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w	r#n�Usxv� ��a���dfxvdfk#ulac� o nye@a�dyu{r b�aceht�n��.t�k ght�ija�""��nyghr ghr#a�ijacdfk ~ dfe�tvdfk#ulajdyk#�;U�ght�x�t�g"�
o Usk#u ght�nyk.o e�dyiGac��n�e���w�r#d ~yaG��acalk a ��ghack#��a��/ghn�g�rsaji�Usxzghtqb>ale�tzn��.uldywhaG�m�IpIn�w�w	t�k�� �f��

dfk#����d�� dfk#w�w	n�k�� �f�s�#����
�"

� kQghrsa�dfehghtvu x�acw�u tzgha��Qdy��n ~�ay��ghrsa�bse�ny�sx�ali(w�dfe�a�b
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x�t�ksacdye bse�ny��e�dyiG"/� k ghr#aQx�t�g�ale{d gOU#ehaQghrsa�w	a5a ��t�w	gGwhal~�ale{dfx�ijn���acx�w nfo�g�rstvw@g"��b>a5��a�dfx�tzks�
��tzghr � !:p �:g�rsaQijn�w	g t�ijb�n�e	g{dfkmg n�ksacw ��actzks� �`U#wh� dyk#���>t�ali ��d � �m��
 ����dfe�t��sn/algGdyx�"
��	���� 	�	f� 	���
 �m��alehg�� �f��
 ! ijn���t��#ac�(������nyk���dlt�n@dfk#����n�Um��alk��>ale���ghn@e�alijn ~ya}g�rsa�u{r�dfk#ula
ulnyk#w	ghe{dft�kmg�w � �y��
 #W�>��n�k#whtz��xzt`dyk#�5��alijb#w	ghace ��	 
 
]dyk#����� ��x�dyk#��dfk#� 	 dyxzxvdyula � ����
\"

�
	�� 	 ��+ ��'�
 ( � 
 ��$ ( � � ��)0
�( ��'�� �����
�
��
�� � '����
� o}��a x�tzijtzg�ghrsajk�Usi ��ace�nfo�b>nyt�kmg�w�t�k.g�tzijaj��rsacehaj��acult�wht�nyk#w�uldyk.�>aji(dy��aGghn/d��#kstzgha
wha g��sdfk#��dyw�wOUsija�g�r#d g���a��snGk#nfg���t�whr5ghnjr#d ~ya�dfk���u{r#dyk#u a�� ulnyk#w	ghe{dft�kmg�w tzk�n�Use�ijn���acx �
g�rsalk�g�rsa � !]p=b#ehn��sxzaci i(d ���>a�o nye�i�Usxvd g�ac��dyw�ghr�d g�ghn �

ijtzk#tzijtedla
xt,t∈{0,...,T}

f0(x0(ξ0), ξ0) + � P
ξ1

[f1(x1(ξ1), ξ1) + � P
ξ2|ξ1

[f2(x2(ξ2), ξ2)

+ . . . + � P
ξT |ξT−1

[fT (xT (ξT ), ξT )] . . .]],
!�	�"�	cd #

wOUs���"a�uWg�g�n
x0(ξ0) ∈ X0(ξ0),

!�	�"�	l� #
xt(ξt) ∈ Xt(

−→x t−1(ξt), ξt), t = 1, . . . , T.
!�	�"�	�u�#

��ale�ay�
ξt
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��r#t�u{r x�nmn��I�yn�n�� ��rsalk ac~ dyxmU�d gha�� n ~�ale�ghr#aQwhulalk#dyeht�n5ghe�alay�]�
U�g@�#d�� ��rsalk al~ dyxmU#dfgha��
U#k#��ale}g�rsa�gheZUsa�bsehn��#df�#tzx�t�g"�(ija�dywOUseha�"]� kG� :
� � 8  + n ��a�g�eh�jg�njulnyk#w	ghe{dft�k(g�rsa�o acdywht��sxza
wha g�nyo:n�Use � !:p=bsehn��sx�aliM��tzk�nye{��ale�ghnGx�tzijtzg�g�rsa�b�nmwhwht��stzx�tzg"�jghnju{r#dywha�whb
Use�t�n�U#w�bse�n �sg{wl�
��r#tzx�a�d gqg�rsa�whdyija�g�tzija�ksnygqeha���U#u t�ks��ghr#a�b�ace	o n�ehi(dfk�u a}nfo>ghrsa�ijn���acx��m�Gw"g�tzx�xse�a g{dft�kstzk#�
dGksa�dfe�� n�b�ght�i(dfx9whnyxeU�ght�nyk�tzk�w	tv��a�ghr#a�o acdywht��sxza�wha gn"
� w	ghn�u{r#d�w"g�t�uMb#ehn��ye{dfijijtzks� �#d�w	a�� ��acult�wht�nyk�wOUsbsb>nyehg5w	��w	ghaci i(d ���>a.whalack�dyw�d

�#x�d�u �I��n � ���/ghrsaXU�w	ace�w?" � U#whale@t�ksb
U�g{w�rstvw � rsale@wOUs���"a�uWg�tz~�aG~�t�al� nfo�ghrsa(b#ehn��#df�st�x�t�g"�
�st�w	ghe�tz�@U�ght�nyk�nyo9o U�gOU#eha�al~yackmg�w�dyk#�(e�t�w�� g�nyx�ale{dfk#ula�dyw ��acxzx dyw�ghrsa�w"g{d gha�nfo9ghr#a�u n�ijb#dfk��y�
b@U#w	r#acwQd �
U�g	g�nyk�dyk#�,n�U�g5b�n�b#wQd �sacu tvwhtzn�k�"�
#nye�d U#w	acec��tzgQtvw�ksnyg5u x�acdye�rsn �Fghrstvw
�sacu tvwhtzn�k/��d�w�ny��g{dft�ksac�`��dfk��Mrsn ��dfxzghale{d g�tzn�k#w�ghn�ghrsa tzksb@U�g���t�xzx
d 2 acu g�ghrsa n�U�g�b
U�gn"�� k
dyk�d ghghalijb�g�ghn ~mtvwOU#dfx�tmdca�rsn � ghrsa�nyb�g�tzi(dyx�whnyxeU�ght�nykjo e�nyi2ghrsa�w"g�n�u{r#dyw	ghtvu}bse�ny�ye{dfijijt�ks�
ijn���acx���n�Usxv� ~ dfe�� ��tzghr t�ksb
Usgc�q��aQw	n�xz~�ac� d/xvdfe��ya(k�Usi ��ace nfo�bse�ny�#xzacijw dfk#� w	ghn�eha��
g�rsa(e�acwOUsx�g{w." ��� t�kmghacehb>nyxvd g�tzks���>a g"��alalk g�rsajeha�wcUsxzg�w�w	ghn�eha��9�`��ajijd �.��e�d �2�ye{dfbsr�w�nyo
dybsbse�n ��tzi(d g�alx��5r#n ��g�rsaj��acult�whtzn�k u{r#dyks�ya�w���tzghrIg�rsajw"g{d gha nfoqg�rsaGulnyijb#dykm��"�	 a g�rsalk
e�acdyxztedla���g�r#d g}g�rsacwha�g�dy�sxza�w}i(d ����aYU�w	a��5d�w�d b#ehn ���jo nye�n���g�dytzk#tzks�(��a�u tvw	t�nyk�w o e�nyi ghrsa
w	ghn�u{r#d�w"g�t�u�bse�ny��e�dyijiGt�ks� iGn���acx�"

�}rsa�ny��~�t�n�U#w���e{d ���#dyu �Gnfo`g�rstvw�dfbsbse�n�d�u{r(t�w�g�r#d g}��a�ksnjx�nyks��ale��yalg}dykQnybsght�ijdyx9��a �
ult�wht�nyk o nye�d��yt�~yackGw	g�dfgha}nfo>ghrsa�ulnyijb#dykm��"]�}rsaceha�dyeha�rsn ��al~yaceqd�k�Usi ��aceqnfo9dy��~ dyk�g{df��acw?"
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tze{w"g�xz����ghr#a ��acult�wht�nyk�o nye�a�dyu{rMb�nmwhwht��sxza@w	g�dfgha�nyo]g�rsa���n�ehxv��t�w�ksn � a ��b#xztvu tzghx���d ~ dytzxvdf�sx�a
dfk#�Mi(d ����a tzk�w	b>acu ghac�/o nye�w�u eZU�g�tzk���"�

Usehghrsacehijn�eha���whtzibUsx�dfght�ks� U#wht�ks�(ghr#a wh��w	ghaciF�>a �
u n�iGa�w@whtz��kst �>uldfkmg�xz�Ia�dywhtzace��UwhtzibUsx�dfght�ks�/r�Usk#��e�ac�#w�nfo�whulalk#dyeht�n�w�ksn � � U#w	g@g�d��ya�w�d�o al�
w	a�u n�k#�swc�f��rst�xza�whtzibUsxvd ght�ks��g�rsa�whdyija�whulalk#dyeht�n�w�U#whtzk#��g�rsa�o Usx�x#w	ghn�u{r#d�w"g�t�u}bse�ny��e�dyijiGt�ks�
o nye�i�Usxvd g�tzn�k/g�d��ya�w�rsn�Use{wl� tzo�ksnyg��sd ��w?"@��aculnyk#��x��y�>g�rsajeha�wcUsxzght�ks�5b�n�xztvu �/i(d �M��aji(dfk
�
U#dfx�x��.dfxzghaceha��9�9g�nIw	aca(rsn � u{r�dfks��acw�tzk g�rsa(b>nyx�t�ul� ��t�xzx d32>a�uWg�g�rsaQ��tvw"g�eht��
U�g�tzn�k nfo��yal�
~ dfxeUsacwqdfg
g�rsa�alk�� nyo#g�rsa}gha�w"g w�u ack#dfe�tznmw."]��alk�u ay�yghrsa�ulnyk#w	gheZU#u ght�nyk nyo�g�rsacwha�g�dy�sxza�� ��dywhac�
b�n�xztvu t�acw�tvw�d5ulnykmghe�tz�@U�ght�nyk ghn �}dfe{�sw�d��s��e�acw�w	t�ks��b>nyt�kmg���t�k g�rsaGxztvw"g@dy��n ~�a�"�� k � :�� � 8
 Bi ��a@u n�iGb�dfe�a�w	ghn�u{r#d�w"g�t�u�bse�ny��e�dyijiGt�ks� ghnjg{df�sx�a � �#dywhac�5b>nyx�t�ultza�w�dyw���alx�x:d�w�dfksnyghrsace
����k#dfijtvu�b�n�xztvu �5�m� U#w	t�ks�(djw	t�ijbsx�a � !:p bse�ny�#xzaci "
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�}rsa i(dytzk u nykmg�eht��
U�g�tzn�kInfoqg�rst�w�b#dyb�ace�tvw�ghrsa o nye�i�Usxvd g�tzn�kInfoqg�rsaGiGn���acx�" � bse�nyb>alehg"�
nfo�ghrsajijn���alxqksnyg�o n�Usk#� t�k.nyghrsace�w	t�ijtzxvdfe�ijn���alxvw�t�w�g�rsa(w"g�ehn�ks�Mu nyk#ksacu ght�nyk �>a g"��alack
ghrsa(ulnyijb#dfk��15 w�d�uWght�nyk�w�dyk#�Ig�rsajw	tedlaGnfo�ghrsajx�t�dy�stzx�tzght�acw?"@� k.d��s��tzght�nyk`�`n�ksaGb#dfehg�nyo�ghr#a
k�Usijale�t�ucdfx`g�acw	g�w�u n�iGb�dfe�a ��t 2>acehack�g�whr#dfb>acw�nfo�g�rsa w�u ack#dfe�tzn�ghe�ala�"��:e�ala�w���tzghr.dfbsbse�n � �
tzi(dfghalx��/g�rsa(whdyiGajk�Usi ��ace�nyo�w�u ack#dfe�tznmw�dyehaju n�ijb#dfe�ac�9�9�@U�g�ghrsaGg�ehacacw�r#d ~�a ��t 2>acehackmg
k�Usi �>ale{w�nfo�w	g�dy�yacwc�`dfk�� d���t 2 ale�alkmg�k�Usi �>ale�nyo��se{dfk#u{r#acw�d g�acdyu{r w"g{df��a�" �}rsa(��t 2 ale��
alkmg�w	r�dfb>acw(dfe�aMu e�acd g�ac����� df�y��ehac��dfght�ks�Ig�tzija � w	g�df��acwGt�k6g�rsa/ijn��salx\" ��tzk#ula�ghrsaIwhtmdca
nfo�ghe�ala�� ��dywhac�,w"g�n�u{r#dyw	ghtvuMbse�ny�ye{dfijijt�ks� iGn���acx�w5dfe�aIa ��b>nyksackmghtvdfx�t�k ghr#aIk�Usi �>ale5nfo
ght�ija � w"g{df�ya�wl�mdf���ye�al��dfght�nykjnfo9g�tzija�� w	g�dy�yacw t�w�d@k#acu a�whwhtzg"� t�kQn�e���ace�g�n i(d���a�ghrsa�bse�ny�sx�ali
u n�iGb@U�g�dfght�nyk#dyxzx��jghe{dyu g�df�#xza���t�o
ghrsa�k�Usi ��ace�nfo
ght�ija � w"g{df�ya�w�t�w}xvdfe��ya�"q��g�df��acw}dfe�a�df���ye�a �
��dfghac�5t�k5g�rstvw}o dywhrst�nyk�tzk5ghrsa�ijn���acx�w��sacw�u e�tz�>ac�5������dfe�t��#nGalg�dfx\" ��	 ��
 ����t�xzx�t`a g�dyx�" � � ��

dfk#��� � ��x�dyk#� a g dyx�" � ��
 
 �qdfxzghrsn�Us�yr e�acwOUsx�g{w�o e�nyi ��t 2 ale�alkmgG��d ��w�nfo�dy�y�ye�al�md g�tzks�5ghr#a
ght�ija � w"g{df�ya�w}dfe�a�k#nfg�ehacb�n�e	g�ac�Qo nye�dykm�Qnfo
ghrsa�w	a�uld�w	a�w."

�}r#a�bsehac~�tzn�U#w]ghacw	g�wUn�kji�Usxzght�� w	g�dy�ya � !]p � ijn���acx�wU��a�dfe�a�d �}dfe�a nyo>r�d ~ya�altzghrsace U#w	a��
gha�w"g w�u ack#dfe�tznmw���t�g�r o al� alksn�Us�yr�w	g�dy�yacw�g�n/i(d��ya(w	g�dy�ya�df���ye�al�md ght�nykfUsksksa�u acw�w�dfe��y�`n�e
r#d ~ya(k#nfg g�eht�ac�6��t 2 ale�alkmg whr#dyb�a�w@nfo�g�rsa�g�ehaca�"I� k�n�Use wht�i�Usxvd g�tzn�k#wl�U��a �#k#��ghr#dfg ghr#a
xzn�ks�yacejghe�ala�w(b�ace	o n�ehi*��alg	g�ale���al~yack,��rsalk,g�rsaIk�Usi �>ale5nfo��se{dfk#u{rsa�w�dfe�a�ghn�n�o ac� g�n
�yt�~yaGdQ��nmn��I�sacw�u e�tzb�g�tzn�kInfo ghrsaGb�nmwhwht��sxzaGe{dfk#��n�i n�U�g{u nyija�wl�9dyw�al~�tv��alk�u ac� ���IdQ~�ale��
b�n�n�e�whnyxeU�ght�nyk w	g�dy�st�xztzg"�M��alg"��acalk ��t 2 ale�alkmg�w�u ack#dfe�t�njghe�alacw?"��}r#t�w�whalali(w�ghn�tzijbsx���ghr#dfg
df���ye�al��dfght�ks��g�tzija � w	g�df��acw}��tz~�acw}djw	t��ykst���ucdfkmg��st�d�w�ghnjg�rsa@w	n�xmUsght�nyk�"
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� k�e�aculalkmg(b#dfb>ale{wGnyk tzijbsx�alijack�g{d g�tzn�k#wGnfo�g�rsa/ksa�w"g�ac� ��ack#��ace�wjdfx��yn�ehtzghr#i ghrsaMi(dft�k
o n�u6U#w�r#d�w��>alack n�k i(d���t�ks�5xvdfe��yace�dyk#�Ixvdfe��yace�bse�ny�sx�ali(w�whnyx�~ dy�sx�a nyk.�st��y�yace�dyk#�I�#tz���
�yace}ulnyijb
U�g�ale{w ! whala�o nye�a �sdfijbsx�a���alijb#w	ghace�dfk#���}rsn�iGb�w	n�k���	���
 �
��tze��ya�alg�dyx�" ����
]dyk#�
��nyk#�
dlt�n�dfk�� ��n�U���ack���aceh� � �y��
 #6"]� k ghrstvwUb#dfb>aleU��a t�k#w	ghacd���o n�u6U�w]n�k@g�eh��t�ks��g�n�t�ijbse�n ~ya
ghrsa@dyxz��nye�t�g�rsi(w�a 4�u t�alk#ul��o n�e�iGa���teUsiFwhtmdcac�5bse�ny�sx�ali(wc��ghr#dfg�t�wc�sbse�ny�sx�ali(w}nyo
dfb#bsehn ��t��
i(d ghacxz�Qghrsa@whtedla���rstvu{rMksala��Qg�n(��a@whnyx�~ya��Q��r#alkIdfk � !]p w	��w	ghaci t�w�ghacw	gha��M����ehn�xzx�t�ks�
rsnye�tedlnyk whtzibUsx�dfght�nyk#w?" 	.a ��k#� ghr#dfg ���IgZUskst�ks�/ghr#aQdfx��yn�ehtzghrsiBghnIi(d��ya<U#wha�nfo�ijn�w	g
nfo�ghrsa�d ~ dft�xvdf�sx�ajiGacijnye��y�:whnyija 	#�����y��
 nfo g�rsa�u n�ijb
U�g�dfght�nyk#dyxUght�ija(ijd � ��a�w�d ~ya�� "
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�}r#t�w�gZUskst�ks� tvw}b>aleho nye�iGa�������u n�i �st�kst�ks�j��alb�g�r�� �#e�w	g�w	a�dfe{u{r�nfo`g�rsa�whulalk#dyeht�n@g�ehaca���tzghr
u{r�dfks��acw�g�n 	 tzg	g�ehn�u �15 w � � 
 
}o dyw	g�� �#d�u � �mo dyw	g�� o nye���dye��.w	a76WUsalk#ultzk#�Ibse�nfghn�ulnyx�ulnyijijnyksx��
U�w	a��Qo n�e�ksacw	gha�� ��ack#��ale{w���a�u nyijb>n�wht�g�tzn�k�"

� � � � � � :�� � 8! n + 
�}r#t�w5b#dfb>ale���acdyx�wQ��t�g�r�g�rsa.dy�y�ye�al�md g�tzn�k6nfo d�whwha g{w�t�kmghn6d�whwha g5ulx�d�whwhacwQtzk�w"g�n�u{r�dyw	ghtvu
b#ehn��ye{dfijijtzks� � !:p ijn���alxvw." 	 a5whrsn � rsn �Jg�rsaQwhalx�acu ght�nyk�nfo}g�rsa�k�Usi �>ale nfo�dyw�wha g�w
g�njtzk#ulxmU���a�tzkMdfk�nyb�g�tzijtedcdfght�nykQijn���acx`d 2 acuWg{w�ghrsa 6WU#dyxztzg"�(nfo]ghrsa�whnyxeU�ght�nyk5tzk5g"��nG�}d ��w
��r#alk,dfk�dybsbse�n ��tzi(d g�tzn�k nfo�ghrsaMbse�ny��df�st�xztzg"� ijacdywOUse�a5tvw�U#whac� " 
]t�e{w"g�xz����ghr#a 6WU#dyxztzg"�
nyoUghrsaGw	n�xmU�g�tzn�k/t�w�d 2 acu ghac�Mk#al��dfght�~yacxz���#dyw���a�i(d ��ijd��ya@dyxzx]nyb�g�tzi(dfx]nye�k#acdfe�� nyb�g�tzi(dfx
whnyxeU�g�tzn�k#w�t�k�o acd�w	t��sx�a�"I��aculnyk#�sxz���]n�k ghrsa�b>n�whtzght�~yaQwht��say�]ghrsa�df�y��ehac��dfght�nyk b#ehac~yalkmg{w�ghrsa
a ��bsxzn�t�g{d g�tzn�k nyo}whb
Use�t�n�U#w�bse�n �#g�w�acijdyk#d g�tzk#�5o e�nyi dMb�n�n�e@dfbsbse�n ��tzi(dfght�nyk nyo�g�rsa(o Usx�x
b#ehn��#df�st�x�t�g"��ijacdywOUse�a�":
@Usehghrsacehijnye�ay����a w	r#n �.rsn ����U�dfxmtzk�o n�ehi(dfght�nyk�o ehn�i�ghrsa w�u ack#dfe�t�n
g�ehaca�ijd �Q��aYU#whac�5g�nG��Ustv��a�ghrsa@d�whwha g�df���ye�al�md ght�nykQbsehn�ulac��Use�a�"

� � � � � � :�� � 8! Bi
� k�ghrstvw�b#dyb�aceQ��a ��t�eha�uWg�xz�,u n�iGb�dfe�aIw"g�n�u{r�dyw	ghtvuMxzt�ksacdye�bse�ny��e�dyiGijt�ks� ghn6d b#dfe{dfija �
g�ale�tmdcac� L=9�&
(�:�3�RQb�n�xztvu ��"���ehac~�tzn�U#w�u n�ijb#dfe�t�whnyk�wjtzk,g�rsa x�t�g�ale{d gZUseha/r�d ~ya/�>alalk ��tzghr
e�a � nybsght�iGtedla�� � ��ac� � ijt ��b�n�xztvu t�acw?"�
@Use	g�rsale�ijnye�ay�s��a@u n�k#w	gheZU#uWg�djr����se�t���b>nyx�t�ul�y�s��rsaceha
d b#dye�dyiGalghacehtedla��jb�n�xztvu �(tvw}u nyk�w"g�eOU#u gha��jo ehn�i d@k�Usi ��ace�nyo]w	ghn�u{r#dyw	ghtvu�x�t�ksacdye�bse�ny��e�dyi �
ijt�ks��whnyxeU�g�tzn�k#w." 	 a.whrsn �Fghr#dfg5��� nyb�g�tzijtedlt�ks� g�rsa b#dye�dyija ghace�wjnyo�ghrstvw5b�n�xztvu � ��a
wht��ykst���uldykmghx��/n�U�g�b�ace	o n�ehi g�rsa(w	n�xmU�g�tzn�k#w�o ehn�iLd�b
Use�aGw	ghn�u{r#d�w"g�t�u xzt�ksa�dfe�bse�ny�ye{dfijijt�ks�
o n�ehibUsxvd ght�nyk "
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� k5dy�s��tzght�nykjg�n�ghr#a�b#dfb>ale{w�� ���	� �yghrsa�g�rsacwhtvw���nye � r#d�wqeha�wcU#x�g�ac�jt�k(g"��n�b#ehn��ye{dfi(wU��rstvu{r
��a�r#nyb>a�dfe�aTU#wha o Usx�o nye�nfg�rsale}w"g�n�u{r#dyw	ghtvu}bse�ny�ye{dfijijt�ks��eha�w	a�dfe{u{rsale{wqdfk��jbse�d�uWg�t�g�tzn�ksale{w."
�}r#a �#e�w	g�bse�ny��e�dyi�� ��� ��� ��tvw�dfk,a 4(ultzackmg�tzijbsx�alijalkmg{d ght�nyk,nyo�g�rsa/ksacw	gha�� ��alk#��ace�w
dyxz��nye�t�g�rsi ! g�rsa�tzijbsx�alijalkmg{d ght�nykQt�w}��a�whuleht���a���t�kQ�qdfb>ale}�h��#B"��}rsa�w	a�u nyk���bse�ny��e�dyi���ksnfg
�sacw�u e�tz�>ac��tzk dykm��b�dfb>ale(�
U�g U�w	a��6t�k��qdyb�ace�wj�W�q�h�	�jdfk#���	� ��tvw(dfk a ��g�alk#whtzn�k�nyo�dyk
dyxz��al�se{dftvu5iGn���acxzt�ks��xvdfks��U#df��ay����r#t�u{r dfx�x�n ��wjt�g(g�n r�dfk#��x�aIw	ghn�u{r#dyw	ghtvu�bse�ny�ye{dfijijt�ks�
b#ehn��sxzaci(w."I�}rstvw bsehn��ye{dfiM�
�s��������� ! � p��
t�wG��a�whuleht���a�� tzk ��acu ght�nyk �I�>alx�n �Y" ��nfg�r
b#ehn��ye{dfi(w�dyeha�o e�alacxz�Qd ~ dytzxvdf�sx�a�ghnjghr#a�eha�w	a�dfe{u{rQu n�iGibUskstzg"��"
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ehtzghr#i�o nyeqwhnyx�~mt�ks��w"g�n�u{r�dyw	ghtvu bse�ny��e�dyijiGt�ks��b#ehn��sxzaciG"
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� �#e{w	gjwhacdye�u{r`�Ug�rsalk���aMdfxvwhn r#d ~�a�ghr#a
nyb�g�tzn�k/ghn �yacalbIdfk alkmght�ehaGwcU#��ghe�ala tzkIijaciGn�eh������r#tzx�a whr#dfe�t�ks�Q!`� � w	gheZU#uWgZUse�acw��>a g"��alack
ghrsaIwOUs�sb#ehn��sxzaci(w ! whalaI
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gT (−→x T−1, ξT , X, P ) := min
xT ∈XT (−→x T−1,ξT )

fT (−→x T−1, xT , ξT ),
! ��"�	cd #

gt(
−→x t−1, ξt, X, P ) := min

xt∈Xt(
−→x t−1,ξt)

(ft(
−→x t−1, xt, ξt)

+ � P
ξt+1|ξt

[gt+1(
−→x t−1, xt, ξt+1, X, P )]).

