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SOME NON-LINEAR GEOMETRIC AND KINETIC
EVOLUTIONS AND THEIR APPROXIMATIONS

RICARDS GRZIBOVSKIS

Abstract

This thesis deals with three non-linear evolution problems: mean
curvature flow, Willmore flow, and the evolution of solutions to the
space homogeneous Boltzmann equation. Generalized mean curvature
flows are also considered. A major part of the study focuses on the
construction of approximations to these evolutions. The thesis consists
of four papers.

A unified convolution-thresholding approach to the generalized mean
curvature flow and to the Willmore flow is suggested in the first and
the second paper. The convergence of the approximations to viscos-
ity solutions of the corresponding PDE is shown for the generalized
mean curvature flow. For the Willmore flow the convergence of the
convolution-thresholding scheme is shown in the case when the evolu-
tion is smooth and embedded.

The third paper concentrates on an analytical and numerical study
of self-similar (homothetic) mean curvature and Willmore flows. Two
qualitatively different families of such evolutions for each type of the
flows are found. Representatives from the first family become singu-
lar in finite time, while representatives from the second family come
from singular initial data. In particular considerably new examples of
smooth surfaces that develop a singularity in finite time during the
Willmore evolution are obtained numerically. Another new result of
this study is the construction of the mean curvature and Willmore
evolutions starting from certain surfaces with singularities.

In the fourth paper a new deterministic numerical method for solu-
tion of the Boltzmann equation is constructed. The suggested method
is the only known deterministic scheme that effectively handles discon-
tinuous solutions. It is based on a combination of two qualitatively
different approaches: the approximation of discontinuous solutions on
a non-uniform adaptive grid, and the approximation of smooth terms
in the Boltzmann equation by a Fourier based spectral method.

Keywords: curvature flow, Willmore flow, convolution-thresholding,
homothetic geometric flows, Boltzmann equation, deterministic meth-
ods, non-uniform grids.
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1 Introduction

This thesis is devoted to the study of three evolution processes: mean curva-
ture flow, Willmore flow, and the evolution of solutions to the space homo-
geneous Boltzmann equation.

The mean curvature flow and the Willmore flow are special types of surface
evolutions. They can be characterized by the surface velocity V along the
normal at each its point. In the case of the mean curvature evolution this
velocity is equal to the mean curvature of the surface V = H. We also
consider so called generalized mean curvature evolution. In this case V =
G (H), where G is some monotonic, continuous function.

In the case of the Willmore flow the velocity V can be written as

V = −
(

∆H + 2H
(

H2 −K
))

,

where K is the Gauss curvature and ∆ denotes the Laplace-Beltrami operator
on the surface.

In the paper [GH1] we construct convolution-thresholding approximations
to the generalized mean curvature flow of n− 1 dimensional surfaces in Rn.
We consider solutions to this flow in the viscosity sense, and the scheme
converges to the correct solution even if the evolution develops singularities.
Ways to implement this scheme for n = 2 and 3 are also demonstrated, and
several numerical examples are presented.

A convolution-thresholding scheme to track the Willmore evolution of two
dimensional surfaces in R3 is proposed in the second paper [GH2]. The
convergence of the scheme is proved provided the surface is smooth. However,
the numerical examples suggest the validity of the approach even in the non-
smooth case.

In the paper [G1] we look for surfaces in R3 that have the following property:
their self-similar (homothetic) evolution coincides with the mean curvature
flow or with the Willmore flow. We find two qualitatively different families
of such surfaces for each type of the flows. Representatives from the first
family become singular in finite time, while representatives from the second
family come from singular initial data. In particular a considerably new
family of smooth surfaces that develop a singularity in finite time during the
Willmore evolution is obtained numerically. Another new result of this study
is the construction of the mean curvature and Willmore evolutions of certain
initially singular surfaces.
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Figure 1: Example: a topological type changes during the mean curvature
evolution.

In the paper [HKG] we construct a new deterministic numerical method for
solution of the classical Boltzmann equation for dilute gases. Typically the
evolution of a solution to the Boltzmann equation starting from discontin-
uous data preserves this discontinuity during a long time. The goal of our
method is to handle effectively discontinuous solutions that are typical for
boundary value problems. It is based on a combination of the approximation
of discontinuous solutions on a non-uniform adaptive grid and the approx-
imation of smooth terms in the Boltzmann collision operator by a Fourier
based spectral method.

An adaptive grid refinement procedure together with an uneqally spaced fast
Fourier transform are the main tools in the implementation of numerical
methods in papers [GH1], [GH2], [HKG].

In the following sections we give an overview of the underlying theory of the
above evolutions and numerical methods for them. We also formulate our
results more precisely.

2 Approximation of the generalized curvature

flow

It is widely known, that an initially smooth surface in R3 can develop sin-
gularities in finite time during the mean curvature evolution. The classical
example is illustrated on Figure 1. There have been three successful attempts
to continue the surface evolution past singularities: the varifold approach
([13]), the level-set approach ([49], [51]) and the phase field method ([25],
[14], [7],[3]).
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Denote the surface under consideration at the time moment t by Γt. The
main idea of the level-set approach is to evolve some continuous function
g : R

n 7→ R in such way that Γt ⊂ R
n would always be a level-set of u (x, t)

i.e.
Γt = {x ∈ R

n : u (x, t) = 0} ∀t ≥ 0.

Being the level set of a continuous function the surface Γt may develop sin-
gularities and change its topological type.

In this framework the problem of the generalized mean curvature evolution
of Γ0 can be stated as a Cauchy problem

{

ut = |Du|G
(

div
(

Du
|Du|

))

in Rn × (0, T )

u = g (x) ∈ BUC (Rn) on Rn × {0} ,
(1)

where Γ0 is some level-set of g (x) and BUC (Rn) denotes the set of all
bounded and uniformly continuous functions on Rn.

The equation in (1) is of degenerate parabolic type. The existence and
uniqueness of generalized viscosity solutions (see [23]) to the Cauchy problem
was investigated in [29], [19], [37]. The result of [37] in application to the
problem (1) states (see [56]):

Theorem 1. The initial value problem (1) has an unique viscosity solution
provided that G is continuous and nondecreasing.

Various kinds of generalized curvature flows arise naturally in investigations
of fast reaction-slow diffusion processes [7], image processing [2], minimal sur-
faces [20]. Partially because of that, the problem of finding an approximation
to the viscosity solution of (1) attracted a lot of interest. Various methods
of approximation appeared recently. Among them morphological filters [17],
[32], [16], finite difference approximations (fast marching methods) [51], [24]
and convolution-thresholding methods [45], [34], [35], [36].

The convolution-thresholding methods are robust, suit well to the problems
involving surface evolutions and allow efficient implementation. Consider
first a convolution generated motion of a hypersurface in Rn. By this we
mean the following. Assume, that initially the surface under consideration is
a boundary of a compact set C ∈ Rn. Take a compactly supported function
ρ̃ : R+ → R+. Define ρ : Rn 7→ R+,

ρ (x) =
1

hn/2
ρ̃

(

|x| /
√
h
)
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and a convolution

M (C) (x, h) =

∫

Rn

χC (y) ρ (x− y) dy. (2)

Now M (C) (x, h) is a function of x, and we define a new position of the
surface by

H (h)C = {x ∈ R
n : F (M (C) (x, h)) ≥ 0} , (3)

where F is some (thresholding) function.

This approach originates from the so called ”Bence-Merriman-Osher” method
see [45] where the authors suggested to take M (C) (x, h) as a solution to the
diffusion equation with the initial data χC after the time h and F (ξ) =
ξ − 1/2. In this case ρ is the fundamental solution of the diffusion equa-
tion. Our method is motivated originally by a kind of Lattice-Boltzmann
equation, where the convolution is viewed as a transport of particles and the
thresholding as a result of some collision-reaction process.

Since we intend to prove the convergence to a viscosity solution, the con-
struction of an operator acting on bounded functions is necessary: H (h) :
B (Rn) 7→ B (Rn).

[H (h) u] (x) = sup {λ ∈ R : x ∈ H (h) [u ≥ λ]} . (4)

The following connection between H (h) and the system (1) has been estab-
lished in [28] and [5].

Theorem 2. TakeM (C) (x, h) and F (ξ) as in the ”Bence-Merriman-Osher”
method, then

lim
m7→∞

[

H
m

(

t

m

)

u0

]

(x) = u (x, t) ,

where u (x, t) is the unique viscosity solution of (1) with G(x) = x and the
convergence is locally uniform.

The cornerstone of this connection is the following expansion of the convo-
lution (2) at x ∈ ∂C:

M (C) (x, h) =
1

2
+ L1H (x)

√
h+O

(

h3/2
)

, (5)

where L1 is some constant and H (x) is the mean curvature of ∂C at the
point x.
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In [34] Ishii extended the Theorem 2 to the case of arbitrary radially sym-
metric convolution kernel ρ. He shows that in this case the the convolution-
thresholding procedure converges to the viscosity solution of (1) whereG (k) =
αk and the constant α is positive and depends on the kernel. Further general-
ization of this result considering surface evolutions with boundary conditions
can be found in [35].

Suppose, that G is non-linear. We show in [GH1] that in this case one has to
use two convolutions M1 and M2 and a thresholding function of two variables
F (M1,M2). This is necessary to ensure that the operator H is consistent with
the PDE in (1). We also show, how to choose convolution kernels in order
to get a monotone H. These two conditions - monotonicity and consistency
- are crucial for the convergence. For a given function G in (1), we find a
corresponding thresholding function F in (3), so that H (t/m)m g (x) would
converge to the unique viscosity solution of (1). We prove the the following

Theorem 3. Let H (h) be defined by (4) with

HhC = {x ∈ R
n : F (M1 (C) (x, h) ,M2 (C) (x, h)) ≥ 0} ,

where

F (M1,M2) =
1√
h

N1B2 −N2B1

D
−G

(

1√
h

N2C1 −N1C2

D

)

,

Ni = Mi − Ai.

Here the kernel dependent constants are given by

Ai =

∫

Rn−1

∫ 0

−∞
ρi (|y|) dyndý (6)

Bi =
1

2

∫

Rn−1

y2
kρi (ý, 0) dý, (7)

Ci =

∫

Rn−1

ρi (ý, 0) dý, (8)

and kernels ρ̃1, ρ̃2 have compact support and chosen so that

D = C1B2 − C2B1 > 0.

Then

H
m
t
m
g (x) → u (x, t)
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locally uniformly when m→ ∞. Here u (x, t) is the unique viscosity solution
of (1) provided G is continuous nondecreasing and satisfying

B1

C1
≤ G

′ ≤ B2

C2
. (9)

We base our proof on a result by Barles and Souganidis in [6]. They have
found criteria for an abstract approximation scheme to converge to the vis-
cosity solution of a degenerate elliptic equation.

The paper [GH1] also discusses ways to overcome the restriction (9). First of
all, by comparing (8) with (7) one sees that it is possible to make the lower
bound in (9) small by choosing ρ1 with mass concentration close to the origin.
The upper bound will be large if the mass of ρ2 is concentrated relatively far
from the origin. Then we prove that to approximate the evolution defined
by (1) one can use Ge instead of G in the thresholding function, where Ge is
close to G in the uniform norm.

The rest of the paper focuses on some aspects of efficient implementation
of the method. A new convolution-thresholding scheme of higher order is
introduced and tested. The construction of this scheme is based on the
elimination of the higher order terms in the expansion (5). Several numerical
examples are also presented.

3 Approximation of the Willmore flow

The Willmore flow is defined as an evolution of a surface when each point
moves with velocity V along the normal equal to

V = −
(

∆H + 2H
(

H2 −K
))

. (10)

Mathematical theory of the Willmore flow has recently become a very pop-
ular subject of research. The existence of the flow near a sphere and its
convergence to a sphere has been proved by Simonett in [59]. A lower bound
on the existence time for smooth solutions in terms of initial concentration
of H has been obtained by Kuwert and Schatlze in [39]. They have recently
extended this result in [40]. The occurrence of self intersections during the
evolution has been studied numerically in [43]. A kind of weak definition of
the flow and its extension past singularities has been constructed by Moser
in [47] for smooth initial data.
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The challenging problem to construct a numerical scheme to approximate the
Willmore flow has attracted a lot of attention as well. Since the evolution
equation (10) is a quasi-linear with the leading fourth order term ∆H, one
might focus on the evolution with

V = −∆H

as an intermediate step. A surface evolution with such normal velocity is of
interest on its own and is referred to as the ’surface diffusion flow’. Chopp
and Sethian developed a numerical scheme to approximate this flow in [21].
Their approach is based on the level set formulation of the problem. An
extension of this results and an applications to the surface smoothing can
be found in [61]. A straightforward geometric approach has been proposed
by Mayer in [42]. Mayer and Simonett considered surface evolution in the
axially symmetric case. In [44] they suggested a numerical scheme for the
approximation of several types of surface evolutions assuming the above sym-
metry. In particular, approximations of the mean curvature, surface diffusion
and Willmore flows were constructed. Moreover, some numerical examples
in this work suggest that the Willmore flow can develop a singularity in finite
time. A numerical algorithm based on finite elements for the Willmore flow
in connection with the surface restoration was proposed in [22]. Another
recent result about the level-set formulation of the Willmore flow and the
finite element approach to the evolution can be found in [27].

In the paper [GH2] we propose a convolution-thresholding scheme to approx-
imate the Willmore flow. This technique is a popular tool when the need to
track a surface evolution arises. We refer to [34], [36], [58] and [GH1], where
the convolution-thresholding approximation to the evolutions governed by
the second order PDEs were constructed. Our idea to use this procedure in
the case of the Willmore flow is completely new.

Consider a compact subset C of R3 with a smooth boundary ∂C and a
convolution

M (t, x) = (χC ? ρt1/4) (x) , x ∈ R
3, (11)

where χC is the characteristic function of C, ρt1/4 (x) = ρ
(

|x|2 /
√
t
)

/t3/4

and ρ : [0,∞) 7→ [0,∞) is smooth with a compact support normalized by
∫

R3 ρdx = 1.

Pick a point p ∈ ∂C and calculate the value of M in this point. Taking t→ 0
expand M into a power series in t. Since ∂C is smooth and ρ is normalized,
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it is easy to see that M (0,p) = 1/2 and

M (t,p) − 1

2
= o (1) as t→ 0.

The next term in this expansion is of order t1/4 and is proportional to the
mean curvature H of ∂C at p. This fact was used to construct convolution
- thresholding approximations of the mean curvature flow [34], [28], [GH1].
The key observation that made it possible to construct such type of scheme
for the Willmore flow is that the third term in this expansion is proportional
to the expression (10). This leads to the following

Theorem 4. Suppose ∂C is smooth, p ∈ ∂C and v ∈ R, then the convolution
(11) has the following asymptotic expansion with respect to t at the point
O = p + Nvt

M (O) =
1

2
+ t1/4πN3

2
H +

+ t3/4 π

16

[

32N1v +N5

(

∆H + 2H
(

H2 −K
))]

+O
(

t5/4
)

. (12)

where H, K and ∆H are values of the mean curvature, the Gauss curvature
and the Laplace-Beltrami operator of the mean curvature of ∂C at p and
Ni =

∫ ∞
0
riρ (r2) dr .

Consider now a kernel with a scaled support ρat1/4 (0 < a ≤ 1) and the
corresponding convolution Ma = χC ? ρat1/4 . The main idea of our method is
to combine Ma (a < 1) and M1 so that only the third and the higher order
terms would be present. Suppose C is given, calculate M1 and Ma at each
point and set

C1 = T (t)C ≡
{

x ∈ R
3 : 2aM1 − 2Ma + 1 − a ≥ 0

}

.

Using Theorem 4 we have, ∂C1 = {p + vtN : p ∈ ∂C}, where

v =
a2N5

32N1

(

∆H + 2H
(

H2 −K
))

+O
(

t1/2
)

. (13)

This leads to the local in time and uniform in space convergence

∂

(

Tm

(

t

m

)

C

)

→ W (t) (∂C) as m→ ∞,

where by W (t) (∂C) we denote the Willmore evolution of the surface ∂C.
This convergence takes place as long as the surface W (t) (∂C) stays smooth
and embedded.
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The implementation of the scheme is exactly the same as in the case of the
generalized mean curvature evolution. The only exception is that in this
case values of the convolutions M1 and Ma have to be computed with higher
accuracy.

The results of numerical experiments with this scheme have motivated us
to consider the possibility for a Willmore evolution to be self-similar (ho-
mothetic). The investigation of this possibility is the subject of the paper
[G1].

4 Self-similar curvature and Willmore flows

Consider a round two dimensional sphere in R3. If we let it evolve by the
mean curvature, it would self-similarly shrink to a single point. A straight
cylinder {(x, y, z) : x2 + y2 = 1} would collapse into the z-axis under the
same circumstances. The same cylinder expands homothetically during the
Willmore evolution. These are simple examples of self-similar (homothetic)
evolutions that coincide with the mean curvature flow or with the Willmore
flow.

In the case of the curvature flow in the plane, self-similar solutions have been
considered in [1]. The authors obtained a class of closed curves that collapse
homothetically during the evolution by mean curvature. These curves play
certain role in the partial classification of singularities that appear during
the curvature flow in R

3 presented in [33].

In the paper [G1] we show, that one can construct a plenty of two dimensional
surfaces in R3 that would evolve homothetically during the mean curvature
or the Willmore flows. In the examples mentioned above the evolution either
encounters a singularity (sphere collapses to a single point) or originates from
a singular shape (expanding cylinder originates from a straight line). We
show, that this feature takes place for all self-similar curvature or Willmore
evolutions.

Consider an evolving surface Σ and its immersion s : Σ → R
3 into R

3. We let
this surface to evolve homothetically, i.e. at a time moment t the immersion
of this surface into R3 will be

s (t) = T (t)x (14)

where T (t) is some smooth scalar function describing scaling in time and
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x : Σ → R3 describes the preserved shape of the surface. In this case the
velocity of the surface along its normal is

V (s) = Ṫ (t)x · N (s) , (15)

where Ṫ (t) = d
dt
T (t) and (·) denotes the inner product in R3.

We seek for homothetic evolutions, therefore

Ṫ (t)x · N (s) = V (s) , (16)

where V (s) is given by V = W = − (∆H + 2H (H2 −K)) in the case of the
Willmore flow and by V = H in the case of the mean curvature flow. In
both cases after the separation of time and space variables we get equations
for the time function T (t) and for the shape x (u1, u2)

{

Ṫ (t)T (t) = A
Ax · N (x) = H (x)

(17)

for the mean curvature flow and
{

Ṫ (t)T 3 (t) = A
Ax · N (x) = −W (x)

(18)

for the Willmore flow, where the constant A is arbitrary. Moreover, the
equation for the time function can be solved explicitly in both cases yielding

T (t) = (1 +mAt)1/m ,

where m = 2 in the case of the mean curvature flow and m = 4 in the
case of the Willmore flow and we imposed a natural condition T (0) = 1.
For negative A, the parameterization s (t) develops a singularity at the time
moment t∗ = |mA|−1. In the case of Willmore flow, this choice of the constant
A leads to a new result: an embedded surface develops a singularity in finite
time. For a positive value of A the time multiplier vanishes at a time moment
t∗ = − |mA|−1. In this case the corresponding evolution is initially singular.

