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Observability and identi�ability of nonlinear systems with
applications in biology
Milena Anguelova
Department of Mathematical Sciences
Chalmers University of Technology and Göteborg University

Abstract

This thesis concerns the properties of observability and identi�ability of non-
linear systems. It consists of two parts, the �rst dealing with systems of
ordinary di�erential equations and the second with delay-di�erential equa-
tions with discrete time delays.

The �rst part presents a review of two di�erent approaches to study the
observability of nonlinear ODE-systems found in literature. The di�erential-
geometric and algebraic approaches both lead to the so-called rank test where
the observability of a control system is determined by calculating the dimen-
sion of the space spanned by gradients of the time-derivatives of its output
functions. We show that for analytic systems a�ne in the input variables,
the number of time-derivatives of the output that have to be considered in
the rank test is limited by the number of state variables.

Parameter identi�ability is a special case of the observability problem. A
case study is presented in which the parameter identi�ability of a previously
published kinetic model for the metabolism of S. cerevisiae (baker's yeast)
has been analysed. The results show that some of the model parameters
cannot be identi�ed from any set of experimental data.

The general features of kinetic models of metabolism are examined and
shown to allow a simpli�ed identi�ability analysis, where all sources of struc-
tural unidenti�ability are to be found in single reaction rate expressions. We
show how the assumption of an algebraic relation between concentrations in
metabolic models can cause parameters to be unidenti�able.

The second part concerning delay systems begins by an introduction to
the algebraic framework of modules over noncommutative rings. We then
present both previously published and new results on the problem of ob-
servability. New results are shown on the problems of state elimination and
characterisation of the identi�ability of time-lag parameters. Their identi�a-
bility is determined by the form of the system's input-output representation.
Linear-algebraic criteria are formulated to decide the identi�ability of the
delay parameters which eliminate the need for explicit computation of the
input-output equations. The criteria are applied in the analysis of biological



models from the literature.

Keywords: Observability, identi�ability, nonlinear systems, time delay, de-
lay systems, state elimination, metabolism, conservation laws, signalling
pathways.
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Preface
The work described in this thesis has been �nanced by the National Research
School in Genomics and Bioinformatics under the project title Large Scale
Metabolic Modelling. The work is also related to the more experimentally-
oriented project A metabolome and metabolic modeling approach to func-
tional genomics, also sponsored by the research school. The aim of the latter
has involved the construction of metabolic models for the understanding of
regulation and signal transduction within cells. The analysis of structural
properties of metabolic models is the aim of this work and the properties
that we have investigated are observability and identi�ability. The biological
models that we have come across have motivated the study of both ODE and
delay systems and the division of the theoretical results of this thesis into
two parts. Here follows a brief description of the latter.
Part I. Observability and identi�ability of nonlinear ODE systems: General
theory and a case study of metabolic models

This part of the thesis concerns the observability and identi�ability prob-
lem for nonlinear systems of ordinary di�erential equations with applications
in the kinetic modelling of metabolism in yeast. It consists of a monograph
and one paper, Paper I, see below. The monograph reviews already published
work before describing some new results and introduces a case study of a ki-
netic model of glycolysis from the literature. Of a particular interest for the
study are enzymatic rate equations and how they are parameterised. This is
discussed further in Paper I, which is brie�y introduced in the monograph.
Part II. Observability and identi�ability for nonlinear systems of delay-
di�erential equations with discrete time-delays

This part of the thesis concerns some control problems for nonlinear time-
delay systems, such as observability, identi�ability and state elimination and
application of the results to biological models from the literature. It consists
of a monograph and three papers, Paper II, III and IV. The monograph intro-
duces a mathematical framework for control based on modules over noncom-
mutative rings before describing both previously published and new results
on the observability problem. A new result on state elimination is shown,
which leads to a characterisation of the identi�ability of the delay parame-
ters, the main result of this part of the thesis. The monograph concludes
by an application of the result to a model of genetic regulation from the
literature. Application to other models from systems biology can be found
in Paper III. The theoretical results from Papers II and IV are described in
the monograph part, omitting detailed derivations, for which the reader is
referred to the papers themselves.
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Observability and identi�ability of nonlinear

ODE systems

General theory and a case study of metabolic models

Milena Anguelova

Abstract

Observability is a structural property of a control system de�ned as the
possibility to deduce the state of the system from observing its input-output
behaviour.

We present a review of two di�erent methods to test the observability
of nonlinear control systems found in literature. The di�erential geometric
and algebraic approaches have been applied to di�erent classes of control
systems. Both methods lead to the so-called rank test where the observability
of a control system is determined by calculating the dimension of the space
spanned by gradients of the time-derivatives of its output functions. It has
been shown previously that for rational systems with n state-variables, only
the �rst n−1 time-derivatives have to be considered in the rank test. In this
work, we show that this result applies for a broader class of analytic systems.

The rank test can be used to determine parameter identi�ability which
is a special case of the observability problem. A case study is presented in
which the parameter identi�ability of a previously published kinetic model
for the metabolism of S. cerevisiae (baker's yeast) has been analysed. The
results show that some of the model parameters cannot be identi�ed from
any set of experimental data.

The general features of kinetic models of metabolism are examined and
shown to allow a simpli�ed identi�ability analysis, where all sources of struc-
tural unidenti�ability are to be found in single reaction rate expressions. We
show how the assumption of an algebraic relation between concentrations
in metabolic models can cause parameters to be unidenti�able. A general
method is presented to determine whether a conserved moiety renders a given
rate expression unidenti�able and to reparameterise it into identi�able pa-
rameters.

i



ii

Keywords: Nonlinear systems, observability, identi�ability, observability
rank condition, metabolic model, kinetic model, metabolism, glycolysis, Sac-
charomyces cerevisiae
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1 Introduction

1.1 Motivation for studying observability and
identifiability

Consider a culture of yeast cells grown in a reactor and the chemical reactions
that take place in their metabolism. Thus far, the possibility to observe what
occurs inside a single cell as far as metabolic �uxes are concerned is very
limited. It is therefore not unnatural to consider the cell as a box where we
see what goes in (nutrients) and what comes out (secreted products), but
not what happens inside.

There is, however, extensive knowledge of the chemistry and biology that
takes place within the cell, and based on that, models are made for the
transformation that occurs inside the box. In preparation for a mathematical
description of the situation, we transform the above picture as follows:

We now label the part that can be controlled - for example, the amount
of food given to the cells - u and call it �input�, or �control variable�. The
input often varies with time and is thus a function u(t). The part that can
be observed over some interval of time - e.g. the di�erent secreted products
the �uxes of which can be measured - is denoted by y(t) and called �output�.
What happens inside the cell is accounted for in terms of changes in the
concentrations of the di�erent chemical species present with respect to time;
these concentrations are referred to as �state-variables� and denoted by c(t).
We also have a number of parameters that come with the model used for
cellular metabolism, denoted by p. In this �rst part of the thesis, we assume
that the future concentrations of the chemical species c depend only on their
present concentrations and those of the inputs. Thus, the history of the cell
does not matter and the changes in the concentrations with respect to time
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can be described by ordinary di�erential equations. The following continuous
�state-space� model can be formulated:

ṗ(t) = 0
ċ(t) = f(c(t), p, u(t))
y(t) = g(c(t), p(t)) ,

(1.1)

where ċ(t) denotes the time-derivative of the state-variables at time t. A
hypothetical setting is assumed where we start feeding an input u(t) to the
cell at time zero when the system is at an unknown state c(0) and we observe
the cell's behaviour in terms of the outputs produced. It is assumed that u
is a function of time that we can choose, and that the values of y and all
its time-derivatives at the starting point (time zero) can be measured. The
variation with time, (t), will not be explicitly written when it is clear from
the context.

It is often the case that metabolic models contain numerous parameters
with unknown in vivo values. Sometimes, for the purpose of simulation, the
latter are approximated by their in vitro values, see for example (Teusink et
al., 2000). Often, however, one is interested in obtaining the values that �t
a given set of experimental data. Thus, the parameters are estimated based
on observing the input-output behaviour of the system. The property of
identi�ability is the possibility to de�ne the values of the model parameters
uniquely in terms of known quantities, that is, inputs, outputs and their
time-derivatives.

1.2 Problem statement

A generalisation of identi�ability is the property of observability. Consider
the following �control system� which generalises the example above:

Σ
.
=

{
ẋ(t) = f(x, u)
y = h(x, u) .

(1.2)

In this system, x are the state-variables, the inputs are denoted by u and the
outputs by y; all their components are functions of time. Note that parame-
ters can be considered state-variables with time-derivative zero. We have no
knowledge of the initial conditions for the state-variables (or, respectively, of
the parameter values). It is assumed that we have a perfect measurement of
the outputs so that they are known as functions of time in some interval and
all their time-derivatives at time zero can be calculated. The observability
problem consists of investigating whether there exist relations binding the
state-variables to the inputs, outputs and their time-derivatives and thus



1.2 Problem statement 3

locally de�ning them uniquely in terms of controllable/measurable quanti-
ties without the need for knowing the initial conditions. If no such relations
exist, the initial state of the system cannot be deduced from observing its
input-output behaviour. In the biological setting above, for instance, this
can mean that there are in�nitely many parameter sets that produce exactly
the same output for every input and thus the model parameters cannot be
estimated from any experimental measurements.

Before we de�ne the problem of observability, consider the following ex-
ample of a control system taken from Sedoglavic (2002):

ẋ1 = x2

x1

ẋ2 = x3

x2

ẋ3 = x1θ − u
y = x1 .

(1.3)

In this system, x1, x2 and x3 are state-variables, θ is a parameter, there is a
single input u and a single output y. In the following we use capital letters
to denote initial values of a function and its derivatives, i.e. u(r)(0) = U (r),
y(r)(0) = Y (r) for r ≥ 0. By computing time-derivatives of the output at
time zero, we obtain the equations:

Y (1) = ẋ1 =
x2

x1

(1.4)

Y (2) = ẍ1 =
ẋ2x1 − ẋ1x2

x2
1

=
x3

x2
x1 − x2

x1
x2

x2
1

=
x3

x1x2

− x2
2

x3
1

(1.5)

Y (3) = x
(3)
1 =

ẋ3x1x2 − x3(ẋ1x2 + x1ẋ2)

x2
1x

2
2

− 2x2ẋ2x
3
1 − x2

23x
2
1ẋ1

x6
1

=

=
(x1θ − U (0))x1x2 − x3(

x2

x1
x2 + x1

x3

x2
)

x2
1x

2
2

−
2x2

x3

x2
x3

1 − x2
23x

2
1

x2

x1

x6
1

=

=
θ

x2

− U (0)

x1x2

− x2
3

x1x3
2

− 3x3

x3
1

+
3x3

2

x5
1

. (1.6)

For this simple example, it is actually possible to explicitly calculate the
initial values of the state-variables and the parameters in terms of the inputs
and outputs and their time-derivatives at time zero as shown in Sedoglavic
(2002):

x1 = Y (0) (1.7)
x2 = Y (0)Y (1) (1.8)
x3 = Y (0)Y (1)

(
(Y (1))2 + Y (0)Y (2)

)
(1.9)

θ =

(
(Y (1))2 + Y (0)Y (2)

)2
+ Y (0)Y (1)(3Y (1)Y (2) + Y (0)Y (3))− U (0)

Y (0)
.(1.10)
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A given input-output behaviour thus corresponds to a unique state of the
system. In general, we are not going to demand a globally unique state. It
is enough that the equations have a �nite number of solutions each de�ning
a locally unique state. The observability problem concerns the existence of
such relations and not the explicit calculation of the state variables from the
equations. Depending on the theoretical approach, di�erent de�nitions of
observability can be given, as shown in this report.

1.3 Organisation of the report

In this work, a method for investigating the observability of certain classes
of nonlinear control systems is described by using di�erent theoretical points
of view, each of which adds to our understanding of the problem.

Sections 2 and 3 present a survey of the theory on nonlinear observabil-
ity available in the literature. Observability has been dealt with in both a
di�erential geometrical interpretation, and an algebraical one. The two ap-
proaches are introduced and the results in terms of obtaining an observability
test are described.

Section 4 attempts to answer the following question that arises during
the literature surveys. If the derived observability test is to be applied in
practice, a bound must be introduced for the number of time-derivatives of
the output that have to be considered in obtaining equations for the variables.
Such an upper bound is given for rational systems in Section 3. In Section 4
this bound is shown to apply for analytic systems.

Section 5 describes the identi�ability problem as a special case of observ-
ability.

In Section 6 we apply the theory discussed in the preceding sections to a
case study of a kinetic model for the metabolism of Saccharomyces cerevisiae,
also known as bakers yeast. We use an algorithm by Sedoglavic (2002) and
its implementation in Maple which performs an observability/identi�ability
test of rational models. We obtain results for the identi�ability of the kinetic
model and �nd the non-identi�able parameters. The results are interpreted
in terms of the biological structure of the model.

The case study in Section 6 leads us to consider whether the special struc-
ture of metabolic models allows for a simpli�ed identi�ability test, in which
only individual reaction rate expressions need to be analysed. Assumptions
of conserved moieties of chemical species, often used in kinetic modelling
of metabolism, are shown to lead to unidenti�able rate expressions, and in
turn, to unidenti�able parameters in the models. This is discussed in detail
in Paper I, where we also show how the models can be reparameterised into
identi�able rate expressions.
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2 The differential-geometric approach to

nonlinear observability

In this section we present the basics of the theory of nonlinear observability
in a di�erential-geometric approach that we have gathered from the works
of Hermann and Krener (1977); Krener (1985); Isidori (1995); Sontag (1991)
and Sussmann (1979).

2.1 Definitions

Throughout this section we will consider control systems a�ne in the input
variables which is a valid description of many real-world systems. They have
the form:

Σ

{
ẋ(t) = f(x(t), u(t)) = g0(x(t)) + g(x(t))u(t)
y(t) = h(x(t)) ,

(2.1)

where u(t) denotes the input, x(t) the state variables and y(t) the outputs
(measurements). Throughout the text, the time-dependence (t) will not be
written explicitly where it is understood from the context. We assume that
x ∈ M where M is an open subset of Rn, u ∈ Rm, y ∈ Rp and g0, and the
m columns of g, denoted by gi for i = 1, . . . ,m, are analytic vector �elds
de�ned on M . We also have to assume that the system is complete, that
is, for every bounded measurable input u(t) and every x0 ∈ M there exists
a solution to ẋ(t) = f(x(t), u(t)) such that x(0) = x0 and x(t) ∈ M for all
t ∈ R.

Here follow several de�nitions. Let W denote an open subset of M .

De�nition 2.1 A pair of points x0 and x1 in M are W-distinguishable if
there exists a measurable bounded input u(t) de�ned on the interval [0,T] that
generates solutions x0(t) and x1(t) of ẋ = f(x, u) satisfying xi(0) = xi such
that xi(t) ∈ W for all t ∈ [0, T ] and h(x0(t)) 6= h(x1(t)) for some t ∈ [0, T ].
We denote by I(x0,W ) all points x1 ∈ W that are not W-distinguishable
from x0.

De�nition 2.2 The system Σ is observable at x0 ∈M if I(x0,M) = x0.

If a system is observable according to the above de�nition, it is still possible
that there is an arbitrarily large interval of time in which two points of
M cannot be distinguished form each other. Therefore a local concept is
introduced which guarantees that to distinguish between the points of an
open subset W of M , we do not have to go outside of it, which necessarily
sets a limit to the time interval as well.
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De�nition 2.3 The system Σ is locally observable at x0 ∈M if for every
open neighborhood W of x0, I(x0,W ) = x0.

Clearly, local observability implies observability as we can set W in De�ni-
tion 2.3 equal to M . On the other hand, since W can be chosen arbitrarily
small, local observability implies that we can distinguish between neighbour-
ing points instantaneously (since the trajectory is bound to be within W ,
setting a limit to the time interval).

Remark: In this section �local observability� is a stronger property than
�observability� because it implies that only local information is needed.

Both the de�nitions above ensure that a point x0 ∈ M can be distin-
guished from every other point in M . For practical purposes though, it is
often enough to be able to distinguish between neighbours inM , which leads
us to the following two concepts:

De�nition 2.4 The system Σ has the distinguishability property at
x0 ∈M if x0 has an open neighborhood V such that I(x0,M) ∩ V = x0.

In a system having this property, any point x0 can be distinguished from
neighbouring points but there could be arbitrarily large intervals of time
[0, T ] in which the points cannot be distinguished. In order to set a limit on
the time interval, a stronger concept is introduced:

De�nition 2.5 The system Σ has the local distinguishability property
at x0 ∈ M if x0 has an open neighbourhood V such that for every open
neighbourhood W of x0, I(x0,W ) ∩ V = x0.

Clearly, local observability implies local distinguishability as we can set V
equal to M . Thus, if a system does not have the local distinguishability
property at some x0, it is not locally observable at that point either.

It is the �nal property of local distinguishability that lends itself to a test.

2.2 The observability rank condition (ORC)

This subsection describes how to determine if a system possesses the local
distinguishability property by the so-called "observability rank condition" as
introduced by Hermann and Krener (1977).

Throughout this subsection, we will use the following simple example of
a control system: 

ẋ1 = 0
ẋ2 = u− x1x2

y = x1x2 .
(2.2)
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For this system, g0(x1, x2) =

(
0

−x1x2

)
, g(x1, x2) =

(
0
1

)
and h(x1, x2) =

x1x2 (according to the notation introduced in the previous subsection) with
p = 1, m = 1, and n = 2.

We now introduce di�erentiation with respect to time along the system
dynamics. Formally, this is done by so-called Lie-di�erentiation. The Lie
derivative of a C∞ function φ on M by a vector �eld v on M is

Lv(φ)(x) :=< dφ, v > . (2.3)

Here <> denotes the scalar product and dφ the gradient of φ.
Applying this to our example system, note that g0(x1, x2) and g(x1, x2)

are vector �elds on M and we can calculate the Lie derivative of h(x1, x2)
along them:

Lg0(h)(x1, x2) =< dh, g0 >= (x2 x1)

(
0

−x1x2

)
= −x2

1x2 (2.4)

and
Lg(h)(x1, x2) =< dh, g >= (x2 x1)

(
0
1

)
= x1 . (2.5)

The �ow Φ(t, x) of a vector �eld v on M is by de�nition the solution of:{
∂
∂t

Φ(t, x) = v(Φ(t, x))
Φ(0, x) = x .

(2.6)

Observe that we have the following equality:

Lv(φ)(x) =
d

dt

∣∣∣∣
t=0

(
φ(Φ(t, x)

)
. (2.7)

The Taylor series of φ(Φ(t, x)) with respect to t are called Lie series:

φ
(
Φ(t, x)

)
=

∞∑
l=0

tl

l!
Ll

v(φ)(x) . (2.8)

Let us now link the local distinguishability property to these new concepts.
First of all, as observed in (Sussmann, 1979), if two points x0 and x1 in M
are W -distinguishable by a bounded measurable input, then they must be
W -distinguishable by a piecewise constant input. This is due to uniform
convergence since the outputs depend continuously on the inputs. For a
constant input u, f(x, u) de�nes a vector �eld on M and we can de�ne the
�ow Φ(t, x) and the Lie series expansion of hi(Φ(t, x)) for i = 1, . . . , p. To see
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how this generalises to piecewise-constant inputs, we follow (Isidori, 1995)
and consider the input such that for i = 1, . . . ,m,{

ui(t) = u1
i , t ∈ [0, t1)

ui(t) = ul
i, t ∈ [t1 + · · ·+ tl−1, t1 + · · ·+ tl), l ≥ 2 ,

(2.9)

where ul
i ∈ R. With no loss of generality, we can assume that t1 = · · · = tl.

De�ne the vector �elds
θl = g0 + gul (2.10)

and denote their corresponding �ows by Φl
t. Under this input, the state

reached at time t1 + · · ·+ tl starting from x0 at t = 0 can be expressed as

x(tl) = Φl
tl
◦ · · · ◦ Φ1

t1
(x0) . (2.11)

The corresponding output becomes

yi(t1 + · · ·+ tl) = hi

(
Φl

tl
◦ · · · ◦ Φ1

t1
(x0)

)
. (2.12)

This output can be regarded as the value of the mapping

F x0

i : (−ε, ε)l → R
(t1, . . . , tl) 7→ hi ◦ Φl

tl
◦ · · · ◦ Φ1

t1
(x0) . (2.13)

If two initial states x0 and x1 are such that they produce the same output
for all possible piecewise-constant inputs, then

F x0

i (t1, . . . , tl) = F x1

i (t1, . . . , tl) (2.14)

for all possible (t1, . . . , tl) with 0 ≤ tj < ε and all i = 1, . . . , p. Thus,

( ∂lF x0

i

∂t1 · · · ∂tl
)

t1=···=tl=0
=

( ∂lF x1

i

∂t1 · · · ∂tl
)

t1=···=tl=0
. (2.15)

Since ( ∂lF x0

i

∂t1 · · · ∂tl
)

t1=···=tl=0
= Lθ1 · · ·Lθl

hi(x
0) , (2.16)

we must have,
Lθ1 · · ·Lθl

hi(x
0) = Lθ1 · · ·Lθl

hi(x
1) . (2.17)

Suppose now that there exists an open neighbourhood V of x0 such that all
points in V are distinguishable from x0 instantaneously (which is the require-
ment for local distinguishability). Then, there exists a piecewise-constant
input u such that the map from V to the space spanned by the Lie deriva-
tives Lθ1 · · ·Lθl

hi is 1 : 1. Let us formally describe the "observation" space
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spanned by the Lθ1 · · ·Lθl
hi which will be denoted by G. It can be shown,

(Isidori, 1995; Sontag, 1991), that

G = spanR{Lgi1Lgi2 · · ·Lgir (hi) : r ≥ 0, ij = 0, . . . ,m, i = 1, . . . , p} .
(2.18)

Since we are interested in the Jacobian of the 1 : 1 map mentioned above,
the space spanned by the gradients of the elements of G is introduced and
denoted by dG:

dG = spanRx
{dφ : φ ∈ G} , (2.19)

where Rx denotes the �eld of meromorphic functions on M .
It is the dimension of dG which determines the local distinguishability

property. For each x ∈M , let dG(x) be the subspace of the cotangent space
at x obtained by evaluating the elements of dG at x. The rank of dG(x) is
constant in M except at certain singular points, where the rank is smaller
(this property is due to the system being analytic, see for example (Krener,
1985) or Chapter 3 in (Isidori, 1995). Then dimRxdG is de�ned as the generic
or maximal rank of dG(x), that is, dimRxdG = maxx∈M(dimRdG(x)).

We can now formulate the so-called "observability rank condition" intro-
duced by Hermann and Krener (1977):

Theorem 2.1 The system Σ has the local distinguishability property for
all x in an open dense set of M if and only if dimRxdG = n.

Let us apply this test to the example system. We observe by inspection
that the space G for this system is spanned by functions of the forms xk

1 and
xk

1x2 (the �rst two Lie derivatives were calculated above). Thus, the space
dG is spanned by one-forms of the type (kxk−1

1 0) and (kxk−1
1 x2 xk

1).
Therefore we conclude that this example system has the local distinguisha-
bility property almost everywhere except on the line x1 = 0.

Consider another example:
ẋ1 = u− x1

ẋ2 = u− x2

y = x1 + x2 .
(2.20)

For this system, g0(x1, x2) =

(
−x1

−x2

)
, h(x1, x2) =

(
1
1

)
and h(x1, x2) =

x1 +x2 (according to the previously used notation). The �rst two Lie deriva-
tives are

Lg0(h)(x1, x2) =< dh, g0 >= (1 1)

(
−x1

−x2

)
= −x1 − x2 (2.21)
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and
Lg(h)(x1, x2) =< dh, g >= (1 1)

(
1
1

)
= 2 . (2.22)

The space G for this example is spanned by constant functions and the func-
tion x1 + x2. Thus, the space dG is spanned by one-forms of the type (1 1)
and (0 0). Clearly, this space is of dimension 1, which means that the
system does not have the local distinguishability property anywhere.

2.3 From piecewise-constant to differentiable in-
puts - a different definition of observation
space

2.3.1 Observation space for analytic inputs

In the previous section, the observation space was de�ned in terms of piecewise-
constant inputs to be:

G = spanR{Lgi1Lgi2 · · ·Lgir (hi) : r ≥ 0, ij = 0, . . . ,m, i = 1, . . . , p} .
(2.23)

In this subsection it is shown that the observation space can be de�ned
equally well in terms of analytic inputs. We follow the works of Sontag (1991)
and Krener (1985).

A time-dependent vector �eld v(t, x) de�nes a time-dependent �ow in a
similar way as in the previous section:{

∂
∂t

Φ(t, x) = v(t,Φ(t, x))
Φ(0, x) = x .

(2.24)

Let Φu(t, x) denote the time-dependent �ow corresponding to the time-dependent
vector �eld f(x(t), u(t)), where we now assume that we have a single input u
which is an analytic function of time (the results in this section can be gen-
eralised to apply for vector-valued inputs). Let the initial values of u and its
derivatives be u(r)(0) = U (r) for r ≥ 0 with U (r) ∈ R. For any non-negative
integer l and any U = (U (0), . . . , U (l−1)) ∈ Rl, de�ne the functions

ψrm+i(x, U) =
dr

dtr

∣∣∣∣
t=0

gi(Φu(t, x)) , (2.25)

for 1 ≤ i ≤ p, 0 ≤ r ≤ l − 1. (Observe that the result of this formula is
actually the Lie derivation de�ned earlier, where extra terms appear due to
the time dependence of the input. In fact, ψrp+i(x, U) = Lr

fhi where we de�ne
Lf =

∑n
j=1 fj

∂
∂xj

+
∑

l=0 U
(l+1) ∂

∂u(l) .) Applying repeatedly the chain rule, we
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see that the functions ψi can be expressed as polynomials in U (0), . . . , U (l−1)

with coe�cients that are functions of x, (Sontag, 1991).
As in Subsection 2.2, we can again de�ne the Taylor series of g(Φu(t, x))

with respect to t:

hi(Φu(t, x)) =
∞∑

r=0

ψrp+i(x, U)
tr

r!
. (2.26)

Similarly to Subsection 2.2, where we considered the space spanned by
the coe�cients of the Lie series for hi(Φu(t, x)), we now construct the space
spanned by the ψj:

Ĝ = spanR{ψlp+i(x, U) : U ∈ Rl, l ≥ 0, i = 1, . . . , p} . (2.27)

Wang and Sontag (1989) proved that G = Ĝ. We can illustrate this with the
observable example from Subsection 2.2:

ẋ1 = 0
ẋ2 = u− x1x2

y = x1x2 .
(2.28)

The time-dependent �ow for the time-dependent vector �eld

f(x, u) =

(
0

u− x1x2

)
becomes Φu(t, x) =

(
Φu,1(t, x)
Φu,2(t, x)

)
, where

∂
∂t

Φu,1(t, x) = 0
∂
∂t

Φu,2(t, x) = u(t)− Φu,1(t, x)Φu,2(t, x)
Φu,1(0, x) = x1

Φu,2(0, x) = x2 .

(2.29)

The �rst few ψi:s can be calculated as follows:

ψ1(x, U) = h(Φu(t, x))|t=0 =
(
Φu,1(t, x)Φu,2(t, x)

)
|t=0

=

= Φu,1(0, x)Φu,2(0, x) = x1x2

ψ2(x, U) =
dh(Φu(t, x))

dt

∣∣∣∣
t=0

=
∂
(
Φu,1(t, x)Φu,2(t, x)

)
∂t

∣∣∣∣
t=0

=

=
(
Φu,2(t, x)

∂Φu,1(t, x)

∂t
+ Φu,1(t, x)

∂Φu,2(t, x)

∂t

)
|t=0

=

=
(
Φu,2(t, x) · 0 + Φu,1(t, x)(u(t)− Φu,1(t, x)Φu,2(t, x))

)
|t=0

=

= Φu,1(0, x)(U
(0) − Φu,1(0, x)Φu,2(0, x)) = x1(U

(0) − x1x2)

ψ3(x, U) =
d2h(Φu(t, x))

dt2

∣∣∣∣
t=0

=
∂2

(
Φu,1(t, x)Φu,2(t, x)

)
∂t2

∣∣∣∣
t=0

=

= x1

(
U (1) − x1(U

(0) − x1x2)
)

. (2.30)
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We see now that if the U (i):s are free to vary over R, then the space Ĝ for
this example is spanned by the functions xk

1 and xk
1x2 for k ≥ 1, exactly as

the space G that we calculated in Subsection 2.2.

2.3.2 Symbolic notation for the inputs

Following (Sontag, 1991), let us now consider the ψj:s as formal polyno-
mials in U (0), U (1), . . . with coe�cients that are functions of x. Denote by
K = R(U (0), U (1), . . . ) the �eld obtained by adjoining the indeterminates
U (0), U (1), . . . to R. Recall that Rx is the �eld of meromorphic functions on
M . De�ne Kx = Rx(U

(0), U (1), . . . ) as the �eld obtained by adjoining (a �nite
number of) the indeterminates U (0), U (1), . . . to Rx, where Kx is seen as a
vector space over K. Let FK be the subspace of Kx spanned by the functions
ψj over K, that is,

FK = spanK{ψj : j ≥ 1} . (2.31)
This is now a di�erent de�nition of the �observation space�. As before, we
are also interested in the space spanned by the di�erentials of the elements of
FK. The latter can be seen as polynomial functions of U (0), U (1), . . . with co-
e�cients that are covector �elds on M . For the example in Subsection 2.3.1,
the di�erentials of the ψj:s can be written:

dψ1 = (x2 x1)

dψ2 = (U (0) − 2x1x2 − x2
1) = (1 0)U (0) + (−2x1x2 − x2

1)

dψ3 = (U (1) − 2U (0)x1 + 3x2
1x2 x3

1) =

= (1 0)U (1) + (−2x1 0)U (0) + (3x2
1x2 x3

1) .

Recall from the previous section that the space dG for this example is spanned
by one-forms of the type (kxk−1

1 0) and (kxk−1
1 x2 xk

1). The covector
�elds calculated above are clearly of the same form.

Now let
OK = spanKx

{dψi : ψi ∈ FK} . (2.32)
Sontag (1991) proved the following result:

Theorem 2.2 For the analytic system (2.1)

dimRxdG = dimKxOK . (2.33)

Thus, the property of local distinguishability can be determined from the
dimension of the space OK. The signi�cance of this result is that u can now
be treated symbolically in calculating the rank. This observation is used in
Section 4 to derive an upper bound for the number of dψj that have to be
considered in the rank test.
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3 The algebraic point of view: observ-

ability of rational models

This section introduces the algebraic point of view in the treatment of the
observability problem according to the works of Diop and Fliess (1991a,b);
Diop and Wang (1993) and Sedoglavic (2002).

3.1 Example

Before we describe the algebraic setting for our general control problem,
consider the following simple example:

ẋ1 = x1x
2
2 + u

ẋ2 = x1

y = x1 .
(3.1)

We obtain two equations for the state-variables x1 and x2 from the output
function and its �rst Lie derivative where we use the notations u(r)(0) = U (r)

and y(r)(0) = Y (r), r ≥ 0 for the time derivatives at zero of the input and
output, respectively:

Y (0) = x1 (3.2)
Y (1) = Lfx1 = x1x

2
2 + U (0) . (3.3)

By simple algebraic manipulation of these equations, we can obtain the fol-
lowing polynomial equations for each of the variables with coe�cients in
U = (U (0), U (1), . . .) and Y = (Y (0), Y (1), . . .):

x1 = Y (0) (3.4)
Y (0)x2

2 + U (0) − Y (1) = 0 . (3.5)

There are �nitely many (two) solutions of these equations for a given set
of inputs and outputs (except on the lines x1 = 0 and x2 = 0). Each
one is locally unique and determines the state of the system completely from
information on the input and output values. (In the terminology of Section 2,
this example system has the local distinguishability property for all x except
for those on the lines x1 = 0 and x2 = 0).

This was a very simple example where we could derive (and solve) these
polynomial equations for the variables explicitly. In general, however, the ob-
servability problem concerns the existence of such equations rather than their
explicit calculation. We now review an algebraic formulation of observability
for control systems consisting of polynomial or rational expressions.
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3.2 Algebraic setting

3.2.1 Algebraic observability

Consider now �polynomial� control systems of the form:

Σ

{
ẋ = f(x, u)
y = h(x, u) ,

(3.6)

where u stands for the m input variables, f and h are for now vectors of
n and p polynomial functions, respectively (we will make the transition to
rational functions later).

The equations obtained by di�erentiating the output functions will now
contain polynomial expressions only. This allows us to make a new de�ni-
tion of observability based on the following rather intuitive idea - the state-
variable xi, i = 1, . . . , n is observable if there exists an algebraic relation that
binds xi to the inputs, outputs and a �nite number of their time-derivatives.
If each xi is the solution of a polynomial equation in U and Y , then we know
that a given input-output map corresponds to a locally unique state of the
system. We will now prepare for a formal de�nition of algebraic observability.

Let R〈U, Y 〉 denote the �eld obtained by adjoining the indeterminates
U

(0)
i , U (1)

i , . . . , i = 1, . . . ,m and Y
(0)
j , Y

(1)
j , . . . , j = 1, . . . , p to R (or any

other �eld of characteristic zero). Then we can make the following de�nition
of algebraic observability:

De�nition 3.1 xi, i ∈ {1, . . . , n} is algebraically observable if xi is algebraic
over the �eld R〈U, Y 〉. The system Σ is algebraically observable if the �eld
extension R〈U, Y 〉 ↪→ R〈U, Y 〉(x) is purely algebraic.

3.2.2 Derivations and transcendence degree

The transcendence degree of the �eld extension R〈U, Y 〉 ↪→ R〈U, Y 〉(x) is
now equal to the number of non-observable state-variables which should be
assumed known (i.e. should have known initial conditions) in order to obtain
an observable system. Our purpose is now to �nd a way to calculate this
transcendence degree. For this, the theory of derivations over sub�elds as
described in (Jacobsson, 1980) and (Lang, 1993) is used.

De�nition 3.2 A derivation D of a ring R is a linear map D : R→ R such
that

D(a+ b) = D(a) +D(b) (3.7)
D(ab) = aD(b) +D(a)b , (3.8)

for a, b ∈ R.
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For example, the partial derivative ∂
∂Xi

, i = 1, . . . , n, is a derivation of the
polynomial ring k[X1, . . . , Xn] over a �eld k.

Consider now a �eld F of characteristic 0 and a �nitely-generated �eld
extension E = F (x) = F (x1, . . . , xk). Can a derivation D of F be extended
to a derivation D∗ of E which coincides with D on F? Consider the ideal
determined by (x) in F [X] and denoted by I, that is, the set of polynomials
in F [X] vanishing on (x). If such a derivation D∗ exists and p(X) ∈ I, then
the following must hold:

0 = D(0) = D∗0 = D∗p(x) = pD(x) +
n∑

i=1

∂p

∂xi

D∗xi , (3.9)

where pD denotes the polynomial obtained by applying D to all the coe�-
cients of p (which are elements of F ) and ∂p

∂xi
denotes the polynomial ∂p

∂Xi

evaluated at (x). If the above is true for a set of generators of the ideal I,
then it is satis�ed by all polynomials in I. This is now a necessary condition
for extending the derivation D to E = F (x). It is also a su�cient condition
as shown in (Jacobsson, 1980) and (Lang, 1993):

Theorem 3.1 Let D be a derivation of a �eld F . Let (x) = (x1, . . . , xn)
be a �nite family of elements in an extension of F . Let pα(X) be a set of
generators for the ideal determined by (x) in F [X]. Then, if (w) is any set
of elements of F (x) satisfying the equations

0 = pD(x) +
n∑

i=1

∂pα

∂xi

wi , (3.10)

there is one and only one derivation D∗ of F (x) coinciding with D on F and
such that D∗xi = wi.

Suppose now that the derivation D on F is the trivial derivation, that is,
Dx = 0 for all x ∈ F . Then, pD(x) = 0 in the equation above and thus,
0 =

∑n
i=1

∂pα

∂xi
wi. The wi:s are thus solutions of a homogeneous linear equation

system and there exists a non-trivial derivation D∗ of E = F (x) only if the
matrix formed by the ∂pα

∂xi
:s is not full-ranked.

Let DerFE denote the set of derivations of E = F (x) that are trivial on
F . DerFE forms a vector space over E if we de�ne (bD)(x) = b(D(x)) for
b ∈ E. The dimension of this vector space can be calculated as follows, see
(Jacobsson, 1980):

Theorem 3.2 Let E = F (x1, . . . , xn) and let X = {p1, . . . , pq} be a �nite
set of generators for the ideal of polynomials p in F [X1, . . . , Xn] such that
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p(x1, . . . , xn) = 0 (this set exists due to Hilbert's basis theorem). Then:
[DerFE : E] = n− rank(J(p1, . . . , pq)) , (3.11)

where J(p1, . . . , pq) is the Jacobian matrix
∂p1

∂x1
. . . ∂p1

∂xn... . . . ...
∂pq

∂x1
. . . ∂pq

∂xn


.

(3.12)

To see how the space DerFE is related to the transcendence degree of the
�eld extension F ↪→ E suppose that E = F (x) and x is algebraic over F
with minimal polynomial p. If D is a derivation of E which is trivial on F ,
then 0 = p′(x)Dx and thus Dx = 0 since p′(x) cannot be zero (the �eld F
has characteristic zero). Therefore D is trivial on E. We have the following
general result Jacobsson (1980):
Theorem 3.3 If E = F (x1, . . . , xn), then DerFE = 0 if and only if E is
algebraic over F . Moreover, [DerFE : E] is equal to the transcendence degree
of E over F .

3.2.3 Rank calculation

We now have a way of calculating the transcendence degree of E = F (x)
over F by a rank calculation. Suppose that the transcendence degree is
equal to r > 0 and thus some of the xi:s are not algebraic over F . We
wish to know if element xj is algebraic over F . Consider the �eld ex-
tensions F ↪→ F (xj) ↪→ E. We can calculate the transcendence degree
of the �eld extension F (xj) ↪→ E by the method described above. Since
E = F (xj)(x1, . . . , xj−1, xj+1, . . . , xn), this will involve a calculation of the
rank of the following matrix:

∂p1

∂p1
. . . ∂p1

∂xj−1

∂p1

∂xj+1
. . . ∂p1

∂xn

... . . . ...
∂pq

∂x1
... ∂pq

∂xj−1

∂pq

∂xj+1
. . . ∂pq

∂xn


.

(3.13)

If the transcendence degree of the �eld extension F (xj) ↪→ E is equal to r (i.e.
the above matrix has rank (n− 1)− r), then the variable xj is algebraic over
F . This is due to the fact that if we have the �eld extensions F ↪→ F ′ ↪→ E,
then (Lang, 1993):

tr.deg.(E/F ) = tr.deg.(E/F ′) + tr.deg.(F ′/F ) . (3.14)
We thus have a way of classifying all xi as either algebraic over F or not
by eliminating the i:th column in the Jacobian and observing if there is a
change of its rank.
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3.3 The observability rank condition (ORC) for
rational systems

3.3.1 The ORC for polynomial systems

Setting F = R〈U, Y 〉 and E = F (x1, . . . , xn), we can apply the theory from
Subsection 3.2 to our control problem. We have obtained a method for
testing the observability of polynomial control systems by calculating the
transcendence degree of the �eld extension R〈U, Y 〉 ↪→ R〈U, Y 〉(x). In order
to perform the calculations described above, we need to describe the ideal I of
polynomials p in k〈U, Y 〉[X] such that p(x1, . . . , xn) = 0. Clearly, Y (0)

j −gj ∈
I for all j = 1, . . . , p. Di�erentiating the j:th output variable with respect to
time at zero we obtain (by Lie-di�erentiation where the time-dependence of
the inputs is taken into account, as in Section 2.3 of the previous section):

Y
(1)
j = Lfgj =

∑
k=0

l∑
i=1

∂gj

∂u
(k)
i

U
(k+1)
i (3.15)

Y
(2)
j = L2

fgj =
∑
k=0

l∑
i=1

∂(Lfgj)

∂u
(k)
i

U
(k+1)
i , (3.16)

etc. Clearly Y
(1)
j − Lfgj and Y

(2)
j − L2

fgj are elements of R〈U, Y 〉(x) and
polynomials in I. In fact, all such polynomials obtained by Lie-derivation
belong to I. It can be shown that I is generated by the polynomials Y (i)

j −Li
fgj

for j = 1, . . . , p, i = 0, . . . , n − 1 by the following argument of Sedoglavic's
(Sedoglavic, 2002).