! ��"�	l� #
��x�acdyehx��y�fghrsa�o U#k#uWg�tzn�k

gt

tvw���alb>alk���alkmg �>nfg�r(nykGghrsa�o acdywht��sxza�wha g
X
dyk#� ghrsa�b#ehn��#df�st�x�t�g"�

ija�dywOUseha
P

U#whac�.g�n u n�iGb@U�gha(g�rsa�a ��b>acu gha���d ~yale{df��acw?" 	.a5i(d �Ighr�U#w�o nye�i�Usxvd g�ajghrsa
b#ehn��sxzaci !�	�"�	 #}dyw�ghr�d g�ghn

ijt�kstzijtedla
x0∈X0

f0(x0(ξ0)) + � P
ξ1

[g1(x0, ξ1, X, P )].
! ��" ��#

��n ��ac~yacec�qdyw w"g{d g�ac��bse�al~�t�n�U#whx��y�q��a5dfe�a�ksnygGdy�sxzaQghn dy�s��e�acw�w�g�rstvw b#ehn��sxzaci ��tze�acu ghx���"
� k�w"g�acdy�Q��a���tvwhulehalghtedla�g�rsa�w	b#d�u a�nfo:b>n�w�w	t��sx�a�n�U�g�ulnyijacw�t�k�g�n d whulalk#dyeht�n�ghe�ala���dfk#�5w	n�xz~�a
g�rsa@dfb#bsehn ��t�i(d gha�bse�ny�sx�ali

ijt�kstzijtedla
x0∈X0

f0(x0(ξ0)) + � P̄
ξ1

[g1(x0, ξ1, X, P̄ )],
! ��" ��#
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bse�ny�sx�aliM�mal~yack�tzo9ghrsa�bse�ny�#dy�stzx�tzg"� ijacd�wcU#eha
P̄
b#ehn ~�tv��acw�dfkQd�ulu6U#e�dfgha���a�whuleht�b�ght�nykQnfo9ghr#a

o Usx�x9bsehn��#df�#tzx�t�g"�(ija�dywOUseha
P
o nye}g�rsa �#e�w	g�� w	g�df��a�e{dfk#�snyi n�Usg�u n�ijacwc��g�rsa�eha�wcU#x�g�tzks�Gnybsght��

i(dfx �#e{w"g�� w	g�dy�ya�w	n�xmU�g�tzn�k i(d ���>a}o dfe
o ehn�i�ghr#a�e�acdyx�nyb�g�tzi(dfx�whnyxeU�ght�nyk:�ft�o
g1(x0, ξ1, X, P̄ )t�w�d5b�n�n�e�dybsbse�n ��tzi(d g�tzn�k/nfo

g1(x0, ξ1, X, P )
" 
sn�e�a �sdfijbsx�ay�9tzo ��aGr#d ~�a i(dfk��/dyw�wha g�w

ghn t�k�~ya�w"g�t�k`���
U�gQo al� �se{dfk#u{rsa�w(t�k���d g5x�dfghale5w"g{df�ya�wjtzk,g�rsaIg�ehacay��ghr#ale�a/��tzx�x�a ��t�w	g
w	b@Useht�n�U�w}bsehn �sg�w}t�kMghr#a@whulalk#dyeht�n g�ehaca@d g�xvd g�ale�w	g�df��acwc�sdfk#��rsack#u a

g1(x0, ξ1, X, P̄ )
��t�xzx

��aIdyk6n ~�ale�� a�w"g�tzi(d g�tzn�k nfo
g1(x0, ξ1, X, P )

" � k6g�rst�w�b#dfb>ale(��a5a ��b�aceht�ijalkmg���t�g�r�e�a �
w"g�ehtvuWg�tzn�k#w�nyk.ghrsajo a�dywhtz�#xza(wha g$! e�albsxvdyultzk#�5g�rsaGo acd�w	t��sx�ajwha g

X
���

X̄ ⊂ X
#6"j�}r#aGb@Use��

b�nmw	a/tvwjg�n�ijd��ya
g1(x0, ξ1, X̄, P̄ )

d ��alg	ghace5dybsbse�n ��t�i(d g�tzn�k6nfo
g1(x0, ξ1, X, P )

ghr#dyk
g1(x0, ξ1, X, P̄ )
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bse�ny�#dy�stzx�tzg"� ��tvw"g�eht��
U�g�tzn�k�nfo g�rsa�b>n�w�w	t��sx�a�dyw�wha g ��t�alxv�sw dyeha�e�albse�acwhalkmg�ac��U#whtzks� whulalk#dyeht�n�wc�
tzk�u e�acdywht�ks�Qg�rsa�k�Usi ��ace�nfo�dyw�w	alg�w�e�a�6WUst�eha�w`U#w�ghn/t�k#uleha�dywha g�rsa(��tv��ghr�nyo�g�rsa�whulalk#dyeht�n
ghe�ala�wl��ghr�U#wQi(d���tzk#� ghrsaIb#ehn��sxzaci ibU#u{r,x�dyeh��alen" � k,ghr#t�wQb#dfb>ale���ghrsaIe�acw	ghe�tvuWght�nyk�wjnfo
ghrsa o acd�w	t��sx�a w	alg�w���tvwhu.U#whwhac�/dy��n ~�a�g�d��yacw�ghrsaGw	r#dyb�a nfo�df���ye�al�md ght�ks�(dyw�wha g�w�tzkmghn5�st��y�yace
dyw�w	alg@u xvdyw�w	a�w ! ehalo ale�eha��/g�nMd�w�w	��kmghr#a ghtvujdyw�w	alg�w #B"(�}rsa(df���ye�al�md ght�nyk t�w���Ust��sac�.�m�.��U#dfx
tzkso nye�ijdfght�nyk�o e�nyi g�rsa � !:p � bse�ny�sx�aliM�qt�k6nye{��ace@ghn �#k#�6eha�w"g�ehtvuWg�tzn�k#w@n�k�ghrsa5o acd�w	t��sx�a
w	alg�w}��rstvu{rMehacijn ~yacw�g�rsa�ghack#��alk�u ��g�n(u{r#dywha�w	b
U#eht�n�U#w}b#ehn �sg�wc����rst�xza@dfg�ghrsa@w�dfija�ght�ija
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y
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min
y0

f0(x0) + � ξ1
min

y1(ξ1)
[f1(

−→x 1(ξ1), ξ1) + � ξ2|ξ1
[ min
y2(ξ2)

f2(
−→x 2(ξ2), ξ2)

+ · · · + � ξT |ξT−1
[ min
yT (ξT )

fT (−→x T (ξT ), ξT )] · · · ]], ! ��" ��d #
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w?"]gn"
x0 = g(x̄, y0),

! ��" �y� #
y0 ∈ Y0,

! ��" ��u�#
xt(ξt) = g(xt−1(ξt−1), yt(ξt), ξt), t = 1, . . . , T,

! �
" �m��#
yt(ξt) ∈ Yt(xt−1(ξt−1), ξt), t = 1, . . . , T.

! �
" ��a #

� kIghrstvw�o n�ehibUsxvd ght�nyk:�sghr#a w	g�d g�a nyoqghrsaGu nyijb#dyk��5d g�ght�ija
t
tvw�d��stze�acu g�o Usk#u ght�nyk nyoUghrsa

w	g�dfgha nfoqghr#a u n�ijb#dfk��5dfg�g�tzija
t − 1

dyk#�Mg�rsa ��a�u tvw	t�nyk/i(d���a d g�ght�ija
t
�9dyw�a ��bse�acw�w	a��

���
xt(ξt) = g(xt−1(ξt−1), yt(ξt), ξt)

" � w�r#dyw���acalkMijalkmght�nyksa���acdfe�x�tzacec��g�rsa@��t�iGack#whtzn�k
nyo�d w"g�n�u{r#dyw	ghtvuQb#ehn��ye{dfijijtzks� bsehn��sx�ali tvwGrstz��r`��d�wGnyksa/��a�u tvw	t�nyk�ijd ���>aMi(dy��a5o nye
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ytt�kmghnjdfk5a ��bsx�t�ult�g}o Usk#u ght�nyk5nfo`g�rsa�w"g{d gha�nfo:ghrsa�u n�ijb#dfk��(d g�ght�ija
t− 1

dfk#��ghrsa�e{dfk#�snyi
�sal~yacxzn�bsijalkmg��>a g"��alack

t − 1
dfk#�

t
"@�}rstvw�a ��bsxztvu tzg�o Usk#uWg�tzn�k tvw�ijd���aj��alb>alk#�salkmg�n�k.d

k�Usi ��ace]nyo�b#dfe{dfija g�ale{w
α
� ��rstvu{r@��a�nybsght�iGtedla�n ~yacec�c�yt�~mt�ks�TU�w`g�rsa bse�ny�#xzaci o n�ehibUsx�dfght�nyk �

min
α

f0(x0) + � ξ1
[f1(

−→x 1(ξ1), ξ1) + � ξ2|ξ1
[f2(

−→x 2(ξ2), ξ2)+

· · · + � ξT |ξT−1
[fT (−→x T (ξT ), ξT )] · · · ]], ! ��"��fd #

w." g?"
x0 = g(x̄, y0),

! ��"�� � #
y0 ∈ Y0,

! ��"��fu�#
xt(ξt) = g(xt−1(ξt−1), yt(ξt), ξt), t = 1, . . . , T,

! �
" �y��#
yt(ξt) ∈ Yt(xt−1(ξt−1), ξt), t = 1, . . . , T,

! �
" �fa #
yt(ξt) = γ(xt−1(ξt−1), ξt, t, α), t = 1, . . . , T.

! �
" � o #
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�>ale�nfo9g�tzija�� w	g�dy�yacw tzk�ghrsa�bse�ny�sx�aliM��o nye{u t�ks� U#w ghnGdf�y��ehac��dfgha�ght�ija � w"g{df�ya�wqo n�e�bse�ny�#xzacijw
��tzghr�d5rst��yr kWU#i �>ale�nfo}w"g{df�ya�w."(��k g�rsajnfg�rsale�r#dyk#�9�`b#dye�dyija ghacehtedla��/bse�ny�sx�ali(w��ye�n �
n�ksx��.x�tzk#acdfe�x��Itzk g�rsaQk�Usi ��ace@nfo}g�tzija � w	g�df��acwc�]dyk#� bse�n��
U#u a(bse�ny�#xzacijw@nfo�xzn �D��t�ijalk��
wht�nykMu nyijb#dyeha��(g�njw	ghn�u{r#d�w"g�t�u�x�tzk#acdfe}bse�ny��e�dyijiGt�ks��"
�}rsa���n ��k�w	tv��a�nfo � !:p � bse�ny�#xzacijw
��dywhac��n�k b#dfe{dfijalghale�tedlac� b>nyx�tvu t�acw t�w ghr�d gGghrsac� e�acwOUsxzg t�k6ksn�ksx�tzksa�dfejdfk#� ksnyk�� u n�k�~ya �
b#ehn��sxzaci(w���r#t�u{rMdfe�a�r�dfe{�(ghn(whnyx�~ya�"]� k�nye{��ale�g�n �>alksa �sg�o e�nyiDghr#a@dy��~ dfkmg{df�ya�w nyo:�>nfghr
ijalghrsn��swc��ulnyi �stzk#aQg�rsaMg"��n dfb#bsehnmdyu{rsa�w t�kmghn d rm���se�tv� ija g�rsn��9�����6ulnyk#w	gheZU#u ght�ks� d
b�dfe{dfija g�ale�tmdcac�5b�n�xztvu ����rsale�a�ghr#a@b�n�xztvu �Qo Usk#u ght�nyk/tvw��#d�w	a��5n�k�ghrsa whnyxeU�g�tzn�k�nyo�djx�dyeh��a
k�Usi ��ace�nyo�w"g�n�u{r�dyw	ghtvu�xzt�ksa�dfe�b#ehn��ye{dfijijtzks�(b#ehn��sxzaci(w."�� kIn�Use�g�acw	g�g�rsa r����se�t��Mb>nyx�tvu �
ulxza�dfe�xz�jn�U�ghb>aleho nye�i(w�dGw"g�n�u{r#dyw	ghtvu�x�tzk#acdfe�bse�ny��e�dyiGijt�ks�@bse�ny�#xzaci���whrsn ��tzk#��U#w�ghr�d g�ghrsa
dy�y��ehac��d g�tzn�kQnyoUw	g�dy�yacw�uld=U�w	a�w�dj�st�d�w���rstvu{rMksal�md g�tz~�alx��Qd 2 acu g�w�g�rsa whnyxeU�ght�nyk:�#dfk#�5g�r#d g
dGb#dye	g�nyo]g�rst�w��st�d�w}i(d ����a�e�alijn ~�ac����� U�w	t�ks�Gghrsa�r����se�t��5b>nyx�t�ul��"
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�}rsa/o n�ehibUsx�dfght�nyk,nfo@d i(d g�rsali(dfghtvuldfx�bsehn��ye{dfi tvw���eha�d g�xz� w	t�ijbsxzt��#a��,�m�6ghrsa�U#wha/nfo
dfk�dfx��yac�se{dftvu ijn���alx�t�ks�/x�dyks��U�df�ya ! � pI! #6" ��nfg@i(dfk�� � pI!:w dfe�aGr#n ��ac~yale�wOUstzghac�.o n�e
w"g�n�u{r#dyw	ghtvu�bse�ny�ye{dfijijt�ks�@" 	 rsalkIghrsa@��nye �Qn�kMghrstvw�ghrsa�w	tvw��}dyw�w	g�dye	g�ac�9�#ghrsaceha a ��tvw"g�ac�
! g�nQn�U#e ��ksn ��x�ac����a #}n�ksx��5g"��nQwh��w"g�ali(w�o n�e�i(dfk�df�yt�ks�Qw	ghn�u{r#d�w"g�t�u bse�ny�ye{dfijijt�ks�(ijn����
alxvw �q��!:��� �h�����m� ��dyxzx>dfk#�(pId ��ale�� ����
 ��dfk��Q������������� �@��u e�acdfghac�j���G�Unyt�e�
 � � 
�
 dyk#�
U#whac� ��� ��n�k#whtz��xzt}dfk#����acijb#w"g�ale ��	 
 
�"6� k dy�s�st�g�tzn�k`��g�rsale�a5a ��t�w	gha���d w	��w	ghaci uldfx�x�ac�
��� ������������u e�acdfgha��(������n�k#��ac~ d�U � � !]dfksx�n � dyk#�Q
#e�dy�ykst�ale�a ��	���
 ����acwht��yksa��(ghn a ��ghe{dyu g
ghrsa�w	gheZU#uWgZUse�a�o e�nyi dGw"g�n�u{r�dyw	ghtvu�bse�ny��e�dyiGijt�ks�@bse�ny�#xzaciDo nye�i�Usxvd g�ac��t�k�� � p �^"#��t�k#ula
ghrsack`�9nfg�rsale�t�ijbsxzacijalkmg�dfght�nyk#w�r#d ~ya ��acalk u e�acd g�ac�9�9wOU#u{r.d�w������ ks���`��a�whuleht��>ac�I��� ��d��
xzackmghay�9p/tzghe{ds� �Un�n �	dyeht
dfk#������e�t�d���t�w � ����
 �9dyk#�Idfk a ��ghack#w	t�nykIghn5ghrsa � p/� ! ijn���alx�t�ks�
x�dyks��U�df�ya��:i(dy�sa����.!`n�b�a�w � �y��
�" � x�x�g�rsacwhaQwh��w	ghaci(wl�
a �su acb�gG���������������@�
��n�e���w�d�w
��e�dybsb>ale{w�dyehn�Usk#�5dfk�a ��t�w	ght�ks�Gijn��salx�tzks�jxvdfks��U#df��a �mghr#a�ijn���acxzt�ks�jx�dyks��U�df�ya�t�w U�w	a���g�n
u e�acdfgha�nyk#a@p/��� � �#x�a ! d�w	g�dyk#�sdye����#x�a�o nye�i(d g�o nye�xzt�ksacdye�i(d g�rsali(d g�t�ucdfx`b#ehn��ye{dfi(w # o n�e
acd�u{r whulalk#dyeht�n ! n�e�k#n��say� o nye�whnyija wh��w"g�ali(w #�tzk dQw�u ack#dfe�tznjg�ehaca�"��}rsa�w	a �#xza�w�dyeha ghrsack
bse�n�ulacw�w	a��5ghn(o n�ehi[d�w"g�n�u{r#dyw	ghtvu�bse�ny�ye{dfijijt�ks�jbsehn��sx�ali t�k ��p/����o nye�i(d g � ��
�"�� ijbsx�a �
ijalkmght�ks��d w"g�n�u{r�dyw	ghtvuQbse�ny��e�dyijiGt�ks�.iGn���acxzt�ks� w	��w	ghaci tzk g�rst�wGo d�w	r#tzn�k6tvwjbse�d�uWg�t�ucdfx �
w	t�k#ula ksnMu{r#dyks�ya�w�k#alac�IghnM�>aGi(d���a g�nQg�rsajijn��salx�tzks��xvdfks��U#df��a�" ��n ��ac~yale���ghrsacehajdfe�a
w	n�ija���tvwhd���~ dfkmg�dy�ya�w � dyw:ghr#a � pI!Qtvw]tzk�~yn��ya���o nye
acdyu{r whulalk#dyeht�n�nye
ksn���a�tzk ghrsa}whulalk#dyeht�n
ghe�ala���ksnyk�� e{dfk#��n�i alx�alijalkmg{w}nfo
ghrsa�bse�ny�#xzaci ��tzx�x9�>a�bsehn�ulacw�w	a��QibUsx�g�tzb#xza�g�tzijacwc����rstvu{r
t�w�tzksa 4�u t�alkmg?"�

U#e	g�rsale�ijnye�ay����r#dfg�t�w�u nyijibUskstvuld g�ac��g�njghrsa whnyx�~yace�dfe�a�eha�dfx�tmd�d g�tzn�k#w�nfo
u n�a 4�ultzack�g{w�t�k/g�rsaGulnyk#w	ghe{dft�kmg�i(d g�eht��9�>��acb�ack#��ack�g�nykIghrsa e�dyk#��nyi[b#dye�dyiGalghace�w�nfoqghr#a
bse�ny�sx�aliM�qdfk#� k#nfg g�rsaQe{dfk���nyi=b#dfe{dfija g�ale{w�ghr#ali(w	acxz~�acw?" ��t�k#u aQghrsa�w	n�xz~�ale ��n�a�w@ksnyg
r#d ~ya5dfk��.t�k�o n�ehi(d g�tzn�k nyk6rsn �Dghrsa5e�dyk#��n�i=acxzaciGackmg�w tzk6ghrsaMu n�k#w"g�e�dytzkmg i(dfghe�t ��dfe�a
o nye�ijac��o e�nyi g�rsaMe�dyk#��n�i b�dfe{dfija g�ale{wl�qtzg(��a�u nyija�w r�dfe{��aleGghn t�iGb#xzaciGackmg(w�dfijbsx�t�ks�
�#dywhac� w	n�xmU�g�tzn�k.w�u{rsalija�w ! wcU#u{r dyw�� ������� ��dywhac� w�dfijbsx�t�ks�#�`��alijb#w	ghace�dyk#� �}r#nyijb#whnyk
��	 ��
 #B" ! ��tzghrsace@ghr#a�w	n�xz~�ale�r#d�w�ghn/r#d ~�ajtzk�o n�ehi(dfght�nyk nyk ghrsa �"n�tzkmg �st�w	ghe�tz�@U�ght�nyk nfo�ghr#a
i(d ghe�t�� alx�alijack�g{wl�mi(d���t�ks��ghrsa�tzijbsx�alijalkmg{d ght�nykjijn���alx�� w	b>acult ��uy��n�eqghr#a � pI!Ir#dywUg�n@�>a
tzk�~�n��ya�����rsacksal~�ale�w�dfijbsx�tzks�Gg{d��ya�w}bsxvdyu a�" #
	 a�r#d ~yaqijn���t��#ac� dfk@a ��tvw	ght�ks��nyb>alkGw	n�Use{u a�i(d g�rsali(dfghtvuldfx�bse�ny�ye{dfijijt�ks��x�dyks��U�df�ya��

� ! � p���t�iGb#xzaciGackmghac�����$�}dfehghr�dfk#�"��n�u ��i(d ��e�� ��
 ��tzk�nye{��ace g�nG�>a�df�sx�a�ghn o nye�i�Usxvd g�a
xzt�ksa�dfe�w"g�n�u{r#dyw	ghtvuGbsehn��ye{dfijijtzk#�Qbse�ny�sx�ali(w?"G�}r#ajdyx�g�ale{d g�tzn�k#w�ijd��yaGt�g@b>n�w�whtz�sx�aGghn/��a��
u xvdfe�a@w	n�ija@b#dfe{dfijalghale{w�dyw�e�dyk#��n�i���w	n(g�r#d g���rsalk/g�rsa@ijn���alx
tvw�ghe{dfk�w	xvd g�ac�5ghnQdQu nyk
�
w"g�e�dytzkmg�ijdfghe�t �9�mghr#a�i(dfghe�t �(alx�alijack�g{w���tzx�x`u n�k#w	tvw	g�ksnyg�nyo:k�Usi �>ale{wl���
Usg}nyo:a ��bse�acw�whtzn�k#w
u n�k�g{dft�kst�ks�je�dyk#��nyiFb#dfe{dfijalghale{w?" ��ack#u a��s��r#d g�t�w�a ��b�n�e	g�ac�5o ehn�i[����������� ! � p t�w�d
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k#nye�ijdyx`w"g�n�u{r#dyw	ghtvu�x�t�ksacdye�bsehn��ye{dfijijtzk#� o n�ehibUsx�dfght�nyk �

ijt�kstzijtedla T
∑

t=0

c �t xt,

wOUs���"a�uWg�ghn
W0x0 = h0,

t−1
∑

k=0

At,kxk + Wtxt = ht, t = 1, . . . , T,

xt ≥ 0, t = 0, . . . , T,

��r#ale�a whnyija i(dfghe�t �/alx�alijack�g{w�dyeha �yt�~yack dyw�a ��bse�acw�w	t�nyk�w�nfo�e{dfk���nyi ~ dfe�t�dy�sx�acw?"��}rsa�w	a
a ��bseha�whwht�nyk#w�dfe�a�o a��5ghnjdfk�al~ dfxeU#d g�tzn�kQe�n�U�g�tzk#a�t�k#wht��sa�g�rsa�w	n�xz~�ale�tzk�nye{��ace�g�nGo nye�i�Usxvd g�a
g�rsa�o U#xzx�w"g�n�u{r#dyw	ghtvuqx�tzksa�dfe]bsehn��ye{dfijijtzk#��b#ehn��sxzaciG"]�}rsa�e{dfk���nyi�tzkso nye�ijdfght�nyk�tvw9g�rsale�al���
d��s��a��MghnQghrsaGbse�ny�sx�ali[tzk�w	tv��a ghrsaGw	n�xz~�ale��#ksnyg�t�k#wht���a ghrsa ijn��salx�tzks�5x�dyks��U�df�ya dyw���tzghr
nyghrsace�xvdfks��U#df��acwc��d���t 2 ale�alk#ulaI��rstvu{r t�w(t�x�xmU#w	ghe{d g�ac�,t�k�

tz��Useha �
" 	 tzghr n�UseQwha gZUsb`�
t�ijb�n�e	g{dfk#ula�whdyiGb#xzt�ks�Gt�w}a�dywhtzace g�nGt�ijbsx�alijalkmg�dfk��Qdfk���e�ac�
Usk#�sdyk�g}al~ dyxmU#dfght�nyk5nfo]k#nyk��
e{dfk���nyi alx�alijalkmg{w�tvwQd ~yn�t��sac� " � ��tvw�dy��~ dfkmg{df�ya/tvw�k�d gOU#e�dyxzx��6g�r#d gQghrsa w	n�xz~�ale�ibU#w"g
t�k#ulxmU#�sajghrsajo Usk�uWght�nyk�dfx�t�g"� ghnMal~ dfxeU#dfgha(a ��bse�acw�whtzn�k#wl�9��tz~�alk.ghrsa(~ dyxmUsa�w�nfo�ghrsa(e{dfk���nyi
b�dfe{dfija g�ale{w."��}rst�w���tvwhd���~ dfkmg�dy�ya@tvw�ksnfg��ye�acd g��>d�w�a ��bseha�whwht�nykMal~ dfxeU#dfght�nykIe�n�U�g�tzk#acw�dfe�a
o e�alacxz� d ~ dft�xvdf�sx�a�" 	 rsalk U#whtzks� d6��e{dfb#b�ace5dfe�n�U#k#��dfk a ��t�w	ght�ks� � pI! ��g�rsa dfx�eha�dy���
a ��t�w	ght�ks�Ga ��bse�acw�w	t�nyk�ac~ dfxeU#d g�tzn�k�o Usk#u ght�nyk#dyxztzg"�(nfo]ghrsa � pI! t�w#U#whac�9��i(d��mt�ks� ghrsa�whnyx�~yale
x�acw�w�u n�ijbsxza � "

data
Scenario

Template problem

data
non−random
Model and 

data
non−random
Model and 

SMPS

SolverSolver

AML Wrapper STOCHPLAM

data
Scenario



tz��Useha@������nyijb#dfe�tvw	n�k���alg"��acalkI����������� ! � p dyk#��nfg�rsale���� ijn���alx�t�ks�(w	��w	ghali(w?"

�%Use�ehackmghx��y�fg�rsa�n�ksx�� whnyx�~yale�wOUsbsb>nyehght�ks�@n�U�ghb@U�g�o e�nyi ����������� ! � p tvw ��� ��� ! ghrsa
whnyx�~yace U#whac� t�k �qdyb�aceQ�	��#6"���n ��al~yacec��d�w ��� ���,i(d � ��a w	algQg�n6a ��b>nyehg���p/��� �#x�acw
��tzghr#n�U�g(w	n�xz~�t�ks�Ig�rsaQb#ehn��sxzaciM�qt�gjt�wGb>n�w�w	t��sx�a�g�nfU#whaM�s��������� ! � p t�k�ulnyk � U#k#uWg�tzn�k
��tzghrQnfghr#ale�w	ghn�u{r#d�w"g�t�u}b#ehn��ye{dfijijtzks�@whnyx�~yace�wqd�w���alx�x �m���bU�w	t�ks����� ���jd�w d�g�e�dyk#w	xvd g�tzn�k
xvd �yace?"

	c�



� O���\ �5PUR�� � P]V

� b#dye	g(o e�nyi ghrsaItv��a�dywGo nye�o U�gOUse�a/��nye ��iGackmght�nyksa���t�k b#dyb�ace�wj� ���	� ����aMr#d ~yaMijnye�a
�yacksale{dfx9��t�eha�uWg�tzn�k#w}nfo]o U�gOUse�a���nye �>��ksnyg���t�eha�uWghx���e�alxvd g�ac�Qghnjghr#a@dfehghtvu x�acw?"

� k g�rsaIu6Use�e�alkmg(tzijbsx�alijalkmg{d ght�nyk,nyo�g�rsa/ijn��salx ����aGU#whaId w	ghn�u{r#d�w"g�t�u�x�tzk#acdfe(b#ehn��
�ye{dfijijtzk#� w	n�xz~�ale�dfk#��d bst�acu ac��t�wha�x�t�ksacdye�n����"acu ght�~ya�o U#k#uWg�tzn�k�"q�}rsa�e�acd�w	n�k(��acrst�k#�(g�rst�w
u{rsnytvu aj�}dyw�g�r#d g@��a���tv�.k#nfg@�>alx�tzac~yaGghr#dfg@ghr#ale�aGa ��t�w	gha�� whnyx�~yace�w�o n�e@u nyk�~�a �9�`x�tzksa�dfe�xz�
u n�k#w"g�e�dytzk#ac�@w	ghn�u{r#d�w"g�t�u�bse�ny�ye{dfijijt�ks��a 4�ultzack�gqacksn�Us��r@g�n�r�dfk#��x�a�n�UseUbse�ny�sx�ali(w?"]��n ���
al~�ale�����tz~�alk@b#ehn��ye�acw�w9tzk ghr#t�wUdfe�acd�! whala��mghactzk��#d�u{r � ����
sdfk#� ��xzn�i �}dfx�x�dfk�� !`t�k#���>ale�� � ��
 #W�
t�g���n�U#x��5��a�t�kmghaceha�w"g�tzks�Gg�njdybsbsx��Qdje�acu6U#e�whtz~�a�t�kmghale�t�nye�b>nyt�k�g�ija g�rsn��5ghn(n�U#e�bsehn��sx�aliG"

� k�ghr#aMu.Use�ehack�gjijn���alx ��g�rsa/u nyijb#dyk�� tvw(dfx�x�n ��a�� ghn ghe{dy�sa5n�ksxz��t�k,dyw�w	algjulx�d�whwhacw?"
�}rstvw�r#dyw�ghrsa@��tvw�dy��~ dfkmg{df�ya�nyo
e�a�6WUst�eht�ks�(djxvdfe��ya�k�Usi �>ale�nyo]g�tzija�� w	g�dy�yacwc�sdyw�ghrsa@e�tvw�� �
��tzacx��5ghe{dy�saln32Ii(d ��n�ksx��Q�>a@dfxzghale�ac�5����g�e�d���a�"�p U#xz~�al�y��pIdy�swhalkMdfk���pInye�tzk � ����
]r�d ~ya
tzk�u nye�b>nye{d gha���r����sehtv�6d�whwha g{wl��wOU#u{r dywGtzk�~�acw	ght�ks� t�k d ghe{dy�stzks� w"g�e�dfghac�y� ehacbsx�t�ucd ght�ks� d
u n�k�g�tzk#�yalkmg ulx�dytzi ! o nye tzk#w	g�dyk#u a�d�tzk#�sa � � x�t�k
�ya��Gwhacu.Use�t�g"� ��t�g�r�d���U#dye�dyk�g�ala #B" 	 a���n�Usxv�
xzt��ya ghn�tzk�~�acw	ght���d g�a�ghr#t�w�tvw�d5i�Usxzght�� w"g{df�ya w"g�n�u{r�dyw	ghtvu@bse�ny��e�dyiGijt�ks��wha g	g�tzk#�#�`whtzk#ula@g�rst�w
dfx�xzn ��w�u{r�dfks��tzks�Gg�rsa�tzk�~�acw	ghijalkmg�b>nyehg	o nyx�t�n(��alg"��acalk�ght�ija � w"g{df�ya�w."��}r#t�w�iGt��yrmg�rsacxzbGU#w
ijt�g�tz�md gha�g�rsa@dy��~�ale{w	a�a 2 acu g�nfoqdf���ye�al��dfght�ks��g�tzija � w	g�df��acw?"

��n ��ac~yacec�>n�Use�i(dft�k tv��acdQehac��dye���t�ks�(o UsgOUse�a ��nye �Mehac��dye��sw�b#dfe{dfija g�ale�tmdcac�/b>nyx�tvu t�acw?"
	 rsalk/uleha�d ght�ks�(dfk � !]p iGn���acx �#��a�r#d ~�a�g�n���t 2>acehack�g�t�dfgha��>a g"��alalk�g�rsa@w"g�e�dfghac�ytvu�dyk#�
g�d�uWghtvu�xzac~yalxvw�nfo`g�rsa�iGn���acx�" � g�ghr#a�w	ghe{d g�al��t�u ! ghr�d g�t�wc��xzn�ks��� ghacehi$#�xzac~yalx ����a���alghale�ijtzk#a
��rstvu{r�o e{dyu ght�nyk#wGnyo�g�rsaId ~ dft�x�dy�sxza�o Usk��sw�whrsn�Usxv� ��aIdyxzx�n�uldfghac�6ghn d�whwha g�� ulx�d�whwhacwc� wOU#u{r
dyw��>nyk#�sw�dyk#� w	ghn�u �^" � g�ghrsaGg{dyuWg�t�u"! g�r#d g�tvwl�]w	rsn�e	g�� g�ale�i$#�x�al~yacxU��aj��a g�ale�ijtzksaG��rstvu{r
w"g�n�u ��wQdfk#�,�>nyk#�#wjghn �@Us��"<� k n�U#e�b#dfehghk#aleQulnyijb#dfk��6ghrstvw�tvw�t�ijbsxzacijalkmgha��,�m��ghr#a
��nmdfe{�Ii(d���t�ks�M��acult�whtzn�k#w�nyk dfx�xzn�uldfght�nyk#w�t�k�g�n/dyw�w	alg�� u xvdyw�w	a�wl� dfk#�Io nye�a�dyu{r d�whwha g�� ulx�d�whwc�
dfk6d�ululn�Uskmg�� i(dfk#dy�yace��sa ghacehijt�ksacw ��rstvu{r6dyw�wha g�w@ghn.rsnyxv��t�k nye{��ale@ghn �>acdfg rstvw g�dfe��yalg
! ��alksace�dyxzx���dfk�tzk���a ���yt�~yalk����(ghr#a���nmdfe{��#B"
� k�n�U#e�iGn���acx ����a�r#d ~ya�e�alxvd ght�~yacxz�(i(dykm�5dyw�w	alg}ulx�d�whwhacw}u n�ijb#dfe�ac��ghnjnfg�rsale}ijn���alxvw."

	.a�i(d ��w	aca�g�rstvw�d�w#U#w�tzk#ulxmU���tzk#�Gd x�dyeh��ale�b#dfehg�nyo`ghr#a�b#ehn��sxzaci d g�ghrsa�w	ghe{d ghac�ytvu�x�al~�alx �
u n�iGb�dfe�ac��g�n�nfghr#aleUijn��salxvw."
� k g�rstvw
o e�dyiGac��n�e�� � �qdfb>aleq�h�	�:i(d �@�>a�w	acalkjdywUdfkjd ghghaciGbsg
ghnIijn ~�ajghrstvw x�t�ksa Usb�g�n ��dye��#w�ghrsa�w"g�e�dfghal��t�ujx�al~�alx\" 	.a5��n/ghr#t�w ���.r#d ~�t�ks�/�se�n�d���ale��
�
U�gMo al��ale���d�whwha g�� ulx�d�whwhacw?"D��n ��al~yacec��r#n �Nghrsa�d�whwha g{w5dyeha u{rsn�whalk�tvw��yt�~yack ��� ��U#dfx
tzkso nye�ijdfght�nyk o e�nyi=ghrsaQw	ghe{d g�al��t�u(wh��w"g�aliG" 	.a�i(d �.xzt��yack ghrstvw�g�nI�yt�~�tzks�Mg�rsaQd�ulu n�Uskmg
i(dfk#dy�yale{w@xvdfe��yace ulx�d�whwhacw ghn.ijdyk#df��ay�q�
Usgjt�k#w	gha�dy� nyo�bse�n ~�t���t�ks�In�ksx�� dfk t�k#��a �6dywjd
��ack#u{rsi(dfe � �sdy�s�st�g�tzn�k#dfx:uleha���tzg�t�w���tz~�alk5o nye�djb>nyehg	o n�xzt�nj��rstvu{r�b>n�whtzght�~yalx��5ulnye�ehacx�dfgha�w�g�n
ghrsa eha�w	aceh~�acw?" pIUsxz~�al� � ����
m��tvw�u6U#w�w	a�w>ghrstvw ��t�k#��nfomo e{dfijal��nye �^"9� k�rst�w`��n�e�� � g�rsa w	ghe{d g�al�ytvu
xzac~yacx�u{rsn�n�whacwGrsn �Fghn���tvw"g�eht��
U�g�aMghrsaId ~ dft�xvdf�sx�a�o Usk#�sw(n ~�alej�>nfghr d�whwha g{w(dfk#� r����sehtv�
dyw�w	alg�w?"I�}rsaQb#ehtvu a�w@nfo��st 2 ale�alkmg ��t�k#�sw nfo�e�t�w�� dfe�a(ny��g{dft�ksac�jU�w	t�ks� ��U�dfx�tzk�o n�ehi(dfght�nyk
o ehn�i ghr#a@w"g�e�dfghal��t�u�x�al~yacx�"
	 aG��n�Usx��Ixzt��ya ghn5g�d���a@g�rst�w�tv��acd5nyksaGw"g�alb o Use	g�rsale��9dfk#�/ghnfg{dfx�xz�Me�alijn ~ya@ghrsajdyw�w	alg

u xvdyw�w	a�w�o e�nyi g�rsa(w"g�e�dfghac�ytvu@x�al~yacx�" 	.aG��n�Usxv� ��n5ghrstvw�t�k g�rsa o e{dfijac��n�e��Mnfo�b#dfb>ale��	� �
U#whtzks��b>nyx�t�ul��o Usk#u ght�nyk#w?"
��tz��r�gUksn ��g�rsa}b�n�xztvu �@o Usk#uWg�tzn�kGwhb>acu t��#a�wU��rst�u{rGdyw�w	alg�w]ghn�rsn�x��9�
i(d���tzk#��ghrstvwqo U#k#uWg�tzn�k Usksksa�u a�whw�dfe�tzx�� r#tz��r�� �stzijalk�w	t�nyk#dyx ! rsalk#ula�r#dye�� g�n nybsght�iGtedla #B"�	 a
��n�Usxv�Qt�k#w	ghacd���xzt��ya�ghnjg�acw	g�djijnye�a�ulnyijbsx�a �Qb>nyx�tvu ��o U#k#uWg�tzn�k`�#r#d ~�t�ks� g"��n(xvd �yace�w?"
�}r#a
ghn�b xvd �yace���tzx�x�g{d���ajghrsa�b>nyx�tvu � b�dfe{dfija g�ale{w�dfk#�.ghr#aQw"g{d g�a(nfo�ghrsaQulnyijb#dykm� dyw�t�ksb
Usg

	��



dyk#���yt�~ya5ghrsaMbse�t�ula5nyo�e�t�w�� o nye�dyk�dybsbse�nybse�t�dfgha5ehtvw�� � ijacdywOUse�a ! o nyejtzk�w"g{dfk#ula 	�� 
 � �
��d�� #W�
dyw���alx�x d�w�ghrsaQehac��dye�� o nye@x�a ghght�ks�I��t�alxv�.n�k ghrsaQd�whwha g�� ijt�� ulnye�ehacx�dfghaG��t�g�r ghrsa
e�acwhale�~ya�w."��}rsa xzn ��ale�x�al~�alx]��n�Usx�� ��k#�Mghr#a dyw�wha g�ijt��M���5g�d��mt�ks�(g�rsa b#ehtvu a@nyoqehtvw��Mdfk��
n�b�ght�ijtmdca�ghrsa�e�tvw�� � dy��� U#w	gha��Q��t�alxv�Qn�k�ghrsa@d�whwha g{w."U� k�ghrstvw�x�n ��ace}xzac~yalx9n�b�ght�ijtmd�d g�tzn�k`����a
��n�U#x�� u n�k#w	tv��ace g�e�dyk#whd�uWg�tzn�k�u nmw"g{wjdfk#��xzac��dyx�e�acw	ghe�tvuWght�nyk�w n�k6g�rsa/u nyijb#dyk���"���alk#ulay�
g�rsaGUsbsb>alejx�al~yacx���n�U#x��6nyksx�� ��acdyx���tzghr ��rstvu{r6x�al~�alx�nfo�x�nyks��� g�ale�i ehtvw�� g�n g{d��ya�� dfk��
r#n �Dghn.�st�w	ghe�tz�@U�gha5ghrstvw ehtvw�� n ~�ale�g�tzijaMdfk#� g�rsaMw"g{d gha5nfo�g�rsa�ulnyijb#dykm��" 	 a5�>alx�t�al~ya
g�r#d g�g�rst�w���n�U#x�� tzijbse�n ~ya ghrsajb>nyx�t�ul��� o Usk#u ght�nyk#w`U�w	a��It�k.b#dyb�ace��	� �`dyw�tzg���n�Usx�� xzn ��ale
g�rsa ��t�ijalk#wht�nykMnfoUghr#a@b�n�xztvu �Qo Usk#u ght�nyk`�>dyw���alx�x:dyw�ghe�acd g�g�e�dyk#w�dyuWg�tzn�k�uln�w	g�w�t�k/dj��alg	g�ale
o d�w	r#tzn�kQg�r#dfk�ghr#a@u6Use�ehackmg}k#n�� ghe{dy��a�ehac�yt�nyk�"

	#�
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�sacw�u alkmgqija g�rsn���U#wht�ks����U#dfx�t�k�o n�ehi(d g�tzn�k@o e�nyi4d�x�tzksa�dfeqw	ghn�u{r#dyw	ghtvu�bsehn��ye{dfijijtzk#��bse�ny���
x�aliG"���alk#ula���a�ksacac�5d@ksa�dfe�� n�b�ght�i(dfx��
U#dfx9whnyxeU�ght�nyk(g�nGd i�Usxzght�� w"g{df�ya�xzt�ksa�dfe}w"g�n�u{r�dyw	ghtvu
b#ehn��ye{dfijijtzks�Gbse�ny�sx�aliG"

��nyk�w	tv��ale}g�rsa@w	ghn�u{r#dyw	ghtvu�bsehn��ye{dfijijtzk#� bse�ny�#xzaci ghn

iGt�kst�ijtmdca
c � x +

n
∑

k=1

pkd �k yk,
! � "�	 #

wcUs� �"acuWg}g�n
Ax = b,

! � " ��#
Tkx + Wkyk = hk, k = 1, . . . , n,

! � " � #
x ≥ 0,

! � " � #
yk ≥ 0, k = 1, . . . , n.

