regularity estimate, we have (3.6) ‖ ‖(G_h − G)f ‖ ‖ = ‖(R_h − I)Gf‖ ≤ Ch^s|Gf|_s = Ch^s|f|_{s−2}, for s = 1, 2, which we need below.

Let E_h(t) = e^{−tAh} with A_h = G^{−1}_h , and let E(t) = e^{−tA} with A = G^{−1}. We then have the following error estimates for deterministic parabolic problem.

Lemma 3.1. Let F_h(t) = E_h(t)P_h − E(t). Then (3.7) ‖F_hv‖_{L∞([0,T ];H)} ≤ Ch^β |v|_β , for v ∈ Ḣ^β , 0 ≤ β ≤ 1, and (3.8) ‖F_hv‖_{L2([0,T ];H)} ≤ Ch^β|v|_{β−1}, for v ∈ Ḣ^{β−1}, 0 ≤ β ≤ 1. Further, in the weak norm, (3.9) ‖F_hv‖_{L∞([0,T ];Ḣ}−1_) ≤ Ch^β |v|_{β−1}, for v ∈ Ḣ^{β−1}, 1 ≤ β ≤ 2, and, with ℓ_h = log(T/h^2), (3.10) ‖F_hv‖_{L2([0,T ];Ḣ}−1_) ≤ Ch^βℓ_h|v|_{β−2}, for v ∈ Ḣ^{β−2}, 1 ≤ β ≤ 2.

Proof. We denote u(t) = E(t)v, u_h(t) = E_h(t)P_hv, and e(t) = u_h(t)−u(t) = F_h(t)v. We first show (3.7). By the stability properties of the L_2 projection operator P_h and the solution operators E_h(t) and E(t), we have (3.11) ‖e(t)‖ = ‖E_h(t)P_hv − E(t)v‖ ≤ 2‖v‖, for t ≥ 0, v ∈ H. We will show that (3.12) ‖e(t)‖ ≤ Ch|v|_1, for t ≥ 0, v ∈ Ḣ^1. Combining this with interpolation theory, we get (3.7).

To show (3.12), let us consider the error equation (3.13) G_he_t + e = ρ, where ρ = (G_h − G)u_t. We note that G_he(0) = 0 for (3.14) (G_he(0), w) = (P_hv − v, G_hw) = 0, for w ∈ H, since G_hw ∈ S_h.

By the energy method, we can show, see Thomée [17, Lemma 3.3], ‖e(t)‖ ≤ C sup_{s≤t} ( s‖ρ_t(s)‖ + ‖ρ(s)‖ ) , t ≥ 0. Obviously, by (3.6) and Lemma 2.2, ‖ρ(s)‖ = ‖(G_h − G)u_t‖ ≤ Ch|u_t|_{−1} ≤ Ch|v|_1, and s‖ρ_t(s)‖ ≤ Chs|u_t(s)|_1 ≤ Ch|v|_1. Hence (3.12) follows and therefore we get (3.7).

We next show (3.8). By interpolation theory, it suffices to show that (3.15) ‖e‖_{L2([0,T ];H)} ≤ C|v|_{−1}, and (3.16) ‖e‖_{L2([0,T ];H)} ≤ Ch‖v‖. Taking the inner product of (3.13) with e, we get (G_he_t, e) + (e, e) = (ρ, e). Integrating with respect to t, we get, noting that G_he(0) = 0 and using the inequality (ρ, e) ≤^1_2 (‖ρ‖^2 + ‖e‖^2),

(3.17) (G_he(T ), e(T )) + ∫_T 0 ‖e‖^2 dt ≤ ∫_T 0 ‖ρ‖^2 dt. Obviously, by (3.6) and Lemma 2.2,

(3.18) ∫_T 0 ‖ρ‖^2 dt ≤ ∫_T 0 ‖(G_h − G)u_t‖^2 dt ≤ Ch^2 ∫_T 0 |u|^2_1 dt ≤ Ch^2‖v‖^2, which implies that (3.16) holds.

To show (3.15), we note that, by Lemma 2.2 and its discrete counterpart,

(3.19) ∫_T 0 ‖e‖^2 dt ≤ 2 ∫_T 0 ( ‖u_h‖^2 + ‖u‖^2 ) dt ≤ 2|v|^2_{−1,h} + 2|v|^2_{−1}, where |v|_{−1,h} is a discrete seminorm defined by |v|_{−1,h} = (G_hv, v)^{1/2} = ‖G^{1/2}_h v‖. Since |v|_{−1} = sup{(v, w)/|w|_1 : w ∈ Ḣ^1}, see Thomée [17, Chapter 6], we thus have, with w = G_hv, v ∈ Ḣ^{−1}, |v|_{−1} = sup w∈Ḣ^1 (v, w) |w|_1 ≥ (v, G_hv) |G_hv|_1 = (v, G_hv) (v, G_hv)^{1/2} = |v|_{−1,h}, since |G_hv|^2_1 = (AG_hv, G_hv) = A(G_hv, G_hv) = (A_hG_hv, G_hv) = (v, G_hv), where A_h = G^{−1}_h . Hence by (3.19), we get ∫_T 0 ‖e‖^2 dt ≤ 4|v|^2_{−1}, which implies that (3.15) holds.

We now turn to (3.9). It suffices to show that (3.21) |e(t)|_{−1} ≤ Ch‖v‖, and (3.22) |e(t)|_{−1} ≤ Ch^2|v|_1.

By (3.17) and (3.18), we have (3.23) (G_he, e) = |e|^2_{−1,h} ≤ Ch^2‖v‖^2. Using (3.24) |e|_{−1} ≤ |e|_{−1,h} + Ch‖e‖, which follows from, by (3.6), |e|^2_{−1} = (G_he, e) + ((G − G_h)e, e) ≤ |e|^2_{−1,h} + Ch^2‖e‖^2. We obtain, by (3.11) |e|_{−1} ≤ |e|_{−1,h} + Ch‖e‖ ≤ Ch‖v‖, which is (3.21).

By (3.17) and (3.6), we obtain |e(t)|^2_{−1,h} = (G_he(t), e(t)) ≤ 1 2 ∫_t 0 ‖ρ‖^2 ds ≤ Ch^4 ∫_t 0 |u_t|^2 ds ≤ Ch^4|v|^2_1. Combining this with (3.12) and (3.24), we get (3.22).

It remains to show (3.10). Integrating (3.13) with respect to t, we have, with ẽ(t) = ∫_t 0 e(s) ds, ρ̃(t) = ∫_t 0 ρ(s) ds, (3.25) G_he + ẽ = ρ̃, ẽ(0) = 0. Taking the inner product of (3.25) with e, we get, since e = ẽ_t, (G_he, e) + 1 2 d dt ‖ẽ‖^2 = (ρ̃, e) = d dt (ρ̃, ẽ) − (ρ, ẽ). After integration, we have, noting that ẽ(0) = 0, ∫_T 0 |e|^2_{−1,h} ds + 1 2 ‖ẽ(T )‖^2 = ∫_T 0 (ρ̃, e) ds = [ (ρ̃, ẽ) ]_T 0 − ∫_T 0 (ρ, ẽ) ds ≤ ‖ρ̃(T )‖‖ẽ(T )‖ + ( ∫ T 0 ‖ρ‖ ds ) sup 0≤s≤T ‖ẽ(s)‖ ≤ 2 ( ∫ T 0 ‖ρ‖ ds ) sup 0≤s≤T ‖ẽ(s)‖.

By a kick-back argument, we obtain ∫_T 0 |e|^2_{−1,h} ds ≤ C ( ∫ T 0 ‖ρ‖ ds )_2 . Noting that ∫_T 0 ‖ρ‖ ds = ∫_h2 0 ‖ρ‖ ds + ∫_T h^2 ‖ρ‖ ds ≤ C ∫_h2 0 s^{−1/2}|v|_{−1} ds + C ∫_T h^2 h|u|_1 ds ≤ Chℓ_h|v|_{−1}, and, similarly, ∫_T 0 ‖ρ‖ ds = ∫_h2 0 ‖ρ‖ ds + ∫_T h^2 ‖ρ‖ ds ≤ Ch^2‖v‖ + Ch^2 ∫_T h^2 |u|_2 ds ≤ Ch^2‖v‖ + Ch^2 log(T/h^2)‖v‖ ≤ Ch^2ℓ_h‖v‖, we therefore get ∫_T 0 |e|^2_{−1,h} ds ≤ Ch^2ℓ^2_h|v|^2_{−1}, and ∫_T 0 |e|^2_{−1,h} ds ≤ Ch^4ℓ^2_h‖v‖^2. By (3.18), (3.19) and (3.24), we obtain ∫_T 0 |e|^2_{−1} ds ≤ C ∫_T 0 |e|^2_{−1,h} ds + Ch^2 ∫_T 0 ‖e‖^2 ds ≤ Ch^2ℓ^2_h|v|^2_{−1} + Ch^2|v|^2_{−1} ≤ Ch^2ℓ^2_h|v|^2_{−1}, and ∫_T 0 |e|^2_{−1} ds ≤ Ch^4ℓ^2_h‖v‖^2 + Ch^4‖v‖^2 ≤ Ch^4ℓ^2_h‖v‖^2.

Now (3.10) follows from the interpolation theory. The proof is complete. 3.2 Strong norm convergence

In this subsection, we will consider the error estimate for (1.1) in semidiscrete case with respect to strong norm. We have

Theorem 3.2. Let u_h and u be the solutions of (1.4) and (1.1). If ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1], then we have, for t ≥ 0 and u_0 ∈ L_2(Ω; Ḣ^β ), (3.26) ‖u_h(t) − u(t)‖_{L2(Ω;H)} ≤ Ch^β ( ‖u_0‖_{L2(Ω;Ḣ}β_) + ‖A^{(β−1)/2}‖_L0_2 ) .

In particular, if W (t) is an H-valued Wiener process with Tr(Q) < ∞, then we have, for t ≥ 0 and u_0 ∈ L_2(Ω; Ḣ^1), (3.27) ‖u_h(t) − u(t)‖_{L2(Ω;H)} ≤ Ch ( ‖u_0‖_{L2(Ω;Ḣ}1_) + Tr(Q)^{1/2} ) . Proof. By definition of the mild solution, we have, with E(t) = e^{−tA},

u(t) = E(t)u_0 + ∫_t 0 E(t − s) dW (s), and, with E_h(t) = e^{−tAh} ,

u_h(t) = E_h(t)P_hu_0 + ∫_t 0 E_h(t − s) P_hdW (s). Denoting e(t) = u_h(t) − u(t) and F_h(t) = E_h(t)P_h − E(t), we write

e(t) = E_h(t)P_hu_0 − E(t)u_0 + ∫_t 0 ( E_h(t − s)P_h − E(t − s) ) dW (s) = F_h(t)u_0 + ∫_t 0 F_h(t − s) dW (s) = I + II. Thus ‖e(t)‖_{L2(Ω;H)} ≤ 2 ( ‖I‖_{L2(Ω;H)} + ‖II‖_{L2(Ω;H)} ) . For I, we have, by (3.7) with v = u_0, ‖I‖ = ‖F_h(t)u_0‖ ≤ Ch^β |u_0|_β , for 0 ≤ β ≤ 1, which implies that ‖I‖_{L2(Ω;H)} ≤ Ch^β ‖u_0‖_{L2(Ω;Ḣ}β_), for 0 ≤ β ≤ 1.