We have
R〈U〉 ⊂ R〈U, Y 〉 ⊂ R〈U〉(x) , (3.17)

since each Y (i)
j is a polynomial function of x with coe�cients in R〈U〉. Thus,

as in 3.2.3,

tr.deg.(R〈U〉(x)/R〈U〉) =

= tr.deg.(R〈U〉(x)/R〈U, Y 〉) + tr.deg.(R〈U, Y 〉/R〈U〉) , (3.18)

and the transcendence degree of the �eld extension R〈U〉 ↪→ R〈U, Y 〉 is
therefore at most n. Thus, for every j = 1, . . . , p, there exists an algebraic
relation qj(Y (0)

j , . . . , Y
(n)
j ) = 0 with coe�cients in R〈U〉. Thus the polynomial

Y
(n)
j − Ln

fgj belongs to the ideal generated by the polynomials Y (i)
j − Li

fgj

for i = 1, . . . , n − 1. We therefore conclude that we need only consider the
equations obtained by the �rst n− 1 Lie-derivatives of the output functions.
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Hence, according to Theorem 3.2, in order to calculate the transcendence
degree of the �eld extension R〈U, Y 〉 ↪→ R〈U, Y 〉(x) we have to �nd the rank
of the following matrix:

∂L0
f g1

∂x1
. . .

∂L0
f g1

∂xn... . . . ...
∂L0

f gp

∂x1
. . .

∂L0
f gp

∂xn... . . . ...
∂Ln−1

f g1

∂x1
. . .

∂Ln−1
f g1

∂xn... . . . ...
∂Ln−1

f gp

∂x1
. . .

∂Ln−1
f gp

∂xn


.

(3.19)

If this Jacobian matrix is full-ranked, then the transcendence degree is zero
by Theorems 3.2 and 3.3 and we have an algebraically observable system.
We have arrived at the observability rank condition that was derived for dif-
ferentiable inputs in the di�erential geometric approach in Subsection 2.3.2,
but this time we have a �nite number of Lie derivatives to consider.

If the system is not algebraically observable, we can �nd the non-observable
variables by removing columns in this matrix and calculating the rank of the
reduced matrices, as described in Subsection 3.2.3.

3.3.2 The ORC for rational systems

We will now generalise this theory to apply for rational systems of type:

Σ

{
ẋ = f(x, u)
y = g(x, u) ,

(3.20)

where now fi = pi(u, x)/qi(x) for i = 1, . . . , n and gj = rj(x, u)/sj(x) for
j = 1, . . . , p with pi, qi, rj and sj polynomial functions.

We observe that just as before, Y (i)
j − Li

fgj ∈ R〈U, Y 〉(x) for all i =
0, . . . , n − 1, j = 1, . . . , p, but they are no longer polynomials. However, as
shown by Diop et al. (1993) and Sedoglavic (2002), these rational expressions
can be used in the rank test instead of the polynomials that generate the ideal
I, and therefore we may use the same Jacobian in this case, as for polynomial
systems.

Remark: Observe that the algebraic interpretation has lead us to the
observability rank condition derived for analytic inputs in Subsection 2.3
of the previous section, showing the equivalence of algebraic observability
and local distinguishability, see (Diop et al., 1993). In fact, the ideal I of
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polynomials p in R〈U, Y 〉[X] such that p(x1, . . . , xn) = 0 is generated by the
same functions that span the space FK de�ned in Section 2. The rank of the
Jacobian 

∂L0
f g1

∂x1
. . .

∂L0
f g1

∂xn... . . . ...
∂L0

f gp

∂x1
. . .

∂L0
f gp

∂xn

. . .
∂Ln−1

f g1

∂x1
. . .

∂Ln−1
f g1

∂xn... . . . ...
∂Ln−1

f gm

∂x1
. . .

∂Ln−1
f gm

∂xn


(3.21)

is exactly the dimension of the space OK which, as we recall, determines the
local distingushability property according to Theorem 2.2. The result of the
algebraic approach of this section is that we have been able to show that for
rational systems the space OK is generated by a �nite number of functions.
In Section 4, we take a di�erent approach to show that this is in fact true
for all analytical systems of the form (2.1).

3.4 Symmetry

Suppose now that by applying the rank test above, we �nd that our control
system is not algebraically observable and that the transcendence degree is
r. This means that DerR〈U,Y 〉R〈U, Y 〉(x) is not empty and has dimension r.
The di�erential-geometric concept that corresponds to derivations is that of
tangent vectors. We can therefore interpret the existence of derivations on
R〈U, Y 〉(x) that are trivial on R〈U, Y 〉 as the existence of tangent vectors
to the space of solutions to our control system, such that if we move in
their direction, the output remains the same and we cannot observe that
the system is in a di�erent state. In other words, there are in�nitely many
trajectories for the control system that cannot be distinguished from each
other by observing the input-output map.

A derivation therefore generates a family of symmetries for the control
system - symmetries in the variables leaving the inputs and outputs invari-
able. In this section we will show how these can be calculated.

First of all, observe that the partial derivatives ∂
∂xi

form a basis for the
derivations on R〈U〉(x) that are trivial on R〈U〉 (see Appendix 8.2 for ex-
planation). Among these, we wish to �nd the ones that are trivial also on
R〈U, Y 〉. If v is one of them, recall from Theorems 3.1 and 3.2 that we must
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have: 

∂L0
f g1

∂x1
. . .

∂L0
f g1

∂xn... . . . ...
∂L0

f gp

∂x1
. . .

∂L0
f gp

∂xn... . . . ...
∂Ln−1

f g1

∂x1
. . .

∂Ln−1
f g1

∂xn... . . . ...
∂Ln−1

f gp

∂x1
. . .

∂Ln−1
f gp

∂xn


· v = 0 . (3.22)

Thus, v belongs to the kernel of the above Jacobian matrix. Suppose that
v = (v1, . . . , vn), where vi ∈ R〈U, Y 〉(x). Then v is the Lie-derivation
v =

∑n
i=1 vi

∂
∂xi

which corresponds to a vector �eld v and a �ow Φ(ρ, x) of v
given by (see Section 2):{

∂
∂ρ

Φ(ρ, x) = v(Φ(ρ, x))

Φ(0, x) = x .
(3.23)

The solution of this system of di�erential equations evaluated at any ρ > 0
corresponds to a new initial state of the system which cannot be distinguished
from the original one, (x1, . . . , xn), by observing the input-output it produces.

We now have a strategy for �nding the families of symmetries for our
control system. First, we have to de�ne a basis for the kernel of the Jacobian
matrix. In order to obtain the associated families of symmetries, we have to
solve the system of di�erential equations that correspond to each element of
the chosen basis. To make the calculations simpler, we can use the obser-
vations from Subsection 3.2.3 to �nd the non-observable variables. Instead
of calculating the kernel of the Jacobian matrix, we can calculate the kernel
of its maximal singular minor which is obtained when the columns and rows
corresponding to the observable variables are removed. Then, the system
of di�erential equations to be solved will only involve the non-observable
variables.

We will now apply this to a non-observable example:
ẋ1 = x2x4 + u
ẋ2 = x2x3

ẋ3 = 0
ẋ4 = 0
y = x1 .

(3.24)
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We need to calculate the �rst three Lie-derivatives of the output function:

Y (1) = Lfx1 = x2x4 + U (0) (3.25)
Y (2) = L2

fx1 = Lf (x2x4 + u) = x4x2x3 + U (1) (3.26)
Y (3) = L3

fx1 = Lf (x4x2x3 + u̇) = x4x3x2x3 + U (2) . (3.27)

Thus the Jacobian matrix becomes:


1 0 0 0
0 x4 0 x2

0 x3x4 x2x4 x2x3

0 x2
3x4 2x2x3x4 x2x

2
3

 ∼


1 0 0 0
0 x4 0 x2

0 0 x2x4 0
0 0 0 0


.

(3.28)

Clearly, this matrix has rank 3 and the non-observable variables are x2 and
x4 - removing the second or fourth column does not change the rank of the
matrix. We can now eliminate the �rst and third rows and columns and
consider the kernel of the remaining minor, which is the matrix

[
x4 x2

x2
3x4 x2x

2
3

]
.

(3.29)

This kernel is generated by the vector (x2,−x4). The derivation x2
∂

∂x2
−x4

∂
∂x4

thus corresponds to the system of di�erential equations:


Φ̇2(ρ, x) = Φ2(ρ, x)

Φ̇4(ρ, x) = −Φ4(ρ, x)
Φ2(0, x) = x2

Φ4(0, x) = x4 .

(3.30)

The solution is: {
Φ2(ρ, x) = x2e

ρ

Φ4(ρ, x) = x4e
−ρ .

(3.31)

If we set eρ = λ, we �nd that multiplying x2 by λ and dividing x4 by it
de�nes a new state x̄ that is indistinguishable from the original one for any
λ. Indeed, we see that performing this procedure does not change the output
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and its Lie-derivatives:

˙̄x1 = x̄2x̄4 + u = λx2x4/λ+ u = x2x4 + u
˙̄x2 = x̄2x̄3 = x̄2x̄3 = λx2x3

˙̄x3 = 0
˙̄x4 = 0
Ȳ (0) = x̄1 = x1 = Y (0)

Ȳ (1) = Lf̄ x̄1 = x̄2x̄4 + U (0) = x2x4 + U (0) = Y (1)

Ȳ (2) = L2
f̄
x̄1 = Lf̄ (x̄2x̄4 + u) = x̄4 ˙̄x2 + U (1) = x̄4x̄2x̄3 + U (1) =

= 1
λ
x4λx2x3 + U (1) = Y (2)

Ȳ (3) = L3
f̄
x̄1 = Lf̄ (x̄4x̄2x̄3 + u̇) = x̄3x̄4 ˙̄x2 + U (2) =

= x3
1
λ
x4λx2x3 + U (2) = Y (3) .

(3.32)
We know from Subsection 3.3.1 that we need not consider any further Lie
derivatives since they depend on the previous ones.

We have now de�ned a family of symmetries

σλ : {x1, x2, x3, x4} → {x1, λx2, x3, x4/λ} (3.33)

of the control system which leaves the input and output invariant.

3.5 Sedoglavic's algorithm

There is a published algorithm by Sedoglavic (2002) with a Maple implemen-
tation which performs an observability test of rational systems and for non-
identi�able systems, predicts the non-identi�able variables with high proba-
bility. This is done in polynomial time with respect to system complexity.

The algorithm is mainly based on generic rank computation, for details,
see (Sedoglavic, 2002). The symbolic computation of the Jacobian matrix
de�ned in Subsection 3.3 can be cumbersome for systems with many vari-
ables and parameters and it cannot be done in polynomial time. Instead,
the parameters are specialised on some random integer values, and the in-
puts are specialised on a power series of t with integer coe�cients. To limit
the growth of these integers in the process of rank computation, the cal-
culations are done on a �nite �eld Fp (p refers to a prime number). The
probabilistic aspects of the algorithm concern the choice of specialisation of
parameters and inputs and also the fact that cancelation of the determinant
of the Jacobian modulo p has to be avoided. The calculation of the rank is
deterministic for observable systems, that is, when the process states that
the system is observable, the answer is correct. For non-observable systems,
the probability of a correct answer depends on the complexity of the system
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and on the prime number p. The predicted non-observable variables can be
further analysed to �nd a family of symmetries which then can con�rm the
test result.

The Maple implementation takes as an input a rational system of dif-
ferential equations where parameters, state-variables and inputs have to be
stated as such, and also a set of outputs has to be de�ned. The transcendence
degree of the �eld extension associated to the system is calculated and the
non-observable parameters and state-variables are predicted.

We have used this implementation for our case study in Section 6.
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4 The first n − 1 derivatives of the out-

put function determine the observabil-

ity of analytic systems with n state vari-

ables

This section deals with several questions that arise from Sections 2 and 3. The
di�erential-geometric approach from Section 2 results in the observability
rank test for observability of analytic systems. In this test, the rank of
the linear space containing the gradients of all Lie derivatives of the output
functions must be calculated. Since no bound is given for the number of
Lie derivatives necessary for the calculation, the practical application of the
test to other than the simplest examples is di�cult. Such an upper bound
is derived for the case of rational systems in Section 3 using the algebraical
approach. The following questions now arise. Can an upper bound be given
only for rational systems? How do such requirements for the class of the
system arise? In this section, we attempt to extend the upper bound for
the number of time-derivatives of the output function to apply for the class
of analytical systems a�ne in the input variable that are addressed by the
di�erential-geometric approach in Section 2. We are going to use the results
by Sontag (1991) described in Subsection 2.3 where the observability rank
condition was de�ned in terms of di�erentiable inputs.

Consider once again the example from the introduction, taken from Se-
doglavic (2002): 

ẋ1 = x2

x1

ẋ2 = x3

x2

ẋ3 = x1θ − u
y = x1 .

(4.1)

Recall that we obtained the following equations for the state-variables and
the parameter from calculating the �rst three time-derivatives at zero of the
output (see Subsection 1.2):

r1(x1, Y
(0)) = Y (0) − x1 = 0

r2(x1, x2, Y
(1)) = Y (1) − x2

x1
= 0

r3(x1, x2, x3, Y
(2)) = Y (2) − ( x3

x1x2
− x2

2

x3
1
) = 0

r4(x1, x2, x3, θ, Y
(3)) = Y (3) − ( θ

x2
− U(0)

x1x2
− 3x3

x3
1
− x2

3

x1x3
2

+
3x3

2

x5
1
) = 0 .

(4.2)
The problem now is to determine whether these equations are enough to
ensure that a given input-output behaviour corresponds to a locally unique



25

state of the system. From the implicit function theorem it follows that the
variables x1, x2, x3 and the parameter θ can be expressed locally (in the neigh-
bourhood of a given point in the space of solutions of the di�erential equa-
tions) as functions of U (0) and Y (0), Y (1), Y (2), Y (3) if the rank of the following
Jacobian matrix evaluated at that point is equal to four:


∂(r1)
∂x1

∂(r1)
∂x2

∂(r1)
∂x3

∂(r1)
∂θ

∂(r2)
∂x1

∂(r2)
∂x2

∂(r2)
∂x3

∂(r2)
∂θ

∂(r3)
∂x1

∂(r3)
∂x2

∂(r3)
∂x3

∂(r3)
∂θ

∂(r4)
∂x1

∂(r4)
∂x2

∂(r4)
∂x3

∂(r4)
∂θ

 = (4.3)

= −


1 0 0 0
−x2

x2
1

1
x1

0 0

− x3

x2
1x2

+
3x2

2

x4
1

− x3

x1x2
2

+ 2x2

x3
1

1
x2
1x2

0

u
x2x2

1
+ 9x3

x4
1

+
x2
3

x3
2x2

1
− 15x3

2

x6
1

− θ
x2
2

+ u
x1x2

2
+

3x2
3

x1x4
2

+
9x2

2

x5
1

− 3
x3
1
− 2x3

x1x3
2

1
x2


.

Clearly, this matrix has full rank for all values of x1, x2, x3 and θ and thus
the system has a locally unique state for a given input-output behaviour.

Now the following question arises - if the rank of the above matrix is not
full, can we then conclude that the system is not locally observable without
considering further derivatives of the output function which would produce
new equations? In other words, is the rank of the Jacobian determined by
the �rst n equations, where n is the total number of state-variables and
parameters? We will now show that this is true for the analytic systems
a�ne in the input variable that were discussed in Section 2.

Consider again the analytic control system of the form (equation (2.1)):

Σ

{
ẋ = f(x, u) = g0(x) + g(x)u
y = h(x) .

(4.4)

As previously (Section 2), the elements of the n-dimensional vectors g0 and
g are analytic functions of x and we assume for the moment that we have
a single analytic output h(x) and also a single analytic input u. The n
state-variables x are assumed to occupy an open subset M of Rn.

The �rst two equations obtained by di�erentiating the output function
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with respect to time at zero are:

Y (1) = Lfh(x) = dh · f|t=0 = dh · (g0 + gU (0)) =

= dh · g0 + U (0)(dh · g) (4.5)

Y (2) = L2
fh(x) = Lf (dh · f) = (d(dh · f) · f)|t=0 +

∂(dh · f)

∂u
U (1) =

= d
(
dh · g0 + U (0)(dh · g)

)
·
(
g0 + gU (0)

)
+

+
∂
(
dh · g0 + u(dh · g)

)
∂u

U (1) =

= d
(
dh · g0 + U (0)(dh · g)

)
· h0 + U (0)d

(
dh · g0 + U (0)(dh · g)

)
· g +

+ U (1)(dh · g) =

= d(dh · g0) · g0 + U (0)
(
d(dh · g) · g0 + d(dh · g0) · g

)
+

+(U (0))2
(
d(dh · g)

)
· g) + U (1)(dh · g) . (4.6)

These calculations con�rm the result by Sontag (1991) that the �rst n−1 Lie
derivatives of the output function g(x) for the system (2.1) are polynomial
functions of U (0), U (1), . . . , U (n−2) with coe�cients that are analytic functions
on M .

Thus we have that L(i)
f h ∈ Kx for i = 0, . . . , n − 1; recall from Subsec-

tion 2.3 that Kx = Rx(U
(0), U (1), . . . ) is the �eld of meromorphic functions

on M to which we add the indeterminates U (0), U (1), . . . and obtain rational
functions of U (0), U (1), . . . with coe�cients that are meromorphic functions
on M . See also (Sontag, 1991).

Following the notation from example (4.1) above, the �rst n equations
for the state-variables can now be formulated:

r1(x, Y
(0)) = Y (0) − h = 0 (4.7)

r2(x, u, Y
(1)) = Y (1) − Lfh = 0 (4.8)

...
rn(x, u, . . . , u(n−2), Y (n−1)) = Y (n−1) − Ln−1

f h = 0 . (4.9)

Therefore, the Jacobian that we are interested in is:

−


∂h
∂x1

. . . ∂h
∂xn... . . . ...

∂Ln−1
f h

∂x1
. . .

∂Ln−1
f h

∂xn


.

(4.10)

Since L(i)
f h ∈ Kx for i = 0, . . . , n − 1, the elements of this Jacobian also

belong to Kx. We will now show that if this Jacobian is not full-ranked,
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that is, the �rst n gradients of the output function and its Lie derivatives are
linearly dependent over the �eld Kx, then any further Lie derivative produces
a gradient which is linearly dependent of the �rst n and we can thus conclude
that the system is not locally observable. Furthermore, if the �rst q gradients,
where q ≤ n, are linearly-dependent, then no further gradients are necessary
for the calculation of the rank, which becomes ≤ q − 1. In fact, we can
stop Lie di�erentiating the output function at the �rst instance of linear
dependence.

Remark: To be able to discuss linear dependence, we have to know that
the gradients of the Lie derivatives produce a linear space over a �eld (or
a free module over a commutative ring). This was the case for the rational
systems in Section 3 and this is also the case here for analytic systems of the
above type, because the elements of the Jacobian belong to the �eld Kx.

Theorem 4.1 Let Σ be the system{
ẋ = f(x, u) = g0(x) + g(x)u
y = h(x) ,

(4.11)

where x is a vector of n state-variables occupying an open subset M of Rn,
g0 and g are n-dimensional vectors of analytic functions on M , the output
h(x) is an analytic function on M and the control variable u is an analytic
function of time.

If q is an integer such that dL(i)
f h, i = 0, . . . , q are linearly dependent over

the �eld Kx, then the dimension of the space OK = spanKx
{dL(i)

f h, i ≥ 0}
(see Subsection 2.3) is less than or equal to q − 1. If q < n, the system Σ is
not locally observable.

Proof: Suppose that the �rst q gradients are linearly dependent and q is
the least such number (it certainly exits as the rank is ≤ n and a single non-
zero vector is linearly independent of itself). Then, there exist coe�cients
ki ∈ Kx, i = 0, . . . , q − 1, not all of them zero, such that

q−1∑
i=0

kidL
i
fh = 0 . (4.12)

We can take the Lie derivative of both sides (which are co-vector �elds) to
obtain:

0 = Lf (

q−1∑
i=0

kidL
i
fh) =

q−1∑
i=0

Lf (kidL
i
fh) =

q−1∑
i=0

(
(Lfki)dL

i
fh+ kiLf (dL

i
fh)

)
.

(4.13)
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We now observe the following fact (which is simply saying that the d and
Lf operators commute even when f depends on a control variable u(t), see
Appendix 8.1 for derivation):

Lf (dL
i
fh) = dLi+1

f h , (4.14)

for i ≥ 0.
It follows that

0 =

q−1∑
i=0

(
(Lfki)dL

i
fh+ kidL

i+1
f h

)
. (4.15)

Recalling the structure of the �eld Kx, we know that Lfki ∈ Kx since

Lfki = dki · f +
∂ki

∂u
U (1) = dki · (g0 + gU (0)) +

∂ki

∂u
U (1) , (4.16)

which is clearly a rational function of U (0), U (1), . . . with coe�cients that
are meromorphic functions of x. Since we know that kq−1 is not zero (we
assumed that q was the least number such that the �rst q gradients are
linearly dependent), we conclude that dLq

fh is linearly dependent on the
preceding gradients.

Using the same calculations we can prove by induction that any further
gradient is linearly dependent on the previous ones which then means that
dL0

fh, . . . , dL
q−1
f h form a basis for the space OK which determines local dis-

tinguishability (by Theorems 2.1 and 2.2) and thus local observability. If
q < n, this space has rank less than n and thus the system is not locally
observable. �

Thus it is enough to consider the �rst n− 1 Lie derivatives of the output
function in the rank test and also, we can stop calculating further derivatives
of the output function at the �rst instance of linear dependence among their
gradients.

Remark: We note that in the case of multiple output functions one needs
to calculate n− 1 time-derivatives of each.
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5 Parameter identifiability

In this relatively short section we will present the problem of parameter iden-
ti�ability of nonlinear control systems as a special case of the observability
problem.

Identi�ability is the possibility to identify the parameters of a control
system from its input-output behaviour. By considering parameters as state-
variables with time derivative zero, one can use the observability rank test
to determine identi�ability. The property of local observability is then in-
terpreted as the existence of only �nitely many parameter sets that �t the
observed data, each of them locally unique. The use of the rank test for de-
termining the identi�ability of nonlinear systems dates back to at least 1978
when Pohjanpalo (1978) used the coe�cients of the Taylor series expansion
of the output to determine the parameter identi�ability of a class of nonlin-
ear systems applied in the analysis of saturation phenomena in pharmacoki-
netic studies. A more recent example is the work by Xia and Moog (2003)
where di�erent concepts of nonlinear identi�ability are studied in an algebraic
framework. They apply the theory to a four-dimensional HIV/AIDS model,
and show that their theoretical results can be used to determine whether
all the parameters in the model are determinable from the measurement of
CD4+ T cells and virus load, and if not, what else has to be measured.
The minimal number of measurements of the variables for the complete de-
termination of all parameters and the best period of time to make such
measurements are calculated. Another example with biological application
is the work by Margaria et al. (2004) where the identi�ability of some highly
structured biological models of infectious disease dynamics is analysed both
using the rank method and Sedoglavic's algorithm, (Sedoglavic, 2002) and
also by the constructive method of characteristic set computation described
by Ollivier (1990); Ljung and Glad (1990) and others. Due to the fact that
its computational complexity is exponential in the number of parameters,
the latter method can only be applied to relatively small control systems.

We will now describe how the observability rank test can be used to
determine parameter identi�ability. Consider a physical/chemical/biological
model:

Σ

{
ẋ = f(x, p, u)
y = h(x, p) ,

(5.1)

where as before, x denote the n state-variables, u the m inputs and y the p
observed quantities. The l model parameters are denoted by p and f(x, p, u)
and h(x, p) are vectors of analytical functions. We may or may not be given
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a set of initial conditions for the state-variables:

x(0) = x0 . (5.2)

In order to be able to use the theory from the previous sections, we observe
that the above model can be represented by the following control system:

Σ


ṗ = 0
ẋ = f(x, p, u)
y = h(x, p) ,

(5.3)

where x and p can now be considered as the same type of variables. We can
apply the rank test to this system in exactly the same way as discussed in
the previous sections.

Without initial conditions for x, the non-observable variables can be both
in x and in p. Suppose now that we are given a full set of initial conditions
on x:

x(0) = x0 . (5.4)

The problem of the observability of the x variables now disappears as the
initial state is already uniquely de�ned. What is left, is exactly the problem
of identi�ability for the parameters - is the set of parameters that realises a
given input-output map unique, at least locally?

This can be determined by the rank test described in the previous chap-
ters. For analytical systems (see Section 4) the rank test amounts to calcu-
lating the rank of the following Jacobian matrix:

∂L0
f g1

∂p1
. . .

∂L0
f g1

∂pl... . . . ...
∂L0

f gm

∂p1
. . .

∂L0
f gm

∂pl... . . . ...
∂Ln−1

f g1

∂p1
. . .

∂Ln−1
f g1

∂pl... . . . ...
∂Ln−1

f gm

∂p1
. . .

∂Ln−1
f gm

∂pl


.

(5.5)

If the rank of this matrix is l, then the model is identi�able. If not, the
non-identi�able parameters can be found using the same procedure we used
earlier for �nding non-observable variables, see Subsection 3.2.3.
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6 Case study: Identifiability analysis of

a kinetic model for S. cerevisiae

In this case study, we have investigated the identi�ability of a published
model of the metabolic dynamics in S. cerevisiae by Rizzi et al. (1997). We
begin by a short description of the biochemistry of the central metabolic
pathways.

6.1 The central metabolic pathways

Metabolism is the overall network of enzyme-catalysed reactions in a cell.
Its degradative, or energy-releasing phase is called catabolism. The central
catabolic pathways which are more or less universal among organisms consist
of glycolysis, the pentose phosphate pathway and the citric acid cycle. In
glycolysis sugars are degraded to a three-carbon compound called pyruvate.
In the absence of oxygen pyruvate is then reduced to lactate, ethanol or other
fermentation products. In aerobic conditions, it is instead oxidised via the
citric acid cycle in the process of cellular respiration. A simpli�ed scheme of
some of the most important reactions in the central metabolic pathways is
shown in the �gure on the next page.

The di�erent species in the boxes are called metabolites. The reactions
marked by arrows are catalysed by enzymes which determine their �reaction
rate� or ��ux�, that is, the speed with which the reaction occurs.

Reaction rates are often modelled by using so-called Michaelis-Menten
or Hill kinetics where an equation is derived for the reaction rate based on
a biochemical description of the general way in which enzymatic reactions
occur. For example, a reaction in which a single substrate (reactant) A is
transformed to a single product B under the catalysis of a single enzyme E
has the following rate equation, (Lehninger, 2000):

r =
rmaxA

Km + A
, (6.1)

where the constants rmax and Km are speci�c for this reaction. rmax is the
maximal rate of the reaction and Km is the substrate concentration at which
the reaction rate is half rmax.

An enzyme can have several binding sites for the substrate in which case
a so-called Hill equation is used. For the above reaction where we allow n
binding sites for the enzyme, the equation becomes (see for example Chapter
5 in (Stephanopoulos et al., 1998)):

r =
rmaxAn

Km + An
. (6.2)
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These equations can take much more complicated forms depending on the
number of substrates and products and other factors such as reversibility
of the reaction, inhibition and cooperation e�ects on the enzymes, etc., see
(Lehninger, 2000; Segel, 1975) and (Rizzi et al., 1997) for details.
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6.2 The model of metabolic dynamics by Rizzi et
al.

We now proceed to describe a mathematical model of the dynamics of the
chemical reactions in the central metabolic pathways formulated by Rizzi et
al. (1997).

The authors propose a kinetic model for the reactions of glycolysis, the
citric acid cycle, the glyoxylate cycle and the respiratory chain in growing
cells of S. cerevisiae. The model aims to predict the short-term changes in
the metabolic states of the cells under in vivo conditions after a change in
the glucose feed rate. A schematic picture adapted from (Rizzi et al., 1997)
describing the metabolites and �uxes included in the model is shown below.
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For each metabolite in the scheme, a mass balance is written where the
change of its concentration in time is expressed accounting for the incoming
and outcoming �uxes as well as the e�ect of dilution. The following system
of di�erential equations is obtained for the concentrations of the di�erent
species (see Appendix 8.3 for nomenclature and parameter description):

dceGLC

dt
= D(c0GLC − ceGLC)− cX

ρ
rC
PERM (6.3)

dceGLYC

dt
=

cX
ρ
rC
RES,1 −DceGLYC (6.4)

dceAC

dt
=

cX
ρ
rC
ALDH −DceAC (6.5)

dceETOH

dt
=

cX
ρ
rC
ADH −DceETOH (6.6)

dceCO2

dt
=

cX
ρ

(
VM

VC

rM
CO2

+ rC
PDC + aCO2,1r

C
SYNT,1 + aCO2,2r

C
SYNT,2) +

+SCO2 (6.7)
dceO2

dt
= −VM

VC

CX

ρ
rM
O2

+ SO2 (6.8)

dcCGLC

dt
= rC

PERM − rC
HK − µcCGLC (6.9)

dcCG6P

dt
= rC

HK − rC
PGI − rC

SYNT,1 − µcCG6P (6.10)

dcCF6P

dt
= rC

PGI − rC
PFK − µcCF6P (6.11)

dcCFBP

dt
= rC

PFK − rC
ALDO − µcCFBP (6.12)

dcCDHAP

dt
= rC

ALDO − rC
TIS − rC

RES,1 − µcCDHAP (6.13)

dcCGAP

dt
= rC

ALDO + rC
TIS − rC

RES,2 − µcCGAP (6.14)

dcCPEP

dt
= rC

RES,2 − rC
PK − µcCPEP (6.15)

dcCPYR

dt
= rC

PK −
VM

VC

rM
PDH − rC

PDC − rC
SYNT,2 − µcCPYR (6.16)

dcCALDE

dt
= rC

PDC − rC
ADH − rC

ALDH −
VM

VC

rM
ACETYL − µcCALDE (6.17)
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dcCADP

dt
= rC

HK + rC
PFK + aATP,1r

C
SYNT,1 + aATP,2r

C
SYNT,2 +mATP −

− 2rC
ADK − rC

RES,2 − rC
PK − rC

TR,ADP − µcCADP (6.18)
dcCATP

dt
= rC

RES,2 + rC
PK +

VM

VC

rM
TR,ATP + rC

ADK − rC
HK − rC

PFK −

− aATP,1r
C
SYNT,1 −mATP − aATP,2r

C
SYNT,2 − µcCATP (6.19)

dcCAMP

dt
= rC

ADK − µcCAMP (6.20)

dcCNADH

dt
= rC

RES,2 + aNADH,2r
C
SYNT,2 − rC

RES,1 − rC
ADH − rC

ALDH −

− rC
NADHDH − µcCNADH (6.21)

dcMATP

dt
= rM

ATP,R + rM
ATP,T − rM

TR,ATP − µcMATP (6.22)

dcMNADH

dt
= rM

NADH,T − rM
NADHQR − µcMNADH . (6.23)

Remark: After comparison with the original version of the model, see
(Baltes, 1996), some minor modi�cations have been made to the model de-
scription in (Rizzi et al., 1997) due to what appears to be typing errors in
the latter, see (Johansson, 2007).

The �uxes r have rate equations based on Michaelis-Menten, Hill or other
types of enzyme kinetics gathered from the literature or proposed by the
authors. For example, the triosephosphate isomerase reaction converting
dihydroxyacetone phosphate to glyceraldehyde-3-phosphate has the rate ex-
pression

rC
TIS = rmax

TIS

cCDHAP −
cC
GAP

Keq,6

KDHAP,6(1 +
cC
GAP

KGAP,6
) + cCDHAP

. (6.24)

Most of the �uxes in the model are rational expressions with the exception of
those �uxes where the Hill coe�cients are not integers. This fact is important
for the identi�ability analysis and will be discussed later.

The above model was evaluated in (Rizzi et al., 1997) on the basis of ex-
perimental observations previously described in (Theobald et al., 1997). The
model predictions were compared to the experimental results and the param-
eters were estimated from the data (Rizzi et al., 1997). We are now going to
use the theory of identi�ability to �nd out whether the kinetic parameters
of this model can be uniquely determined from a perfect set of experimental
data. We must �rst formulate a control system for the model. For this,
the appropriate set of inputs and outputs must be chosen from the descrip-
tion of the experimental setting in (Theobald et al., 1997). In the latter, a
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methodology was developed where the changes in metabolite concentrations
after a glucose feed pulse (a fast injection of a certain volume of glucose in
the medium, (Theobald et al., 1997), were measured over time. The initial
conditions were the priorly-known values of the metabolite concentrations
under so-called �steady-state growth� - a condition when biomass concentra-
tion (and other factors) has stabilised to a constant value for the culture, see
(Theobald et al., 1997) for details.

In order to translate the information in the above paragraph into math-
ematical language, we include a perfect measurement of all metabolite con-
centrations c (thus including the given initial conditions) in the outputs of
the control system: 

ṗ = 0
ċ = f(c, p, u)
y = c
(c(0) = c0) ,

(6.25)

where c is the vector of metabolite concentrations, f is the right-hand side
of the equation array 6.3 and we denote all the model parameters by p.
The initial conditions are in parenthesis as the information they provide is
included in the output set. The input u is assumed to be the glucose feed.

6.3 Identifiability analysis

We performed an identi�ability analysis of the above control system. For
this, Sedoglavic's implementation (see Subsection 3.5) was used as the model
has around a hundred parameters which makes calculations by hand very
di�cult. As the algorithm works only for rational control systems, we ap-
proximated any non-integer values of the Hill coe�cients by integers. Of
course, in general, such approximations can have an important e�ect on the
identi�ability of the system. This turns out not to be the case for Rizzi's
model, as shown in the next section.

Sedoglavic's algorithm produced the following results - the control system
was not identi�able with transcendence degree 2 and the non-identi�able
parameters were the kinetic parameters in two of the rate expressions - the
expression for the �ux rC

RES,2 and the one for rM
PDH which have the following

form:

rC
RES,2 = rmax

RES,2

cC
NAD+

KNAD,7
An1,7−1 + L0,7

cC
NAD+

K′
NAD,7

Bn1,7−1

An1,7 + L0,7Bn1,7

cCGAP
n2,7

KGAP,7 + cCGAP
n2,7

, (6.26)
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where
A = 1 +

cC
NAD+

KNAD,7
+

cC
NADH

KNADH,7

B = 1 +
cC
NAD+

K′
NAD,7

+
cC
NADH

K′
NADH,7

(6.27)

and

rM
PDH = rmax

PDHc
C
Pyrc

M
NAD+/(KNAD,13c

C
Pyr +KPyr,13c

M
NAD+ + (6.28)

+
KI−Pyr,13KNAD,13

KI−NADH,13

cMNADH + cCPyrc
M
NAD+ +

KNAD,13

KI−NADH,13

cCPyrc
M
NADH).

Observe that the concentrations CC
NAD+ and CM

NAD are used in the rate equa-
tions although no di�erential equations are formulated for them in Rizzi's
model. Instead, these are de�ned in (Rizzi et al., 1997) as:

cCNAD+ = p1 − cCNADH (6.29)
cMNAD+ = p2 − cMNADH , (6.30)

where p1 and p2 are known constants.
More results from the identi�ability analysis are shown in Appendix 8.4.

6.4 Symmetry

The results obtained from the Sedoglavic implementation are probabilistic
- their validity must be ascertained by the actual �nding of symmetries in
the model. From the theory described in Section 3, we know that it is
necessary to �nd two derivations that each of them give rise to a symmetry
in the model. The fact that the non-identi�able parameters can be separated
into two groups, each belonging to a rate equation, suggests the possibility
that the symmetries may be found within each rate expression (since the
kinetic parameters of the �uxes rC

RES,2 and rM
PDH are not used anywhere else

in the model). If this is true, the calculation of the symmetries may be
greatly simpli�ed - the formal procedure from Subsection 3.4 for the 11 non-
identi�able parameters can otherwise be rather cumbersome. In order to
verify this hypothesis, we �rst used Sedoglavic's algorithm on our control
system where we added measurements of the �uxes rC

RES,2 and rM
PDH to the

set of outputs: 
ṗ = 0
ċ = f(c, p, u)

y =

 c
rC
RES,2

rM
PDH

 .
(6.31)
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The idea behind this test is that if this system turns out to result in a
transcendence degree of 2 and the same non-identi�able parameters as before,
then there exist two families of symmetries in these parameters that leave
both c and rC

RES,2 and rM
PDH invariant (see Subsection 3.4). This means that

the rate expressions for rC
RES,2 and rM

PDH themselves have symmetries in their
kinetic parameters.

We tested the above system in the Sedoglavic implementation and found
our hypothesis to be true. The rate expressions for rC

RES,2 and rM
PDH were

then analysed further to �nd the symmetries in the parameters. The de-
tailed analysis can be found in Paper I. We found the following families of
symmetries (see Subsection 3.4) for rC

RES,2:

σλ :



rmax
RES,2

KNAD,7

K ′
NAD,7

KNADH,7

K ′
NADH,7

L0,7


→



rmax
RES,2p1

KNAD,7(1−λ−1/n1,7 )+p1

KNAD,7λ−1/n1,7p1

KNAD,7(1−λ−1/n1,7 )+p1

(K′
NAD,7−KNAD,7(1−λ−1/n1,7 ))p1

KNAD,7(1−λ−1/n1,7 )+p1

KNADH,7λ−1/n1,7p1

KNADH,7(1−λ−1/n1,7 )+p1

(K′
NAD,7−KNAD,7(1−λ−1/n1,7 ))p1

KNAD,7(1−λ−1/n1,7 )+
K′

NAD,7

K′
NADH,7

p1

λL0,7(K′
NAD,7−KNAD,7(1−λ−1/n1,7 ))n1,7

K
n1,7
NAD,7



(6.32)

and for rM
PDH:

σλ :


rmax
PDH

KNAD,13

KPYR,13

KI−PYR,13

KI−NADH,13

 →



λrmax
PDH

λKNAD,13 + p2(λ− 1)
λKPYR,13

λKNAD,13KI−PYR,13

(1−λ)KI−NADH,13+λKNAD,13
KI−NADH,13(λKNAD,13+p2(λ−1))

(1−λ)KI−NADH,13+λKNAD,13


.

(6.33)

We see that the constants p1 and p2 appear in the symmetries. In fact, it
is exactly the equations (6.29) and (6.30) corresponding to the conserved
moiety assumptions in the model that cause the system to be unidenti�able.
This is discussed in detail in paper I.

We have now veri�ed that the kinetic parameters rmax
RES,2, KNAD,7, K ′

NAD,7,
KNADH,7, K ′

NADH,7, L0,7, rmax
PDH, KNAD,13, KPyr,13, KI−NADH,13, and KI−Pyr,13

cannot be identi�ed from any experimental data. If parameter estimation
is to be performed on Rizzi's model, for example by a numerical procedure
where the error between model predictions and experimental results is min-
imised, then one of the parameters in each of the groups rmax

RES,2, KNAD,7,
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K ′
NAD,7, KNADH,7, K ′

NADH,7, L0,7 and rmax
PDH, KNAD,13, KPyr,13, KI−NADH,13,

KI−Pyr,13 must be �xed to a value, while varying the rest of the parame-
ters.

Remark: Using Sedoglavic's algorithm, we investigated the identi�abil-
ity of this model with other sets of outputs than the ones discussed above
(some of the results are shown in Appendix 8.4). As well as including all
possible outputs - all concentrations cj and all �uxes rj, we also tried to
limit the number of measurements by �nding a smaller set of outputs which
produced the same transcendence degree for the system. One such example
is the set Ce

GLYC, Ce
AC, Ce

ETOH and Ce
CO2

. Measuring these concentrations
should in theory (with perfect error-free measurements) produce the same
information on the parameter values as measuring all concentrations and all
�uxes. Sedoglavic's algorithm can thus be used in the practical planning of
an experiment for the purpose of parameter estimation.

6.5 General features of kinetic models and iden-
tifiability

Kinetic models of metabolism can often be described by the following struc-
ture, see Chapter 8 of the book on metabolic engineering by Stephanopoulos
et al. (1998): {

ċj = uj +
∑

i νij · ri(c, pi)− µcj ∀j , (6.34)

for each metabolite j. The coe�cients νij are the stoichiometric coe�cients
associated to each reaction.

In Rizzi's model, the unidenti�able parameters can be separated into two
groups each associated to a single rate equation. The question is whether
this is true for all non-identi�able kinetic models of the above form. We
will show that this is true when a model is not identi�able from a full-state
measurement, that is, from an output set y = c, as in the Rizzi case study.

The �rst step in the construction of a kinetic model for cellular metabolism
is usually formulating a network of �uxes which, at steady-state, obey Kirch-
ho�'s law at every node. This underlying steady-state model must be such
that the stationary values of all �uxes ri can be calculated uniquely from the
set of linear equations for r obtained at steady-state. Mathematically, this
means that the stoichiometric matrix [νij] is of full rank.