! � " ��#

�}rstvw�b#ehn��sxzaciFr�dyw
n
w�u ack#dfe�t�n�w�a�dyu{r/n�ulu.Usehe�t�ks�(��t�g�rIbse�ny�#dy�st�xztzg"�

pk, k = 1, . . . , n
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�salksnyghac�����

x
�#dfk#�5g�rsa@u n�ehe�acu ght�~ya�d�uWg�tzn�k5���

y
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�}rsa@��U�dfx o nye�i�U#x�dfght�nyk�nfo:g�rstvw�bse�ny�sx�ali tvw}g�n

i(d ��tzijtedla
ρ � b +

n
∑

k=1

γ �k hk,
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wOUs���"a�uWg}ghn
ρ � A +

n
∑

k=1

γ �k Tk ≤ c � ,
! � " � #

γ �k Wk ≤ pkd �k .
�}r#a�ibUsxzght�� u.U�g�~yace�whtzn�k nyo#ghr#a�! � w	r#dyb�a�� dyxz��nye�t�g�rsi���nye ��wUd�w
o nyx�xzn ��w�! whala ��t�eh��a}dyk#�

!`n�Us~ya�d=U ��� ��
 # �
�mghacb/� ��alg

q = 0, S = 0
dyk#�

Vk = 0
o nye

k = 1, . . . , n
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�mghacb 	 ��alg
q := q + 1

dyk#��w	n�xz~�a�g�rsa�i(dyw	ghace�b#ehn��sxzaci ghn
ijtzkst�ijtmdca

c � x +

n
∑

k=1

pkθk,
! � " 
 d #

wcU#���"acu g�ghn
Ax = b,

! � " 
 � #
(πv

k) � Tkx + θk ≥ (πv
k) � hk, k = 1, . . . , n,

v = 1, . . . , Vk,
! � " 
 u #

(ηs) � Tk(s)x ≥ (ηs) � hk(s), s = 1 . . . S,
! � " 
 ��#

x ≥ 0.
! � " 
 a #

n���g�dytzkst�ks��dfk/nybsght�ijdyx
whnyxeU�g�tzn�k
xq
"���aceha�� ! � " 
 u #�dfe�a�g�rsa n�b�ght�i(dfx�t�g"�/u6Usg�wc� dyk#�
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 ��#Qdfe�a5g�rsa/o a�dywhtz�st�x�t�g"� � u6U�g{wl�}��tzghr
k(s)

��actzks� g�rsa wOUs�sbse�ny�#xzaci ��rstvu{r���tv�
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� k�o n�ehi(dfght�nyk�nyk�rsn ��g�rsacwha@u6U�g{w�dfe�a��yalk#ale{d gha��Qtvw}�yt�~yack5t�kI�mghacbI� dyk#���
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� o

Vk = 0
ghrsack(ghrsa�u n�ehe�acwhb>nyk#��t�ks��~ dfxeUsa�nyo

θk

tvw � ��a��jghnG� ��Use�t�ks��ghr#a�whnyxeU�ght�nyk "
� o

q > 1
dfk#�

xq = xq−1 ��ghr#alk�ghacehijt�k#d g�a���t�g�r5g�rsa�nybsght�ijdyx`w	n�xmUsght�nyk�"
�mghacbI�6
#nye

k = 1, . . . , n
w	n�xz~�a�g�rsa@wOUs�sbse�ny�sx�ali ghn

iGt�kst�ijtmdca
Qk(xq) = d �k yk,wcUs� �"acuWg}g�n
Wkyk = hk − Tkxq ,

! � " � #
yk ≥ 0.
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k
�lg�rsalk@��n}ghn���ghalb@�#�cnyghrsaceh��tvwha

g{d��ya.ghr#a ��U�dfx�w	n�xmUsght�nyk
π
dfk#��w	alg

Vk := Vk + 1, πVk

k = π
"F�}rst�w���t�alxv�swMd

wOUsbsb>nyehght�ks�Qr���b>ale�� bsxvdfk#a�ghn5ghrsa �ye{dfbsr nfo
Qk

�
Qk(x) ≥ (πVk

k ) � (hk − Tkx)
� o n�e

dyxzx
x
����t�g�r(a�6WU#dyxztzg"� r#nyxv��tzk#��o nye

xq
"�	 rsack�dfx�x�wOUs�sbse�ny�sx�ali(w�dyeha�whnyx�~ya��9�y��tzghrQksn

wOUs�sbse�ny�#xzaci ��actzk#�(tzk�o a�dywhtz�#xza��s�yn ghnQ�mg�alb 	�"
�mghacb/�6� o
ghrsa@wOUs�sb#ehn��sxzaci df�>n ~ya�tvw}tzkso acdywht��sxza�o n�e�w	n�iGa
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�sghrsalk/whnyx�~ya

ijt�kstzijtedla ∑

w+
i + w−

i ,wOUs���"a�uWg}ghn
Wkyk + Iw+ − Iw− = hk − Tkxq ,
yk, w+, w− ≥ 0.

�}rstvwc��t�k(a 2 acu gc�miGt�kst�ijtmdcacwqg�rsa�!
1
ksnye�iJnyo�g�rsa���tvw	g�dfk�u a�g�n�ghrsa�o a�dywhtz�#xza�wha gn"
�}r#a

��U�dfx:whnyxeU�ght�nyk:�
η
�s��t�alxv�sw�dGr��mb>ale�� bsx�dyksa�u6U�ghght�ks�(n32/g�rsa�~ya�uWghn�e

xq
dyw}tzg���n�acw}ksnyg

o Usx��#x�x
η � Tkx ≥ η � hk

" ! � kIo dyuWg��9dfx�x:~ dfxeUsacw�nfo
x
i(d���tzk#�(ghrsaGwcU#�sbse�ny�sx�ali ! � " � #

o a�dywhtz�sx�aji�U#w	g�o Usx��#xzxUg�rstvw�tzksa76WU#dfx�t�g"��" # ��n ���`wha g
S := S + 1, s(S) = k, ηS = ηdyk#���ynGghn��mg�alb 	�"
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� g�ghr#a�ghale�ijtzk�dfx9tzghale{d g�tzn�k5nyo]g�rsa�ksa�w"g�ac�"��ack#��ace�w�dyxz��nye�t�g�rsiM��ghrsa�i(dyw	ghace}bsehn��sx�ali
r�dyw�ghrsa�o n�ehi nyo]a�6WU#dfght�nyk ! � " 
�#6"��}rst�w}b#ehn��sxzaci r#dyw�g�rsa�ulnye�eha�w	b>nyk���tzk#� ��U#dyx bsehn��sx�ali
g�n

i(d ��tzijtedla
ρ̄ � b +

n
∑

k=1

Vk
∑

v=1

(λk
v(πv

k) � hk) +
S

∑

s=1

µ �s (ηs
k) � hk(s),

wOUs���"a�uWg}ghn
ρ̄ � A +

n
∑

k=1

Vk
∑

v=1

(λk
vπv

kTk) +

S
∑

s=1

(µs) � Tk(s) ≤ c,
! � " ��#

Vk
∑

v=1

λk
v = pk, k = 1, . . . , n,

λ ≥ 0.

��n ����o n�e�whnyija
x
�
πv

k

t�w�dyk5n�b�ght�i(dfx`��U�dfx:whnyxeU�ght�nyk5ghn
ijt�kst�iGtedla

d �k yk,wOUs���"a�uWg�g�n
Wkyk = hk − Tkx,

! � "�	c��#
y ≥ 0, k = 1, . . . , n.


sn�e�w	n�ija ! nfg�rsale #
x
�
ηs

k

tvw�dfk�nybsght�ijdyx:��U#dyx`w	n�xmUsght�nyk5ghn
ijtzkst�ijtmdca ∑

v+ + v−,wcU#���"acu g�g�n
Wk(s)yk + Iv+ − Iv− = hk(s) − Tk(s)x,

! � "�	�	 #

y, v+, v− ≥ 0.
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U�g

γk :=

Vk
∑

v=1

λk
v(πv

k) +
∑

s:k(s)=k

µk(s)(η
s).

! � "�	���#

� w���a ��ksn � ghr#dfg
πv

k

dyk#�
µs

o Usx��#x�x

π �k Wk≤ d �k ,

(ηs) � Wk(s)≤ 0,

wht�k#u a�g�rsal�Qdyeha�o a�dywhtz�sx�a���U#dyx:w	n�xmUsght�nyk#w�ghn ! � "�	c� #�dyk#� ! � "�	�	 #W����a��yalg}ghr#dfg

γ �k Wk =





Vk
∑

v=1

λk
v(πv

k) � +
∑

s:k(s)=k

µk(ηs) �



 Wk ≤ pkd �k ,

d�w}a�6WU#dfght�nyk ! � " ��#���tz~�acw�ghr�d g
Vk
∑

v=1

λk
v = pk.

��� wOUs�#w	ghtzgOU�g�tzn�k`�f��a�r�d ~ya�ghr#dfg !
ρ̄, λ, η

#]o U#x �#x�xvw
ghrsa�u n�k#w	ghe{dft�k�g{w
nfo ! � " ��# �ydfk#� rsack#u a
!
ρ̄, γ

#:o Usx��#x�x�w ! � " ��#6" � wU��a}r#d ~�a�ksn � o n�Usk#�jd�o acd�w	t��sx�a}�
U#dfxswhnyxeU�ght�nyk ��t�g�r(dfkGny���"a�uWght�~ya
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�}rstvw�e�acwOUsxzg�tvw'U�w	alo Usx
o ehn�iFg"��n�b>ale{w	b>acu ght�~ya�w."�

tze{w"g�xz���>ghrsaj��U#dyx]~ dfe�tvdf�sx�acw�nfo�g�rsa ��e�w	g
w"g{df��a�dfe�a�d�b#dye	g nyo:dfk(n�b�ght�i(dfx��
U#dfx w	n�xmUsght�nykjghn@ghrsa���rsnyx�a�bse�ny�#xzaci��mdfk#�Qw	a�u nyk���xz���yt�k
ghrsa�df�#whalk#ula�nfo>o acd�w	t��st�xztzg"� u.U�g�wc�mdyk#�G��t�g�r�nyk#xz� nyksa�n�b�ght�i(dfx�t�g"�Gu6U�g�d�uWg�tz~�a}o nye d�ulalehg�dft�k
wcU#�sbse�ny�sx�aliM� g�rsa���U#dyxs~ dfe�t�dy�sx�acwUnfo>ghr#t�w�wcUs�#bsehn��sx�ali2dyeha�dyx�whn�d�b#dfehg�nfo9d���U#dyx#w	n�xmUsght�nyk
ghnGghr#a���rsnyx�a�bsehn��sx�aliG"��}rstvw}t�w}g�eOU#a�wht�k#u a�t�kQg�rstvw�uld�w	a���a�r�d ~ya�ghr#dfg

γk := λk
vπv

k

tzk a�6WU#dfght�nyk ! � "�	���#W� ��tzghr
k
��actzk#��g�rsa�dyuWg�tz~�a�u.U�g?" � wUdfk���i�U#x�g�t � w"g{df�ya�bse�ny�sx�ali�i(d ����a

~�tzac��a���dyw�d�g"��n�� w"g{df��a�bsehn��sx�aliM����r#ale�a�dfx�x w"g{df�ya�w a �su albsg ghr#a �#e{w	g�nyk#a�dfe�a�ulnyk#wht��sale�ac�
ghn���aGg�rsaGwhaculnyk#�.w"g{df��ay� ��ajwhala@g�r#d g�g�rsa b#ehn�b�ace	g"�Mnfo���actzks�/dQb#dfehghtvdfxU~ dfx�t��.w	n�xmUsght�nyk
a ��ghack#�sw}e�acu.Use�wht�~yalx��jghn(dyxzx:wht�ks�yx�a � u6U�g�u{rst�xv��ehack5nyo]n�ksxz�5w	t�ks�yx�a � u6Usg}k#n��sacw?"

� o�g�rsa�k�Usi ��ace nfo�d�uWght�~ya�u.U�g�w tvw@x�n ���]��a�rsack#u a���a g d/�
U#dfx�w	n�xmU�g�tzn�k`�Unfo���rstvu{r d
x�dyeh��a�wOUs�#wha g�tvw�dGb#dfehg�nfoqdG~ dyxztv�M��U#dyx`w	n�xmU�g�tzn�k�"

�}r#acwha�u n�k#��tzght�nyk#w�i(d �jw	acali e�acw	ghe�t�u ght�~yay�m�
U�g�o nye�ghr#a�rst��yr#xz��ulnyk#w	ghe{dft�ksac�jb#ehn��sxzaci(w
w	n�xz~�ac�5tzk/�qdyb�ace��W�#dfx�ijn�w	g�dfx���d ��w�nyk#xz�5nyksa�nyo
g�rsa@wOUs�sbse�ny�sx�ali(w�nyoUdj��tz~�alkMksn���a���t�xzx
r#d ~ya ijnye�a@ghr�dfk nyksaGdyuWg�tz~�aGu.U�g?" 

Usehghrsacehijn�eha�� d�w�ghrsaj��U#dyx
~ dyehtvdf�sx�acw�nfo�ghrsaGi(dyw	ghace
bse�ny�sx�aliLdyehajdfx���d ��w�d5b�dfehg�nyo�dMu nye�e�acuWg���U#dyxUwhnyxeU�g�tzn�k`�:df���ye�al�md ght�ks��w	g�dy�yacw�g�n5i(d���a
ghrsa�i(dyw	ghace}bsehn��sx�ali xvdfe��yale���t�xzx9t�k#u e�acd�w	a�ghrsa@wOUs�#wha g}nfo]ghrsa�g�nfg�dyx`��U#dyx whnyxeU�g�tzn�kQ��rstvu{r
t�w�ulnye�eha�uWgn"

�}r#a.e�acd�w	n�k ghr#dfg���a ijd � k#nfgGU#w	a a�6WU#dfght�nyk ! � "�	���#(g�n�n���g�dytzk ghrsa a ��d�uWgM��U#dfx
w	n�xmUsght�nyk t�w�g�r#d g�ghr#a(tzijbsx�alijalkmg{d ght�nyk ��n�acw�k#nfg@w"g�nye�a g�rsa���U#dyxq~ dfxeUsacw

πv
k

dfk#�
ηs

k

"j� o
ghrsa�w	a�~ dfxeUsacwG��ale�a�w�d ~ya�� o nyeja�dyu{r6u.U�gc��ny��g{dft�kstzk#� g�rsa�o Usxzx��
U#dfx}��n�Usxv� �>aMb�nmwhwhtz�#xza�"
� o���aG�sn�k#nfg�r#d ~ya ghrsa(whb#dyulaGd ~ dytzxvdf�sx�a@g�n/w"g�nye�a@ghr#aj�
U#dfx�whnyxeU�ght�nyk u n�ehe�acwhb�n�k#��t�ks�(g�n
acd�u{r u.U�gc�U��a(i(d � w	ght�xzx�ny��g{dft�k�dMo Usx�x���U�dfx\" 	 a5��nMg�rstvw@��� whnyx�~�tzk#�Mghrsa�b#ehn��sxzaciLg�n
nyb�g�tzi(dyxztzg"�y�#dfo ghace���rstvu{r5g�rsa ulnyk#w	ghe{dft�kmg�w ! � " 
fu�#}dyeha�e�alxvd ��ac�Qo nye�dyxzx

k
g�r#d g�r�d ~ya�ijnye�a
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(∫ t
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! ��"�	 #

��r#ale�a
δ
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���tzghr�g�rsa�a �su albsght�nyk�nfo#dybsbsx���tzks��d�6WU#dy�se�dfghtvu
b>alk�dfxzg"�Qnyk5ghr#a�ehaciGa���tvdfx`u n�kmghe�tz�
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ghrsactze�u nykmg�e�d�uWg}ghn�d(ulnyijb�alght�ks� �#e�i ���Qb�d �mt�ks�(djksn�iGt�k#dyx9o ala$! t�" a�"�ghrsa@ulnykmghe{dyu g�u nyk
�
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�
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whbstzgha ghrsa o dyu g�ghr�d g�g�rsa whnyxeU�g�tzn�k#w�n���g�dytzksa�� U#whtzk#�(ghrsa�w	a ghe�ala�w�dyeha@~�ale�� Usk�w"g{df�sx�a ! ghrsa
o e{dyu ght�nyk#w�t�k�~yacw	gha��Qt�kM��t 2 ale�alkmg�dyw�wha g�u xvdyw�w	a�w�~ dyeh��whtz��kst���uldyk�g�xz�(�>a g"��alack��st 2 ale�alkmg�whula �
k�dfe�tzn�g�ehacacw #B"
� k(o dyu gc��ghrsa���dytzk(t�k�n�Usg�nfo`w�dfijbsx�a�b>aleho nye�i(dfk#ula���dft�ksa��j�m�G�yn�tzk#��o ehn�i d
o n�Use w	g�dy�ya�w�u alk�dfe�tzn�ghe�ala}g�n d�wht �jw"g{df�ya�w�u ack#dfe�t�n�g�ehaca���d�wqw	t��yk#t ��ucdfkmghx�� xvdfe��yaceUghr#dykGghrsa
�mdft�kQo e�nyi ��nyt�ks� o ehn�i d � ��ac� � ijt �5dybsbse�n�d�u{r(ghn(djw"g�n�u{r#dyw	ghtvu�b#ehn��ye{dfijijtzks�Gdfbsb#ehnmdyu{r
U�w	t�ks�Go n�Use�w"g{df�ya�w."

� k ghrstvw���nye �/��a(r�d ~ya�U#w	a�� dfkmghrstzghalghtvuje�dyk#��n�iLwhdyiGb#xzt�ks�M��t�g�r�u nye�e�acuWg�tzn�k.d�w�ghrsa
ijalghrsn��/g�nQ��alksace�dfgha w�u ack#dfe�tznmwl�>dyw�n�Use�gha�w"g{w�t�k#��tvuldfgha��/ksn5�st 2 ale�alk#ula t�k b>aleho nye�i(dfk#ula
�>a g"��alack ghrsaMg"��n w�u ack#dfe�t�n g�ehaca���alksace�dfght�nyk�iGalghrsn��sw U#w	a�� " ��n ��al~�ale��qghrsaIwhnyxeU�g�tzn�k
n���g�dytzk#ac�I���GU#whtzk#�Qe{dfk#��n�i � ulnye�eha�uWgha��5ghe�alacw�ksnyg�nyk#xz�/r#d��Id�xvdfe��yace�~ dfe�tvdf�st�xztzg"��tzk ghrsa
whnyxeU�g�tzn�k#wl��ghr#acwha whnyxeU�ght�nyk#w�dfxvw	n(r�dy�Id(xvdfe��yace�t�km~�acw	ghijalkmg�t�k w	ghn�u �5ghr#dyk/ghrsajwhnyxeU�ght�nyk#w
n���g�dytzk#ac��U#whtzks� �sghgha�� g�ehacacw?"
��alk#ula�e�dyk#��n�i4whdyiGb#xzt�ks����tzx�xsksnyg�nyksx��@��tz~�a�g�rsa�whnyxeU�ght�nyk#w
d x�dyeh��ale(~ dfe�t�dy�st�xztzg"�y��t�g���tzx�x�t�kmghe�n���U#u aId �st�d�w�dyw���acxzx\" 	 rsalk�ulnyijb#dfe�t�ks� ��t 2>acehack�g
whr#dyb�a�w:nyosghrsa}w�u alk�dfe�tzn�g�ehacay� ��a�o n�Usk#��g�r#d gUx�nyks��� k#dyehe�n �.ghe�alacw]b>aleho nye�iGa����>a g	g�ale��f��rst�xza
t�k�~ya�w"g�tzks�Gal~�alk5iGn�eha�t�k5w	ghn�u �^"U��alk#ula�t�g�whalali(w}dyw�tzo:g�rsa�ehacx�dfght�~yalx��j�yn�n���b>aleho nye�i(dfk#ula
nyosghr#a�e{dfk���nyi�w�dfijbsx�tzks��gha�u{rskst 6�U#a ! u nyijb#dyeha���ghn���n�U���ack���aceh�mw �#k#��t�ks�mw � �y��
 #]i(d ����a
a ��bsx�dytzk#ac������ghrsa�o dyu g:g�r#d g
ghrsa�e�dyk#��n�i�w�dfijbsx�tzk#��t�k�g�ehn���U�u acw
d��stvdyw]��rstvu{r u n�Uskmghace�d�uWg�w
g�rsa��stvdyw�o e�nyi U�w	t�ks��w�u alk�dfe�tzn ghe�ala�w}��t�g�rMdy�y��ehac��d g�ac�(w	g�dy�yacw?"
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��ack#��ale{w�dfx��yn�ehtzghr#i " ! 
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� �#e{w	g
k#acw	ghac� ��alk���ale{w�dfx��yn�ehtzghrsiM��whala � ��
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	 rsack whnyx�~�tzks��dQibUsxzght�� w	g�dy�ya w	ghn�u{r#d�w"g�t�u bse�ny�ye{dfijijt�ks��bse�ny�sx�aliM� ��aGd�whwOUsija@g�r#d g

dyxzx�e�dyk#��n�i4n�U�g{u n�iGa�w�dfe�a�e�albse�acwhalkmgha��G�m�Gd@w�u alk�dfe�tzn�ghe�ala�" � whulalk#dyeht�n�ghe�ala�tvw d�e�n�nfgha��
g�ehaca}tzkj��rstvu{rGd�ksn���a}e�albse�acwhalkmg{w
d�b>n�w�w	t��sx�a�w"g{d gha}nyo#ghr#a���n�ehxv�@e�acwOUsxzght�ks��o ehn�iJ��t 2>acehack�g
b>n�w�whtz�sx�a�e{dfk#�snyiBn�U�g�ulnyijacw?"M�}rsa�e�nmnyg@ksn���a�n�ulu.Use{w���t�g�r6u ace	g{dft�kmg"�y�]dyk#� e�albse�acwhalkmg�w
��r�d g�tvw ��ksn ��k/d g�ght�iGa

t = 1
�#�>a o n�eha@dyk��5e{dfk#�snyijksacw�w}tvw�e�al~ya�dfx�ac� "��}rsa u{rst�xv� � k#n��sacw

nyo g�rsajehn�nfg�ksn���aGehacbse�acwhalkmg�g�rsaje�dyk#��n�i[n�U�g�ulnyija(d g�ght�ija
t = 2

�]dfk#� acdyu{r.nfo�ghrsa�w	a
k#n��sa�n�ulu6U#e�w���tzghr�dM�yt�~yalk bse�ny��df�st�xztzg"��"M� d�u{r nfo}ghrsa�w	aQksn���acw tzk gZUsehk�r�d ~ya�dIwha g nyo
b>n�w�whtz�sx�aMn�U�g{u n�iGa�wjn�ulu6U#ehe�tzk#� dfgGg�tzija

t = 3
dfk#� whn.o n�e	g�r`�}��n ��k6g�n ghrsa/x�acd ~�acwjd g

g�rsa(g�ale�iGt�k#dyxUght�iGa
T
" � b�nmwhwht��sxza(e�acdyxztedcdfght�nyk.nfo�dfx�xqghrsaQe�dyk#��nyiBn�U�g{u nyija�w���a �#k#tzks�

d.whulalk#dyeht�nItvw ghrsack�dIb�d ghr6o ehn�i ghrsa�ehn�nyg nfo�ghrsa5ghe�ala���n ��k�ghn dIx�acdfo " � k6nye{��ace@ghn
wht�iGb#xztzo �.k#nfg�dfght�nyk`�:��a(��t�xzx�dyw�wcUsijaGghr�d g dfx�xqksn���a�w�r#d ~ya(dMwha g@nfo�u{rst�x��sehack`�:dfxzghr#n�Us��r
g�rstvwqw	algUtvw
alijb�g"��o n�e
ghrsa�xza�d o>ksn���acw?":� k ghrsa���a�whuleht�b�g�tzn�k �>alx�n ��� ��a�dyw�wOUsija�ghr�d g�dfx�xmghrsa
k#n��sacw�tzk.ghr#aGw�u ack#dfe�tzn�ghe�alajdfe�a k�Usi �>ale�ac� ! ��tzghr.ghrsaje�n�nfg�k#n��sa �>alt�ks��ksn���a 	 #W� g�r#d g
g�rsa n�b�ace�dfghn�e

p(i)
e�a gZUse�k#w�g�rsa b�dfe�alkmg�nfoqksn���a

i
dyk#�Mg�rsa wha g�nfo u{rst�x��sehack/nfoqghr#a ksn���a

i
tvw��yt�~yalk �m�

J(i)
"�	.aj��alk#nfgha ghr#a"!�Usk#u n�k#��tzght�nyk#dyx #�bse�ny�#dy�st�xztzg"�5nyo ksn���a

i
n�ucu6Use�e�tzks�

���
qi

"I
@Use	g�rsale��U��a�d�whwOUsija(g�r#d g ghrsa�b#ehn��sxzaci=r�dyw
T
w	g�dy�yacwc�
��aQ�salksnygha(g�rsaQwha g nyo

g�tzija�� w	g�dy�yacw����
T̄ = {1, . . . , T} �`dyk#�Mghr#aGwha g�nfo k#n��sacw���acxzn�ks�yt�ks�Qghn�g�tzija�� w	g�dy�ya t

�m�
N(t)

"
�}rsa�ksa�w"g�ac� ��alk#�sale{w�dyxz��nye�t�g�rsi tvw�dfbsb#xztvuldy�sxza�g�n(bsehn��sx�ali(w�nfo
ghrsa�o n�ehi

min

T
∑

t=1

∑

i∈N(t)

qici � xi,
!�	cd�#

w?"
g?"
W1x1 = h1,

!�	l� #
Aixp(i) + Wixi = hi, t ∈ T̄ \ {1}, i ∈ N(t),

!�	cu #
xi ≥ 0, t ∈ T̄, i ∈ N(t).