For II, we have, by the isometry property,

‖II‖^2_{L2(Ω;H)} = ‖ ‖ ‖E ∫_t 0 F_h(t − s) dW (s) ‖ ‖ ‖^2 = ∫_t 0 ‖F_h(t − s)‖^2_L0_2 ds = ∞∑ l=1 ∫_t 0 ‖F_h(t − s)Q^{1/2}e_l‖^2 ds, where {e_l} is any orthonormal basis in H.

Using (3.8) with v = Q^{1/2}e_l, we obtain ‖II‖^2_{L2(Ω;H)} ≤ C ∞∑ l=1 h^{2β} ‖Q^{1/2}e_l‖^2_{β−1} = C ∞∑ l=1 h^{2β} ‖A^{(β−1)/2}Q^{1/2}e_l‖^2 = Ch^{2β} ‖A^{(β−1)/2}‖^2_L0_2 , which completes the proof of (3.26).

In particular, if W (t) is a Wiener process with Tr(Q) < ∞, then we can choose β = 1 in (3.26) and obtain (3.27), since ‖I‖^2_{L02} = Tr(Q).

Corollary 3.3. Let u_h and u be the solutions of (1.4) and (1.1), respectively. Assume that A = −^{∂2}_{∂x2} with D(A) ⊂ H^1_0 (0, 1)∩H^2(0, 1). If W (t) is a cylindrical Wiener process with Q = I, then we have, for t ≥ 0 and u_0 ∈ L_2(Ω; Ḣ^β), ‖u_h(t) − u(t)‖_{L2(Ω;H)} ≤ Ch^β ( 1 + ‖u_0‖_{L2(Ω;Ḣ}β_) ) , for 0 ≤ β < 1/2. Proof. The proof is similar to the proof of Corollary 2.4.

3.3 Weak norm convergence

In this subsection we state our weak norm convergence error estimate. Theorem 3.4. Let u_h and u be the solutions of (1.4) and (1.1). If ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1], then we have, for 0 ≤ t ≤ T and u_0 ∈ L_2(Ω; Ḣ^β ), with ℓ_h = log(T/h^2),

(3.28) ‖u_h(t) − u(t)‖_{L2(Ω;Ḣ}−1_) ≤ Ch^{β+1} ( ‖u_0‖_{L2(Ω;Ḣ}β_) + ℓ_h‖A^{(β−1)/2}‖_L0_2 ) . In particular, if W (t) is an H-valued Wiener process with Tr(Q) < ∞, then we have, for 0 ≤ t ≤ T and u_0 ∈ L_2(Ω; Ḣ^1),

(3.29) ‖u_h(t) − u(t)‖_{L2(Ω;Ḣ}−1_) ≤ Ch^2 ( ‖u_0‖_{L2(Ω;Ḣ}1_) + ℓ_h Tr(Q)^{1/2} ) . Proof. Using the same notation as in Theorem 3.2, we have, by (3.9),

‖I‖_{L2(Ω;Ḣ}−1_) ≤ Ch^{β+1}‖u_0‖_{L2(Ω;Ḣ}β_), for 0 ≤ β ≤ 1.

For II, we have, by the isometry property, and (3.10) with v = Q^{1/2}e_l,

‖II‖^2_{L2(Ω;Ḣ−1 )} = E | | | ∫_t 0 F_h(t − s) dW (s) | | |^2_{−1} = E ‖ ‖ ‖ ∫_t 0 A^{−1/2}F_h(t − s) dW (s) ‖ ‖ ‖^2 = ∫_t 0 ‖A^{−1/2}F_h(t − s)‖^2_L0_2 ds ≤ Ch^{2β} ℓ^2_h ∞∑ l=1 ‖A^{(β−1)/2}Q^{1/2}e_l‖^2 ≤ Ch^{2(β+1)}ℓ^2_h‖A^{(β−1)/2}‖^2_L0_2 ,

which completes the proof of (3.28).

In particular, if W (t) is a Wiener process on H with Tr(Q) < ∞, then we can choose β = 1 in (3.28) and obtain (3.29).

Corollary 3.5. Let u_h and u be the solutions of (1.4) and (1.1), respectively. Assume that A = −^{∂2}_{∂x2} and D(A) = H^1_0 (0, 1) ∩ H^2(0, 1). If W (t) is a cylindrical Wiener process with Q = I, then we have, for 0 ≤ t ≤ T and u_0 ∈ L_2(Ω; Ḣ^β ), with ℓ_h = log(T/h^2),

‖u_h(t) − u(t)‖_{L2(Ω;Ḣ}−1_) ≤ Ch^{β+1}(1 + ℓ_h‖u_0‖_{L2(Ω;Ḣ}β_)), for 0 ≤ β < 1/2.

4 Error estimates in the fully discrete case

In this section we will consider the error estimates for (1.1) in the fully discrete case.

4.1 Error estimates for deterministic problem

As in the semidiscrete case, in order to prove error estimates for the stochastic partial differential equation in the fully discrete case, we need some error estimates for deterministic parabolic problem.

Let E_{kh} = r(kA_h) and E(t_n) = e^{−tnA}, where r(λ) = 1/(1 + λ) is introduced in (1.9). We have

Lemma 4.1. Let F_n = E^n_{kh}P_h − E(t_n). Then (4.1) ‖F_nv‖ ≤ C(k^{β/2} + h^β )|v|_β , for v ∈ Ḣ^β, 0 ≤ β ≤ 1, and (4.2) ( k n∑ j=1 ‖F_j v‖^2 )_{1/2} ≤ C(k^{β/2} + h^β)|v|_{β−1}, for v ∈ Ḣ^{β−1}, 0 ≤ β ≤ 1. Further, in the weak norm, (4.3) |F_nv|_{−1} ≤ C(k^{β/2} + h^β)|v|_{β−1}, for v ∈ Ḣ^{β−1}, 1 ≤ β ≤ 2, and, with ℓ_k = log(T/k) where T = t_n,

(4.4) ( k n∑ j=1 |F_j v|^2_{−1} )_{1/2} ≤ C(k^{β/2} + h^β)ℓ_k|v|_{β−2}, for v ∈ Ḣ^{β−2}, 1 ≤ β ≤ 2. Proof. We denote u(t_n) = u^n = E(t_n)v, U^n = E^n_{kh}P_hv, and e^n = F_nv. We first show (4.1). By the stability properties of the L_2 projection operator P_h and the solution operators E_{kh}(t) and E(t), we have (4.5) ‖e^n‖ = ‖E^n_{kh}P_hv − E(t_n)v‖ ≤ 2‖v‖, for t ≥ 0, v ∈ H. We will show that (4.6) ‖e^n‖ ≤ C(k^{1/2} + h)|v|_1, for v ∈ Ḣ^1. Combining this with interpolation theory, we get (4.1).

To show (4.6), let us consider the error equation, with ∂_te^n = (e^n − e^{n−1})/k, (4.7) G_h∂_te^n + e^n = ρ^n + G_hτ^n, where ρ^n = (G_h − G)u_t(t_n) and τ^n = u_t(t_n) − ∂_tu^n.

By the energy method, we have

t_n‖e^n‖^2 ≤ t_n‖ρ^n‖^2 + k n∑ j=1 ( ‖ρ^j ‖^2 + t^2_{j−1}‖∂_tρ^j ‖^2 + ‖G_hτ^j ‖^2 + t^2_{j−1}‖τ^j ‖^2 ) .

Here, by (3.6) and Lemma 2.2, we have ‖ρ^j ‖ = ‖(G_h − G)u_t(t_j )‖ ≤ Ch|u_t(t_j )|_{−1} ≤ Ch|v|_1, and t_{j−1}‖∂_tρ^j ‖ = ‖ ‖ 1 k ∫_{tj} t_{j−1} t_{j−1}ρ_t(s) ds ‖ ‖ ≤ ‖ ‖ 1 k ∫_{tj} t_{j−1} sρ_t(s) ds ‖ ‖ ≤ sup 0≤s≤t_n ‖sρ_t(s)‖ ≤ Ch sup_{0≤s≤tn} |su_t(s)|_1 ≤ Ch|v|_1. Further, we write ‖G_hτ^j ‖ = ‖(G_h − G)τ^j ‖ + ‖Gτ^j ‖, where, using (3.6) and Lemma 2.2, ‖(G_h − G)τ^j ‖ ≤ Ch|τ^j |_{−1} ≤ Ch sup_{0≤s≤tn} |u_t(s)|_{−1} ≤ Ch|v|_1. Hence we obtain

‖e^n‖^2 ≤ Ch^2|v|^2_1 + Ckt^{−1}_n n∑ j=1 ( ‖Gτ^j ‖^2 + t^2_{j−1}‖τ^j ‖^2 ) .

By Taylor’s formula, we have

‖Gτ^j ‖^2 = ‖ ‖ ‖G 1 k ∫_{tj} t_{j−1} (s − t_{j−1})u_{tt}(s) ds ‖ ‖ ‖^2 = ‖ ‖ ‖ 1 k ∫_{tj} t_{j−1} (s − t_{j−1})u_t(s) ds ‖ ‖ ‖^2 ≤ ‖ ‖ 1 k ∫_{tj} t_{j−1} (s − t_{j−1})^{1/2}k^{1/2}u_t(s) ds ‖ ‖^2 ≤ ∫_{tj} t_{j−1} (s − t_{j−1})‖u_t(s)‖^2 ds ≤ t_n ∫_{tj} t_{j−1} ‖u_t(s)‖^2 ds, and t^2_{j−1}‖τ^j ‖^2 = t^2_{j−1} ‖ ‖ ‖ 1 k ∫_{tj} t_{j−1} u_{tt}(s) ds ‖ ‖ ‖^2 ≤ t^2_{j−1} ∫_{tj} t_{j−1} (s − t_{j−1})‖u_{tt}(s)‖^2 ds ≤ t_n ∫_{tj} t_{j−1} s^2‖u_{tt}(s)‖^2 ds. Applying Lemma 2.2, we have kt^{−1}_n n∑ j=1 t^2_{j−1}‖τ^j ‖^2 ≤ k n∑ j=1 ∫_{tj} t_{j−1} ‖u_t(s)‖^2 ds

= k ∫_{tn} 0 ‖u_t(s)‖^2 ds ≤ Ck|v|_1, and kt^{−1}_n n∑ j=1 t^2_{j−1}‖τ^j ‖^2 ≤ k n∑ j=1 ∫_{tj} t_{j−1} s^2‖u_{tt}(s)‖^2 ds

= k ∫_{tn} 0 s^2‖u_{tt}(s)‖^2 ds ≤ Ck|v|_1. Hence (4.6) follows and therefore we get (4.1).