If we rewrite the �rst equation in (6.34), we have:

ċj − uj + µcj =
∑

i νijri(c, pi) . (6.35)

Since y = c, all the quantities on the left-hand side are known, if we assume
that we know the value of the speci�c growth rate µ. The matrix [νij] is
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assumed to be of full rank and we thus have unique values of ri(c, pi) com-
pletely determined by a given set of inputs and outputs. This means that if
the system is not identi�able and there exist non-identi�able parameters such
that there is a symmetry in them leaving the inputs and outputs invariant,
then this symmetry will also leave the ri:s invariant. Since each �ux ri only
involves the parameters in the subset pi of p, then any symmetry in p leaving
ri invariant must involve only the parameters in pi. In result, a kinetic model
of metabolism of the form (6.34) is not identi�able only if some of the rate
expressions are symmetric in their respective kinetic parameters.

The fact that unidenti�ability can in such case be found locally in single
reaction rate expressions can be used to simplify the identi�ability analy-
sis for metabolic models. This is discussed in detail in Paper I, where the
simpli�ed analysis is applied to several well-cited kinetic models of glycoly-
sis. The sources of unidenti�able parameters in these models can be traced
to the introduction of conserved moiety assumptions. In Paper I, we de-
velop a general method for determining whether a conserved moiety renders
a rate expression unidenti�able, as well as a method for reparameterisation
into identi�able parameters. The reparameterisation shows which combina-
tions of the original parameters can be uniquely estimated from the data.
We provide all symmetry transformations, which leave the output invariant.
Furthermore, we show that identi�able rate expressions are enough to ensure
identi�ability of the entire model, provided that a su�cient set of measure-
ments is available.
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7 Discussion

The subject of this report is the problem of investigating the observability
of nonlinear control systems, a special case of which is the identi�ability
problem. We have presented a review of two rather di�erent theoretical
approaches to the problem used in literature - the di�erential-geometric ap-
proach and the algebraic one. Each of the two approaches leads to a test
for the observability of a class of control systems. The di�erential-geometric
approach covers analytical control systems of the form

Σ

{
ẋ = f(x, u) = g0(x) + g(x)u
y = h(x) ,

while the algebraic one treats rational systems:

Σ

{
ẋ = f(x, u)
y = h(x, u) .

Both approaches lead to the so-called observability rank test where the rank
of the space spanned by gradients of the Lie-derivatives of the output func-
tions is calculated. In the algebraic approach there is an upper bound derived
for the number of Lie-derivatives that have to be considered in the test for ra-
tional systems. In Section 4 we derive the same upper bound for the number
of Lie-derivatives of the output functions for the class of analytical systems
a�ne in the input variables that are considered in the di�erential-geometric
approach. It remains as future work to investigate the validity of such an
upper bound for other classes of control systems.

The identi�ability problem is a special case of observability and we can
thus use the previously derived rank test in the investigation of identi�ability.
This has been done in a case study of a dynamic model of the metabolism
of S. cerevisiae. By �nding symmetries in the model, we show that certain
model parameters cannot be identi�ed from any set of experimental data.
The results from the treatment of this model are generalised to show how the
special structure of kinetic models of metabolism considerably simplify the
analysis of their identi�ability and especially the derivation of symmetries.
We show that using conservation laws in metabolic modelling can have an
e�ect on the parameter identi�ability of the models.
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8 Appendix

8.1 Why do d and Lf commute when f depends on
a control variable u?

This appendix contains some calculations that were deferred from Section 4.
Consider a control system of the form:

Σ

{
ẋ = f(x, u) = h0(x) + h(x)u
y = g(x) ,

(8.1)

where the elements of the n-dimensional vectors h0 and h are analytic func-
tions of x and u, where u is the single control variable. Denote, as in Section 2,
the �ow corresponding to the time-dependent vector �eld f(x, u) by Φu(t, x)
which is then an n dimensional vector. Let ψ(x, u) be an analytic function
of x,u and u's time derivatives. We will show that:

Lfdψ = dLfψ . (8.2)

Take the i-th element of dLfψ. It is:

∂

∂xi

Lfψ =
∂

∂xi

( n∑
j=1

fj
∂ψ

∂xj

+
∑
l=0

∂ψ

∂u(l)
U (l+1)

)
=

=
n∑

j=1

∂

∂xi

(fj
∂ψ

∂xj

) +
∑
l=0

∂

∂xi

( ∂ψ

∂u(l)
U (l+1)

)
=

=
n∑

j=1

∂fj

∂xi

∂ψ

∂xj

+
n∑

j=1

∂2ψ

∂xi∂xj

fj +
∑
l=0

∂

∂xi

( ∂ψ

∂u(l)

)
U (l+1) .

Now consider the i-th element of the covector Lfdψ. By the de�nition of Lie
derivative we �nd,

d

dt

(∂ψ(
Φu(t, x), u(t))

)
∂xi

)∣∣∣∣
t=0

=
d

dt

( n∑
j=1

∂ψ

∂Φu,j

∂Φu,j

∂xi

)∣∣∣∣
t=0

=

=
n∑

j=1

d

dt

( ∂ψ

∂Φu,j

∂Φu,j

∂xi

)∣∣∣∣
t=0

=

=
n∑

j=1

(
d

dt

( ∂ψ

∂Φu,j

)∣∣∣∣
t=0

∂Φu,j

∂xi

∣∣∣∣
t=0

+
d

dt

(∂Φu,j

∂xi

)∣∣∣∣
t=0

∂ψ

∂Φu,j

∣∣∣∣
t=0

)
=
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=
n∑

j=1

(( n∑
k=1

∂

∂Φu,k

(
∂ψ

∂Φu,j

)

∣∣∣∣
t=0

dΦu,k

dt

∣∣∣∣
t=0

+

+
∑
l=0

∂

∂u(l)
(
∂ψ

∂Φu,j

)

∣∣∣∣
t=0

U (l+1))
)
δij +

∂ψ

∂xj

∂fj

xi

)
=

=
n∑

j=1

(( n∑
k=1

∂2ψ

∂xk∂xj

fk +
∑
l=0

∂

∂u(l)
(
∂ψ

∂xj

)U (l+1)
)
δij +

∂ψ

∂xj

∂fj

xi

)
=

=
n∑

k=1

∂2ψ

∂xk∂xi

fk +
∑
l=0

∂

∂u(l)
(
∂ψ

∂xi

)U (l+1) +
n∑

j=1

∂ψ

∂xj

∂fj

xi

.

One can now see that the i-th elements of the covectors Lfdψ and dLfψ are
the same, which shows the above equality.

8.2 A basis for derivations on R〈U〉(x) that are
trivial on R〈U〉

This appendix refers to Section 3.4 and is based on pp.371-372 in Lang (1993).
First of all, observe that the xi form a transcendence basis for R〈U〉(x)

over R〈U〉. The transcendence degree of the �eld extension is thus n which
is also the dimension of DerR〈U〉R〈U〉(x). Consider the n derivations Di =
∂

∂xi
. Clearly, Dixj = δij. Let D be a derivation in DerR〈U〉R〈U〉(x) and let

Dxi = wi (a derivation is de�ned by its action on a set of generators of the
transcendence basis). Then D =

∑
iwiDi and thus the Di:s form a basis for

DerR〈U〉R〈U〉(x). Therefore the partial derivatives ∂
∂xi

form a basis for the
derivations on R〈U〉(x) that are trivial on R〈U〉.

8.3 Nomenclature for Rizzi's model

This appendix refers to Section 6.
For the details of the kinetic model by Rizzi et al we refer to (Rizzi et al.,

1997) but in an attempt to make this report somewhat self-su�cient we here
provide nomenclature for the abbreviations and parameters used in Section 6.

8.3.1 Superscripts

e extracellular
C cytoplasmic
M mitochondrial
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8.3.2 Symbols and abbreviations

aj stoichiometric coe�cient
SG gas supply rate
VM volume of mitochondria
VC volume of cytoplasm
D dilution rate
ρ speci�c volume
µ speci�c growth rate
cX biomass concentration

mATP maintenance coe�cient for ATP

8.3.3 Metabolites

AC acetic acid
ADP adenosine diphosphate
ALDE acetaldehyde
AMP adenosine monophosphate
ATP adenosine triphosphate
DHAP dihydroxyacetone phosphate
ETOH ethanol
FBP fructose 1,6-bisphosphate
F6P fructose 6-phosphate
GAP glyceraldehyde 3-phosphate
GLC glucose
GLYC glycerol
G6P glucose 6-phosphate
NAD+/NADH nicotinamide adenine dinucleotide
PEP phosphoenol pyruvate
PYR pyruvate
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8.3.4 Enzymes and flux indexes

ACETYL acetate synthetase
ADH alcohol dehydrogenase
ADK adenylate kinase

ALDH acetaldehyde dehydrogenase
ALDO fructose bisphosphate aldolase
ATP,R ATP formation via respiratory chain
ATP,T ATP formation via the citric acid cycle

HK hexokinase
NADHDH NADH-dehydrogenase
NADHQR NADH-Q-reductase

PDC pyruvate decarboxylase
PDH pyruvate dehydrogenase

PERM hexose transporter
PFK phosphofructo-1-kinase
PGI phosphoglucose isomerase
PK pyruvate kinase

RES,1 combination of glycerol-3-phosphate
dehydrogenase and glycerol-3-phosphatase

RES,2 combination of glyceraldehyde 3-phosphate
dehydrogenase and other enzymes

SYNT,1;SYNT,2 resulting rates for the formation of
monomeric building blocks

TIS triose phosphate isomerase
TR,ADP and TR,ATP translocases for ADP and ATP respectively.

8.4 Other results on the identifiability of Rizzi's
model

This appendix shows some of the results obtained from the identi�ability
analysis of Rizzi's model. They can be used in choosing a set of measurements
in a hypothetical experiment.

Since the parameters cX and ρ always appear together as cX
ρ
one of them

must be known - otherwise it is clear that they will not be identi�able. We
therefore assume that the value of one of them is measured in any hypothet-
ical experiment when we perform the identi�ability analysis, although we do
not explicitly write them as outputs. The same applies for the parameters
VM and VC appearing in VM

VC
.
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Outputs Transcendence degree
ceGLYC, c

e
AC, c

e
ETOH, c

e
CO2

2
ceGLYC, c

e
AC, c

e
ETOH, c

e
CO2

, rmax
RES,2, r

max
PDH 0

all cj:s 2
all cj:s, rC

RES,2, r
M
PDH 2

all cj:s, all rj:s 2

One conclusion is that measuring ceGLYC, ceAC, ceETOH and ceCO2
produces

as much information for the theoretical identi�cation of parameter values as
making all possible measurements altogether.
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Conservation laws and unidentifiability of rate
expressions in biochemical models

M. Anguelova, G. Cedersund, M. Johansson, C.J. Franzén and B. Wennberg

Abstract: New experimental techniques in bioscience provide us with high-quality data allowing
quantitative mathematical modelling. Parameter estimation is often necessary and, in connection
with this, it is important to know whether all parameters can be uniquely estimated from available
data, (i.e. whether the model is identifiable). Dealing essentially with models for metabolism, we
show how the assumption of an algebraic relation between concentrations may cause parameters to
be unidentifiable. If a sufficient data set is available, the problem with unidentifiability arises
locally in individual rate expressions. A general method for reparameterisation to identifiable
rate expressions is provided, together with a Mathematica code to help with the calculations.
The general results are exemplified by four well-cited models for glycolysis.

1 Introduction

Throughout the years, a large number of mathematical
models have been published that describe smaller or larger
parts of the system of chemical reactions in living cells.
Such models usually consist of systems of ordinary differen-
tial equations describing the reaction rates, and algebraic
relations describing, for example conserved moieties.
Models of this kind naturally contain a large number of

parameters that must be determined before the model can
be used for simulation. For example, in a simple reaction
of Michaelis–Menten type, the reaction rate is given by

r ¼
VmaxcS
KM þ cS

where cS denotes the concentration of a substrate, and Vmax

and KM are two parameters. The parameter values may be
known, but in other cases they must be determined
through parameter estimation: by comparing simulated
values for some concentrations with an experimentally
obtained time series, it may be possible to determine a
unique set of parameter values.
On the other hand, infinitely many parameter sets may

produce exactly the same simulated values, and hence
agree equally well with experimental data. The problem
of determining a priori whether the parameters of a model
can be uniquely determined from a given experiment is
part of the general theory of identifiability analysis, and is
the subject matter of this paper.

More precisely, we consider a family of kinetic models
for cell metabolism, where some of the dynamic mass bal-
ances are replaced by algebraic relations. Although the
results are not restricted to this case, we focus on examples
where the algebraic relations express the conservation of
[NADþ]þ [NADH]. This is a commonly used assumption
in biochemical modelling and is only valid under short-term
studies. In long-term studies, the synthesis or degradation of
the components must be accounted for. We study three well-
cited models of yeast metabolism as a in detail [1–3]. Some
sets of parameters in these models are unidentifiable as a
result of conserved [NADþ]þ [NADH] moiety.
That such assumptions may lead to unidentifiability of par-

ameters in some rate expressions is not new to the mathemat-
ical modelling community. A tool of the trade is to recover an
identifiable rate expression by non-dimensionalisation or
‘divide-through’. However, neither a mathematically stringent
analysis of the reasons for such unidentifiability, nor a general
method for treating the problem seems to have been published.
We provide a mathematical framework to allow for such

unified treatment of a large class of rate expressions, including
the particular examples from [1–3]. Thus, we develop a
general method for determining whether a conserved moiety
may render a rate expression unidentifiable, and a method for
reparameterisation into identifiable parameters. The reparame-
terisation showswhich combinations of the original parameters
may be uniquely estimated from the data. We provide all sym-
metry transformations, which leave the output invariant.
Furthermore, we show that identifiable rate expressions are
enough to ensure identifiability of the entire model, provided
that a sufficient set of measurements is available. In other
words, all sources of structural unidentifiability can in such
case be found locally in single reaction rate expression.
The general method is well adapted for implementation

in symbolic programming languages, and we provide a
Mathematica notebook that can be used for analysing a
class of rate expressions, including all rational ones.

2 Identifiability of kinetic models

Kinetic models of metabolism are usually systems of differ-
ential equations, representing mass balances for each
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metabolite j [4]. They can normally be written in the form

dcj

dt
¼

X
i
nji � ri(c, k) (1)

where cj denotes the intracellular concentration of metab-
olite j, and c is the vector containing all such concentrations.
The symbol ri denotes the rate of reaction i, nji denotes the
stoichiometric coefficient of metabolite j in reaction i and k
denotes the kinetic parameters in the rate expressions of the
model.
The property of structural identifiability guarantees the

uniqueness of the parameters k for a given input–output
structure corresponding to a set of measurements for the
purpose of parameter estimation. This set of measurements
usually consists of some metabolic concentrations and/or
fluxes or combinations of these, denoted by the vector y.
The latter can then be written as a vector-valued function
g of the variables in c and the parameters k. Equation (1)
together with

y ¼ g(c, k) (2)

defines the input–output structure.
For realistic situations, sources of unidentifiability can be

an insufficient number of measurements as well as a struc-
tural property of the model, which is independent of the
input–output structure and renders it unidentifiable even
from a perfect data set. In this paper, we focus on the
latter and analyse structural identifiability when a perfect
data set is available. Clearly, if a model is unidentifiable
for such an input–output structure, it will not be identifiable
for any realistic measurement set-ups. On the other hand, it
should be noted that measuring a single (noise free) meta-
bolic flux can be enough for the identification of all the par-
ameters of an identifiable model.
A perfect data set for a model with a full stoichiometric

matrix can be attained by measurements of all metabolic
concentrations, as shown by the following calculation.
Suppose that a model is not identifiable for an input–output
structure of the form

dcj

dt
¼

P
i nji � ri(c, k)

y ¼ c

(
(3)

that is, there are at least two sets of parameters, k and K,
which produce the same output [the same solution c(t) to
the system of differential equations above with given
initial conditions]. This can be expressed as

X
i
nji � ri(c, k) ¼

dcj

dt
¼

X
i
nji � ri(c, K) (4)

If the underlying steady-state model has a stoichiometric
matrix (the matrix with elements nji) of full rank, we must
have ri (c, k) ¼ ri (c, K) for all the rates ri. Thus, measure-
ments of metabolic fluxes cannot be used to distinguish
between the two sets k and K. Consequently, no amount
of additional flux measurements will suffice to make (3)
identifiable. If the stoichiometric matrix is not of full
rank, then the perfect output set must also contain measure-
ments of some metabolic fluxes ri.
If a model is not identifiable from a perfect output set,

then it must contain some over-parameterised rate expres-
sion, i.e. the reason for the unidentifiability can be traced
back to isolated rate expressions. Indeed, since the para-
meter sets k and K are by assumption different, the
equalities ri(c, k) ¼ ri(c, K) imply that there is at least one
ri with a rate expression that has the same value for different

combinations of its kinetic parameters. This means that
structural unidentifiability has its source within individual
kinetic expressions.
Consider first a simple example taken from Segel [5]

r ¼
VmaxcS

KS(1þ (cP=KP))þ cS
(5)

where cS and cP are the concentrations of the substrate and
product respectively. The expression contains three par-
ameters: Vmax, KS, and KP. By measuring r(t‘), cS (t‘),
and cP (t‘) at three different times t‘, one finds three
equations for the three unknowns, if the dynamic variables
are varying sufficiently independently, and the problem can
in principle be solved.
However, if there are algebraic constraints, it may be

impossible to find a sufficient number of independent
equations for the unknown rate parameters. In the Segel
example, if cSþ cP ¼ a, where a is a constant, then we
obtain

r ¼
VmaxcS

KS(1þ (ða� cSÞ=KP))þ cS

¼
cS

(KS[1þ (a=KP)]=Vmax)þ ([1� (KS=KP)]=Vmax)cS

¼
cS

k1 þ k2cS
(6)

where

k1 ¼
KS[1þ (a=KP)]

Vmax

and k2 ¼
[1� (KS=KP)]

Vmax

(7)

It now becomes clear that the original three parameters
KS, KP and Vmax are effectively only two independent
ones. One can find infinitely many combinations of KS,
KP and Vmax that result in exactly the same rate expression
value. For example, if one multiplies Vmax by any constant l
and then adjusts the other two parameters according to the
scheme below, the value of the rate expression does not
change at all

V
new
max ¼ lVmax (8a)

Knew
S ¼ lKS � a(1� l) (8b)

K
new
P ¼

lKS � a(1� l)

1� lþ l(KS=KP)
(8c)

In other words, there is a one-parameter family of trans-
formations of the set of parameters, which leave the reaction
rate invariant. Consequently, if such a rate equation is
included in a metabolic model, not all of its kinetic par-
ameters will be identifiable from experimental data. In
(6), one can identify only the parameter combinations k1
and k2, and before attempting to fit a model to experimental
data, one should first rewrite the model in an identifiable
form.
We note here that algebraic constraints may be intro-

duced explicitly in the model, or may be hidden in the for-
mulation of (1). When this is the case, the stoichiometric
matrix is not of full rank.
The theory of identifiability is well studied (see for

example [6–14] and the references therein), and tools for
automated identifiability analysis are available. They are
generally based on differential algebraic techniques, and
the computational time grows exponentially with the
number of variables and parameters [9, 11–13]. However,
a probabilistic algorithm that is also useful for large
systems has been constructed by Sedoglavic [14]. The
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methods have been applied to models for yeast glycolysis as
discussed, for example in [15].
There are also published algorithms that efficiently look

for conserved quantities in models of the form (1), a
recent example being [16]. Three of the models used as
examples in this paper are accessible in the JWS Online
database [17], where models can be searched for dependen-
cies for the variables, (i.e. conserved moieties).
A final comment here is that methods for practical iden-

tifiability must also handle noise and other measurement
limitations, and that the actual parameter estimation
usually is based on some kind of maximum likelihood
optimisation [18].

3 Examples

The main biochemical interactions of glycolysis were
characterised over 100 years ago. Some of the earlier mod-
elling attempts occurred in the 1960s [19–21], but these
were mostly minimal models trying to explain, for
example, the temporal oscillations found in 1957 [22].
Since then the models have grown in size and comprehen-
sion, and there have been several attempts at constructing
quantitative models. Examples are found, for instance, in
the work of Rizzi et al. [1], Teusink et al. [2], Hynne
et al. [3] and Lambeth et al. [23].
It is from [1, 2] and [3] that we take examples of reaction

rate expressions which are unidentifiable because of a con-
served pool of, for instance, NADHþ NAD þ and
ATPþADPþ AMP. If the model parameters are to be
identified, these rate expressions should be reparameterised.
Analysing these models with the method of Sedoglavic

[14] would give a list of unidentifiable parameters.
However, it will become apparent that in these cases the
problem of unidentifiability is located to individual reaction
rate expressions. Therefore, the methods explained in
Section 4 can be used directly on each and every rate
expression and would give all the needed information.
In this section, we discuss the unidentifiable reaction rate

expressions from the models in [1, 2] and [3] and propose a
general form for reparameterisation. For completeness, we
also give examples of similar rate expressions from [23],
where the introduction of a conserved quantity does not
lead to unidentifiability.
For the four models above, all instances of rate

expressions where the variables from a conservation law
appear together have been analysed. The results are stated
below and the details of the treatment are provided in the
supplementary material available online.

3.1 Rizzi model

The first example is a kinetic model of the central metabolic
pathways in Saccharomyces cerevisiae formulated in [1].
The model includes the reactions of glycolysis, the citric
acid cycle, the glyoxylate cycle and the respiratory chain
and a simplified description of biosynthesis in growing
cells. Subcellular localisation of reactions and metabolites
are taken into account by including cytosolic and mitochon-
drial compartments. We refer to [1] for the complete model
description and focus here only on the aspects that are rel-
evant for our analysis.
The concentrations of cytoplasmic and mitochondrial

NADþ are calculated under the assumption that the total
concentrations of nicotinamide nucleotides are constant in
each compartment. This results in the following equations

for cytoplasmic and mitochondrial NADþ

cCNADþ ¼ p1 � cCNADH (9a)

cMNADþ ¼ p2 � cMNADH (9b)

where p1 and p2 denote the constant total concentrations of
nicotinamide nucleotides in the cytoplasm and mitochon-
dria, respectively.
There are two reaction rates in this model that contain

unidentifiable parameters: the pyruvate dehydrogenase
(PDH) reaction, and the lumped reactions (RES2) from gly-
ceraldehyde 3-phosphate to phosphoenolpyruvate; these are
the only two kinetic expressions that contain all variables
from the conserved moieties.
The pyruvate dehydrogenase complex catalyses the reac-

tion

Pyruvateþ CoAþ NADþ
�! AcCoAþ CO2

þ NADHþ Hþ (10)

In the Rizzi model, its rate equation is formulated

r
M
PDH ¼

rmax
PDHc

C
Pyrc

M
NADþ

KNAD,13c
C
Pyr þ KPyr,13c

M
NADþ

þ
(KI�Pyr, 13KNAD,13)

(KI�NADH,13)

� �
cMNADH þ cCPyrc

M
NADþ

þ
KNAD,13

ðKI�NADH,13)

� �
c
C
Pyrc

M
NADH

0
BBBBB@

1
CCCCCA
(11)

where superscripts C and M refer to cytoplasmic and mito-
chondrial concentrations, respectively. Inserting (9b) into
(11) gives

rMPDH ¼
r
max
PDHc

C
Pyr(p2�c

M
NADH)

(KNAD,13c
C
PYRþKPYR,13(p2� c

M
NADH)

þ
ðKI�PYR,13KNAD,13Þ

ðKI�NADH,13Þ

� �
cMNADHþ cCPyr(p2� cMNADH)

þ
KNAD,13

ðKI�NADH,13Þ
cCPyrc

M
NADH

0
BBBBB@

1
CCCCCA

(12)

After rearranging terms, the right hand side becomes

c
C
Pyr(p2�c

M
NADH)

(p2KPYR,13=r
max
PDH)þ ((KNAD,13þp2)=r

max
PDH)c

C
Pyr

þ
[(KI�Pyr,13KNAD,13)=(KI�NADH,13)]�KPyr,13

rmax
PDH

cMNADH

þ
[KNAD,13=(KI�NADH,13)]�1

rmax
PDH

c
C
Pyrc

M
NADH

0
BBBBB@

1
CCCCCA
(13)

Thus, (11) can be rewritten as

r
M
PDH ¼

cCPyr(p2� cMNADH)

k1þ k2c
C
Pyrþk3c

M
NADHþk4c

C
Pyrc

M
NADH

(14)

The five original parameters are thus combined into four
new parameters, that can be identified. Solving for rmax

PDH,
KNAD,13, KPyr,13, KI2NADH,13 and KI2Pyr,13, in terms of k1,
k2, k3 and k4, result in a one parameter family of solutions.
The RES2 reaction is a lumped reaction of the glycolytic

steps from glyceraldehyde 3-phosphate (GAP) to
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phosphoenolpyruvate, with the rate equation

rCRES,2 ¼ rmax
RES,2

(cCNADþ=KNAD,7)A
n1,7�1

þ L0,7(c
C
NADþ=K 0

NAD,7)B
n1,7�1

An1,7 þ L0,7B
n1,7

�
cCGAP

n2,7

KGAP,7 þ cCGAP
n2,7

(15)

where

A ¼ 1þ
cCNADþ

KNAD,7

þ
cCNADH
KNADH,7

B ¼ 1þ
cCNADþ

K 0
NAD,7

þ
cCNADH
K 0
NADH,7

ð16Þ

This expression differs from the other reaction rates con-
sidered in this paper in that it is not a rational expression.
However, it can be expressed as a (homogeneous) function
including the rational expression A/B, and therefore this
reaction can be handled in essentially the same way.
The conserved moiety, cC

NADþ ¼ p1 � cCNADH appears only
in the first part of the expression, and this can be reparame-
terised in the following way

rmax
RES,2

cCNADþ

KNAD,7

An1,7�1
þL0,7

cCNADþ

K 0
NAD,7

Bn1,7�1

An1,7þL0,7B
n1,7

¼

(p1�c
C
NADH) 1þk3

(1þk4c
C
NADH)"

k5
k3

� �
þ

k2k5
k1k3

� �
cCNADH

#
8>>>><
>>>>:

9>>>>=
>>>>;

n1,7�10
BBBB@

1
CCCCA

(k1þk2c
C
NADH) 1þ

ð1þk4c
C
NADHÞ"

k5
k3

� �
þ

k2k5
k1k3

� �
cCNADH

#
8>>>><
>>>>:

9>>>>=
>>>>;

n1,7
0
BBBB@

1
CCCCA
(17)

where we set k1 ¼ (KNAD,7 þ p1)=r
max
RES,2, k2 ¼ (KNAD,7�

KNADH,7)=KNADH,7r
max
RES,2, k3 ¼ ðKNAD,7=K

0
NAD,7Þ L

1
n

0,7, k4 ¼

(K 0
NAD,7 � K

0
NAD,7)=K

0
NADH,7(K

0
NAD,7 þ p1) and k5 ¼ (KNAD,7

þp1)=K
0
NAD,7 þ p1: The original six kinetic parameters in

this part of the rate equation can thus be replaced by the
five independent ones, to k1–k5. The combinations of the
original parameters that they represent are identifiable.
By using the Sedoglavic algorithm [14], it was confirmed

that the assumption of conserved moieties of nicotinamide
nucleotides was the only source of structural unidentifiabil-
ity for the Rizzi model.

3.2 Hynne, Teusink and Lambeth models

The Hynne model, originally presented in [3], describes gly-
colytic oscillations in S. cerevisiae during cultivation in a
continuous stirred tank reactor. Two conserved moieties
are implicitly present in its stoichiometric matrix, one for
the nicotinamide nucleotides and one for the adenine
nucleotides. It is only the first that leads to unidentifiability.
The rate expressions for GAPDH and lpGlyc can both be
reparameterised in fewer parameters, as shown in the
Supplementary material. In the rate expression for the AK

reaction, all the variables from the adenine nucleotide
moiety appear together, but its kinetic parameters are never-
theless identifiable.
The Teusink model [2] also describes yeast glycolysis,

and just like the Rizzi model, it has two conserved moieties
described by cNADHþ cNADþ ¼ p1 and cATPþ cADPþ
cAMP ¼ p2. There is no kinetic expression containing all
three adenine nucleotides, and thus the second assumption
does not lead to unidentifiability. However, the three dehy-
drogenase reactions GAPDH, ADH and G3PDH, which
include both cNADH and cNADþ in their rate expressions,
were all found to be unidentifiable. The calculation is
carried out in the Supplementary material, where also the
reparametrisation into identifiable parameters is given. For
this model, there are two additional conservation relations
because of equilibrium assumptions for [GraP] and [glycer-
onephosphate] and for the adenine nucleotides. The vari-
ables in the first equilibrium assumption, [GraP] and
[glyceronephosphate], both appear in the ALD reaction
rate expression that was therefore analysed for a potential
source of unidentifiability. By applying the general
method presented in the next section, it was found that the
kinetic parameters in the ALD rate expression were identifi-
able even after introducing the equilibrium assumption.
The last model that has been tested describes muscle

metabolism, and was originally presented by Lambeth
et al. [23]. It contains the same conserved moieties as the
previous models implicitly present in the stoichiometric
matrix. The two dehydrogenase reactions included,
GAPDH and LDH, are modelled by reversible kinetic
expressions that include both cNADþ and cNADH, and they
could potentially have the reported problem with uniden-
tifiability. So could the PFK and the ADK reactions, as
their rate expressions include all the variables from the
adenine nucleotide moiety. However, by applying the
general method, we were able to see that even after introdu-
cing the conserved moieties, all parameters in these rate
expressions remained identifiable.

4 Unidentifiability as a result of conserved
quantities: a linear algebra formalism

Rate expressions like the ones considered here are often
rational functions of a number of concentrations. What actu-
ally happens in the examples discussed in the previous
section is that the presence of a conserved quantity
reduces the number of independent coefficients in the
rational expression. It is possible to compute an upper
bound of the number of independent (and thus identifiable)
rate parameters in terms of, for example, the number of con-
centrations and the degree of the terms in which they appear
in the rate expression. In this section, we formalise this pro-
cedure, giving a formula for determining cases of uniden-
tifiability and showing how to obtain an identifiable set of
parameters with a known relation to the original parameters.
We also present a method for constructing the group of
transformations of the original parameters that leaves the
rate expression invariant.

4.1 Initial example revisited

To introduce the notation, we first demonstrate the pro-
cedure on the example of (5). Recall that there were three
parameters, Vmax, KS and KP, and that these were collected
in a vector k

k ¼ Vmax KS KP

� �T
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Introduce the following two symbols ci, and the following
four symbols aij and bij

c1 ¼ cS, , c2 ¼ cP, a10 ¼ Vmax ,

b00 ¼ KS , b10 ¼ 1 , b01 ¼
KS

KP

(18)

With this notation, (5) becomes

r ¼
a10c1

b00 þ b10c1 þ b01c2
(19)

This is a rational expression, being the quotient of poly-
nomials in the two variables c1 and c2. Collect the coeffi-
cients in a vector a

a ¼ a10 b00 b10 b01
� �T

(20)

Note that even if c1 and c2 were independent, we could only
estimate a up to a multiplicative factor l0 [ Rn{0}, since
r(a) ¼ r(l0a). Using (18), we could, of course, directly
eliminate l0, but it is convenient to keep it, because it
reveals the essentially linear structure of the coming trans-
formations. At this point, we see that by inserting the
relation c1þ c2 ¼ p in (19) we obtain

~r ¼
~a1c1

~b0 þ
~b1c1

(21)

where ~a1 ¼ a10,
~b0 ¼ b00 þ pb01 and ~b1 ¼ b10 � b01. This

is a rational expression of only one variable, c1, and with
three coefficients. The relation between the coefficients in
(19) and (21) is linear and is most naturally expressed by

~a1
~b0
~b1

2
64

3
75 ¼

1 0 0 0

0 1 0 p

0 0 1 �1

2
4

3
5

a10
b00
b10
b01

2
664

3
775 (22)

which can also be written as

~a ¼ Aa: (23)

Note that the linearity of this transformation is not associ-
ated with a property of the underlying dynamical system,
but only of the relation between the coefficients a and ~a.
There is therefore no approximation associated with this
transformation, as is the case, for example, for a linearisa-
tion of a dynamical system.
The rank of A shows the number of coefficients ~a that are

independently mapped from a. In this example, A is of full
(row)rank. However, there is still a common factor that
needs to be removed. Let the identifiable parameters be
denoted ~k. By dividing all coefficients ~a by ~a1, we obtain
the following identifiable parameters

~k ¼ ~k1
~k2

h i
¼

KS(1þ ðp=KPÞ)

Vmax

(1� ðKS=KPÞ)

Vmax

� �
(24)

Note that this is the same result we obtained in (6) in
Section 2. Finally, we now know that the conservation
law has introduced an unidentifiability since the resulting
number of parameters is less than the original number of
parameters (i.e. 2 , 3).
Equation (24) expresses ~k as a function of k; we now turn

to the opposite problem, i.e. expressing k as a function of ~k.
Let a superscript 0 denote a specific estimate, and consider a
specific estimate of the identifiable parameters ~k0. The first

step is from ~k0 to ~a0; in this example it is simply given by

~a0 ¼ [~a01
~b00

~b01]
T
¼ [l0 l0

~k1 l0
~k2]

T (25)

where l0 [ R n f0g is an unknown scalar. Going from ~a0 to
a0, we use that A is of full rank. This means that there is a

vector a0, which satisfies (23), for all estimates ~a0. One

solution is a
0
0 ¼ [~a01

~b00
~b01 0]T; however, this is not

unique because A has a one-dimensional null-space, ker(A),
spanned by w1 ¼ [0 � p 1 1]T. The freedom to
choose a multiplicative factor l0 remains, and hence for
any l0, l1 [ R,

a ¼ a(l0, l1) ¼ l0a
0
0 þ l1w1 (26)

yield a set of coefficients that is consistent with the
estimates ~a0. To translate all the way to the original
kinetic parameters k, we need to solve (18). In this
example, we can explicitly obtain

Vmax ¼ l0 ~a
0
1 (27a)

KS ¼ l0
~b00 � l1p (27b)

1 ¼ l0
~b01 þ l1 (27c)

KP ¼
l0

~b00 � l1p

l1
: (27d)

Note that there is only one real degree of freedom since, for
example, the third of these equations can be used to fix l0,

i.e. l0 ¼ (1� l1)=
~b
0

1, which gives

Vmax ¼ (1� l1)~a
0
1=
~b
0

1, KS ¼ (1� l1)
~b
0

0=
~b
0

1 � l1p

KP ¼ (1=l1 � 1)~b
0

0=
~b
0

1 � p, (28)

and finally

Vmax ¼ ð1� l1Þ=
~k2, KS ¼ ((1� l1)

~k1)=
~k2 � l1p

KP ¼ ((1=l1 � 1)~k1)=
~k2 � p: (29)

Let us now see how all these calculations can be general-
ised, following the same procedure as summarised in this
diagram

4.2 Reparameterisation into identifiable
parameters

Consider a reaction rate r depending on N concentrations c1,
. . . , cN and m parameters k1, . . . , km, and assume that it can
be written as a rational function,

r ¼
P(c1, . . . , cN ; k1, . . . , km)

Q(c1, . . . , cN ; k1, . . . , km)
(31)

where P and Q are polynomials in the concentrations
c1, . . . , cN
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P ¼
XnP
j¼0

X
r1þ���þrN¼j

ar1... rN c
r1
1 ; . . . ; c

rN
N (32)

Q ¼
XnQ
j¼0

X
r1þ���þrN¼j

br1...rN c
r1
1 ; . . . ; c

rN
N (33)

A general polynomial P in three concentrations, c1, c2, and
c3, of second degree would with this notation be written

P ¼ a000

þ a100c1 þ a010c2 þ a001c3

þ a200c
2
1 þ a020c

2
2 þ a002c

2
3 þ a110c1c2

þ a101c1c3 þ a011c2c3 (34)

Note that the sum of the indices of a coefficient ar1, . . . , rN
is equal to the degree of the corresponding term, and that
each coefficient can be a function of the m original kinetic
parameters k1, . . . , km. We denote the transformation,
which gives the coefficients ar1, . . . , rN and br1, . . . , rN as
functions of the parameters by G, i.e.

G(k1, . . . , km) ¼ ( . . . , ar1,...,rN , . . . , br1,...,rN , . . . )
T (35)

so that G is a function from the m-dimensional parameter
space to the M-dimensional space of rational coefficients.
We assume here that G parameterises an m-dimensional
manifold, because otherwise the parameters would be uni-
dentifiable in the original rate expression.
If there is a constant linear combination of the concen-

trations X
ajcj ¼ p (36)

one of the concentrations cj can be eliminated from the
rational expression. With no loss of generality, we may
assume that the eliminated concentration is cN. Replacing
all occurrences of cN in (31) with
p�

P
j,N ajcj gives a new rate expression

~rX ¼
~P(c1, . . . , cN�1; k1, . . . , km)

~Q(c1, . . . , cN�1; k1, . . . , km)
(37)

The new set of coefficients ~ar1...rN�1
and ~br1...rN�1

are linear
combinations of the coefficients ar1...rN and br1...rN , because
each monomial containing cN is transformed into a poly-
nomial without cN, which is added to those terms of P (or
Q) that do not contain cN. This relation can again be
expressed as

ã ¼ Aa (38)

If the matrix A is not of full rank, as in the rADH example
from the Teusink model (cf. the Supplementary material),
one can proceed by choosing a set of independent rows
from A.
It follows that the number of identifiable parameters is

given by the rank of (A2 1), and we have the following for-
mulas for calculating a lower bound on the number of uni-
dentifiable parameters.

1. [dim k] 2[rank A]þ 1 (e.g. 3 2 3þ 1 ¼ 1), or
2. [dim k]2 [dim a]þ [dim ker(A)]þ 1 (e.g. 32 4
þ 1þ 1 ¼ 1).

The numbers within the parenthesis refer to the example in
Section 1. Since a non-zero number of unidentifiable par-
ameters implies an unidentifiable rate expression, the

above formulas are a simple way of detecting unidentifiable
rate expressions.

4.3 Back-translation and calculation of the
symmetry families

The first step in the back-translation is from k̃ to ã. Consider

a specific estimate k̃0. Assume, without loss of generality,
that it is the first coefficient ~a1 that was used for the normal-
isation to the identifiable parameters. We then have the fol-
lowing back-translation formula

a0 ¼ ~a01 a02 . . .
� �

¼ l0 1 ~a2(k̃
0
) . . .

h i
(39)

where ~ai(k̃
0
) is equal to a single ~k

0

j if ai was one of the

non-eliminated rows, and equal to the linear combinations
mentioned above otherwise (these linear combinations
only occur if A is of less than full rank).
The next step is to translate from ã to a. Let J ¼ dim

ker(A) denotes the dimension of the null space of A, and
let w1, . . . ,wJ be a set of vectors that span the null space.
Let a specific solution of (23) be given by a0 (such a sol-
ution always exists). Then the set of all a that are consistent
with k0 is spanned by l0 [ R{0} and li [ R according to
the following formula

a ¼ l0a
0
þ l1w1 þ � � � þ lJwJ (40)

The final step in the back-translation is from a to k. This is
the reversal of the nonlinear mapping G, and it is therefore
difficult to treat in the general case. Nevertheless, in many
cases, explicit solutions should be available through sym-
bolic software packages such as Mathematica and Maple.
However, because of these difficulties, we now also
present a geometrical interpretation of these results, and
an alternative way of calculating the symmetry transform-
ations, i.e. those transformations of k that leave the rate
expression v invariant.
Recall that the function G parameterises an m-dimensional

submanifold ofRM (whichwe denote byG aswell). Ifwewish
to determine whether a parameter set k0 ¼ (k01 , . . . , k

0
m) is

uniquely defined or whether there is a family of parameters
k(s) that give the same rate expression, we compute the
differential G0(k0), and we let u1(k

0), . . . , uj(k
0) be a set

of vectors so that G0(k0)u1(k
0), . . . , G0(k0)uj(k

0) span the
intersection of the range of G0(k0) and {la0, l [ R}<

�
ker(A)�. The number of vectors u(k0) is the dimension of
the set of equivalent parameter combinations. With a proper
choice of the vectors ui (in particular, they should be continu-
ous as functions of k), the family of transformations can be
found by solving

dk(s)

ds
¼ ui½k(s)�

k(0) ¼ k
0

The original parameters that are identifiable correspond to
those components that are zero in all vectors ui, i ¼ 1, . . . ,
j. This calculation is similar to the one in [11].
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For the example shown in Section 4.1, the matrix G0 is
given by

G0
¼

@a01
@Vmax

@a01
@KS

@a01
@KP

@b00
@Vmax

@b00
@KS

@b00
@KP

@b10
@Vmax

@b10
@KS

@b10
@KP

@b01
@Vmax

@b01
@KS

@b01
@KP

2
666666666664

3
777777777775
¼

1 0 0

0 1 0

0 0 0

0 1=KP �KS=K
2
P

2
6664

3
7775

(41)

and the degree of freedom for the choice of parameters is
also given by the dimension of the intersection of the
range of G0 with span{a00,w1}. Again this gives a one-
dimensional set, which is spanned by w> ¼ a0 � b10w1.
The one-dimensional set of parameters that are consistent
with a given set of measurements can be obtained by
solving the ordinary differential equation

d[Vmax, KS, KP]
T

ds
¼ (G0)�1w> (42)

where w> depends on Vmax, KS and KP, and (G0)21 can be
computed because w> is in the range of G0.
The Supplementary material contains a Mathematica

implementation of the calculations both for the identifi-
cation of the identifiable parameters and for the calculation
of the symmetry relations. The Mathematica implemen-
tation includes all the reaction rate expressions that we
have discussed in this paper, but it is also easily extensible
to other problems.