The equations for the shape function x in (17) and (18) are treated in the
cases of rotational and translational symmetries. By doing so, we reduce the
corresponding PDE to a system of ODEs. The shapes of the surfaces are
obtained by numerical solution of these systems of ODEs.

We classify shrinking (A < 0) homothetic curvature flows in R2 and give
numerical examples of such flows. They correspond evidently to flows with
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Figure 2: Willmore evolution of a double cone.

translational symmetry in R3. In this part of the paper we reproduce and
provide an alternative elementary prove to one of the results in [1]. We also
give numerical examples of axisymmetrical shrinking homothetic curvature
flows in R3 that has not been considered before.

Our consideration of expanding (A > 0) homothetic curvature flows is new.
In the case of translational symmetry we obtain the curvature evolution of
the arbitrary angle of two half-planes. By solving the equation (17) in the
case of axial symmetry we get the curvature evolution of non-symmetrical
double cones.

Our study of homothetic Willmore flows is completely new. In the case
of the shrinking (A < 0) Willmore flow we find a family of translationally
symmetrical surfaces that tend to an angle of two half-planes in finite time.
In the case of axial symmetry we get non-trivial surfaces that shrink to a
point via a homothetic Willmore evolution.

Studying the expanding self-similar Willmore evolutions (A > 0) we find two
qualitatively different types of shapes x: bounded and unbounded ones. The
unbounded x come from the Willmore evolution starting from an angle of
two half-planes or from a double cone (see Figure 2). Bounded x constructed
here are homeomorphic to cylinder in the case of translational symmetry
and are homeomorphic to sphere in the case of axial symmetry but are quite
complicated.
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5 Approximation of the Boltzmann equation

The classical Boltzmann equation [18] for a dilute gas of particles reads as

∂f

∂t
+ v · ∇xf = Q(f, f), (19)

where f = f(t,x,v), f : R+ × Ω × R3 → R+, Ω ⊂ R3, and the function f
describes the time evolution of particles which move with velocity v in the
position x at time t. We consider the case of potentials with cut off when
the collision operator Q(f, f) can be decomposed into the gain and the loss
terms

Q(f, f)(v) = Q+(f, f)(v) −Q−(f, f)(v), (20)

where the gain term is

Q+(f, f)(v) =

∫

R3

∫

S2

B(|u| , θ)f(v − 1

2
(u− |u|ω))f(v − 1

2
(u + |u|ω) dω du

(21)
and the loss term is

Q−(f, f)(v) = f(v)q−(f)(v) (22)

with q− denoting the collision frequency

q−(f)(v) =

∫

R3

f(v − u)

∫

S2

B(|u| , θ) dω du.

The kernel B(|u| , θ) contains the information about the binary interactions
between particles and reflects the physical properties of the model. Moreover
θ is the angle between u and ω.

The main problem for the efficient numerical computations with the Boltz-
mann equation is a proper approximation of the collision operator Q(f, f).

Space dependent problems have an additional complication, that the process
of collisions described by the operator Q(f, f) and the collisionless transport
of particles are weakly coupled in the Boltzmann equations. This fact leads
to bad compactness and regularity properties of solutions and to certain
problems for both theoretical and numerical treatment of the Boltzmann
equation [26].

The numerical solution of the Boltzmann equation is difficult due to the non-
linearity of the collision integral, the large number of independent variables
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and the complicated integration over the sphere S2 in the operator Q(f, f).
Particular symmetries of the collision operator imply the conservation laws
of mass, momentum and energy that in turn cause important connections
between the Boltzmann equation and the equations of classical gas dynam-
ics.

The analytical structure of Q(f, f) implies that a straightforward computa-
tion of the collision integral by a standard quadrature has the computational
cost N3

v for Nv points representing states of a gas in the velocity space. We
point out that this is the cost of computations just in for point x in physical
space for a space inhomogeneous problem.

Consequently the major part of practical applied computations concerning
the Boltzmann equation is based on different variants of the probabilistic
Monte Carlo methods. Monte Carlo methods are advantageous for many
high dimensional problems in physics, giving realistic and meaningful results
with low computational cost proportional to the number of particles (points)
representing the system. On the other hand getting high precision results
by Monte Carlo methods requires a longer computational time and for the
number Ntr of stochastic trajectories the convergence order is 1√

Ntr
. We refer

to the direct simulation method (DSMC) by Bird [9] and to variants of Monte
Carlo method for the Boltzmann equation by Nanbu [48] and Babovsky [4].

Development of deterministic methods for the Boltzmann equation is usually
motivated, see [55], [50] by the desire of higher precision results, and by the
presence of situations (low Knudsen numbers, slow convection flows) when
probabilistic methods are not effective enough. Also not at the last place
in the motivation of studies in this direction one finds the mathematical
challenge of the problem itself.

Historically so called discrete velocity models (DVM) with uniform cubic grid
of velocities were the first example of a deterministic numerical approach de-
signed specially for the Boltzmann equation, starting from [31]. Later several
different ideas led to other types of models all satisfying exact conservation
laws in the discrete form [57], [15], [53]. Also rigorous consistency and con-
vergence results for such models were proved [52], [46], [53].

Let n denote the number of points along one coordinate direction in this
uniform velocity grid. All these DVM methods have high n7 computational
cost and have also a disadvantage that the integration over the sphere S2

of the possible outputs of collisions in Q(f, f) is approximated with low
precision of order 1/

√
n [52]. In the case of the alternative so called Carleman
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formulation for Q(f, f) this integration is substituted by the integration over
some arbitrarily oriented planes with the same approximation problems [53].
It happens because only a small number of points from the uniform cubic grid
meets spheres and arbitrarily oriented planes and these points are distributed
not uniformly.

The Kyoto group in kinetic theory developed a family of finite difference
methods for the Boltzmann equation, linearized Boltzmann equation, and
BGK equation and investigated numerically many mostly stationary prob-
lems [50],[38]. These computations demonstrate precise results but they are
very time and memory consuming.

The simpler structure of the Boltzmann collision operator in the case of
Maxwell pseudo-molecules, by applying Fourier transform lets to reduce the
collision operator to an expression with smaller dimension of the integration
[11]. Using this reduction and Fast Fourier Transform (FFT) led authors in
[30] and [10] to a fast deterministic method restricted to so called Maxwell
pseudo-molecules and having low computational cost N 4 but still low accu-
racy 1/

√
N . Here N is the number of Fourier modes along one coordinate

direction. Another method designed for the model of hard spheres and also
using FFT was suggested in [12] and has computational cost N 6 logN and a
higher accuracy of order 1/N 2.

A general spectral method based on the restriction of the solution to the
Boltzmann equation to a finite domain and on the representation of solutions
by Fourier series was suggested in [54], and developed further in [55]. This
method has an advantage of high spectral accuracy for smooth solutions to
the Boltzmann equation and complexity N 6.

Any effort to develop a deterministic scheme for the boundary value problems
for the Boltzmann equation, includes as a necessary step computation of the
collision operator for distribution functions typical for flows with boundaries.
A distribution function for a gas close to the boundary with a different tem-
perature has a discontinuity along a plane. One observes easily that in a
collisionless flow around a body the distribution function has a discontinuity
in velocity space along a cone like surface that is built of the contour of the
body seen from the point of observation. Computations done by the Kyoto
kinetic group show that typical distribution functions for flows around a body
have actually a similar discontinuity for a wide spectrum of Knudsen num-
bers [60]. It means that solutions to a boundary value problem are typically
not smooth and Fourier based spectral approximations for them loose accu-
racy. The Gibbs phenomenon makes an alternative way of approximation
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necessary for such solutions.

The main purpose of the paper [HKG] is to overcome the above mentioned
difficulties with deterministic numerical methods for the Boltzmann equation
and to develop a fast numerical method effective for problems with discon-
tinuous solutions.

One of the main ideas of the paper is based on the classical result that the gain
term Q+(f, f) in the collision operator has certain smoothing properties [41],
[62]. One can illustrate this fact by the graph of Q+(f, f) for a discontinuous
function, see Figure 3. Collision frequency q−(f) is also a smooth function.

The main difficulty for computation of Q(f, f) is the gain term Q+(f, f). It
can be represented as a kind of bilinear pseudodifferential operator

Q+(f, f)(v) = F−1
l (v)F−1

m (v)
[

f̂lf̂mB̂(l,m)
]

, (23)

with symbol B̂(l,m):

B̂(l,m) =

∫

R3

∫

S2

B(|u| , θ)e2πı( l+m

2
,u)e2πı|u|(m−l

2
,ω) dωdu. (24)

Here f̂m is the Fourier transform of the distribution function f(v) and F−1
m (v)

is the inverse Fourier transform. Using this fact and the above mentioned
regularity of Q+(f, f), one can compute Q+(f, f) effectively in the case one
can compute f̂m fast for some not very large domain of frequencies m.

The last task is nontrivial because the solutions f we are looking for are
non-regular and using the standard FFT is prohibitively inefficient.

We introduce in an approximation scheme that can efficiently handle so-
lutions to the Boltzmann equations discontinuous in velocity space. It is
based on a new method for approximation of the Boltzmann collision oper-
ator and solutions using non-uniform grids in velocity space. We illustrate
the method by examples of space homogenious evolution solutions to the
Boltzmann equation for different discontinuous initial distribution functions
typical for boundary value problems.

The combination of the following techniques make input to its computational
efficiency:

i) Fourier based spectral representation of the gain part of collision operator
as a bilinear pseudodifferential operator excluding effectively the integration
over the sphere S2 from the computations of Q(f, f).
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Figure 3: A distribution function f with discontinuity and the corresponding
gain term Q+(f, f)
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ii) effective resolution of discontinuities of solutions using an adaptive grid

iii) high precision spectral representation for the smooth terms Q+(f, f) and
q−(f) in the Boltzmann equation

iv) application of an approximate Fast Fourier Transform on non-uniform grid
by Beylkin [8] for fast computation of the gain term Q+(f, f) and collision
frequency q−(f) for f defined on an adaptive non-uniform grid.

v) an approximate algebraic decomposition of the symbol B̂(l,m) in the
bilinear pseudodifferential expression for the gain term Q+(f, f).

The novelty of [HKG] consists in creating a robust deterministic numerical
method that in a flexible way uses specific convolution structure of Boltz-
manns collision operator and at the same time recovers singularities of solu-
tions typical for the boundary value problems. These two points contradict
each other to some extend and it is a key technical point in the paper.

• The general idea to combine a spectral representation for smooth terms in
the Boltzmann equation with approximation of the discontinuous solution f
on and adaptive grid is completely new.

• Among mentioned above key points in the method i) and ii) were known
before, iii), iv), v) vi) are new for the Boltzmann equation.

• The computational cost of the numerical approximation of the collision
operator is O(p3Nv) + O(σN6 logN). Here Nv is the number of collocation
points in velocity space, σ is a small number and 3 < p < 7, depending on
the required accuracy.

We point out that the computational cost consists of two parts. The first
one depends on the approximation of the discontinuous solution and increases
linearly with the number Nv of points in the adaptive velocity grid. Another
part depends on the approximation of the smooth terms in the equation.
Here N is the number of Fourier modes along one coordinate direction nec-
essary for approximating smooth terms in the Boltzmann equation that is
moderate, It implies that the suggested deterministic method for comput-
ing the Boltzmann collision operator seems to be considerably more effective
than previous ones.

• The suggested method is the only one known that within a “fast Fourier
framework” works for discontinuous solutions to the Boltzmann equation.
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A convolution-thresholding approximation of

generalized curvature flows

Ricards Grzibovskis ∗ Alexei Heintz†

Abstract

We construct a convolution-thresholding approximation scheme for
the geometric surface evolution in the case when the velocity of the
surface at each point is a given function of the mean curvature. Con-
ditions for the monotonicity of the scheme are found and the conver-
gence of the approximations to the corresponding viscosity solution is
proved. We also discuss some aspects of the numerical implementation
of such schemes and present several numerical results.

Keywords: generalized curvature flow, convolution-thresholding scheme,
viscosity solution, level-set equation

AMS Subject classification: 65M12, 53C44, (49L25, 35K55)

1 Introduction

Curvature flows of different types were during last 20 years and still are a
popular topic both in pure and applied mathematics. By curvature flow we
mean a family {Γt}t≥0 of hyper-surfaces in Rn depending on time t with
local normal velocity equal to the mean curvature or a function of it for
generalized curvature flows. The mean curvature in turn denotes here the
sum of principal curvatures.
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In the three dimensional case a smooth initial surface can develop singular-
ities after some finite time. There have been several successful attempts to
deal with singularities and topological complications: the varifold approach
([7], [2]), the phase field method ([14], [8]) and the level-set method. This
approach was suggested in the physical literature [26] and was extensively
developed for numerical purposes by Osher and Sethian [27]. The main idea
of this method is to evolve some continuous function u : [0,∞) × Rn 7→ R

in such way that Γt ⊂ R
n would always be a level-set of u (x, t) i.e. Γt =

{x ∈ Rn : u (x, t) = 0} ∀t ≥ 0. In the case of the mean curvature flow the
evolution equation for u turns out to be

ut = |Du|div

(

Du

|Du|

)

. (1)

The evolution equation for a function u with each point of a level-set mov-
ing along the normal with velocity equal to some function G of the mean
curvature is, so called generalized mean curvature evolution PDE

ut = |Du|G
(

div

(

Du

|Du|

))

. (2)

These equation are degenerate parabolic. The existence and uniqueness of
generalized viscosity solutions (see [12]) to the initial value problem

{

ut = |Du|G
(

div
(

Du
|Du|

))

in R
n × (0, T )

u = g (x) ∈ BUC (Rn) on R
n × {0} .

(3)

was investigated in [17], [11], [22].

Curvature flows arise naturally in various problems. Among these are fast
reaction-slow diffusion problem ([29], [4], [16], [19]) and image processing [1].

In the present work we construct a class of approximations of a convolution
- thresholding type to the generalized curvature flows. By this we mean
the following. Assume, that initially the surface under consideration is a
boundary of a compact set C ∈ Rn. Take compactly supported functions
ρ̃i : R+ 7−→ R+ i = 1, 2 (in fact, one can also take ρ̃i with unbounded
support decreasing fast for large x). We define ρi : Rn 7→ R+,

ρi (x) =
1

hn/2
ρ̃i

(

|x| /
√
h
)

and introduce a convolution

Mi (C) (x, h) =

∫

Rn

χC (y) ρi (x− y) dy.
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Now Mi (C) (x, h) are functions of x, and we define a new position of the
surface as a boundary of the set

HhC = {x ∈ R
n : F (M1 (C) (x, h) ,M2 (C) (x, h)) ≥ 0} , (4)

where F is some (thresholding) function. Next we follow Evans [15] and
introduce an operator on the space of bounded functions B (Rn): H (h) :
B (Rn) 7→ B (Rn) by

[H (h) u] (x) = sup {λ ∈ R : x ∈ Hh [u ≥ λ]} . (5)

The purpose of the present study is for a given function G in (3), to find a
corresponding thresholding function F in (4), so that H (t/m)m g (x) would
converge to the unique viscosity solution of (3) as m→ ∞.

Such function in case when G is linear was proposed by Merriman, Bence and
Osher in [25]. This result is often referred to as the ”Bence-Merriman-Osher
method”. Rigorous proofs of the convergence of such approximations can be
found in [15], [20] and [3]. In this case it is enough to take a thresholding
function depending only on one convolution.

Suppose, that G is non-linear. As we show in Section 3, in this case one has
to use two convolutions M1 and M2 and a thresholding function depending
on two variables F (M1,M2). This is necessary to ensure that the operator H
is consistent with the PDE in (3). We also show, how to choose convolution
kernels in order to get a monotone H. These two conditions - monotonicity
and consistency - are crucial for the convergence.

Using our approach we also suggest a new construction of higher order
schemes for the classical curvature flows. The numerical experiments with
these schemes show a considerable improvement in the accuracy.

Finite difference approximations for (3) have been studied in [27], [31], [13].

Another class of approximation operators, so called Matheron filters, comes
from the image processing. The connection between such operators and the
mean curvature evolution PDE (2) was established in [10]. This result was
then extended in [18] and [9].

Threshold dynamics models, introduced earlier in [21], lead to approxima-
tions of the solution of the Cauchy problem to a nonlinear parabolic equation,
where the right hand side can be interpreted as a general elliptic operator on
a level set of the solution. This is a generalization of the curvature flow, but
it does not entirely include (3) as a special case.
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Another generalization of the Bence-Merriman-Osher method can be found
in [23]. The author suggests an approximation procedure that allows tracking
the surface evolution when the velocity of the surface depends also on the
coordinates. The convergence of this approximations is also proved.

Kinetic motivation. The following kinetic approximation scheme can ser-
ve as a useful physical interpretation of the more general convolution - thresh-
olding approximation methods for generalised curvature flows that we suggest
in the present paper. This kinetic approximation is similar to the phase field
approach but is more flexible.

Let f (t, x, ξ) with ξ ∈ Rn be the distribution function having the sense of the
amount of particles in the volume dxdv. The function u (t, x) =

∫

f (t, x, ξ) dξ
has the sense of the mean density of the gas with distribution function f at
position x at time t. General mean values like M (t, x) =

∫

f (t, x, ξ)λ (ξ) dξ
with a weight function λ (ξ) ≥ 0 are traditionally interpreted as macro pa-
rameters for a gas with the distribution function f .

We consider the following BGK type model kinetic equation for f (t, x, ξ)
with collision term consisting of two qualitatively different terms

∂f

∂t
+ ξ∇xf =

1

Kn
(uρ (ξ) − f) +

1

γ
f (ξ)G (u,M) . (6)

The first one is a usual relaxation term with normalised ”Maxwellian” dis-
tribution ρ (ξ),

∫

ρ (ξ) dξ = 1. The second term describes a kind of chemical
reaction that generates particles or eliminate them depending on the values
of the density u (t, x) and possibly of some other macroparameter M (t, x).
The relaxation term makes f tend to a local equilibrium u (t, x) ρ (ξ).

The choice of the function G(ρ,M, ) determines qualitative properties of so-
lutions.

A standard method for solving an equation of kinetic type is the splitting
method. Instead of solving equation (6) one can sequentially solve on small
time steps ∆t the following simpler equations having a clear physical mean-
ing:

∂f1

∂t
+ ∇xξf1 = 0, − collisionless flow,

f1|t=0 = F0;

∂f2

∂t
=

1

γ
f2(ξ) ·G(u,M), − chemical reaction (7)
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f2|t=∆t = f1(∆t);

∂f3

∂t
=

1

Kn
(uρ(ξ) − f3), − relaxation

f3|t=2∆t = f2(2∆t);

where the macro parameters u, M ingoing in the equations are calculated for
the actual approximation, correspondingly f1, f2 , f3.

The first step means that the initial data F0 (x, ξ) are transported from each
point x0 ∈ Rn along the collisionless paths x = x0 + tξ to the points x =
x0 + ∆tξ. The resulting distribution function f1 (∆t, x, ξ) differs much from
the locally equilibrium u (∆t, x) ρ (ξ) function.

We choose parameters γ and Kn small in comparison with ∆t. The solutions
of the second and the third equations of the splitting scheme will be after the
time ∆t close to stationary solutions corresponding to zeroes of operators in
the right hand sides of these equations. These zeroes determine geometrical
properties and the character of the whole process.

Zeroes of the linear operator (uρ (ξ) − f) are evidently all functions of the
form u (x) ρ (ξ). We still do not concretize the function ρ (ξ). The only
requirement is the existence of moments of high enough order. Depending
on what kind of surface dynamics we want to model we will impose more
concrete conditions.