We next show (4.2). By interpolation theory, it suffices to show that

(4.8) ( k n∑ j=1 ‖F_j v‖^2 )_{1/2} ≤ C|v|_{−1}, and (4.9) ( k n∑ j=1 ‖F_j v‖^2 )_{1/2} ≤ C(k^{1/2} + h)‖v‖. Taking the inner product of (4.7) with e^n, we get

(G_h∂_te^n, e^n) + (e^n, e^n) = (ρ^n, e^n) + (G_hτ^n, e^n).

By summation on n, using the inequality (ρ^n, e^n) ≤^1_2 (‖ρ^n‖^2 +‖e^n‖^2), and noting that G_he^0 = 0, we have (4.10) (G_he_n, e_n)+k n∑ j=1 ‖e_j ‖^2 ≤ Ck n∑ j=1 ‖ρ_j ‖^2 +Ck n∑ j=1 ‖Gτ^j ‖^2 +Ck n∑ j=1 ‖(G_h −G)τ^j ‖^2.

Here, using Lemma 2.2, we have, since ρ^j = ρ(s) + ∫_{tj} s ρ_t(τ) dτ,

k n∑ j=1 ‖ρ^j ‖^2 = k‖ρ‖^2 + n∑ j=2 ∫_{tj} t_{j−1} ‖ρ^j ‖^2 ds (4.11)

≤ k‖ρ‖^2 + 2 n∑ j=2 ∫_{tj} t_{j−1} ( ‖ρ(s)‖^2 + ‖ ∫_{tj} s ρ_t(τ) dτ‖^2 ) ds

≤ k‖ρ‖^2 + 2 ∫_{tn} t_1 ‖ρ(s)‖^2 ds + 2 n∑ j=2 ∫_{tj} t_{j−1} ( (t_j − s) ∫_{tj} s ‖ρ_t(τ)‖^2 dτ ) ds

≤ k‖ρ‖^2 + 2 ∫_{tn} t_1 ‖ρ(s)‖^2 ds + 2k n∑ j=2 ∫_{tj} t_{j−1} ∫_{tj} t_{j−1} τ‖ρ_t(τ)‖^2 dτ

≤ k‖ρ‖^2 + 2 ∫_{tn} t_1 ‖ρ(s)‖^2 ds + 2k ∫_{tn} t_1 τ‖ρ_t(τ)‖^2 dτ ≤ Ck‖u‖^2 + Ch^2 ∫_{tn} 0 |u(s)|^2_1 ds + Ck ∫_{tn} 0 τ‖u_t(τ)‖^2 dτ ≤ C(k + h^2)‖v‖^2, and, by Taylor’s formula, k n∑ j=1 ‖(G_h − G)τ^j ‖^2 ≤ Ckh^2|τ^1|^2_{−1} + Ckh^2 n∑ j=2 |τ^j |^2_{−1}

= Ckh^2 | | |ut(k) − 1 k ∫_k 0 u_t(τ) dτ | | |^2_{−1} + Ckh^2 n∑ j=2 | | | 1 k ∫_{tj} t_{j−1} (s − t_{j−1})u_{tt}(s) ds | | |^2_{−1}

≤ Ch^2 ( k|u_t(k)|^2_{−1} + ∫_k 0 |u_t(τ)|^2_{−1} dτ ) + Ch^2 n∑ j=2 | | | ∫_{tj} t_{j−1} (s − t_{j−1})^{1/2}u_{tt}(s) ds | | |^2_{−1}

≤ Ch^2‖v‖^2 + Ch^2 n∑ j=2 ∫_{tj} t_{j−1} k(s − t_{j−1})|u_{tt}(s)|^2_{−1} ds

≤ Ch^2‖v‖^2 + Ch^2 n∑ j=2 ∫_{tj} t_{j−1} s^2|u_{tt}(s)|^2_{−1} ds ≤ Ch^2‖v‖^2, and k n∑ j=1 ‖Gτ^j ‖^2 = k n∑ j=1 ‖ ‖ 1 k ∫_{tj} t_{j−1} (s − t_{j−1})u_t(s) ds ‖ ‖^2

≤ k n∑ j=1 ∫_{tj} t_{j−1} (s − t_{j−1})‖u_t(s)‖^2

≤ Ck ∫_{tn} 0 s‖u_t(s)‖^2 ds ≤ k‖v‖^2. We therefore obtain

(4.12) (G_he^n, e^n)^{1/2} + ( k n∑ j=1 ‖e^j ‖^2 )_{1/2} ≤ C(k^{1/2} + h)‖v‖, which implies that (4.9) holds.

To show (4.8), we note that,

(4.13) k n∑ j=1 ‖e^j ‖^2 ≤ Ck n∑ j=1 ‖U^j ‖^2 + Ck n∑ j=1 ‖u(t_j )‖^2. Here, we have, following (4.11) with ρ replaced by u,

k n∑ j=1 ‖u(t_j )‖^2 ≤ k‖u(t_1)‖^2 + 2 ∫_{tn} t_1 ‖u(s)‖^2 ds + 2 ∫_{tn} t_1 s^2‖u_t(s)‖^2 ds ≤ C|v|^2_{−1}, (4.14)

and, by (3.20), k n∑ j=1 ‖U^j ‖^2 ≤ C|v|^2_{−1,h} ≤ C|v|^2_{−1}, which imply that (4.8) holds and the proof of (4.2) is complete.

We now turn to (4.3). It suffices to show that

(4.15) |e^n|_{−1} ≤ C(k^{1/2} + h)‖v‖, and (4.16) |e^n|_{−1} ≤ C(k + h^2)|v|_1.

Obviously (4.15) follows by (3.11), (3.24), and (4.12). Note that, by Lemma 2.2, k n∑ j=1 ‖ρ_j ‖^2 ≤ C n∑ j=1 ∫_{tj} t_{j−1} ( ‖ρ(s)‖^2 + ‖ ‖ ‖ ∫_{tj} s ρ_t(τ) dτ ‖ ‖ ‖^2 ) ds

≤ C ∫_{tn} 0 ‖ρ(s)‖^2 ds + n∑ j=1 ∫_{tj} t_{j−1} k^2‖ρ_t(τ)‖^2 dτ

≤ ∫_{tn} 0 ‖ρ(s)‖^2 + Ck^2 ∫_{tn} 0 ‖ρ_t(τ)‖^2 dτ ≤ Ch^4 ∫_{tn} 0 |u|^2 ds + Ck^2 ∫_{tn} 0 ‖u_t‖^2 ds ≤ C(h^4 + k^2)|v|^2_1, and k n∑ j=1 ‖(G_h − G)τ^j ‖^2 ≤ Ckh^4 n∑ j=1 ‖τ^j ‖^2

= Ckh^4 n∑ j=1 ‖ ‖ 1 k ∫_{tj} t_{j−1} (s − t_{j−1})u_{tt}(s) ds ‖ ‖^2

≤ Ch^4 n∑ j=1 ∫_{tj} t_{j−1} (s − t_{j−1})^2‖u_{tt}(s)‖^2 ds

≤ Ch^4 ∫_{tn} 0 s^2‖u_{tt}(s)‖^2 ds ≤ Ch^4|v|^2_1, and k n∑ j=1 ‖Gτ^j ‖^2 = k n∑ j=1 ‖ ‖ 1 k ∫_{tj} t_{j−1} (s − t_{j−1})u_t(s) ds ‖ ‖^2

≤ k^{−1} n∑ j=1 ( ∫ tj t_{j−1} (s − t_{j−1})^2 ds ) ∫ tj t_{j−1} ‖u_t(s)‖^2 ds

≤ Ck^2 ∫_{tn} 0 ‖u_t(s)‖^2 ds ≤ Ck^2|v|^2_1. Combining these estimates with (4.10), we get (4.16)

It remains to show (4.4). As in the proof of (3.10), it suffices to show

(4.17) ( k n∑ j=1 |e_j |^2_{−1} )_{1/2} ≤ C(k + h^2)ℓ_k‖v‖,

and (4.18) ( k n∑ j=1 |e_j |^2_{−1} )_{1/2} ≤ C(k^{1/2} + h)ℓ_k|v|_{−1}.

Let ẽ^n = k ∑_n j=1 e^j , ẽ^0 = 0, and ∂_tẽ^n = (ẽ^n − ẽ^{n−1})/k = e^n for n ≥ 1. We have the error equation

(4.19) G_h∂_tẽ^n + ẽ^n = ρ̃^n + G_hτ̃^n, for n ≥ 1,

where τ̃^n = k ∑_n j=1 τ^j , and ρ̃^n = k ∑_n j=1 ρ^j , where τ^j and ρ^j are defined as before.

Taking the inner product of (4.19) with ∂_tẽ^n, we get, since ∂_tẽ^n = e^n,

(G_h∂_tẽ^n, ∂_tẽ^n) + 1 2 ∂_t(ẽ^n, ẽ^n) + 1 k (∂_tẽ^n, ∂_tẽ^n) = (ρ̃^n, ∂_tẽ^n) + (G_h∂_tτ̃^n, ∂_tẽ^n)

= ∂_t(ρ̃^n, ẽ^n) − (∂_tρ̃^n, ẽ^{n−1}) + ∂_t(G_hτ̃^n, ẽ^n) − (∂_t(G_hτ̃^n), ẽ^{n−1}).

By summation on n, noting that ẽ^0 = 0, we have k n∑ j=1 (G_h∂_tẽ^j , ∂_tẽ^j ) + 1 2 (ẽ^n, ẽ^n)

≤ ‖ρ̃^n‖‖ẽ^n‖ + k n∑ j=1 |(ρ^n, ẽ^{n−1})| + ‖G_hτ̃^n‖‖ẽ^n‖ + k n∑ j=1 |(G_hτ^n, ẽ^{n−1})|

≤ max_j ‖ẽ^j ‖ ( ‖ρ̃^n + k n∑ j=1 ‖ρ^j ‖ + k n∑ j=1 ‖G_hτ^j ‖ + ‖G_hτ̃^n‖ ) .

By a kick-back argument, we obtain ( k n∑ j=1 (G_h∂_tẽ^j , ∂_tẽ^j ) )_{1/2} ≤ Ck n∑ j=1 ‖ρ^j ‖ + Ck n∑ j=1 ‖(G_h − G)τ^j ‖ + Ck‖Gτ^j ‖.