!�	���#
	 a ��acw�u e�tz�>aIg�rsa i�Usxzght�� u.U�gM~yale{whtzn�k nfo@g�rsa.dyxz��nye�t�g�rsi nyksx��y��d�w�g�rsa w	t�ks�yx�a � u6Usg�dfk��
dy�y��ehac��d g�ac�(ibUsxzght�� u.U�g�~yace�whtzn�k#w�o nye�i ijtzk#nye�~ dfe�t�dfght�nyk#w�nyo]g�rst�w�dyxz��nye�t�g�rsiG"q�[Use�t�ks�Gghrsa
a ��acu6Usght�nyk�nfo
ghrsa@dyxz��nye�t�g�rsiM�m��a���t�xzx`whnyx�~ya�nybsght�ijdyxztzg"��bse�ny�#xzacijw}nyo:g�rsa�o nye�i

[P(i)]

min zi = c �i xi +
∑

j∈J(i)

θj ,
! �fd�#

w?"Ug?"
Wixi = hi −Aixp(i),

! � � #
D

k
i,jxi + θj ≥ dk

i,j , k ∈ 1, . . . , ri,j , j ∈ J(i),
! �yu�#

E
k
i,jxi ≥ ek

i,j , k ∈ 1, . . . , si,j , j ∈ J(i),
! �y��#

xi ≥ 0, t ∈ T̄, i ∈ N(t),
! �fa #

dyk#�5o acd�w	t��st�xztzg"��bse�ny�sx�ali(w}nyo:ghr#a�o nye�i
[F(i)]

�



min wi = 1̄ � u+
i + 1̄ � u−

i ,
! �yd #

w?"
g?"
Wixi + Iu+

i − Iu−
i = hi −Aixp(i),

! �f� #
E

k
i,jxi ≥ ek

i,j , k ∈ 1, . . . , si,j , j ∈ J(i),
! �yu�#

xi ≥ 0, t ∈ T̄, i ∈ N(t).
! �y��#

	.a���acksnfg�a}ghrsa���U�dfx�~ dfe�t�dy�sx�acwUu n�ehe�acwhb�n�k#��t�ks��g�n�ghrsa�ulnyk#w	ghe{dft�kmg�w ! � � #
tzkGbse�ny�sx�ali
P(i)���

πi

dyk#�Qghrsa@��U�dfx`~ dfe�tvdf�sx�acw}u n�ehe�acwhb>nyk#��t�ks� ghn ! �y� #�t�k
F(i)

���
γi
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	 r#alk.whnyx�~�tzk#��ghr#a e�n�nfg�k#n��sa bse�ny�#xzaci

P(1)
� ��aGehacbsxvdyu a

h1 − A1xp(1)

���
h1

t�k
u n�k#w"g�e�dytzkmg ! � � #6" 	 rsack6whnyx�~mt�ks� d xza�d o�ksn���a5bse�ny�sx�ali

P(i), i ∈ N(T )
��aQn�ijt�g ghrsa

~ dfe�t�dy�sxza�w
θj

dyk#�.ghrsaQulnyk#w	ghe{dft�kmg�w ! �fu�# � ! �f��# �
dyk#� ! ��u�#B"�

Usehghr#ale�iGn�eha��:��rsacksal~�ale���a
r#d ~ya

ri,j = 0
t�k ! �fu #W� ! g�r#d g�tvwc�s��rsalkM��a�r#d ~ya�ksnjnyb�g�tzi(dyxztzg"�5u.U�g�w #���a�wha g

θj

ghn
0
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	 aGijd �Mksn �<a ��b#eha�whw�ghrsaGe�acu6U#e�whtz~�a�~yace�whtzn�k/nfo�g�rsaGksacw	gha�� ��alk#��ace�w�dfx��yn�ehtzghr#i[d�w
o nyx�xzn ��w��

2 � � � 	
\∗ � k#t�g�t�dyxztedla�dfk���ucdfx�x`w	n�xz~�a���wOUs��o n�e}ghrsa�e�n�nfg}ksn���a ∗\����8

t ∈ T̄ \ {T}, i ∈ N(t), j ∈ J(i)
���

si,j := 0
ri,j := 0� 	��

���
o acd�w

:= ��������	�
���
��������
� ��� � � o acd�w 1 � �

z1 < ubd1� 	��
� ��� 8 �
����	U<>6 ��������	�
���
�� (i) ≡ehalg

:=
gheZUsa

4?�
� � �
P(i)� �

P(i)
tvw Usk�o a�dywhtz�#xza

e�a g
:=

o dfxvwha
� �`4 �

\∗ � o
ghrsa@u.Usehe�alkmg}ksn���a�bse�ny�sx�ali t�w�o a�dywhtz�sx�ay��w	n�xz~�a�dyxzx`u{rst�xv��ehack ∗\���=8
j ∈ J(i)

���
o acd�w

:= ��������	�
���
�� (j)� � o a�dyw 1 � �
θj < zj

\∗ � �#��dyk5n�b�ght�i(dfx�t�g"�5u6U�g�tzo]g�rsa@u{rst�x���bse�ny�#xzaci t�w�o a�dywhtz�#xza ∗\
ri,j := ri,j + 1
D

ri,j

i,j :=
qj

qi
π �j Aj

d
ri,j

i,j :=
qj

qi
(zj + π �j Ajxi)� ��4 �

\∗ � �s�Md o acd�w	t��st�xztzg"�5u.U�g�t�o
ghr#a@u{rstzxv�5bsehn��sx�ali tvw�t�k�o acd�w	t��sx�a ∗\
si,j := si,j + 1
E

si,j

i,j := γ �j Aj

e
si,j

i,j := (wj + γ �j Ajxi)

\∗ ��n(ksnfg�whnyx�~ya�dfk���ijnye�a�u{rstzxv��e�alk�t�oUnyk#a@u{rstzxv�5t�w�t�k�o a�dywhtz�sx�a ∗\
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� 	��
ubdi = zi +

∑

j∈J(i)
qj

qi
ubdj − θj4?�
� � �

P(i)� 	�� � �
� �

P(i)
tvw}o acd�w	t��sx�a

e�a g
:=

gheZUsa
� �`4 �

\∗ ��nyx�~ya�ghr#a�o acdywht��stzx�tzg"�(o nye�i nfo
ghr#a�ksn���a�bsehn��sx�ali
tzo]g�rsa�nybsght�ijdyxztzg"�(o n�ehiFt�w}ksnyg�o acd�w	t��sx�a�" ∗\4?�
� � �

F(i)ehalg
:=

o dyx�wha
ubdi := ∞� 	�� � �
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� o9g�rsa�b#ehn��sxzaci(w
P(i)

dyeha�o a�dywhtz�#xza�o n�e�dyxzx�ksn���acw
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�me�al��dye��sxza�whwUnyo>g�rsa�~ dyxmUsa�w�nyo
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gha�w"gn"U�}r#ehn�Us�yrsn�U�gqdfx�x�ghrsa
g�acw	g�wc�s��a�ulnyk#whtvw"g�alkmghx�� U#wha�ghrsa�ibUsx�g�t � u6Usg�~yale{whtzn�kQnfoUksa�w"g�ac�"��ack#��ace�w���a�u n�iGb>n�whtzght�nyk�"

� 	�� � $&( � 
������ � + $ � (
�}r#a g�acw	g�� uld�w	a�w'U�w	a��.t�k.ghrstvw���nye �Mulnyijaj��nyghr o e�nyiNn�U#e�n ��k e�acwhacdfe{u{r dyk#�.o ehn�i ghrsa
x�tzghale{d gZUse�a�"q�}rsa�o dfijt�xzt�acw}nyo]g�acw	g�� bse�ny�sx�ali(w U#whac��dfe�a �

• �  6i! ~1f� � ibUsx�g�t � w	g�df��a5d�whwha gjxztvdf�#tzx�t�g"��i(dyk#df��alijalkmgjiGn���acx}nfo�d ����ac��tvwhr6x�t�o a
t�k#wcU#e�dyk#u a�u nyijb#dyk��y�q��rstvu{r tvwG�sacw�u e�tz�>ac�6�m� � x�g�acw	ghac��g � ��
�" � x�x}gha�w"g�� bse�ny�#xzacijw
t�k/ghrstvw�o dfijtzx��Mr#d ~ya@d5whulalk#dyeht�n(e�albse�acwhalkmg�dfght�nyk�nfoqg�rsa w	ghn�u{r#d�w"g�t�ult�g"����a ��ulalb�g�ghrsa
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�]dy�sx�a � �U��e�ny�sx�ali t�k#w	g�dyk#u a�w U#w	a���tzk�gha�w"g{w."

t�k#w	g�dfk�u a5!:�	��� � � �
	����������`�]��r#t�u{r r�dyw d �sx�n�u ��w ehacbse�acwhalkmg�dfght�nyk ! whala"��t�e��ya�alg
dyx�" � ��
`o n�e}dj��a�whuleht�b�g�tzn�kQnfoUwhulalk#dyeht�n�w�dfk��Q�sx�n�u ��w}ehacbseha�w	ackmg�d g�tzn�k #B" � w�d�w}u nyk�w	a��
6WUsack#u a���g�rsa�k�Usi ��ace�nyo`e�dyk#��n�i2b#dye�dyija ghace�w���rst�u{rQksala��jghn ��a�w"g�nye�ac��dyeha�ibU#u{r
whi(dfx�xzace�tzk�ghr#a�x�dfg	ghace�uld�w	a�"

• � 1 � � � � � � k(dyw�w	algqxztvdf�st�x�t�g"�@i(dyk#df��alijalkmgUbsehn��sx�ali�o n�ehibUsx�dfgha��@��� ��alijb#w	ghale
alg�dfx���	c��
�"

• ��� � ��� � � � w	ghn�u{r#d�w"g�t�ujuldyb#dyult�g"�/a ��b#dfk#wht�nyk bsehn��sx�aliG"G�}r#a(�stz���ya�w"g�ijali ��ace
nyo9ghrstvw�o dyijtzx��jt�w�nyksx��<U#whac�(dyw�dfk(t�x�xmU#w	ghe{d g�tz~�a�a �sdyiGb#xza�d g�g�rsa�ack#�(nyo9ghrstvw b�dfb>alen"

• ��� � � � � b�n�e	gho nyx�tzn,i(dfk#dy�yaciGackmg�bse�ny�#xzaci " �}rsa bse�ny�sx�ali t�w/��a�whuleht��>ac���m�

#e�d�Usalk#�snyeho ale}a g�dyx�" ��	c��
�"

• � ��� � � � � wht�iGb#xza�b�n�e	gho nyx�tzn i(dfk#dy�yalijack�g�bse�ny�sx�aliG"q�}rstvw o dyijtzx��(nfo:b#ehn��sxzaci(w
tvw���a�whuleht���a�� �m� � xzghalk�w"g�ac��g ��	�
�" �}rsa ��
U| ��� 	c�y���y���.dyk#� �s

| ��� 	c���y�y��� ���
bse�ny�#xzacijw��st 2 ale�t�k�ghrsa@w�dfija��}d ��dyw�ghr#a@!`�	��� � b#ehn��sxzaci(w�df�>n ~ya�"

� x�x9ghr#acwha�ghacw	g�� bse�ny�sx�ali(w�a �sulalb�g�!:�	��� � dfk�����
U| ���Jdyeha�d ~ dft�x�dy�sx�a�~�tvd ghrsa���al��b#df��a
rmg	ghb&� � � �����Y" w"g�nybse�ny��" n�eh� � "��}r#aIw	tedla�w(nfo�ghrsaIghacw	g�� bse�ny�sx�ali(w<U#whac� t�k ghrstvw���nye � dfe�a
�yt�~yack5t�k��
df�#xza �
"
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�+ � $&( ��(
� w�bse�al~�tzn�U#whxz�Gijalkmght�nyksa��9�m��a �#e�w	g�b>aleho nye�iDd@bse�alx�tzijt�k#dfe�� ghacw	g�t�kQn�e��saleqg�n ��alghale�ijtzk#a
��rstvu{r�b�dfe{dfija g�ale{w�dfk#��bse�ny�sx�ali(w�g�n(a ��b�aceht�ijalkmg���tzghrMo Usehghrsace?"�� k�ghrstvw�g�acw	gc�#��a@whnyx�~ya
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�]dy�sx�a����q�qdfe{dfija g�ale�w	alg	g�tzks�mw U#whac�5tzkMt�kst�g�t�dyx9gha�w"g{w."

dyxzx
g�rsa g�acw	g�� bse�ny�sx�ali(w���t�g�r �f�5��t 2>acehack�g�wha g	g�tzk#��w�nfo�g�rsaGwhnyxeU�g�tzn�kIb#dfe{dfijalghale{w?"��}rsa�w	a
wha ghght�ks��w�dfe�a�wcUsiji(dfe�tedlac��t�kI�]dy�sx�a@�s�s��rsaceha@dyk �5t�kMghrsa@g�df�#xza@ija�dfk#w}g�r#d g�dQw	b>acult ��u
n�b�ght�nyk.t�wAU#whac� tzk ghr#dfg�g�acw	g?" � �sx�n�u ��� x�al~yacx]dfg −1

ija�dfk#w�ghr#dfg�ghrsaG�sx�n�u � � xzac~yacx:tvw�g�rsa
whaculnyk#�6ghn xvdyw	g(xzac~yalx\",� k,nye{��aleGghn�ulx�dyehtzo �6dfx�x}ghr#a/nyb�g�tzn�k#wjtzk �
df�sx�acwj�#����aMa ��bsxvdft�k
dyxzx�ghr#aQnybsght�nyk#w@o nye ucdywha 	���"/� k�ghr#t�wGuld�w	a��
tzo�ghr#a�gha�w"g�� b#ehn��sxzaci=r�dyw$	��Iw	g�df��acwc�:g�rsalk
g�rsaQu.U�g tvw@bsxvdyulac� d g w	g�dy�ya �
" � x�x k#n��sacw��>alx�n � ghrsa��#xzn�u � � x�al~�alx U#wha�whr#dfe�ac� !`��wl�Udyw
�sacw�u e�tz�>ac�5acdyehx�tzace?" � x�x9ksn���a�w�dy��n ~�a�g�rsa��sxzn�u � � xzac~yalx
U#whacw}n�ksa�!:��a�dyu{r�"�	 rsack�whnyx�~�tzk#�
g�rsa�bsehn��sx�ali<tzk uldywha 	��#����a�b�ace	o n�ehi<i(d �"n�e:tzghace�dfght�nyk#w:tzk ��rst�u{r w"g{df�ya�w 	 � 	c��dyeha�w	n�xz~�ac� "
� k/dji(d �"n�e}t�g�ale{d ght�nyk:�sw"g{df�ya�w �jdfk#� 	c�jdyeha�whnyx�~yac��g"��t�ulay�#d�w���acw�u e�t���a��5t�kI��acu ght�nyk/�
" �
"
� kmg�ale{w	b>ale{w	a��(�>a g"��alalk�ghrsa�i(d �"nye�tzghale{d g�tzn�k#w�dfe�a�ijtzksn�e�tzghace�dfght�nyk#wc��tzk5��rstvu{r�xzac~yacx�w 	 ���
dyeha�whnyx�~ya��(ghn(n�b�ght�i(dfx�t�g"��"

�}rsa�e�acwOUsx�g{w�o ehn�iDghrsa�w	a�tzk#t�g�t�dyx�g�acw	g�w�dyeha��yt�~yalk5tzk � bsb>alk���t � � ��t�k5�
df�sx�acw � dfk#� �
"
� w�i(d �M�>a whalalkIo ehn�i �
df�#xza �s��ghrsaju n�iGb@U�g�dfght�nyk#dyx`ght�ijacw�o nye�� !��}� ����~ dfe��Mw	t��ykst��
�

	c�



uldyk�g�xz��"@�}rsaGeha�dywhnyk/tvw�g�r#d g�ghr#aGk#n��sa bse�ny�#xzacijw�o nye�ghr#aGa�dfe�xzt�ale�w"g{df��acw�r#d ~ya i�Usxzght�bsx�a
nyb�g�tzi(dyxUwhnyxeU�g�tzn�k#wl�9dyk#�/g�rsajkWU#i �>ale�nfo i(d �"nye�t�g�ale{d ght�nyk�w�dyehaGw"g�ehn�ks�yx��/��alb>alk#�salkmg�nyk
��rstvu{r whnyxeU�g�tzn�k�t�w@u{r#n�whalk���Use�tzk#�Mghrsa ��e�w	g@t�g�ale{d g�tzn�k nyo}ghrsaQdyxz��nye�t�g�rsiG"Q� o���a�u e�acd g�a
dIksn���a5bse�ny�sx�ali o e�nyi whule�dfg�u{r dyk#� whnyx�~ya�tzgc�qg�rsalk���a5�yalgGd �st 2 ale�alkmg n�b�ght�i(dfx}w	n�xmU
�
ght�nyk u nyijb#dyeha�� ghn.g�d��mt�ks� dfk�dyxze�acd���� w	n�xz~�ac��ksactz��r���n�eht�ks�Ibse�ny�#xzaci���dyx�g�ale�tzk#� tzg(dyk#�
eha�� whnyx�~�tzk#�@"���ack#u a��:g�rsa(k�Usi �>ale nfo�i(d �"nye�tzghace�dfght�nyk#w�i(d �.~ dyeh� tzk dyk;U#ksbse�ac��tvuWg{df�sx�a
��d ���sdfk#�5g�rsa@� !��}� ��� uld�w	a�tvw}ghr#ale�a o nye�a�ksnfg�dj��n�n��5g�acw	g�� bsehn��sx�ali ��rsack/��a���tvw	r�g�n
gha�w"g@��t 2>acehackmg�w	ghe{d g�al��tza�w." �'UsaGghn�g�rst�w�~ dyehtvd g�tzn�k t�k whnyxeU�ght�nyk ght�ijacw�o nye�g�rsa(� !��}� ���
w	alg�nyo�bse�ny�sx�ali(wc�>��aG��tzx�xUksnfgAU#w	ajdfk��Mbse�ny�sx�ali(w�o ehn�i[ghrsaj� !��}� ��� g�acw	g�wha g�o nye�n�U#e
o Usehghrsace}ghacw	g�wc�sa ��ulalb�g�o n�e�d �#k#dfx9t�x�xmU#w	ghe{d g�tz~�a�a �sdfijbsx�a�"


@Usehghrsacehijnye�ay�yo ehn�i �]dy�sxza�w ��� ����a�w	aca�g�r#d g}uldywha 	 
�w	acali(wqg�n �>a�ghr#a�nybsght�nyk(��rstvu{r
ijtzkst�ijtmdcacwGg�rsaMeOUskmg�tzija�o nyejijn�w	g�uldywhacw ! ��rsalk�ghrsa/whnyxeU�ght�nyk tvw k#nfg�df�>nyehgha��6��Usa�g�n
~�tzn�x�dfght�ks�Gghrsa�ijalijn�eh��ulnyk#w	ghe{dft�kmg�w #B"q�}rstvw�xza�dy�sw U�w}ghnj�>alx�tzac~ya�ghr�d g�u n�i �st�kst�ks�(df���ye�a �
��dfght�nyk���t�g�rIw	r#dyeht�ks��!:� w��>a g"��alalk/k#n��sacw�t�kMghrsa x�dfghale�w"g{df�ya�w}nfo
ghrsa@ghe�ala whalacijw�ghn(�>a
��n�e	g�rQt�k�~yacw	ght���dfght�ks�@o U#e	g�rsalen" � w}i(d �(�>a�whalack�o e�nyi �
df�#xza�w ��� �Gdfx�ijn�w	g�ksnju n�k �#��Use�d��
ght�nyk#w�o n�e�ghr#a@w	i(dfx�x�ale�bse�ny�sx�ali(w}eZUsk�n�U�g�nyo
ijalijn�eh������rst�u{rMi(d���acw#U#w�ulnyk#ulalkmghe{d g�a�nyk
ghrsajxvdfe��yace�g�acw	g�� bsehn��sx�ali(w�o n�e�n�Use�o Usehghrsace�gha�w"g�tzks��" ��alk#ulay�`��a ��t�x�xqb�ace	o n�ehi g"��n5k#al�
w	alg�w}nyo]g�acw	g�w��

• 	 a�g�acw	g���t 2>acehack�g�x�al~�alxvwqnfo`dy�y�ye�al�md g�tzn�k`�fu n�i �st�ksac�G��tzghr(�>n�Usk�u t�ks� w	ghe{d ghac�yt�acw
o n�ed(whi(dfx�x9kWU#i �>ale�nfoUbse�ny�sx�ali(w?"

• 	 a�ghe��QdGx�dyeh��a�k�Usi ��ace�nfoU��t 2 ale�alkmg�wha g	g�tzk#��w}nfo
b#dfe{dfijalghale{w�o nye�ghr#a�x�dyeh��ale�ghacw	g��bse�ny�#xzacijw?"