The integration of (7) with respect to ξ with weights 1 and λ (ξ) gives the
equations

∂u

∂t
=

1

γ
uG (u,M)

∂M

∂t
=

1

γ
MG (u,M)

We choose the chemical reaction term G (u,M) such that this system of dif-
ferential equations has two stable stationary points (u1,M1) and (u2 ,M2) in
the plane of macro parameters and one unstable stationary manifold deter-
mined by the equation F (u,M) = 0 .

For γ << 1 the u (t, x) and M (t, x) reach after the finite time ∆t one of the
stationary states depending on the initial data at the point x . This process
leads to the formation of two sets with constant density values u1 and u2,
and an interface set Γ that we shell use for the approximation of generalised
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curvature flows. One can observe from here that only the thresholding func-
tion F (u,M) is important for our approximations. Details of the chemical
reaction term do not play any role for our scheme.

At the third step of the splitting method the distribution function evolves
independently at all space points x tending to a locally equilibrium stage of
the form u (x)M (ξ) depending on x only via the density u (x) . If the pa-
rameter Kn << 1 this convergence to equilibrium is fast and the equilibrium
is achieved after the time ∆t . Now we apply this procedure to particular
initial data for modeling surface dynamics.

Consider the family Γ (t) of surfaces with initial state Γ (0) such that Γ (0) =
∂C0 is a boundary for a compact set C0 . We use here the notation t = ∆t .

Take the initial distribution function f1 (0, x, ξ) = F0 (x, ξ) in the form

F0 (x, ξ) = u0 · ρ (ξ) ,

where u0 is the characteristic function of the set C0 times the equilibrium
distribution ρ (ξ). Moments of different orders of the function f1 (t, x, ξ) play
a crucial role in the construction of our approximations to the differential
characteristics of the surface Γ (t) .

We require here that the function ρ (ξ) is non negative, dependent only on
|ξ| and has enough many moments.

We consider the function f1 (∆t, x, ξ) and corresponding values of mean val-
ues u , M .

u1 (t, x) =

∫

Rn

u0 (x− tξ) ρ (ξ) dξ

The change of variables y = x− tξ gives

u1 (t, x) =

∫

Rn

u0 (y)
1

tn
ρ ((x− y) /t) dy = u0 ∗mt (x) (8)

namely that the function u1 (x) is a convolution of the initial density u0 with
the function mt (y) = 1

tn
ρ (y/t).

The same proof shows similar convolution formulas for any weight λ (ξ) with
mλ (y) = 1

tn
λ (y/t) ρ (y/t) :

Mλ (t, x) =

∫

Rn

ρ0 (x− tξ)λ (ξ) ρ (ξ) dξ =

6



=

∫

Rn

ρ0 (y)λ ((x− y) /t)
1

tn
ρ ((x− y) /t) dy =

= (ρ0 ∗mλ,t) (x)

with mλ,t = λ (y/t) · 1

tn
ρ (y/t) .

The result f3 (3∆t, x, ξ) after the chemical reactions step and the relaxation
step has the form f3 (3∆t, x, ξ) = u3 (x) ρ (ξ) where u3 is a characteristic
function of a compact domain bounded by the surface where the thresholding
function F (u,M) = 0.

We see that the kinetic splitting scheme generates a kind of convolution
thresholding dynamics of surfaces with thresholding depending on two (or
more) convolutions. The simpler example given at the beginning of the sec-
tion is reproduced if we choose chemical reactions G = G (u) depending only
on the density u of the gas and take the time scaling t =

√
h.

Outline This paper is organized as follows. After introducing the basic
notions and stating some results for viscosity solutions in Section 2, we turn
to our method of approximation for such solutions. In Section 3, where we
construct F in order to get the convergence of the convolution-thresholding
approximation to the viscosity solution of (3) with a monotone continuous
function G. This is the main result of the paper. More precisely, the following
local uniform convergence is proved

((H (t/m))m g) (x) → u (x, t) , m→ ∞,

where H defined by (5) and u (x, t) is the viscosity solution of (3).

We use this construction for numerical calculation for some cases of the gen-
eralized curvature flows in R2 and R3. Numerical results and two approaches
to the implementation are described in Section 4.

2 The viscosity solution framework

Consider the non-linear equation (2) on an open set Ω× (0, T ) with function
G continuous and nondecreasing. This is the second order equation with
right hand side that is monotonic and degenerate elliptic (see [12]) provided
that G is nondecreasing and Du 6= 0.Viscosity solution to (2) was defined
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by Evans and Spruck in [17] and by Chen, Giga and Goto in [11]. In our
presentation we will use a somewhat more general definition of viscosity
solutions introduced by Ishii and Souganidis in [22] to allow a wider class of
functions G in (2). For general degenerate elliptic equation

ut + G
(

Du,D2u
)

= 0 (9)

they introduce a special class of test functions and adapt the definition of
viscosity solution for possible singularities of the right hand side. Represen-
tation of (3) in the form of (9) gives

G(p,X) = −|p|G
(

1

|p|tr
((

I − p⊗ p

|p|2
)

X

))

.

Let us begin by introducing an auxiliary subclass of C2 ([0,∞)). We say that
f : [0,∞) 7→ R lies in F ⊂ C2 if f (0) = f ′ (0) = f ′′ (0) = 0, f ′′ (r) > 0 for
r > 0 and the following limits hold

lim
f ′ (|p|)
|p| G (p, I) = lim

f ′ (|p|)
|p| G (p,−I) = 0.

As was shown in [22], this set of functions is a non-empty cone, provided that
the right hand side lies in C ((Rn\ {0}) × S (n)). The class of test functions
A (G) depends on G and is defined as follows.

Definition 1. A function φ is admissible if it is in C2 (Rn × (0, T )) and for
each ź =

(

x́, t́
)

where Dφ (ź) = 0, there is δ > 0, f ∈ F and ω ∈ C ([0,∞))
such that ω = o (r) and for all (x, t) ∈ B (ź, δ)

∣

∣φ (x, t) − φ (ź) − φt (ź)
(

t− t́
)
∣

∣ ≤ f (|x− x́|) + ω
(
∣

∣t− t́
∣

∣

)

.

Let us also denote by u∗ and u∗ the upper and lower semi-continuous en-
velopes of u:

u∗ (x, t) = lim sup
(y,s)→(x,t)

u (y, s) , u∗ (x, t) = lim inf
(y,s)→(x,t)

u (y, s)

The definition of viscosity solution becomes

Definition 2. Take an open set Õ ⊂ Rn and O = Õ × (0, T ). u : O ⊂
Rn × (0, T ) 7→ R ∪ {−∞} is a viscosity subsolution (supersolution) of (2)
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in an open O if u∗ < ∞ (u∗ > −∞) and for all φ ∈ A (G) and all local
maximum (minimum) points (z0, t0) of u∗ − φ (u∗ − φ),







φt (z0, t0) ≤ (≥) |Dφ (z0, t0)|G
(

div
Dφ (z0, t0)

|Dφ (z0, t0)|

)

if Dφ (z) 6= 0

φt (z0, t0) ≤ (≥)0 otherwise.

Consequently, a viscosity solution is a function that is sub- and supersolution
simultaneously.

The result by Ishii and Souganidis presented in [22] can be restated in terms
of the level-set equation (see [28]) as follows:

Theorem 1. Assume, that G is continuous and nondecreasing. Then the ini-
tial value problem (3) has a unique viscosity solution u ∈ BUC (Rn × (0, T )) .

In what follows, we also use another result by Ishii and Souganidis [22] con-
cerning locally uniform perturbations of the right hand side of the equation.
One can restate this result in the case of (2) as follows (see [28]):

Theorem 2. Assume, that G is continuous and nondecreasing. Suppose
also, that {Gm}∞1 is a sequence of continuous, nondecreasing functions on R

and Gm → G locally uniformly. Let for any m, F (G) ⊂ F (Gm) and for any
f ∈ F (G),

lim inf
p→, m→∞

f ′ (|p|)Gm (1/p) ≥ 0

(resp. lim sup
p7→0, m→∞

f ′ (|p|)Gm (−1/p) ≤ 0)

Let um be a subsolution (resp. supersolution) of

∂um

∂t
= |Dum|Gm

(

div
Dum

|Dum|

)

in O.

Then

u+ (z) = lim sup
r 7→0

{um (y) , |y − z| ≤ r, m > 1/m} (10)

(resp.u+ (z) = lim inf
r→0

{um (y) , |y − z| ≤ r, m > 1/m}) (11)

is a subsolution (resp. supersolution) of (2) in O provided that u+ < ∞
(resp. u+ > −∞).
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3 A convolution-thresholding method for a

generalized curvature flow

3.1 Convergence of approximation schemes

Here we make use of a theorem by Barles and Souganidis proved in [5].
In order to base the proof of our main result on this theorem, we follow
Pasquignon [28] and restate it in terms of the equation (2).

Let H (h) be the approximation operator i.e.

uh (x, (n+ 1)h) = H (h) uh (x, nh) = H (h)n+1 u0 (x) ,

uh (x, 0) = u0 (x) .

Definition 3.

1. Consistency
An approximation operator H (h) , h > 0 is consistent with (2) if for
any φ ∈ C∞ (

Ω̄
)

and for any x ∈ Ω̄, the following holds,

(H (h)φ) (x) − φ (x)

h
= |Dφ|G

(

div
Du

|Du|

)

+ ox (1) for Dφ 6= 0. (12)

If the convergence of ox (1) is locally uniform on sets, where Du 6= 0,
then H (h) is said to be uniformly consistent with the PDE.

2. Monotonicity
An operator H (h) , h > 0 is locally monotone if there exists r > 0 such
that for any functions u (y) , v (y) ∈ B

(

Ω̄
)

with u ≥ v on B (x, r) \ {x},
the following holds

H (h)u (y) ≥ H (h) v (y) + o (h) ,

where the convergence of o (h) is uniform on B (x, r) \ {x}

3. Stability
An approximation scheme H (h) is stable if H (h)n u ∈ B

(

Ω̄
)

for every
u ∈ B

(

Ω̄
)

, n ∈ N, h > 0, with bound independent of h and n.

In this setting the result of Barles and Souganidis reads:
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Theorem 3. Consider a monotone, stable approximation operator H (h)
that commutes with additions of constants ( i.e H (h) (u+ C) = H (h)u +
C, ∀C ∈ R ) and is uniformly consistent with (2). Suppose also, that

lim
h→0

H (h) (f (|x− x0|)) (x0)

h
= 0 (13)

for any f ∈ F (G). Then uh (x, nh) converges locally uniformly to the unique
viscosity solution u (x, t) of (2) as nh 7→ t.

3.2 Properties of H

We consider a convolution generated motion of a hypersurface in Rn defined
by (4) and the corresponding evolution of an initially bounded function g :
Rn 7→ R defined by (5). Consider also the initial value problem (3) with
given G and g. We are looking for such a thresholding function F in (4),
thatHm

t/mg (x) would converge (in some sense) to the unique viscosity solution

of (3).

For example, set F (M1,M2) = M1 − 1/2 and ρ̃1 (x) = 1

(4π)n/2 e
−x2/4 to get

corresponding operators Hh and H (h) by (4) and (5). Then we get the
Bence-Merriman-Osher procedure to which the main result of [15] applies,
and H (h)n u0 converges locally uniformly to the unique viscosity solution of
(3) with G (k) = k.

We will see that, in fact, one has to use two convolutions M1 and M2 with
different kernels and construct a thresholding function depending on two
variables respectively to resolve this problem when G is not linear.

Let us now consider an operator H (h) defined by (5) with the help of an
operator Hh with an arbitrary thresholding function (4). We look for re-
quirements on F sufficient to fulfill the conditions of Theorem 3.

Stability
Suppose u (x) ∈ B (Rn). We shell show, that H (h) u ∈ B (Rn). Intuitively,
we require

HhR
n = R

n, (14)

Hh∅ = ∅, (15)

and denote A = max |u|. With these settings [u ≤ A] = Rn and

−A ≤ H (h)u (x) = inf {λ ∈ R : x ∈ Hh [u ≤ λ]} ≤ A.
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It remains to find out for which F the conditions (14) and (15) are satisfied.
To do this, we substitute the corresponding sets into the definition of H

HhR
n = {x ∈ R

n : F (M1R
n (x, h) ,M2R

n (x, h)) ≥ 0} =

=

{

x ∈ R
n : F

(
∫

Rn

ρ1dx,

∫

Rn

ρ2dx

)

≥ 0

}

= R
n

Hh∅ = {x ∈ R
n : F (M1∅ (x, h) ,M2∅ (x, h)) ≥ 0} =

= {x ∈ R
n : F (0, 0) ≥ 0} = ∅.

Thus, the requirements on F become

F

(
∫

Rn

ρ1dx,

∫

Rn

ρ2dx

)

≥ 0,

F (0, 0) < 0.

Monotonicity
Let us now show, that if Hh satisfies the so called inclusion principle, then
Hh is monotonous.

Lemma 1. Assume, that Hh satisfies the inclusion principle i.e.

∀C1, C2 ⊆ R
n : C1 ⊆ C2 we have HhC1 ⊆ HhC2, (16)

then Hh is monotone, that is

∀u, v ∈ C (Rn) : v ≤ u we have Hh (v) ≤ Hh (u) .

Proof. Suppose, there exists x0 s.t. H (h)u (x0) < H (h) v (x0). We denote
λ1 = H (h) u (x0) , λ2 = H (h) v (x0) and ε = λ2−λ1

2
> 0. Since

λ1 + ε < inf {λ ∈ R : x0 ∈ Hh [v ≤ λ]} ,

x0 /∈ Hh [v ≤ λ1 + ε], but

Hh [v ≤ λ1 + ε] ⊇ Hh [u ≤ λ1 + ε] .

Therefore x0 /∈ Hh [u ≤ λ1 + ε], which is in contradiction with the definition
of λ1.

Consistency
We sum up some calculations in the following
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Lemma 2. Let φ ∈ C∞ (Rn) φ (0) = 0 and Dφ (0) = (0, 0, . . . , β). Then the
consistency of an operator H (h) with (3) is equivalent to

γ (h, 0) = hG (−∆γ (h, 0)) + o (h) , (17)

where ∆γ (h, 0) =
∑n−1

i=1 ∂
2γ/∂x2

i (0) and xn = γ (h, x́) is a parameterization
of the surface

{x ∈ R
n : φ (x) = H (h)φ (0)}

near x́ = 0.

We observe that in these settings −∆γ (h, 0) ≡ k is the mean curvature of
the graph of γ at the point (0, γ (h, 0)).

Proof. Without loss of generality, one can consider the consistency condition
(12) only for φ as in the statement. We rewrite (12) in a more convenient
form

(H (h)φ) (0) = h |Dφ (0)|G
(

div
Dφ

|Dφ| (0)

)

+ o (h) . (18)

We use the equality

div

(

Dφ

|Dφ|

)

=
1

|Dφ|

n
∑

i,j=1

(

δi,j −
φxi

φxj

|Dφ|2
)

φxixj
.

Since φ (0) = 0 and φxi
(0) = δniβ,

div
Dφ

|Dφ|

∣

∣

∣

∣

x=0

=
1

β

[

n
∑

i=1

φxixi
(0) − φxn (0)φxn (0)

β2
φxnxn (0)

]

=

=
1

β
∆

′
φ (0) . (19)

Here ∆
′
φ =

∑n−1
i=1 φxixi

. Our next step is to take small x́, namely |x́| < Rh.
For such x́ we apply the inverse function theorem to φ,

H (h)φ (0) = φ (x́, γ (h, x́)) = φ (0) + βγ (h, 0) +O
(

h2
)

. (20)

Putting (20) and (19) into (18) we get

γ (h, 0) = hG

(

1

β
∆

′
φ (0)

)

+ o (h) . (21)
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Furthermore, differentiating both sides of H (h)φ (0) = φ (x́, γ (h, x́)) gives

φxi
+ φxnγxi

= 0

φxixj
+ φxixnγxj

+ φxnxj
γxi

+ φxnxnγxj
γxi

+ φxnγxixj
= 0

for j, i = 1, . . . , n − 1. We deduce γxi
(h, 0) = 0 from the first equality and

rewrite the second one for i = j

φxjxj
(0) + φxn (0) γxjxj

(h, 0) = 0.

After a summation over j this becomes

1

β
∆

′
φ (0) = −∆γ (h, 0) .

It remains to put this relation into (21) to get the desired equality (17).

3.3 The convergence result for general G

In this subsection we construct the thresholding function F (M1,M2) and
show that the corresponding convolution thresholding scheme (4), (5) con-
verges to the viscosity solution u (x, t) of (3)

Hm
t
m
g (x) → u (x, t) as m→ ∞.

We start with F (M1C (x, h) ,M2C (x, h)), where

MiC (x, h) =

∫

C

ρi (x− y) dy.

For each ρi we expand this integral into the power series in h (see (30)), i.e.

Mi [φ ≤ H (h)φ (0)] (0, h) = Ai +
√
hvCi +

√
h∆γ (h, 0)Bi +O

(

h3/2
)

, (22)

where

Ai =

∫

Rn−1

∫ 0

−∞
ρi (|y|) dyndý (23)

Bi =
1

2

∫

Rn−1

y2
kρi (ý, 0) dý, (24)

Ci =

∫

Rn−1

ρi (ý, 0) dý (25)
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and i = 1, 2. This is a system of linear algebraic equations for ∆γ (h, 0) and
v. We choose the kernels so, that the determinant of this system is positive

D = C1B2 − C2B1 > 0,

denote Ni = Mi [φ ≤ H (h)φ (0)] (0, h) − Ai and write the solution

v =
γ (h, 0)

h
=

1√
h

N1B2 −N2B1

C1B2 − C2B1

+O (h) ,

∆γ (h, 0) =
1√
h

N2C1 −N1C2

C1B2 − C2B1
+O (h) .

Lemma 2 implies that the operator H is consistent with the PDE in (3) if
we take

F (N1, N2) = v −G (−∆γ (h, 0)) =

=
1√
h

N1B2 −N2B1

D
−G

(

1√
h

N1C2 −N2C1

D

)

. (26)

In the case of thresholding function of one variable, the inclusion principle
(16) holds for H when F is nondecreasing. In the case of two variables we
require

∂F

∂N1

=
B2

D
− C2

D
G

′ ≥ 0, (27)

∂F

∂N2

= −B1

D
+
C1

D
G

′ ≥ 0. (28)

This implies
B1

C1

≤ G
′ ≤ B2

C2

. (29)

Therefore, for a while, we restrict ourselves with G having bounded and
positive derivative. Comparing (25) with (24) one sees that it is possible to
make lower bound in (29) small by choosing ρ1 with mass concentration close
to the origin. The upper bound will be large if the mass of ρ2 is concentrated
relatively far from the origin.

Next, we state some auxiliary results.

Lemma 3. Suppose (27) and (28) hold and H is defined by (4), then ∀h ∈
R+, then

1. H (h) (Rn) = Rn,
H (h) (∅) = ∅,
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2. ∀a, b ∈ X : a ⊆ b⇒ H (h) a ⊆ H (h) b.

Proof.