Here, with ℓ_k = log(T/k) where T = t_n, we have k n∑ j=1 ‖ρ^j ‖ = k‖ρ‖ + k n∑ j=2 ‖ρ^j ‖ ≤ Ck‖v‖ + Ck n∑ j=2 t^{−1}_j ‖v‖ ≤ Ck‖v‖ + Ckℓ_k‖v‖ ≤ Ckℓ_k‖v‖, and k n∑ j=1 ‖(G_h − G)τ^j ‖ ≤ Ckh^2 n∑ j=1 ‖τ^j ‖ = Ckh^2‖τ^1‖ + Ckh^2 n∑ j=2 ‖τ^j ‖

= Ckh^2 ‖ ‖u_t(k) − ∂_tu_1 ‖ ‖ + Ch_2^n∑ j=2 ‖ ‖ ∫_{tj} t_{j−1} (s − t_j )u_{tt}(s) ds ‖ ‖

≤ Ch^2 ( ‖ku_t(k)‖ + ‖u(k)‖ + ‖v‖ ) + Ch^2 n∑ j=2 ∫_{tj} t_{j−1} ‖su_{tt}(s)‖ ds

≤ Ch^2‖v‖ + Ch^2 ∫_{tn} t_1 ‖su_{tt}(s)‖ ds ≤ Ch^2ℓ_k‖v‖, and k n∑ j=1 ‖Gτ^j ‖ = k‖τ^1‖ + k n∑ j=2 ‖Gτ^j ‖ ≤ Ckℓ_k‖v‖, which imply that (4.17) holds. Similarly we can show (4.18). Hence (4.4) follows.

Together these estimates complete the proof.

4.2 Strong norm convergence

We have the following strong norm convergence result in the fully discrete case.

Theorem 4.2. Let U^n and u(t_n) be the solutions of (1.9) and (1.1), respectively. If ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1], then we have, for u_0 ∈ L_2(Ω, Ḣ^β ),

(4.20) ‖U^n − u(t_n)‖_{L2(Ω;H)} ≤ C(k^{β/2} + h^β ) ( ‖u_0‖_{L2(Ω;Ḣ}β_) + ‖A^{(β−1)/2}‖_L0_2 ) . In particular, if W (t) is an H-valued Wiener process with Tr(Q) < ∞, then we have, for u_0 ∈ L_2(Ω; Ḣ^1),

(4.21) ‖U^n − u(t_n)‖_{L2(Ω;H)} ≤ C(k^{1/2} + h) ( ‖u_0‖_{L2(Ω;Ḣ}1_) + Tr(Q)^{1/2} ) . Proof. We have, by (1.9), with E^n_{kh} = r(kA_h)^n,

U^n = E^n_{kh}P_hu_0 + n∑ j=1 ∫_{tj} t_{j−1} E^{n−j+1} kh P_h dW (s),

and, by the definition of the mild solution of (1.1), with E(t) = e^{−tA},

u(t_n) = E(t_n)u_0 + ∫_{tn} 0 E(t_n − s) dW (s).

Denoting e^n = U^n − u(t_n) and F_n = E^n_{kh}P_h − E(t_n), we write

e^n = F_nu_0 + n∑ j=1 ∫_{tj} t_{j−1} F_{n−j+1} dW (s)

+ n∑ j=1 ∫_{tj} t_{j−1} ( E(t_n − t_{j−1}) − E(t_n − s) ) dW (s) = I + II + III. Thus ‖e^n‖_{L2(Ω;H)} ≤ C ( ‖I‖_{L2(Ω;H)} + ‖II‖_{L2(Ω;H)} + ‖III‖_{L2(Ω;H)} ) . For I, we have, by (4.1) with v = u_0, ‖I‖ = ‖F_nu_0‖ ≤ C(k^{β/2} + h^β )|u_0|_β , which implies that ‖I‖_{L2(Ω;H)} ≤ C(k^{β/2} + h^β )‖u_0‖_{L2(Ω;Ḣ}β_).

For II, we have, by the isometry property,

‖II‖^2_{L2(Ω;H)} = E ‖ ‖ ‖ n∑ j=1 ∫_{tj} t_{j−1} F_{n−j+1} dW (s) ‖ ‖ ‖^2 = n∑ j=1 ∫_{tj} t_{j−1} ‖F_{n−j+1}‖^2_L0_2 ds

= ∞∑ l=1 ( k n∑ j=1 ‖F_{n−j+1}Q^{1/2}e_l‖^2 ) ,

where {e_l} is any orthonormal basis in H. Using (4.2) with v = Q^{1/2}e_l, we obtain ‖II‖^2_{L2(Ω;H)} ≤ C ∞∑ l=1 (k^β + h^{2β} )|Q^{1/2}e_l|^2_{β−1}

= C ∞∑ l=1 (k^β + h^{2β} )‖A^{(β−1)/2}Q^{1/2}e_l‖^2

= C(k^β + h^{2β} )‖A^{(β−1)/2}‖^2_L0_2 .

For III, we have, by the isometry property, ‖III‖^2_{L2(Ω;H)} = n∑ j=1 ∫_{tj} t_{j−1} ‖ ‖(E(t_n − t_{j−1}) − E(t_n − s)) ‖ ‖^2 L^0_2 ds

= ∞∑ l=1 n∑ j=1 ∫_{tj} t_{j−1} ‖ ‖A^{−β/2} ( E(s − t_{j−1}) − I ) A^{β/2}E(t_n − s)Q^{1/2}e_l ‖ ‖^2 ds.

Using (2.6), and (2.4) with v = A^{(β−1)/2}Q^{1/2}e_l, we obtain ‖III‖^2_{L2(Ω;H)} ≤ Ck^β ∞∑ l=1 ∫_{tn} 0 ‖A^{1/2}E(t_n − s)A^{(β−1)/2}Q^{1/2}e_l‖^2 ds (4.22)

≤ Ck^β ∞∑ l=1 ‖A^{(β−1)/2}Q^{1/2}e_l‖^2 = Ck^β ‖A^{(β−1)/2}‖^2_L0_2 ,

which completes the proof of (4.20).

In particular, if W (t) is a Wiener process with Tr(Q) < ∞, then we can choose β = 1 in the proof of (3.26) and obtain (3.27) since ‖I‖_L0_2 = Tr(Q).

Corollary 4.3. Let U^n and u(t_n) be the solutions of (1.9) and (1.1), respectively. Assume that A = −^{∂2}_{∂x2} with D(A) ⊂ H^1_0 (0, 1) ∩ H^2(0, 1). If W (t) is a cylindrical Wiener process with Q = I, then we have, for u_0 ∈ L_2(Ω; Ḣ^β),

‖U^n − u(t_n)‖_{L2(Ω;H)} ≤ C(k^{β/2} + h^β )(1 + ‖u_0‖_{L2(Ω;Ḣ}β_)), for 0 ≤ β < 1/2.

4.3 Weak norm convergence

In this subsection we show the weak norm convergence error estimate. Theorem 4.4. Let U^n and u(t_n) be the solutions of (1.9) and (1.1), respectively. If ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1], then we have, for u_0 ∈ L_2(Ω; Ḣ^β ), with ℓ_k = log(T/k) where T = t_n, (4.23) ‖U^n − u(t_n)‖_{L2(Ω;Ḣ}−1_) ≤ C(k^{(β+1)/2} + h^{β+1}) ( ‖u_0‖_{L2(Ω;Ḣ}β_) + ℓ_k‖A^{(β−1)/2}‖_L0_2 ) . In particular, if W (t) is an H-valued Wiener process with Tr(Q) < ∞, then we have, for u_0 ∈ L_2(Ω; Ḣ^1),

(4.24) ‖U^n − u(t_n)‖_{L2(Ω;Ḣ}−1_) ≤ C(k + h^2) ( ‖u_0‖_{L2(Ω;Ḣ}1_) + ℓ_k Tr(Q)^{1/2} ) . Proof. Using the same notation as in Theorem 4.2, we have, by (4.3),

‖I‖_{L2(Ω;Ḣ}−1_) ≤ Ch^{β+1}‖u_0‖_{L2(Ω;Ḣ}β_), for 0 ≤ β ≤ 1.

For II, we have, by the isometry property, and (3.10) with v = Q^{1/2}e_l,

‖II‖^2_{L2(Ω;Ḣ−1 )} = E ‖ ‖ ‖ n∑ j=1 ∫_{tj} t_{j−1} A^{−1/2}F_{n−j+1} dW (s) ‖ ‖ ‖^2

= n∑ j=1 ∫_{tj} t_{j−1} ‖A^{−1/2}F_{n−j+1}‖^2_L0_2 ds

= ∞∑ l=1 ( k n∑ j=1 ‖A^{−1/2}F_{n−j+1}Q^{1/2}e_l‖^2 )

≤ C(k^{β+1} + h^{2(β+1)})ℓ^2_k ∞∑ l=1 ‖A^{(β−1)/2}Q^{1/2}e_l‖^2

≤ C(k^{β+1} + h^{2(β+1)})ℓ^2_k‖A^{(β−1)/2}‖^2_L0_2 .

For III, we have, by the isometry property,

‖III‖^2_{L2(Ω;Ḣ−1 )} = n∑ j=1 ∫_{tj} t_{j−1} ‖ ‖ ‖A^{−1/2} ( E(t_n − t_{j−1}) − E(t_n − s) )‖ ‖^2_{L02} ds

= ∞∑ l=1 n∑ j=1 ∫_{tj} t_{j−1} ‖ ‖A_{−(β+1)/2}(E(s − t_{j−1}) − I)A_{1/2}E(t_n − s)A_{(β−1)/2}Q_{1/2}e_l ‖ ‖^2 ds.

Following the proof of (4.22), we get

‖III‖^2_{L2(Ω;Ḣ−1 )} ≤ Ck^β ‖A^{(β−2)/2}‖^2_L0_2 ,

which completes the proof of (4.23).

In particular, if W (t) is a Wiener process, then we can choose β = 1 in (4.23) and obtain (4.24).

Corollary 4.5. Let U^n and u(t_n) be the solutions of (1.9) and (1.1), respectively. Assume that A = −^{∂2}_{∂x2} and D(A) = H^1_0 (0, 1) ∩ H^2(0, 1). If W (t) is a cylindrical Wiener process with Q = I, then we have, for u_0 ∈ L_2(Ω; Ḣ^β ), with ℓ_k = log(T/k) where T = t_n,

‖U^n−u(t_n)‖_{L2(Ω;Ḣ}−1_) ≤ C(k^{(β+1)/2}+h^{(β+1)}) ( 1+ℓ_k‖u_0‖_{L2(Ω;Ḣ}β_) ) , for 0 ≤ β < 1/2.