5 Discussion and conclusions

The problem with unidentifiability as a result of conserved
moieties has been observed before. However, there does not
seem to exist a systematic treatment of the problem, and the
common explanation for the problem does not hold. This
explanation is based on the observation that the insertion
of conserved moieties in rate expressions usually leads to
the situation of one parameter, or combination of par-
ameters, in front of each term. This means that the coeffi-
cients in front of the terms are unidentifiable, but that
does not necessarily imply unidentifiability of the original
parameters. Consider for instance the following rate
expression

r ¼
p1c

ðp2=p1Þ þ p2c

with two parameters, p1 and p2, and one concentration, c.
This rate expression has one coefficient in front of each
term, but the parameters are nevertheless identifiable. It is
therefore clear that the situation of coefficients in front of
each term is not sufficient in itself to guarantee unidentifia-
bility of the underlying parameters (i.e. additional con-
ditions are necessary).
On the other hand, the intuitive method of using the coef-

ficients as new identifiable parameters is a valid method.
One coefficient must, however, be removed through div-
ision of both the numerator and denominator, and this
method is therefore sometimes referred to as the ‘divide
through’ method. The ‘divide through’ method is similar
to our method proposed. However, the ‘divide through’
method does not involve an analysis of the transformation
matrix A, and this has some drawbacks. As is shown in

the vADH example in the Supplementary material, the analy-
sis of the linear dependencies in A allows for fewer identifi-
able parameters than the ‘divide through’ method would
yield. Likewise, it is the analysis of the null-space of A
that allows for easy formulas for the translation back to
the original parameters [e.g. (27)]. There are also other
methods that might be useful when trying to manually
rewrite the expression in identifiable parameters, for
instance, non-dimensionalisation [24]. However, non-
dimensionalisation does not guarantee identifiability in the
resulting expressions.
There are also some frameworks to deal with structural

unidentifiability for the general situation. One such frame-
work is differential algebra. However, many of its
methods are not applicable to realistically large systems.
One exception is the probabilistic algorithm by
Sedoglavic [14]. Advantages with our method compared
with Sedoglavic’s algorithm is that our results are exact
(i.e. not probabilistic), and that we provide a reparametrisa-
tion to identifiable parameters that may be expressed in the
original parameters. A general advantage with our method
compared with all methods based on differential algebra
[11, 14] is that our method is built on a much simpler
theory, something which, e.g. yields a more intuitive under-
standing of the origin of the unidentifiability.
Given all these options, it is also important to discuss how

to proceed in different circumstances. In some cases, the
problem with unidentifiability in the rate expressions may
be left untreated altogether. This is the case if one, for
example, is only interested in whether a given model struc-
ture is capable of explaining the data. One can also disre-
gard identifiability issues if the parameter values are
obtained elsewhere (e.g. from in vitro characterisations),
and the model is used as a pure forward simulation
model. Finally, if one is only interested in the value of the
actual flux, these specific identifiability problems can be
disregarded because the flux is identifiable even though
some of the parameters describing it are not.
There are, on the other hand, also several scenarios where

it is necessary to deal with problems of unidentifiability. If
one would, for example, seek to compare the in vivo with
the in vitro kinetics for a given enzyme, it is necessary to
deal with these issues [18]. Such comparisons are important
tools for the understanding of the general differences
between in vivo and in vitro kinetics, and this is a central
issue for the general understanding of life. Furthermore, if
one wants to determine the quality of various model predic-
tions, that is, how well they are characterised by the avail-
able data, it is also necessary to handle identifiability
problems. For instance, if one wants to analyse the control
coefficients in a model (i.e. the sensitivity of a specific
model output with respect to perturbations in the model’s
parameters), then such an analysis will give different
results depending on which value of the unidentifiability
manifolds one chooses, even though all such choices lead
to an identical agreement with the data. In such situations,
it is therefore more advantageous to characterise the ident-
ifiable core in a model, and only consider the results with
respect to this core [18, 25]. One way to find those par-
ameter combinations that describe this core model is the
intuitive ‘divide through’ method. However, as explained
above our proposed method has advantages both in terms
of yielding fewer parameters and in terms of back-
translation of the result.
In conclusion, this article has presented a new framework

to treat structural unidentifiability in single, rate expressions
caused by conservation relations. The framework provides a
valid explanation of the reasons for the problem, a
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straightforward method for the detection of it, and a way to
choose identifiable parameters if an unidentifiability should
be detected. Furthermore, the analysis provides a translation
from the identifiable parameters back to the original
parameters. The ideas are illustrated by the analysis of some
well-cited models of glycolysis, and the proposed method is
easy to use via the provided Mathematica implementation.
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A Detailed derivations from Section 3

A.1 The Hynne model

The Hynne model was originally presented in [3]. It consists of 22 states and
60 parameters. The model describes glycolytic oscillations in Saccharomyces

cerevisiae during cultivation in a continuous stirred tank reactor. There are two
compartments in the model, one for the extracellular metabolites and one for
the intracellular ones. In the intracellular compartment (corresponding to the
total cytosol volume of all the cells) there are two conserved moieties, one for
the nicotinamide nucleotides and one for the adenine nucleotides

cNADH + cNAD+ = p1 (A1a)

cATP + cADP + cAMP = p2 (A1b)

These conserved moieties are not explicitly formulated in the model, but are
implicitly present in the stoichiometric matrix.

There are three reactions that include the inter-conversion of the nicoti-
namides: glyceraldehyde-3-phosphate-dehydrogenase (GAPDH), a lumped re-
action forming glycerol from dihydroxyacetonephosphate (lpGlyc), and the al-
cohol dehydrogenase (ADH). The ADH reaction is formulated as an irreversible
reaction, and only cNADH appears in the kinetic expression. However, both
GAPDH and lpGlyc have cNADH and cNAD+ in their kinetic expressions which
were therefore analysed. Both were found to contain unidentifiable parameters
by the criterium presented in Section 4. The reaction rate expressions can be
reparameterised in fewer identifiable parameters as follows:

The first rate expression is

rGAPDH =
V8m(cGAPcNAD+ −

cBPGcNADH

K8eq
)

K8GAPK8NAD(1 + cGAP

K8GAP
+ cBPG

k8BPG
)(1 +

c
NAD+

K8NAD
+ cNADH

K8NADH
)

,

(A2)

where there are three unidentifiable kinetic parameters, V8m,K8NAD and K8NADH,
due to the assumption cNADH + cNAD+ = p1. These three parameters can be
replaced by two new ones k1 and k2 to obtain:

vGAPDH =
cGAP(p− cNADH)− cBPGcNADH

K8eq

K8GAP(1 + cGAP

K8GAP
+ cBPG

k8BPG
)(k1 + k2cNADH)

, (A3)

where k1 = K8NAD

V8m
(1 + p1

K8NAD
) and k2 = K8NAD

V8m
( 1

K8NADH
−

1
K8NAD

).

The second reaction rate is

rlpGlyc =
V15mcDHAP

K15DHAP

(

1 +
K15INADH

cNADH

(1 +
cNAD+

K15INAD

)

)

+

cDHAP

(

1 +
K15NADH

cNADH

(1 +
cNAD+

K15INAD

)

)

,

(A4)
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with five unidentifiable parameters V15m,K15DHAP,K15INADH,K15INAD and K15NADH.
It can be rewritten as

rlpGlyc =
cDHAPcNADH

k1 + k2cNADH + k3cDHAP + k4cDHAPcNADH

, (A5)

where

k1 =
K15DHAPK15INADH

V15m

(1 +
p

K15INAD

) (A6a)

k2 =
K15DHAP

V15m

(1−
K15INADH

K15INAD

) (A6b)

k3 =
K15NADH

V15m

(1 +
p

K15INAD

) (A6c)

k4 =
1

V15m

(1−
K15NADH

K15INAD

) . (A6d)

In the rate expression for the adenylate kinase (AK) reaction, the three vari-
ables from the second conserved moiety, cATP, cADP and cAMP appear together,
and AK has therefore been analysed for a potential source for unidentifiability.
The rate expression is

rAK = k24f cAMPcATP − k24rc
2
ADP (A7)

which after insertion of cAMP = p2 − cATP − cADP becomes

rAK = k24f (p2 − cATP − cADP)cATP − k24rc
2
ADP (A8)

= k24fp2 − k24f c2
ATP − k24fcADPcATP − k24rc

2
ADP . (A9)

The two kinetic parameters k24f and k24r are thus identifiable.
The Sedoglavic algorithm showed in this case that the presence of the con-

served moiety (A1a) was the only source of unidentifiability if all metabolites
can be measured.

In the experimental setup used by Hynne et al. only NADH was measured
with high time resolution. It is therefore interesting to note that even with
y = k[NADH], the conservation law (A1a) is the only source that leads to
structural unidentifiability among the reactions in the cytosol.

A.2 The Teusink model

The Teusink model [2] also describes yeast glycolysis, and just like the Rizzi and
Hynne models, it has two conserved moieties described by (A1a) and (A1b).
Again there is no kinetic expression containing all three adenine nucleotides.
There are three dehydrogenase reactions: GAPDH, ADH, and glycerol-3-phosphate
dehydrogenase (G3PDH). All these reactions involve the inter-conversion of the
cofactors NAD+ and NADH, and the corresponding rate equations contain both
cNAD+ and cNADH in the denominator. For this model, there are two addi-
tional conservation relations due to equilibrium assumptions for [GraP] and
[glyceronephosphate] and for the adenine nucleotides. The variables in the first
equilibrium assumption, [GraP] and [glyceronephosphate], both appear in the
ALD reaction rate expression which must therefore be analysed for a potential
source of unidentifiability.
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All three dehydrogenase reactions were found to be unidentifiable, due to
the conserved moiety. Here we show this by a direct calculation, but the Math-
ematica code in part B of this supplementary material gives the same result
(except that there are, of course, many ways of reparameterising the expres-
sions in order to obtain an identifiable model). The rate equation for the first
dehydrogenase reaction, GAPDH, is

rGAPDH =

VmaxfcGAPc
NAD+

KGAPKNAD
−

VmaxrcBPGcNADH

KBPGKNADH

(1 + cGAP

KGAP
+ cBPG

KBPG
)(1 +

c
NAD+

KNAD
+ cNADH

KNADH
)

. (A10)

The constraint cNADH + cNAD+ = const = p leads to the parameters Vmaxf ,
Vmaxr, KNAD and KNADH being unidentifiable. These four parameters can be
replaced by three new ones to obtain the following re-parameterisation of the
rate expression

rGAPDH =
pcGAP − cGAPcNADH −

k1cBPGcNADH

KBPG

(1 + cGAP

KGAP
+ cBPG

KBPG
)(k2 + k3cNADH)

(A11)

where

k1 =
KGAPKNADVmaxr

Vmaxf

(A12a)

k2 =
KGAPKNAD(1 + p

KNAD
)

Vmaxf

(A12b)

k3 = (
1

KNADH

−
1

KNAD

)
KGAPKNAD

Vmaxf

(A12c)

The rate equation for the second dehydrogenase reaction, G3PDH, is:

rG3PDH =

Vmax(
cDHAPcNADH

KDHAPKNADH

−
cGlycerolcNAD+

KDHAPKNADHKeq

)

(1 + cDHAP

KDHAP
+

cGlycerol

KGlycerol
)(1 + cNADH

KNADH
+ cNAD+

KNAD
)

(A13)

The unidentifiable parameters are Vmax,KNAD and KNADH. These three uniden-
tifiable parameters can be replaced by two new ones to obtain the following
re-parameterisation of the rate expression:

rG3PDH =

cDHAPcNADH

KDHAP
−

cGlycerol(p− cNADH)
KDHAPKeq

(1 + cDHAP
KDHAP

+
cGlycerol

KGlycerol
)(k1 + k2cNADH)

(A14)

where

k1 = (1 +
p

KNAD

)
KNADH

Vmax

(A15a)

k2 = (
1

KNADH

−
1

KNAD

)
KNADH

Vmax

(A15b)
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The rate equation for the last dehydrogenase reaction, ADH, is:

rADH,num = Vmax(
cEtOHcNAD

KEtOHKINAD

−
cACAcNADH

KEtOHKINADKeq

) (A16)

rADH,denom = 1 +
cNAD+

KINAD

+
cEtOHKNAD

KINADKEtOH

+
cACAKNADH

KINADHKACALD

+

cNADH

KINADH

+
cEtOHcNAD+

KINADKEtOH

+
cNAD+cACAKNADH

KINADKINADHKACALD

+
cEtOHcNADHKNAD

KINADKINADHKEtOH

+

+
cACAcNADH

KACALDKINADH

+
cEtOHcNAD+cACA

KINADKIACALDKEtOH

+

cEtOHcACAcNADH

KIEtOHKINADHKACALD

(A17)

rADH =
rADH,num

rADH,denom

(A18)

The unidentifiable parameters are Vmax, KEtOH, KIEtOH, KNAD, KINAD, KNADH,
KINADH, KACALD, KIACALD. These nine unidentifiable parameters can be re-
placed by eight new ones to obtain the following re-parameterisation of the rate
expression:

rADH,num = cEtOH(p− cNADH)−
cACAcNADH

Keq

(A19a)

rADH,denom = k1 + k2cEtOH + k3cNADH + k4cACA + k5cEtOHcNADH

+k6cEtOHcACA + k7cNADHcACA + k8cEtOHcNADHcACA

(A19b)

where

k1 = (1 +
p

KINAD

)
KEtOHKINAD

Vmax

(A20a)

k2 = (
KNAD + p

KINADKEtOH

)
KEtOHKINAD

Vmax

(A20b)

k3 = (
1

KINADH

−
1

KINAD

)
KEtOHKINAD

Vmax

(A20c)

k4 = (
KNADH

KINADHKACALD

+
pKNADH

KINADKINADHKACALD

)
KEtOHKINAD

Vmax

(A20d)

k5 = (
KNAD

KINADKINADHKEtOH

−
1

KINADKEtOH

)
KEtOHKINAD

Vmax

(A20e)

k6 =
p

KIACALDVmax

(A20f)

k7 = (
1

KINADHKACALD

−
KNADH

KINADKINADHKACALD

)
KEtOHKINAD

Vmax

(A20g)

k8 = (
1

KIEtOHKINADHKACALD

−
1

KINADKIACALDKEtOH

)
KEtOHKINAD

Vmax

(A20h)

The ALD rate expression containing the variables [GraP] and [glyceronephosphate]
from one of the equillibrium assumptions was analysed using the Mathematica
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implementation and found to be identifiable. The details can be seen by running
the Mathematica code for the ALD rate expression.
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B Application examples with the general method

B.1 The rADH reaction rate from the Teusink model

In this section we consider Teusink’s rate expression for rADH in the frame-
work of Section 4. This is the same reaction as in equation (A18). By use of
Sedoglavic’s algorithm we learned that nine of the ten parameters are proba-
bly not identifiable, whereas Keq is, and hence it is essentially enough to study
the denominator of the expression. Below we do not assume any knowledge
about which of the parameters that are identifiable, but rather we consider the
complete expression, and then have 10 parameters:

c1 = NAD+ c2 = ACA c3 = NADH
c4 = EtOH k1 = Vmax k2 = KINAD

k3 = KEtOH k4 = Keq k5 = KNADH

k6 = KINADH k7 = KACALD k8 = KNAD

k9 = KIACALD k10 = KIEtOH

(B1)

With this notation we may write

rADH =
k1

k3k2
c1c4 −

k1

k3k2k4
c2c3

1 + 1
k2

c1 + k5

k6k7
c2 + 1

k6
c3 + k8

k2k3
c4 + k5

k2k6k7
c1c2 + 1

k7k6
c2c3 +

1
k2k3

c1c4 + k8

k2k6k3
c3c4 + 1

k2k9k3
c1c2c4 + 1

k10k6k7
c2c3c4

(B2)

We next adapt the notation to that of Section 4, and write

a1001 = k1

k3k2
a0110 = −

k1

k3k2k4
b0000 = 1

b1000 = 1
k2

b0100 = k5

k6k7
b0010 = 1

k6

b0001 = k8

k2k3
b1100 = k5

k2k6k7
b1001 = 1

k2k3

b0110 = 1
k7k6

b0011 = k8

k2k6k3
b1101 = 1

k2k9k3

b0111 = 1
k10k6k7

(B3)

to obtain

rADH =
a1001c1c4 + a0110c2c3

b0000 + b1000c1 + b0100c2 + b0010c3 + b0001c4 + b1100c1c2 + b0110c2c3 +
b1001c1c4 + b0011c3c4 + b1101c1c2c4 + b0111c2c3c4

(B4)

Introducing the conserved quantity c1 = p− c3 gives

rADH =
ã001c4 + ã110c2c3 + ã011c3c4

b̃000 + b̃100c2 + b̃010c3 + b̃001c4 + b̃110c2c3

+b̃101c2c4 + b̃011c3c4 + b̃111c2c3c4

.

(B5)
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The new coefficients are obtained from the old ones by the transformation
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p 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 p 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 p 0 0 0 0 0
0 0 0 −1 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 p 0 0 0 0
0 0 0 0 0 0 0 −1 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 p 0
0 0 0 0 0 0 0 0 −1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 1
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(B6)

We write ã = Aa for the expression (B6), and as in Section 4, we denote by the
superscript 0 an estimated set of coefficients. The rank of A is 10. The number
of original kinetic parameters is 10. That means that the counting argument
from Section 4

1. [no of parameters] − [rank A] +1 (i.e., 10− 10 + 1 = 1)

indicates that there is a degree of freedom in choosing the kinetic parameters.
Since the matrix A is not of full rank, we need to follow the procedure

described for the general case in Section 4, if we want to obtain the identifiable
parameters. The first row in A can be obtained by multiplying the third row
by −p. Therefore: replace ã001 with −pã011 and divide both the numerator and
denominator with ã011 in equation (B5). Identifying the resulting coefficients
in the denominator as the new identifiable parameters, gives an expression that
is structurally identical to (A19).

We will end by giving a geometrical picture of the kinetic parameters giving
identical reaction rates. Consider k = (k1, ...k10). Each coefficient a ∈ R

13 is a
function of k, and we have

k 7→ a(k) ∈ Γ ⊂ R
13 (B7)

where Γ typically would be a 10-dimensional sub-manifold of R
13. The three

dimensional null space of A is spanned by

w1 = [ 0 0 0 0 0 −p 0 1 0 1 0 0 0 ]
tr

w2 = [ 0 0 0 −p 0 0 1 0 1 0 0 0 0 ]
tr

w3 = [ 0 0 −p 1 0 1 0 0 0 0 0 0 0 ]
tr

(B8)

Hence, given a
0 such that ã

0 = Aa
0, every a of the form

a = λ0a
0 + λ1w1 + λ2w2 + λ3w3 (B9)

is also a coefficient vector that agrees with the estimated ã
0 (where λ0 is the

degree of freedom due to the coefficients being determined only up to a constant
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factor). This is a four-dimensional subset of R
13. The set of kinetic parameters

that agree with the estimated ã
0 is given by

K =
{

k ∈ R
10 such that a(k) ∈ span(a0,w1,w2,w3)

}

(B10)

and if k 7→ a(k) is an injective map, K is at least one-dimensional.

B.2 The RES2-reaction in the Rizzi model

The RES2-reaction rate from the Rizzi model (equation (13, 14) involves the
concentrations of NAD+, NADH and GAP. However, for the purpose of this
discussion, it is enough to consider the following part of the expression, involving
only NAD and NADH:

rmax
RES,2

1

KNAD,7

An1,7−1 + L0,7

1

K ′

NAD,7

Bn1,7−1

An1,7 + L0,7B
n1,7

(B11)

where

A = 1 +
cC

NAD+

KNAD,7
+

cC
NADH

KNADH,7

B = 1 +
cC

NAD+

K′

NAD,7

+
cC
NADH

K′

NADH,7

(B12)

This can be expressed as (we set n1,7 = η for notational convenience, and for
the argument here, we assume that η is a constant)

γ1

(

b00 + b10c1 + b01c2

)η−1
+ γ2

(

a00 + a10c1 + a01c2

)η−1

(b00 + b10c1 + b01c2)η + γ3

(

a00 + a10c1 + a01c2

)η , (B13)

where

c1 = cC
NAD+ c2 = cC

NADH

γ1 = rmax
RES,2/KNAD,7 γ2 = rmax

RES,2L0,7/K
′

NAD,7 γ3 = L0,7 ,

a00 = 1 a10 = 1/KNAD,7 a01 = 1/KNADH,7

b00 = 1 b10 = 1/K ′

NAD,7 b01 = 1/K ′

NADH,7

(B14)

While a rational expression is left invariant by the multiplication of all coeffi-
cients by the same constant, this does not hold here.

Replacing c2 by p− c1 gives the new expression

γ1

(

b̃0 + b̃1c1

)η−1
+ γ2

(

ã0 + ã1c1

)η−1

(b̃0 + b̃1c1)η + γ3

(

ã0 + ã1c1

)η

=
γ̄1

(

1 + b̄1c1

)η−1
+ γ̄2

(

1 + ā1c1

)η−1

(1 + b̄1c1)η + γ̄3

(

1 + ā1c1

)η , (B15)

where

b̄1 =
b10 − b01

1 + pb01

ā1 =
a10 − a01

1 + pa01

γ̄3 = γ3

(

1 + pa01

1 + pb01

)η

γ̄1 =
γ1

1 + pb01

γ̄2 = γ2

(1 + pa01)
η−1

(1 + pb01)
η

(B16)
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In fact, the actual form of the coefficients may not be very important, but it is
interesting to see that there are only five of them, and hence the six physical
parameters cannot be determined uniquely; the expression is not identifiable.
This example cannot be as easily treated with the Mathematica code as the
other ones.

In the Segel example in Section 4, the linear transformation of the coeffi-
cients have a one-dimensional null-space, which can then be identified with the
degree of freedom in choosing physical parameters. Here the null-space of the
transformation

(γ1, γ2, γ3, a10, a01, b10, b01) → (γ̄1, γ̄2, γ̄3, ā1, b̄1) (B17)

has a two-dimensional null-space. There is, however, still just a one-dimensional
set of kinetic parameters that give identical rate values. This set can be geo-
metrically understood as the intersection of the two-dimensional null-space to
(B17) with the six-dimensional image of the physical parameters in the space
of coefficients (γ1, γ2, γ3, a10, a01, b10, b01).
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C A brief description of the Mathematica im-

plementation

Although the mathematics used in this paper is elementary, the calculations
soon become cumbersome, and some software for symbolic calculation may be
helpful. We have created a very simple Mathematica-notebook of the computa-
tions described in this paper.

The implementation consists of three notebooks, which should be run se-
quentially:

• symmBerData.nb

• symmBerStart.nb

• symmBer.nb

Before starting, the notebook symmBerData.nb should be edited to contain
information about the actual rate equation, as shown in Figure 1. The provided
file contains data for all the rate expressions discussed in the article, and it
should be easy to see how to modify for any rational rate expression. A little
more work is needed to deal with meromorphic rate expressions.

For reasonably large expressions, all calculations are carried out symboli-
cally, and in this case one can normally execute symmBerStart without any
modifications. There are some parameters that can be changed, in particular
with respect to how much of the intermediary results one wishes to see.

Very complicated rate expressions cannot be treated directly without a very
large amount of memory in the computer. Hence part of the calculation can be
carried out in a semi-numerical fashion. This is much faster, but in that case the
present code can only verify that an expression is identifiable. The parameters
that decide whether a full symbolic calculation should be attemted or not, can
also be set in symmBerStart, together with special parameters related to the
semi-numerical computaiton.

After executing the notebook symmBer.nb, the result is presented as shown
in Figure 3.

A remark is in its place here: in terms of which parameters are identifiable,
and the degree of freedom in choosing the unidentifable ones, the results ob-
tained with the Mathematica code agree with the calculations done by hand
and presented in the main part of the paper, and in Supplement B. However,
due to the implentation, the suggested reparametrisations are not necessarily
the same, nor are the corresponding matrices A.

The code works well in the cases we have tried, but of course we cannot
guarantee that there are no cases where it would fail. There is certainly much
space for improvement of the code, both in terms of efficiency and readability.

The Mathematica notbooks are also accessible from the web-page
http://www.math.chalmers.se/~wennberg/Code

We will attempt to keep that code up to date. Also, new versions of the
code will be available from that web page.
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Figure 1: Data input to Mathematica code for analysing the identifiable of a
rate expression.
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Figure 2: Result from Mathematica code for analysing the identifiable of a rate
expression, part1.
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Figure 3: Result from Mathematica code for analysing the identifiable of a rate
expression, part2.
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d8�!��uvl�nxhs|gp8£Eujwxwoh��?nx|g��qLhsfl�cgd%ujegegwxno��u�l�nxhj|0hjq�d�¤Snopmlino|g���Dhs��eg�Vl�uvl�nxhs|�ujwx�shsfmn�l�cV��p
qLhjf+f�uj|g�-��ujwx�D�gwouvl�nxhj|¥�

¦�d��Zfid8pi�gw�l�p�ujfmd�egfmdDpmdD|!lidD}§hj|�pml�uvl�d5dDwonx��nx|�u�l�n�hs|¨qLhsf%}gd8w�u�y¨pmyNpmlidD��p�uj|g}
�/c�ujfiuj��l�dDfmnop�u�l�nxhs|�hjqEl�cgd�no}VdD|!linx�Wuvrgnow�n�lzy�hvqAl�nx��d��zwouv�%e�ujf�uv��d�l�dDfmpD�a��d�picgh��©l�cgd
d�¤SnopmlidD|g�8d�hjq�uj|~no|geV�Vlm�zhj�Vl�eg�Sl1fid8egfid8pidD|�l/uvlinohs|�qLhsf�pmyNpmlidD��p��?n�l�c~���gw�l�nxegw�d^}gnop��
�8fid�l�d�lino��d���}gdDwou�yNp8��b+cgd�qLhjfi�ªhjq«l�cgd�no|Veg�Vlm��hs�Vlieg�Vl�d8�N�guvl�nxhs|gp�nop�pmcgh*�?|�lih�}gd��
�8no}gd?l�cVd�no}gd8|!linx�WujrVnow�n�lzy�hjq
l�cgd lino��d���wouj��egujf�uj��d8lidDfmpD�Bb+cgd8nof�no}gd8|!linx�WujrVnowxn�lzy�nxp�|ghjl
}Vnofid8�8liwxy�fidDwouvl�d8}�l�h9l�cgd��«dDwow��z�/c�ujfiuj�8lidDfinx¬Dd8}�nx}gdD|�l�nx��ujrgnow�n�lzyVvhsrVpidDf�tvujrgnxwxn�lzy�hjqEl�cgd
hvl�cgd8f1��hN}gd8wAe�uvf�uj��d8lidDfip�vpml�uvl�d^t�ujfinoujrgwod8p�uj|g}~uj|�no|V}gdDekd8|g}gdD|�l-uv|�ujw�ySpmnop����gpml
rkd-ekd8fmqLhsfm��d8}¥�9b+cgd�tvujwx�gdDp®hjqAl�cgd�l�no��d�wouj�sp���uv|{rkd�qLhs�g|g}2}gnxfidD��l�w�y5qLfmhs�ªl�cgd
nx|geg�Vl��zhs�Sl�eg�Vl?dD�!��u�l�nohj|gpD£Wn�q�licgdDpmd®��uv|�rkd�hsrVl/uvno|gd8}9d�¤Segwxno�8nxl�w�yj��¯@no|gdDujf��zujwx�sd8rgf�ujn��
�8fin�l�dDfmn�u%uvfid�qLhsfi���gwouvlidD}�l�h9}gd8�Dnx}gd1l�cgd�nx}gd8|!l�n��Wujrgnxwxn�l�y�hjq«l�cVd�}gdDwou�y�e�uvf�uj��d8lidDfmp
�?cVno�/c�dDwxno��nx|guvl�d�licgd�|gd8dD}�qLhsf�d�¤Segwxno�Dn�l��8hs��eg�Vl/u�l�nohj|�hjq�l�cVd�no|geV�Vlm��hs�Vl�eV�Vl�fidDwou��
linohs|VpD� b+cgd��8finxlidDfinou�ujfmd�ujeVegwonxdD}�no|�licgd�uj|�ujw�yNpinxp�hjq�rgnohswxhs�jnx�Dujw@��hN}gd8wop?qLfihs�"l�cgd
wxnxlidDf�u�l��gfmdj�

°9±�²¥³�´Wµ�¶&·j¸7¹�dDwou�y6pmyNpmlidD��pD£j|ghs|gwxno|gdDujf@pmyNpmlidD��pD£vl�nx��d��z}gd8w�u�y���hN}gd8wº£*hsrgpmdDf�tvujrgnxw��
n�l�yj£!nx}gdD|�l�n��Wujrgnxwxn�l�yj£slino��d+}gd8w�u�ys£!p�l/uvl�d?dDwxno��nx|guvl�n�hs|
£�nx|geg�Vl��zhs�Sl�eg�Vl7fid8egfid8pid8|!l/u�l�nxhs|¥£
pmno�s|gujwowxn�|g��e�uvl�c��Au�ySp8�

n
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C = C([−r, 0],Rn)
l�cgd�pme�uj�8d�hjq'�8hs|!lino|!�ghs�gp+qL�V|g�8linohs|gp+��ujegegnx|g��l�cgd�nx|!l�d8fmtvuvw�� ��fD£	��

no|�l�h

R
n
�?nxl�cal�cVd6l�hsekhswxhs�jy-hvq'�g|VnxqLhsfm� �8hs|!tsd8fi�sd8|g�8d

x ∈ R
n

pml/u�l�d6tvujfmn�ujrVwod8p
u ∈ R

m
no|geV�Vl�v�8hs|!lifihsw�tvujfmn�ujrgwxdDp

y ∈ R
p

hs�Vl�eV�Vl
f

u�qL�g|V�8l�nxhs|%}gdDpm�Dfmnorgnx|g��l�cgd6l�nx��d��z}gd8fin�tvu�l�n�tsd#hjq&l�cgd�p�l/uvlid�t�ujfinoujrgwxdDp
h

u�qL�V|g�8linohs|%fid8w�uvlino|g�l�cgd�hs�Sl�eg�Vl+l�h�l�cgd�pml�uvl�d6t�ujfinoujrgwod8p
h(j) l�cgd

j
��lic%lino��d���}gdDfmnxt�uvl�n�tsd6hvq

h
ujwxhs|g��l�cgd�p�ySp�l�d8� }VyN|�uv��nx�Dp

ϕ
u�qL�g|V�8l�nxhs|%hjq�no|gn�l�nouvw
�8hs|g}Vnxl�nxhs|gp

� ²$·��±��{·�³��������·��������L±�����2±9¶&±�����²

τ
lino��d#}gdDwou�y

δ
lino��d���picgn�q lAhsekd8f�uvl�hjf?�8hsfifmdDpmekhs|g}gnx|g�1l�h

τ
K licgd6��dDwx}9hvq'��dDfihj��hjfiegcgnx��qL�g|V�8l�nxhs|gp+hjqBu���|gn�l�d6|N�V��rkd8f?hjq&tvujfmn�ujrVwodDpEqLfihs�

{x(t− kτ), u(t− kτ), . . . , u(l)(t− kτ), k, l ∈ Z
+}

φ(δ, x, u)
u1��dDfmhs��hsfiegcVno��qL�g|g��l�nohj|9hvqBu���|gnxlid�|!�g��rkdDf+hjq�t�ujfinoujrgwod8pAqLfmhs�
{x(t− kτ), u(t− kτ), . . . , u(l)(t− kτ), k, l ∈ Z

+}
K(δ]

l�cgd�|ghj|g�Dhs�����Vl�uvl�n�tsd#fino|V�1hjq�ekhswxyN|ghj��noujw�pAno|
δ
�?n�l�c%�DhNd� ��8nod8|!l�p?qLfmhs� K

K〈δ) l�cgd6qLf�uv�8l�nxhs|^��dDwx}%qLhsf K(δ]
M spanK(δ]{dξ : ξ ∈ K}
� ²$·��±��{·�³�����!�#"$����&%'�L±(����2±�¶$±�����²$·

τ
u�tsd8�8lihsf �8hs|!l�ujno|Vno|g�1uvwow�l�nx��d��z}gd8w�u�yNpD£

(τ1, . . . , τ`)
δi

l�nx��d��zpicVnxq lAhsekd8f�uvlihsf+�Dhsfmfid8piekhs|g}Vno|g�1lih
τi

iτ i1τ1 + · · ·+ i`τ`
K rkd6l�cgd6��d8wo}9hvq'��dDfmhs��hjfiegcgnx��qL�g|g�8linohs|Vp?hjq'u���|Vnxl�d6|!�g��rkdDf?hjq&tvujfmn�ujrVwodDpEqLfihs�

x(t− iτ ), u(t− iτ ), . . . , u(l)(t− iτ ), , i = (i1, . . . , i`), ij, l ∈ Z
+

K(δ]
licgd�|ghs|g�8hs�����Sl/uvlinxtsd#finx|g�1hvq'ekhsw�yN|ghs��n�uvwxpAnx|

δi

�?nxlic9�8hNd� ��DnxdD|�l�p?qLfihj� K
K〈δ)

l�cVd�qLfiuj��l�nohj|a��d8wo}aqLhsf K(δ]
M spanK(δ]{dξ : ξ ∈ K}
x(t− iτ ) x(t− (i1τ1 + · · ·+ i`τ`))

x[i](t)
ujwxw�l�cgd6tvujfmn�uvrgwod8p+hjq&l�yNekd

x(t−∑`

j=1 ijτj), ij ∈ Z
+,

∑`

j=1 ij ≤ i
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� � � �µ*´@¶'"�� ��L´�� �´ �����±��/¶$±�����²~·8²$· �±��{· �

� � ��·����(%�µ*´ %�±!µ��� ±N·�´������� �
� � � ! d�l/ujfm}gdD}%qL�g|g��l�nxhs|�ujw¥}Vnx��dDfid8|!lin�ujw
d8�!��uvl�nxhs|gp��®�����®�������®�����®� "

� � �s�#� $ pmno��egwod�d�¤Vuj��egwod������®�����®�������®�����®�������®�����®� "
� � �s� � % dD|gd8f�ujw
qLhsfi� �®�������®�����®�������®�����®�������®�����®� "
� � �s�&" ''¤Snop�l�dD|V�Ddj£W�g|gnx�!�gdD|gd8pip�uj|V}9r�uj�/���Aujfi}��8hs|!lino|!��uvl�nxhs| ���®� (

� � � ¦�d8�Vl�f�uvw¥qL�g|g��l�nohj|�ujw¥}Vnx��dDfid8|!lin�ujw
d8�N�guvl�nxhs|gpA���®�����®�������®�����®� )

� * � ��$± � � ���� � �+��µ�� �2±�³�´Wµ-,.��´Wµ/�s´ ���µ*´ � 0
"V� � 1NyNpml�d8��p?�?n�l�c9u1pmno|g�jwod�l�no��d���}gdDwou�y����®�������®�����®�������®�����®� 2

"V� �s�#� b+cgd�fino|V� K(δ]
���®�������®�����®�������®�������®�����®����� 2

"V� �s� � b+cgd6qLf�uj��l�nohj|a��d8wo} K〈δ) �®�����®�������®�����®�������®����� 3
"V� �s�&" ! uj|g�^uj|g}9r�uvpinop+hjq���hN}g�VwodDp+h�tsdDf K(δ]

�������®�����®����� 3
"V� �s�4( b+cgd65�hsno|V��ujf87�wxdD���-u �®�����®�������®�����®�������®�����®�9���
"V� �s�:) ¹�n��
d8fid8|!l�nouvl�nxhs|^hjq�qL�V|g�8linohs|gp?uj|g}9hs|Vd���qLhjfi��p �����®�����®�9���

"V� � 1NyNpml�d8��p?�?n�l�c%���gwxlinxegwxd�lino��d���}gdDwou�yNp®�®�������®�����®�������®�����®�9� �
"V� � �#� b+cgd�fino|V� K(δ]

���®�������®�����®�������®�������®�����®�����;� �
"V� � � � b+cgd6qLf�uj��l�nohj|a��d8wo} K〈δ)

�®�����®�������®�����®�������®�����;�<"
"V� � �&" ! uj|g�^uj|g}9r�uvpinop+hjq���hN}g�VwodDp+h�tsdDf K(δ]

�������®�����®�����;�<"
"V� � �4( b+cgd65�hsno|V��ujf87�wxdD���-u �®�����®�������®�����®�������®�����®�9�<(
"V� � �:) ¹�n��
d8fid8|!l�nouvl�nxhs|^hjq�qL�V|g�8linohs|gp?uj|g}9hs|Vd���qLhjfi��p �����®�����®�9�-)

= >@? ·D±!µ-A � ? �����&�² � 0
(g� � Bz|!l��Vnxl�n�tsd6}gd���|gnxlinohj|gp����®�������®�����®�������®�����®�������®�����®�9�C2
(g� � �2dDuj�^hsrgpmdDfmt�ujrgnxwonxlzy ���®�������®�����®�������®�����®�������®�����®�9�-D

(g� � �#� ¹�d���|gn�l�nohj|9uj|g}9�8finxlidDfinou �����®�������®�����®�������®�����®�9�-D
(g� � � � ''¤Vuj��egwod8p �����®�������®�����®�������®�����®�������®�����®�9�C3

(g�4" $�|�uvwxyNpinxp?hjq'uj|�uvwo�sd8rgf�uvno�#p�ySp�l�d8� ���®�������®�����®�������®�����®� � �
(g�4"V�#� 1Snx|g�swxd�l�no��d���}gdDwou�y �����®�����®�������®�����®�������®�����®� � �
(g�4"V� � E �Vwxl�nxegwxd�l�nx��d��z}gd8w�u�yNp �®�����®�������®�����®�������®�����®� �GF

(g�H( Bz}gdD|�l�n�����uvlinohs|%hvqBu�pino��egwxd#d�¤Vuj��egwxd6pmyNpml�d8� �®�����®�������®�����®�I"J)

K � �� �±�±������ ����� ��L´ � ��L
)S� � 'B¤Snxpml�d8|g�8d®hjq�no|geV�Vlm��hs�Vl�eV�Vl?fid8egfid8pid8|!l/u�l�nohj| �®�����®�������®�����®�I"�3
)S� � $�w�l�dDfm|�uvlinxtsd6}gd8fin�tvuvlinohs| �������®�����®�������®�����®�������®�����®�M(N�

)S� � �#� 1Snx|g�swxd#}gdDwou�yZ���®�������®�����®�������®�����®�������®�����®�M( �
)S� � � � E �Vwxl�nxegwxd#}gdDwou�yNp �������®�����®�������®�����®�������®�����®�M(J"
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0 � ¶$± � ����'� ? ������/²�´�� ����2±�� �&� � %'�Vµ � �2± �±!µv· = 0
2S�#� Bz}gd8|!linx���Duvl�nxhs|aqLfihj� no|geV�Vlm��hs�Vl�eV�Vl?dD�!��u�l�nxhs|gp¢���®�����®�������®���M(J2

2V� �s� � 1Sno|V�swod#}gd8w�u�yZ�®�����®�������®�����®�������®�����®�������®���M(J2
2V� �s� � E �gwxlinoegwxd#}VdDw�u�yNp ���®�������®�����®�������®�����®�������®���M( F