1. It is enough to show that F (M1 (Rn) (x, h) ,M2 (Rn) (x, h)) ≥ 0 and
F (M1 (∅) (x, h) ,M2 (∅) (x, h)) < 0. First we observe, that F (A1, A2) =
0, Mi (R

n) (x, h) ≥ Ai and Mi (∅) (x, h) = 0 < Ai. This, together with
∂F
∂Ni

> 0 gives the desired inequalities.

2. Since Mi (b) ≥ Mi (a), F (M1 (b) ,M2 (b)) ≥ F (M1 (a) ,M2 (a)), there-
fore [F (M1 (a) ,M2 (a)) ≥ 0] ⊆ [F (M1 (b) ,M2 (b)) ≥ 0], which is equiv-
alent to H (h) a ⊆ H (h) b.

Proposition 1. Define H by (5) and H by (4), then for each h > 0 and
u ∈ B (Rn) one has H (h) u ∈ B (Rn).

Proof. Without loss of generality we assume, that S1 ≤ u (x) ≤ S2 for some
S1, S2 ∈ R. From ∀h ∈ R+ H (h) (Rn) = Rn and H (h) (∅) = ∅ follows
x ∈ H (h) [u ≤ S2] and
x /∈ H (h) [u ≤ S1]. Therefore, we see that:

S1 ≤ H (h) u (x) = inf {λ ∈ R : x ∈ H (h) [u ≤ λ]} ≤ S2.

With the results above, we are ready to state the convergence of the approx-
imations H (t/m)m g to the unique viscosity solution of (3).

Theorem 4. Let H (h) be defined by

[H (h) u] (x) = sup {λ ∈ R : x ∈ Hh [u ≥ λ]}
with HhC = {x ∈ Rn : F (M1 (C) (x, h) ,M2 (C) (x, h)) ≥ 0} ,

where F (N1, N2) =
1√
h

N1B2 −N2B1

D
−G

(

1√
h

N2C1 −N1C2

D

)

,

and ρ̃1, ρ̃2 have compact support, G is continuous nondecreasing satisfying
(29). Then

Hm
t
m
g (x) → u (x, t)

locally uniformly when m→ ∞. Here u (x, t) is the unique viscosity solution
of (3) with G satisfying (29).
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Proof. Our aim is to show here that the operator H (h) satisfies the condi-
tions of the Theorem 3. The monotonicity of Hh is ensured by Lemma 1
and Lemma 3.

The stability of H is exactly the result of the Proposition 1: H (h) u ∈ B
(

Ω̄
)

Another requirement in Theorem 3 is thatH (h) must commute with addition
of constants, i.e:

∀a ∈ R H (h) (u (x) + a) = H (h)u (x) + a

This follows from the very definition of H (h):

H (h) (u (x) + a) = inf {λ ∈ R : x ∈ H (h) [u (x) + a ≤ λ]} =

= inf {β + a ∈ R : x ∈ H (h) [u (x) ≤ β]} = H (h) u (x) + a

The operator H (h) has to fulfill 13 as well. The limit we are interested in is:

lim
h→0

H (h)u (x0)

h
= 0

for u of the form u (x) = f (|x− x0|), where f ∈ C2 ([0,∞)) with f (0) =
f ′ (0) = f ′′ (0) = 0 and f ′′ (r) > 0 for r > 0 .

It is enough to show, that this is true for x0 = 0. First, we observe, that
H−1

h [{0}] = {u ≤ λ1}, where λ1 = H (h)u (0) . Since both ρ1 and ρ2 have

compact support, we can be sure, that there exists R s. t.
{

|x| ≤ R
√
h
}

⊇
H−1

h [{0}]. Now we observe, that
{

|x| ≤ R
√
h
}

= {u ≤ λ2} for some λ2 > λ1.

From the latter equality we deduce λ2 = O
(

h
3

2

)

and conclude by

lim
h→0

H (h) u (x0)

h
≤ lim

h→0

O
(

h
3

2

)

h
= 0.

To show that our approximation operator is consistent with the PDE, we use
Lemma 2. It is enough to prove the following

γ (h, 0) = hG (−∆γ (h, 0)) + o (h) ,

where xn = γ (h, x́) is a parameterization of the surface

{x ∈ R
n : u (x) = H (h)u (0)}

17



near x́ = 0. To show this, we use the fact that:

F (M1 [u ≤ µ] ,M2 [u ≤ µ])|x=0 = 0

We begin by writing the expressions for Mi in detail:

Mi =

(

χ[u≤µ] ?
1

h
n
2

ρi

( |·|√
h

))

(0) =

∫

Rn

χ[u≤µ] (y)
1

h
n
2

ρi

( |y|√
h

)

dy =

=

∫

Rn−1

∫ γ(h,ý)

−∞

1

h
n
2

ρi

( |y|√
h

)

dyndý = Ai +

∫

Rn−1

∫ 1√
h

γ(h,
√

hý)

0

ρi (|y|) dyndý.

Here Ai is given by (23). Expanding γ
(

h,
√
hý

)

in Taylor series with respect

to the spatial variables (keeping h as a parameter) we get:

1√
h
γ

(

h,
√
hý

)

=
√
h
γ (h, 0)

h
+

√
h

2

n−1
∑

i,j=1

γyiyj
(h, 0) yiyj +

+
h

6

n−1
∑

i,j,l=1

γyiyjyl
(h, 0) yiyjyl +O

(

h3/2ý4
)

.

Observing that γ (h, 0) = O
(√

h
)

, we denote γ(h,0)
h

= v . The expression for

Mi becomes:

Mi = Ai +

+

∫

Rn−1

ρi (ý, 0)

[

√
hv +

√
h

2

n−1
∑

i,j=1

γyiyj
(h, 0) yiyj +O

(

h3/2ý4
)

]

dyndý

= Ai +
√
hvCi +

√
h∆γ (h, 0)Bi +O

(

h3/2
)

, (30)

where we have used the fact that ρi (x́, xn) is smooth and radially symmetric
in particular

∂ρi

∂xn
(x́, 0) = 0.

The constants Bi, Ci depend only on ρi and are given by (24) and (25).

Remark 1. At this point it is easy to see, that a scheme with a thresholding
depending only on one variable can be consistent with the PDE (2) only in
the case of linear G. The thresholding condition becomes

F
(

A+
√
hvC +

√
h∆γ (h, 0)B +O

(

h3/2
)

)

= 0.
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As it was required by the inclusion principle, the function F is non decreasing.
This implies

A+
√
hvC +

√
h∆γ (h, 0)B +O

(

h3/2
)

= a,

where a is the unique solution of F (a) = 0. Thus

v =
γ (h, 0)

h
= −B

C
∆γ (h, 0) − a− A√

hC
+ o

(√
h
)

.

Comparing this relationship with the one in Lemma 2, we see that the only
G’s we can resolve by thresholding depending on one variable are the linear
ones: G (k) = const · k + const.

Let us denote here k = ∆γ (h, 0).

Now we can express v and k in terms of Mi and constants Ai, Bi and Ci :

v =
1√
h

N1B2 −N2B1

C1B2 − C2B1

+O (h) ,

k =
1√
h

N2C1 −N1C2

C1B2 − C2B1
+O (h) .

Since F (M1,M2) = v −G (−k) = 0, we have:

γ (h, 0) = hG (−∆γ (h, 0)) + o (h) .

Remark 2. As it was already mentioned above, convolution kernels ρ̃i can
also be taken with unbounded support. For example, the exponential decay
for large arguments is sufficient in order for Theorem 4 to hold.

The requirement (29) is quite restrictive. Our next result shows, that it
is enough to take Gε satisfying (29) and uniformly close to G in order to
approximate the solutions of (3).

Proposition 2. Suppose Gε, G are continuous and Gε → G uniformly on R

as ε→ 0. Then F (G) = F (Gε).

Proof. Suppose f ∈ F (G). It means, that f (0) = f ′ (0) = f ′′ (0), f (r) > 0
for r > 0 and

lim
p→0

f ′ (p)G

(

1

p

)

= lim
p→0

f ′ (p)G

(−1

p

)

= 0
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Since Gε → G uniformly, G (k) = Gε (k) + oε (1)α (k), where α ∈ B (R). We
write

0 = lim
p7→0

f ′ (p)G

(

1

p

)

=

= lim
p→0

f ′ (p)

(

Gε

(

1

p

)

+ oε (1)α

(

1

p

))

= lim
p→0

f ′ (p)Gε

(

1

p

)

to see, that f ∈ F (Gε).

The proof of the reverse inclusion is analogous.

Lemma 4. Suppose Gε, G are nondecreasing continuous and Gε → G uni-
formly on R as ε → 0. Suppose also, that for each ε > 0 the operator Hε is
monotone, stable, commuting with additions of constants and consistent with

∂uε

∂t
= |Duε|Gε

(

div
Duε

|Duε|

)

. (31)

Additionally, let the following limit hold

lim
h→

Hh (h) (f (|x− x0|)) (x0)

h
= 0 (32)

for each f ∈ F (G). Then

Hm
t
m

(

t

m

)

u0 (x) → u (x, t)

locally uniformly as m → ∞, where u (x, t) is the unique viscosity solution
of (3)

Proof. We show here, that the operator Hh (h) satisfies the conditions of the
Theorem 3. This operator commutes with additions of constants and satisfies
limit (32) by the assumption. Since the operator Hε is stable for all ε > 0, it
is in particular stable for ε = h for each h > 0.
Since the operator Hε is monotonic for all ε > 0, it is in particular monotonic
for ε = h for each h > 0.
We have to show consistency, i.e. for each φ ∈ C∞ (Rn) at each point where
|Dφ| 6= 0

Hh (h)φ (x) − φ (x) = h |Dφ (x)|G
(

div
Dφ (x)

|Dφ (x)|

)

+ o (h) . (33)
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has to hold. Since the operator Hε is consistent with the equation (31) and
Gh (k) = G (k) + oh (1)α (k) for some α ∈ B (R) , we write

Hh (h)φ (x) − φ (x) = h |Dφ (x)|Gh

(

div
Dφ (x)

|Dφ (x)|

)

+ o (h) =

= h |Dφ (x)|
(

G

(

div
Dφ (x)

|Dφ (x)|

)

+ oh (1)α

(

div
Dφ (x)

|Dφ (x)|

))

+ o (h) =

= h |Dφ (x)|G
(

div
Dφ (x)

|Dφ (x)|

)

+ o (h) ,

here oh (1) → 0 as h→ 0.

Theorem 5. Consider a convolution-thresholding scheme

Hε (h) u (x) = inf {λ ∈ R : x ∈ Hε (h) [u ≤ λ]}
Hε (h)C = {x ∈ R

n : Fε (M1 (C) (x, h) ,M2 (C) (x, h)) ≥ 0} ,
where the thresholding function Fε (M1,M2) is chosen so, that the scheme is
monotone and consistent with the equation (31) and the convolution kernels
have compact support. If Gε → G uniformly then

Hm
t
m

(

t

m

)

u0 (x) → u (x, t)

locally uniformly as m → ∞, where u (x, t) is the unique viscosity solution
of (3).

Proof. The convergence follows form Lemma 4 if we show that the limit (32)
holds. Let us set x0 = 0, then the set [f (|x|) ≤ λ] is a ball centered at the
origin with radius O

(

λ1/3
)

. We denote Hh (h) f (0) = λ1. Observe, that λ1

can be characterized as a number for which Hh (h) [f ≤ λ1] = {0}. Since we
know, that Fh (A1, A2) > 0, the radius of [f ≤ λ1] must be less or equal to

the radius of the greatest support of the kernel: O
(

λ
1/3
1

)

≤ R
√
h. From

this inequality we deduce Hh (h) f (0) = λ1 ≤ O
(

h3/2
)

. This establishes the
desired limit (32).

Let us now consider the particular interesting case with G (k) = k |k|α−1 with
α > 1. We set

Gm (k) =















(1 − α)mα + αmα−1k for k < −n
m1−αk for |k| < 1/n
− (1 − α)mα + αmα−1k for k > n

k |k|α−1 elsewhere.
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Gm is continuous, increasing and its derivative is bounded from below and
above: m1−α ≤ G

′

m ≤ αmα−1. Moreover, Gm → k |k|α−1 locally uniformly as
m→ ∞. Using Theorem 2 it is easy to show the following

Theorem 6. Let um be the viscosity solution of

∂um

∂t
= |Dum|Gm

(

div
Dum

|Dum|

)

in O,

where Gm is defined above. Then um → u locally uniformly as m → ∞,
where u is the viscosity solution of (2) in O, with G (k) = k |k|α−1, α > 1.

Proof. First we establish the inclusion F (G) ⊂ F (Gm). Take f ∈ F (G).
By the definition of F (G), f ′ (x) = o (xα). This immediately gives

lim
p→0

f ′ (p)Gm (1/p) = lim
p→0

f ′ (p) /p = 0,

since α > 1. We observe also, that the remaining conditions of Theorem
2 are satisfied. Hence a subsolution and a supersolution u+ and u+ can be
constructed by means of (10) and (11). Since the equation has the strong
comparison property (see [12]), u+ = u+ and the result follows.

Remark 3. In a more general case when G (k) = O (kα), α > 1, one can
pick a sequence of increasing functions with derivative bounded below and
above and apply the Theorem 2 to get a result similar to Theorem 6.

4 Numerical implementation

This section is devoted to a description of our numerical implementations of
the convolution-thresholding scheme developed in Section 3.

Given a compact set C ⊂ Rn, we fix convolution kernels ρ1, ρ2 and the time
step h and approximate Ct at a time moment t = mh by (H (h))m C. The
algorithm of computations consists of the following steps:

1. Compute convolutions and the thresholding function

MiC (x, h) =

∫

Rn

χC (y) ρi (x− y)dy i = 1, 2 (34)

F (x, h) = F (M1C (x, h) ,M2C (x, h)) . (35)
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Figure 1: On the spatial discretization.

2. Find the evolved set H (h)C = {x ∈ R
n : F (x, h) ≥ 0}.

3. Repeat the procedure with the evolved set to get H2(h)C and so on.

We used two different algorithms for the calculation of the convolution step,
which constitutes the main computational part of the algorithm.

4.1 Spatial discretization

We assume that initially the surface is closed and is contained in a unit cube.
The surface under consideration is always an isosurface of some function.
In our implementation we use a modification of so called Marching Cubes
algorithm for extracting an isosurface. The algorithm was originally proposed
in [24] and was first applied for the mean curvature flow calculations in [30].
The algorithm creates an adaptive spatial discretization of C (see Fig. 4.1).
In doing so, we significantly reduce the number of grid points. Besides that,
the accurate piecewise polynomial approximation of the ∂C can be arranged.

4.2 Spectral method

One can use Fourier series to calculate the convolutions (34). Numerical
aspects of this approach have been presented by Ruuth in [30].

In order to compute Fourier coefficients of χC given on a non uniform grid
the unequally spaced approximate fast Fourier transform algorithm [6] is
used. The numerical cost of this transform algorithm combined with the
Marching Cubes procedure is [30] O

(

mnNp +Nn
f log (Nf )

)

, where m is a
constant depending on a desired accuracy in the calculation of the Fourier
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coefficients (in case m = 23 the accuracy is comparable with the machine
truncation error), Nf is a number of the Fourier modes along each axis and
Np is the number of nodes in the grid.

4.3 Direct method

If ρ1 and ρ2 are simple enough and have compact support, their convolutions
with χC can be calculated explicitly. Let us choose

ρ̃1 (x) =

{ 1
|B1| if x < 1

0 otherwise

ρ̃2 (x) =
1

αn
ρ̃1

(x

α

)

where |B1| is the Lebesgue measure of an unit ball in Rn and α ∈ R+, α < 1.
In this case, the convolutions in (34) are proportional the measure of the
intersection of C with a ball of radius proportional to

√
h placed in the point

x.

We present expressions for the thresholding function F (M1,M2)) in the case
n = 2:

F (M1,M2) = v −G (k) , where

v =
πα (2αM1 − 2M2 − α + 1)

4
√
h (α2 − 1)

k =
−3π (2M1 − 2αM2 + α− 1)

2
√
h (α2 − 1)

.

In this case convolutions M1 and M2 can be calculated as follows. We rep-
resent C as a disjoint union of squares and triangles (or cubes in tetrahe-
dron in case n = 3) using the Marching Cubes method and calculate the
area (volume) of intersection of the ball (suppρ) with each square and tri-
angle. The numerical cost of each step of the evolution can be estimated by
O (Np ∗Ni +Np), where Ni is the number of points inside the ball of radius√
h with the center at some grid point. When h is large, the accuracy of the

method is low, therefore one can take less grid points. Thus, Ni is entirely
determined by the desired accuracy.
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Figure 2: The mean curvature evolution of a non-smooth, non-convex curve

4.4 Computed examples

In the case of the mean curvature curve evolution in R2 the accuracy of cal-
culations can be monitored with help of the Von Neumann-Mullins parabolic
law. It asserts dS/dt = −2π, where S is the area enclosed by the curve.

Consider a non-convex, non-smooth initial curve depicted on Fig 2. The mean
curvature evolution of this curve was calculated using the direct method with
timestep values dt = 1/600 and 1/6000. The shape of the curve is plotted
on the Fig. 2 for times t = 1/600, 2/600, · · · , when calculated with the fine
timestep. The comparison between local relative errors

ei =
|Si − Si+1 − 2πdt|

2πdt
(36)

for calculations with different timesteps is seen on the Fig. 3. One can
observe, that the error indeed depends linearly on the timestep.

The evolution with the velocity v = k1/3 is depicted on Figure 4. In this case
the flow is affine invariant [1], hence the eccentricity e of the evolving ellipse
remains constant. In this particular example, the curvature is bounded from
above and below by some positive constants for some evolution time. This
means that we never use the parts of G(k) = k1/3, where its derivative is too
large or too small. This allows to apply the thresholding procedure without
any approximation of G.

In figures 5 and 6 computed 3D evolution of a non-convex surface is repre-
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Figure 3: Local area error dependence on time. The first order method
with timestep 1/600 – the line with triangle markers; the first order method
with timestep 1/6000 – the thin line; the second order method with timestep
1/6000 – the line with square markers.
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Figure 4: The evolution v = k1/3 of an ellipse.

Figure 5: Computed mean curvature evolution

sented for curvature flow and for a flow with velocity v = G(k) as on fig. 7
with ∼ 200000 triangles approximating the surface.

4.5 On the higher order schemes for the mean curva-

ture motion

Let us now look at approximations to the mean curvature evolution. It is
easy to see, that if the surface is smooth, the Bence-Merriman-Osher method
gives the first order approximation in time for a curvature flow. A higher
order scheme by an extrapolation argument in time was proposed by Ruuth
in [30]. We propose here higher order approximations to the mean curvature
evolution using some properties of functions Mi.

Figure 6: Computed generalized mean curvature evolution
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Figure 7: Function G(k) used in the computation

We rewrite the equations (22) and keep an additional term of order h3/2 in
each equation with a kernel dependent multiplier Ei to get the error term of
order h5/2. Considering two equations we get the relation

E2N1 − E1N2 = (37)

=
√
h[(E2C1 − E1C2)v + (E2B1 − E1B2)γ

′′ (h, 0)] +O
(

h5/2
)

.

This relationship motivates to take the thresholding function F (N1, N2) =
E2N1 −E1N2 to approximate the mean curvature evolution with the second
order accuracy for smooth curves. However this thresholding function does
not simultaneously satisfy (27) and (28) and, therefore, the stability of the
numerical scheme is not guaranteed by the previous argumentation.