5 Computational analysis

In this section we consider how to compute the approximate solution U^n of the solution u of (1.1). Recall that the Wiener process W (t) with covariance operator Q has the form, see Da Prato and Zabczyk [5, Chapter 4],

W (t) = ∞∑ j=1 γ^{1/2}_j e_j β_j (t), where {γ_j , e_j }^∞_{j=1} is eigensystem of Q, and {β_j (t)}^∞_{j=1} are independently and identically distributed (iid) real-valued Brownian motions. If Tr(Q) < ∞, then W (t) is an H-valued process. In fact

E‖W (t)‖^2 = E ∞∑ j=1 γ_j β_j (t)^2 = ∞∑ j=1 γ_j ( Eβ_j (t)^2 ) = t Tr(Q) < ∞.

If Tr(Q) = ∞, for example Q = I, then W (t) is not H-valued.

Let U^n be the approximation in S_h of u(t) at t = t_n = nk. The backward Euler method is to find U^n ∈ S_h, s.t., with ¯∂U^n = (U^n − U^{n−1})/k, n ≥ 1, U^0 = P_hu_0,

(5.1) ( ¯∂U^n, χ) + (A_hU^n, χ) = ( 1 k ∫_{tn} t_{n−1} P_h dW (s), χ ) , ∀χ ∈ S_h, where A_h, P_h are defined in the introduction.

If W (t) is H-valued, then P_hW (t) is well-defined. We therefore can write ∫_{tn} t_{n−1} P_h dW (s) = P_h ( W (t_n) − W (t_{n−1}) ) = P_h ∞∑ j=1 γ^{1/2}_j ( β_j (t_n) − β_j (t_{n−1}) ) . Here 1 √ k ( β_j (t_n) − β_j (t_{n−1}) ) = N (0, 1),

where N (0, 1) is the real-valued Gaussian random variable.

Thus the right hand side of (5.1) can be computed by truncating the following series to J terms, i.e., ( 1 k ∫_{tn} t_{n−1} P_h dW (s), χ ) = ( 1 k ∞∑ j=1 γ^{1/2}_j e_j ( β_j (t_n) − β_j (t_{n−1}) ) , χ ) (5.2)

= 1 k ∞∑ j=1 γ^{1/2}_j ( β_j (t_n) − β_j (t_{n−1}) ) (e_j , χ)

≈ 1 k J∑ j=1 γ^{1/2}_j ( β_j (t_n) − β_j (t_{n−1}) ) (e_j , χ).

If W (t) is not H-valued, then we see that, from Lemma 2.5, W (t) is Ḣ^{β−1}- valued with β ∈ [0, 1]. In this case we may introduce the Ḣ^{−1}-projection P_h : Ḣ −1 → S_h defined by (P_hv, χ) = ⟨v, χ⟩, ∀v ∈ Ḣ^{−1}, χ ∈ S_h ⊂ Ḣ^1, where ⟨·, ·⟩ is the pairing between Ḣ^{−1} and Ḣ^1.

Below we will show that it is sufficient to choose J = N_h in order to achieve the required convergence order. To see this, let us consider the semidiscrete approximation solution u_h of u of (1.1). Recall that the semidiscrete solution u_h satisfies

u_h(t) = E_h(t)P_hu_0 + ∫_t 0 E_h(t − s)P_h dW (s) (5.3)

= E_h(t)P_hu_0 + ∞∑ j=1 ∫_t 0 E_h(t − s)P_he_j γ^{1/2}_j dβ_j (s).

Truncating the series in the right side of (5.3), we have

(5.4) u^J_h (t) = E_h(t)P_hu_0 + J∑ j=1 ∫_t 0 E_h(t − s)P_he_j γ^{1/2}_j dβ_j (s). We then have the following lemma with respect to L_2 norm in space. Lemma 5.1. Let u^J_h and u_h be defined by (5.3) and (5.4), respectively. If ‖A^{(β−1)/2}‖_L0_2 < ∞ for some β ∈ [0, 1]. Assume that {S_h} is defined on a quasiuniform family of triangulations and let N_h be the dimension of S_h. If J ≥ N_h, then we have, for t > 0,

(5.5) ‖u^J_h(t) − u_h(t)‖_{L2(Ω,H)} ≤ Ch^β ‖A^{(β−1)/2}‖_L0_2 .

Proof. Using the same notation as in the proof of Theorem 3.2, we have, by isometry property,

E‖u^J_h (t) − u_h(t)‖^2 = E ‖ ‖ ‖ ∞∑ j=J+1 ∫_t 0 E_h(t − s)P_he_j γ^{1/2}_j dβ_j (s) ‖ ‖ ‖^2

= ∞∑ j=J+1 γ_j ∫_t 0 ‖E_h(t − s)P_he_j ‖^2 ds

≤ 2 ∞∑ j=J+1 γ_j ∫_t 0 ‖E(t − s)e_j ‖^2 ds

+ 2 ∞∑ j=J+1 γ_j ∫_t 0 ‖F_h(t − s)e_j ‖^2 ds = I + II. For I, we have

I = 2 ∞∑ j=J+1 γ_j ∫_t 0 e^{−2(t−s)λj} ds ≤ ∞∑ j=J+1 γ_j λ^{−1}_j

= ∞∑ j=J+1 λ^{−β}_j λ^{β−1}_j γ_j ≤ λ^{−β}_{J+1}‖A^{(β−1)/2}‖^2_L0_2 .

For II, we have, by (3.8), II ≤ Ch^{2β} ∞∑ j=J+1 γ_j |e_j |^2_{β−1} ≤ Ch^{2β} ∞∑ j=1 |Q^{1/2}e_j |^2_{β−1}

= Ch^{2β} ‖A^{(β−1)/2}‖^2_L0_2 .

Thus we get E‖u^J_h(t) − u_h(t)‖^2 ≤ C(λ^{−β}_{J+1} + h^{2β} )‖A^{(β−1)/2}‖^2_L0_2 .

Hence (5.5) follows from the following obvious facts: with some constant C which may be different in different inequalities, λ^{−1}_{J+1} ≤ CJ^{−2/d} ≤ CN^{−2/d}_h ≤ Ch^2, where d is the dimension of the spatial domain D.

Under the same assumptions as in Lemma 5.1, we can also show the following results with respect to weak norm in space, ‖u^J_h (t) − u_h(t)‖_{L2(Ω,Ḣ}−1_) ≤ Ch^{β+1}ℓ_h‖A^{(β−1)/2}‖_L0_2 .

Acknowledgement

I wish to express my sincere gratitude to my supervisor Dr. Stig Larsson, who suggested the topic of this paper, for his support and valuable criticism.

REFERENCES 1. E. J. Allen, S. J. Novosel, and Z. Zhang, Finite element and difference approximation of some linear stochastic partial differential equations, Stochastics Stochastics Rep. 64 (1998), 117–142.

2. R. F. Curtain and P. L. Falb, Stochastic differential equations in Hilbert space, J. Differential Equations 10 (1971), 412–430.

3. G. Da Prato, Some results on linear stochastic evolution equations in Hilbert spaces by the semigroups method, Stochastic Anal. Appl. 1 (1983), 57–88.

4. G. Da Prato and A. Lunardi, Maximal regularity for stochastic convolutions in L^p spaces, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 9 (1998), 25–29.

5. G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge University Press, Cambridge, 1992.

6. A. M. Davie and J. G. Gaines, Convergence of numerical schemes for the solution of parabolic stochastic partial differential equations, Math. Comp. 70 (2001), 121–134.

7. D. A. Dawson, Stochastic evolution equations, Math. Biosci. 15 (1972), 287– 316.

8. Q. Du and T. Zhang, Numerical approximation of some linear stochastic partial differential equations driven by special additive noises, SIAM J. Numer. Anal. 40 (2002), 1421–1445.

9. F. Gozzi, Regularity of solutions of a second order Hamilton-Jacobi equation and application to a control problem, Comm. Partial Differential Equations 20 (1995), 775–826.

10. I. Gyöngy, Lattice approximations for stochastic quasi-linear parabolic partial differential equations driven by space-time white noise. I, Potential Anal. 9 (1998), 1–25.

11. , Lattice approximations for stochastic quasi-linear parabolic partial differential equations driven by space-time white noise. II, Potential Anal. 11 (1999), 1–37.

12. E. Hausenblas, Approximation for semilinear stochastic evolution equation, Potential Anal. 18 (2003), 141–186.

13. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.

14. S. Peszat and J. Zabczyk, Stochastic evolution equations with a spatially homogeneous Wiener process, Stochastic Process. Appl. 72 (1997), 187–204.

15. J. Printems, On the discretization in time of parabolic stochastic partial differential equations, M2AN Math. Model. Numer. Anal. 35 (2001), 1055–1078.

16. T. Shardlow, Numerical methods for stochastic parabolic PDEs, Numer.

Funct. Anal. Optim. 20 (1999), 121–145.

17. V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Springer-Verlag, Berlin, 1997.

18. J. B. Walsh, An Introduction to Stochastic Partial Differential Equations, Lecture Notes in Math., vol. 1180, Springer, Berlin, 1986, pp. 265–439.

Paper VI

A finite element method for a nonlinear stochastic parabolic equation

YUBIN YAN

Department of Mathematics, Chalmers University of Technology and Göteborg University SE–412 96 Göteborg, Sweden. email: yubin@math.chalmers.se

Abstract.

In this paper we consider the finite element method for a stochastic parabolic partial differential equation forced by additive space-time noise in the multi-dimensional case. Optimal strong convergence error estimates in the L2 and Ḣ^{−1} norms with respect to the spatial variable are obtained. The proof is based on appropriate nonsmooth data error estimates for the corresponding deterministic linear parabolic problem.

AMS subject classification: 60H15, 60H25, 65C20, 60H35.

Key words: stochastic parabolic partial differential equation, nonlinear, finite element method, backward Euler method, Hilbert space.

1 Introduction

In this paper we study the finite element approximation of the nonlinear stochastic parabolic partial differential equation

(1.1) du + Au dt = σ(u)dW, for 0 < t ≤ T, with u(0) = u_0,

in a Hilbert space H, with inner product (·, ·) and norm ‖ · ‖, where u(t) is an H-valued random process, A is a linear, selfadjoint, positive definite, not necessarily bounded operator with a compact inverse, densely defined in D(A) ⊂ H, σ is a nonlinear operator-valued function defined on H which we will specify later. Here W (t) is a Wiener process defined on a filtered probability space (Ω, F, P, {F_t}_{t≥0}) and u_0 ∈ H.

For the sake of simplicity, we shall concentrate on the case A = −Δ, where Δ stands for the Laplacian operator subject to homogeneous Dirichlet boundary conditions, and H = L_2(D), where D is a bounded domain in R^d, d = 1, 2, 3, with a sufficiently smooth boundary ∂D.