� 	�� � �
�
��$&�

 � '����
� w ijd �G�>a�w	acalkjo e�nyi2ghrsa�bse�alx�tzijt�k#dfe��@g�acw	g�wc�mdyk�df�y��ehac��dfght�nyk nyo ghrsa�g"��n�x�n ��a�w"g�w"g{df�ya�w
tzkGg�rsa�whulalk#dyeht�n�g�ehaca�w	acali(w
ghn@whrsnyehghack@g�rsa�w	n�xmUsght�nyk ght�iGa���d�wU��acxzxsd�wUxzn ��ale]ghrsa�ijaciGn�eh�
eha76WUstze�ac��" 	 a(a ��bsx�nye�a g�rsa(a 2 acu g�w�nyo�df���ye�al�md ght�nykIo Use	g�rsale���� dy�y��ehac��d g�tzk#�(ghrsa(xvdyw	g �
ghn �Iw	g�df��acwc�Ueha�w	b>acu ght�~yalx��y�Unyo�ghrsa5bse�ny�sx�ali(w 	 � ���#� ���������/dfk#� 	 � ���#� ��� ���s��dyk#�
df���ye�al��dfght�ks�jghr#a xvdyw	g��5dfk�� �Qw	g�dy�ya�w�nyo�!`�	��� � 	��m�f�@"��}r#acwha bse�ny�#xzacijw�dfe�a u{r#n�whalk d�w
ghrsac��r#d ~ya�d xvdfe��ya5k�Usi �>aleGnfo�w"g{df�ya�wl�q�@U�gj�st 2 ale�alkmg(�se{dfk#u{rst�ks� u{r�dfe{dyuWg�ale�t�w	ghtvulw��jghr#a
	 � ���#� � g�acw	g�� uldywhacwUr�d ~ya�d���alacb�ace dfk#�Gijnye�a}k#dfe�e�n ��ghe�ala�ghr�dfkGghrsa�!`�	��� � g�acw	g uld�w	a�"
��d g�rsale]w	i(dfx�xyb#ehn��sxzaci(w`dfe�a�u{rsn�whalk:��d�w9��a ��dyk�g9g�n��>a df�sx�aqg�n�r#d ~yaqn�ksa !`�/b>ale]ksn���aqo n�e
dfx�x�w	g�dy�yacw a �su acb�g g�rsa�xvdyw	g�w	g�dy�ya�"]� k(g�rsacwha�a ��b>ale�t�iGackmg�wc����a[U#wha�d u nyijijnyk�!:� o n�e�ghr#a
x�d�w"g ! b>n�w�whtz�sx�� dy�y�ye�al�md g�ac��#9w	g�dy�ya�� ��rstzx�a}ksn���acw
ksnygq��acxzn�ks�yt�ks��ghn�ghrsa}xvdyw	gqw	g�dy�ya%U#w	a}n�ksa
!`� acd�u{r�"
�}r#a�e�acwOUsxzg�w]o e�nyi�g�rsacwha}a ��b�aceht�ijalkmg�wqdyeha�e�alb>nyehghac� tzkj�
df�sx�acw 
 � 	��
" ! � k ghr#acwha
gha�w"g{w���a�iGa�dywOUse�a�g�rsa��}dfx�x#ulxzn�u ��g�tzija�wht�k#u a}g�rsa�wh��w	ghaci ulxzn�u �@tvw�k#nfg�d�ulu6U#e�dfgha}alksn�Us�yr:�
�
U�g�dyw�ksnfg�rst�ks�5a �su albsg�n�Use�a ��b�aceht�ijalkmg�w���aceha eOU#k nykIghrsaji(dyu{rst�ksaGd g�ghrsa ght�ijay� ghr#a
ght�ijacw�w	rsn�Usxv�(��a�dyucu6Use{d g�a�alksn�Us�yrjo n�e�n�Use b@Usehb>n�wha�" # � w�ijd �G�>a�whalack(tzk��]dy�sxza�w 
 � 	��s�
��rsalk xzn�n���t�ks��d g�ghrsaGdf���ye�al��dfght�nyk�w"g�e�dfghal���Q��tz~�t�ks�(ghr#a whrsnyehgha�w"g�g�tzija��>dybsbse�n ��t�i(d g�alx��
�y� � �y��
[nfo�g�rsaQulnyijb
U�g�tzks� ght�ijaQtvw whb�ack�gjd g@g�rsaQxvdyw	g w	g�dy�ya�" � x�g�rsn�U#�yr df���ye�al�md ght�ks�
acdyehx�tzace�w"g{df�ya�w}i(d �(�yt�~ya�xzn ��ale�ulnyijb
U�g{d ght�nyk�dfx ght�ijacwc�s��a�whala�g�r#d g�g�rsa�b>nfghackmghtvdfx9��dytzk�w
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xt(ξt) ∈ Xt(
−→x t−1(ξt−1), ξt), t = 1, . . . , T.
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n�Usg�u n�ijacw�dfe�aG�yt�~yalk ���/ghr#a(bsehn��#df�#tzx�t�g"� iGa�dywOUse�a

P
�
��t�w�u e�a g�tmdctzk#�5g�rsa�whb#dyulaGnyo

b>n�w�w	t��sx�aGn�U�g�ulnyijacw�tvw�g�rsa�whdyijajd�w�u{r#dfk#�yt�ks�Qg�rsa(ijacd�wcUse�a
P
g�nId5ija�dywOUseha

P̃
�

��rsaceha�ghr#a@wcUsb#b�n�e	g�nfo
P̃
ulnyk#whtvw"g{w}nfo ��kst�g�alx��Qi(dfk���n�U�g�ulnyijacw?"

� k g�rstvw���n�e�� ��a�ulnyk#ulalkmghe{d g�aGn�k u{r#dfk#�yacw�nyo�g"��b>a��/dfk#� ���]dyk#� ehalo ale�g�nIdMbsehn��sx�ali
t�k#w	g�dyk#u a���� ghrsaMb#dytze {X, P} " ��ale�ay� X

t�w ghr#a5o a�dywhtz�#xzaMw	algjdyk#�
P
ghrsaMbse�ny��df�st�xztzg"�

ija�dywOUseha ��a �#k#ac�/n ~�ale�g�rsa whb#dyula@nfo�b>n�w�whtz�sx�a@n�U�g�ulnyijacw
Ω
"���ack#u a��>u{r�dfks��acw�nyoqg"�mb>a �

dyk#�"�j��tzx�x`d 2 acu g
X
dyk#�

P
eha�w	b>acu ght�~yacxz��"
	 a�t�xzxeU#w	ghe{d gha�g�rsa�tzijb>nyehg�dyk#u a�nfo
xzn�n��mt�ks�(d g

g�rsa�g"��nGe�acw	ghe�tvuWght�nyk�w�t�k�g�dyk#��aliF��t�g�r/dGwhi(dfx�x9a �sdfijbsx�a�"
��nyk�w	tv��ale5d nyksaIw	g�dy�yaMtzk�~�acw	ghijalkmg�bse�ny�sx�aliM�}��rsacehaMg�rsaIe{dfk#��n�i ��tzacx��#wQdfe�a/��tvw��

ulehalghtedla��<U#w	t�ks� d@kWU#i �>ale nyo`whulalk#dyeht�n�w ! ��a�d�whwOUsija�g�r#d g�ghrsa�d�uWgZU#dfx>��t�w	ghe�t��
U�ght�nyk(nyo ghrsa
��t�alxv�sw}tvw��mk#n ��k #B"U� k�ghrstvw}bse�ny�sx�aliDg�rsale�a�dfe�a�i(dykm�5��t 2 ale�alkmg�w	ghn�u ��w�dyk#�5��n�k#�sw�d ~ dft�x �
dy�sx�a�g�n�dfkGtzk�~ya�w"g�nyen":� o>ghrsa�wha g�nyo>w�u alk�dfe�tznmw:tvwUksnfg���n�n�� alksn�Us�yr ghn�d�ulu6U#e�dfghalx��@��a�whuleht���a
dyxzx:b�nmwhwhtz�#xza�n�Usg�u n�ijacw}nfo
ghr#a�tzk�~ya�w"g�ijalkmg�wc��ghrsaceha���t�x�x`a ��tvw"g�t�k�~yacw	ghijack�g�n�bsb�n�e	gZUskstzght�acw
g�r#d g�whalaci �yn�n��!Usk#��ace}ghrsa�bse�ny��df�st�xztzg"��ijacd�wcU#eha���a ��ksac�����(ghr#a@whulalk#dyeht�n�w !

P̃
# �s��rst�xza

b>aleho nye�ijtzk#�(��n�e�wha`Usk#��ace�ghr#a�gheZUsa�bse�ny�#dy�st�xztzg"�Qijacd�wcU#eha !
P
#6"}� o
g�rsa@t�k�~yacw	ghn�e�a ��bsx�nytzg�w

g�rsacwha�nyb#b�n�e	gZUskstzght�acwc�srsa � w	r#a�ijt��yrmg�alk��!U#b/��t�g�rMdykMtzk�~ya�w"g�ijalkmg�b�n�e	gho nyx�tznj��rstvu{rMb�ace��
o n�ehi(w���alx�xhUsk���ale�g�rsa(ijacd�wcUse�a

P̃
�]�@U�g@�#dy�sxz��Usk#��ace�ghrsaQiGa�dywOUse�a

P
"Q� o}��ajeha�w"g�ehtvuWg

g�e�d���a�n�ksxz� ghn dfk(t�k#��a �(nyo �>nyk��sw�dyk#�(dfk#nfghr#ale�t�k#��a �jnyo`w"g�n�u ��wc�fg�rsa�t�k�~yacw	ghn�e�ksn@x�nyk#�yale
r�dyw�dfk(nyb#b�n�e	gZUskstzg"� g�n@a ��bsx�nytzg g�rsacwha�o dyx�wha�t�k�~ya�w"g�iGackmg nybsb>nyehgOU#kst�g�tza�wl��dfk��(��tzx�x u{rsn�n�wha
d b�n�e	gho nyx�tzn.��rstvu{r ��tzx�x}b�ace	o n�ehi ��nye{w	aXU#k#��aleGg�rsa5d�whwOUsijac��b#ehn��#df�st�x�t�g"� ijacdywOUse�a

P̃
�

�@U�g���alg	g�aleTUsk���ale�g�rsa�e�acdfx bse�ny��df�st�xztzg"��ijacd�wcU#eha
P
"

�
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� o���a t�kstzghtvdfx�xz�Ie�acw	ghe�tvuWg�n�Use{w	acxz~�acw�ghn5g"��n�� w	g�dy�ya@~�ale{w	t�nyk#w�nfo�g�rsajbse�ny�sx�ali !�	 #W�9��aGijd �
��a ��ksa�ghrsa�~ dyxmUsa�nyo]g�rsa�eha�u n�Use�wha�b#ehn��sxzaci dyw

g(x0, ξ) :=
ijtzkst�i�U#i
x1∈X1(x0,ξ)

f1(x0, x1, ξ).
! ��#

� kMghrstvw�whacu ght�nyk/��a@u nyk �#ksa�n�U#e�whalx�~ya�w�ghn(i(d���a�eha�w"g�ehtvuWg�tzn�k#w}nfoUghr#a�o acd�w	t��sx�a@w	alg�nyksx��5dfg
w"g{df��a

0
"
��alk�u ay� g�rsa ~ dyxmUsa�nfo�g�rsa e�aculn�Use{w	aqb#ehn��sxzaci<t�w:ksnfgU��alb>alk#�salkmg
n�k@��rstvu{r�o acd�w	t��sx�a

w	alg�tvw�u{rsnmw	ack�"�|�whtzks� ! ��#���a�i(d �M��a ��ksa�ghr#a ny� �"acuWg�tz~�a�o Usk#u ght�nykIt�k/ghr#a ��a g�ale�ijtzkstvw	ghtvu
a�6WUst�~ dfx�alkmg�bsehn��sx�ali d�w

F (x0, P ) := f0(x0) + � P
ξ [g(x0, ξ)]

! ��#
	 a�o Usehghr#ale ��a �#ksa�dykGn�b�ght�i(dfx#w	g�dy�ya��

0
whnyxeU�ght�nykj��rsack�U�w	t�ks��ghr#a�o acd�w	t��sx�a�w	alg

X
dyk#�

ghrsa�ija�dywOUseha
P
dyw

x∗
0(X, P ) ∈ dfe��yijt�k

x0∈X

F (x0, P ).
! � #


sn�e
whtzijbsx�tvu tzg"����a�d�whwOUsija�g�r#d g
ghr#t�w
w	n�xmUsght�nyk@tvw U#kst 6WUsacxz�@u{r#n�whalk���rsacksal~�ale]ghrsa�nyb�g�tzi(dyx
w	alg�t�w�k#nfg�d(w	t�ks��xzalghnyk "

� kGnye{��ace:g�n 6WU#dykmghtzo ��ghrsa}acehe�nye{w:dyehtvw	t�ks��o ehn�i4u{r#dfk#�yacw]nfo�g"��b�a���dfk#� ����a}tzkmg�ehn���U#ula
ghrsa�ksnyght�nyk#w�nfoKFZ-B*B/\FB3�R6/\3�E�&�-.FBFOE=F dfk#�;L�3M*.R.FO-6/\3mln(�/\3�E�&�-.FBFOE=FB"��}rsa��st�w�u e�a g�tmd�d ght�nykQale�ehn�e�t�w
g�d��yalk5o e�nyi � ��Us� ��	 ��
 �#dfk#�5tzg�t�w��sa �#ksa��Mdyw

dX(P, P̃ ) := F (x∗
0(X, P̃ ), P ) − F (x∗

0(X, P ), P ).

�}rsa@~ dfxeUsa
dX (P, P̃ )

��acw�u e�tz�>acw�ghrsa xznmwhw}o e�nyi U#whtzks�jg�rsa �#e{w	g�� w"g{df�ya@whnyxeU�g�tzn�k�n���g�dytzk#ac�
��� U#whtzk#�jghrsa@b#ehn��#df�st�x�t�g"�Q�st�w	ghe�tz�@U�ght�nyk

P̃
tzk�w"g�acdy�Mnyo]g�rsa@n�b�ght�i(dfx �#e{w	g�� w"g{df�ya�whnyxeU�ght�nyk "

! �}rstvw�u n�ehe�acwhb>nyk#�sw ghn(dGu{r#dfk#�ya�nfo:g"��b>a �jdy��n ~�a�" # ��nfgha�g�r#d g}ghr#a��st�w�u e�a g�tmd�d ght�nyk5ale�ehn�e
t�w��salb>alk#��ackmg�nyk���rstvu{rQo a�dywhtz�sx�a@wha g�t�wTU#w	a�� "

�}r#a�eha�w"g�ehtvuWg�tzn�k.acehe�nye���tz~�acw�g�rsa�x�n�w�w�o ehn�iBe�acw	ghe�t�u ght�ks�Mghr#a �#e{w"g�� w	g�dy�yaGo acd�w	t��sx�a�w	alg
o ehn�i

X
ghn

X̃ ⊂ X
! d(u{r#dfk#�ya�nfo
g"�mb>a@�jdf�>n ~ya #B"
� g�t�w��sa �#ksa��Mdyw

rP (X, X̃) := F (x∗
0(X̃, P ), P ) − F (x∗

0(X, P ), P );

��� n�b�ght�i(dfx�t�g"������a ��ksn � g�r#d g�ghr#a.e�acw	ghe�t�u ght�nyk acehe�nye5tzk#uleha�dywhacwQiGn�ksnfg�nykstvuldyxzx��,��t�g�r
w"g�ehn�ks�yace�dyk#� w	ghe�nyk#�yale�e�acw	ghe�t�u ght�nyk#w�nyk

X
" ��nfg�a g�r#d g���a ibU#w	g�whb>acu tzo �IUsk���ale���rstvu{r

bse�ny�#dy�stzx�tzg"�(iGa�dywOUse�a�g�rsa�a ��b>acu g�d g�tzn�k#w�dfe�a�g�d���alk�"

@Usehghrsacehijnye�ay�m��a���a ��ksa�g�rsa�ghnfg{dfx>ale�ehn�eqo e�nyiDi(d���tzk#��ghrsa�g"��n u{r#dfk#�yacw�w	t�i�U#x�g{dfksa��

n�U#whx��Qdyw
a(X, X̃, P, P̃ ) := F (x∗

0(X̃, P̃ ), P ) − F (x∗
0(X, P ), P ).

��� dy�s�stzks��dfk�� wOUs��g�e�d�uWght�ks�
F (x∗

0(X̃, P ), P )
tzkGg�rsa}eht��yrmgqr#dfk�� wht��sa}dy��n ~�a���a}w	aca�g�r#d g

ghrsa�g�nfg{dfx9ale�e�nye}i(d ����a�a ��bseha�whwhac�5dyw�g�rsa@wcU#i nfo
g"��njacehe�nye{w �

a(X, X̃, P, P̃ ) = dX̃(P, P̃ ) + rP (X, X̃).

�



��nfg�a�ghr#dfg���a���tzk�ghr#t�w�a ��bseha�whwht�nyk`��ibU#w"gaU#wha�ghr#a@��t�w�u e�a g�tmd�d g�tzn�k5acehe�nye�ijacdywOUse�ac�!U#whtzks�
g�rsa�e�acw	ghe�t�u ghac�Qo acd�w	t��sx�a�w	alg

X̃
"��}rst�w}ija�dfk#w�g�r#d g���a�ijd �5dyuWgZU#dfx�x����yalg�djwhi(dfx�xzace}ghnfg{dfx

acehe�nyeG����eha�w"g�ehtvuWg�tzk#�Ighr#a5o a�dywhtz�#xzaMw	alg o e�nyi
X̃
ghn

X̄
��d�w x�nyks� dywjdyk6t�k#u e�acd�w	a5tzk6ghrsa

e�acw	ghe�tvuWght�nyk�ale�e�nye�t�w�ulnyijb>alk#w�d g�ac�5�m�5dG�sacu e�acd�w	a�t�k5g�rsa@��tvwhulehalghtedcdfght�nyk�ale�ehn�e
��nygha}o Usehghr#aleqg�r#d g���rst�x�a}ghrsa���tvw�u e�a ghtedcdfght�nykGale�ehn�eU��tzx�xst�k#u e�acd�w	a}ijnyksnyghn�kst�ucdfx�xz����tzghr

w	ghe�nyk#�yale dfk#��w	ghe�nyks��ale�e�acw	ghe�t�u ght�nyk#w@nfo}ghrsaQo acd�w	t��sx�a�w	algc�
ghrsa���tvwhulehalghtedcd g�tzn�k ale�ehn�e�r#dyw
k#n ksn wcU#u{r�ijnyksnyghnyk#t�ult�g"� bse�nyb>alehg"��" � gjtvw rsn ��al~�ale@e�acd�w	n�k#df�#xza(g�n.d�whwOUsija�g�r#d g ghrsa
�st�w�u e�a g�tmd�d ght�nyk ale�e�nye���tzx�x ��a�u e�acdywha ��tzghr�w	ghe�nyks��ale�e�acw	ghe�t�u ght�nyk#w�nyk.ghr#ajo acdywht��sxza(wha g��:dyw
d�whijdyxzx�ale�wha g�e�ac��U#ulacw�ghr#aGb>n�w�whtz�st�x�t�g"�Mg�n5a ��b#xzn�t�g�t�iGb>aleho acu ght�nyk#w�t�k g�rsa(whulalk#dyeht�n�g�ehaca�"
��alk#ula�ghr#a�ghnyg�dfx#ale�ehn�e�w	rsn�Usxv�"! k#d�� ~yacxz� tzx�xeU#w"g�e�dfgha���#
xzn�n�� dfb#bsehn ��t�i(d ghacxz� xzt��ya}g�rsa�u6U#eh~�a
t�k/

tz��Useha 	�"

X̃ = X X̃ � X

dX̃(P, P̃ )rP (X, X̃)

a(X, X̃, P, P̃ )



t���Use�a 	 ����r#dyks�ya�w�tzk�ghr#a�eha�w"g�ehtvuWg�tzn�k�dyk#�5�st�w�u e�a g�tmd�d ght�nyk5ale�ehn�e?"

� 	�� � �����
��( -.�
� � ��+ ��' 
 ( � 
 �
$ ����� � + $ � (
	 r#alk���a ijn ~ya ghn ghrse�ala�� w	g�dy�ya.bsehn��sx�ali(wl��ghrsa whtzgOU#dfght�nyk �>aculnyijacw�ijnye�a u nyijbsx�a � "
	 r#alk d�i�U#x�g�t � w"g{df��a w	ghn�u{r#dyw	ghtvu�bse�ny��e�dyijiGt�ks��ijn���acx
tvw'U#w	a��9�9tzg�tvwAU#w	a��/t�k.d5ehn�xzx�tzk#�
o d�w	r#tzn�k�" ��ksaQwha g nyo�wht�iGb#xzt���uldfght�nyk#w@nfo}ghrsa�o acdywht��sxza5w	alg dfk#� b#ehn��#df�st�x�t�g"�.iGa�dywOUse�a(t�w
U�w	a���ghn�ny�sg�dft�k@g�rsa �#e�w	g�� w	g�df��a whnyxeU�ght�nyk�"q��k#u a�ghr#a �#e{w	g
e{dfk#�snyi<n�U�g{u n�iGa�t�w
e�al~�acdfx�ac�`� d
k#al� w�u ack#dfe�tzn�g�ehaca�tvw��yalk#ale{d gha��(u n�k#��tzght�nyk#dyxzx�� n�k(ghr#t�w�n�Usg�u n�ijay��dfk#�jg�rsa�w	a�u nyk���w"g{df��a
�sacu tvwhtzn�k tvw(n���g�dytzksa��9�}b�nmwhwht��sxz�PU#w	t�ks� dyksnfg�rsale(e�acw	ghe�t�u ght�nyk nfo�ghr#aMo acdywht��sxzaIwha gn"��}rsa
��e�w	g�� w"g{df��aGwhnyxeU�ght�nyk u x�acdyehx��Itvw�t�k��@Usack#u a��.���/g�rsa�u{rsn�t�ulaGnyo�b#ehn��#df�st�x�t�g"�/ijacd�wcU#eha(dfk��






ghrsa(u{rsn�t�ula nyo�o acd�w	t��sx�a(w	alg�o n�e�ghrsa �#e{w"g��`w	a�u n�k#� dyk#�Ig�rst�e�� w"g{df��acw?" �}rsajw	a�u nyk�� w	g�df��a
w	n�xmUsght�nyk t�w�t�k��@U#alk#ulac� ���/ghr#a �#e{w"g�� w	g�dy�yajw	n�xmU�g�tzn�k`�`g�rsa(bse�ny�#dy�st�xztzg"�Iijacd�wcUse�a(u{rsn�whalk:�
dfk#�.g�rsajo acd�w	t��sx�a�w	alg�o nye�g�rsa�w	a�u n�k#� dfk#�.ghr#tze{� w"g{df�ya�w."$��nfg�ajghr#dfg�ghrsaQwhaculnyk#� w	g�df��a
o acd�w	t��sx�a�w	alg%U#whac�(ghn n���g�dytzkjg�rsa���e�w	g�� w"g{df��a�w	n�xmU�g�tzn�k(i(d � �>a��st 2 ale�alkmg�o e�nyi ghr#a�whacu n�k#�
w"g{df��a@o acd�w	t��sx�aGwha g`U#whac�Mg�n5n���g�dytzk ghrsajwhacu n�k#� w	g�dy�yaGw	n�xmU�g�tzn�k�"�
sn�e�ibUsx�g�t � w	g�df��a bse�ny�
�
xzaci(wl�Ug�rsa�whtzgOU#dfght�nyk �>aculnyijacw al~�alk ijnye�aQulnyijbsx�t�ucd gha��9��dfk�� rsack#u a5��a�df�#w	g�dytzk�o e�nyi
��ale�t�~mt�ks�ja ��bse�acw�whtzn�k#w�o n�e}ghrsa�w	a�acehe�nye{wc�mwha ghghx�tzks�jo n�e�dGxza�whw}e�tz��nye�n�U#w�dfb#bsehnmdyu{r�"

� o���aMxzn�n�� d g(g�rsa/bse�ny�sx�ali !�	 # �}��a/whalaMghr�d g���a/ijd ����a �#k#a/ghrsa/~ dyxmUsa�w(nfo�ghr#a
eha�u n�Use�wha � bse�ny�sx�ali(w eha�u6Use{w	t�~yacxz��d�w

gT (−→x T−1, ξT , X, P ) := min
xT ∈XT (−→x T−1,ξT )

fT (−→x T−1, xT , ξT )
! �fd #

gt(
−→x t−1, ξt, X, P ) := min

xt∈Xt(
−→x t−1,ξt)

(ft(
−→x t−1, xt, ξt)+

� P
ξt+1|ξt

[gt+1(
−→x t−1, xt, ξt+1, X, P )]).