The calculations with the above thresholding function were performed. No
sign of instability was observed in the numerical experiments and, as one can
see on the Fig. 3, the accuracy was increased by approximately one order.
This increase agrees with the construction (37).

Acknowledgment

A part of the work was completed during our visit to the University of South
Carolina. We are grateful to Prof. Björn Jawerth for the opportunity to work
there and for fruitful discussions. We would also like to thank referees for
pointing out necessary corrections in the formulation in the Theorem 3.2, for
making some key points in the text more clear and for additional references.
This research was partially supported by the TFR grant ”Kinetic modelling
of geometric flows of surfaces” and the TMR contract ”Asymptotic methods
in kinetic theory” (ERB FMRX CT97 0157).

28



References

[1] L. Alvarez, F. Guichard, P.-L. Lions, and J.-M. Morel, Ax-
ioms and fundamental equations of image processing, Arch. Rational
Mech. Anal., 123 (1993), pp. 199–257.

[2] S. Angenent, T. Ilmanen, and D. L. Chopp, A computed example
of nonuniqueness of mean curvature flow in R3, Comm. Partial Differ-
ential Equations, 20 (1995), pp. 1937–1958.

[3] G. Barles and C. Georgelin, A simple proof of convergence for an
approximation scheme for computing motions by mean curvature, SIAM
J. Numer. Anal., 32 (1995), pp. 484–500.

[4] G. Barles, H. M. Soner, and P. E. Souganidis, Front propagation
and phase field theory, SIAM J. Control Optim., 31 (1993), pp. 439–469.

[5] G. Barles and P. E. Souganidis, Convergence of approximation
schemes for fully nonlinear second order equations, Asymptotic Anal.,
4 (1991), pp. 271–283.

[6] G. Beylkin, On the fast Fourier transform of functions with singular-
ities, Appl. Comput. Harmon. Anal., 2 (1995), pp. 363–381.

[7] K. A. Brakke, The motion of a surface by its mean curvature, Prince-
ton University Press, Princeton, N.J., 1978.

[8] L. Bronsard and R. V. Kohn, Motion by mean curvature as the
singular limit of Ginzburg-Landau dynamics, J. Differential Equations,
90 (1991), pp. 211–237.

[9] F. Cao, Partial differential equations and mathematical morphology, J.
Math. Pures Appl. (9), 77 (1998), pp. 909–941.
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1 Introduction

Let Σ be a smooth compact and orientable surface. The Willmore functional
is defined as

W (f) =

∫

Σ

H2dS (1)

for any isometric immersion f : Σ 7→ R3. Here H denotes the mean curvature
of Σ and dS is the area measure. We refer to [22] for the general discussion of
this functional as well as description of some stationary points. The variation
of this integral for a perturbation φ of the surface along the normal is (see
[22])

δW =

∫

Σ

φ
(

∆H + 2H
(

H2 −K
))

dA,

where K is the Gaussian curvature of Σ. The Willmore flow for Σ is defined
as an evolution of the surface when each point of it moves with the normal
velocity

v = −∆H − 2H
(

H2 −K
)

.

As an evolution that minimizes the curvature this flow can be used in surface
smoothing. We refer to [3] where authors propose numerical scheme to track
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the so called surface diffusion flow i.e. the evolution of the surface with the
normal velocity v = −∆H. An extension of this results and an applications
to the surface smoothing can be found in [21]. A numerical algorithm based
on the finite elements for the Willmore flow in connection with the surface
restoration was proposed in [4]. Another recent result about the level-set
formulation of the Willmore flow and the finite element approach to the
evolution can be found in [6].

Another application of the Willmore flow comes from the biophysics. The
functional (1) is a special case of the Helfrich functional that describes the
free energy of a bilayer membrane [2], [5]. We comment on this topic in
Section 4.

The mathematical properties of this type of surface evolution attracted much
attention during the last years. Simonett have studied the Willmore flow near
spheres in [20]. An example of occurrence of a self-intersection during the
evolution is constructed in [15]. Small initial energy was considered by Kuw-
ert and Schatzle in [11]. In [12] they have obtained a lower bound on the
existence time of the flow. This bound is expressed in terms of the initial con-
centration of the mean curvature. In [13] the existence result was developed
further by the same authors. They have proved that the Willmore flow of a
smooth embedding of a sphere into R3 exists, is smooth and converges to a
round sphere provided that the initial energy is bounded by 8π. A definition
of the weak solutions can be found in [17]. The author defines a continuation
of the flow after eventual singularities occur and establishes the existence of
the weak solution.

A numerical scheme to track the evolution in R3 for axisymmetric surfaces
was proposed in [16].

The purpose of this study is to develop a simple convolution-thresholding
scheme for tracking such evolutions of a two dimensional surfaces in R3.
Convolution-thresholding schemes have proved to be a useful tool for the
numerics of the surface evolution [9], [10], [18], [19], [8]. Furthermore, the
convolution structure of the method allows a numerically efficient implemen-
tation of the method.

This paper is organized as follows. In section 2 we consider the graph of a
smooth function and explicitly expressing its geometrical properties (i.e. H,
K and ∆H) by the derivatives of the function. We use these elementary
relations in the section 3, where the asymptotics for the convolution of an
indicator function of a subset of R3 with a smooth, compactly supported
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kernel. We show that the third term of this asymptotics is proportional
to ∆H + 2H (H2 −K) and therefore can be efficiently used to construct a
convolution-thresholding schemes for the Willmore flow. The convergence of
the scheme is established for smooth initial data. Several numerical examples
of the flow are presented in the section 4.

2 Geometric properties of a smooth graph

Let us consider the graph Σ of a smooth function f : R
2 7→ R such that

∂f/∂ui (0, 0) = fi = 0 for i = 1, 2. We express the mean curvature H, the
Gaussian curvature K, the Laplace-Beltrami operator of the mean curvature
∆H of Σ at the origin in terms of f and its derivatives.

Consider a mapping x : R2 7→ R3 by x (u1, u2) = (u1, u2, f (u1, u2)). Denote
xi = ∂x/∂ui for i = 1..2. The outer unit normal N of Σ is given by

N =
x1 × x2

|x1 × x2|
. (2)

The coefficients of the first fundamental form are gij = 〈xi,xj〉 and the second
fundamental form have coefficients hij = −〈Ni,xj〉, where Ni = ∂N/∂ui.
The mean curvature is

H =
1

2

∑

i,j

gijhij,

where gij denotes the elements of the matrix inverse to g. Setting u1 = u2 = 0
we get

H =
1

2
(f11 (0, 0) + f22 (0, 0)) . (3)

In order to calculate ∆H we use the Christoffel symbols

Γk
ij =

1

2

∑

h

ghk (∂gih/∂uj + ∂gjh/∂ui − ∂gij/∂uh) .

The covariant derivatives of H are

∇iH = Hi =
∂H

∂ui

(4)

∇i∇jH = Hij −
∑

k

Γk
jiHk (5)
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The Laplacian of H can be written as

∆H =
∑

i,j

gij∇i∇jH. (6)

After substituting (2) - (5) into (6) we get the following equality at the origin

∆H =
1

2

(

∆ (∆f) − 2H
(

12H2 − 8K
))

, (7)

where K is the Gaussian curvature, namely

K = det
(

gijhij

)

= f11 (0, 0) f22 (0, 0) − f 2
12 (0, 0) . (8)

3 Asymptotics of the convolution

In this section we consider a compact subset C of R3 with a smooth boundary
∂C. We study the geometric properties of ∂C by considering the following
convolution

M (t, x) = (χC ? ρt1/4) (x) , x ∈ R
3, (9)

where χC is the characteristic function of C , ρtα (x) = ρ
(

|x|2 /t2α
)

/ (tα)3

and ρ : (0,∞) 7→ [0,∞) is smooth with a compact support (or exponentially
decreasing) normalized by

∫

R3 ρdx = 1.

We pick a point p ∈ ∂C associate a unit normal N to it, and calculate M in
the point p + Nvt. Here v ∈ R. Taking t 7→ 0 we expand M into a power
series in t.

Theorem 1. Suppose ∂C is smooth, p ∈ ∂C and v ∈ R, then the convolution
(9) has the following asymptotic expansion with respect to t at the point
O = p + Nvt

M (O) =
1

2
+ t1/4πN3

2
H +

+ t3/4 π

16

[

−32N1v +N5

(

∆H + 2H
(

H2 −K
))]

+O
(

t5/4
)

.(10)

where H, K and ∆H are values of the mean curvature, the Gauss cur-
vature and the Laplace-Beltrami of the mean curvature of ∂C at p and
Ni =

∫ ∞
0
riρ (r2) dr .
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Proof. In order to get the power series for (9) at O = p+Nvt it is convenient
to choose O as the origin and Oz-axis parallel to N. Then p = (0, 0, vt)
and the boundary ∂C can be represented as a graph of a smooth function
γ : Rn−1 7→ R in some neighborhood S of O.

∂C =
{

(x, y, γ (x, y)) : (x, y) ∈ S ⊂ R
2
}

Furthermore,

γ (x, y) = −vt + f (x, y)

γ (0, 0) = −vt, hence f (0, 0) = 0

∇γ (0, 0) = ∇f (0, 0) = 0.

The expression for M at O now can be written as follows

M (O) =

∫

R3

χC (x) ρt1/4 (x) dx =

=

∫

C

ρ
(

(x2 + y2 + z2) /t1/2
)

t3/4
dxdydz =

=
1

2
+

∫

R2

I (t, x, y)dxdy +O
(

e−t−1/2
)

where

I (t, x, y) =

∫ g(t,x,y)

0

ρ
((

x2 + y2 + z2
))

dz

with

g(t, x, y) =
γ

(

t1/4x, t1/4y
)

t1/4
.

We expand this integral into a power series in t at the point t0 = 0. First we
observe that g(0, x, y) = 0 and calculate some derivatives of g(t, x, y) with
respect to t at t = 0:

∂g

∂t
(0, x, y) =

1

2
y2 f22(0, 0) + x y f12(0, 0) +

1

2
x2 f11(0, 0)

∂2g

∂t2
(0, x, y) =

1

3
y3 f222(0, 0) + x y2 f122(0, 0)

+ x2 y f112(0, 0) +
1

3
x3 f111(0, 0)

∂3g

∂t3
(0, x, y) = −6 v +

1

4
y4 f2222(0, 0) + x y3 f1222(0, 0) +

3

2
x2 y2 f1122(0, 0)

+ x3 y f1112(0, 0) +
1

4
x4 f1111(0, 0).
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Then we substitute these expressions into the expansion

I (t, x, y) =

ρ(x2 + y2)
∂g

∂t
(0, x, y) t1/4 +

1

2
ρ(x2 + y2)

∂2g

∂t2
(0, x, y) (0, x, y) t1/2 +

+
1

6

(

2 ρ′(x2 + y2)
∂g

∂t
(0, x, y)

3

+ ρ(x2 + y2)
∂3g

∂t3
(0, x, y)

)

t3/4 +O(t)

integrate over x and y and get

M (O) =
1

2
+
t1/4πN3

2
(f11 + f22) +

t3/4π

64
[−128N1v+

− N5

[

(f22 + f11)
(

5 f22
2 + 12 f12

2 − 2 f22 f11 + 5 f11
2
)

−
− 2 (f2222 + 2 f1122 + f1111)]] +O

(

t5/4
)

,

where all derivatives of f are calculated at the origin. Recalling (3),(8) and
(7) we arrive at

M (O) =
1

2
+ t1/4πN3H +

+
t3/4π

16

[

−32N1v +N5

(

∆H + 2H
(

H2 −K
))]

+O
(

t5/4
)

.

Corollary 1. Consider ρat1/4 with a > 0 and denote Ma = χC ? ρat1/4 then

a (2aM1 − 2Ma + 1 − a)

π (1 − a2)
=

= −t3/4
(

4N1v + a2N5/8
(

∆H + 2H
(

H2 −K
)))

+O
(

t5/4
)

.

Now if C is given, we calculate M1 and Ma at each point and set C1 =
{x ∈ R

3 : 2aM1 − 2Ma + 1 − a ≥ 0}. According to the above asymptotics,
∂C1 = {p + vtN : p ∈ ∂C}, where

v = −a
2N5

32N1

(

∆H + 2H
(

H2 −K
))

+O
(

t1/2
)

. (11)

This motivates introducing an operator T acting on the family of smooth
compact sets K ⊂ P (R3)

T (t) : K 7→ P
(

R
3
)

T (t)C =
{

x ∈ R
3 : 2aM1 (t,x) − 2Ma (t,x) + 1 − a ≥ 0

}

(12)
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Proposition 1. Let C ∈ K. Then C1 = T (t)C has smooth boundary for
small enough values of t.

Proof. Since the ∂C1 is the zero level set of the thresholding function F (t,x) =
2aM1 (t,x) − 2Ma (t,x) + 1 − a, it is enough to show that ∇F (t,x) 6= 0 on
it. To see this, we take small t and expand the value of each component of
∇Ma into the power series in t. Since we are interested in values of ∇Ma on
∂C1 we use the same system of coordinates as in the proof of Theorem 1.

∇Ma (O) =

∫

R3

χC (x)∇ρat1/4 (x) dx =

=

∫

C

2(x, y, z)ρ′
(

(x2 + y2 + z2) /(a2t1/2)
)

(at1/4)5
dxdydz =

=

∫

R2

∫ −∞

0

2(x, y, z)ρ′
(

(x2 + y2 + z2) /(a2t1/2)
)

(at1/4)5
dzdxdy

+

∫

R2

I (t, x, y) dxdy +O
(

e−t−1/2
)

=

=

(

0, 0,−2πM1

at1/4

)

+

∫

R2

I (t, x, y) dxdy +O
(

e−t−1/2
)

where

I (t, x, y) =
1

at1/4

∫ g(t,x,y)

0

(

0, 0,
∂

∂z
ρ

(

x2 + y2 + z2
)

)

dz =

=
1

at1/4

(

0, 0,−ρ
(

x2 + y2
)

+ ρ
(

x2 + y2 + g2 (t, x, y)
))

with

g(t, x, y) =
γ

(

t1/4x, t1/4y
)

t1/4
.

Since g (0, x, y) = 0, we have

∇Ma (t, O) =

(

0, 0,−2πN1

at1/4
+O

(

t1/4
)

)

and

∇F (t, O) = 2 (a∇M1 (t, O) −∇Ma (t, O)) =

= 4π

(

0, 0,
(1 − a2)N1

at1/4
+O

(

t1/4
)

)

6= 0.
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The above proposition shows that for small enough t

T (t) : K 7→ K.

Next we consider some finite t, then for some large m ∈ N

Tm

(

t

m

)

: K 7→ K,

and investigate the following convergence

∂

(

Tm

(

t

m

)

C

)

→ W (t) (∂C) as m→ ∞,

where by W (t) Σ we denote the Willmore flow of Σ.

Theorem 2. Suppose f0 : S2 → R3 is a smooth embedding of a sphere
into R3 such that

∫

S2 H
2 (f) dA < 8π. Denote the Willmore flow of f0 by

f (t, u1, u2). By f̂k (t/mt, u1, u2) denote a mapping of S2 onto ∂
(

T k
(

t
m

)

C
)

,

where f0 (S2) = ∂C. Then f̂m (t/m, u1, u2) → f (t, u1, u2) as m → ∞ locally
in t ∈ [0, T ] uniformly in u1, u2.

Proof. Take t ∈ (0, T ] . We omit arguments ui and denote fi = f
(

i t
n
, u1, u2

)

,
then

f1 = f0 +

∫ t/m

0

N (t)w (t) dt = f0 +
t

m
N0w0 +O

(

(t/m)2) , (13)

where N (t) is the normal vector of f (t) and

w (t) = −∆H (t) − 2H (t)
(

H2 (t) −K (t)
)

the velocity of f (t). The equality (13) is due to the fact that f (t) is smooth
by the assumption on

∫

H2
0dA (see [13]). According to (11)

w0 = v̂0 +O
(

(t/m)1/2
)

,

where ŵ0 satisfies f̂1 = f0 +N0v̂0. So

f1 = f̂1 +O
(

(t/m)3/2
)

. (14)

Differentiation of the latter equality gives

N1 = N̂1 +O
(

(t/m)3/2
)
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and

w1 = ŵ1 +O
(

(t/m)3/2
)

= hatv1 +O
(

(t/m)1/2
)

,

where the last equality is again due to (11). Now we can repeat the argument
for f1 considering f2 to get

f2 = f1 +

∫ 2t/m

t/m

N (t)w (t) dt = f1 +
t

m
N1w1 +O

(

(t/m)2)

= f̂2 +O
(

(t/m)3/2
)

.

This leads to

fm − f̂m =
t

m

m−1
∑

i=0

(

Niwi − N̂iŵi

)

+O
((

t2/m
))

= O
(

(1/m)1/2
)

,

and the convergence follows.

4 Numerical implementation and examples

Convolution-thresholding. Suppose the initial surface Σ0 is the bound-
ary of a smooth compact set C = C0 ⊂ R3. Denote the Willmore flow of the
Σ0 by Σ (t). Using the above asymptotics we construct surfaces ∂Ci for time
moments ti = i∆t, i = 1, 2, ... as follows.

1. Convolution i.e. construction of functions

Mak
(x) = χCi

? ρak∆t1/4 (x) for k = 1, 2 with a1 = 1 and a2 < 1. (15)

2. Thresholding i.e. localization of the next position of the surface

∂Ci+1 =
{

x ∈ R
3 : 2a2Ma1

(x) − 2Ma2
(x) + a1 − a2 = 0

}

. (16)

In our implementation we use a modification of so called Marching Cubes
algorithm for extracting an iso-surface. A similar algorithm was proposed in
[14] and first applied for the mean curvature flow calculations in [19].

Given an initial rectangular grid, refine all cubes that have a part of the
surface in the interior. By refinement we mean just the binary dissection

9



that instead of one cube of volume v gives eight with volumes v/8. After
this procedure is repeated several times, small cubes that have non-empty
intersection with the surface are still present. Each such cube is then divided
into six tetrahedrons and the surface is approximated linearly inside each
tetrahedron. Thus the algorithm creates an adaptive spatial discretization
of C

C = ∪jCj ∪k Tk, (17)

where Cj are cubes, Tk are tetrahedrons and the unions are disjoint.

Fourier method. We use Fourier series to calculate the convolutions Mak
.

Numerical aspects of similar computations in the case of the mean curvature
evolution have been presented in [19] and [8].

In order to compute Fourier coefficients of χC where C is decomposed by the
Marching Cubes procedure and is given by (17) we need to calculate integrals
of trigonometric functions over cubes Cj and tetrahedrons Tk. These inte-
grals over Cj can be calculated exactly. The integrals over tetrahedrons can
be well approximated by Gauss integration since the size of the integration
domain is small. In both cases the computation of the Fourier coefficients
{cjkl}N

i,j,k=0 of χC is reduced to the calculation of the following sums

cjkl =

Np
∑

m=1

gm exp (−i (jxm + kym + lzm)) , (18)

where points {xm, ym, zm}Np

m=1 are unequally spaced and gm are some weights.
A fast algorithm to approximately calculate such sums was proposed by
Beylkin and can be found in [1]. The numerical cost of this algorithm is
O (β3Np +N3 log (N)) , where β is a constant depending on a desired accu-
racy in the calculation of the Fourier coefficients (in case β = 23 the accuracy
is comparable with the machine truncation error).