Such equations are common in applications. Many mathematics models in physics, chemistry, biology, population dynamics, neurophysiology, etc., are described by stochastic partial differential equations, see, Da Prato and Zabczyk [5], Walsh [17], etc. The existence, uniqueness, and properties of the solutions of such equations have been well studied, see Curtain and Falb [1], [2], Da Prato [3], Da Prato and Lunardi [4], Da Prato and Zabczyk [5], Dawson [7], Gozzi [8],

Peszat and Zabczyk [13], Walsh [17], etc. However, numerical approximation of such equations has not been studied thoroughly.

This paper is closely related to [18], where we consider the finite element method for a linear stochastic parabolic partial differential equation. As in [18], we assume that W (t) is a Wiener process with covariance operator Q. This process may be considered in terms of its Fourier series. Suppose that Q is a bounded, linear, selfadjoint, positive definite operator on H, with eigenvalues γ_l > 0 and corresponding eigenfunctions e_l. Let β_l, l = 1, 2, · · · , be a sequence of real-valued independently and identically distributed Brownian motions. Then

W (t) = ∞∑ l=1 γ^{1/2}_l e_lβ_l(t),

is a Wiener process with covariance operator Q.

If Q is in trace class, then W (t) is an H-valued process. If Q is not in trace class, for example, Q = I, then W (t) does not belong to H, in which case W (t) is called a cylindrical Wiener process.

Let L^0_2 = HS(Q^{1/2}(H), H) denote the space of Hilbert-Schmidt operators from Q^{1/2}(H) to H, i.e.,

L^0_2 = { ψ ∈ L(H) : ∞∑ l=1 ‖ψQ^{1/2}e_l‖^2 < ∞ } ,

with norm ‖ψ‖_L0_2 = ( ∑_∞ l=1 ‖ψQ^{1/2}e_l‖^2 )_{1/2} , where L(H) is the space of bounded linear operators from H to H.

Let E denote the expectation. Let ψ ∈ L^0_2. Then ∫_t 0 ψ(s) dW (s) can be defined and have the isometry

(1.2) E ‖ ‖ ‖ ∫_t 0 ψ(s) dW (s) ‖ ‖ ‖^2 = ∫_t 0 ‖Eψ(s)‖^2_L0_2 ds.

Following Da Prato and Zabczyk [5, Chapter 7], we assume that σ : H → L^0_2 satisfies the following global Lipschitz and growth conditions, (i) ‖σ(x) − σ(y)‖_L0_2 ≤ C‖x − y‖, ∀x, y ∈ H, (ii) ‖σ(x)‖_L0_2 ≤ C‖x‖, ∀x ∈ H. Then (1.1) admits a unique mild solution which has the form,

(1.3) u(t) = E(t)u_0 + ∫_t 0 E(t − s)σ(u(s)) dW (s), where E(t) = e^{−tA} is the analytic semigroup generated by −A. Moreover sup t∈[0,T ] E‖u(t)‖^2 ≤ C(1 + E‖u_0‖^2).

Note that if Tr(Q) < ∞, then the identity mapping σ(u) = I does not satisfy the condition (ii). In order to cover this important case, we introduce a modified version of (ii), i.e.,

(ii^′) ‖A^{(β−1)/2}σ(x)‖_L0_2 ≤ C‖x‖, for some β ∈ [0, 1], ∀x ∈ H. We see that (ii) is the special case β = 1 of (ii^′). If σ(·) = I, the condition (ii^′)

reduces to ‖A^{(β−1)/2}‖_L0_2 ≤ C which is the condition used in [18] for the numerical approximation for linear stochastic parabolic partial differential equation.

Numerical methods for equations of the form (1.1), with various assumptions on the nonlinearity σ and the Wiener process W (t), have been studied, for example, by Davie and Gaines [6], Gyöngy [9], [10], Hausenblas [11], Shardlow [15], etc. Our approach is similar to Printems [14], who considers the time discretization in an abstract framework.

In this paper we will consider error estimates for approximations of (1.1) based on the finite element method in space and the backward Euler method in time.

Let S_h be a family of finite element spaces, where S_h consists of continuous piecewise polynomials of degree ≤ 1 with respect to the triangulation T_h of Ω. For simplicity, we always assume that {S_h} ⊂ H^1_0 = H^1_0 (D) = {v ∈ L_2(D), ∇v ∈ L_2(D), v|_{∂D} = 0}. The semidiscrete problem of (1.1) is to find the process u_h(t) = u_h(·, t) ∈ S_h, such that

(1.4) du_h + A_hu_h dt = P_hσ(u_h) dW, for 0 < t ≤ T, with u_h(0) = P_hu_0,

where P_h denotes the L_2-projection onto S_h, and A_h : S_h → S_h is the discrete analogue of A, defined by (1.5) (A_hψ, χ) = A(ψ, χ), ∀ψ, χ ∈ S_h. Here A(·, ·) = (∇·, ∇·) is the bilinear form on H^1_0 (D) obtained from the operator A. Let E_h(t) = e^{−tAh} , t ≥ 0. Then (1.4) admits a unique mild solution

u_h(t) = E_h(t)P_hu_0 + ∫_t 0 E_h(t − s)P_hσ(u_h(s)) dW (s). Let Ḣ^s = Ḣ^s(D) = D(A^{s/2}) with norm |v|_s = ‖A^{s/2}v‖ for any s ∈ R. For any Hilbert space H, we denote

L_2(Ω; H) = { v : E‖v‖^2_H = ∫ Ω ‖v(ω)‖^2_H dP(ω) < ∞ } , with norm ‖v‖_{L2(Ω;H)} = (E‖v‖^2_H )^{1/2}.

Under the assumptions (i) and (ii^′), we show, in Theorem 3.2, the following error estimates for t ∈ [0, T ], ‖u_h(t) − u(t)‖_{L2(Ω;H)} ≤ C(T )h^β ( ‖u_0‖_{L2(Ω;Ḣ}β_) + sup_{0≤s≤T} E‖u(s)‖_{L2(Ω;H)} ) . We also consider error estimates in the fully discrete case. Let k be a time step and t_n = nk with n ≥ 1. We define the backward Euler method U^n,

(1.7) U^n − U^{n−1} k + A_hU^n = 1 k ∫_{tn} t_{n−1} P_hσ(U^n) dW (s), n ≥ 1, U^0 = P_hu_0.

With r(λ) = (1 + λ)^{−1}, we can rewrite (1.7) in the form

(1.8)

U^n = r(kA_h)U^{n−1} + ∫_{tn} t_{n−1} r(kA_h)P_hσ(U^n) dW (s), n ≥ 1, U^0 = P_hu_0.

Under the assumptions (i) and (ii^′), in Theorem 4.2, we have, for 0 ≤ γ < β ≤ 1, t_n ∈ [0, T ], (1.9) ‖U^n − u(t_n)‖_{L2(Ω;H)} ≤ C(T )(k^{γ/2} + h^β) ( ‖u_0‖_{L2(Ω;Ḣ}β_) + sup_{0≤s≤T} ‖u(s)‖_{L2(Ω;H)} ) . This paper is organized as follows. In Section 2, we consider the regularity of the solution of (1.1). In Section 3, we consider error estimate in semidiscrete case. In Section 4, we consider error estimate in the fully discrete case.

2 Regularity of the mild solution

In this section we will consider the regularity of the mild solution of (1.1). We have the following theorem.

Theorem 2.1. Assume that σ satisfies (i) and (ii^′). Let u(t) be the mild solution (1.3) of (1.1). Then we have, for u_0 ∈ L_2(Ω; Ḣ^β ),

(2.1) ‖u(t)‖_{L2(Ω;Ḣ}β_) ≤ C ( ‖u_0‖_{L2(Ω;Ḣ}β_) + sup_{0≤s≤t} ‖u(s)‖_{L2(Ω;H)} ) . In particular, if σ satisfies (i) and (ii), then we have, for u_0 ∈ L_2(Ω; Ḣ^1),

(2.2) ‖u(t)‖_{L2(Ω;Ḣ}1_) ≤ C ( ‖u_0‖_{L2(Ω;Ḣ}1_) + sup_{0≤s≤t} ‖u(s)‖_{L2(Ω;H)} ) .

To prove this theorem, we need some regularity results which are related to the fact that E(t) = e^{−tA} is an analytic semigroup on H. For later use, we collect some results in the next two lemmas, see Thomée [16] or Pazy [12].

Lemma 2.2. For any μ, ν ∈ R and l ≥ 0, there is C > 0 such that (2.3) |D^l_tE(t)v|_ν ≤ Ct^{−(ν−μ)/2−l}|v|_μ, for t > 0, 2l + ν ≥ μ, and (2.4) ∫_t 0 s^μ|D^l_tE(s)v|^2_ν ds ≤ C|v|^2_{l+ν−μ−1}, for t ≥ 0, μ ≥ 0.

Lemma 2.3. For any μ ≥ 0, 0 ≤ ν ≤ 1, there is C > 0 such that (2.5) ‖A^μE(t)‖ ≤ Ct^{−μ}, for t > 0, and (2.6) ‖A^{−ν} (I − E(t))‖ ≤ Ct^ν , for t ≥ 0.

Proof of Theorem 2.1. Recall that the mild solution has the form

u(t) = E(t)u_0 + ∫_t 0 E(t − s)σ(u(s)) dW (s). Thus, for any β ≥ 0, using the stability of E(t) and the isometry (1.2),

E|u(t)|^2_β ≤ 2E|E(t)u_0|^2_β + 2E ‖ ‖ ‖ ∫_t 0 A^{β/2}E(t − s) σ(u(s))dW (s) ‖ ‖ ‖^2

= 2E|u_0|^2_β + 2E ∫_t 0 ‖A^{β/2}E(t − s)σ(u(s))‖^2_L0_2 ds = 2E|u_0|^2_β + 2E ∫_t 0 ‖A^{1/2}E(t − s)A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds. By (ii^′) and Lemma 2.2, we have E ∫_t 0 ‖A^{1/2}E(t − s)A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds ≤ ( ∫ t 0 ‖A^{1/2}E(t − s)‖^2 ds ) sup 0≤s≤t E‖u(s)‖^2 ≤ C sup_{0≤s≤t} E‖u(s)‖^2. Thus we get E|u(t)|^2_β ≤ C(E|u_0|^2_β + sup_{0≤s≤t} E‖u(s)‖^2),

which implies (2.1) by noting that ( sup 0≤s≤t E‖u(s)‖^2 )_{1/2} ≤ sup_{0≤s≤t} ( E‖u(s)‖^2 )_{1/2} = sup_{0≤s≤t} E‖u(s)‖_{L2(Ω;H)}.