2S� � ¯@no|Vd�ujf���ujwx�jdDrgfiujnx�#�8fin�l�dDfmn�u �®�������®�����®�������®�����®�������®��� ) �
2V� � � � b+cgd�pinx|g�swxd6}VdDw�u�y^��uvpid �����®�����®�������®�����®�������®��� ) �
2V� � � � b+cgd����gw�l�nxegwxd��z}VdDwou�ySpA��uvpid©�®�����®�������®�����®�������®��� )�D

2S�&" $�|�ujwxyNpmnop+hjq&l�no��d���}gdDwou�y-��hN}gd8wopAqLfmhs� pmyNp�l�dD��p rgnohjwohs�vyª�������®���I2�"

� �(� ·<� "�·D·�� ´ ��� �&¶ � " �"&µ*±�³�´Wµ-, 0�0
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� q lidD|¥£�nx|{��hN}gd8wowxnx|g�9licgd^}VyN|�uj��no�8phjq?egc!yNpmno�DujwAuj|g}{rgnohjwohs�jnx�Dujw7egfihN�8dDpmpidDpD£�l�cgd
qL�Sl��gfmd#rkdDc�u�tNnohs�VfAhvq�up�ySp�l�d8�"nxpAujpmpi�g��dD}^l�h�}VdDekdD|V}9hj|gwxy�hs|^nxlipEegfid8pid8|!l?p�l/uvlidj�
Bz|{pi�V��c0��ujpmdDp8£�u�}gd�l�d8fi��no|gnxpml�nx����hN}gdDw�hjqAl�cgd-pmyNpmlidD� ��uj|{�Dhs|Vpinop�l�hjq?hjfi}gnx|�ujfmy
hjf�egujfmlin�ujw'}gn���dDfid8|!lin�ujw'd8�N�guvl�nxhs|gp8£$�?cgd8fid��!|gh��?wod8}g�sd1hjq«licgd1pml�uvl�d�uvl�ua}gnopm�Dfid�l�d
lino��d���ekhsnx|�l�}gd8lidDfm��nx|gdDp�licgd%qL�Vli�gfid%pml�uvl�d%hjq�licgd9p�yNpml�d8���.B�l���uj|~rkd%l�cVd9�Dujpidv£
cVh*�Ed�tsdDf8£kl�cguvl�u���hsfid6fid�uvwonop�l�nx�6��hN}gd8w@���Vpml no|g�8wo�g}gd6licgd�no|����gdD|V�Dd®hvq'licgd�e�ujpmlD�
b&h�d�¤Vd8��egwon�q ys£j�«d+�?nxwowS�gpmd+l�cVd+��hN}gd8wowxnx|V�#hvqklicgd ¡G$���� 1Nb�$�b~pinx�s|�ujwxwxnx|g��e�u�l�c!�Eu�y
nx|al�cgd��8dDwxw¥qLfmhs�;l�cgd�egujekdDf?r!yabAno����d8fAd8l�uvwº��� � � �G(����

b+cgd-¡G$���� 1Sb�$�b pinx�s|�ujwxwxnx|g�^e�uvlic!�Au�y�nop6hs|gd1hjq�l�cgd1pinx�s|�ujwxwxnx|g�^e�uvlic!�Au�yNp®nx|
�?cVno�/c-pinx�s|�uvwop�qLfmhs� �DdDwxwWpi�Vfmq uj�8d�fmdD�8dDeVlihsfip«rgno|V}gno|g�6l�cgd cghsfm��hs|Vd d8fmy!l�cgfmhsekhsnxd8l�nx|
��'�ekh��'ujfmdElif�uj|Vpi}g�g�8dD}�l�h�licgdA|N�V�DwxdD�gp'�?cgdDfmdAl�cVdAfid8piekdD��l�n�tsd+�sdD|gd8p7ujfmd+uv�8l�n�tvuvlidD}¥£
pmdDd��Lb+no����d8f«d�l?ujwº��£ � � � (��«uv|g}^l�cgd#fmd8qLd8fidD|V�DdDp+licgdDfmdDnx|¥�B�Hcgd8| '7ekh�nxpErkhs�g|g}^l�h
licgd«d�¤Slif�uj�8dDwxwo�gwoujf$egujfml�hjqVlicgd«fid8�Dd8eVl�hsf8£!¡suv|N�gp��!no|gujpid��J¡G$���$uvl&licgd«no|�l�fiuj�Dd8wowx�gwouvfD£
��y!l�hsegwoujpi��no�1}Vhs��ujno|5hjqEl�cgd�fid8�Dd8eVl�hjfnxp®uj�8linxt�uvl�d8}2r!y5egcghspmegcghsf�ySwouvlinohs|¥�-b+cgnop8£
nx|�n�l�p7li�gfi|¥£Nwxd�uj}gp7lih�l�cgd�egcVhspiegcVhsfmyNwouvl�nxhs|�hvq¥��hs|Vhs��d8finx� 1Sb�$�bE� )S£Su���d8��rkd8f�hjq
licgd+pmno�s|�uvwSlif�uj|Vpi}g�g��l�nxhs|S�$uj|g}�uv�8l�n�tvuvlihsf'hjqWlif�uj|gpm�DfmnoeVlinohs|q uj��nxw�y�hjqWlif�uj|gpm�DfmnoeVlinohs|
q uv�8l�hjfipD�B�Hcgd8|���hs|Vhs��d8finx� 1Sb�$�bE� )�nopAegcghjpiegcghjfmyNw�uvlidD}¥£gnxlEqLhsfi��pA}gno��d8fipE�?cgno�/c
��no�jf�uvlidano|�l�h5licgd9|N�g�8wod8�gpD�¨b+cgd8fid9l�cgd�y~rgnx|g}~lih�l�cVd�egfmhs��hjl�hsf�fmdD�snxhs|~hjq�l�cgd
¹�¦�$§uj|g}-no|Vnxl�nxuvl�d?�jdD|gd�lif�uj|gpm�DfmnoeVlinohs|¥��Bz|-l�cgd�dDp�l/ujrgwxnopmcgdD}�tNnod8��£Nlicgd#uj��l�n�tsd�fihswxd
hvq�1Sb�$�bE� )�dD|g}gp�no|9l�cVd|!�g�DwxdD�gp#uj|V}�n�l�nop }gd8}gno��dDfmnopid8}¥£k}gd8egcghspmegcghsf�ySwouvl�d8}�uj|g}
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ẋ1(t) = −k1x1(t)EpoRA(t)
ẋ2(t) = k1x1(t)EpoRA − k2x

2
2(t)

ẋ3(t) = −k3x3(t) + k2x
2
2(t)

ẋ4(t) = k3x3(t) .
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ẋ1(t) = −k1x1(t)EpoRA(t) + 2k4x3(t− τ)
� �s� � �

ẋ4(t) = k3x3(t)− k4x3(t− τ) ,
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ẋ = −π/2x(t− 1) .
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3«hjl�c
sin(π/2(t+ 1/2))

uj|g}
cos(π/2(t+ 1/2))
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r ≥ 0
uv|g}

C = C([−r, 0],Rn)
rkd6licgd�pme�uj�8d�hvq��Dhj|!l�nx|N�ghj�gpAqL�g|g��l�nxhs|gp+��ujeS�
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¹�dDpinx�s|�uvlid6l�cgd�|ghjfi� hjqBuv|9dDwxdD��dD|�l
ϕ
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C
r!y |ϕ| = sup−r≤θ≤0|ϕ(θ)| �B�q

σ ∈ R, A ≥ 0
uj|g}

x ∈ C([σ− r, 0 +A],Rn)
£Nl�cgd8|aqLhsfEuj|!y

t ∈ [σ, σ+A]
£

}Vd8��|gd �J] � %�� !$�(�
xt ∈ C

r!y

xt(θ) = x(t+ θ), −r ≤ θ ≤ 0.
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B�q
D
nop®u9pi�grVpid8l�hjq

R × C
uv|g}

f
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f : R × C → R
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ẋ(t) = f(t, xt) .
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$ qL�V|g�8linohs|
x
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[σ − r, 0 + A)
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uvfid
σ ∈ R

uj|g}
A > 0

pi�V��c�l�cguvl
x ∈ C([σ − r, 0 + A),Rn)

£
(t, xt) ∈ D
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x(t)
p�uvlinop���dDp�� � �&" �EqLhsf

t ∈ [σ, σ + A)
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σ ∈ R, ϕ ∈ C £ x(σ, ϕ, f)
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	 !$ nL �
ϕ
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σ
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(σ, ϕ)nxqkl�cgd8fid nop7uj|
A > 0
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x(σ, ϕ, f)
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[σ− r, σ+A)uj|g}

xσ(σ, ϕ, f) = ϕ
�
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r = 0
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ẋ = f(t, x(t), x(t− τ1(t)), . . . , x(t− τ`(t))) , 0 ≤ τi(t) ≤ r, i = 1, . . . , `

uj|g}9nx|!lidD�sfmhv�z}gn���dDfmdD|�l�noujw�dD�!��u�l�nohj|gp

ẋ =

∫ 0

−r

g(t, θ, x(t+ θ))dθ , 0 ≤ τi(t) ≤ r, i = 1, . . . , ` .
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Ω
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f
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Ω
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f : Ω → R
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£
uj|g}�licgdDfmd�nxp#uv|
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ϕ̇(θ)
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θ ∈ [−α, 0]
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ẋ(t) = f
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x(t), x(t− τ), u, u(t− τ)
)

y(t) = h
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x(t), x(t− τ)
)

x(t) = ϕ(t), t ∈ [−τ, 0]
u(t) = u0(t), t ∈ [−T, 0] ,
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����% !$� � %
	 � % �J] �  � K ��� ^ �&)�OQI �$��� �POQI �

Ra ∩Rb 6= 0
K OQ^ !$ � IUOQI�� �'^�O

a, b ∈ R �
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b+cVnop®egfihjekdDfmlzy�hjq K(δ]
��uv|{rkd-�/cgd8���jd8}�}gnxfidD��l�w�y � pmdDd � ��n�u9d�l�ujwJ��£ � � � � � ��£�rg�Vl

n�l?ujwxpih�qLhswxwoh��?pEqLfmhs�;nxl+rkd8no|g�1u�wod�q l?¦�hNd8licgdDfmn�uj|ano|�l�dD�jf�ujw
}Vhs��ujno|¥£SpmdDd H hsfihjwowoujfmy
F �#���6no| H c�uveVl�d8f ��hjq � H hjcg|¥£��C3 F ) ���'¯@d8l«�Vp�rgfinxd �gy�}gdDpm�Dfmnorkd?l�cgd�uvfi�s�g��dD|�l��gpmdD}
licgdDfmd$��u^wod8q l#no|!lidD�sfiujw'}Vhs��ujno|

R
l�c�u�l�nxp6|ghvl�uawxd8q l � fid�}Vhs�-uvno|����gpml6�Dhj|!l/uvno|

lz�Eh{|ghs|S��¬Dd8fih{dDwxdD��dD|�l�p
a, b

l�c�u�laujfid�wxd8q l-no|V�Dhs����d8|gpi�Vf�ujrgwxd$�
Ra ∩ Rb = 0

�
b+c!�gpD£glicgd6wod8q lAno}gdDujw

Ra+Rb
nop+u�qLfmdDd6wod�q l

R
����hN}g�Vwod�hjq&f�uv|g� � ��b+cVd�dDwxdD��dD|�l�p

ban(n = 0, 1, 2, . . .
ujfmd�wxd8q l�wonx|gd�uvfiw�y0no|V}gdDekd8|g}gdD|�l�£+qLhsf�n�q ∑

ciba
i = 0

£Al�cgd8|
r�y5q uj��l�hsfmno|g�9hj�Vl

a
�Ed�hsrVl/uvno|

c0b + c1ba + · · · + crba
r = 0(c0 6= 0

uj|g}�l�cN�Vp
c0b ∈ Ra ∩ Rb £
�?cgnx��c�nxp6u-�Dhj|!l�fiuj}gnx�8l�nxhs|¥�#b+c!�gpD£¥�Ed�hsrVl�ujno|�qLfidDd�wxd8q l#nx}gd�uvwop�hjq
R
hjqB�Dhs�g|�l/uvrgwod�f�uv|g�a�+cgno�/c�ujfmd®|ghvl��g|gnxlidDw�y%�jdD|gd8f�uvlidD} � r!y9¯@dD���-u "S�#� ��uj|g}

RnxpAl�cgd8fid8qLhjfid�|ghjl ¦�hNd�l�cgd8fin�uv|¥�

 698:6�5 , -GB4X VWF �/� =9ZWT*X = BEAP� K〈δ)
1Nno|g�8d K(δ]

nxp7u�wod�q l � fid?}ghs��ujnx|¥£snxl���uj|�rkd d8��rkdD}g}gd8}-nx|�u  � K ��	 �� "��O K:KM^ !�)����POQI+%
� H hsfihjwow�uvfmy F �:D#nx|�� H hjcg|¥£ �<3 F ) � ��£jl�c�u�l��?nowxwVrkd?}gd8|ghjlidD} K〈δ) � '�wod8��d8|!lip7hvq K〈δ)uvfid�}VdD|ghjlidD}

b−1(δ]a(δ]
�

b&h%}Vd8��|Vd�licgd�hsekd8f�uvlinohs|gp�hvq«uj}V}gnxlinohs|�uv|g}����gwxlinxegwxn���uvlinxhj|�no| K〈δ) £ � ��n�u�d8luvwº��£ � � � � ��£Awod�l
S = {(a, b) : a, b ∈ K(δ], b 6= 0

uv|g} }Vd8��|Vd5uj|¨d8�N�VnxtvuvwodD|V�Dd
fmdDwouvl�nxhs| ∼ hj|

S
r!y0pid�lil�nx|g�

(a, b) ∼ (c, d)
n�q
b′a = d′c

uj|g}
b′b = d′d

� ¯@d8l
b−1a

}gd8|ghjlid�licgd�dD�!�gn�tvujwxdD|g�8d��8w�ujpmpEujpmpihN�Dnouvl�d8}�l�h
(a, b)

£ K〈δ) nop7licgdD|�l�cVd�pmd8lEhjqd8�!�gnxt�ujwod8|g�Dd��DwoujpipmdDp nx|
S
�

$?}V}gnxlinohs|anxp+}gd8��|VdD}�r�y

b−1a+ d−1c = (b′b)−1(b′a+ d′c) ,
� "V� F �

�?cVdDfid
b′b = d′d

uj|g}9���gw�l�nxegw�nx��u�l�nxhj|anxp+}gd8��|VdD}�r�y

b−1ad−1c = (a′b)−1(d′c) ,
� "V�43 �

�?cVdDfid
a′a = d′d

�

 698:6� � F T��.FGT����7F <>=9< ZWX ?"Z � � A[B < Z�� B V K(δ]
b+cVd�q uj��l«lic�uvl K(δ]

nxp«u�|ghs|g�8hs�����Sl/uvlinxtsd?fmno|g����uj�jdDp«n�l�|gdD�8dDpipiujfmy�l�h®dDwoujrkhsf�u�l�d
hj|%l�cgd�}gd���|gn�l�nohj|gp+hjq�f�uj|g�^uj|g}9rgujpinxp?hjq���hN}g�Vwod8p+h*tsd8f n�l��
��hsf?uv|!y^finx|g�

R
£�uj|

R
�z��hN}g�gwxd

N
nop+piujno}alih1rkdGKM^ � ��n���nxl+c�uvp u�r�ujpinxpD£gnº� dj��u

pmd8l {ei : i ∈ I} ⊂ N
pm�g�/c�l�c�u�l«uv|!y�dDwxdD��dD|!l�hjq

N
nop7u6�g|gnx�!�gd+��|gn�l�d�Lwod8q l ��wono|Vd�ujf

�8hs��rgnx|�uvl�nxhj|�hjq¥l�cVd
ei : s

� $�r�ujpmnop«nxpEu®��nx|gnx��uvw��sd8|gdDfiuvl�nx|g�®pid8lAuj|g}^u®��u�¤Sno��ujw
wxno|gdDujfiw�y���nx|g}VdDekdD|V}gdD|�lEpmd8l���b+cVd�fiuj|g��hjq

N
nxp7l�cgd ��ujfm}gno|gujwWhvq
l�cgd�rgujpinxpD£ |I| �Bb+cgdqLhjwowxh*�+no|V��wxdD���-u9no��egwxn�dDp�l�c�uvll�cVdafiuj|g��hvq�u���hN}g�gwxdj£Bn�q?nx|V��|gn�l�dj£Bnxp�g|gno�!�gd8wxy

}Vd8l�d8fi��no|gd8} �
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�7± � � � � � � f�� �'I �'^ !$� �PO I������ � !���� � ���JIYf�� !$� � �	�	�	�'l�l
�����
R
Q�� !(^ �JI ��!`I �

N
!`I #

R
� � O �`L� ��������� {ei : i ∈ I} ⊂ N

Q���! � �JI ��� !  5���'I �'^ !$���JI � %'��� O K
N� ] �'^ ���J] � ) !`^ �$�JI !$ ����# |I| � %��JI 	WI ��� ��� � ] �'I

N
) !`I IUO � Q�� ���'I �'^ !$� � �<Q #�K � � �'^

�J]+!>I |I| �� �����'I ��%��

b+cN�VpD£+u5qLfmdDd9��hN}g�gwxda�?n�l�c u5r�ujpinxp�hvq#nx|V��|gn�l�da��ujfm}gno|�uvwon�lzy2��uj|g|Vhjl�rkd%��|gn�l�d8wxy
�sd8|gdDfiuvl�d8}¥�

¯@d�l
XR

rkd1licgd�}gnxfidD��l�pi�g�ZhjqE�8hsegnxdDp�hjq
R
nx|g}gd�¤Vd8}2r�y

X
��b+cgdD|��«d�cgu�tsd

l�cVd®nopmhs��hjfiegcgnxpm�
XR → N

�?cVno�/c���ujegp
(ax) 7→

∑

xax

�E�2d��+nowow¥p�u�y%l�cguvl
nRc�ujp��g|gnx�N�Vdf�uv|g�%nxqBnxl�nxp�|ghvl�nopmhs��hjfiegcgnx�6l�h

mR
qLhsf�uj|!y

m 6= n
� B�q

N
nxp�u�qLfid8d

��hN}g�gwod#hjq��g|gnx�N�Vd�fiuj|g�
r
l�cgd8|9�Ed6�?fin�l�d

rankRN = r
�

��hjf�u���|gnxlidDw�y�jdD|gd8f�uvlidD}1qLfmdDd+��hN}g�gwxd«l�cgd+fiuj|g�®|gdDd8}�|ghjl�rkd+�g|gnx�N�Vdj£!u#lifin�tSnoujw
�Dhj�g|!lidDf?d�¤Vuj��egwod6nxpAl�cgd�¬Dd8fih�finx|g��qLhjfA�?cgno�/c

m0 =n 0
qLhsf?ujwxw

m,n
�

$¨fino|V�
R
nxp�piujno}�lih�c�u�tsd+licgd �JI 	 !`^ � !`I �EQ ! %�� %��E^+O�� �'^ ��#-OQ^��J] ���JI 	 !`^�� !`I �9Q ! % � %

I L�� Q��'^2f �� �\l�n�q�d�tsdDfmy�qLfmdDdwxd8q l
R
�z��hN}g�gwod�c�ujp��g|Vno�!�gdf�uv|g�W� $�|!y�|ghs|N��l�fmnxtNn�uvw

¦�hNd�l�cgd8finouj|�finx|g�-c�uvp�licgd B 3A¦ ��57fmhsekhspmnxl�nxhs|gp�� �s� F � uj|g} � �s� �C" �?nx|�¯&uv� � �<3�3�3 � �
uj|g}%licgdDfmd8qLhsfmdj£�r!y H hjfihswxw�uvfmy "V�#��pih�}VhNdDp?licgd�finx|g� K(δ]

�
��d�}gd8�g|gd�l�cgd6qLhswxwxh*�?nx|g��wod�q l?��hN}g�gwxd6h�tsdDf K(δ]

�

M = spanK(δ]{dξ : ξ ∈ K} ,
� "V� ��� �

�?cgd8fid?l�cVd d8wod8��d8|!lip7hjqkl�cgd+fino|V� K(δ]
uv�8l�hj|�dDwxdD��dD|�l�p

dξ
hjqkl�cgd?��hN}g�gwxd+uj�D�8hsfi}N�

no|V�6l�h ��"V�4( ���Bb+cgd?��hN}V�gwod M �Dhs|�l/ujnx|gpBl�cgd?piuj��d?d8wod8��d8|!l�p7ujp E � $�wowVr�ujpid8p7qLhsf7u
qLfid8d�pi�Vrg��hN}V�gwod N hjq M c�u�tsd�licgd�piuj��d��Dujfi}Vno|�uvwon�lzy�}g�gd6l�h�licgd B 3A¦§egfihsekd8fmlzy
hjq K(δ]

�
¹��gdElih�l�cgd�q uj�8l�lic�uvl'}gnxfid8�8l'nx|!tsd8fipinxhs|hjq�d8wod8��d8|!l�p�hjq K(δ]

nxp�|ghjl'ekhspmpinxrgwodv£v�Ed
|gd8dD}�lih9�gpmd1licgd1�Dhj|g�Dd8eVl®hjq«�8wohspm�gfid�no|!lifihN}g�V�DdD}5r!y H hj|!l�d�uj|V} 5�dDfm}ghs| � �C3 F (��
uj|g}0�sd8|gdDfiujwonx¬Dd8}{l�h�licgdaegfmdDpmdD|!l1��ujpmd%nx| ��n�u�d�l�ujwJ� � � � � � ���5b+cgda�Dwxhspi�Vfid^hjq�u
pi�Vrg��hN}V�gwod N nx| M nxp+licgd�pi�Vrg��hN}V�gwod

N = {w ∈M : ∃a(δ] ∈ K(δ], a(δ] 6= 0, a(δ]w ∈ N} .
��"V� ��� �

��hsfd�¤Vuj��egwodv£
dx(t) /∈ spanK(δ]{dx(t − τ)} rg�Sl dx(t) ∈ spanK(δ]{dx(t− τ)}pinx|g�Dd

δ(dx(t)) = dx(t− τ) ∈ spanK(δ]{dx(t− τ)} �B�q N �Dhsnx|g�Dnx}gdDpA�?nxl�c N £Vl�cgd8| N nxp+p�ujnx}%lih�rkd��Dwxhspid8}�nx| M ��b+cgd�qLhswxwoh��?nx|g�
fid8pi�gw�l6hs|��8wohspm�gfid�uv|g}5�8wohjpidD}V|gdDpmp�hjq���hN}g�gwxdDp�qLfihj� ��n�u�d8l�ujwº� � � � � � �	�J¯@dD����u
� �«�?nowxw
rkd�|gdDd8}gdD}�wouvl�d8f �
�µ�´ %�´k·��&��L´ � ���#� f������ � ! ���JI � � ! ��� !$ �� f �������el�l

��� � ] � )� O'%'LN^ � N O K N �JI M � % �J] � %�� !$ � � %���)� O'%'� � %'L Q � O �`L  � O K M)�OQI � !$�JI �JI � N �
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� �_haOQ^�!`I # 	WI ��� �� # ���'I �'^ !$� � � %'L Q � O �`L  � N O K M ��OQI � ]+! %
rankK(δ]N =

rankK(δ]N �

� �_haOQ^ !�KM^ � � %'LPQ � O �`L� � N O K M � N � % �J] �  "!`^ ��� %���%'LPQ � O �`L� � O K M )�OQI �
� !$�JI �JI � N !`I � ]+!�	'�JI ��!(^ !`I S��dceL+!$ �9O

rankK(δ]N
�

�,^+OmO K �?��d�pm�gegegw�yahs�gf+h*�?|9egfihNhvq�qLhjf+licgnop+egfmhsekhspmnxl�nxhs|¥�
���?¯@d8l P r�d�l�cgd�pi��ujwxwod8pml?�DwohjpidD}�pi�grV��hN}g�Vwod�hvq M �Dhj|!l/uvno|gnx|g� N � H cghNhjpiduv|^dDwxdD��dD|�l

u ∈ N ⊆ P ��1Nno|g�8d P nop«�DwxhspmdD}¥£Snxl«�Dhs|�l/ujnx|gp K(δ]u
�Bb+cgnopEnxp�l�fi�Vd�qLhsf

uvwow
u ∈ N uj|g}%l�c!�gp N = K(δ]N ⊆ P �� �#¯@d8l N rkd�sd8|gdDfiuvl�d8}�r�y

w1, . . . , ws

� H cghNhjpid�uv|�d8wodD��dD|�l
u ∈ N � b+cgdD|

∃a(δ] ∈ K(δ]
pm�g�/c{l�cguvl

a(δ]u ∈ N uj|g}�l�c!�gp
a(δ]u = b1w1 + · · · + bsws

qLhsf
pmhs��d

bi ∈ K(δ]
�Bb+cN�gp8£

u
nopEwxno|gdDujfiw�y�}gdDekd8|g}gdD|�l hj|

w1, . . . , ws

��b+cgnxpAnxp«lifi�gd�qLhsf
uvwow
dDwxdD��dD|�l�p?nx| N uj|V}%l�cN�Vp N cgujp+l�cgd�piuj��d6f�uv|g�aujp N �� �¨¯@d8l P rkd%licgd9w�uvfi�sd8pml1pi�grg��hN}g�gwxd%hjq M �Dhs|�l/ujnx|gno|V� N uj|g}~c�u�tNno|V��u
fiuj|g�9dD�!��uvw�l�h

rankK(δ]N
��¯@d�l

wI

rkd�u-r�ujpmnop�qLhsf N £��?cgdDfmd I nop#uv|�nx|g}gd�¤�pmd8l��H cVhNhspid9uj|�d8wodD��dD|�l
u ∈ P £7licgdD| u ���gp�l1rkd%wxno|gdDujfiw�y�}gdDekd8|g}gdD|�l�hs| wI

uj|g}
∃a(δ], bi ∈ K(δ]

pi�g�/c0l�c�u�l
a(δ]u =

∑

i∈I biwi

�5b+c!�gpD£
u ∈ N uj|g}{l�cVdDfid�qLhsfid

P ⊆ N �
¥

 698:6�� , -GB���ZW= TJ� F V�� A[B ?"? F
$�|�d8wodD��d8|!l

w
hjq M £¥ujwxpih-��uvwowxdD}�u �8�ºqLhsfi�9£knxp�piujno}�l�h^rkdd�¤Vuj��l�n�qBl�cgd8fid�d�¤Vnxpmlip

u�qL�g|V�8l�nxhs|
φ ∈ K pi�g�/c0lic�uvl

ω = dφ
� 1Nno|g�8dauv|!y �8��qLhsfm�

ω ∈ M nxp�ujwopmh�uv|
d8wod8��d8|!l�hvq E £�licgd^qLhjwowxh*�?nx|V��qLhsfi��hjq�5�hsnx|g��uvf 7�� p1¯@d8����u�cghjwo}gp � ¯@dD���-u "�no|
E*� fi�!�gd8¬�� E ujfml �o|gd8¬�d8l�uvwº��� � � � � � � �
�7±�� � � ��� �
	 �´ ����� �gµ��� f������ � ! � �JI����`^ ceL � � ��� !`^ ���JI � ����� !$ ��Uf ��������l�l��,OQI �
%�� ���'^ ! �$�nK OQ^ �

ω ∈ M � � ] �'I � ] �'^ � ��� � %�� % !(KMLNI )�� �POQI
ξ(t) ∈ K %'L )�] �J]+!$�

f  O') !$ � #�l
ω = dξ(t)

� K !`I � OQI  # � K
dω = 0

�

 698:6�� � =9X X B VWB T"� =�F#� =9ZWT ZWX X �GT��/�7=9ZWT%< FGT��.ZWT0B��eXCZWV\?"<
¹�nx��dDfid8|!lin�uvlinohs|1�?n�l�c-fid8piekd8�8lAl�h®l�nx��d�ujwxhs|g��licgd�pmyNpmlidD�;}VyN|�uv��nx�Dp�qLhsf�qL�V|g�8linohs|Vp
φ(x(t− iτ), u(t− jτ), . . . , u(l)(t− jτ)) £ 0 ≤ i, j ≤ k

£
l ≥ 0

nx| K uj|g}�hs|Vd���qLhjfi��p
ω =

∑

i κ
i
xdx(t− iτ) +

∑

ij νidu
(j)(t− iτ) no| M nxp«}gd8�g|gdD}ano|�l�cVd#|guvl��gfiujwW�Au�y

�Lpid8d�qLhsf+d�¤Vuj��egwxd���n�u�d8l�ujwJ��� � � � � �Euj|g}��
c�uj|V��d�l�ujwº��� � � ��2 � ���

φ̇ =
k
∑

i=0

∂φ

∂x(t− iτ)
δif +

l
∑

r=0

k
∑

j=0

∂φ

∂u(r)(t− jτ)
u(r+1)(t− jτ)

��"V� � � �



� � � � ����� � � � � � � �� � ��� � ��� � ���!�+� � ��������� ��

ω̇ =
∑

i

κ̇i
xdx(t− iτ) +

∑

ij

ν̇idu
(j)(t− iτ) +

∑

i

κi
xdδ

if +

+
∑

ij

νidu
(j+1)(t− iτ) .

��"V�#�<" �

�_ � �! (1 �%�#" 1%$ $d�!& "4� ) �#$��%)a� �%$�"4�)(>����)a�) (1
Bz|�licgnop6pi�grVpidD��l�nxhs|��Ed�fid�tNnod8� licgd1�sdD|gd8f�ujwxnopiuvl�nxhs|�hvq«l�cgd1�-u�l�cgd8�-u�l�nx��uvw�qLf�uv��d��
�Ehsfm��nx|!lifihN}g�g�8dD}0ujrkh*tsd�l�h�lino��d��z}VdDwou�y5pmyNpmlidD��p��?nxlic{���gwxlinxegwxd1l�nx��d��z}gd8w�u�yNpujp
��fmpml�nx|!lifihN}g�g�8dD}9r!y E hNhs�1d8l�ujwº��� � � � � ��£�uj|g}9}gd�tsdDwxhsekdD}�r!y E�� fm�N�VdD¬�� E ujf�l��x|gdD¬
d8l®ujwJ� � � � � � ������d�d�¤SlidD|g}�licgd�fmdDpm�gwxlip�hjq ��n�uad�lujwJ� � � � � � ��qLfihs�¢l�cVd�egfmd8tNnohs�Vp
pi�Vrgpid8�8l�nxhs|~l�h�l�cgd%egfid8pid8|!l���ujpmd9hjq �L|ghjl�|VdD�Dd8pip�uvfinow�y0�Dhj����dD|gpm�gf�u�l�d ����gwxlinxegwxd
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ẋ(t) = f
(

x(t), x(t− τ1), . . . , x(t− τ`), u, u(t− τ1), . . . , u(t− τ`)
)

y(t) = h
(

x(t), x(t− τ1), . . . , x(t− τ`)
)

x(t) = ϕ(t), t ∈ [−maxiτi, 0]
u(t) = u0(t), t ∈ [−T, 0] , � "V� �<(��

�?cgd8fid
x ∈ R

n
}gd8|ghjl�d8p6l�cgd�p�l/uvlid�tvujfmn�ujrgwxdDp8£

u ∈ R
m
nxp�l�cgd�nx|geg�Vl�uj|V}

y ∈ R
pnopEl�cVd�hs�Sl�eg�VlD�7b+cVd��g|g�!|gh*�?|9�Dhs|Vpml/uv|!l?lino��d���}gdDwou�yNp+ujfid#}gdD|ghvl�dD}9r�y^licgd#tsdD��l�hsf

τ = (τ1, . . . , τ`)
£
τi ∈ [0, T ), T ∈ R

��b+cgd�d8|!lifinod8p$hjq
f
uj|g}

h
ujfid7��dDfmhs��hsfiegcVno�

no|5licgdDnxf�ujfi�j�g��d8|!lip®uj|g}
ϕ : [−maxi(τi), 0] → R

n
nxp�uj|��g|g�!|gh��?|{�8hs|!lino|!�ghs�gp

qL�g|g��l�nxhs|{hjq?no|Vnxl�nxujw7�8hs|g}gn�l�nxhs|gpD��b+cgd^pid�l�hjq?no|Vnxl�nxujw�qL�g|V�8l�nxhs|gp®qLhsf�l�cgd�tvujfinoujrgwxdDp
x
nop�}gdD|ghvl�dD}�r!y

C := C([−maxi(τi), 0],Rn)
� $ ��dDfihj��hjfiegcgnx��no|geV�Vl�qL�g|g��l�nxhs|

u(t)
nop?�DujwowxdD}9uj|�uv}g��nxpipmnorgwxd#no|geg�Sl nxq&l�cgd�}Vnx��dDfid8|!lin�ujw¥d8�!��uvl�nxhs|�ujrkh*tjduv}g��n�l�p?u

�g|gnx�!�gd�pihswx�Vl�nxhs|¥�Bb+cVd�pid�l�hjq'ujwow
pm�g��c�nx|geg�Vl+qL�g|V�8l�nxhs|gp+nop+}gd8|ghjl�d8}�r!y
CU

�
¯@d�l K rkd«licgd«�gdDwo}®hjq���dDfmhs��hjfiegcgnx��qL�V|g�8linohs|gp&hjqWu �g|gnxlid«|!�g��rkdDf�hjqVtvujfmn�ujrgwxdDpqLfihj� {x(t − iτ ), u(t − iτ ), . . . , u(l)(t − iτ ), , i = (i1, . . . , i`), ij, l ∈ Z

+} £�?cgd8fid��Ed�c�u�tsd�}gdD|Vhjl�d8}
i1τ1 + · · ·+ i`τ`

r�y
iτ
�

¯@d�l E rkd6l�cgd6tsd8�8l�hjf pieguj�Dd�h�tsdDf K �sn�tsdD|%r!y

E = spanK{dξ : ξ ∈ K} .
� "V� �-) �

b+cgd8| E nop�l�cgd pmd8lEhvq¥wxno|gdDujf��Dhj��rgno|�u�l�nxhs|gp�hvq@u��g|gnxlid |!�g��rkdDf�hvq¥hs|gd���qLhsfm��pBqLfihj�
{dx(t− iτ ), du(t− iτ ), . . . , du(l)(t− iτ )} �?n�l�c�fih��§tsdD��l�hsf��DhNd  ��Dnod8|!lip�no| K �b+cgd�lino��d���picgn�q lAhsekdDfiuvl�hjf

δi
nop+}gd���|gd8}�r!y

δi(ξ(t)) = ξ(t− τi), ξ(t) ∈ K ,
� "V� �C2 �
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uv|g}
δi(α(t)dξ(t)) = α(t− τi)dξ(t− τi), α(t)dξ(t) ∈ E .

��"V� �-D �
¯@d�l K(δ]

}gd8|ghjlid�l�cVd#pmd8lAhjq$ekhjwxyN|ghs��n�uvwxp�nx|
δ1, . . . , δ`

�?nxl�c-�DhNd  ��DnxdD|!lipEqLfihs� K �b+cVnop�pmd8l�nop�u�|ghs|g�8hs�����Vl/uvlin�tsd�fino|V���?cgd8fid�uj}V}gnxlinohs|%nop }gd���|gd8}5ujp �gpi��uvwº£��?cgnowxd
���gw�l�nxegw�nx�Duvl�n�hs|1nxp�}gd���|gd8}aujp7qLhswxwoh��?p8�B¯@d8l

a(δ]
rkd�u�ekhsw�yN|ghs��n�uvwgnx| K(δ]

£
a(δ] =

∑

k akδ
k £$�?cgdDfmd��Ed�c�u�tsd�}VdD|ghjlidD} δk1

1 . . . δk`

`

r!y
δk £ k = (k1, . . . , k`)

� � fi}VdDf
licgd�}gn��
d8fidD|�l�ekh*�Ed8fip

k
uj�8�Dhsfm}gno|V�%l�h%l�cgd1w�ujfm�sdDp�l

k1

£$l�cgd8|
k2

£&d8li�j� $?�8�Dhsfm}gno|g�
lih1l�cVnop?hjfi}gd8fD£�wod�l?licgd�cgno�scVdDpml }VdD�sfmdDd�hjq

a(δ]
rkd

ra
£g�?cgdDfmd

ra = (ra,1, . . . , ra,`)uv|g}�uj|�ujwxhs�shs�Vpiwxy�qLhsf uj|ghjlicgdDf?ekhswxyN|ghs��noujw
b(δ]

no| K(δ]
� E �gwxlinoegwxnx�Duvlinxhs|ahjq

a(δ]uv|g}
b(δ]

nxpAl�cgd8|��sn�tsdD|9r�y

a(δ]b(δ] =

ra+rb
∑

k=0

i≤ra,j≤rb
∑

i+j=k

ai(t)bj(t− iτ )δk .
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��d6�?nowxw
|gh*� picVh*� l�cguvl K(δ]
nop?¦ hNd8l�cVdDfinouj|¥�

�µ*´ %7´k·�����L´ � ��� = K(δ]
� % ! � O'��� ] �'^ � !`I ^ �JI ���

�,^+OmO K �¨�2d�c�u�tsd K(δ] =
(

(

K(δ1]
)

(δ2] . . .
)

(δ`]
� b+cVd5pml/u�l�dD��dD|�laqLhswxwoh��?p-r!y

n�l�d8f�uvlinxtsd6ujegegwxno�Duvl�nxhj|ahjq
5�fihsekhspmnxlinohs| "V� � �
¥B�l?qLhjwowxh��?pAlic�uvl K(δ]

nxp?ujwopmh�u�wxd8q l � fid6}ghs��ujno|^r!y H hsfihjwowoujfmy F � ����no| H cgujeS�
lidDf ��hjq � H hscg|
£ �<3 F ) ���

 6�576�5 , -GB4X VWF �/� =9ZWT*X = BEAP� K〈δ)
b+cVd�wxd8q l#�gdDwo}�hjq�qLf�uv�8l�nxhs|gp8£ K〈δ)

£$nxp6}Vd8��|gd8}2ujp6no|�licgd1pmno|g�jwodlino��d�}VdDw�u�y��Dujpmdj�
'�wxdD��dD|�l�p?hjq K〈δ) ujfmd�}gd8|ghjl�d8} b−1(δ]a(δ]

�

 6�576� � F T��.FGT����7F <>=9< ZWX ?"Z � � A[B < Z�� B V K(δ]
b+cVnop?pm�grgpid8�8l�nxhs|�nxp?u1}gnxfidD��l fmdDekd�l�nxlinohs|ahjq&l�cgd��8hsfifmdDpiekhj|g}gno|V��hs|gd6qLhsfAlicgd�pino|V�swod
}VdDw�u�y�Dujpidv£ 1S�Vrgpid8�8l�nxhs| "V� �s�4"V£sfid8�Dhs�V|!l�d8}�cgd8fidAqLhsf'�Dhs��egwxd8lidD|gd8pipD�Bb+cVd?fmno|g� K(δ]

£
rkd8no|g��¦�hNd�l�cgd8fin�uv|¥£Wc�uvp licgd�no|!t�ujfinouj|!l?rgujpinxp |N�V��rkd8f���B 3A¦ ����$ qLfmdDd�wod�q l ��hN}V�gwod
h�tsdDf K(δ]

l�c!�gp�cgujp1�g|gno�!�gd8wxy{}gd8�g|gdD} fiuj|g�0uv|g} ujwowEnxlip1rgujpid8p�cgu�tsd%licgd%p�uj��d
�Dujfi}Vno|�ujwxn�lzys�

¹�d8�g|gd�licgd6qLhswowxh��?nx|g��wod�q l?��hN}V�gwod

M = spanK(δ]{dξ : ξ ∈ K} ,
� "S�#�C3 �

�?cVdDfid+licgd+dDwod8��d8|!lip�hjqklicgd+fino|V� K(δ]
uv�8l7hs|�dDwod8��d8|!lip

dξ
hjqWl�cgd+��hN}g�gwodAuj�8�Dhsfm}S�

nx|g�al�h�� "V� �-D �/��b+cgd���hN}V�gwod M �Dhs|�l/uvno|gp6l�cVd�p�uj��d1dDwxdD��dD|�l�p®uvp E � $�p�no|�l�cgd



�<( � � ����� � � � � � � �� � ��� � ��� � ���!�+� � ��������� ��

��uvpid�hjq�pinx|g�swxd#l�nx��d6}VdDw�u�ys£V�Ed�|gdDd8}9l�h1�gpid�licgd��Dhs|V�DdDeSl�hjq'�8wohspm�gfidv�7b+cgd��8wohspm�gfid
hjq'u1pi�Vrg��hN}g�gwod N nx| M nxpAl�cgd�pm�grg��hN}g�gwod

N = {w ∈M : ∃a(δ] = a(δ1, . . . , δ`] ∈ K(δ], a(δ]w ∈ N} .