! � � #
	.a%U#wha�ghr#t�w]eha�u6Use{whtzn�k�g�n���a �#ksa ghrsa�ny���"a�uWght�~ya�o Usk#uWg�tzn�k nyomg�rsa}��a g�ale�iGt�kstvw"g�t�u a�6WUst�~ dfx�alkmg
bse�ny�sx�ali d�w

F0(x0, X, P ) := f0(x0) + � P
ξ1

[g1(x0, ξ1, X, P )].
! ��#

� k.ghr#aGb#ehac~mt�n�U�w�whacu ght�nyk dfx�xUale�ehn�e�w�tzk
F
w	ghacijiGa��.o ehn�i ghrsa(bse�ny��df�st�xztzg"�MijacdywOUse�a

U#whac�	� g�rsa o U#k#uWg�tzn�k
g
�}dyw:dyw�wcUsija���ghn��>a}u nye�e�acuWg�xz��w	b>acult ��ac� "]� k d�ibUsx�g�t � w	g�df��a�bse�ny�sx�ali

ghrstvw ucdfkjksn�x�nyks��aleq�>a�gheZUsa���dywqghrsa�u{r#nytvu a}nfo9bse�ny�#dy�st�xztzg"�@ijacd�wcUse�a�dfk#�Go a�dywhtz�#xza�wha g���t�xzx
d 2 acu g

g1
" 	 rsalk/��aYU#wha�ghrsa�o U#k#uWg�tzn�k

F0
g�n(ny��g{dft�kId �#e{w"g�� w	g�dy�ya�w	n�xmU�g�tzn�k`�#��a@whrsn�Usxv�

u{rsn�n�wha�n�Use�e�ac�
U#u a���wha g��
X̃
�>dfk#��bse�ny��df�st�xztzg"�Qija�dywOUseha��
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b#ehn��sxzaci !�
�# ����a a ��b#xztvu tzghx���d��s�Iulnyk#w	ghe{dft�kmg�w}g�n�eha�w"g�ehtvuWg���rst�u{rId�whwha g{w�i(d �Q�>a n ��k#ac�9�
uleha�d g�tzks��d whacu n�k#��~yale{whtzn�k6nfo�ghr#a/iGn���acx���a�whuleht���a���dy��n ~�a�",� k ghrstvw(ijn���alx���a/dy�#�
ulnyk#w	ghe{dft�kmg�w�o n�e�dfx�x`�
U�g�n�ksa�nfo
ghr#a dyw�w	alg�w?" �}rsa�e{d g�tzn�k#dfx�a���acrstzk��Ma �su xeU#��t�ks�(nyk#a�d�whwha g
tvw�ghr�d g�t�o���aG��ale�a g�n�d��s� ulnyk#w	ghe{dft�kmg�w�o nye�dfx�xqdyw�w	alg�wc�9��aG��n�Usxv�I��a g�d5wha g�nfo�xzt�ksa�dfe�xz�
�salb>alk#��ackmg u n�k#w"g�e�dytzkmg{wl�9i(d���t�ks��ghrsa(b#ehn��sxzaciLt�k�o acd�w	t��sx�a(t�o�ghrsa�ulnyk#w	g�dykmg�w

cik

��n/ksnfg
wOUsi ghn a �sdyu ghx��

1
o nye(dfx�x

k
" � w(dfx�x�dyw�wha g�wGn ��ksa�� ksn �F��tzx�x��>alx�nyks� ghn�d wh�mkmg�rsa g�t�u

d�whwha g��mghrsa�~ dfe�t�dy�sx�acw
xt

i

dyeha�e�albsxvdyulac�����
xt

ik

���yt�~mt�ks� ghrsa�dyiGn�Uskmg�n ��k#ac��nyo:�#d�w	tvu�d�whwha g
i
��acxzn�ks�yt�ks�.ghn w	��kmghrsalghtvuMdyw�w	alg

k
d gGght�iGa

t
",�}rsaMbse�ny�sx�ali tvw o Use	g�rsale(ijn���t��#ac�����

d��s��t�ks�Gghrsa�o n�xzx�n ��t�ks�jksnfg{d ght�nyk&�
K

�}rsa�wha g�nyo
wh�mkmg�rsa g�t�u�d�whwha g{wl��t�k5��r#t�u{rM��a�i(d ��t�k�~ya�w"gn"
Î

� xzx]�#dywht�u dyw�w	alg�w}a �sulalb�g�n�ksa�"���ksa dyw�w	alg�t�w�a ��alijb�g�o e�nyi ghrstvw
wha g�t�k�n�e��sale}ksnfg�g�n(u e�acd g�a�xzt�ksacdyehx��Q��acb�ack#��ack�g�ulnyk#w	ghe{dft�kmg�w?"

wt
k

�}rsa�ghnfg{dfxs~ dyxmUsa�rsalxv�jtzk�wh��kmghrsalghtvu�dyw�w	alg
k
d o g�aleqg�e�d���a�d gqg�tzija

t
"

cik

�}rsaQbseha�whuleht��>ac�.o e�d�uWg�tzn�k nyo�w	��kmghrsalghtvu(dyw�w	alg
k
��rstvu{r w	rsn�Usxv�

�>a�rsalxv��tzk5ghr#a��#dywht�u�d�whwha g
i
"


#nye�d � ��ac��~ dfxeUsa�nfo
c
ghrsa�ijn���alx:ksn � �>aculnyijacw��

g(c) := max � [vT −
∑

t∈T,q∈Q

st
qz

t
q ],

! �yd�#
w."
g?" ∑

i∈I

yt−
i (1 − γi) − yt−

i (1 + γi) = pt, t ∈ T \ {T̂}, ! �y� #

y1+
i − y1−

i + x̄i =
∑

k∈K

x1
ik , i ∈ I,

! ��u�#

yt+
i − yt−

i + ρt
i

∑

k∈K

xt−1
ik =

∑

k∈K

xt
ik , i ∈ I, t ∈ 2 . . . T̂ − 1,

! ����#

p1 +
∑

i∈I

x̄i = v1, i ∈ I,
! �ya #

	�	



pt+1 +
∑

i∈I

ρt
i

∑

k∈K

xt
ik = vt+1, i ∈ I, t ∈ T \ {T̂}, ! � o #

zt
q + vt ≥ fqR

t, t ∈ T, q ∈ Q,
! �y� #

wt
k =

∑

i∈I

xt
ik , t ∈ T \ {T̂}, k ∈ K,

! �fr #

wt
kcik = xt

ik, t ∈ T \ {T̂}, i ∈ Î , k ∈ K,
! �yt #

x, y, z≥ 0.
! � ��#

��aceha��fghr#a�u n�k#w	ghe{dft�k�g ! �fr #�df�y��ehac��dfghacw]g�rsa�ghnyg�dyx�dyw�wha g�w�n ��ksac�Gt�k�acd�u{rGnyo ghrsa�wh��kmghrsalghtvu
dyw�w	alg�w dfk#� g�rsa5ulnyk#w	ghe{dft�kmg ! �yt #@ijd��ya�w@wcU#ehaQghr#dfg ghr#aQbse�acw�u e�tz�>ac��d�whwha g o e�d�uWght�nyk�w@dfe�a
�yacb�g?" � w�e�ali(dfe �ya��/df�>n ~ya�����a ��n�ksnyg�bse�acw�u e�tz�>a d�o e�d�uWg�tzn�k/o nye�ghrsa �#e{w	g��#d�w	tvu d�whwha g��
dyw�bse�acw�u e�tz�st�ks�Qo e�d�uWght�nyk�w�o n�e�dyxzx
�#d�w	tvu d�whwha g{w���n�U#x�� �yt�~ya d5w	alg�nfo x�tzk#acdfe�x��M�salb>alk#��ackmg
u n�k#w"g�e�dytzkmg{w."�� k�w"g�acdy��g�rsa �#e{w"g5d�whwha g(��t�xzx�df�#whnye���ghrsaMo Usk��sw�ksnyg5dyw�whtz��ksac�6ghn�nyghrsace
dyw�w	alg�wc��dfk#�5rsalk�u a�d@o e{dyu ght�nyk�nfo

1−∑

i∈Î
cik

��tzx�x`�>a�t�k�~ya�w"g�ac��t�k�ghrsa �#e{w	g}��dywht�u�dyw�w	alg
tzk/wh��k�g�rsa g�t�u�d�whwha g

k
"

��d gZUse�dyxzx��y�`uleha�d g�tzks�Mwh�mkmg�rsa g�t�ujdyw�wha g�w����Idy�#��tzk#��a ��ghe{d5ulnyk#w	ghe{dft�kmg�w���tzx�xqi(d��ya ghr#a
bse�ny�sx�ali�x�dyeh��ale:dyk#��r#dye��sale`g�n�whnyx�~ya�" � w
dfk@a �sdfijbsx�ay� ��a ijd ��g�d��ya�d�bse�ny�sx�ali<t�k#w"g{dfk#ula
U#whac��xvd g�ale}t�kQn�U#e�k�Usijale�tvuldfx a ��b>ale�t�iGackmg�w?"
� kQghrsa�w	a�����a�r#d ~ya�d ��� w	g�dy�ya�b#ehn��sxzaci ��t�g�r

 dyw�wha g�wQdfk#� �����y��w�u ack#dfe�t�n�w?"�� o���aIU#whaIksn6dye	g�t ��ult�dyx�d�whwha g{wl��ghr#a.whtmdcaInfo�bse�ny�sx�ali
! 
�#Gt�w(���s�������.e�n ��wGdyk#� ���s� � 
��.ulnyxeUsijk#w?" � o���aIdy�s� � dfehght���u tvdfx�d�whwha g�u xvdyw�whacwc��ghr#a
��t�iGack#whtzn�kGnyo ghrsa�b#ehn��sxzaciJt�k#u e�acd�w	a�w
ghn�� 
�� ������e�n ��wqdfk#�"	�	��s��������ulnyxeUsijk#w?" ��nfgha�ghr#dfg
ghrsa�dybsbse�n�dyu{r(��tzghrMdy�#��tzk#� u n�k#w	ghe{dft�k�g{w�g�nG�sa �#ksa�g�rsa�x�t�ksacdye}ulnyi �stzk�d ght�nyk�w nyo]dyw�w	alg�w�t�w
ksnfg�alkmght�e�alx���k#acu a�whw�dfe���"�� g���n�Usx��I��aGb�ace	o a�uWg�xz�/b>n�w�w	t��sx�a@g�n U#wha b#ehn��sxzaci ! 
�#���t�eha�uWg�xz���
wcU#�#w"g�t�gZU�ght�ks�Gghr#a�d�whwha g{w

I
���QdGw	alg�nyo]wh�mkmg�rsa g�t�u�dyw�wha g�w

Ĩ
��acdyu{r5w	��kmghrsalghtvu�dyw�w	alg�r#d ~�t�ks�

bse�t�ulaI��al~�alx�nybsijalkmg
ρ̃t

i

"��}r#a u n�k#w"g{dfkmg�w
cik

��n�U#x�� g�rsalk �>aIU#whac� g�n �yt�~yaMg�rsaIbse�t�ula
��al~�alx�nybsijack�g�nyo:ghr#a@w	��kmghrsalghtvu�dyw�w	alg�w}dyw

ρ̃t
k :=

∑

i∈I

cikρt
i


@Usehghrsace���acxzn ���`��a(w	r#n �4rsn �4g�rsajnyb�g�tzi(dyxq~ dyxmU#a
g(c)

� ��a �#ksac�.��� ! � # 
 ijt��yrmg���a
��t 2>acehack�g�t�dfgha��/��t�g�r e�acwhb�a�uWg�ghn

c
! Usk#�sale�u ace	g{dft�kIu nyk���t�g�tzn�k#w #B"�� kIghr#a dfxzghacehk�d ght�~ya@o nye��

i�Usxvd g�tzn�k`� ��aMi(d � ��t 2 ale�alkmg�t�dfgha
g(c)

��t�g�r�e�acwhb�a�uWgjghn
ρ̃
dfk��PU#whaM�#dywhtvu5ucdfxvu6UsxeU#w ghn

ny��g{dft�kjghrsa���ale�tz~ dfght�~yacw���t�g�r�eha�w	b>acu g�ghn
c
"q�}rsa�e�acdywhnykG��r�� ��a���n ksnfgKU�w	a�g�rstvw whtzijbsx�t �

�#ac�Go n�ehibUsxvd ght�nykGtvwqg"��nfo nyxv� "U

tze{w"g�xz���fg�e�dyk#whd�uWg�tzn�kGuln�w	g�wq��t�xzx�ksnfg���a�ucdfb�gZUse�ac�ju n�ehe�acu ghx��
tzk g�rsa�e�ac��U�u ac� ijn���alx o nye�i�Usxvd g�tzn�k`�]d�w���a(ijd � w	acxzx �#dywht�u(d�whwha g

i
dyw�b�dfehg@nfo�w	acxzx�t�ks�

w	��kmghr#a ghtvuGdyw�w	alg
k ∈ K

��rst�x�aG�@Us��tzks�Qghrsa(w�dfija ��dywht�uGdyw�w	alg�d�w�d5b#dye	g�nfo�whalx�xzt�ks�Mw	��k��
ghrsalghtvu(dyw�w	alg

k̄ ∈ K
"Q��a�u nyk���xz���`o n�e�tzijbsx�alijalkmg{d ght�nyk e�acd�w	n�k#wl� g�rsaQ��U�dfxq~ dfe�t�dy�sx�acw�o nye

ghrsa�ulnyk#w	ghe{dft�kmg�w !�
 ��#�dyk#� !�
�o #�dyehajksnyg@��tze�acu ghx��.d ~ dft�xvdf�sx�a ��r#alk ghrsaQiGn���acx�tvw�w	n�xz~�ac�
U#whtzks� ksacw	gha��$��alk#��ace�w ��aculnyijb�nmw	tzght�nyk:�md�wUghrsa�w	a�u n�k#w"g�e�dytzkmg{w�w	b�dfk(ijnye�a}ghr#dyk�nyk#a�ght�ija
b�aceht�n�� " ��nfg�r5g�rsacwha�u n�k#u acehk#w}ijt��yrmg���a dy�s��e�acw�whac�9�mghr#a �#e�w	g����(o nye�i�U#x�dfght�ks�jnyksx��(ghr#a
�#e{w"g�w	g�dy�yaaU#wht�ks�@a ��bsx�tvu tzg�u n�k#w"g�e�dytzkmg{w���a ��kstzk#��ghrsa�xzt�ksa�dfe d�whwha g ulnyi �#tzk#dfght�nyk#wc��dyk#�Gghr#a
w	a�u n�k#�Q����t�ijbse�n ~mt�ks� ghrsa@whnyx�~yace?"

	 �



��	�� ����� '�� ' � 
 ��' ��� �
- ( �0����)�$ ��'�� 
�(*( $ ��(

�}r#aGb#ehn��sxzaci ! � #�u nykmg{dft�k#w�d�k�Usi ��ace�nyo�b#dye�dyija ghace�w
cik

��rst�u{r ��a ��ksajghrsa(wh��k�g�rsa g�t�u
d�whwha g{w."]� k n�e��sale]ghn���a g�ale�iGt�ksa�d��yn�n�� wha gqnfo�wh��kmghrsalghtvu�d�whwha g{wl� ��a�u nyk�w	tv��ale]ghr#a�n�b�ght�i(dfx
~ dyxmUsa�nfosbse�ny�#xzaci ! ��# g�n��>a�d}o U#k#uWg�tzn�k nfo�g�rsacwha�b#dye�dyija ghace�w:dfk#��o n�ehibUsxvd gha�ghrsa�bsehn��sx�ali
g�n

i(d ��tzijtedla
c

g(c),
! ��d�#

wcU#���"acu g�g�n ∑

i∈Î

cik ≤ 1 − ε k ∈ K,
! �y� #

cik ≥ 0 i ∈ Î , k ∈ K.
! ��u�#

�}r#a
ε
b>alehgOU#eh�#dfght�nyk.t�w�bse�acwhalkmg�ghnMd ~ynytv�/k�Usijale�tvuldfxq��t 4�u6Usxzght�acw?" � o�ghrsaGo e{dyu ght�nyk#w�nfo

cwOUsi2ghn@whnyija g�rst�ks��x�dyeh��aleUg�r#dfk
1
�yghrsa�bsehn��sx�ali !�
�#U��t�x�x#�>acu n�ija�tzk�o a�dywhtz�#xza���dfk��jt�o ghr#al�

wOUsiBghnMa �sdyu ghx��
1
ghrsa�ulnyk#w	ghe{dft�kmg�w�nfo ! 
�#���t�x�xq��a�u nyijajx�tzksa�dfe�xz�.��alb>alk#�salkmg?"(� k nye{��ale

g�nId ~yn�t�� ghrsa�w	a�whtzgOU#dfght�nyk#wc�:��a�w	alg
ε
g�n w	n�ija ghr#tzks�/d/uln�Usbsx�a(nfo}nye{��ace�w�nyo�i(df��kstzgOU#��a

xvdfe��yace}ghr#dykMghrsa ijd�u{rst�ksa�bse�acu tvwhtzn�k�" �UalehgOU#eh�st�ks�jg�rsa u n�k#w	ghe{dft�k�g�! ��#}t�kMghr#t�w�o dywhrstzn�kMt�w
a76WUstz~ dyxzack�g�ghnGw	alg	ght�ks�Gd�xzn ��ale ��n�Usk#��nyo

ε
n�k(ghr#a�o e{dyuWg�tzn�k(nfo9g�rsa�d ~ dft�xvdf�sx�a�ijacdyk#wqg�r#d g

tvwqt�k�~yacw	gha��@t�kGghrsa �#e{w	gqd�whwha g��ywhnyija g�rstzk#��g�r#d gq��t�xzx#r#d ~ya}d�iGt�ksn�eqtzijb#d�uWg�nykGn�U#e
e�acwOUsxzg�w
d�w}xzn�ks�(dyw

ε
tvw�whi(dfx�x�"

��nygha ghr#dfg�g�rsaG~ dyxmU#acw�nfo
c
dyeha u nyk�w	tv��ale�ac�/ghnQ�>aGb#dfe{dfija g�ale{w�t�k ! � #��@U�g�~ dyehtvdf�sx�acw

t�k ! ��#6"q� k5n�e��sale�ghnGnyb�g�tzijtedla ! � # ��tzghrMd �ye{dy��t�alkmg���acw�u ack�g}ija g�rsn��9����a�ksacac��ghn(��t 2>ace��
ackmghtvd gha

g(c)
��tzghr e�acwhb�a�uWg�ghn

c
�`ghr#dfg@t�wc�]��t 2 ale�alkmghtvd g�a g�rsa(nybsght�ijdyxq~ dfxeUsajnfo ! ��#���tzghr

e�acwhb>acuWg ghn u{r#dyks�ya�w�ghnIacxzacijalkmg�w�t�k ghr#a5u n�k#w	ghe{dft�k�g�i(d g�eht�� " � w�tvw@ksnygha�� tzk ��dfkmgOdctz�
dyk#�M�}r#dfb�d�� ��
:t�kI��acu ght�nyk 
�" �s�sdj��aceht�~ d ght�~ya�nyo:ghr#a�nyb�g�tzi(dfx:~ dyxmU#a�o n�e}ghrsa�b#ehn��sxzaci

iGt�kst�ijtmdca
z = dtx,

!�	��yd #
wcUs� �"acuWg�g�n

Ax = b,
!�	��f� #

x ≥ 0,
!�	c��u�#

��tzghrMe�acwhb�a�uWg�g�n g�rsa�i(d g�eht��5u n�a 4(ultzackmg
Aij

tvw}�yt�~yack5���

∂z∗

∂Aki

= −π∗
kx∗

i ,

wOUs���"a�uWgUghn�u ace	g{dft�k ksn�k�� ��al��alksace�d�u ��u n�k#��tzght�nyk#w?":� k ghrstvwUa ��bse�acw�whtzn�k`�
x∗ dfk�� π∗ ��acksnfg�acwg�rsa�nybsght�ijdyx`bse�tzi(dyx`dfk#����U#dyx`w	n�xmU�g�tzn�k�whnyxeU�g�tzn�kQg�n !�	c� #W��e�acwhb�a�uWg�tz~�alx���"

� kIn�e���ace�ghnQnyb�g�tzijtedla ! ��#���a U#wha d(��e�d���t�alkmg�bse�n �"acu ght�nyk/dfb#bsehnmdyu{rMu n�i �st�ksac�M��tzghr
dyk � ehijt �"n�w"g�alb�� xzacks�fg�r�eZUsx�a ! whala ��alehg�wha�� dyw � ��
 # dyk#�6ghale�ijtzk�d ghaM��rsack ghrsaMksn�ehi nyo
g�rsa�bse�n �"a�uWgha�����e�d���tzackmg�nyo

g(c)
o dfx�x�w}�>alx�n � dju ace	g{dft�k�g�rseha�w	r#nyxv� "�	.a�n���g�dytzkQghrsa�~ dfxeUsa

nyo}ghrsa���e�d���t�alkmg�o ehn�iBg�rsa�a ��b#eha�whwhtzn�k#w�df�>n ~ya�"Q� k�n�e���ace�ghn.d ~ynytv�.��actzks�.uld=U#�yrmg@tzk d
x�n�uldyx9iGt�kst�i�UsiM��g�rsa�nybsght�iGtedcdfght�nyk�bse�n�ulac��U#eha�tvw}eha�w"g{dfehghac�Qo e�nyi dGk�Usi �>ale�nyo
e{dfk���nyi
b>n�whtzght�nyk#w?"
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� 	�� � �0$&( ��' ����(
� w�ijack�g�tzn�ksac�.bse�al~�t�n�U#whxz���`��a(��n�Usx��.x�t���ajghnMa ��bsx�nye�aj��rsa g�rsale dy�y��ehac��d g�tzk#�Qdyw�w	alg�w�t�k
��t 2>acehack�g}�}d ��w�r#d�w�dGw	t��yk#t ��ucdfkmg�t�ijb#dyu g�n�k�g�rsa�b�ace	o n�ehi(dfk�u a�nyo:n�U#e�ijn���alx ����rsack�ghr#a
ny��g{dft�ksac� w	n�xmU�g�tzn�k#w�dfe�a dfb#bsxzt�ac�Ighn�n�U�g�� nyo � w�dfijbsx�a w�u ack#dfe�tznmw."��}rsa 6WUsacw	ght�nyk#w���a b>n�wha
dfe�a �

• � o}��a(e�ac�
U#u aGghr#a(kWU#i �>ale�nfo�dyw�wha g�w�dyxzx�n ��a��/o n�e�ghe{dy��t�ks�#�:rsn �Ji(dfk�� wh��kmghrsalghtvu
d�whwha g{w�dfe�a�dybsbse�nybse�tvd gha��

• 	 rsack�dyw�w	alg�w�dyeha/dy�y�ye�al�md g�ac� t�kmghn���tv��ale5u xvdyw�w	a�wl�}w	r#n�Usxv��ghrsa dy�y��ehac��d g�tzn�k �>a
dybsbsx�tza��Qo n�e�dfx�x`w"g{df��acw}nye�whrsn�U#x��5ghr#a �#e�w	g�w"g{df��a��>a�a �su xeU#��a����

• � o}��aje�ac��U�u aGghrsa(k�Usi ��ace�nfo}dyw�w	alg�w���� df���ye�al�md ght�nyk:�>whrsn�U#x�� ghrstvw�e�ac��U�uWght�nyk �>a
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ijack�g{w t�k�dyw�wha g�w tzkQnye{��aleqg�n u n ~�aleqo UsgOUse�a�x�t�dy�stzx�tzght�acw?" 	 kQeha�dfx�t�g"� ehactzk�~ya�w"g�ijalkmg���a�u tvw	t�nyk#w
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y0

f0(x0) + � ξ1
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y1(ξ1)
[f1(

−→x 1(ξ1), ξ1) + � ξ2|ξ1
[ min
y2(ξ2)

f2(
−→x 2(ξ2), ξ2)

+ · · ·+ � ξT |ξT−1
[ min
yT (ξT )

fT (−→x T (ξT ), ξT )] · · · ]], !�	cd�#
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x0 = g(x̄, y0),
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xt(ξt) = g(xt−1(ξt−1), yt(ξt), ξt), t = 1, . . . , T,
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min
yi,i∈N

∑

i∈N

P if i(xi),
! �fd #

w?"
g?"
x0 = F 0y0 + G0x̄ + e0,

! � � #
Biyi ≤ bi, i ∈ N,

! �fu #
xi = F iyi + Gixp(i) + ei, i ∈ N \ N0,

! �f� #
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i
�

yi
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min
α

f0(x0) + � ξ1
[f1(

−→x 1(ξ1), ξ1) + � ξ2|ξ1
[f2(

−→x 2(ξ2), ξ2)

+ · · · + � ξT |ξT−1
[fT (−→x T (ξT ), ξT )] · · · ]], ! �yd�#

w?"Ug?"
x0 = g(x̄, y0),

! �f� #
y0 ∈ Y0,

! �yu�#
xt(ξt) = g(xt−1(ξt−1), yt(ξt), ξt), t = 1, . . . , T,

! ����#
yt(ξt) ∈ Yt(xt−1(ξt−1), ξt), t = 1, . . . , T,

! �ya #
yt(ξt) = γ(xt−1(ξt−1), ξt, t, α), t = 1, . . . , T,

! �fo #
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t�k���rstvu{r(��a�xzn�u � ghrsa�~ dyxmU#a�nfo
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∑
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df�#xza ��� ��a�wcU#x�g{w}o nye���t 2 ale�alkmg�b�n�xztvu t�acwc� 	c�G��acdfe�w�u ack#dfe�tznmw."

w	n�ijaG�#t�d�w�o ehn�i U#whtzks�/dy�y�ye�al�md g�ac�Mg�tzija(b>ale�tzn��swc�:dyw�g�rsajghr#ehaca � b�aceht�n�� w�u alk�dfe�tzn5ghe�ala�w
df���ye�al��dfgha�iGn�eha�w	g�df��acwc�sdfk#�5rsack#u a@whrsn�U#x���wcU�2>ace}o ehn�i ijnye�a��#t�d�w."
�}r#a�n�b�ght�i(dfx b#dfe{dfijalghale�w	alg	g�tzks� o nye�ghr#a�r����se�t��Qb�n�xztvu �(tvw

[−0.032, 0.096, 0.47]
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ghrsaQxzn�ks�/ghe�ala5uldywha #6" �}rst�w ijacdfk�w�ghr�d g ��rsack ghrsa5b�n�xztvu � x�nmn���wYUsb�g�rsaQu n�kmghe�tz�
Usght�nyk
e�dfgha��mtzg}xzn ��ale{w�g�rsa�u nyk�w	n�xztv�sd g�tzn�k`��eha�wcU#x�g�tzks� tzkMd@r#tz��rsale�u n�kmghe�tz�
Usght�nykQe{d g�a�"
	 rsalk5ghr#a
b�n�xztvu �Mx�n�n���wTUsbIghrsajdyw�w	alg�ijt �9� tzg�t�k#u e�acd�w	a�w}ghr#aGulnyk#whnyx�t��#d ght�nyk:�#e�acwOUsx�g�tzk#�Qt�k d�e�t�w���tzace
dyw�w	alg�ijt�� "�	 k �
t���Use�a�� ��a�bsx�nfg}ghrsa@d ~�ale{df��a�u n�k#w	n�xztv�sdfght�nyk`�mghr#a@d ~yale{df��a�u n�kmghe�tz�
Usght�nyk
e�dfghaGdfk#�Mg�rsajd ~yale{df��a��mt�alxv�/nyo�ghrsajdyw�wha g�b>nyehg	o n�xzt�n�o n�e�o n�Use��st 2 ale�alkmg�dybsbse�n�d�u{rsacw?" � w
i(d �5�>a whalack/o ehn�i g�rstvw��#��Use�ay�sg�rsaGrm���se�tv�Mb�n�xztvu �Mdfxzghace�w�ghrsaGw	n�xmU�g�tzn�k#w�o e�nyi[g�rsa � � �
dfbsb#ehnmdyu{r ��� wha ghght�ks�.d rstz��rsaleGu n�k�g�eht��
U�g�tzn�k�e�dfghaQdfg g�rsaQ�>al��tzksk#tzks�.nfo�g�rsa5w�u ack#dfe�tzn��
��rst�xza�t�k�~ya�w"g�tzks� tzk�d�e�tvw���t�ale�b>nyehg	o n�xzt�n@" 	 g�whalacijw�dyw t�o9g�rsa � � � dfbsb#ehnmdyu{r(u{rsn�n�whacw�d�ghn�n
u n�k#w	aceh~ dfght�~ya�b>nyehg	o n�xzt�n#� ��rst�x�a g�rsa � � � w	n�xmUsght�nyk U#wht�ks��whrsn�e	g]ghe�alacw
tvw
iGn�eha�u n�k#w	aceh~ dfght�~ya
w"g�tzx�x\"
� n�n���tzk#�Mdfg@ghr#a�eha�wcU#x�g{w�o nye�g�rsa 	��M�yacdye�gha�w"g ucdywhay�
d ~ dytzxvdf�#xza(t�k �]dy�sx�a �#�
��a�w	ght�xzx

w	aca5d.��t 2 ale�alk�u aQ�>a g"��alack�ghr#a5r����se�t�� b>nyx�t�ul� dfk#��ghrsa5b
Use�a � � �2whnyxeU�ght�nyk#wc�qrsn ��al~�ale
ksnfg�dyw�xvdfe��ya�d�w�o nye�ghrsa 	#� � �ya�dfe�w�u alk�dfe�tznmw."}|�whtzk#�Qdjb#dft�e���t�wha � � ghacw	gc����a w	aca�ghr#dfg�ghr#a
bse�ny�#dy�stzx�tzg"� nyo:ny��g{dft�kst�ks� d x�dyeh��ale��st 2 ale�alk#ula���tz~�alk(g�r#d g}ksnyk#a�a ��tvw"g{wl�mtvw��@" �!���#�yi(d���t�ks�
ghrsa�e�acwOUsxzg�w�xza�whw�u x�acdye�ghr#dyk�o nye�g�rsa 	#� �yacdye�g�acw	g�ucdywha�"���d ~�t�ks� dGwhijdyxzx�ale���t 2 ale�alk#ula�o n�e
ghrsa 	c�(��acdfe�ucdywha@tvw�u n�k#wht�w	ghack�g���tzghr n�Use�g�rsaln�eh�Qghr#dfg���a@e�alijn ~ya�whnyija@�stvdyw}o e�nyiFghr#a
� � � whnyxeU�g�tzn�k#wq����U#wht�ks�@r����sehtv�Gb�n�xztvu t�acwc��wht�k#u a�g�rsa�whrsnyehg uld�w	a}��t�xzx���a�xza�whw�df�y��eha�whwht�~yalx��
df���ye�al��dfgha��9��dyk#�,rsalk�u a/g�rsacwha whnyxeU�ght�nyk#w���tzx�x�ulnykmg�dytzk x�acw�w(�stvdyw?" 	 o���aIx�n�n���dfg�ghr#a
nyb�g�tzi(dyx
whnyxeU�ght�nykMo n�e�g�rsa 	��(�ya�dfe�g�acw	g�ucdywhay��ghrsaGu nykmg�ehn�x:b#dye�dyiGalghace�w�r�d ~ya�ghr#a ~ dfxeUsa�w
[−0.0055, 0.046, 0.37]

" ��ack#u a�ghr#a�nyb�g�tzi(dfx n 2 wha g}o nye}g�rsa 	c� �ya�dfe}uldywha�t�w�whi(dfx�xzace�g�r#d g
o nye}g�rsa 	#� �ya�dfe}uldywhay�sdy��dytzk5tzk#�st�ucd ght�ks�Gghr�d g}ghrsa@whrsn�e	g�ale�gha�w"g�ucdywha�r#d�w�djw	i(dfx�x�ale}�stvdyw?"
	 alx�x���n�e	g�r k#nfght�ks�/tvw�g�r#d g ghrsa�b>nyx�tvu � nyb�g�tzijtedcd g�tzn�k�bse�ny�sx�ali(w@dyeha(ksnyg �yacksale{dfx�x��

u n�km~�a � ! dyx�g�rsn�U#�yr g�rstvw(nfo�uln�Use{wha���acb�ack#�swjn�k ghr#a/b�n�xztvu � dyk#� g�rsaMbse�ny�sx�ali ulnyk#wht����
ale�ac��#6" �}rsaM~ dyxmU#a�nyo'U#wht�ks��d.b>nyx�tvu � n�k d wha g(nfo�whulalk#dyeht�n�w tvw(d.k#nytvw	��ksn�k�� u nyk�~�a �9�
ksnyk
� ��t 2 ale�alkmghtvdf�sx�a�o U#k#uWg�tzn�k6nfo�ghrsa�b�n�xztvu � b#dye�dyija ghace�w?" �}rsa5e�acd�w	n�kjUsk#��acehx���tzk#�Ighr#a
ksnyk
� ��t 2 ale�alkmghtvdf�st�x�t�g"� t�wQghr#a.��tvwhulehalghaIk�d gOU#eha.nfo@�>nfghr�ghrsa.b�n�xztvu � dfk��,ghrsa.b�ack#dfxzght�acw
U#whac� " 	 kQn�e��sale�g�n a ��bsx�dytzkQghrstvwc�m��a�ulnyk#whtv��ale�ghrsa�uld�w	a���rsalkQghrsa�b#dye�dyiGalghacehtedla��(b�n�xztvu �
t�w dfbsb#xzt�ac� g�nInyk#a5w�u alk�dfe�tzn�" � w�g�rsaQb>alk#dyx�g�tza�w@o n�e x�n � u nyk�w	n�xztv�sd g�tzn�k�dfe�aQdfbsb#xzt�ac� t�k
w"g�alb#wc�]ghrsaceha(a ��tvw	g�w d/wha g nfo}b�n�xztvu � b#dfe{dfijalghale{w�wcU�u{r ghr#dfg@ghrsa5u nyk�w	n�xztv�sd g�tzn�k o n�e�ghr#a
x�d�w"g(w	g�df��a�r#d�w a �sdyuWg�xz� g�rsa5~ dyxmUsa�nfo�nyksaMwcU�u{r6w"g�alb�" ��alk#ulaQg�rsaM~ dfxeUsa5nyoTU#whtzks�.ghr#a
b�n�xztvu �6��tzx�x���a/k#nyk�� ��t 2>acehack�g�t�dy�sx�a�dfgGg�rstvw�w	alg(nfo�b�dfe{dfija g�ale{wl� d�w(dfk tzk�u e�acdywhaMdfk#� d
��aculeha�dywha�t�k5u n�k#whnyx�t��sdfght�nyk(��t�xzx9ucdfe�eh�j��t 2>acehack�g�ehac��dye��#w." �}rsa[U�w	a�nfo:d ksn�� ghe{dy��a�ehac�yt�nyk
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tz��Useha ��� ��ac~yalx�nyb#iGackmg}nyo:g�rsehaca@��t 2>acehack�g�w	ghe{d g�al�yt�acw?"

��t�x�x>e�acwOUsxzg�t�k�g�rsa�w�dfija�bsrsalk#nyijalksn�k �]ghrsaceha�a ��tvw"g}w	alg�w�nfo`b#dye�dyija ghace ~ dfxeUsa�w�wOU#u{r(g�r#d g
g�rsaGb�n�xztvu �/��t�xzxU�>a n�kIg�rsa �>n�U#k#�sdfe��Mnfo�g�rsaGksn�� ghe{dy��a ehac�yt�nyk`� b>n�w�w	t��sx���e�acwOUsxzght�ks�Qt�k.d
k#nyk�� ��t 2>acehack�g�t�dy�st�xztzg"��"
	 rsalk(��a�nybsght�iGtedla�ghrsa�b>nyx�tvu �@o U#k#uWg�tzn�k`����aaU#wha�d�xvdfe��ya}k�Usi �>ale
nyo]w�u alk�dfe�tznmwl��acdyu{rQnfo`��rstvu{rQ��t�xzx>r#d ~�a�d@k�Usi ��ace�nyo:ksn�k�� �st 2 ale�alkmghtvdf�#xza�b�n�tzkmg�wc�mijd���tzks�
g�rsa�b�n�xztvu � o Usk#u ght�nyk u nyk�w	tvw"g nfo�dIk�Usi ��ace nyo�u n�k�g�tzk�Usn�U#w�o d�u alg�w?" � w@g�rsa5k�Usi ��ace nyo
w�u ack#dfe�t�n�w%U#w	a��(o n�e�ac~ dfxeU#d g�tzn�kQt�k#u e�acd�w	a�wl��ghrsa�k�Usi ��ace�nyo`o dyula g{w}tzk#uleha�dywhacwc��i(d��mt�ks� ghrsa
w�uldyxza�nyoUghrsa@eZUs���yac�sksacw�w}nfoUghr#a�o Usk#u ght�nyk wOUseho dyu a@whi(dfx�xzace?" �
Usehghr#ale�iGn�eha��stzoqghrsa@b>nyx�tvu �
o U#k#uWg�tzn�k/��n�Usx��5�>a@dfbsbsx�t�ac�5ghn(d(u n�kmght�kWU#n�U#w�e{dfk#��n�i ��tvw"g�eht��
U�g�tzn�k`��g�rsa@wcU#e	o d�u a���n�Usxv�
�>a@whiGn�nyghr�"

	 k nye{��ale�g�n/tzx�xeU#w"g�e�dfghaGghr#a(ksnyk�� u n�k�~ya ��tzg"�Idfk#� ksn�k�� ��t 2 ale�alkmg�t�dy�stzx�tzg"�Info�ghrsa(b>nyx�tvu �
b#ehn��sxzaciM�m��a�ac~ dfxeU#d g�a�ghr#a�r����se�t��Qb�n�xztvu �Go nye �f���y�@w�u ack#dfe�t�n�w�nyo:x�alks�yghr 	����ya�dfe{wl�m��rst�xza
~ dyeh��t�ks��ghrsa�g"��n �#e{w"g�b>nyx�tvu � b�dfe{dfija g�ale{w." �}rsa�e�acwOUsx�gqo e�nyiJghrsa�w	a}g�acw	g eZUsk#w�dyeha}bsx�nfghghac�
t�k �
t���Use�a �#�qtzx�xmU�w"g�e�dfght�ks�/ghr#a5ksn�k�� u nyk�~�a ��t�g"� nfo�ghr#a5bse�ny�#xzaci " � wGd ulnyk#wha�6WUsack#u a�nyo
g�rstvw�ksnyk�� u n�k�~ya ��tzg"�y�>��aGuldyk ksnyg��>a(wcUse�a@g�r#d g���a r#d ~�a d�uWgOU�dfx�xz�Mo n�Usk#�/g�rsajnyb�g�tzibUsi
��r#alkQ��a�dyeha�w	a�dfe{u{rst�ks��o nye�ghrsa�nybsght�ijdyx>wha g}nfo]b#dfe{dfija g�ale{wqt�k�ghr#a�r����se�t���dyk#�(�st�x�tzksa�dfe
b>nyx�tvu t�acw?" 	 k nye{��ace@ghn.��aculeha�dywhajghrsa�ehtvw�� nfo���a ghght�ks�.w	gOU#u � t�k6d/�#d���xzn�ucdfx ijt�kst�i�UsiM�
��a w	g�dye	g�ghrsaGnybsght�iGtedcdfght�nyk.�m�Mb>aleho nye�ijtzks��d���ehtv� � w	a�dfe{u{r5o n�e�g�rsaGrm���se�tv�/b�n�xztvu t�acw?" � w
g�rsa �#t � xzt�ksa�dfe�b>nyx�t�ul��r�dyw�� 
.b#dfe{dfija g�ale{wl��dyk,d�ulu.Use�dfgha/��ehtv� w	a�dfe{u{r�tvw�k#nfgQb>n�w�w	t��sx�a�"
�#nyeGghr#t�wjw	ghe{d ghac�y� ��a�t�k#w"g�acd���ghe�� ghn d ~yn�t���x�n�uldyx�ijt�kstzi(d.��� w"g{dfehght�ks�Io e�nyi d x�dyeh��a
k�Usi ��ace�nfo�e{dfk���nyiLw	g�dye	g�tzks�5b�n�tzkmg{w." �}rsacwha e{dfk���nyiNb>nyt�kmg�w�dfe�aGulalkmghaceha�� dyehn�Usk#�Idyk
dybsbse�n ��tzi(d g�a5whnyxeU�ght�nyk:��o n�U#k#�6��� i(dykWU�dfx�xz� �sghght�ks� ghrsaMb>nyx�t�ul� b#dye�dyiGalghace�w ghn i(d���a
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	 k<ghrstvwI��nye ����a�r#d ~ya�i(d���a d�u n�ijb#dfe�t�whnyk���alg"��acalk�b#dye�dyija ghacehtedla�� b>nyx�tvu t�acw dyk#�
w"g�n�u{r#dyw	ghtvu�x�tzk#acdfe}bse�ny��e�dyijiGt�ks��o n�e �	� pBb
Use�b�nmw	a�w."�	 a�r#d ~ya�w	rsn ��k�ghr#dfg�g{df�
U#x�dfght�ks�
w	n�xmUsght�nyk#w o e�nyi d k�Usi �>alejnyo�w	ghn�u{r#dyw	ghtvu�xzt�ksa�dfejbse�ny�ye{dfijijt�ks� ! � � � #jwhnyxeU�g�tzn�k#wGijd �
w	b>ala�� Usb�g�rsa�eZUskskst�ks�Inyo�g�acw	gGucdywhacw���tzghrsn�U�gGd/wht��ykst���uldykmg xznmwhw@tzk b>aleho nye�i(dfk#ula�"�	 k
dy�s�st�g�tzn�kI��a r#d ~ya whrsn ��kMg�r#d gAU#w	t�ks�Qg�df�#xza�� �#d�w	a��Mb�n�xztvu t�acw�tzk.u nyi �st�k#d g�tzn�k/��t�g�r nybsght��
ijtmdcac�j��tvw"gZUseh��dfk#ulacwUt�iGb#ehn ~�acw]ghrsa�b>aleho nye�i(dfk#ula o n�eqxzn�ks��whulalk#dyeht�n�wc�fdywU��a}i(d �@ehacijn ~ya
w	n�ijaG�#t�d�w�w	ghacijiGt�ks�Mo e�nyiNg�rsa(df���ye�al��dfght�nyk/nyo}w	g�dy�yacw�t�k g�rsa � � �<dybsbse�n�d�u{r�" � b#dfehg
o ehn�i<ghrsa}t�k#u e�acd�w	a�w:t�kGb�ace	o n�ehi(dfk�u ay�fd�b>nyx�t�ul�@�#dywhac� �	� pFwh��w"g�ali�tvwUacdywht�ale]ghn�tzkmg�ale�bsehalg
dfk#��u n�iji�Uskstvuldfgha�dyw�g�rsa�b>nyx�t�ultza�w�dfe�a�a ��bsxztvu tzghx��5d ~ dytzxvdf�sx�a�o nye�t�k#w	b>acu ght�nyk�"
���ju n�i �st�kst�ks�@d � � ���#dywhac�(wh��w"g�ali ��t�g�r�d�b�n�xztvu �G�#d�w	a��Gwh��w"g�aliDw	n�ija�dy��~ dfkmg{df�ya�w

n ~yaceqghrsa�g"��n whalb�dfe{d gha�wh��w"g�ali(w�i(d �G��a�i(dy��a�" � k � � �6�#dywhac�(wh��w"g�ali r#dyw�ghrsa�dy��~ dfk
�
g�dy�yaGnfo e�a�6WUst�eht�ks�Qo al�Jb#eht�nye�dyw�wcU#iGbsght�nyk#wc�`dyw�ghrsa<U#whale�nyo�ghrsa(wh��w"g�aliN�yt�~ya�w�k#n�t�ksb
Usg
nyk5ghrsa�b#ehn�b�ace	g�tza�w}nfo
ghrsa@whnyxeU�ght�nyk " �}r#a�ijdytzkM��tvwhd���~ dfkmg�dy�ya�nfoqdfk � � � ��dywhac��w	��w	ghali
t�w�t�g{w�t�k#df�st�x�t�g"�Qghn(r#dyk#��x�a djx�dyeh��a�kWU#i �>ale�nyo]g�tzija@b>ale�tzn��sw�dfk#� � nye�djxvdfe��ya�k�Usi �>ale�nfo
dyw�w	alg�w?" 	 k dy�s��tzght�nyk:� dyk � � � �#d�w	a��Iw	��w	ghaci[tvw�tzijbse{dyu ghtvuldyx`ghn���nye �5��tzghr/o n�e�g�acw	ght�ks�#�
dyw�g�rsa@u n�iGb@U�g�dfght�nyk#dyx>e�a�6WUst�e�alijalkmg�w�dyeha�e{d ghr#ale�rst��yr�"
� w@o n�e b@Useha5b#dfe{dfijalghale�tedlac� b>nyx�tvu t�acwc�UghrsactzeGi(dft�k6dy��~ dyk�g{df��a�n ~yace dfk � � �J��dywhac�
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wh��w"g�ali tvw@g�rsalt�eGdy�st�xztzg"� ghn r�dfk#��x�a5dIx�dyeh��a�k�Usi �>aleGnfo�g�tzija � b>ale�tzn��sw?" 	 k6d��s��tzght�nyk`��d
b>nyx�tvu ���#dywhac�/wh��w"g�ali ��n�acw�k#nfg�ksacac�/d�w�u ack#dfe�t�njghe�ala ��d�wha g�nyoqtzk#�salb>alk#��ackmg�w�u alk�dfe�tznmw
tvw�wcU�4(ultzackmgc�`��rstvu{r i(d��yacw�tzg�b>n�w�whtz�sx�a ghn U#w	aGb#dye�dyiGalghacehtedla��/b�n�xztvu t�acw�t�k ulnyk � U#k#uWg�tzn�k
��tzghr/ulnyijbsx�a �5w�u ack#dfe�tznG�yacksale{d g�tzn�kQija g�rsn��sw?"
�}rsaceha�dfe�a�g"��n ijd �"nye �se�d ���#d�u ��wqnfo�U#wht�ks� d@b>nyx�tvu �G�#dywhac��wh��w"g�ali � �#e�w	ghx��y��ghr#a[U#whale
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