In particular, if (ii) holds, then β = 1 and we get (2.2).

Remark 2.1. In Theorem 2.1, if σ(·) = I, the condition (ii^′) reduces to ‖A^{(β−1)/2}‖_L0_2 ≤ C which is the condition used in [18] for the numerical approximation for linear stochastic parabolic partial differential equation.

3 Error estimates in the semidiscrete case

In this section we consider error estimates for stochastic partial differential equation in the semidiscrete case. In order to prove our error estimates, we need some nonsmooth data error estimates for the homogeneous deterministic parabolic problem.

Let E_h(t) = e^{−tAh} and E(t) = e^{−tA}. We then have the following error estimates for deterministic parabolic problem, see [18].

Lemma 3.1. Let F_h(t) = E_h(t)P_h − E(t). Then (3.1) ‖F_hv‖_{L∞([0,T ];H)} ≤ Ch^β |v|_β , for v ∈ Ḣ^β , 0 ≤ β ≤ 1, and (3.2) ‖F_hv‖_{L2([0,T ];H)} ≤ Ch^β|v|_{β−1}, for v ∈ Ḣ^{β−1}, 0 ≤ β ≤ 1.

Our main result in this section is the following.

Theorem 3.2. Assume that σ satisfies (i) and (ii^′). Let u_h and u be the solutions of (1.4) and (1.1), respectively. Then there is C = C(T ) such that, for t ∈ [0, T ] and u_0 ∈ L_2(Ω; Ḣ^β), (3.3) ‖u_h(t) − u(t)‖_{L2(Ω;H)} ≤ Ch^β ( ‖u_0‖_{L2(Ω;Ḣ}β_) + sup_{0≤s≤T} E‖u(s)‖_{L2(Ω;H)} ) . In particular, if σ satisfies (i) and (ii), then we have (3.4) ‖u_h(t) − u(t)‖_{L2(Ω;H)} ≤ Ch ( ‖u_0‖_{L2(Ω;Ḣ}1_) + sup_{0≤s≤T} E‖u(s)‖_{L2(Ω;H)} ) . Proof. We have, with E(t) = e^{−tA}, u(t) = E(t)u_0 + ∫_t 0 E(t − s)σ(u(s)) dW (s), and, with E_h(t) = e^{−tAh} , u_h(t) = E_h(t)P_hu_0 + ∫_t 0 E_h(t − s) P_hσ(u_h(s)) dW (s). Denoting e(t) = u_h(t) − u(t) and F_h(t) = E_h(t)P_h − E(t), we write e(t) = F_h(t)u_0 + ∫_t 0 F_h(t − s)σ(u(s)) dW (s) + ∫_t 0 E_h(t − s)P_h ( σ(u_h(s) − σ(u(s)) ) dW (s) = I + II + III. Thus ‖e(t)‖_{L2(Ω;H)} ≤ C ( ‖I‖_{L2(Ω;H)} + ‖II‖_{L2(Ω;H)} + ‖III‖_{L2(Ω;H)} ) . For I, we have, by (3.1) with v = u_0, ‖I‖ = ‖F_h(t)u_0‖ ≤ Ch^β |u_0|_β , which implies that ‖I‖_{L2(Ω;H)} ≤ Ch^β ‖u_0‖_{L2(Ω;Ḣ}β_).

For II, we have, by the isometry (1.2),

‖II‖^2_{L2(Ω;H)} = E ‖ ‖ ∫_t 0 F_h(t − s)σ(u(s)) dW (s) ‖ ‖^2

= ∫_t 0 E‖F_h(t − s)A^{(1−β)/2}A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds ≤ ( ∫ t 0 ‖F_h(t − s)A^{(1−β)/2}‖^2 ds ) sup 0≤s≤t E‖A^{(β−1)/2}σ(u(s))‖^2_L0_2 .

We will show that

(3.5) ∫_t 0 ‖F_h(t − s)A^{−(β−1)/2}‖^2 ds ≤ Ch^{2β} . Assuming this for the moment, we have, by the growth condition (ii^′),

‖II‖^2_{L2(Ω;H)} ≤ Ch^{2β} sup_{0≤s≤t} E‖A^{(β−1)/2}σ(u(s))‖^2_L0_2 ≤ Ch^{2β} sup_{0≤s≤t} E‖u(s)‖^2.

For III, we have, by the isometry property and the Lipschitz condition (i),

‖III‖^2_{L2(Ω;H)} = E ∫_t 0 ‖ ‖ ‖Eh(t − s)Ph ( σ(u_h(s) − σ(u(s)) )‖ ‖^2_{L02} ds ≤ E ∫_t 0 ‖E_h(t − s)P_h‖^2‖u_h(s) − u(s)‖^2_L0_2 ds ≤ ∫_t 0 E‖e(s)‖^2 ds. Hence ‖e(t)‖^2_{L2(Ω;H)} ≤ Ch^{2β} ( |u_0|^2_β + sup_{0≤s≤t} E‖u(s)‖ ) + C ∫_t 0 ‖e(s)‖^2_{L2(Ω;H)} ds. Then (3.3) follows from Gronwall’s lemma.

It remains to show (3.5). In fact, by the definition of the operator norm and the monotone convergence theorem, we have ∫_t 0 ‖F_h(t − s)A^{−(β−1)/2}‖^2 ds = ∫_t 0 sup_{v≠0} ‖F_h(t − s)A^{−(β−1)/2}v‖^2 ‖v‖^2 ds

= sup_{v≠0} ∫_t 0 ‖F_h(t − s)A^{−(β−1)/2}v‖^2 ds ‖v‖^2 . Combining this with (3.2), we show (3.5) and therefore (3.3) holds.

In particular, if (ii) holds then β = 1 and we obtain (3.4).

4 Error estimates in the fully discrete case

In this section we will consider the error estimates in the fully discrete case. As in the semidiscrete case, we need some error estimates for the deterministic parabolic problem.

Let E_{kh} = r(kA_h) and E(t) = e^{−tA}, where r(λ) = 1/(1 + λ) is introduced in (1.8). We have, see [18],

Lemma 4.1. Let F_n = E^n_{kh}P_h − E(t_n). Then (4.1) ‖F_nv‖ ≤ C(k^{β/2} + h^β )|v|_β , for v ∈ Ḣ^β, 0 ≤ β ≤ 1, and (4.2) ( k n∑ j=1 ‖F_j v‖^2 )_{1/2} ≤ C(k^{β/2} + h^β)|v|_{β−1}, for v ∈ Ḣ^{β−1}, 0 ≤ β ≤ 1.

Our main result in this section is the following.

Theorem 4.2. Assume that σ satisfies (i) and (ii^′). Let U^n and u(t_n) be the solutions of (1.8) and (1.1), respectively. Let 0 ≤ γ < β. Then there is C = C(T ) such that, for t_n ∈ [0, T ] and u_0 ∈ L_2(Ω; Ḣ^β ),

(4.3) ‖U^n−u(t_n)‖_{L2(Ω;H)} ≤ C(k^{γ/2} +h^β) ( ‖u_0‖_{L2(Ω;Ḣ}β_) + sup_{0≤s≤T} ‖u(s)‖_{L2(Ω;H)} )

In particular, if σ satisfies (i) and (ii), then we have, for u_0 ∈ L_2(Ω; Ḣ^1), and 0 ≤ γ < 1,

(4.4) ‖U^n −u(t_n)‖_{L2(Ω;H)} ≤ C(k^{γ/2} +h) ( ‖u_0‖_{L2(Ω;Ḣ}1_) + sup_{0≤s≤T} ‖u(s)‖_{L2(Ω;H)} ) . To prove this theorem we need the following regularity result for the solution of (1.1).

Lemma 4.3. Assume that (ii^′) holds. Let u be the mild solution of (1.1). Then we have, for 0 ≤ γ < β ≤ 1,

E‖u(t_2) − u(t_1)‖^2 ≤ C(t_2 − t_1)^γ E|u_0|^2_γ

(4.5)

+ C(t_2 − t_1)^γ sup_{0≤s≤T} E‖u(s)‖^2.

Proof. The weak solution of (1.1) has the form, with E(t) = e^{−tA},

u(t) = E(t)u_0 + ∫_T 0 E(t − s)σ(u(s)) dW (s). Thus we have

u(t_2) − u(t_1) = ( E(t_2)u_0 − E(t_1)u_0 )

+ ( ∫ t2 0 E(t_2 − s)σ(u(s)) dW (s) − ∫_{t1} 0 E(t_1 − s)σ(u(s)) dW (s) ) , = I + II.

and therefore E‖u(t_2) − u(t_1)‖^2 ≤ 2E‖I‖^2 + 2E‖II‖^2.

For I, we have, by Lemma 2.3, for 0 ≤ γ ≤ 2, with t_1 ≠ 0,

‖I‖ = ‖E(t_1)A^{−γ/2}(E(t_2) − E(t_1))A^{γ/2}u_0‖

(4.6)

≤ C(t_2 − t_1)^{γ/2}|u_0|_γ ,

which implies that E‖I‖^2 ≤ C(t_2 − t_1)^γ E|u_0|^2_γ .

For II, we have II = ∫_{t1} 0 ( E(t_2 − s) − E(t_1 − s) ) σ(u(s)) dW (s) + ∫_{t2} t_1 E(t_2 − s)σ(u(s)) dW (s) = II_1 + II_2.

Using (ii^′), isometry, and Lemma 2.3, we have, for 0 ≤ γ < β ≤ 1,

E‖II_1‖^2 = E ‖ ‖ ‖ ∫_{t1} 0 ( E(t_2 − s) − E(t_1 − s) ) σ(u(s)) dW (s) ‖ ‖ ‖^2 = ∫_{t1} 0 E ‖ ‖ ‖ ( E(t_2 − s) − E(t_1 − s) ) A^{(1−β)/2}A^{(β−1)/2}σ(u(s)) ‖ ‖ ‖^2_{L02} ds ≤ ∫_{t1} 0 ‖ ‖A_{(1−β)/2}(E(t_2 − s) − E(t_1 − s)) ‖ ‖^2 ds sup 0≤s≤t_1 E‖u(s)‖^2 = ∫_{t1} 0 ‖ ‖ ‖A^{(1−β)/2+γ/2}E(t1 − s)A^{−γ/2} ( I − E(t_2 − t_1) )‖ ‖^2 ds sup_{0≤s≤t1} E‖u(s)‖^2

≤ C(t_2 − t_1)^γ ( ∫ t1 0 (t_1 − s)^{−(1−β)−γ} ds ) sup 0≤s≤t_1 E‖u(s)‖^2 ≤ C(t_2 − t_1)^γ sup_{0≤s≤t1} E‖u(s)‖^2, and E‖II_2‖^2 = ∫_{t2} t_1

E‖A^{(1−β)/2}E(t_2 − s)A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds ≤ C ∫_{t2} t_1

‖A^{(1−β)/2}E(t_2 − s)‖^2 · E‖A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds ≤ C ( ∫ t2 t_1

(t_2 − s)^{β−1} ds ) sup t_1≤s≤t_2 E‖u(s)‖^2 ≤ C(t_2 − t_1)^β sup_{t1 ≤s≤t2} E‖u(s)‖^2, for β > 0.