Non-smooth initial data. The framework of the convolution thresholding
method allows to consider not only initially smooth surfaces but also singular
ones (see Figure 3). As a test example we consider a self-similar Willmore
flow described in [7]. Take a sharp cone with the angle α as an initial surface.
We can compare the calculated evolution of this surface with the one obtained
in [7]. The shape comparison is shown on Figure 1, where the cross-section
of the evolving cone is taken after 10 time steps. This shape is compared

10
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Figure 1: Calculated cross-section of the cone after a time interval T =
1.6 · 10−6 of the Willmore evolution (dots). Time step is 1.6 · 10−7. The
continuous line is the corresponding solution of the system of ODEs found
in [7].

to the curve, obtained by solving numerically the corresponding system of
ODEs (see [7]). In particular, the result in [7] states that coordinate of the
vertex of the cone rv (t) will change in time according to the law

rv (t) = Cαt
1/4,

where Cα is some constant depending only on α. We calculate the evolution
of the cone and present the comparison result for the vertex coordinate on
the Figure 2.

The Willmore flow of an initially non-smooth surfaces is depicted on the Fig.
3, 4.

Different functionals. Gradient flows for more complicated functionals
depending for instance on the area of the surface and the volume of C can
be also treated within the same scope of ideas. Suppose that the functional
has the following form

F (f) =

∫

Σ

H2 + 1dS +

∫

C

dx,
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Figure 2: The coordinate of the vertex of the cone: time step is 1.6 · 10−7,
step numbers 0...15 and 5i, i = 4, 5, 6, ...20. The continuous line is a graph
of the function 2.33x1/4.

then evolution of a surface that minimizes it can be characterized by the
normal velocity

v = v1 + v2,

v1 = L1

(

∆H + 2H
(

H2 −K
))

v2 = −L2H − L3,

where L1, L2 and L3 are some constants. The surface evolution in this
case can be captured by the following time splitting. To complete a single
time step ∆t with the velocity v we perform the following two steps. First
propagate the surface with the velocity v1 during the time ∆t/2 with the
method described above. Then propagate with the velocity v2 during the
time ∆t/2 using the method described in [8].

Furthermore, by choosing appropriate values of L3 at each time step one can
achieve a constrained evolution of a surface that tends to minimize

F̄ (f) =

∫

Σ

H2 + 1dS.

For example, the conservation of the volume of C can be granted by the
choice

L3 =

∫

Σi−1

L1

(

∆H + 2H
(

H2 −K
))

− L2HdS
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Figure 3: The evolution of a pyramid: time step is 10−8, step numbers 0, 10,
110 and 610.

at a step number i. This particular surface evolution serves as a model
describing a special kind of bilayer biological membranes.
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On self-similar Willmore and curvature

evolutions of surfaces

Ricards Grzibovskis

Abstract

This study is devoted to the description of self-similar (homoth-
etic) solutions of the Willmore and mean curvature flows of two di-
mensional surfaces in R

3. We approach both evolutions in the same
direct manner. This approach gives two classes of the evolution: the
evolving surface develops a singularity in some finite time or the evo-
lution originates from a singular initial surface. We also obtain the
equation that describes the shape of these evolving surfaces. After
introducing various symmetries, we come to systems of ordinary dif-
ferential equations (ODEs) and describe some shapes of such surfaces
in details.

1 Introduction

Self-similar evolution. Consider an evolving surface Σ and its immersion
s : Σ → R3 into R3. We let this surface to evolve homotheticaly, i.e. at a
time moment t the immersion of this surface into R3 will be

s (t) = T (t)x (1)

where T (t) is some smooth scalar function describing scaling in time and
x : Σ → R3 describes the preserved shape of the surface. In this case the
velocity of the surface along its normal is

V (s) = Ṫ (t)x · N (s) , (2)

where Ṫ (t) = d
dt
T (t) and (·) denotes the inner product in R

3.
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In what follows we will consider two particular geometric evolutions: the
Willmore flow and the mean curvature flow. Each of these evolutions can be
characterized by the velocity of the evolving surface along its normal direction
V (s). By comparing the expression for this velocity with 2 in both cases we
obtain the equations of motion.

In another words we propose a method how to choose the scaling function
T (t) and the shape of the surface x so that s (t) would be the curvature flow
or the Willmore flow of x.

Remark 1. During any homothetic evolution the points on the surface in
general has both normal and tangential components of the velocity. Tangen-
tial velocity does not change the shape of the surface provided there is no
boundary. We restrict our consideration here to surfaces without boundaries.

Willmore flow. A Willmore flow of a smooth surface Σ is defined as an
L2 gradient flow for the Willmore functional

W (Σ) =

∫

Σ

H2dS, (3)

where H denotes the mean curvature of Σ and dS is the induced area mea-
sure. Taking the variation of (3) another characterization of this evolution
is obtained (see [15]). Consider a perturbation φ of the surface along its
normal, then

δW =

∫

Σ

φ
(

∆H + 2H
(

H2 −K
))

dA,

where K is the Gaussian curvature of Σ and ∆ is the Laplace-Beltrami op-
erator . Thus, one can define the Willmore flow of Σ as an evolution of the
surface when each point of it moves with the velocity along the normal

V = −
(

∆H + 2H
(

H2 −K
))

≡ W (4)

along its normal. If an immersion s of Σ into R3 is given then we write

V (s) = W (s) = −
(

∆H (s) + 2H (s)
(

H2 (s) −K (s)
))

(5)

to indicate the dependence on the point of Σ.

Remark 2. It is easy to see, that the Willmore functional (3) is invariant
under surface scaling. This implies that its value on any homothetic solution
s (t) would have to be infinite. As an example, consider a cylinder that would
expand homotheticaly under the Willmore evolution.
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The mathematical properties of the Willmore flow attracted much attention
during the last years. Simonett have studied the Willmore flow near spheres
in [14]. An example of occurrence of a self-intersection during the evolution
is constructed in [12]. Small initial energy was considered by Kuwert and
Schatzle in [9]. In [10] and [11] they have obtained a lower bound on the
existence time of the flow. A definition of the weak solutions can be found in
[13]. The author defines a continuation of the flow after eventual singularities
occur and establishes the existence of the weak solution.

Curvature flow. The curvature flow (more precisely, the mean curvature
flow) of a surface Σ can be viewed as the L2 gradient flow corresponding to
the area functional

A =

∫

Σ

dS.

The normal velocity of the surface at each point corresponding to this evo-
lution is the mean curvature

V = H.

Here again if an immersion s of Σ into R
3 is given then we write

V (s) = H (s) . (6)

This type of surface evolution has been a popular topic of research for many
years now [3], [6], [4], [8], [5], [2]. In particular, the homothetic mean curva-
ture evolutions were considered in [1], [7].

Outline. We seek for the homothetic evolutions, therefore

Ṫ (t)x · N (s) = V (s) , (7)

where V (s) is given by (5) in case of the Willmore flow and by (6) in case
of the mean curvature flow. Assuming that the immersion x can be param-
eterized by three smooth functions of two variables

x (u, v) = {x (u, v) , y (u, v) , z (u, v)} ,
we substitute s into (7) we get corresponding equations for curvature and
Willmore flows (see section 2):

Ṫ (t)x · N (x) =
H (x)

T (t)
(8)

Ṫ (t)x · N (x) = −W (x)

T 3 (t)
. (9)
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Both these equations allow a separation of time and space variables which
yields to the equation for the time function T (t) and the equation for the
shape x (u1, u2)

{

Ṫ (t)T (t) = A
Ax · N (x) = H (x)

(10)

for the mean curvature flow and
{

Ṫ (t)T 3 (t) = A
Ax · N (x) = −W (x)

(11)

for the Willmore flow, where the constant A is arbitrary. Moreover, the
equation for the time function can be solved explicitly in both cases yielding

T (t) = (1 +mAt)1/m ,

where m = 2 in the case of mean curvature flow and m = 4 in the case
of Willmore flow and we imposed a natural condition T (0) = 1. Suppose
we have taken a negative A, then the parameterization s (t) can develop a
singularity at the time moment t∗ = |mA|−1. A typical example of such
singularity in the case of mean curvature flow is a round sphere or a straight
cylinder. In the case of Willmore flow, this choice of the constant A leads to
the new result: a smooth embedded surface develops a singularity in finite
time. Taking a positive value of A the time multiplier vanishes at a time
moment t∗ = − |mA|−1. In this case the corresponding evolution has a
singular initial data. We present examples where this singular initial data is
a sharp cone or a graph of the function f (x, y) = α |x| for some α ∈ R.

The equations for the shape function x in (10) and (11) are treated in cases
of rotational and translational symmetries. By doing so, we reduce the cor-
responding PDE to a system of ODEs. It is easy to show that the solution
to the latter system exists and is smooth. This proves, in particular, the
existence of a smooth immersion that develops a singularity in finite time
during the Willmore evolution. We also present some numerical experiments
that suggest the Willmore evolution of some non-smooth surfaces.

Abresch and Langer [1] have studied homothetic solutions in the case of
the mean curvature evolution of closed curves in R

2. The curves, that they
have found were used by Huisken in [7] to classify singularities that may
occur during the mean curvature evolution of a two dimensional surface in
R3. Likewise, homothetic solutions that we find in this work can be used to
study singularities of the mean curvature evolution and the Willmore flow.
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The solutions with positive A in certain cases suggest a continuation of the
evolution after the singularity occured. Since the shapes of the surfaces are
obtained here solving a system of ODEs, they can also be used to verify more
complicated general approximation methods of the corresponding evolutions.

2 Transformation of geometric properties un-

der scaling

Let us express the normal vector N (s), the mean curvature H (s), the Gauss
curvature K (s), the Laplace-Beltrami of the mean curvature ∆H (s) and
the time derivative ṡ by means of the corresponding operators acting on x,
function T (t) and its derivative Ṫ (t). Denote xi = ∂x/∂ui and si = ∂s/∂ui

for i = 1..2. Directly from the definition of s (u1, u2, t) and N (s) follows that

ṡ (u1, u2, t) =
∂s (u1, u2, t)

∂t
= Ṫ (t)x (u1, u2)

N (s) =
s1 × s2

|s1 × s2|
=

T 2 (t) (x1 × x2)

|T 2 (t) (x1 × x2)|
= N (x) .

The coefficients of the first fundamental form are

gij (s) = 〈si, sj〉 = T 2 (t) 〈xi,xj〉 = T 2 (t) gij (x)

and the second fundamental form have coefficients

hij (s) = −〈Ni, sj〉 = −T (t) 〈Ni,xj〉 = T (t) hij (x) ,

where Ni = ∂N/∂ui. Therefore the mean curvature is

H (s) =
1

2

∑

i

gii (s)hii (s) =
1

2T (t)

∑

i

gii (x) hii (x) =
H (x)

T (t)
, (12)

where gij denotes the elements of the matrix inverse to g. We proceed to
find the relation between K (s) and K (x) in the same manner

K (s) = det
(

gij (s) hij (s)
)

= det

(

1

T (t)
gij (x) hij (x)

)

=
K (x)

T 2 (t)
,

In order to calculate ∆H we use the Christoffel symbols

Γk
ij =

1

2

∑

h

ghk (∂gih/∂uj + ∂gjh/∂ui − ∂gij/∂uh) ,
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which turned out to be the same for both s and x:

Γk
ij (s) =

1

2

∑

h

ghk (s)

(

∂gih

∂uj
(s) +

∂gjh

∂ui
(s) − ∂gij

∂uh
(s)

)

=

=
1

2

∑

h

ghk (x)

T 2 (t)

(

T 2 (t)
∂gih

∂uj

(x) + T 2 (t)
∂gjh

∂ui

(x) − T 2 (t)
∂gij

∂uh

(x)

)

=

= Γk
ij (x)

The covariant derivatives of H are

∇iH = Hi =
∂H

∂ui

∇i∇jH = Hij −
∑

k

Γk
jiHk

thus

∇i∇jH (s) =
∇i∇jH (x)

T (t)

Since the Laplace-Beltrami of H can be written as

∆H =
∑

i,j

gij∇i∇jH, (13)

we get

∆H (s) =
∆H (x)

T 3 (t)

and

W (s) =
∆H (x)

T 3 (t)
+ 2

H (x)

T (t)

(

H2 (x)

T 2 (t)
− K (x)

T 2 (t)

)

=
W (x)

T 3 (t)
. (14)

3 Mean curvature flow

In the case of mean curvature evolution the velocity along the normal is equal
to the mean curvature V (s) = H (s). We substitute (12) into the equation
of motion (7) to get

Ṫ (t)x · N (x) =
H (x)

T (t)

Ṫ (t)T (t) =
H (x)

x · N (x)
= A = const
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This gives the following two equations

Ṫ (t)T (t) = A (15)

H (x) = Ax · N (x) . (16)

The first of them can be integrated exactly. Together with the initial condi-
tion T (0) = 1 it gives the solution

T (t) =
√

2 (1/2 + At)1/2 . (17)

This formula suggests considering the following three cases:

1. Case A = 0. The time function T (t) = 1 is constant and we have no
evolution. The equation for the shape (16) becomes H (x) = 0 and
the solutions are the critical points of the area functional. There is no
surface evolution in this case.

2. Case A > 0. The surface evolution exists and is smooth for t ∈
(

− 1
2A
,∞

]

provided that the solution of the shape equation (16) ex-
ists and is smooth. However, one might suspect that this evolution has
a singular initial data at t = − 1

2A
.

3. Case A < 0. The evolution exists and is smooth for t ∈
(

−∞, 1
−2A

]

provided that the solution of the shape equation (16) exists and is
smooth. However, one might expect that this evolution encounters a
singularity at a time moment t = − 1

2A
.

Remark 3. Let S denote the area of the surface. Then during the curvature
flow

d

dt
S = −

∫

Σ

H2 (s) dS (s) . (18)

Substituting () into the above we get

d

dt
S = −

∫

Σ

H2 (x) dS (x) = const. (19)

Thus, during the homothetic curvature flow, the surface decreases linearly if
it is bounded. This means that the infinite evolution time in the case A > 0
imply that the area of the evolving surface in this case would have to be
infinite.

The equation (16) for the shape of the surface is qualitatively different form
the equation (15). We next study the equation (16) with some symmetries
that allow a detailed qualitative analysis.
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3.1 Translational symmetry

In the case when the surface under consideration is invariant with respect
translations along Z-axis the parameterization of

x (u, v) = {x (u, v) , y (u, v) , z (u, v)}

can be chosen as follows:

x (u, v) = x (u) = x0 +

∫ u

0

cos (θ (s)) ds (20)

y (u, v) = y (u) = y0 +

∫ u

0

sin (θ (s)) ds (21)

z (u, v) = z (v) = v. (22)

Here u is the arclength of the curve {x (u) , y (u)} and θ (u) is the angle
between x-axis and the vector tangent to this curve at the point (x (u) , y (u)).
In this setting the mean curvature of the surface is

H (x) =
θ′ (u)

2
,

and the shape equation (16) together with (20) and (21) give the system of
three first order ordinary differential equations for unknown functions θ (u),
x (u) and y (u)







θ′ (u) = 2A [y (u) cos (θ (u)) − x (u) sin (θ (u))]
x′ (u) = cos (θ (u))
y′ (u) = sin (θ (u)) .

(23)

The existence and uniqueness of the global in u solution to the corresponding
Cauchy problem follows from the fact that the right hand sides are Lipschitz
with the Lipschitz constant equal to 1. Thus, for each x0, y0 and θ0 the
system defines some curve. This curve in turn forms the cylindrical surface
that evolves homotheticaly by mean curvature. In what follows we try to
classify the above curves.

Proposition 1. Solutions to the Cauchy problem for the system (23) have
the following properties:

1. If A > 0 the solution curve in the XY -plane is unbounded. It is a
straight line containing the origin if the tangent line passes through the
origin at some point. Otherwise, it tends to a straight line that passes
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through the origin as u 7→ +∞. It also tends to a different straight line
containing the origin as u 7→ −∞. The curve comes not closer then r1

to the origin, where r1 is the solution of

log r1 + C1 (x0, y0, θ0, A) = −Ar2
1. (24)

2. If A < 0 the solution curve in the XY -plane is contained in a closed
ring. The inner and the outer radii of this ring are two only solutions
of the equation (24).

Proof. We introduce a function r (u) = (x2 (u) + y2 (u))
1/2

. After calculating
the derivatives of this function and using (23) we get

1

2

d

du
r2 (u) = x (u) cos (θ (u)) + y (u) sin (θ (u))

1

2

d2

du2
r2 (u) = 1 + 2A [y (u) cos (θ (u)) − x (u) sin (θ (u))]2

The latter expression is greater then 1 provided that A > 0. Moreover in
this case we conclude

d2

du2
r2 (u) ≥ 2

d

du
r2 (u) ≥ 2u+ [x0 cos (θ (0)) + y0 sin (θ (0))]

r2 (u) ≥ u2 + u [x0 cos (θ (0)) + y0 sin (θ (0))] + r2 (0) . (25)

Thus we deduce that for positive A the solution has to go to infinity at least
as fast as the arclength. It is also easy to see what happens with the mean
curvature θ′ (u) as u 7→ ∞ (r 7→ ∞). We differentiate the equation (23) with
respect to u to obtain

θ′′ (u) = −2Aθ′ (u) [y (u) sin (θ (u)) + x (u) cos (θ (u))]

θ′′ (u)

θ′ (u)
= −Ar2 (u)′

log (θ′ (u)) − log (θ′ (0)) = −A
[

r2 (u) − r2 (0)
]

θ′ (u) = θ′ (0) exp
(

−A
[

r2 (u) − r2 (0)
])

. (26)

Now we can use the estimate (25) on the growth of r (u) to conclude the
following: if A > 0 the curve is unbounded and far away from the origin has
exponentially small curvature (is essentially a straight line). Moreover, the
comparison of (26) and (23) for large r gives that this line includes the origin.
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Moreover from (26) we deduce that the curvature of the curve has the same
sign along it. The next step is to use this expression to obtain bounds for r,
namely the equation (24). We have

2A [y cos θ − x sin θ] = 2A [y0 cos θ0 − x0 sin θ0] e
−A(r2−r2

0). (27)

Observing that [y cos θ − x sin θ] = r cos β for some β we get

r cos β

r0 cos β0

= e−A(r2−r2
0)

r

|r0 cos β0|
≥ e−A(r2−r2

0)

log r − log |r0 cos β0| ≥ −A
(

r2 − r2
0

)

log r −
(

log |r0 cos β0| + Ar2
0

)

≥ −Ar2. (28)

The latter inequality implies (24).

It is also convenient to rewrite the system (23) using polar coordinates x (u) =
r (u) cos (φ (u)) and y (u) = r (u) sin (φ (u)):











τ ′ (u) = − sin(τ(u))
r(u)

(1 + 2Ar2 (u))

r′ (u) = cos (τ (u))

φ′ (u) = − sin(τ(u))
r(u)

,

(29)

where τ (u) = φ (u) − θ (u).

Corollary 1. As a consequence of the above proposition we obtain the rela-
tion between the initial data and the constant A that is necessary and suffi-
cient to have the obvious homothetic solution, namely a circle. We observe,
that in this case τ (u) = τ (0) = ±π/2, thus τ ′ (u) = 0 and we use (29) to

obtain the radius of the circle r (u) = r (0) = (−2A)−1/2.