��hsf6d�¤Vuj��egwxdj£
dx(t) /∈ spanK(δ]{dx(t − τi)}

rV�Vl
dx(t) ∈ spanK(δ]{dx(t− τi)}pinx|g�Dd

δidx(t) = dx(t− τi) ∈ spanK(δ]{dx(t− τi)}
�

B�q N �Dhjno|g�8no}gd8p+�?nxlic N £gl�cVdD| N nxp?p�uvno}%lih�rkd��8wohspmdD}9no| M ��b+cVd�fidDpm�gwxl hj|
�Dwxhspi�Vfid#uj|g}^�Dwxhspid8}g|gd8pip+hjq$��hN}g�gwxdDp�qLfihs� �#nou®d8l+ujwº� � � � � � � � ¯$d8����u � �«uj|g}-l�cVd
egfmd8tNnohs�Vp pmdD��l�nohj|9nop+|gh��§�sd8|gdDfiujwonxpid8}%lih1licgd�egfid8pid8|!l���ujpmd$�
�µ�´ %�´k·��&��L´ � ��� K ��� �U] � )� O'%'LN^ � N O K N �JI M � % � ] � %�� !$ � � %�� )� O'%'� �

%'L Q � O �`L  ��O K M )�OQI � !$�JI �JI � N �
� �_h�O ^ !`I # 	WI ��� �� # ���'I �'^ !$�(� � %'L Q � O �`L  � N O K M � OQI ��]+! %

rankK(δ]N =
rankK(δ]N �

� �_h�O ^ ! KM^ � � %'L Q � O �`L  � N O K M � N � % �J] �  "!`^ ��� %�� %'L Q � O �`L  � O K M )�OQI �
� !$�JI �JI � N !`I � ]+!�	'�JI ��! ^ !`I S��dceL !$ �9O

rankK(δ]N
�

�,^�OmO K �
���+¯$d�l P rkd�licgd®pm�-uvwowxdDp�l �8wohspmdD}�pm�grg��hN}g�gwxd�hjq M �8hs|�l/ujnx|gno|g� N � H cghNhspmd

uj|-d8wod8��d8|!l
u ∈ N ⊆ P � 1Snx|g�Dd P nxp��DwohjpidD}
£Snxl��Dhs|�l/uvno|gp K(δ]u

��b+cVnop«nxp�lifi�gd qLhsf
ujwxw

u ∈ N uj|V}%l�cN�Vp N = K(δ]N ⊆ P �� ��¯@d8l N rkd+�sdD|VdDf�u�l�dD}1r!y
w1, . . . , ws

£!uvpipi�V��d8}1l�h6rkd+wonx|gdDujfiw�y��zn�|g}gd8ekdD|g}gd8|!l
��� wº� hg� �V� H cghNhspmd®uj|9d8wodD��d8|!l

u ∈ N ��b+cgd8| ∃a(δ] ∈ K(δ]
pm�g��c9lic�uvl

a(δ]u ∈ Nuj|g}�l�c!�gp
a(δ]u = b1w1 + · · · + bsws

qLhjf#pihj��d
bi ∈ K(δ]

��b+cN�gp8£
u
nop#wxno|gdDujfiw�y

}gd8ekdD|g}gd8|!l�hj|
w1, . . . , ws

�7b+cVnop?nxpAl�fi�Vd6qLhsf?ujwow
d8wod8��d8|!lip?no| N uj|g}%licN�gp N cgujp
l�cVd�piuj��d�fiuj|g�auvp N �� � ¯@d8l P rkd%l�cgd%w�ujfm�sdDp�l�pi�Vrg��hN}V�gwod%hvq M �8hs|!l�ujno|Vno|g� N uv|g} c�u�tSnx|g��u
f�uv|g�9dD�!��uvw�l�h

rankK(δ]N
�6¯@d�l

wI

rkd�u-rgujpinxp�qLhsf N £k�?cgdDfmd I nop�uj|�nx|g}gd�¤�pid�l��H cghNhspmd9uj|�dDwxdD��dD|!l
u ∈ P £7l�cgd8| u ���gpml�rkd%wonx|gd�uvfiw�y�}gd8ekdD|g}VdD|!l�hs| wI

uj|g}
∃a(δ], bi ∈ K(δ]

pm�g��c2l�c�u�l
a(δ]u =

∑

i∈I biwi

�9b+cN�gp8£
u ∈ N uj|g}�l�cgd8fid8qLhjfid

P ⊆ N � ¥
 6�576�� ,.-GB��(Z�=9T�� FGV � ACBU?"? F
¡j�gp�l�ujp1nx|0l�cVd%pinx|g�swxd��z}VdDwou�y��Dujpidv£Au ����qLhsfm�

ω ∈ M nxp1ujwxpih5uj|~d8wod8��d8|!l1hvq Euj|g}�l�cVd�qLhswxwoh��?nx|g�aqLhsfi�Zhjq 5�hsnx|g�Dujf 7 � p¯$d8���-u%cghswo}Vp �J¯@d8����u "9no| E�� fi�!�gd8¬��
E ujf�l��x|gdD¬6d8l�ujwJ��� � � � � � � �
�7± � � � � �#� 	 #´ ����� �gµ��� �,OQI+%�� ���'^�! �$� K OQ^ �

ω ∈ M � � ] �'I �J] �'^ � ��� � %�� %�!
KMLNI )����POQI

ξ(t) ∈ K %'L )�] �J]+!$� f  O ) !$ � #�l
ω = dξ(t)

� K !`I � OQI  # � K
dω = 0

�



��� � 	�� & � ��� &�� � ��� � ��� ����� ��� ��� � � 
 ���
�!	 � & �-)
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¹�nx��dDfid8|!lin�uvlinohs|1�?n�l�c-fid8piekd8�8lAl�h®l�nx��d�ujwxhs|g��licgd�pmyNpmlidD�;}VyN|�uv��nx�Dp�qLhsf�qL�V|g�8linohs|Vp
φ(x(t− iτ ), u(t− jτ ), . . . , u(l)(t− jτ ))

no| K uj|g}�hs|gd��ºqLhsfi��p
ω =

∑

i κ
i
xdx(t−

iτ )+
∑

j,r νjdu
(r)(t−jτ )

no| M nop'}gd���|gd8}�nx|l�cgdA|�u�l��gfiujwN�Au�y �Lpid8dAqLhsf'd�¤Vuj��egwxd
��n�u�d8l�ujwJ��� � � � � �Auv|g}��
c�uj|g�1d�l�ujwº��� � � ��2 � ���

φ̇ =
∑

i

∂φ

∂x(t− iτ )
δif +

∑

j,r

∂φ

∂u(r)(t− jτ )
u(r+1)(t− jτ )
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ω̇ =
∑

i

κ̇ixdx(t− iτ ) +
∑

j,r

ν̇jdu
(r)(t− jτ ) +

+
∑

i

κi
xdδ

if +
∑

j,r

νjdu
(r+1)(t− jτ ) .
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ẋ(t) = f
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x(t), x(t− τ1), . . . , x(t− τ`), u(t), u(t− τ1), . . . , u(t− τ`)
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y(t) = h
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x(t) = ϕ(t), t ∈ [−maxiτi, 0]
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ẋ1(t) = x2(t− τ) + x2
1(t)

ẋ2(t) = x1(t− τ)
y(t) = x1(t− τ) .
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ẋ1(t) = x2
2(t− τ1)x1(t− τ2) + u(t)

ẋ2(t) = x1(t− τ2)
y(t) = x1(t− τ1) .
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n−1
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y = δ1x1
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ẏ = (δ2
1x2)

2δ1δ2x1 + δ1u .
��(g� ��� �

b+cN�VpD£
[

dy
dẏ − dδ1u

]

=

[

1 0
(δ2

1x2)
2δ1δ2 2δ2

1x2δ1δ2x1δ
2
1

] [

dx1

dx2

]

.
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b+cVd1uvrkh*tsd���uvlifin�¤9c�ujp�f�uj|g� � h�tsdDf K(δ]
uv|g}�licN�gp

rankK(δ](Y2 + U) ∩ X = 2uv|g}%l�cgd�p�ySp�l�d8� nxp+�«d�uj�!w�yahsrgpid8fmtvuvrgwodv��Bz|%q uj��l�£

x1(t) = y(t+ τ1)
� (g� � (��

x2
2(t) =

ẏ(t+ 2τ1)− u(t+ τ1)

y(t− τ2 + 2τ1))
.
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� 3Aujpid8} hj|
licgdfid8pi�gw�l�p�no|9l�cgnxp�pidD��l�nxhs|¥£�hs|gd�8hs�gwo}�ekhjlidD|�l�n�uvwow�ya�gpid�ujwo�jhsfin�licg��p wxno�jd�l�cVd�hj|gd
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ẋ(t) = f
(

x(t), x(t− τ), u, u(t− τ)
)

y(t) = h
(

x(t), x(t− τ)
)

x(t) = ϕ(t), t ∈ [−τ, 0]
u(t) = u0(t), t ∈ [−T, 0]
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uv|g}�l�cgd
np

dD�!��u�l�nohj|gp qLhsf?l�cgd®pml�uvl�d���tvujfmn�ujrVwod8p hsrVl�ujno|gd8}�r�y%l/uj�!no|V�
n − 1

l�nx��d��
}VdDfin�tvuvlinxtsd8p?hjq&l�cgd

p
hs�Sl�eg�Vl+tvujfmn�ujrgwxdDp��

y1(t) = h1(x(t), x(t− τ))���
y

(n−1)
1 (t) = h

(n−1)
1 (x(t), x(t− τ), . . . , x(t− nτ), u(t), . . . , u(n−2)(t), . . . ,

u(t− (n− 1)τ), . . . , u(n−2)(t− (n− 1)τ))���
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yp(t) = hp(x(t), x(t− τ))���
y(n−1)

p (t) = h(n−1)
p (x(t), x(t− τ), . . . , x(t− nτ)), u(t), . . . , u(n−2)(t), . . . ,

u(t− (n− 1)τ), . . . , u(n−2)(t− (n− 1)τ)) .
��(g� � D �

��hsf�l�cVd
n(n+ 1)

t�ujfinoujrgwxdDp
x1(t), . . . , x1(t− nτ), . . . , xn(t), . . .

£
xn(t− nτ) hN����D�Vfifinx|g�uvrkh*tsdv£N�Ed��Duj|-hsrSl/ujnx|���hjfid?fid8w�uvlinohs|gp�r!y�l/uv�Nnx|g��picgn�q l�p�hjq�l�cgd dD�!��uvlinohs|gp

ujrkh�tsd�l�h%hsrVl/uvno|5u%p�yNpml�d8�Z�?n�l�c pn(n+1)
2

dD�!��u�l�nohj|gpD� ��hsf6dDuj�/c
k = 1, . . . , p

�Ed
c�u�tsd�licgd n(n+1)

2

dD�!��uvlinohs|Vp �

yk(t) = hk(x(t), x(t− τ))���
δn−1yk(t) = hk(x(t− (n− 1)τ), x(t− nτ)���
y

(n−1)
k (t) = h

(n−1)
k (x(t), . . . , x(t− nτ)), u(t), . . . , u(n−2)(t),

. . . , u(t− (n− 1)τ), . . . , u(n−2)(t− (n− 1)τ))

δy
(n−1)
k (t) = h

(n−1)
k (x(t− τ), . . . , x(t− nτ)), u(t− τ), . . . , u(n−2)(t− τ),

. . . , u(t− (n− 1)τ), . . . , u(n−2)(t− (n− 1)τ))

y
(n)
k (t) = h

(n)
k (x(t), x(t− τ), . . . , x(t− nτ), u(t), . . . , u(n−2)(t), . . . ,

u(t− (n− 1)τ), . . . , u(n−2)(t− (n− 1)τ)) .
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k = 1, . . . , p

�
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tvujfmn�uvrgwod8p

x1(t), . . . , x1(t− nτ), . . . , xn(t), . . .
£
xn(t− nτ)

£k}gdD|Vhjl�d8}�r!y
J
�?¯$d�l

l�cVd?�-u�l�fin�¤
Ji

�Dhs|Vpinop�l�hvq�licgd?�8hswo�V��|gpBhjq
J
�Dhsfmfid8piekhs|g}gnx|g��lih

dxi, . . . , dδ
nxi

uj|g}
pih
J = [J1| . . . |Jn]

�
��d���uv|�|Vh*� qLhjfi���gwouvl�d�l�cgd���ujnx|afid8pi�gw�l no|alicgd6qLhswxwoh��?nx|g��egfihsekhjpinxlinohj| �

�µ�´ %�´k·��&��L´ � = � � � ] �D	 !`^ � ! Q  �
xi

� %D� � !?S  #"O�Q�%'�'^ 	 ! Q  � � K !`I � OQI  # � K

rankK[J1| . . . |Ji−1|Ji+1| . . . |Jn] < rankKJ .
��(g� � 3 �

�,^�OmO K���¹�d8|ghjlid�r!y SJy ,Ju
l�cgd�pmd8l

spanK{dy(l)
k (t− (jy − l)τ), du(l−1)

r (t− (ju − 1)τ)} ,

qLhsf
k = 1, . . . , p

£
r = 1, . . . ,m

£
l ≤ n − 1

£
jy = 0, . . . , Jy

uj|V}
ju = 1, . . . , Ju

£
�?cgd8fid

Jy

£
Ju ∈ N

�
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B�q
rankK[J1| . . . |Ji−1|Ji+1| . . . |Jn] < rankK[J ]

£�l�cgd8|~l�cgd8fid9nop1u � |ghj|g¬Dd8fih��
wxno|gdDujf+�Dhs��rgnx|�uvlinohj|%hjq'l�cgd®hj|gd��ºqLhsfi��p

dxi(t), . . . , dxi(t− nτ)
�?cgno�/c�nxp no| Sn,n

£
lic�uvl?nop8£

n
∑

j=0

Ajdxi(t−jτ) =

p
∑

k=1

n−1
∑

l=0

n−1−l
∑

j=0

Bjkldy
(l)
k (t−jτ)+

m
∑

k=1

n−2
∑

l=0

n−1
∑

j=0

Ejkldu
(l)
k (t−jτ)
��(V�&" � �

qLhjf�pihs��d
A0, . . . , An+1

£
Bjkl

uj|V}
Ejkl ∈ K �ab+cgdD| ai(δ]dxi ∈ Yn + U �?cgd8fid

ai(δ] =
∑n

j=0Ajδ
j ∈ K(δ]

��b+cN�Vp6licgd�t�ujfinoujrgwxd
xi

nxp��EdDuj�!wxy�hsrgpmdDf�tvujrgwxdj� 1S�geN�
ekhjpid-|gh*�©lic�uvl

rankK[J1| . . . |Ji−1|Ji+1| . . . |Jn] = rankK[J ]
uj|g}�l�c!�gp®l�cgd8fid-nop

|Vh �L|ghs|g¬8dDfih �7wonx|gd�uvf7�Dhj��rgno|�u�l�nxhs|1hjq
l�cVd�hs|gd���qLhsfm��p
dxi(t), . . . , dxi(t−nτ)

l�cguvl
nxpAno| Sn,n

��� pino|V��licgnop+ujp?u�p�l/ujf�l�nx|g��ekhsnx|!lD£S�Ed6�?nxwow�egfmh*tsd#l�c�u�l
xi

nopA|ghjlA�EdDuj�!wxy
hjrgpid8fmtvujrVwod-r!y�no|V}g�g��l�nohj|¥� 1S�Vegekhspid-l�cguvl�|Vh � |ghs|V¬Dd8fih���wonx|gd�uvf��Dhs��rgnx|�uvlinxhs|�hjq
licgd�hj|gd��ºqLhsfi��p

dxi(t), . . . , dxi(t − Nτ)
£
N ≥ n

nxp�no| SM,M
qLhsf�pihj��d

M ≥ N
�

��d��?nxwow&picgh�� lic�uvl6|ghawxno|gdDujf��Dhs��rgnx|�uvlinohj|�hjq
dxi(t), . . . , dxi(t − (N + 1)τ)

nxp
nx| SM+1,M+1 �#��hsf?licgnop8£�pm�gegekhspmdl�c�uvl�licgdDfmdnop pi�g�/c5u�wxno|gdDujf?�Dhs��rgnx|�uvl�nxhj|�uj|g}licN�gp8£�licgdDfmd�d�¤Snopml

Ã0, . . . , ÃN+1 ∈ K
uj|g}

B̃jkl, Ẽjkl ∈ K
£�pm�g��c9lic�uvl

N+1
∑

j=0

Ãjdxi(t−jτ) =

p
∑

k=1

n−1
∑

l=0

M−l
∑

j=0

B̃jkldy
(l)
k (t−jτ)+

m
∑

k=1

n−2
∑

l=0

M
∑

j=0

Ẽjkldu
(l)
k (t−jτ).

��(V�&" � �
b+cVdD|¥£

N
∑

j=0

Ãjdxi(t− jτ) =

p
∑

k=1

n−1
∑

l=0

N−1−l
∑

j=0

B̃jkldy
(l)
k (t− jτ) +

+
m
∑

k=1

n−2
∑

l=0

M
∑

j=0

Ẽjkldu
(l)
k (t− jτ) +

+

p
∑

k=1

n
∑

l=0

M−l
∑

j=N−l

B̃jkldy
(l)
k (t− jτ)−

− ÃN+1dxi(t− (N + 1)τ) .
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¦ hjl�d���fmpml+l�cguvlAl�cgd#hs|gd��ºqLhsfi��p
dxi(t− jτ)

£
j = 0, . . . , N + 1

uj|g}
du

(l)
k (t− jτ)

£
k = 1, . . . ,m

£
l = 0, . . . , n − 2

£
j = 0, . . . ,M

ujfid�wxno|Vd�ujfmw�y9no|V}gdDekd8|g}gdD|�l���b+cgd
wxd8q l��zc�uj|V}®pmno}gd�no|�l�cgdEujrkh�tsd«dD�!��u�l�nohj|}ghNd8p�|ghjl��Dhj|!l/uvno|®hj|gd��ºqLhsfi��p

dxi(t−jτ)
qLhsf

j > N
uj|g}�l�c!�gpD£�l�cgd�fmno�sc�lm��c�uj|g}�pmno}gd��u�y9|ghjl#d8nxlicgdDf8�_��fihs��l�cgd®qLhsfi���gwouvlinxhj|

hvq���(V� � F ��£k�Ed�!|gh�� l�c�u�l�l�cgd®�gfipml�lz�Eh-pi�g��p�hs|�l�cgd®fino�jc!lm��c�uj|g}�pmno}gd®��u�y%hs|gw�y
�8hs|!l�ujnx|9lidDfm��p

dxi(t− jτ)
qLhsf

j ≤ N
uj|V}9l�cgd�p�uj��d����gp�l�rkd�l�fi�Vd�qLhjf+l�cgd�fid8pml
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hjq&l�cgd6l�d8fi��pD£Vl�c�u�l nxpD£
p
∑

k=1

n−1
∑

l=0

M−l
∑

j=N−l

B̃jkldy
(l)
k (t− jτ)− ÃN+1dx(t− (N + 1)τ) =

=
N
∑

j=0

Ājdxi(t− jτ) +
m
∑

k=1

n−2
∑

l=0

M
∑

j=0

Ējkldu
(l)
k (t− jτ)

��(V�&"G" �

uj|g}%licgdDfmd8qLhsfmd
N
∑

j=0

(Ãj − Āj)dxi(t− jτ) =

p
∑

k=1

n−1
∑

l=0

N−l
∑

j=0

B̃jkldy
(l)
k (t− jτ) +

+
m
∑

k=1

n−2
∑

l=0

M
∑

j=0

(Ẽjkl + Ējkl)du
(l)
k (t− jτ) .
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1Snx|g�Dd6licgd6l�d8fi�
p
∑

k=1

n−1
∑

l=0

N−1−l
∑

j=0

B̃jkldy
(l)
k (t− jτ)

hs|�l�cgd�fmno�sc�lm�zcguj|g}�pinx}gd���u�y#|ghjl&�Dhj|!l/uvno|�hj|gd��ºqLhsfi��p
du

(l)
k (t−Mτ)

£
k = 1, . . . ,m

£
l = 0, . . . , n− 2

�LrkdD�Duj�gpid
M ≥ N

��£Vl�cgd�hjlicgdDfAl�dDfm�"hs|%licgd�finx�sc!l��zc�uv|g}%pmno}gdv£
m
∑

k=1

n−2
∑

l=0

M
∑

j=0

(Ẽjkl + Ējkl)du
(l)
k (t− jτ)

��u�y^|Vhjl d8nxlicgdDf?uj|g}%�Ed6l�c!�gp cgu�tsd
N
∑

j=0

(Ãj − Āj)dxi(t− jτ) =

p
∑

k=1

n−1
∑

l=0

N−1−l
∑

j=0

B̃jkldy
(l)
k (t− jτ) +

+
m
∑

k=1

n−2
∑

l=0

M−1
∑

j=0

(Ẽjkl + Ējkl)du
(l)
k (t− jτ).
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H wodDujfiw�ys£jnxqW|ghjl�ujwowNhjqWl�cgdA�DhNd  ��8nod8|!l�p
Ãj−Āj

ujfidA¬8dDfmhg£s�Ed+c�u�tsd?u#|ghs|g¬8dDfmh�wono|Vd�ujf
�Dhj��rVno|�u�l�nxhs|�hjq#licgd�hs|gd���qLhsfm��p

dxi(t), . . . , dxi(t − Nτ)
�?cgno�/c nop�nx| SN,M ⊂

SM,M
£g�Dhs|�l�f�uv}gno��l�nx|g��l�cgd�ujpmpi�g��eVlinohs|¥� B�q�£�nx|gpml�dDuj}¥£Vl�cgd�y%ujfid�ujwow
¬Dd8fih�uj|g}%licN�gp

p
∑

k=1

n−1
∑

l=0

N−1−l
∑

j=0

B̃jkldy
(l)
k (t− jτ) +

m
∑

k=1

n−2
∑

l=0

M
∑

j=0

(Ẽjkl + Ējkl)du
(l)
k (t− jτ) = 0,
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licgdD|
£
N+1
∑

j=0

Ãjdxi(t−jτ) =

p
∑

k=1

n−1
∑

l=0

M−l
∑

j=N−l

B̃jkldy
(l)
k (t−jτ)−

m
∑

k=1

n−2
∑

l=0

M
∑

j=0

Ējkldu
(l)
k (t−jτ).
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p
∑

k=1

n
∑

l=0

M−l
∑

j=N−l

B̃jkldy
(l)
k (t− jτ)

hj| l�cgd2finx�sc!l��zc�uj|V} pinx}gd2}ghNd8p�|ghjl��8hs|�l/ujnx| licgd{�V|g}gd8w�u�ysd8})hs|gd���qLhsfm��p
dxi

hsf
duj, j = 1, . . . ,m

£g�Ed�c�u�tsd

N+1
∑

j=1

Ãjdxi(t−jτ) =

p
∑

k=1

n−1
∑

l=0

M−l
∑

j=N−l

B̃jkldy
(l)
k (t−jτ)−

m
∑

k=1

n−2
∑

l=0

M
∑

j=1

Ējkldu
(l)
k (t−jτ).
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δ
(

N
∑

j=0

δ−1(Ãj)dxi(t− jτ)
)

=

= δ
(

p
∑

k=1

n−1
∑

l=0

M−1−l
∑

j=N−1−l

δ−1(B̃jkl)dy
(l)
k (t− jτ)−

−
m
∑

k=1

n−2
∑

l=0

M−1
∑

j=0

δ−1(Ējkl)du
(l)
k (t− jτ)

)

m
N
∑

j=0

(δ−1Ãj)dxi(t− jτ) =

=

p
∑

k=1

n−1
∑

l=0

M−1−l
∑

j=N−1−l

δ−1(B̃jkl)dy
(l)
k (t− jτ)−

−
m
∑

k=1

n−2
∑

l=0

M−1
∑

j=0

δ−1(Ējkl)du
(l)
k (t− jτ),

��(g�4"�3 �

�?cVdDfid�ujwow
δ−1(Ãj)

£
δ−1(B̃jkl)

uj|V}
δ−1(Ējkl)

ujfmd�no| K � b+cN�VpD£��Ed5hjrVl/ujnx|Hu
�8hs|!lif�uj}Vno��l�nohj| lih2licgd�ujpipm�g��eVl�nxhs| no| licgnop���uvpid�uvp��EdDwxwº� 3«y~l�cgd�eVfino|V�DnoeVwod9hjq
nx|g}g�g��l�nxhs|¥£v�EdA|gh�� c�u�tsdAlic�uvl'qLhsf�licgdAhs|gd���qLhsfm��p

dxi(t), . . . , dxi(t−Pτ)
£
P ≥ n

£
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l�cVdDfid���uv| rkd�|gh2|ghj|g¬Dd8fih2wonx|gd�ujf��Dhj��rVno|�u�l�nxhs|�hjq�l�cgd8� �?cgno�/c nop1no| SQ,Q
qLhjf

Q ≥ P
� b+cgd8fid�qLhsfidv£

dxi /∈ Yn + U uj|g}
xi

nop1|ghvl��EdDuj�!wxy�hjrgpid8fmtvuvrgwodv� b+cgnop
�Dhj��egwxd8lidDpAl�cgd�egfmhNhjq�hjq�licgd�egfihsekhjpinxlinohs|
�

¥��d+�Dhj|g�Dwx�g}gdAl�cgnxpBpid8�8l�nxhs|1r�y�hsrgpid8fmtNno|V�6l�c�uvlBqLhsfBuj|�ujw�ySpmno|g���EdDuj�hsrgpid8fmtvuvrgnow��
nxlzyj£@�«d�|gd8dD}�hs|Vwxy��8hs|gpmno}gd8f6l�cgd1p�l/uvlid��ºtvujfinoujrgwxdDp6uj|g}5licgdDnxf6picgn�q l�p#l�c�u�l�hN�8�D�gf�no|
l�cVd

n− 1
hs�Vl�eV�Vl�}VdDfin�tvuvlinxtsd8p�� (g� � D �Auj|g}%l�cgd8pid��-u�y^rkd®u1pi��ujwxwod8fApid�l l�c�uj|%licgd

n(n+ 1)
t�ujfinoujrgwxdDp

x1(t), . . . , x1(t− nτ), . . . , xn(t), . . . , xn(t− nτ)
�Dhs|Vpino}VdDfid8}

no|alicgd��sdD|VdDf�uvw@��ujpmdj�
��da�?nowxwE|gh��"}VdD��hs|gp�l�f�uvlidalicgd%��uvwo�D�Vw�uvlinxhs|gp�hs|0l�cgd^l��Eh5pino��egwxd^d�¤Vuv��egwxdDp

qLfihj�Zpm�grgpid8�8linohs| (g� � � � �#��uj|g}2ujwxpih9picgh�� cVh*� licgd-uv|�ujwxyNpmnop���uj|�rkd-uj�Sl�hs��uvl�d8}¥£
ujwxwoh��?nx|g�qLhsfAl�cgd�ujeVegwonx��uvlinxhs|^hjq'p�yS��rkhswxno�#�8hs��eg�Vl/u�l�nohj|%ujwo�shjfin�licg��pD�
k � !$� �  � ��� � I O�Q�%'�'^ 	 ! Q  � %�#'%��(���
H hj|gpinx}gdDf?hs|g�8d®uv��ujnx|alicgd�pmyNpmlidD�







ẋ1(t) = x2(t− τ) + x2
1(t)

ẋ2(t) = x1(t− τ)
y(t) = x1(t− τ) .

��(g�H( � �

b�uj�!no|g�
n − 1 = 1

l�no��d��z}gd8fin�tvuvlin�tsd�hjq®licgd�hj�Vl�eg�Sl%qL�g|g�8linohs|
£��Ed5hsrVl/uvno| licgd
dD�!��u�l�nohj|gp

y = δx1

��(g�H(N� �

ẏ = δ2x2 + (δx1)
2 .

��(g�H( � �
��hsf+l�cgd�t�ujfinoujrgwxdDp?hN�D�8�gfifinx|g�-ujrkh�tsdj£W�Ed®��uv|��sd8l�hs|gd���hjfid�dD�!��uvlinohs|�r!y%�Dhs|Vpino}N�
dDfmno|g��u�picgn�q l?hjq&l�cgd6��fmpml dD�!��u�l�nohj| �

δy = δ2x1 .
��(g�H(J" �

��d �?nowxw�|gh�� fid8|�uj��d�uvwow
x
uj|V}

y, ẏ
t�ujfinoujrgwxdDp7hN�D�8�gfifmno|g�®nx|�licgd�dD�!��u�l�nohj|gpEuvrkh*tsd

uj�8�Dhsfm}gno|g��lih1licgd6qLhswowxh��?nx|g��pi�/cgdD��d$�
z10 := x1, z11 := δx1, z12 := δ2x1

��(g�H(�(��

z20 := x2, z21 := δx2, z22 := δ2x2
��(g�H( ) �

uj|g}
y00 := y, y01 := δy

��(V�4(J2 �

y10 := ẏ .
��(V�4( D �

��d%l�cgd8fid�qLhsfid9cgu�tsd%l�cgdaqLhswowxh��?nx|g�5ujwx�sdDrgfiujno�^pmyNp�l�dD� hvq "5d8�!��uvl�nxhs|gp�qLhsf�licgd "

z
�ºtvujfmn�ujrVwod8p �

y00 = z11

��(g�H( F �

y01 = z12

��(g�H(J3 �

y10 = z22 + z2
11 .

��(g�&) � �
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H hj|gpinx}gdDfl�cVd9¡suj�8hsrgnouj|
J = [J1|J2]

�
Ji

�8hs|gpinxpmlip�hjq?licgd^�Dhswx�g��|gphjq
J
�Dhsfmfid��

pmekhs|g}gnx|g�%l�hal�cgd1hs|gd���qLhsfm��p
dzi0, . . . , dzi2

hN�8�D�gfmfino|V�9no|�l�cVd�wxno|gdDujf�qLhsfi�<hjq�l�cgd
uvrkh*tsd�ujwx�sdDrgfiujno��pmyNpmlidD�9£$uj|V}�l�cN�Vp

J1

nx|g�Dwx�g}gdDp�l�cgd��8hswo�V��|gp��DhsfmfidDpmekhs|g}gnx|g�^l�h
dz11, dz12

uj|V}
J2

�Dhs|gpmnop�l�p?hjq�licgd��Dhswx�g��|%�Dhjfifid8piekhs|V}gno|g�1lih
dz22

����d�cgu�tsd




dy00

dy01

dy10



 =





1 0 0
0 1 0

2z11 0 1









dz11

dz12

dz22





��(V�:) � �

uv|g}




1 0 0
0 1 0

2z11 0 1



 ∼





1 0 0
0 1 0
0 0 1





.

��(V�:) � �

��d�pidDd�lic�uvl®licgd�f�uj|V�5hjqAlicgd-��uvlifin�¤5nop "V� B�qA�Ed�fidD��h�tsd�l�cgd���fip�l � �Dhswx�g��|gp
�8hsfifmdDpmekhs|g}gnx|g�lih

z11, z12
£Snxl�r�d8�Dhj��d8p �s£Suj|g}-nxq
�Ed�fmdD��h*tsd l�cVd�pmdD�8hs|g}a�sfmhs�ge-hjq

���Dhswx�g��|¥£Sl�c�u�l?qLhsf
z22

£V�Ed��jd8l fiuj|g� � ��b+cN�gp rkhjlic
x1

uj|g}
x2

ujfid�hjrgpid8fmtvuvrgwodv�
k � !$� �  ��� � � I L[IUO�Q�%'�'^ 	 ! Q  � %�#'%��(���
H hs|gpmno}gd8f?hs|g�Dd�uj��uvno|^l�cgd�p�ySp�l�d8�







ẋ1(t) = x1(t− τ) + u(t)
ẋ2(t) = x2(t− τ)
y(t) = x1(t) + x2(t) .

��(V�:)G" �

��d�c�u�tsd�l�cVd�d8�!��uvl�nxhs|gp

y = x1 + x2

��(V�:) ( �

ẏ = δx1 + δx2 + u .
� (g�:)G) �

� rgpmdDf�tsd#lic�uvl«qLhsf7l�cgd tvujfmn�ujrgwxdDp�hN�D�8�gfifmno|g��uvrkh*tsdv£S�Ed��sd�lAhj|gd���hsfid dD�!��u�l�nxhs|^r�y
l�uj�!no|g��}gdDwou�yNp?hjq�licgd�dD�!��u�l�nohj|gp ujrkh�tsd

δy = δx1 + δx2 δ2y = δ2x1 + δ2x2 .
� (g�:) 2 �

��d��/c�uj|g�sd6tvuvfin�uvrgwod8p?ujp?nx| ''¤guv��egwxd��

z10 := x1 z11 := δx1 z12 := δ2x1
��(V�:)�D �

z20 := x2 z21 := δx2 z22 := δ2x2

��(V�:) F �

uv|g}

y00 := y y01 := δy
� (g�&)G3 �

y10 := ẏ .
� (g�42 � �
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��d%l�cgd8fid�qLhsfid9cgu�tsd%l�cgdaqLhswowxh��?nx|g�5ujwx�sdDrgfiujno�^pmyNp�l�dD� hvq "5d8�!��uvl�nxhs|gp�qLhsf�licgd (

z
�ºtvujfmn�ujrVwod8p

y00 = z10 + z20

��(g�42 � �

y01 = z11 + z21

��(g�42 � �

y10 = z11 + z21 + u .
��(g�42�" �

b+cgd¡suv�Dhsrgnouj|a�?n�l�c%fidDpmekdD��l�l�h�l�cVd
z
��t�ujfinoujrgwxdDpAnop+�sn�tsdD|%r!y





dy00

dy01

dy10 − du



 =





1 0 1 0
0 1 0 1
0 1 0 1













dz10

dz11

dz20

dz21









.

��(g�42G(��


�d8fid�licgd�fiuj|g� hjq�licgd���uvl�fmn�¤ }VhNdDpa|ghjla�/c�uj|V�sd��?cgd8|H�Ed�fmdD��h*tsd��sfmhs�gegp^hjq
�Dhjwo�g��|gp-�DhsfmfidDpmekhs|g}gnx|g�{l�h

zi0, . . . , zi2

£
i = 1, 2

� b+cN�gp8£
x1

uj|g}
x2

ujfmd�|ghjl
hsrgpmdDf�tvujrgwxdj�

�W6� 6�5 ��� A �7= @�ACB �7=9?2B � ��BEA[F �0<

H hs|gpmno}gd8f?hs|g�Dd�uj�sujno|^l�cVd�p�yNpml�d8�















ẋ(t) = f
(

x(t), x(t− τ1), . . . , x(t− τ`), u, u(t− τ1), . . . , u(t− τ`)
)

y(t) = h
(

x(t), x(t− τ1), . . . , x(t− τ`)
)

x(t) = ϕ(t), t ∈ [−maxiτi, 0]
u(t) = u0(t), t ∈ [−T, 0] . ��(g�42J) �

��d�nx|!lifihN}g�g�8d6licgd6qLhswowxh��?nx|g��|ghjl/u�l�nohj| �
x[i](t)

}gdD|ghvl�dDp�uvwow�l�cgd6tvuvfin�uvrgwod8p+hjq&l�yNekd

x(t−
∑̀

j=1

ijτj), ij ∈ Z
+,

∑̀

j=1

ij ≤ i

uj|g}-uv|�ujwohj�shs�gpmwxy®qLhsf
u
uj|g}�n�l�p7}gd8finxt�uvl�n�tsdDp8��b+cVnop�|ghvl/uvl�nxhs|1nop�qLhs�g|V}�l�h®rkd �gpmd8qL�gw

uvq lidDf«hsrgpid8fmtNno|V�l�c�uvlEd�uv��c-l�no��d���}gdDfmn�tvuvlin�tsd hjq&uv|^hs�Vlieg�VlEqL�g|g��l�nxhs|
yi

no|�l�fihN}V�g�Dd8p
hs|gw�y®hj|gdA|gd�� }gdDwou�y®nx|�d�uj�/c�pml/u�l�dEtvuvfin�uvrgwodEuv|g}�no|Veg�VlB}gd8fin�tvuvl�n�tsdj£su#}VdDwou�y®�/cghspid8|
qLfihj� l�cgd

τi
� pD£
i = 0, 1, . . . , `

�?cVdDfid
τ0
nop#�VpidD}5qLhjf�l�cgd�no}gd8|!l�n�l�yj£¥hjf#¬Dd8fih%}gdDwou�yj�

�Hnxlic�l�cVnop«|gd�� |ghjl�uvl�nxhs|¥£�l�cVd
np
dD�!��uvlinohs|Vp«qLhsf7l�cgd�p�l/uvlid���t�ujfinoujrgwxdDp�hsrVl�ujno|VdD}-r�y
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l�uj�!no|g�
n− 1

lino��d��z}VdDfin�tvu�l�n�tsd8p+hjq&l�cgd
p
hj�Vl�eg�Sl?tvujfmn�ujrVwodDpA��uv|�rkd6�?fin�lilidD| �

y1(t) = h1

(

x[1](t)
)

���
y

(i)
1 (t) = h1

(

x[i+1](t), u[i](t), . . . , u
(i−1)
[i] (t)

)

���
y

(n−1)
1 (t) = h

(n−1)
1

(

x[n](t), u[n−1](t), . . . , u
(n−2)
[n−1] (t)

)

���
yp(t) = hp

(

x[1](t)
)

���
y(n−1)

p (t) = h(n−1)
p

(

x[n](t), u[n−1](t), . . . , u
(n−2)
[n−1] (t)

)

.
� (g�&2G2 �

��hjf«licgd
n
(

n+`

`

) tvujfinoujrgwxdDp
x1,[n](t), . . . , xn,[n](t)

hN�8�D�Vfifinx|g��ujrkh�tsdj£S�Ed#�Duj|ahjrVl/ujnx|
��hsfmd®fid8w�uvlinohs|Vp�r�y9l/uv�Nnx|g�-picVnxq l�p�r!y9licgd}gnx��dDfmdD|�l

δi
hjq�licgddD�!��uvlinohs|gp�ujrkh*tsd®l�h

hjrVl/ujnx|2u�pmyNpml�d8���?nxlic
p
∑n

i=1

(

i

`

) dD�!��u�l�nohj|gpD� ��hsf®dDuj�/c
k = 1, . . . , p

�«d-c�u�tsd
licgd ∑n

i=1

(

i

`

) dD�!��uvlinohs|gp��
yk(t) = hk

(

x[1](t)
)

δ1yk(t) = hk

(

x[1](t− τ1)
)

���

δi1
1 . . . δ

i`
` yk(t) = hk

(

x[n](t)
)

, ij ≥ 0,
∑̀

j=1

ij ≤ n− 1

���
y

(n−2)
k (t) = h

(n−2)
k

(

x[n−1](t), u[n−2](t), . . . , u
(n−3)
[n−2] (t)

)

δ1y
(n−2)
k (t) = h

(n−2)
k

(

x[n−1](t− τ1), u[n−2](t), . . . , u
(n−3)
[n−2] (t− τ1)

)

���
δ`y

(n−2)
k (t) = h

(n−2)
k

(

x[n−1](t− τ`), u[n−2](t− τ`), . . . , u
(n−3)
[n−2] (t− τ`)

)

y
(n−1)
k (t) = h

(n−1)
k

(

x[n](t), u[n−1](t), . . . , u
(n−2)
[n−1] (t)

)

.
� (g�&2�D �

H hj|gpinx}gdDf�l�cVd�¡suv�Dhsrgnouj|1��uvl�fmn�¤®qLhsfBl�cgd ujrkh�tsd?pmyNpmlidD� hvq¥ujwx�sdDrVf�ujnx�AdD�!��uvlinohs|Vp�qLhsf
licgd?t�ujfinoujrgwod8p

x1,[n](t), . . . , xn,[n](t)
£N}VdD|ghjlidD}�r!y

J
��¯@d8l7l�cVd ��uvl�fmn�¤

Ji

�Dhs|Vpinop�l«hjq
licgd6�8hswo�g��|gpEhjq

J
�8hsfifmdDpiekhj|g}gno|V��l�h

dxi, d(δ1xi), . . . , d(δ
i1
1 . . . δ

i`
` xi)

£ ∑`

j=1 ij ≤
n
£ �LlicgdDpmd�hs|gd���qLhsfm��p+ujfid�ujwopmh1}gd8|ghjl�d8}�r!y

dxi,[n](t)
�Auj|g}9pih

J = [J1| . . . |Jn]
�

b+cgd��ujnx|9fid8pi�gw�l�nxp?l�cgd®piuj��duvp qLhsf p�ySp�l�d8��p��?nxlic�u�pmno|g�swxd6l�no��d��z}gd8w�u�y � pid8d
licgd�egfid�tNnohs�Vp pm�grgpid8�8linohs| � �



" � � � � 	 � ��� � � �  � ���

�µ�´ %�´k·��&��L´ � = �#� � ] �D	 !`^ � ! Q  �
xi

� %D� � !?S  #"O�Q�%'�'^ 	 ! Q  � � K !`I � OQI  # � K

rankK[J1| . . . |Ji−1|Ji+1| . . . |Jn] < rankKJ .
��(g�42 F �

b+cgdAegfmhNhjqWhjq�l�cVnop�egfihsekhjpinxlinohs|®nop'uj|�d�¤Nl�d8|gpinxhs|�hjq�l�cVdAhs|VdEqLhsf'u�pinx|g�swxd�l�no��d��z}gd8w�u�y
no|al�cVd�egfmd8tNnohs�Vp pi�grVpidD��l�nxhs|¥�E¦ d8tsdDf�l�cgd8wod8pipD£W�Ed�egfmdDpid8|!l�nxl?cgd8fid�nx|%qL�gwxw¥}gd�l/ujnxw¥qLhjf
�Dhj��egwxd8lidD|gd8pip �
�,^�OmO K���¹�d8|ghjlid

spanK{dy(l)
k,[Jy−l](t), du

(l−1)
k,[Ju−1](t), k = 1, . . . , p, l ≤ n− 1}

r!y SJy ,Ju
�?cgd8fid

Jy, Ju ∈ N
�
$�p7eVfid8tNnxhs�gpiw�ys£�r!y

dy
(l)
k,[j](t)

�Ed?��d�uv|�ujwowShs|gd���qLhsfm��p
hjq&l�yNekd

dy
(l)
k (t−

∑̀

s=1

isτj), is ∈ Z
+,

∑̀

s=1

is ≤ j

uj|g}�uv|�ujwohj�shs�gpmwxy�qLhsf
u
uv|g}9nxlip+}gdDfmnxtvu�l�nxtsd8pD�

B�q
rankK[J1| . . . |Ji−1|Ji+1| . . . |Jn] < rankK[J ]

£«licgdD|~licgdDfmd9nop�u �L|ghs|g¬8dDfmh��
wonx|gd�uvfA�Dhj��rVno|�uvlinxhs|ahvq�licgd�hs|gd��ºqLhsfi��p

dxi,[n](t)
�?cVno�/c9nop+no| Sn,n

£Vl�c�u�l nxpD£
n
∑

js=0

Ajdxi(t− jτ ) =
� (g�42�3 �

=

p
∑

k=1

n−1
∑

l=0

n−1−l
∑

js=0

Bjkldy
(l)
k (t− jτ ) +

m
∑

k=1

n−2
∑

l=0

n−1
∑

js=0

Ejkldu
(l)
k (t− jτ ) ,

qLhsf�pmhs��d
Aj ∈ K £ j = (j1, . . . , j`)

£
0 ≤ js ≤ n

£
Bjkl

uj|g}
Ejkl ∈ K �2b+cVdD|

ai(δ]dxi ∈ Yn + U �?cgd8fid
ai(δ] =

∑n

js=0Ajδ
j ∈ K(δ]

��b+cN�gp+licgd#tvuvfin�uvrgwod
xi

nxp
�EdDuj�!wxyahsrgpmdDf�tvujrgwxdj�

1N�gegekhspmd5|gh�� l�cguvl
rankK[J1| . . . |Ji−1|Ji+1| . . . |Jn] = rankK[J ]

uj|g}¨licN�gp
l�cVdDfid%nxp�|gh � |ghs|V¬DdDfmh���wxno|gdDujf�Dhs��rgnx|�uvlinohj|0hvq l�cgd%hj|gd��ºqLhsfi��p

dxi,[n](t)
l�c�u�l�nxp

no| Sn,n
� � pino|V�%licgnop�ujp�uapml/uvfml�nx|g�%ekhjno|�l�£¥�Ed��?nowow'eVfih*tsd�l�cguvl

xi

nxp�|Vhjl��«d�uj�!wxy
hsrgpmdDf�tvujrgwxd^r�y�no|g}g�V�8l�nxhs|¥� 1S�gegekhjpid-l�c�uvl|gh �L|ghs|g¬8dDfmh���wono|Vd�ujf��8hs��rgnx|�uvl�nxhj|�hjq
l�cVd�hj|gd��ºqLhsfi��p

dxi,[N ](t)
£
N ≥ n

nop�nx| SM,M
qLhsf�pmhs��d

M ≥ N
� ��d®�?nowow@picgh��

l�cguvl#|Vh^wonx|gd�ujf?�Dhs��rgnx|�uvlinohj|�hjq
dxi,[N+1](t)

nop�nx| SM+1,M+1 ����hsf licgnop8£�pi�gegekhjpidl�cguvl?l�cVdDfid�d�¤Snopml
Ãj ∈ K

£
j = (j1, . . . , j`), 0 ≤ js ≤ N + 1

uj|g}
B̃jkl, Ẽjkl ∈ K

£
pi�V��c9l�cguvl
N+1
∑

js=0

Ãjdxi(t−jτ ) =

p
∑

k=1

n−1
∑

l=0

M−l
∑

js=0

B̃jkldy
(l)
k (t−jτ )+

m
∑

k=1

n−2
∑

l=0

M
∑

js=0

Ẽjkldu
(l)
k (t−jτ ).