Hence we get, for 0 ≤ γ < β ≤ 1,

E‖II‖^2 ≤ 2E‖II_1‖^2 + 2E‖II_2‖^2 ≤ C(t_2 − t_1)^γ sup_{t1 ≤s≤t2} E‖u(s)‖^2.

Together these estimates complete the proof.

Proof of Theorem 4.2. We have, by (1.8), with E^n_{kh} = r(kA_h)^n,

U^n = E^n_{kh}P_hu_0 + n∑ j=1 ∫_{tj} t_{j−1} E^{n−j+1} kh P_hσ(U^j ) dW (s),

and, by the definition of the mild solution of (1.1), with E(t) = e^{−tA},

u(t_n) = E(t_n)u_0 + ∫_{tn} 0 E(t_n − s)σ(u(s)) dW (s). Denoting e^n = U^n − u(t_n) and F_n = E^n_{kh}P_h − E(t_n), we write

e^n = F_nu_0 + n∑ j=1 ∫_{tj} t_{j−1} r(kA_h)^{n−j+1}P_h ( σ(U^j ) − σ(u(t_j )) ) dW (s)

+ n∑ j=1 ∫_{tj} t_{j−1} r(kA_h)^{n−j+1}P_h ( σ(u(t_j )) − σ(u(s)) ) dW (s)

+ n∑ j=1 ∫_{tj} t_{j−1} ( r(kA_h)^{n−j+1}P_h − E(t_n − t_{j−1}) ) σ(u(s)) dW (s)

+ n∑ j=1 ∫_{tj} t_{j−1} ( E(t_n − t_{j−1}) − E(t_n − s) ) σ(u(s)) dW (s)

= 5∑ j=1 I_j .

Thus ‖e^n‖_{L2(Ω;H)} ≤ C 5∑ j=1 ‖I_j ‖_{L2(Ω;H)}. For I_1, we have, by (4.1) with v = u_0,

‖I_1‖ = ‖F_nu_0‖ ≤ C(k^{β/2} + h^β)|u_0|_β ,

which implies that ‖I_1‖_{L2(Ω;H)} ≤ C(k^{β/2} + h^β )‖u_0‖_{L2(Ω;Ḣ}β_).

For I_2, we have, by isometry and the stability of r(λ) and the Lipschitz condition (i),

‖I_2‖^2_{L2(Ω;H)} = E ‖ ‖^n∑ j=1 ∫_{tj} t_{j−1} r(kA_h)^{n−j+1}P_h ( σ(U^j ) − σ(u(t_j )) ) dW (s) ‖ ‖^2

= k n∑ j=1 E ‖ ‖r(kAh)^{n−j+1}Ph ( σ(U^j ) − σ(u(t_j )) )‖ ‖^2_{L02}

≤ k n∑ j=1 ‖r(kA_h)^{n−j+1}P_h‖^2 E‖σ(U^j ) − σ(u(t_j ))‖^2_L0_2

≤ Ck n∑ j=1 E‖U^j − u(t_j )‖^2 = C n∑ j=1 ∫_{tj} t_{j−1} E‖e^j ‖^2 ds.

For I_3, we have, by Lemma 4.3, for 0 ≤ γ < β ≤ 1,

‖I_3‖^2_{L2(Ω;H)} = n∑ j=1 ∫_{tj} t_{j−1} E ‖ ‖ ‖r(kAh)^{n−j+1}Ph ( σ(u(t_j )) − σ(u(s)) )‖ ‖^2_{L02} ds

≤ C n∑ j=1 ∫_{tj} t_{j−1} E‖u(t_j ) − u(s)‖^2 ds

≤ C (^n∑ j=1 ∫_{tj} t_{j−1} (t_j − s)^γ ds )( E|u_0|^2_γ + sup_{0≤s≤T} E‖u(s)‖^2 )

≤ Ck^γ ( E|u_0|^2_γ + sup_{0≤s≤T} E‖u(s)‖^2 ) . For I_4, we have

‖I_4‖^2_{L2(Ω;H)} = E ‖ ‖ ‖ n∑ j=1 ∫_{tj} t_{j−1} F_{n−j+1}σ(u(s)) dW (s) ‖ ‖ ‖^2

= n∑ j=1 ∫_{tj} t_{j−1} E‖F_{n−j+1}A^{(1−β)/2}A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds

≤ C ( k n∑ j=1 ‖F_j A^{(1−β)/2}‖^2 ) sup 0≤s≤T E‖u(s)‖^2.

We will show that

(4.7) k n∑ j=1 ‖F_j A^{(1−β)/2}‖^2 ≤ C(k^β + h^{2β} ).

Assuming this for the moment, we get

‖I_4‖^2_{L2(Ω;H)} ≤ C(k^β + h^{2β} ) sup_{0≤s≤T} E‖u(s)‖^2.

For I_5, we have

‖I_5‖^2_{L2(Ω;H)} = E ‖ ‖ n∑ j=1 ∫_{tj} t_{j−1} (E(t_n − t_{j−1}) − E(t_n − s))σ(u(s)) dW (s) ‖ ‖^2

= n∑ j=1 ∫_{tj} t_{j−1} E‖(E(t_n − t_{j−1}) − E(t_n − s))A^{(1−β)/2}A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds

≤ C (^n∑ j=1 ∫_{tj} t_{j−1} ‖(E(t_n − t_{j−1}) − E(t_n − s))A^{(1−β)/2}‖^2 ds ) sup 0≤s≤T E‖u(s)‖^2. Noting that, by Lemmas 2.2 and 2.3, n∑ j=1 ∫_{tj} t_{j−1} ‖(E(t_n − t_{j−1}) − E(t_n − s))A^{(1−β)/2}‖^2 ds

= n∑ j=1 ∫_{tj} t_{j−1} ‖A^{1/2}E(t_n − s)A^{−β/2}(I − E(s − t_{j−1}))‖^2 ds

≤ Ck^β n∑ j=1 ∫_{tj} t_{j−1} ‖A^{1/2}E(t_n − s)‖^2 ds

= Ck^β ∫_{tn} 0 ‖A^{1/2}E(s)‖^2 ds ≤ Ck^β, we have ‖I_5‖^2_{L2(Ω;H)} ≤ Ck^β sup_{0≤s≤T} E‖u(s)‖^2.

It remains to show (4.7). In fact, by (4.2), k n∑ j=1 ‖F_j A^{(1−β)/2}‖^2 = k n∑ j=1 ( sup_{v≠0} ‖F_j A^{(1−β)/2}v‖ ‖v‖ )_2

= sup_{v≠0} k ∑_n j=1 ‖F_j A^{(1−β)/2}v‖^2 ‖v‖^2 ≤ sup_{v≠0}

C(k^β + h^{2β} )|A^{(1−β)/2}v|^2_{β−1} ‖v‖^2 ≤ C(k^β + h^{2β} ).

Together these estimates show, for 0 ≤ γ < β ≤ 1,

E‖e^n‖^2 ≤ C(k^γ + h^{2β})E|u_0|^2_β + Ck n∑ j=1 E‖e^j ‖^2

(4.8)

+ C(k^γ + h^{2β} ) sup_{0≤s≤T} E‖u(s)‖^2.

By the discrete Gronwall lemma, we get (4.9) E‖e^n‖^2 ≤ C(k^γ + h^{2β}) ( E|u_0|^2_β + sup_{0≤s≤T} E‖u(s)‖^2 ) , which implies that,

(4.10) ‖e^n‖_{L2(Ω;H)} ≤ C(k^{γ/2} + h^β ) ( E|u_0|_{L2(Ω;Ḣ}β_) + sup_{0≤s≤tn} ‖u(s)‖_{L2(Ω;H)} ) . The proof is now complete.

Acknowledgement

I wish to express my sincere gratitude to my supervisor Dr. Stig Larsson, who suggested the topic of this paper, for his support and valuable criticism.

REFERENCES

1. R. F. Curtain and P. L. Falb, Ito’s lemma in infinite dimensions, J. Math.

Anal. Appl. 31 (1970), 434–448.

2. , Stochastic differential equations in Hilbert space, J. Differential Equations 10 (1971), 412–430.

3. G. Da Prato, Some results on linear stochastic evolution equations in Hilbert spaces by the semigroups method, Stochastic Anal. Appl. 1 (1983), 57–88.

4. G. Da Prato and A. Lunardi, Maximal regularity for stochastic convolutions in L^p spaces, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 9 (1998), 25–29.

5. G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge University Press, Cambridge, 1992.

6. A. M. Davie and J. G. Gaines, Convergence of numerical schemes for the solution of parabolic stochastic partial differential equations, Math. Comp. 70 (2001), 121–134.

7. D. A. Dawson, Stochastic evolution equations, Math. Biosci. 15 (1972), 287– 316.

8. F. Gozzi, Regularity of solutions of a second order Hamilton-Jacobi equation and application to a control problem, Comm. Partial Differential Equations 20 (1995), 775–826.

9. I. Gyöngy, Lattice approximations for stochastic quasi-linear parabolic partial differential equations driven by space-time white noise. I, Potential Anal. 9 (1998), 1–25.

10. , Lattice approximations for stochastic quasi-linear parabolic partial differential equations driven by space-time white noise. II, Potential Anal. 11 (1999), 1–37.

11. E. Hausenblas, Approximation for semilinear stochastic evolution equation, Potential Anal. 18 (2003), 141–186.

12. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.

13. S. Peszat and J. Zabczyk, Stochastic evolution equations with a spatially homogeneous Wiener process, Stochastic Process. Appl. 72 (1997), 187–204.

14. J. Printems, On the discretization in time of parabolic stochastic partial differential equations, M2AN Math. Model. Numer. Anal. 35 (2001), 1055–1078.

15. T. Shardlow, Numerical methods for stochastic parabolic PDEs, Numer.

Funct. Anal. Optim. 20 (1999), 121–145.

16. V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Springer-Verlag, Berlin, 1997.

17. J. B. Walsh, An Introduction to Stochastic Partial Differential Equations, Lecture Notes in Math., vol. 1180, Springer, Berlin, 1986, pp. 265–439.

18. Y. Yan, Finite element method for some linear stochastic parabolic partial differential equations driven by additive noise, Preprint 2003–07, Chalmers Finite Element Center, Chalmers University of Technology.