We can also conclude, that the circle is not the only periodical and bounded
curve that one can obtain solving (23).

Proposition 2. For a fixed negative value of A one can choose the initial
data r0, φ0 and θ0 so that the projection of the trajectory of the solution to
(23) onto the xy-plane will be periodic.

Proof. (Since this result was already obtained in [1], we omit some technical
details of this alternative elementary proof.) One can easily check, that

r (u) sin (τ (u)) eAr2(u) = r (0) sin (τ (0)) eAr2(0) ≡ C0 = const. (30)
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Let us fix φ (0) = π/2, θ (0) = 0. We also choose r0 < (−2A)−1/2. Now r0 is
the smallest of two roots of (30). Equations (29) imply that if u grows r (u)
also grows until it reaches the largest of roots of (30), namely r1. Meanwhile
φ decreases to a value φ1. In order for the curve to be periodic, φ0 − φ1 has
to be a rational part of π:

δφ = φ0 − φ1 =
m

n
π (31)

for some m,n ∈ Z. We express this difference in terms of an integral

δφ =

∫ u1

0

sin (τ (u))

r (u)
du

=

∫ r1

r0

sin (τ (u))

r
√

1 − sin2 (τ (u))
dr,

where sin (τ (u)) is given by (30)

sin (τ (u)) =
r0e

Ar2
0e−Ar2

r
.

Next, we check that singularities at r = r0 and r = r1 are integrable. We
expand the integrand into power series with respect to r at the point r = r0

to get

C0e
−Ar2

r
√

r2 − C2
0e

−2Ar2
=

(

r2
0 (2/r0 + 4Ar0) (r − r0)

)−1/2
+O

(√
r − r0

)

,

which is integrable at r = r0. Singularity at r = r1 can be treated in the
same manner.

It remains to observe, that δφ depends continously on r0 because r1 and
the integrand depend continously on it. (Further investigation shows that

δφ→ π/4 when r0 → 0 and δφ→ π
√

2/4 when r0 → (−2A)−1/2.)

This class of closed self-similar solutions was obtained in [1] and used in [7]
to classify singularities that occur during the mean curvature flow of the two-
dimensional surface in R3. Some periodical representatives of the solutions
for the negative values of A are depicted on Figures 1. These curves were
obtained by integrating the system (23) numerically. As follows from (17),
these curves shrink into a point at the origin.
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Figure 1: Shapes of collapsing homothetic solution of the curvature flow
(translational symmetry).
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Figure 2: The shape of a homothetic solution of the curvature flow with an
infinite area (translational symmetry). On the left picture A varies. On the
right picture the value of A is fixed but the initial data varies.

Typical solutions to the system (23) with A > 0 are shown on Figure 2. The
evolution in time of one such curve is depicted on Figure 3. If we look for
the position of the surface for negative values of t we find, that this evolution
might be considered as the curvature flow of the initially non-smooth data.

3.2 Axial symmetry

In the case of the axial symmetry around Z-axis the parameterization of

x (u, v) = {x (u, v) , y (u, v) , z (u, v)}
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Figure 3: The homothetic curvature flow of a singular initial data.

can be chosen as:

x (u, v) = ξ (u) cos (v) (32)

y (u, v) = ξ (u) sin (v) (33)

z (u) = η (u) , (34)

where

ξ (u) = ξ0 +

∫ u

0

cos (θ (s)) ds

η (u) = η0 +

∫ u

0

sin (θ (s)) ds

Here u is the arclength of the curve {ξ (u) , η (u)} and θ (u) is the angle
between ξ-axis and the vector tangent to this curve at the point (ξ (u) , η (u)).
The curve rotates around z-axis and forms the surface Σ. The mean curvature
of this surface is

H (x) =
θ′ (u)

2
+

sin (θ (u))

2ξ (u)
,

and the shape equation (16) together with (32) and (33) give the system of
three first order ordinary differential equations for unknown functions θ (u),
ξ (u) and η (u)







θ′ (u) = 2A [η (u) cos (θ (u)) − ξ (u) sin (θ (u))] − sin(θ(u))
ξ(u)

ξ′ (u) = cos (θ (u))
η′ (u) = sin (θ (u)) .

(35)
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Figure 4: The shape of collapsing homothetic solution of the curvature flow
(axial symmetry).

In what follows we describe results that we have obtained by integrating (35)
numerically.

Case A < 0. Similarly to the case of translational symmetry, one can obtain
periodical trajectories in the ξη-plane. Several representatives of such curves
are depicted on Figure 4. Some of these trajectories have their analogy among
the periodic solutions of (23). For example, the first curve on the Figure 4
corresponds to a circle, the second one corresponds to the first curve depicted
on Figure 1. One can also find some curves that come out of the system (23)
and seems to have no corresponding solution in the case of translational
symmetry. As an example, consider the last curve on Figure 4. Each of the
above periodic curves forms a surface of revolution. By construction, the
mean curvature evolution of these surfaces is homothetic and since A < 0, ()
implies that these surfaces will shrink homotheticaly to a point at the origin.

Case A > 0. The curve in the ξη-plane is unbounded. We have r → ∞
both for u → ∞ and u → −∞. When r is large, the curve behaves as
a straight line passing through the origin. Thus, in general we obtain two
different straight lines. One when u→ ∞ and another when u→ −∞. The
corresponding surface of revolution is a result of the mean curvature evolution
starting from a double cone (see Figure 5). Choosing the initial data closer
to the η-axis the asymptotical straight lines come closer (see Figure 6). They
coincide if we take ξ0 = 0, θ (0) = 0 and θ′ (0) = 2Aη (0).
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Figure 5: The shape at time t = 5 of the self-similar curvature flow (fight)
starting from the double cone (left) at time t = 0. Only the parts of the
surfaces with y > 0 are shown.
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Figure 6: Projections of solutions to (35) onto the ξη-plane and their asymp-
totes. A = 0.1, η0 = 2, θ0 = π/2 and values of ξ0 are equal to 0.3, 0.1, 0.01,
0.001.
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4 Willmore flow

We substitute (14) into the equation of motion (7) to get

Ṫ (t)x · N (x) = −W (x)

T 3 (t)

Ṫ (t)T 3 (t) = − W (x)

x · N (x)
= A = const

This gives the following two equations

Ṫ (t)T 3 (t) = A (36)

−W (x) = Ax · N (x) . (37)

The first of them can be integrated exactly. Together with the initial condi-
tion T (0) = 1 it gives the solution

T (t) =
√

2 (1/4 + At)1/4 .

Similarly with the curvature flow we obtain a solution that develops a singu-
larity for a negative value of A and a solution that is a result of the evolution
of some singular shape for a positive A.

4.1 Translational symmetry

In the case of transitional symmetry, we choose a parameterization of our
surface as in subsection 3.1 to obtain the following system of ordinary differ-
ential equations







2θ′′′ (u) + (θ′ (u))3 = −4A [y (u) cos (θ (u)) − x (u) sin (θ (u))]
x′ (u) = cos (θ (u))
y′ (u) = sin (θ (u)) .

(38)

The order of this system is five, therefore it produces a much larger variety
of curves in the xy-plane then the system (23) does. In what follows we
consider the cases A > 0 and A < 0 separately and extract some illustrative
examples in each of the cases.

Case A > 0. If we consider only the curves that are symmetrical with
respect to the y-axis, two interesting classes of curves appear: periodical and

16



Figure 7: Cross-sections of some cylindrical surfaces that expand homothe-
tically during the Willmore evolution.

asymptotically flat. One obvious periodical curve is a circle. Two non-trivial
periodical curves appear on the Figure 7. The asymptotically flat curves are
depicted on the Figure 8. They represent the cross-section of the initially
singular surfaces Σ = {(x, y, z) : z = α |x|} for some α ∈ R.

Case A < 0. Calculations show, that in this case r → ∞ as u → ±∞. If
we restrict ourselves to symmetrical shapes as in the previous case, we get
some oscilating curves that form a singularity during the evolution. Some of
these curves are shown on the Figure 9. By varying the parameter A and the
curvature at the starting point we can find many different curves that give
the same singular surface during the evolution.

4.2 Axial symmetry

In the case of axial symmetry, we choose a parameterization of our surface
as in subsection 3.2 to obtain the following system of ordinary differential
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Figure 8: Cross-sections of some cylindrical surfaces that expand homothe-
tically during the Willmore evolution.

Figure 9: Cross-sections of two cylindrical surfaces that form a singularity
during The Willmore evolution. The surfaces are different, but the resulting
singular one is the same.
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Figure 10: Willmore evolution of a double cone.

equations














2θ′′′ + (θ′)3 + 1
4ξ3 (5 sin (θ) + sin (3θ)) − θ′

2ξ2 (1 + 3 cos (2θ))+

+1
ξ

(

4θ′′ cos (θ) − 3 (θ′)2 sin (θ)
)

= −4A [η cos (θ) − ξ sin (θ)]

ξ′ = cos (θ)
η′ = sin (θ) ,

(39)

where θ, ξ and η are functions of u.

Inspired by the results of the section 3.2 we look for the shape of the surface
resulting from the Willmore evolution of the double cone. One obtains the
cross-section of such surface solving the boundary value problem for the
system (39) with some positive value of A. The boundary conditions can be
chosen as

ξ (0) = ξ0 > 0 η (0) = 0

θ (0) = π/2 θ′′ (0) = 0

θ′ (L) = 0,

where L has to be large enough. The numerical solution of such boundary
value problem gives the shape depicted on the Figure 10.

There is also another class of surfaces that can be obtained by integrating the
system (39) with A > 0. This class consists of bounded embedded surfaces
of revolution. Cross-sections of two representatives of this family of surfaces
are shown on the Figure 11.

In the case of negative A we also obtain bounded surfaces. These surfaces
collapse into the origin. Some examples of such surfaces are depicted on the
Figure 12.
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Figure 11: Half of the cross-section of some surfaces that expand homothet-
ically during the Willmore evolution.

Figure 12: Half of the cross-section of some surfaces that collapse homothet-
ically during the Willmore evolution.
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FAST NUMERICAL METHOD FOR THE BOLTZMANN
EQUATION ON NON-UNIFORM GRIDS

ALEXEI HEINTZ, PIOTR KOWALCZYK, AND RICARDS GRZIBOVSKIS

Abstract. We introduce a new fast numerical method for computing
discontinuous solutions to the Boltzmann equation and illustrate it by
numerical examples. A combination of adaptive grids for approximation
of the distribution function and an approximate fast Fourier transform on
non-uniform grids for computing smooth terms in the Boltzmann collision
integral is used.

1. Introduction

This paper is devoted to a new deterministic scheme for numerical solution
of the classical Boltzmann equation [10] for a dilute gas of particles.

(1.1)
∂f

∂t
+ v · ∇xf = Q(f, f),

where f := f(t,x,v) and f : R+ × Ω × R3 → R+. The collision operator Q
is defined as follows

(1.2) Q(f, f)(v) :=

∫

R3

∫

S2

B(|v − w|, θ) [f(v′)f(w′) − f(v)f(w)] dω dw,

where v, w are the velocities of the particles before the collision and v′, w′

– the velocities of the particles after collision – are given by

v′ :=
1

2
(v + w + |v − w|ω) , w′ :=

1

2
(v + w − |v − w|ω) .

Moreover θ is the angle between the relative velocity u = v − w before and
u′ = v′ − w′ after collision.

The function B(|v − w|, θ) is of the form

B(|u|, θ) = B0

(

|u|, |(u, ω)|
|u|

)

, u ∈ R
3, ω ∈ S(2), S(2) = {q ∈ R3 : |q| = 1}.

It contains the information about the binary interactions of particles and
reflects the physical properties of the model.

The condition B(|u|, ·) ∈ L1(S(2)), u ∈ R
3 is usually assumed to obtain

separately convergent integrals for the positive “gain” and the negative “loss”
parts in (1.2). For example if the particle interactions are modeled by inverse

Key words and phrases. Boltzmann equation, non-uniform grids.
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2 A. HEINTZ, P. KOWALCZYK, AND R. GRZIBOVSKIS

power forces with angular cut-off that means that grazing collisions do not
take place, then

(1.3) B0(r, x) = rγb(x),

where γ ∈ (−3, 1], and b ∈ L1([0, 1]). In the case of “hard sphere” molecules,
B0(r, x) = rx.

In the case of popular Variable Hard Sphere model (VHS) the collision
kernel B has the following form

(1.4) B(|v − w|, θ) = Cα|v − w|α.
with −3 < α ≤ 1. For α = 0 with C0 = 1

4π
we get the so called Maxwellian

gas and for α = 1 with C1 = 1 we get the gas of hard spheres.
To solve the non-stationary Boltzmann equation numerically a splitting

method in time is commonly applied.
At each time step in one solves first the homogeneous Boltzmann equation

(1.5)
∂f

∂t
= Q(f, f) for all x ∈ Ω

and then the transport equation

(1.6)
∂f

∂t
+ v · ∇xf = 0 for all v ∈ R

3.

The main problem for the efficient numerical computations of the Boltz-
mann equation is a proper approximation of the collision operator Q(f, f).
We concentrate here mainly on the approximation of the collision operator
in velocity space and hence demonstrate the method on examples with space
homogeneous solutions. The application of the same approach for space de-
pendent problems will be demonstrated in a subsequent paper.

In the next sections we will omit the dependence of f on the t and x
variables for brevity where it is not confusing.

The numerical solution of the Boltzmann equation is difficult due to the
nonlinearity of the collision integral, the large number of independent vari-
ables and the complicated integration over a five-dimensional cone in the
six-dimensional space of pre and post collisional velocities. This analytical
structure of Q(f, f) implies that a straightforward computation of the colli-
sion integral by a standard quadrature has the computational cost N 3 for N
points representing state of a gas in the velocity space. We point out that
this is the cost of computations just in one point x in the physical space for
a space non-homogeneous problem.

Particular symmetries of the collision operator imply conservation laws
that in turn imply important connections between the Boltzmann equation
and equations of classical gas dynamics.

Consequently the major part of practical applied computations concerning
the Boltzmann equation is based on different variants of the probabilistic
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Monte Carlo methods. Monte Carlo methods are advantageous for many high
dimensional problems in physics, giving realistic and meaningful results with
low computational cost proportional to the number N of particles (points)
representing the system. On the other hand getting high precision results
by Monte Carlo methods requires a higher computational time and for the
number Ntr of stochastic trajectories they demonstrate low convergence order√
Ntr. We refer to the direct simulation method (DSMC) by Bird [5] and to

variants of Monte Carlo method for the Boltzmann equation by Nanbu [17]
and Babovsky [3].

Development of deterministic methods for the Boltzmann equation is usu-
ally motivated, see [22], [18] by the desire of higher precision results, and
by the existence of situations (low Knudsen numbers, slow convection flows)
when probabilistic methods are not effective enough. Also not at the last
place in the motivation of studies in this direction one finds the mathemati-
cal challenge of the problem itself.

We begin with a short discussion of the earlier results in the area of de-
terministic methods for the Boltzmann equation. Historically so called dis-
crete velocity models (DVM) with uniform cubic grid of velocities were the
first example of a numerical approach designed specially for the Boltzmann
equation, starting from D. Goldstein, B. Sturtevant and J.E. Broadwell [12].
Later several different ideas led to other types of models all satisfying exact
conservation laws in discrete form [23]. [9], [20].

Also rigorous consistency and convergence results for such models were
proved [19], [16], [20].

Let n denote the number of points along one coordinate direction in the
uniform velocity grid. All above mentioned DVM methods have high n7

computational cost and have also a disadvantage that the integration over
the sphere S2 of the possible outputs of collisions in Q(f, f) is approximated
with low precision of order 1/

√
n [19]. In the case of the alternative so called

Carleman formulation for Q(f, f) this integration is substituted by the inte-
gration over some arbitrarily oriented planes with the same approximation
problems [20]. It happens because only a small number of points from the
uniform cubic grid meets spheres and arbitrarily oriented planes and these
points are distributed not uniformly.

The Kyoto group in kinetic theory developed a family of finite difference
methods for the Boltzmann equation, linearized Boltzmann equation, and the
BGK equation and investigated numerically many mostly stationary prob-
lems [18],[14]. These computations demonstrate precise results but they are
very time and memory consuming.

For computation of macroscopic flows with low Knudsen numbers so called
lattice Boltzmann computational models with small (6 to 30 velocity points)
are successfully applied, see [24] for references in this area. These simple
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models have structure that reminds the Boltzmann equation but without
the goal to approximate solutions to the last one. Also several larger sim-
plified models of the collision operator Q(f, f) were suggested recently, see
for example [1] that do not approximate of the Boltzmann equation precisely
but demonstrate somehow reasonable behavior of macro-parameters.

The simpler structure of the Boltzmann collision operator in the case of
Maxwell pseudo molecules, by applying Fourier transform lets to reduce the
collision operator to an expression with smaller dimension of the integra-
tion [7]. Using this reduction and the Fast Fourier Transform (FFT) led
authors in [11] and [6] to a fast deterministic method restricted to Maxwell
pseudo molecules and having low computational cost N 4 but still low accu-
racy 1/

√
N . Here N is the number of Fourier modes along one coordinate

direction. Another method designed for the model of hard spheres and also
using FFT was suggested in [8] and has computational cost N 6 logN and a
higher accuracy of order 1/N 2.

A spectral method based on the restriction of the Boltzmann equation to
a finite domain and on the representation of the solution by Fourier series
was suggested in [21], and developed further in [22]. This method has an
advantage of high spectral accuracy for smooth solutions to the Boltzmann
equation and complexity N 6.

Any effort to develop a deterministic scheme for boundary value problems
for the Boltzmann equation, includes as a necessary step computation of
the collision operator Q(f, f) for distribution functions typical for flows with
boundaries. A typical distribution function for a gas close to the boundary
has a discontinuity along a plane.

One observes easily that in a collisionless flow around a body the distribu-
tion function has a discontinuity in velocity space along a cone like surface
that is built of the contour of the body seen from the point of observation.
Computations done by the Kyoto group show that typical distribution func-
tions for flows around a body have actually a similar discontinuity for a wide
spectrum of Knudsen numbers [25].

It means that solutions to a boundary value problem are typically not
smooth and Fourier based spectral approximations for them loose accuracy.
The Gibbs phenomenon makes an alternative way of approximation necessary
for such solutions.

To overcome this difficulty is the main goal of the present paper. One of
the main ideas of the project comes from the classical result that the gain
term Q+(f, f) in the collision operator has certain smoothing properties [15],
[26] and therefore is smooth even for discontinuous f . One can illustrate this
fact by the graph of Q+(f, f) in the x-z plane for a discontinuous function,
see Figure 1. Collision frequency q−(f) is also a smooth function because it
is a convolution of f with a regular function.
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Figure 1. A distribution function f with discontinuity and
the corresponding gain term Q+(f, f)

We introduce here an approximation scheme that can effectively handle
solutions to the Boltzmann equations discontinuous in velocity space. It
is based on a new method for approximation of the Boltzmann collision
operator and its solutions using non-uniform grids in velocity space. The
following techniques make input to its computational efficiency:

i) Fourier based spectral representation of the gain part of collision opera-
tor as a bilinear pseudodifferential operator excluding effectively integration
over spheres from numerical computations;

ii) effective resolution of discontinuities of solutions using an adaptive grid;
iii) high precision spectral representation for smooth terms in the Boltz-

mann equation;
iv) application of an approximate Fast Fourier transform on non-uniform

grid for fast computation of the gain term and collision frequency on the
adaptive grid;

v) an approximate algebraic decomposition of the symbol of the bilinear
pseudodifferential expression for the gain term.