��(g�&D � �
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b+cVdD|¥£

N
∑

js=0

Ãjdxi(t− jτ ) =

p
∑

k=1

n−1
∑

l=0

N−1−l
∑

js=0

B̃jkldy
(l)
k (t− jτ ) +

+
m
∑

k=1

n−2
∑

l=0

M
∑

js=0

Ẽjkldu
(l)
k (t− jτ ) +

+

p
∑

k=1

n−1
∑

l=0

M−l
∑

maxsjs=N−l

B̃jkldy
(l)
k (t− jτ )−

−
∑

maxsjs=N+1

Ãjdxi(t− jτ ).
��(g�&D � �

¦ hjl�d���fip�l�lic�uvl®l�cgd-hj|gd��ºqLhsfi��p
dxi,[N+1](t)

uj|g}
du

(l)
k,[M ](t)

£
k = 1, . . . ,m

£
l =

0, . . . , n−2
ujfid7wxno|gdDujfiw�y�nx|g}gdDekd8|g}gd8|!l��'b+cVd«wxd8q lm��c�uj|g}�pmno}gd7no|6l�cgd�ujrkh*tsd�d8�!��uvl�nxhs|

}VhNdDp |ghjl?�Dhs|�l/ujnx|9hs|Vd���qLhjfi��p
dxi(t− jτ )

qLhsf
j = (j1, . . . , j`),maxsjs > N

uj|g}
licN�gp8£Slicgd�fmno�sc�lm��c�uj|g}�pino}Vd��-u�y1|ghjlEd8nxl�cVdDfD����fmhs� l�cgd qLhsfm���Vw�uvlinxhj|�hjq ��(V�&2JD ��£N�«d
�!|gh���l�cguvlAl�cgd#��fmpml+lz�Eh1pm�g��p+hs|alicgd6finx�sc!l��zc�uv|g}^pinx}gd6��u�y�hs|gw�y-�8hs|!l�ujno|-l�dDfm��p
dxi,[j](t)

qLhsf
j ≤ N

uj|g}^licgd#p�uj��d����VpmlArkd#lifi�gd�qLhsf«l�cgd#fmdDpml+hjq@l�cVd�l�dDfm��p8£Sl�cguvl
nxpD£

p
∑

k=1

n−1
∑

l=0

M−l
∑

maxsjs=N−l

B̃jkldy
(l)
k (t− jτ )−

∑

maxsjs=N+1

Ãjdxi(t− jτ ) =

=
N
∑

j=0

Ājdxi(t− jτ) +
m
∑

k=1

n−2
∑

l=0

M
∑

j=0

Ējkldu
(l)
k (t− jτ)

� (g�&D � �

uv|g}%l�cgd8fid�qLhsfid
N
∑

js=0

(Ãj − Āj)dxi(t− jτ ) =

p
∑

k=1

n−1
∑

l=0

N−1−l
∑

js=0

B̃jkldy
(l)
k (t− jτ )+

+
m
∑

k=1

n−2
∑

l=0

M
∑

js=0

(Ẽjkl + Ējkl)du
(l)
k (t− jτ ) .

��(g�&DG" �

b+cVd���fip�l?l�dDfm�"hs|%licgd�finx�sc!l��zc�uv|g}%pmno}gdv£

p
∑

k=1

n−1
∑

l=0

N−1−l
∑

js=0

B̃jkldy
(l)
k (t− jτ )
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��u�y�|ghvl6�8hs|!l�ujno|�hs|Vd���qLhjfi��p
du

(l)
k (t − jτ )

£
k = 1, . . . ,m

£
l = 0, . . . , n − 2

qLhjf
maxsjs ≥M

� rkdD�Duj�gpmd
M ≥ N

���'b+cgdDfmd8qLhjfidj£!l�cgd hvl�cgd8f7l�d8fi� hs|�licgd finx�sc�lm�zcguj|g}
pinx}gdj£

m
∑

k=1

n−2
∑

l=0

M
∑

js=0

(Ẽjkl + Ējkl)du
(l)
k (t− jτ )

��u�y^|Vhjl d8nxlicgdDf?uj|g}%�Ed6l�c!�gp cgu�tsd

N
∑

js=0

(Ãj − Āj)dxi(t− jτ ) =

p
∑

k=1

n−1
∑

l=0

N−1−l
∑

js=0

B̃jkldy
(l)
k (t− jτ )+

+
m
∑

k=1

n−2
∑

l=0

M−1
∑

js=0

(Ẽjkl + Ējkl)du
(l)
k (t− jτ ) .

� (g�&D (��

H wodDujfiw�ys£7nxq�|ghjl�ujwowEhjq�licgd%�DhNd  ��8nod8|!l�p
Ãj − Āj

ujfid%¬8dDfmhg£«�«d9c�u�tsd�u5|ghj|g¬Dd8fih
wonx|gd�uvf-�8hs��rgno|guvl�nxhs| hjq�licgd�hs|Vd���qLhjfi��p

dxi,[N ](t)
�+cgno�/cHnxp^no| SN,M ⊂ SM,M

£
�Dhj|!l�fiuj}gnx�8l�nx|g��l�cVd®uvpipi�V��eVlinohs|
� B�q�£gno|gp�l�d�uv}¥£glicgd8y%ujfid�ujwow
¬8dDfmh-uj|V}%l�cN�Vp

p
∑

k=1

n−1
∑

l=0

N−1−l
∑

js=0

B̃jkldy
(l)
k (t− jτ ) +

m
∑

k=1

n−2
∑

l=0

M−1
∑

js=0

(Ẽjkl + Ējkl)du
(l)
k (t− jτ ) = 0,

��(g�&D�) �
l�cVdD|¥£

N+1
∑

js=0

Ãjdxi(t− jτ ) =

p
∑

k=1

n−1
∑

l=0

M−l
∑

maxsjs=N−l

B̃jkldy
(l)
k (t− jτ )−

−
m
∑

k=1

n−2
∑

l=0

M
∑

js=0

Ējkldu
(l)
k (t− jτ ).

� (g�&DG2 �

b+cgd®uvrkh*tsd�dD�!��uvlinohs|%��uv|�rkd6�?fin�lilidD|

N+1
∑

minsjs=1

Ãjdxi(t− jτ ) =

p
∑

k=1

n−1
∑

l=0

M−l
∑

minsjs=1

B̃jkldy
(l)
k (t− jτ )−

−
m
∑

k=1

n−2
∑

l=0

M
∑

minsjs=1

Ējkldu
(l)
k (t− jτ ) +

[

p
∑

k=1

n−1
∑

l=0

∑

minsjs=0

B̃jkldy
(l)
k (t− jτ )−

−
m
∑

k=1

n−2
∑

l=0

∑

minsjs=0

Ējkldu
(l)
k (t− jτ )−

∑

minsjs=0

Ãjdxi(t− jτ )
]

.
� (g�&D�D �
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b+cVd�l�d8fi��p?nx|al�cgd�pi�!��uvfid�rgfiuj���jd�l�p ���gpml?pi�V���ge%lih�¬8dDfih�uj|V}%l�cN�VpD£
N+1
∑

minsjs=1

Ãjdxi(t− jτ ) =

p
∑

k=1

n−1
∑

l=0

M−l
∑

minsjs=1

B̃jkldy
(l)
k (t− jτ )−

−
m
∑

k=1

n−2
∑

l=0

M
∑

minsjs=1

Ējkldu
(l)
k (t− jτ ) .

��(g�&D F �

b+cVnop?�Duj|9rkd��?fmnxlml�dD|

δ1 . . . δ`

(

N
∑

js=0

δ−1
1 . . . δ−1

` (Ãj)dxi(t− jτ )
)

=

= δ1 . . . δ`

(

p
∑

k=1

n−1
∑

l=0

M−1−l
∑

js=0

δ−1
1 . . . δ−1

` (B̃jkl)dy
(l)
k (t− jτ) +

−
m
∑

k=1

n−2
∑

l=0

M−1
∑

js=0

δ−1
1 . . . δ−1

` (Ējkl)du
(l)
k (t− jτ)

)

,

�?cVno�/c9nop+dD�!�gn�tvujwxdD|�l?l�h
N
∑

js=0

δ−1
1 . . . δ−1

` (Ãj)dxi(t− jτ) =

=

p
∑

k=1

n−1
∑

l=0

M−1−l
∑

js=0

δ−1
1 . . . δ−1

` (B̃jkl)dy
(l)
k (t− jτ ) +

−
m
∑

k=1

n−2
∑

l=0

M−1
∑

js=0

δ−1
1 . . . δ−1

` (Ējkl)du
(l)
k (t− jτ ) ,

��(g�&DG3 �

�?cVdDfid0uvwow
δ−1
1 . . . δ−1

` (Ãj)
£
δ−1
1 . . . δ−1

` (B̃jkl)
uj|g}

δ−1
1 . . . δ−1

` (Ējkl)
ujfmd2no| K �b+c!�gpD£¥�Ed�hsrVl�ujno|�u^�Dhs|�l�fiuj}gnx�8l�nxhs|�l�h-l�cgd�ujpipm�g��eVl�nxhs|�no|�l�cVnop���ujpmd1ujp��Ed8wowº�_3«y

licgd5eVfino|V�DnoeVwod�hjq®no|V}g�g�8linohs|
£ �«d5|gh*�<c�u�tsd�l�cguvlaqLhsf-l�cgd�hs|gd��ºqLhsfi��p
dxi,[P ](t)

£
P ≥ n

£SlicgdDfmd#��uj|^rkd#|Vh�|Vhs|g¬Dd8fih�wxno|Vd�ujf��Dhj��rgno|�u�l�nxhs|�hvq@l�cgd8� �?cVno�/canxpEnx| SQ,QqLhjf
Q ≥ P

�6bAcgdDfmd8qLhsfmdj£
dxi /∈ Yn + U uj|V}

xi

nxp�|ghvl#�EdDuj�!wxy�hsrgpid8fmt�ujrgwodv��b+cgnxp
�8hs��egwod�l�d8p+l�cVd�egfihNhjq�hjq&l�cgd�egfmhsekhspin�l�nxhs|¥�

¥��da�?nxwow«|Vh*�;}gdD��hs|gp�l�f�u�l�d^licgda��uvwo�D�Vw�uvlinohj|gphs|{l�cgdapmno��egwod�d�¤Vuj��egwod-qLfmhs�
5'uvf�uj�sfiujegc (V� � � � � � uj|g}�ujwopmh�picgh��~cVh*�0licgdAuv|�ujwxyNpmnop&��uj|rkdAuj�Sl�hs��uvl�d8}¥£juvwowoh��?nx|g�
qLhjfAl�cgd�ujegeVwonx��uvlinxhs|ahvq'pmyN��rkhswxno�#�Dhj��eV�Vl/uvlinohs|%uvwo�shsfmn�l�cV��pD�



"G( � � � 	 � ��� � � �  � ���

k � !$� �  � ��� � I O�Q�%'�'^ 	 ! Q  � %�#'%��(���
H hj|gpinx}gdDf+l�cVd�pmyNpml�d8�







ẋ1 = x2
2(t− τ1)x1(t− τ2) + u

ẋ2 = x1(t− τ2)
y(t) = x1(t− τ1) .

��(g� F � �

b�uj�!no|g�
n
l�nx��d��z}gd8fin�tvuvlin�tsd8p+hjq&l�cgd�hs�Vlieg�Vl?qL�V|g�8linohs|¥£S�Ed�hsrSl/ujnx|alicgd�dD�!��uvlinohs|gp

y = δ1x1

��(g� F � �

ẏ = (δ2
1x2)

2δ1δ2x1 + δ1u .
��(g� FJ� �

��hsf�l�cVd�tvuvfin�uvrgwod8p«hN�D�8�gfifmno|g��ujrkh*tsdv£S�Ed#�Duj|a�jd8lElz�Eh���hjfid�dD�!��u�l�nohj|gpEr!y��Dhs|Vpino}N�
dDfmno|g�1pmcgnxq lip?hjq&l�cVd��gfipml d8�N�guvl�nxhs| �

δ1y = δ2
1x1, δ2y = δ1δ2x1 .

��(g� F " �
��d �?nowxw�|gh�� fid8|�uj��d�uvwow

x
uj|V}

y, ẏ
t�ujfinoujrgwxdDp7hN�D�8�gfifmno|g�®nx|�licgd�dD�!��u�l�nohj|gpEuvrkh*tsd

uj�8�Dhsfm}gno|g��lih1licgd6qLhswowxh��?nx|g��pi�/cgdD��d$�
z1(0,0) := x1, z1(1,0) := δ1x1, z1(2,0) := δ2

1x1

z1(0,1) := δ2x1, z1(0,2) := δ2
2x1, z1(1,1) := δ1δ2x1

z2(0,0) := x2, z2(1,0) := δ1x2, z2(2,0) := δ2
1x2

z2(0,1) := δ2x2, z2(0,2) := δ2
2x2, z2(1,1) := δ1δ2x2

��(g� F (��
uj|g}

y0(0,0) := y, y0(1,0) := δ1y, y0(0,1) := δ2y

y1(0,0) := ẏ,
��(V� F ) �

uj|g}�uv|�ujwohj�shs�gpmwxy�qLhsfAl�cVd�hN�8�D�gfmfinx|g�
u
��t�ujfinoujrgwxdDp8�

��d�l�cgd8fid�qLhsfid#c�u�tsd#l�cVd�qLhswowxh��?nx|g��uvwo�sd8rgf�uvno��p�yNpml�d8�"hjq (�d8�!��uvl�nxhs|gpEqLhjf«l�cgd (
tvujfmn�uvrgwod8p

z
�

y0(0,0 = z1(1,0)

y0(1,0) = z1(2,0)

y0(0,1) = z1(1,1)

y1(0,0) = z2
2(2,0)z1(1,1) + u0(1,0) .

��(g� F 2 �
H hs|gpmno}gd8f�l�cVd�¡suj�8hsrgn�uv|

J = [J1|J2]
�
Ji

�8hs|gpinxpmlip1hjq l�cgda�Dhswx�g��|gp�hjq
J
�8hsfifmd��

piekhj|g}gno|V�1l�h
dzi()

hjq&l�cgd�ujwx�sdDrVf�ujnx�#pmyNp�l�dD� ujrkh�tsd








dy0(0,0

y0(1,0)

y0(0,1)

y1(0,0) − du0(1,0)









=









1 0 0 | 0
0 1 0 | 0
0 0 1 | 0
0 0 z2

2(2,0) | 2z2(2,0)z1(1,1)

















dz1(1,0)

dz1(2,0)

dz1(1,1)

dz2(2,0)
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��d�pidDd�lic�uvl®licgd�f�uj|V�5hjqAlicgd-��uvlifin�¤5nop6(g� B�qA�Ed�fidD��h�tsd�l�cgd���fip�l�"9�Dhswx�g��|gp
�8hsfifmdDpmekhs|g}gnx|g� lih

z1(1,0), z1(2,0), z1(1,1)

£#nxl9rkdD�8hs��dDp �s£6uj|g} n�q®�Ed�fid8��h�tsd5l�cgd
pmdD�8hs|g}��jfihs�ge hjq �5�8hswx�g��|
£?l�cgd�hs|Vd�qLhjf

z2(2,0)

�«d5�sd�l%f�uj|g� "V� b+cN�Vp9rkhjlic
x1

uj|g}
x2

ujfmd�hsrVpidDf�tvujrgwxdj�

�  � � �������%$+��$'!#�,�#$M&_� &_� � 1 $ " �%)a� ���-� " �0)7� 1  1 �#� "
Bz|%licgnop+pm�grgpid8�8linohs|9�«d��?nxwow
pmdDd�cVh*��l�cgd�nx|gnxlinoujwkqL�V|g�8linohs|%��uv|9rkd�no}gd8|!l�n���dD}aqLfmhs�
licgd�hs�Vl�eV�Vl qLhsf u�pinx��eVwod6d�¤guv��egwxd�pmyNpml�d8�9�+b+cgd���ujwx�D�gwouvl�nxhj|gp uvwopih1�snxtsd�uj|�no|V}gn��
�Duvl�nxhs|^hjq$licgd#wod�uvpml+uj��hj�g|!lAhvq$l�nx��d�h*tjdDfA�?cVno�/calicgd6hj�Vl�eg�Sl+c�ujpEl�h�rkd#hsrgpmdDfmtsd8}
qLhjf�licgd�p�yNpml�d8�Cl�h9rkd�no}VdD|�l�nx�gdD}¥£�ujp�}gnxpi�D�Vpipid8}{no|��7dDfm}g�VyN|0¯@�g|gd8w � � � � � ��� ��hsf
licgnop«pi�Vrgpid8�8l�nxhs|¥£S�Ed��?nxwowWfmdDpmlifinx�8lElicgd��DwoujpipEhjq@no|gn�l�nouvwgqL�g|g�8linohs|Vp«l�h�uj|�ujw�y!l�no� hs|VdDpD�
H hs|gpmno}gd8f u1pinx��eVwod#d�¤guv��egwxdj£Vl�uj�jdD|%qLfihs� ��dDfi}V�VyN|�¯@�g|gd8w � � � � � ���







ẋ(t) = ax(t) + bx(t− 1)
y(t) = x(t)
x(t) = ϕ(t), t ∈ [−1, 0] .

��(V� F�F �

¯@d�l��gp1�gfipml1tsdDfin�q y{l�cguvl1l�cgnxp1pmyNp�l�dD� nxp��EdDuj�!wxy0hsrgpid8fmt�ujrgwodv� b�uj�!no|g�5licgd%��fmpml
lz�Ehlino��d���}gdDfmnxt�uvl�n�tsdDp«hvq@l�cVd�hs�Vl�eV�Vl�£N�Ed�hsrVl�ujno|�l�cgd�qLhswxwxh*�?nx|V�®d8�N�guvl�nxhs|gp«qLhsf7l�cgd
licgfid8d��V|g�!|gh*�?|gp��

y = x
� (g� F 3 �

ẏ = ax+ bδ(x)
��(g�43 � �

ÿ = a(ax+ bδ(x)) + b(aδ(x) + bδ2(x)) .
��(g�43 � �

b+c!�gpD£




dy
dẏ
dÿ



 =





1 0 0
a+ bδ x δ(x)
a2 + 2abδ + b2δ2 2ax+ 2bδ(x) 2bδ(x) + 2bδ2(x)









dx
da
db





.��(V�&3 � �
!?h*� d8wonx��nx|�u�l�n�hs|ah�tsdDf K(δ]

�sn�tsdDp��




1 0 0
0 x δ(x)
0 2ax+ 2bδ(x) 2bδ(x) + 2bδ2(x)



 ∼





1 0 0
0 x δ(x)
0 0 2(b− a)δ(x)





.��(V�&3�" �
b+cVd«woujpml$��uvl�fmn�¤#nxp$�sd8|gdDfmno�Dujwow�y�hjqSqL�gwxwsf�uj|g�6uj|V}�licgd�p�ySp�l�d8� nop@�«d�uj�!wxy6hsrgpmdDf�tvujrgwxdj�
��d�|gh*� egfihN�8dDdD}5l�h^l�cgd1uj��l���uvwBno}gd8|!linx���Duvl�nxhs|�hjq7l�cgd�l��«h%e�ujf�uv��d�l�d8fip

a
uj|g}

buv|g}9licgd�nx|gnxlinoujwkqL�g|g��l�nohj|
ϕ
�+'Btvuvwo��uvlino|g��l�cgd�hs�Vlieg�Vl?l�nx��d��z}gd8fin�tvuvlin�tsdDp?uvl+l�no��d �
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�sn�tsdDp

y(1) = x(1)
� (g�43G(��

ẏ(1) = ax(1) + bx(0) = ay(1) + by(0)
��(g�43J) �

ÿ(1) = ax(1) + bx(0) = aẏ(1) + bẏ(0) .
��(V�&3�2 �

uj|g}%licgnopAyNnod8wo}gp+�g|Vno�!�gd6tvujwx�gdDp+qLhjfAl�cgd�e�ujfiuj��d8l�d8fip
a
uj|V}

b
�

a =
ẏ(0)ẏ(1)− y(0)ÿ(1)

y(1)ẏ(0)− y(0)ẏ(1)

��(g�43JD �

b =
−ẏ(1)2 + y(1)ÿ(1)

y(1)ẏ(0)− y(0)ẏ(1)
.
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y(0) = ϕ(0)
� (g�43�3 �

ẏ(0) = ay(0) + bϕ(−1)
� (g� ��� � �

ÿ(0) = aẏ(0) + bϕ̇(−1)
��(g� ��� � �

���
�?cgnx��c9�sn�tsdj£

ϕ(j)(−1) =
y(j+1)(0)− ay(j)(0)

b
,

� (g�#��� � �
qLhsf

j ≥ 0
��1Sno|V�Dd

ϕ
nxp?ujpipm�g��dD}9lih�rkd�uj|�uvwxy!l�nx�j£S�Ed�c�u�tjd

ϕ(t) = −a
b
y(0) +

1

b

∞
∑

j=1

((t+ 1)j−1

(j − 1)!
− a(t+ 1)j

j!

)

y(j)(0)
� (g� ����" �
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u1fmdDwouvl�nxhs|^qLhjf
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uj|g}

b
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y(0) = ϕ(0) = −a
b
y(0) +

1

b

∞
∑

j=1

( 1

(j − 1)!
− a

j!

)

y(j)(0)

m

b = −a+
1

y(0)

∞
∑

j=1

(
1

(j − 1)!
− a

j!
)y(j)(0) .
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a0 = b0 = 1
£
ϕ0(t) = 1

��b+cgdD|
£
y(0) = ϕ0(0) = 1uv|g}

y(j)(0) = 2
qLfmhs� ��(g� F 3 �º� ��(V�&3 � ���®��d��?nxwow�|gh�� ��|g}�uj|ghjlicgdDf6pmd8l

a1, b1
uj|g}

ϕ1 �?cVno�/c�eVfihN}g�g�8dDp?l�cVd�piuj��d�hs�Sl�eg�VlD��'��!��uvl�nxhs| ��(g� ���G( �E�sn�tsdDp

b1 = −a1 +
∞
∑

j=1

(
1

(j − 1)!
− a1

j!
)2 = −a1 + 2

∞
∑

j=1

1

(j − 1)!
− 2a1

∞
∑

j=1

1

j!
=

= −a1 + 2e− 2a1(e− 1) = 2e+ a1(1− 2e) .
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��d�c�u�tsd

ϕ1(t) = −a
1

b1
+

2

b1

∞
∑

j=1

((t+ 1)j−1

(j − 1)!
− a1(t+ 1)j
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=

= −a
1
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+

2

b1
(et+1 − a1(et+1 − 1)) =

2(1− a1)

b1
et+1 +

a1

b1
.
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ẋ(t) = f
(

x(t), x(t− τ1), . . . , x(t− τ`), u, u(t− τ1), . . . , u(t− τ`)
)

y(t) = h
(

x(t), x(t− τ1), . . . , x(t− τ`)
)

x(t) = ϕ(t), t ∈ [−maxiτi, 0]
u(t) = u0(t), t ∈ [−T, 0] , � )S� � �
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F (δ, y, . . . , y(k), u, . . . , u(J)) :=
= F (y(t− i0τ ), . . . , y(k)(t− ikτ ), u(t− j0τ ), . . . , u(J)(t− jlτ )) = 0 ,

pm�g�/c9lic�uvl?uj|!y-e�ujnof
(y(t), u(t))
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J ≥ 0
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C × CJ+1
U
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r�d�uj|

r
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fj ∈ K
��¯@d�l ∂f

∂x

}gdD|Vhjl�d6l�cgd
r × n

��uvlifin�¤-�?n�l�c%dD|!lifinxdDp
(

∂f

∂x

)

j,i

=
∑

k

∂fj

∂xi(t− kτ )
δk ∈ K(δ] .
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¹�dD|ghjlid�r!y
s1
l�cgd�wxd�ujp�l?|ghs|g|gd8��uvlinxtsd�nx|!lidD�sd8f+pi�g�/c9l�c�uvl

rankK(δ]
∂(h1, . . . , h

(s1−1)
1 )

∂x
= rankK(δ]

∂(h1, . . . , h
(s1)
1 )

∂x
.

� )S�4" �
B�q ∂h1

∂x
≡ 0

l�cgd8|9�Ed�}gd���|gd
s1 = 0

��Bz|g}g�g��l�nxtsd8wxyj£�qLhsf
1 < i ≤ p

}gdD|Vhjl�d�r�y
si

l�cgd
wxd�ujp�l?|ghs|g|VdD��uvlinxtsd�nx|!lidD�sd8f+pi�g�/c9l�c�uvl

rankK(δ]
∂(h1, . . . , h

(s1−1)
1 , . . . , hi, . . . , h

(si−1)
i )

∂x
=

= rankK(δ]
∂(h1, . . . , h

(s1)
1 , . . . , hi, . . . , h

(si)
i )

∂x
.

� )S�H(��
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S = (h1, . . . , h

(s1−1)
1 , . . . , hp, . . . , h

(sp−1)
p ) ,

� )S�:) �
�?cgd8fid

hi

}ghNdDp+|ghjl?ujegekd�uvf+nxq
si = 0

� �g|VwodDpmp uvwow
hi

� p?ujfid#�Dhs|Vpml/uv|!l�p8£Wuvl+wodDujpml+hs|Vd
si

�?nowxw
rkd��sfidDuvl�d8f+l�cguj|9¬Dd8fih����7b+cgdD|

rankK(δ]
∂S

∂x
= s1 + · · ·+ sp = K ≤ n .

� )S�42 �
B�q
K < n

£sl�cgd8fid+d�¤Snxpml�p7u6pmd8l7hjqk��d8fihs��hsfmegcgnx�«qL�g|g��l�nxhs|gp
g1(δ, x), . . . , gn−K(δ, x)pi�V��c9l�cguvl

rankK(δ]
∂(S,g1,...,gn−K)

∂x
= n

�
��hjf+pino��egwxnx�8n�l�yj£Vnx|!l�fmhN}g�g�8d6l�cVd�|Vhjl/uvlinohs|























































































x̃1 = h1���
x̃s1 = h

(s1−1)
1

x̃s1+1 = h2���
x̃s1+s2 = h

(s2−1)
2���

x̃s1+···+sp
= h

(sp−1)
p

x̃s1+···+sp+1 = g1���
x̃n = gn−K .

� )N�:D �

b+cgd�hs|Vd���qLhjfi��p
dx̃i, i = 1, . . . , n

|gh�� qLhsfm�¢u^r�ujpmnop#hvq X ��b+cgd�}gd���|gnxlinohs|�hjq
si
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(si)
i

∂x

nxp
no|

spanK(δ]

{

∂(h1, . . . , h
(s1−1)
1 , . . . , hi, . . . , h

(si−1)
i )

∂x

}

.
� )S� F �

b+cN�Vp�l�cgd8fid^d�¤Snop�l�|ghs|V¬DdDfmh5ekhjwxyN|ghs��noujwxp
bi(δ] ∈ K(δ]

£
i = 1, . . . , p

pm�g�/c�lic�uvl
bi(δ]

∂h
(si)
i

∂x

nxp?nx|

spanK(δ]

{

∂(h1, . . . , h
(s1−1)
1 , . . . , hi, . . . , h

(si−1)
i )

∂x

}

.
� )S�&3 �

b+cgd8fid8qLhjfid

bi(δ)dh
(si)
i +

m
∑

r=1

J
∑

j=0

cj,r(δ)du(j)
r ∈ spanK(δ]{dx̃1, . . . , dx̃s1+···+si

} ,
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J ≥ 0
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S
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cj,r(δ] ∈ K(δ]
�


�d8|g�Ddv£

bi(δ]dh
(si)
i +

m
∑

r=1

γ
∑

j=0

cj,r(δ]du(j)
r −

s1+···+si
∑

j=1

aj(δ]dx̃j = 0 ,
� )S�#�G� �

qLhjfApihs��d
aj(δ] ∈ K(δ]
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ξi(t) ∈ K
pm�g��c9lic�uvl

dξi = bi(δ]dh
(si)
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m
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J
∑

j=0

cj,r(δ]du(j)
r −

s1+···+si
∑

j=1

aj(δ]dx̃j
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ξi(δ, h

(si)
i , x̃, u, . . . , u(J)) = 0 ,
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i , y1, . . . , y
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1 , yi, . . . , y
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x(t), x(t− τ1), . . . , x(t− τ`), u, u(t− τ1), . . . , u(t− τ`)
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y(t) = h
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x(t) = ϕ(t), t ∈ [−maxiτi, 0]
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ẋ1(t) = k1x2(t− τ) + u(t)
ẋ2(t) = k2x2(t− τ)
y(t) = x1(t)
x(t) = ϕ(t), t ∈ [−τ, 0]
u(t) = u0(t), t ∈ [−T, 0] .
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k1 = −2, k2 = −3, ϕ1(t) = t + 1, ϕ2(t) = t2 + 1, u(t) = tuv|g}
τ = 1
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ξ6(τ) =
(

ÿ(6)−u̇(6)
)(

ÿ(6−τ)−u̇(6−τ)
)

−
(

y(3)(6)−ü(6)
)(

ẏ(6−τ)−u(6−τ)
)
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ẋ1(t) = x2
2(t− τ)

ẋ2(t) = x2(t)
y(t) = x1(t)
x(t) = ϕ(t), t ∈ [−τ, 0] .
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ẏ(t) = x2

2(t− τ)
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ÿ(t) = 2(x2(t− τ))2 .
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ÿ(t) − 2ẏ(t) = 0
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ϕ
uj|g}

τ
� ��hsf^uj|!y

�/cghsno�8d�hjq
τ
£�pmd8lilino|g�

{

ϕ1(t) = c
ϕ2(t) = et+τ , t ∈ [−τ, 0] ,
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x1(t) = e2t

2
+ c− 1

2

x2(t) = et+τ ,
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t ≥ 0
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y(t) = x1(t)
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τ
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ẋ1(t) = −x2(t− τ1)
ẋ2(t) = x1(t− τ2)
y1(t) = x1(t)
y2(t) = x2(t− τ2)
x(t) = ϕ(t), t ∈ [−T, 0] .
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ẏ1(t) = −x2(t− τ1)
��2V�#� � �

ÿ1(t) = −x1(t− τ1 − τ2)
��2V�#�<" �
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ÿ1(t) = −y1(t− τ1 − τ2)
��2V�#� (��

y2(t) = −ẏ1(t− τ2 + τ1) ,
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τ1 = 1
£
τ2 =

√
2
£
ϕ1(t) = et

uj|g}
ϕ2(t) = t + 1

�-��d�licgdD|2eVwohjl
µ1(τ1 + τ2)|t0 := ÿ1(t0) + y1(t0 − τ1 − τ2)

uj|g}
µ2(τ2−τ1)|t0 := y2(t0)+ ẏ1(t0−τ2 +τ1)
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t0 = 4
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τ1 + τ2 = 1 +
√

2
uj|V}

τ2 − τ1 =
√

2− 1
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µ2(τ2 − τ1)
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µ̇2(τ2 − τ1)|t0 :=
d

dt
(y2(t) + ẏ1(t− τ2 + τ1))|t0
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µ̇2(τ2 − τ1)|4 :=

d

dt
(y2(t) + ẏ1(t− τ2 + τ1))|4 .
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ẋ(t) = f
(

x(t), x(t− τ), u, u(t− τ)
)

y(t) = h
(

x(t), x(t− τ), u, u(t− τ)
)

x(t) = ϕ(t), t ∈ [−τ, 0]
u(t) = u0(t), t ∈ [−T, 0] .
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W 3 τ0
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W ⊂ [0, T )
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τ1 6= τ0

� ∀ϕ0, ϕ1 ∈ C
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t0 ≥ 0
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u ∈ CU
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φ(δ, y, . . . , y(l) � u, . . . , u(k)) = 0
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� �$±!´Wµ�±�� 0�� � � �1	$�'I ! %�#'%�� ��� O K �J] �WK OQ^�� � 2V� �C2 � �
τ
� %  O') !   # � ���'I � � 	 ! Q  � � K

!`I ��OQI  # � K � ] �'^ ����� � %���% !`I��JI � L � �dOQL � � L����dceL+!$���POQI
φ(δ, y, . . . , y(l), u, . . . , u(k)) =

0
� � ]+!$� �JI 	`O  	$� %

δ
�JI !`I � % %'�'I ��� !$ � !$# � � K

τ
� % IUO �  O') !$ � # � ���'I ��� 	 ! Q  ��� %�#'%��(���

� 2S�#�C2 �&) !`I  O') !$ � # Q���^ � !$ � %'� ��! % !`I �,i�k � %�#'%��(��� �
b+cVdEeVfihNhjqLp&hjqgb+cVdDhsfmdD� 2V� �Euj|g} 2V� � ��uj|®rkd�qLhs�V|g}nx| 5'uvekdDf�B8B/��bAcgdDfmd«�EdEujwxpih

picVh*� l�c�u�l#n�qBl�cgd}gd8w�u�y�egujf�uj��d8lidDf�nxp�|Vhjl#nx}gdD|�l�nx��ujrgwodv£Wlicgdno|geg�Slm�zhj�Vl�eg�Sl�dD�!��u*�
l�nxhs|gp+qLhsf	� 2V� �C2 �AwxhN��ujwxw�y^fmdDegfmdDpid8|!l6u1pmyNpml�d8� hjqBhjfi}gnx|�ujfmy^}gnx��dDfmdD|�l�n�uvw@d8�N�guvl�nxhs|gpD�
!?dD��uvwow
licgd�|ghjl/u�l�nohj|^qLfihs� 1S�Vrgpid8�8l�nxhs| )N�#�$�























































































x̃1 = h1���
x̃s1 = h

(s1−1)
1

x̃s1+1 = h2���
x̃s1+s2 = h

(s2−1)
2���

x̃s1+···+sp
= h

(sp−1)
p

x̃s1+···+sp+1 = g1���
x̃n = gn−K

.
� 2V� �-D �
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B�q�licgd}gdDwou�y9e�ujfiuj��d8lidDf�no|�p�ySp�l�d8� � 2S�#�C2 �?nop��g|Vno}gd8|!l�n��Wujrgwxdj£WlicgdD|�l�cgd®qLhswxwoh��?nx|g�
� ¹ ''��pmyNpml�d8��c�uvp+licgd6p�uj��d6hj�Vl�eg�Sl ujpAl�cVd�hjfino�jnx|�ujwkpmyNpmlidD� � 2V� �C2 ���L��hN}V�gwoh®l�cgd
hj�Vl�eg�Sl�qL�g|g��l�nxhs|gp

hi

qLhsf �?cgnx��c
si = 0

£�cVdD|g�8d�licgd
p̃
rkdDwoh�� *�licgd8y�uvfidj£�cVh*�Ed�tsdDf8£

}VdDekdD|V}gdD|�l�hs|%licgd�fidDp�l�uv|g}%l�c!�gp�uvwopih�l�cgd�p�uv��d ���


































































































˙̃x1 = x̃2

˙̃x2 = x̃3���
˙̃xs1 = f̃1(x̃)
˙̃xs1+1 = x̃s1+2���
˙̃xs1+s2 = f̃2(x̃)���
˙̃xs1+···+sp

= f̃p(x̃)
ỹ1 = x̃1

ỹ2 = x̃s1+1���
ỹp̃ = x̃1+s1+···+sp−1 .