Techniques i) and iii) were used before, ii), iv), v) are new for the Boltz-
mann equation. The idea to combine a spectral representation for smooth
terms in the Boltzmann equation with approximation on and adaptive grid
for the discontinuous distribution function f is new. The combination of
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adaptive grids with non-uniform Fast Fourier transform was previously used
for approximation of geometric flows in [13].

2. Transformation of the collision integral

The collision operator (1.2) for potentials with angular cut off [10] can be
decomposed into the gain and the loss parts

(2.1) Q(f, f)(v) = Q+(f, f)(v) −Q−(f, f)(v),

where
(2.2)

Q+(f, f)(v) =

∫

R3

∫

S2

B(|u|, θ)f(v − 1

2
(u − |u|ω))f(v − 1

2
(u + |u|ω) dω du

and

(2.3) Q−(f, f)(v) = f(v)q−(f)(v)

with q− denoting the collision frequency term

q−(f)(v) =

∫

R3

f(v − u)

∫

S2

B(|u|, θ) dω du.

We have changed the variables u = v−w in the collision integral in (1.2) to
get the above formulations.

We will use the following form of the Fourier transform

(2.4) Fv(m)[f ] := f̂m =

∫

R3

f(v)e2πı(v,m) dv

and inverse Fourier transform

(2.5) F−1
m (v)[f̂ ] := f(v) =

∫

R3

f̂me
−2πı(m,v) dm.

Now we can reformulate the gain and collision frequency terms using the
Fourier transform:

Q+(f, f)(v) = F−1
l (v)F−1

m (v)
[

f̂lf̂mB̂(l,m)
]

,(2.6)

q−(f)(v) = F−1
m (v)

[

f̂mB̂(m,m)
]

,(2.7)

where

(2.8) B̂(l,m) =

∫

R3

∫

S2

B(|u|, θ)e2πı( l+m

2
,u)e2πı|u|(m−l

2
,ω) dωdu.

The gain term is a kind of bilinear pseudodifferential operator with symbol
B̂(l,m). The kernel B̂(l,m) is a distribution, hence for using it in practical
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computations we have to regularize it. We will choose in a proper way the
constant R > 0 and write the regularized kernel as

(2.9) B̂R(l,m) =

∫

B(0,R)

∫

S2

B(|u|, θ)e2πı( l+m

2
,u)e2πı|u|(m−l

2
,ω) dωdu.

We denote by Q+
R(f, f) and q−R(f) the gain and collision frequency terms with

regularized kernel B̂R.
The kernel B̂R can be computed analytically for some special cases of VHS

model (see [22]). In particular, for hard sphere gas it is given by

B̂R(l,m) =

8
p2 [πRq sin(πRq) + cos(πRq)] − q2 [πRp sin(πRp) + cos(πRp)] − 4ξη

π2ξηp2q2
,

whereas for Maxwellian gas we have the following formula

B̂R(l,m) = 2
p sin(πRq) − q sin(πRp)

π2ξηpq
,

where p = ξ + η, q = ξ − η and ξ = |l + m|, η = |l − m|.

3. Discretization of the collision integral

3.1. Discretization of velocity space. We will illustrate our approach to
the numerical solution of the Boltzmann equation by space homogeneous
problems with discontinuous initial data. A standard semi-implicit finite
difference scheme in time will be applied pointwise with respect to velocity
variable.

The distribution function f(t,v) is usually negligible small outside some
ball, so for the numerical treatment of the Boltzmann equation we assume
that

supp f ⊂ Ωv := [−L, L]3,

where we take L = 1
2

for the technical reason which will be given later.
One of the main problems with efficient deterministic computation of the

Boltzmann equation is a fixed usually uniform discretization of the velocity
domain. Hence a huge number of discretization points is required to get the
desired accuracy.

We overcome this problem by introducing a nonuniform velocity grid Gv ⊂
Ωv with Nv denoting the number of points in Gv. The grid Gv ⊂ Ωv of discrete
points will be chosen in such a way that the jump of the function values
between neighboring points is lower than some prescribed threshold. Thus
the grid will have much more discrete points in regions where the function
changes rapidly than in the regions where the function is almost constant. In
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order to treat the discontinuous functions we impose an additional condition
that the neighboring points should not be closer than some given number.

The numerical method that we introduce in this paper gives a possibility
after some preprocessing to compute approximate values of the gain term
Q+(f, f) and the collision frequency q−(f) at arbitrary points in velocity
space for a very low cost. It makes that Q+

R(f, f) and q−R(f) can be computed
effectively on a non-uniform grid different from one where the function f is
defined.

This property lets to a natural idea to built at each time step a nonuni-
form grid in Ωv that is changed adaptively to follow the the changes of the
distribution function f (see Section 4).

At each time step we will first compute the values of the solution at vertexes
of cells that build some initial coarse grid. Then using some reasonable
criteria we will decide which cells in this coarse grid must be divided into
smaller ones. The simplest criteria is a threshold for the variation of the
solution within the cell.

After dividing chosen cells we compute values of the solution in new ver-
texes of the new cells and then continue the subdivision in the same way.
Thus we generate much more grid points in parts of Ωv where the function f
changes rapidly than in those where the function is almost constant. In order
to treat discontinuous functions we impose an additional condition that the
neighboring points should not be closer than some given number.

During this process of subdivision we create an adaptive grid in parallel
with computation of the values of the solution at each time step. Details of
this adaptive procedure like distribution of grid points and the shape of the
cells can be managed in various ways. They are in our method completely
independent from the main challenge that is the effective computation of the
gain term Q+

R(f, f) on an arbitrary non-uniform grid.
Particular adaptive grids that we use in examples at the end of the paper

are grids consisting of an hierarchy of cubes, subdivided into eight smaller
ones in a binary way in regions with high variation of f .

3.2. Discretization of Fourier transform. Now we focus on the numer-
ical approximation of the Fourier transform integrals (2.4) and (2.5) for f
defined on a non-regular grid.

We have restricted the function f to a bounded domain Ωv. See [22] for
discussion of the validity of such a restriction. For the sake of simplicity we
will describe here the evaluation of the integral

f̂m =

∫

Ωv

f(v)e2πı(v,m) dv,
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for f approximated by a function f̄ piecewise constant on cells defined by
the discretization of the velocity space. The approach we use below does not
depend on this issue.

Using an approximation f̄ for f we get the following discrete in velocity
variable approximation for Fourier transform of f (we keep the same notation
for the Fourier transform and its discretization)

f̂m =
∑

K

f̄K

∫

K

e2πı(v,m) dv =
∑

K

Cmf̄K

∑

vK

e2πı(vK ,m),

where K denotes a cubic cell of the discretization of Ωv, f̄K is a constant
approximating f on K and Cm is a constant depending only on m. The
above formulation has a disadvantage that some points are counted multiple
times depending on how many cells have the given point in common. To
avoid this multiple counting we build the unique-node grid of velocity points
to get the following formulation

(3.1) f̂m = Cm

∑

j

f̄j e
2πı(vj ,m),

where f̄j is a value of function f in a point vj. Another higher order approx-
imation for f on cells using values f̄j in vertexes of the cells would lead to a
similar formula.

The standard Fast Fourier Transform (FFT) algorithm commonly used to
compute numerically trigonometric sums cannot be used here for sums like
one in (3.1), since the points vj in the velocity space Ωv are not equidistant.
To manage this problem we use the Unequally Spaced Fast Fourier Trans-
form (USFFT) algorithm developed by G. Beylkin [4]. This procedure is
convenient to formulate if we scale the problem so that points vj lay within
the cube [−1

2
, 1

2
]3. Hence we assume later that the problem is scaled so that

the support of the function f lies in such a cube.
Below we give for completeness of the presentation an outline of the algo-

rithm. Values of Fourier transform f̂m by formula (3.1) will be computed on
a uniform grid in R3 in Fourier domain: {m = (m1, m2, m3) : m1, m2, m3 =
−M, . . . ,M − 1} for M = 2−n−2 with n < 0. We will use for brevity the
shortened notation m = −M, . . . ,M − 1 for multi-indices denoting points of
such grids. Hence we need to compute the sum (3.1) for m = −M, . . . ,M−1.

Let N = 4M . The first step is computing the coefficients

gk =
∑

j

f̄jβ
(p)
k1,n(vj,1)β

(p)
k2,n(vj,2)β

(p)
k3,n(vj,3), k = 0, . . . , N − 1,

where vj = (vj,1, vj,2, vj,3) and β
(p)
r,n(x) = 2−

n
2 β(p)(2−nx−r) with β(p) being the

central B-spline of order p. The computational cost of this step is O(p3Nv).
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Then we evaluate a trigonometric sum

Fl =
N−1
∑

k=0

gke
2πı(k,l)/N , l = −N/2, . . . , N/2 − 1

using standard FFT algorithm with the cost O(N 3 logN).
The last step is a scaling of Fourier transform Fl according to the formula

f̂m =
1

N
3

2

√

a(p)(m1/N)a(p)(m2/N)a(p)(m3/N)
Fm, m = −M, . . . ,M − 1.

This step requires only O(N 3) multiplications, hence the total cost of the
USFFT algorithm can be estimated as O(p3Nv)+O(N3 logN). The precision
of these computations depends on the order p of the the central B-splines
β(p) and on the oversampling that is relation between 2 in this case.

A similar procedure is used to calculate the inverse Fourier transform (2.5)
which, discretized in Fourier domain, is given by

(3.2) f(v) =
M−1
∑

m=−M

f̂me
−2πı(m,v), v ∈ Ωv.

Namely, we start with extending the Fourier coefficients

gk =

{

f̂k+M if −M ≤ k ≤M − 1,
0 otherwise,

k = −N/2, . . . , N/2 − 1.

Then we scale gk according to the formula

g̃k =
gk

b̂k1
b̂k2
b̂k3

,

where b̂kj
=

∑

p−1

2

l=− p−1

2

β(p)(l)e2πılkj/N . Next we apply the FFT algorithm to

compute the sum

fl =

N/2−1
∑

k=−N/2

g̃ke
2πı(l,k)/N , l = −N/2, . . . , N/2 − 1.

Finally, we evaluate f at any point v ∈ Ωv using the formula

f(v) =

N/2−1
∑

l=−N/2

flβ
(p)(

N

2
v1 − l1)β

(p)(
N

2
v2 − l2)β

(p)(
N

2
v3 − l3).

The cost of the first two steps of the algorithm is O(N 3 logN). The cost of
the last step depends on the number of required computations of f in the
velocity domain and for Nv points it is O(p3Nv). Hence the total cost of
calculation of the inverse Fourier transform is the same as before.
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3.3. Decomposition of the gain term Q+(f, f). Discretization of the
collision operator is splitted into two parts according to (2.1). We start with
the gain term Q+(f, f) (2.2), which is discretized as follows

Q+(f, f)(v) =

M−1
∑

l,m=−M

f̂lf̂mB̂(l,m)e−2πı(l+m,v).

To reduce the computational cost of this formulation we want to decouple
dependence on variables l and m in the kernel B̂(l,m). This makes the
bilinear expression easy to calculate.

It is easy to check that the kernel B̂(l,m) is a symmetric matrix. It is a
function of |l−m|, |l+m| and (l−m)(l+m) (and in the case of VHS model
of |l − m| and |l + m| only) [22]. Hence we use the spectral decomposition
to get

(3.3) B̂(l,m) =
s

∑

r=1

drUr(l)Ur(m),

where s = 8M 3 is the number of eigenvalues and Ur is the eigenvector corre-
sponding to the eigenvalue dr. Obviously we can take in (3.3) only significant
eigenvalues (with some prescribed threshold) to get a reasonable approxima-
tion of the kernel.

Now let s denote the number of significant eigenvalues of B̂(l,m), which
is typically 1

8
to 1

4
part of the total number. Hence we get the following

approximation to the gain term

(3.4) Q+(f, f)(v) =

s
∑

p=1

dr

[

M−1
∑

m=−M

f̂mUr(m)e−2πı(m,v)

]2

.

In our algorithm we need to compute the sum (3.4) in many arbitrary points
v in the velocity domain Ωv so that finally they will build an adaptive grid
that suites well for the approximation of the solution f at the next time
step. A straightforward calculation of the sum of squares in (3.4) would be
too much time and memory consuming. To do it efficiently we compute first
the sums

∑M−1
m=−M f̂mUr(m)e−2πı(m,v) on a regular grid in Ωv using standard

FFT algorithm and then compute (3.4) on the same regular grid. After
that we compute the FFT of (3.4) back into the Fourier domain. Then the
computation of Q+(f, f)(v) on an adaptive grid is done effectively by the
USFFT algorithm described before.

The discretization of the loss term Q−(f, f) (2.3) consists of computation
of the discrete collision frequency term (2.7)

q−(f)(v) =
M−1
∑

m=−M

f̂mB̂(m,m)e−2πı(m,v),
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which is a convolution operator and a pointwise multiplication of q−(f)(v) by
f(v). We compute q−(f)(v) again using USFFT algorithm with O(p3Nv) +
O(σN3 logN) operations.

The total computational cost of the numerical approximation of the colli-
sion operator is O(p3Nv)+O(σN6 logN), where σ is a small number depend-

ing on the required accuracy in the approximation of the kernel B̂(l,m).
We point out that the computational cost consists of two parts. The first

one depends on the approximation of the discontinuous solution and increases
linearly with the number Nv of points in the adaptive velocity grid. Another
part depends on the approximation of the smooth terms in the equation.
Here N is the number of Fourier modes along one coordinate direction nec-
essary for approximating smooth terms in the Boltzmann equation that is
moderate, It implies that the suggested deterministic method for comput-
ing the Boltzmann collision operator seems to be considerably more effective
than previous ones.

4. Time discretization

The homogeneous Boltzmann equation is solved numerically using the
standard semi-implicit Euler scheme

fn+1 − fn

∆t
= Q+(fn, fn) − fn+1q−(fn),

where fn = f(tn) denotes the solution f at time tn. Solving this equation
for fn+1 we get

(4.1) fn+1 =
fn + ∆t Q+(fn, fn)

1 + ∆t q−(fn)
.

A higher order finite difference scheme can be also easily adapted.

4.1. Conservation procedure. Since the Boltzmann equation is based on
a balance principle and since the hydrodynamic equations for the macro-
scopic quantities have the form of the conservation laws, one may expect
that the proper numerical scheme should in some sense reflect these prop-
erties. However the proposed numerical scheme, as a spectral method do
not representing higher moments of solutions exactly, conserves only mass –
momentum and energy are not conserved.

A correction technique which enforces the conservativeness was proposed
by Aristov and Tcheremisin (see [2]). The numerical solution f n+1 given by
(4.1) is corrected by adding a term

fn+1
4

∑

i=0

αiψi,
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where ψ0(v) = 1, ψi(v) = vi for i = 1, 2, 3, and ψ4(v) = |v|. The numbers
αi are determined by requiring that the (discretized) conservation laws

∑

vj∈Gv

ψl(vj)f
n+1(vj)

(

1 +

4
∑

i=0

αiψi(vj)
)

=
∑

vj∈Gv

ψl(vj)f
n(vj)

are satisfied for l = 0, . . . , 4.
Hence we get the following formula for the solution

(4.2) fn+1 =
fn + ∆t Q+(fn, fn)

1 + ∆t q−(fn)

(

1 +
4

∑

i=0

αiψi

)

.

4.2. Adaptive grid. At each time step a new grid (based on existing one)
is built for the solution fn+1 according to the formula (4.2).

We build this grid using the values of fn on the existing grid. In case the
grid should be finer (we need more nodes in the new grid) we interpolate the
values of fn on the neighboring nodes. We use for this purpose a simple tri-
linear interpolation i.e. the interpolating function is linear in each direction.
The values of Q+(fn, fn) and q−(fn) are computed straightforwardly at the
desired points using the inverse USFFT algorithm.

5. Numerical examples

We illustrate our new method on several examples with discontinuous ini-
tial data. Having in mind future applications of our approach to boundary
value problems we chosen data with discontinuities typical for flows around
bodies. Despite the simplicity of these examples they reflect certain compu-
tational problems one is faced with solving boundary value problems.

If we think about the flow around a body then simple physical reasons
based on the collisionless picture of gas dynamics imply that the distribu-
tion function f(t, x, v) at a space point x should include two type of inputs.
These are the input from the particles coming from the body and having
corresponding temperature and zero mean velocity. Another one is the input
from the particles coming from infinity and having large mean velocity and
another temperature. Depending on the position of the point x with respect
the body and depending on the shape of the body one observes different cone
like surfaces of discontinuity in the distribution function.

We present here numerical results for maxwell molecules. On the other
hand our method is independent of this particular model.

Example 1.

The first example is the evolution starting from the initial distribution
function f0(v) that is a maxwell distribution function with temperature
0.0115 and velocity 0 in the half space x ≤ 0 and is another maxwell distri-
bution with temperature 0.0115 and velocity −0.1 in the half space x < 0
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. Therefore f0 is discontinuous on the y − z plane. This function imitates
the distribution of the gas close to the surface of a body with the similar
temperature.

Example 2. The second example imitates the distribution function in the
gas flow around a sphere at a point x at some finite distance from the sphere.
We chosen the initial distribution f0(v) similar to one that is observed in such
a flow if collisions between molecules are absent. Namely the distribution
function is initially equal to a maxwell distribution function with temperature
0.0115 and velocity 0 for points within a cone with center at the origin. This
part of the distribution function imitates particles reflected from the body.
Outside of this cone the initial distribution function is taken equal to another
maxwell distribution with temperature 0.0065 and velocity −0.1. This part
of the distribution functions imitates the flow coming from infinity. Therefore
in this case the initial distribution has a discontinuity at the surface of a cone.
We have chosen a cone having the axis laying in x-z plane with angle 1350

with respect to x- axis. The cosine of the angle between the cone and its axis
is 0.85.

Example 3.

The third example is given to illustrate the flexibility of the method to
solutions with large difference of gradients. The initial data is similar to
one in the first example but maxwell distributions in two half spaces have
different temperatures 0.0115 and 0.065 and there are no particles within a
gap in velocities with −0.1 < vx < 0.

For each of these examples we present a sequence of graphs for values of
the distribution function f(ti,v) for several time points ti = 0.02 ∗ i. in
x-z plane and also the corresponding crossections of the three dimensional
adaptive grid with x-z plane.

One can see in all these numerical results that the initial discontinuity
in the distribution function decreases but preserves its position in complete
accordance with known properties of the Boltzmann equation.
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Figure 2. Example 1, solution steps 0 and 5
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Figure 3. Example 1, grid steps 0 and 5
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Figure 4. Example 1, solution steps 40 and 80
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Figure 5. Example 1, grid steps 40 and 80
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Figure 6. Example 2 solution steps 0 and 10
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Figure 7. Example 2, grid steps 0 and 10
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Figure 8. Example 2, solution steps 20 and 40
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Figure 9. Example 2, grid steps 20 and 40
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Figure 10. Example 3, solution steps 0 and 5
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Figure 11. Example 3, grid steps 0 and 5
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Figure 12. Example 3, solution steps 15 and 25
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Figure 13. Example 3, grid steps 15 and 25
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Göteborg University, SE–412 96, Göteborg, Sweden
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