� 2S�#� F �

��d-�?nowxw�|gh*� }gdD��hs|gp�l�fiuvl�d-licgnophsrgpmdDf�tvuvlinohs|0hj|�u�pmno��egwod�d�¤Vuj��eVwodj� H hj|gpinx}gdDf
licgd�}gdDwou�y^p�ySp�l�d8� �























ẋ1 = x2(t) + x2(t− τ)
ẋ2 = x2(t)
y(t) = x1(t)
ϕ1(t) = et

ϕ2(t) = t+ 1 .

� 2S�#�C3 �

��d�c�u�tsd

ẏ(t) = x2(t) + x2(t− τ)
��2V� � � �

ÿ(t) = x2(t) + x2(t− τ) = ẏ(t)
� 2S� � � �

uv|g}%l�c!�gpD£g�?nxlic9|ghvl/uvlinohs|
{

x̃1 = h1

x̃2 = h
(1)
1 ,

� 2S� ��� �

�«d��sd�l?l�cVd � ¹ ''��pmyNpmlidD�






















˙̃x1(t) = x̃2(t)
˙̃x2(t) = x̃2(t)
ỹ(t) = x̃1(t)
x̃1(t0) = x1(t0)
x̃2(t0) = x2(t0) + x2(t0 − τ) .

� 2S� � " �



) ( � � � ����� � � � � � �  � ��� ��� � �	� ��
����� � ����� � � ������	

� rgpid8fmtsd�l�c�uvl�l�cVd�nx|gnxlinoujw�tvuvwo�gd8p�qLhjf6l�cgd�dD�!�gn�tvujwxdD|�l � ¹ ''�zp�ySp�l�d8�����Vpml�rkd�pmhv�
wo�Sl�nohj|gp�hjqElicgd�hjfino�jnx|�ujwBp�yNpml�d8��� H cVhNhspinx|g�

t0 = 1
uvpu9p�l/ujf�l�no|V��ekhjno|�l�qLhjf�licgd

� ¹ ''�zp�ySp�l�d8��£$�«d1pid�l
x̃1(1) = e + 1/2

uj|g}
x̃2(1) = e + 1

�-�'no�s�Vfid@)^egfmdDpmdD|�l�p
l�cVd�hj�Vl�eg�Sl�p

y(t)
uj|g}

ỹ(t)
qLhsf

t
pi�g�/c�l�c�u�l6ujwxw$no|!tshjwxtsd8}�hs�Sl�eg�Vl��z}gd8fin�tvuvl�n�tsdDp��

x̃
�

ujfmd��Dhj|!l�nx|N�ghj�gp	�
t ≥ 1

���
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ỹ(t)
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��d7|Vh*�2�sn�tsd�pinx��eVwod'd�¤Vuj��egwod8p@}gdD��hs|gp�l�f�u�l�no|V�Al�cgd7ujegegwxno�Duvl�nxhj|6hvqNl�cgd��Dfin�l�d8fin�u
}gd�tsdDwohjekdD}�nx|%licgd�egfmd8tNnohj�gp pid8�8linohs|¥�,��hsf+d�uj�/c�hjq�l�cgd�d�¤Vuj��egwod8p?�«duvwopih�uj|gujwxyNpid
l�cVd^hsrgpmdDfmt�ujrgnxwonxlzy5hjq+l�cgd-pml/u�l�d-t�ujfinoujrgwxdDpuj|g}{picgh�� l�cguvll�cVd^no}gd8|!linx�Wuvrgnow�n�lzy5hjq
l�cVd�}VdDw�u�y9e�ujf�uv��d�l�d8f��Duj|�rkd�u�|gdD�8dDpmp�ujfmyj£@rg�Vl#|Vhjl#pm�  ��Dnod8|!l#�Dhs|V}gnxlinohs|9qLhsf l�cVd
hsrgpmdDf�tvujrgnxwon�l�y1hvq@l�cVd�t�ujfinoujrgwxdDp�� uj|g}W�hsf«e�ujfiuj��d�l�d8f«no}gd8|!l�n��Wujrgnxwxn�l�y�hjq¥l�cgd�fmdD�s�gwoujf
��hN}gdDwje�ujfiuj��d8l�d8fip ���&b+cgd�ujwxfidDuj}Vy�d8pml/uvrgwonxpicgd8}���d�l�cghN}gp¥qLhjf¥lidDp�l�no|V�?hsrVpidDf�tvujrgnxwon�l�y
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uv|g}�nx}gdD|�l�n��Wujrgnxwxn�l�y qLhjf%|ghj|gwonx|gd�uvfa}gd8w�u�y pmyNp�l�dD��p �Lpid8d ��n�u0d8l�ujwJ� � � � � � �-uj|g}
�
cguj|g��d�l�ujwJ� � � � ��2 � �6�Duj|g|ghvl�rkd-�gpmdD}{lih�}gd8lidDfi��no|Vd�l�cgd�no}gd8|!l�n��WujrVnowxn�lzy5hvqAl�cgd
}VdDw�u�y^e�ujfiuj��d�l�d8fD�
k � !$� �  ����� � ] ��KML� � �JI K OQ^ � !$���POQI ) ! %'���
H hj|gpinx}gdDf���fip�l6u-piekdD�8n�uvw���ujpmd�hjq�u-�8hs|�l�fihjw�pmyNpmlidD� �?cgdDfmd�licgdhs�Vl�eV�Vl#�Dhsnx|g�Dnx}gd8p
�?n�l�cal�cgd��g|V}gdDwou�ysd8}�pml�uvl�d6tsd8�8l�hjf �

{

ẋ(t) = f
(

x(t), x(t− τ), u, u(t− τ)
)

y(t) = x(t) .

� 2S� � ( �

��d5��uj| no����dD}gnou�l�d8w�y hsrVl�ujno|
n
nx|geg�Vl��zhs�Sl�eg�Vl%d8�!��uvl�nxhs|gp%r!y¨l�uj�!no|g�0l�cVd5��fmpml

lino��d���}gdDfmnxt�uvl�n�tsd6hvq'dDuj��c%qL�g|g��l�nohj|9nx|al�cgd6tsd8�8lihsf
y
�

ẏ(t) = f
(

y(t), y(t− τ), u(t), u(t− τ)
)

.
��2V� � ) �

H wxd�ujfmwxyj£E�g|gwxdDpmp�licgd��sn�tsdD| �8hs|�l�fihjw p�ySp�l�d8� nxp�u�p�yNpml�d8� hjq � ¹ '�p8£+licgdDfmd�nop�uvl
wxd�ujp�l®hs|gd�nx|geg�Vl��zhs�Sl�eg�Vl�dD�!��u�l�nohj|��?n�l�c�}gdDwou�yNp®no|5l�cgd�t�ujfinoujrgwod8p®uv|g}�l�cgd�}gdDwou�y
egujf�uj��d8lidDf

τ
nxp?nx}gdD|�l�n��Wujrgwxdj�

k � !$� �  � � � Bz|al�cgnxpAd�¤Vuj��egwod
x3

uv|g}
x4

ujfmd6nx|^q uj�8l+e�ujfiuj��d8l�d8fipE�?cgno�/ca�Ed6c�u�tsd
nx|g�Dhjfiekhsfiuvl�d8}-nx|!lih�l�cgd��sd8|gdDfiujwkpmyNpmlidD� qLhjfi�©�gpid8}anx|�l�cgnxp��«hsfi�W£Sr!y�pid�lilino|g��l�cgd8nof
lino��d���}gdDfmnxt�uvl�n�tsdDp¥l�h?¬Dd8fih�uj|g}�no|�l�fmhN}g�g�Dnx|g�Al�cgd7dD�!��uvwon�l�nod8p

δx3 = x3

uj|g}
δx4 = x4

�
Bz|�q uj�8lD£Snx|!tvuvfin�uv|g�Dd?�?n�l�c-fid8piekd8�8lAl�h®picgn�q lEhsekd8f�uvlihsfip«���gp�lAujwx�Eu�yNp«rkd�nx|!l�fmhN}g�g�8dD}
�?cVdD|�no|g�8hsfiekhjf�uvlino|g��e�ujfiuj��d8l�d8fip+no|al�cVd��jdD|gd8f�ujw¥qLhjfi� �gpmdD}�no|alicgnopA�Ehjfi�W�























ẋ1(t) = x3x2(t− τ) + u(t)
ẋ2(t) = x4x2(t− τ)
ẋ3(t) = 0
ẋ4(t) = 0
y(t) = x1(t) .

� 2S� � 2 �

��d�c�u�tsd

ẏ = x3δx2 + u
��2V� � D �

ÿ = x3x4δ
2x2 + u̇

��2V� � F �

y(3) = x3x
2
4δ

3x2 + ü
��2V� � 3 �

uv|g}

∂(S, h
(s1)
1 )

∂x
=









1 0 0 0
0 x3δ δx2 0
0 x3x4δ

2 x4δ
2x2 x3δ

2x2

0 x3x
2
4δ

3 x2
4δ

3x2 2x3x4δ
3x2
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b+cgd�ujrkh�tsd�-uvlifin�¤9c�ujp�fiuj|g� (-h*tsd8f K uv|g}�f�uj|g� "-h�tsdDf K(δ]
£¥uv|g}

τ
nxp�wohN�Dujwow�y

no}VdD|!linx�Wuvrgwod�r�y2b+cVdDhsfmdD��p�2V�#�^uj|g} 2V� � � ��hsf�l�cgnxppmno��egwod�d�¤Vuj��egwxdj£'licgd-no|geg�Slm�
hs�Vlieg�Vl d8�!��uvl�nxhs|9�Duj|9rkd�hsrVl/uvno|gd8}9d�¤Segwonx�Dn�l�w�y �

(ÿ − u̇)(δÿ − δu̇)− (y(3) − ü)(δẏ − δu) = 0 .
� 2V�4" � �

b+cgd«pmyNpmlidD� ujp�u �?cVhswodv£jcVh*�Ed�tsdDf8£snop&|ghvl&�Ed�uj�!w�y�hsrgpmdDf�tvujrgwxdEujp&licgd«��uvl�fmn�¤�ujrkh�tsd
nop+|ghvl hjq&qL�gwow
f�uj|V�^h*tsd8f K(δ]

�7b+cgd�t�ujwo�Vd�hjq
τ
�Duj|9rkd�hjrVl/ujnx|gd8}9r�ya|N�g��dDfmno��uvwow�y

��|g}Vno|g��l�cgd�¬8dDfmhsp hjq&l�cgd���dDfmhs��hjfiegcgnx��qL�g|g�8linohs|
(

ÿ(t0)−u̇(t0)
)(

ÿ(t0−τ)−u̇(t0−τ)
)

−
(

y(3)(t0)−ü(t0)
)(

ẏ(t0−τ)−u(t0−τ)
)

= 0,

�?cgd8fid
t0
nxp%u0�S¤Vd8} l�no��d���ekhsnx|�l�� b+cgnxp%}gd8w�u�y¨no}gd8|!l�n�����u�l�nxhs| egfmhN�Dd8}g�gfid�nxpD£�hjq

�Dhj�gfipmdj£WpmdD|gpmnxl�n�tsd6l�h1dDfmfihsfmp nx|al�cgd��8hs��eg�Vl/u�l�nxhs|ahjq�licgd�hs�Vlieg�Vl }gd8fin�tvuvlinxtsdDp8�
k � !$� �  � � � H hs|gpmno}gd8f+l�cgd�pmyNp�l�dD�







ẋ1(t) = x2
2(t− τ)

ẋ2(t) = x2(t)
y(t) = x1(t) .

� 2V�4" � �

��d�cgu�tsd

ẏ = (δx2)
2 � 2V�4"�" �

ÿ = 2δx2δx2 = 2(δx2)
2 � 2V�4"G(��

uj|g}
∂(S, h

(s1)
1 )

∂x
=





1 0
0 2δ(x2)δ
0 4δ(x2)δ





.

� 2V�4"J) �

b+cgnxp«�-uvlifin�¤1c�ujp«f�uv|g� � h�tsdDf«rkhjl�c K uv|g} K(δ]
uj|g}

τ
nop�|ghjlEnx}gdD|�l�n��Wujrgwxdj��b+cgnop8£

no|�l��Vfi|¥£E��d�uj|gp1lic�uvl�licgd�p�l/uvlid��ºtvujfmn�ujrgwxd
x2

nxp�|Vhjl�hsrVpidDf�tvujrgwxdj� ��d�c�u�tsd9l�cVd
qLhswxwoh��?nx|g�6p�yN����d8lifmy�nx|!tshsw�tSnx|g�

τ
uv|g}�licgd?qL�V|g�8linohs|�hvq
no|gn�l�nouvwV�8hs|g}gn�l�nxhs|gp

ϕ2

����hsf
uj|�y9�/cghsno�8d®hjq

τ
£kpid�lil�nx|g�

ϕ1(t) = c
£
c ∈ R

uv|g}
ϕ2(t) = et+τ

£
t ∈ [−τ, 0] £kwxd�uj}Vpl�h�l�cgd®pihjwo�Vlinohs|

x1(t) = e2t

2
+ c − 1

2

£
x2(t) = et+τ

£ ∀t ≥ 0
��1Nno|g�8d

y(t) = x1(t)
£

nxl+nop+�8wodDujfAl�c�uvl
τ
��uv|g|ghjl rkd�no}VdD|�l�nx�gdD}aqLfihs�;licgd�hs�Vlieg�Vl��
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b+cVdDfid6ujfmd�pihs��d��Dujpid8pA�?cVdD|^l�cgd�no}VdD|!linx�Wuvrgnow�n�lzy1hvq@l�cgd�}gd8w�u�y��Duj|^rkd#}gd8�Dnx}gdD}

�?nxlicghs�Vl�uj|!y�f�uv|g���Dujwx�D�gwouvl�nxhs|VpD�b+cgd1hsr�tSnxhs�gp6hs|gd�nop#�?cVdD|�licgdDfmd�nxp�ua}gd8w�u�ysd8}
no|Veg�VlEt�ujfinoujrgwxd�nx|-licgd�lino��d���}gdDfmnxt�uvl�n�tsdDp«hjq@l�cVd �Lno|g}gd8ekdD|g}VdD|!l �«hs�Vl�eV�VlEqL�g|g�8linohs|VpD�
b+cgd8|¥£ �	� � ��nx|b+cgd8hsfmdD� 2V� �Enop$qL�gw���wowxd8}uv|g}®l�cgd�l�no��d��z}gd8w�u�y6nxp�wxhN��ujwxw�y6nx}gd8|!l�n��Wujrgwxdj�
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$�|ghvl�cgd8f�hsrVpidDf�tvuvlinohs|�nxpBl�c�uvl7nxqkqLhsf�pmhs��d+hs�Vlieg�Vl7qL�g|g��l�nxhs|
hi

d�uv��c�}VdDfin�tvuvlinxtsd
h

(j)
i

£
j = 0, . . . , n

�Dhs|�l/ujnx|gp�u%pml�uvl�d���tvuvfin�uvrgwodlic�uvl�nop6}gd8w�u�ysd8}��8hs��e�ujfmdD}5lih%licgd
eVfid8tNnxhs�gp?}VdDfin�tvuvlinxtsdv£Vl�cgd8|��	��� � ��nx|%b+cVdDhsfmdD� 2V� ��nopEqL�gwx��wxwxdD}
�Bb+cgd�fidDujpihj|9nopEl�c�uvl
qLhjf+d�uv��c

j ≥ 0
£gpihs��d ∂h

(j)
i

∂xk

£
k = 1, . . . , n

nop+u1ekhjwxyN|ghs��n�uvw�nx|
δ
hjq�}gd8�sfid8d�cgnx�scgd8f

lic�uj|�qLhsf�l�cgd
j−1

��lic�}gd8finxt�uvl�n�tsd+uj|V}
rankK

∂(S,hi,...,h
(j)
i )

∂x
= j+1

� 1Sno|V�DdEl�cgdAw�uvlml�d8f
nxp7l�fi�gd qLhjf

j = 0, . . . , n
uj|g}�l�c!�gpAujwxpih�qLhjf

j = si

� rkd8��uj�Vpid
si ≤ n− 1

��£N�«d�c�u�tsd

rankK
∂(S, hi, . . . , h

(si)
i )

∂x
= si + 1 > si = rankK(δ]

∂S

∂x
.

��2V�&"G2 �

b+c!�gpD£
τ
nop#no}VdD|!linx�Wuvrgwodr!y�b+cgd8hsfid8��p62V� ��uj|V} 2V� � � Bz|�egfiuj�8lino�8dj£@nxl6nxp6|ghjl6d8tsdD|

|VdD�Dd8pip�uvfmyHlih~�Dujwx�D�gwouvl�d�l�nx��d��z}gd8fin�tvu�l�n�tsd8pahjq�l�cgd5hj�Vl�eg�Sla��hs|Vd5hs|gw�y¨|gd8dD}gp%l�h
lif�uj�8d#cVh*�Hl�cVd�tvuvfin�uvrgwod8pEujfid�}gd8w�u�ysdD}anx|^dDuj�/c%}VdDfin�tvuvlinxtsdv£N�?cgno�/ca�Duj|arkd#}Vhs|gd#r�y
nx|gpiekd8�8linohs|¥�
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˙̃x1 = x̃2���
˙̃xs1−1 = x̃s1

˙̃xs1 = f̃1( ˙̃xs1(t− τ̃ ), x̃, x̃(t− τ̃ ), u, . . . ,
u(γ), u(t− τ̃ ), . . . , u(γ)(t− τ̃ ))

˙̃xs1+1 = x̃s1+2���
˙̃xs1+s2−1 = x̃s1+s2

˙̃xs1+s2 = f̃2( ˙̃xs1+s2(t− τ̃ ), x̃, x̃(t− τ̃ ), u,
. . . , u(γ), u(t− τ̃ ), . . . , u(γ)(t− τ̃ ))���

˙̃xs1+···+sp
= f̃p( ˙̃xs1+···+sp

(t− τ̃ ), x̃, x̃(t− τ̃ ), u,
. . . , u(γ), u(t− τ̃ ), . . . , u(γ)(t− τ̃ ))

ỹ1 = x̃1

ỹ2 = x̃s1+1���
ỹp̃ = x̃1+s1+···+sp−1

x̃(t) = ϕ̃(t), t ∈ [t0 −maxj τ̃j, t0] .
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ẋ1(t) = x2
2(t− 1)

ẋ2(t) = x1(t−
√

2)x2(t)
y(t) = x1(t)

x1(t) = ϕ1(t) = et, t ∈ [−
√

2, 0]

x2(t) = ϕ2(t) = t+ 2, t ∈ [−
√

2, 0] .
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ẏ = (δ1(x2))
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ÿ = 2δ1(x2)δ1δ2(x1)δ1(x2) = 2(δ1(x2))
2δ1δ2(x1) .
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˙̃x1(t) = x̃2(t)
˙̃x2(t) = 2(x̃2(t))

2x̃1(t− 1−
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(2))
ỹ(t) = x̃1(t)

x̃(t) = ϕ̃(t), t ∈ [t0 − 1−
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2, t0] .
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Output from the original system
Output from the single−delay system
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ẋ1(t) = −x2(t− τ1)
ẋ2(t) = x1(t− τ2)
y1(t) = x1(t)
y2(t) = x2(t− τ2)
x(t) = ϕ(t), t ∈ [−T, 0]
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dÿ1

dy2









=









1 0
0 δ1
δ1δ2 0
0 δ2









[

dx1

dx2

]

.

� 2V�&) � �

��d�hjrVl/ujnx|alicgd6qLhswowxh��?nx|g��no|geg�Slm�zhj�Vl�eg�Sl?dD�!��u�l�nohj|gp?no|%wxno|gdDujfEqLhsfm� � 2S�&" F � �
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ẋ1(t) = x2
2(t− τ1) + u

ẋ2(t) = x1(t− τ2)x2

y(t) = x1(t)
x(t) = ϕ(t), t ∈ [−τ, 0] .
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ÿ = 2δ1(x2)δ1δ2(x1)δ1(x2) + u̇ = 2(δ1(x2))
2δ1δ2(x1) + u̇

� 2S�:) F �



� � � � ��	 � � & � & �� � � � � 
 �$��� 	 � � � ����� & !� � � & � & � ��� &���������� � � 2�"

uv|g}




dy
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ẋ1(t) = z2(t)
z(t) = x1(t− (τ1 + τ2))z(t)
y(t) = x1(t) ,
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ã{å�Ü:çqÖ�ÚYÞyàyìcÜ:ä¬ã�ìcÜ:àqìcÜ²×dÖ~ÛsÙ�Ü:ÚYã�ÞqÕ~é
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×:ÖWë�ìyÛsÙ{×*à.Ù{×�Ù{á,Ö�ÜdÖ~×�ÕDÚ�Þ�Ü:çyÖ�ÕgÝcÕgÜ:Ö~á�ù�é�ê4çyÖ
Ù�Û�×dÖWÙ�ßcÝÖWÕgÜdÙ{ÔqÛ�ÚsÕgçqÖWß¼á,Ö�Ü:çqãcßyÕ4å_ã�×QÜ:ÖaÕ<ÜdÚ�Þyë�ã�ÔqÕ:Ö~×dØ�Ù�ÔyÚ�ÛYÚ�ÜzÝ#Ù�Þqß¼ÚYßyÖ~ÞcäÜ:Ú�â.Ù{ÔyÚYÛYÚ£Ü<Ý#å_ã�×�Þqã�ÞyÛYÚ�ÞqÖWÙ{×�ßcÖ~ÛsÙaÝ¼ÕgÝcÕgÜ:Ö~á
Õ�Ù{ÛYã�ÞqÖ
ôL�DÚYÙ
Ö�ÜDÙ{Û¬éYð
�
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Ù�ÜdçyÖ~á
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ẋ(t) = f(x(t), x(t− τ), u, u(t− τ))

y(t) = h(x(t), x(t− τ), u, u(t− τ))

x(t) = ϕ(t), t ∈ [−τ, 0]

u(t) = u0(t), t ∈ [−T, 0]

,
ôgöaù

æQçyÖ~×dÖ
x ∈ R

n
ßcÖ~Þyã�Ü:ÖaÕ#Ü:çyÖBÕgÜdÙ{Ü:Ö+Ø{Ù{×dÚYÙ�ÔyÛYÖWÕ~ð

u ∈ R
mÚYÕ�Ü:çqÖ�Ú�ÞqàyìcÜ�Ù{Þqß

y ∈ R
p
ÚYÕ�Ü:çqÖ�ã�ìcÜdàyìcÜaé���Þ�Ýõà.Ù{×�Ù{á1äÖ�Ü:ÖW×dÕpå_ã�×�Ü:çyÖ�ÕgÝcÕgÜ:Ö~á èWÙ{Þ ÔlÖUæQ×dÚ£Ü:Ü:ÖWÞ Ù�Õ�ÕgÜdÙ{Ü:ÖUØ�Ù{×dÚsÙ{ÔyÛYÖWÕæQÚ£Üdç�Ü:ÚYá1Ö~äwßcÖW×:ÚYØ�Ù{Ü:ÚYØ�Öz�WÖ~×dãqé�ê4çyÖDìyÞ%�LÞyã�æQÞ#è�ã�ÞqÕ<Ü�Ù{Þ�Ü¶Ü:ÚYá,Ö�äßcÖ~ÛsÙaÝ�ÚsÕmßcÖ~Þyã�Ü:Öaß+ÔLÝ

τ ∈ [0, T )
ð
T ∈ R

é>ê4çyÖ
ÖWÞ�Üd×:ÚYÖWÕRã{å
f
Ù{Þ.ß

h
Ù{×dÖQá,Ö~×dã�á,ã�×:àyçyÚsè4Ú�Þ
Ü:çyÖWÚ�×²Ù{×dë�ìyá,ÖWÞ�ÜdÕ�ôeí�ìyã�Ü:ÚYÖ~Þ�Ü�Õã{åmè�ã�Þ�Ø�Ö~×dë�ÖWÞ�Ü�àlã�æFÖ~×UÕgÖW×:ÚYÖWÕ�æQÚ£Üdç�×:ÖWÙ�Û�è~ãLÖ�`�è�ÚYÖ~Þ�ÜdÕ�ù
Ù{Þ.ß

ϕ : [−τ, 0] → R
n
ÚsÕQÙ�ÞUìyÞ ��Þqã�æQÞ�è�ã�Þ�ÜdÚ�ÞLìyã�ìqÕ²å_ìqÞqè³ÜdÚ�ã�Þ¼ã�åÚ�ÞyÚ�Ü:ÚsÙ{Û�è�ã�ÞqßcÚ�Ü:ÚYã�ÞqÕWé³ê4çqÖkÕgÖ~Ü�ã{å�Ú�ÞyÚ�Ü:ÚsÙ�Û�å_ìyÞqè�Ü:ÚYã�ÞqÕ�å_ã�×�Ü:çyÖkØ�Ù�×:Ú�äÙ{ÔyÛYÖWÕ

x
ÚsÕQßcÖ~Þyã�Ü:Öaß#ÔLÝ

C := C([−τ, 0], Rn)
é��-á,ÖW×:ã�á1ã�×gäàyçyÚYèRå_ìyÞqè�Ü:ÚYã�Þ

u
ÚYÕ�èWÙ{ÛYÛ�Öaß�Ù�Þ�Ù�ßcá,ÚYÕdÕgÚYÔyÛYÖRÚYÞyàyìyÜDÚ£åkÜ:çyÖ�ßcÚ�å]äå]ÖW×:ÖWÞ�ÜdÚYÙ�Û�ÖWí�ìqÙ{Ü:ÚYã�Þ�Ù�Ôlã�Ø�ÖRÙ�ßyá1Ú�ÜdÕ�Ù1ìqÞyÚYí�ìyÖpÕgã�ÛYìcÜ:ÚYã�Þ�éqê4çyÖÕgÖ�Ü²ã{å>Ù{ÛYÛlÕgì.èdç�ÚYÞyàyìcÜ²å]ìqÞqè³ÜdÚ�ã�ÞqÕFÚYÕFßyÖ~Þyã�Ü:ÖWß
ÔLÝ

CU

é
ÓDÞyÖmã�å2ÜdçyÖ�ã�Ôcû<ÖWè³ÜdÚ�Ø�ÖaÕ�ã{åkÜ:çyÚsÕ�æ²ã�×$�UÚYÕ�Ü:ã#Ú�ÞLØ�ÖWÕgÜ:ÚYë�Ù{Ü:ÖRÜdçyÖày×:ã�àlÖ~×:ÜzÝ�ã{åFÛYãcèWÙ{Û2ÚYßcÖWÞ�ÜdÚ£â.Ù�ÔyÚYÛ�Ú�ÜzÝ�ã�å¶Ü:çyÖ
ßcÖWÛYÙ�Ý�à.Ù{×�Ù{á,Ö�ÜdÖ~×
τ
ð�æQçyÚsèdç#æFÖDßcÖ�â.ÞyÖDÙ�Õkå_ã�Û�ÛYã�æ�Õ�a
� 	��2ËÆÒeÌWÒeÎlË É������ �!�#"%$
&('�$*)+$
,-�#./�#)

τ 02131 $ 0 �4.65478�9":5
;< $
"=">& 0 �?�A@B. 0 C $!7A":�D$*. τ0 ∈ (0, T ) 0 E .F�G�#)+�D�+H 021 . 1 $*@I58'��A@
1 �A. W 3 τ0 J W ⊂ [0, T ) J 1LK < �9.=��$*. ∀τ1 ∈ W : τ1 6= τ0 J
∀ϕ0, ϕ1 ∈ C J .=���A)+�M�8H 021 . t0 ≥ 0

$*@N�
u ∈ CU 1LK < � .F�G$
.

y(t0, ϕ1, u, τ1) 6= y(t0, ϕ0, u, τ0) JPO �G�#)+� y(t, ϕ, u, τ)
�?�A;

@N5
./� 1 .=���Q'G$
)+$
,-�A.6�A) 0:R �S�T5 K .>' K . E 5*)U.=��� 0 @ 0 . 0 $
" ESK @ < . 0 5
@ ϕ J.F���V$!�
, 02181L0 7A":� 0 @
' K . u $*@N�W�!�#":$*& τ X �N�G�V�!�A":$
&�'�$
)+$*,M�A./�#)
τ 021�1 $ 0 �Y.65Y7S�Z"%5 < $*"F">& 0 �!�#@B. 0 C $?7A":� 0 E[0 . 021 ":5 < $
"F"\& 0 �?�A@G. 0 C $?7A":�
E 5*)P$
"=" τ0 ∈ (0, T ) X
ï ã�ÛYÛYã�æQÚYÞyëõÜ:çyÖ�Þyã�ÜdÙ{Ü:ÚYã�ÞqÕ�Ù{Þ.ß�á
Ù�Ü:çqÖ~á
Ù�ÜdÚYèWÙ{ÛmÕ:Ö�Ü:Ü:ÚYÞyë5ã�å
� ãLã�ëDÖ~Ü Ù{Û¬écô���	�	�	�ù³ð ��� ×�í�ìyÖ��~ä � Ù�×gÜ� YÞyÖ��FÖ�Ü Ù�Û�éyô���	�	�	�ù³ð1�DÚYÙÖ�Ü�Ù{Û¬é�ô���	�	���ù¶Ù{Þ.ß]�lçqÙ�Þyë1Ö�Ü�Ù�Û�é�ô���	�	���ù�ð�ÛYÖ�Ü

K
ÔlÖ*Ü:çqÖ*âqÖ~Ûsßã{åqá,Ö~×dã�á,ã�×:àyçyÚsèkå_ìyÞqè�Ü:ÚYã�ÞqÕ2ã{å.Ù�â.ÞyÚ£ÜdÖ²ÞLìyápÔlÖ~×2ã{å.Ø�Ù{×dÚsÙ{ÔyÛYÖWÕå]×dã�á

{x(t− kτ), u(t− kτ), . . . , u(l)(t− kτ), k, l ∈ Z
+}Ù{ÞqßóÛYÖ�Ü

δ
ßcÖWÞyã{ÜdÖ ÜdçyÖõÜdÚ�á,Ö�äzÕ:çyÚ£å]Ü ã�àlÖW×dÙ{Ü:ã�×Wð

δ(ξ(t)) =
ξ(t−τ)

ð
ξ(t) ∈ K

é���Ö~Ü
K(δ]

ßyÖ~Þyã{ÜdÖ2ÜdçyÖ¶Õ:Ö�Ü>ã{åLàlã�Û�ÝLÞyã�á1ÚsÙ{ÛsÕã{å�Ü:çyÖ�å_ã�×dá

a(δ] = a0(t) + a1(t)δ + · · ·+ ara
(t)δra ,

ô!��ù
æQçyÖ~×dÖ

aj(t) ∈ K
é;_�Ú�Ü:ç Ù�ßyßyÚ£ÜdÚ�ã�Þ ßcÖ~âqÞyÖaß Ù�ÕpìqÕgì.Ù{Û²Ù{Þqß

ápìyÛ£ÜdÚYàyÛ�Úsè~Ù{Ü:ÚYã�Þ#ë�ÚYØ�Ö~Þ
ÔLÝ

a(δ]b(δ] =

ra+rb
∑

k=0

i≤ra,j≤rb
∑

i+j=k

ai(t)bj(t− iτ)δk ,
ô � ù

K(δ]
ÚsÕIÙ�Þyã�Þqè�ã�á1ápìyÜdÙ�ÜdÚ�Ø�ÖF×dÚ�ÞqëqðaæQçyÚYè�çpÚsÕ '�ãLÖ�ÜdçyÖ~×dÚsÙ{ÞpÙ{Þ.ßÙRÛYÖ�å]Ü�ÓD×dÖ�ßcã�á
Ù�Ú�Þ�é�ê4çqÖ�ÛYÙ{ÜgÜdÖ~×FÚ�á,àyÛYÚYÖWÕ¶Ü:çqÙ{Ü¶Ü:çqÖ�×�Ù{Þ%�1ã{å>Ùá1ãyßcìyÛYÖpã�Ø�Ö~×

K(δ]
ÚsÕDæFÖWÛ�Û�äwßyÖ�âqÞyÖaß ô �Fã�çyÞ>ðIöW÷LøLöaù�é^��Ö~Ü

MßcÖ~Þyã�Ü:ÖQÜ:çyÖ�á1ãcßyìyÛ�Ö
spanK(δ]{dξ : ξ ∈ K}

é�ê4çyÖ�è�ÛYã�Õ:ìy×dÖ4ã�å
ÙpÕ:ìyÔyá,ãcßcìyÛYÖ

N
Ú�Þ
M

ÚYÕ¶ÜdçyÖ*Õ:ìyÔyá,ãcßcìyÛYÖ
N = {w ∈ M :

∃a(δ] ∈ K(δ], a(δ]w ∈ N}
é
"wÜ ÚsÕ2Ü:çyÖ�ÛYÙ�×:ë�ÖWÕgÜkÕgìyÔqá1ãyßcìyÛYÖã{å

M
è~ã�Þ�Ü�Ù{ÚYÞyÚYÞyë

N
æQÚ�Ü:çU×dÙ�Þ%�1Öaí�ìqÙ{Û.Ü:ã

rankK(δ]N
ôL�DÚYÙ

Ö�Ü4Ù{Û¬é�ð&��	�	���ù³é
\�Ú:]lÖW×:ÖWÞ�ÜdÚYÙ{Ü:ÚYã�Þ�ã�åQå_ìyÞ.è³Ü:ÚYã�Þ.Õ

φ(x(t − iτ), u(t − jτ), . . .
ð

u(l)(t − jτ))
ð
0 ≤ i, j ≤ k

ð
l ≥ 0

ÚYÞ
K
Ù{Þ.ß�ã�ÞyÖ~ä�å_ã�×:á
Õ

ω =
∑

i κi
xdx(t−iτ)+

∑

ij νidu(j)(t−iτ)
ÚYÞ
M

ÚYÕ�ßcÖ�âqÞyÖaß
Ú�Þ�Ü:çyÖDÞqÙ�Üdìy×�Ù{Ûqæ4ÙaÝ a

φ̇ =
∑k

i=0
∂φ

∂x(t−iτ)δ
if+

+
∑l

r=0

∑k
j=0

∂φ

∂u(r)(t−jτ)
u(r+1)(t− jτ)

ω̇ =
∑

i κ̇i
xdx(t− iτ) +

∑

ij ν̇idu(j)(t− iτ)+

+
∑

i κi
xdδif +

∑

ij νidu(j+1)(t− iτ).

ô^��ù

\�Ö~âqÞyÖ

X = spanK(δ]{dx}

Yk = spanK(δ]{dy, dẏ, . . . , dy(k−1)}

U = spanK(δ]{du, du̇, . . . }.

ô!+�ù

ê4çyÖ~Þ
(Yk + U) ∩ X = (Yn + U) ∩ X

å_ã�×
k ≥ n

Ù{Þqß
rankK(δ](Yn + U) ∩ X ≤ n

ôL�DÚYÙpÖ�Ü²Ù�Û�éYð&�
	�	���ù³é
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Ù{ÞRÖ~Ü2Ù{Û¬é�ôgöW÷�÷*��ù�é
"wÜ²æQÚYÛYÛlÔlÖ@Õgçyã�æQÞ
ÜdçqÙ�Ü²å_ã�×4Ù�Õ:ÝLÕgÜ:ÖWá ã�å�ÜdçyÖDå_ã�×dá ô<ö�ùkÜdçyÖ~×dÖÙ{ÛYæ²Ù�ÝLÕ.Ö�cÚYÕgÜ�Õ~ð³Ù�ÜlÛYÖWÙ�Õ<Ü�Û�ãyè~Ù{ÛYÛYÝ�ð�ÙFÕ:Ö�Ü�ã{å�ÚYÞyàyìcÜ:ä¬ã�ìcÜ:àqìcÜ�ßcÖ~ÛsÙaÝ�äßcÚ\]�Ö~×dÖ~Þ�Ü:ÚsÙ{ÛlÖWí�ìqÙ�ÜdÚ�ã�ÞqÕ ã�å�ÜdçyÖ�å_ã�×dá

F (δ, y, u) = 0
ð�æQçqÖ~×dÖ�a

F (δ, y, u) := F (δ, y, . . . , y(k), u, . . . , u(γ)) =

= F (y, . . . , y(k), . . . , δl(y), . . . , δl(y(k)),

u, ...u(γ), . . . , δ(β)(u), . . . , δ(β)(u(γ))) ô���ùÕgìqè�ç�ÜdçqÙ�Ü�Ù{ÞLÝQàqÙ{ÚY×
(y(t), u(t))

æQçyÚYè�ç*Õ:ã�ÛYØ�ÖWÕ2ô<öaù�ð�Ù{ÛsÕgã²ÕdÙ�ÜdÚYÕgäâqÖWÕkô���ù�ð�å_ã�×
t
Õ:ìqèdçDÜdçqÙ�Ü>Ù{ÛYÛ{ßcÖ~×dÚYØ�Ù�ÜdÚ�Ø�ÖaÕ.ÚYÞ�Ø�ã�ÛYØ�ÖWßDÙ�×:Ö2è�ã�Þ�ÜdÚ�Þcäìyã�ìqÕWé�ê4çyÖ�å_ìqÞqè³Ü:ÚYã�Þ

F
ÚsÕ¶á,Ö~×dã�á,ã�×dàyçyÚsè4ÚYÞ�Ú�ÜdÕ²Ù{×dë�ìyá,Ö~Þ�ÜdÕWé

�
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fj ∈ K
é

��Ö�Ü ∂f
∂x

ßcÖWÞyã{ÜdÖ�Ü:çyÖ
r × n

á
Ù�Ü:×dÚ[1æQÚ�Ü:ç#Ö~Þ�Ü:×dÚ�ÖaÕ
(

∂f

∂x

)

j,i

=
∑

`

∂fj

∂xi(t− `τ)
δ` ∈ K(δ] .

ô¬ø�ù

\�Ö~Þqã{Ü:ÖDÔ�Ý
s1
ÜdçyÖ�ÛYÖWÙ�Õ<ÜFÞyã�ÞyÞyÖ~ë�Ù�ÜdÚ�Ø�Ö�ÚYÞ�ÜdÖ~ë�ÖW×FÕ:ìqè�ç
Ü:çqÙ{Ü

rankK(δ]
∂(h1, ..., h

(s1−1)
1 )

∂x
= rankK(δ]

∂(h1, ..., h
(s1)
1 )

∂x
.ô�ý�ù

"wå ∂h1

∂x
≡ 0

Ü:çqÖ~Þ
æ²Ö�Õ:Ö�Ü
s1 = 0

é�"zÞqßcìqè�Ü:ÚYØ�Ö~ÛYÝ�ð�å_ã�×
1 < i ≤ pßcÖ~Þyã�Ü:Ö�ÔLÝ

si

Ü:çqÖ�ÛYÖWÙ�Õ<ÜFÞyã�ÞqÞyÖ~ë�Ù{Ü:ÚYØ�Ö�ÚYÞ�Ü:ÖWë�Ö~×²Õ:ìqèdç
ÜdçqÙ�Ü

rankK(δ]
∂(h1, ..., h

(s1−1)
1 , . . . , hi, . . . , h

(si−1)
i )

∂x
=

= rankK(δ]
∂(h1, ..., h

(s1−1)
1 , . . . , hi, . . . , h

(si)
i )

∂x
.

ô�÷�ù

��Ö�Ü
S = (h1, ..., h

(s1−1)
1 , . . . , hp, . . . , h

(sp−1)
p )

ðIæQçyÖW×:Ö
hißcãLÖWÕ¶Þyã{Ü4Ù{àyàlÖWÙ�×¶Ú£å

si = 0
éLê4çyÖ~Þ

rankK(δ]
∂S

∂x
= s1 + · · ·+ sp = K ≤ n .

ôgö�	�ù
"wå

K < n
ð�ÜdçyÖ~×dÖ�Ö�cÚYÕgÜpá,Ö~×dã�á,ã�×dàyçyÚsè�å_ìyÞ.è³Ü:ÚYã�Þ.Õ

g1(δ, x)
ð

. . .
ð
gn−K(δ, x)

Õgìqè�ç
Ü:ç.Ù�Ü
rankK(δ]

∂(S,g1,...,gn−K)
∂x

= n
é

ï ã�×²Õ:Ú�á,àyÛYÚYè~Ú£Ü<Ý�ð�ÚYÞ�Üd×:ãyßcìqè�Ö�Ü:çyÖDÞyã�ÜdÙ{Ü:ÚYã�Þ






































































































x̃1 = h1

. . .

x̃s1
= h

(s1−1)
1

x̃s1+1 = h2

. . .

x̃s1+s2
= h

(s2−1)
2

. . .

x̃s1+···+sp
= h

(sp−1)
p

x̃s1+···+sp+1 = g1

. . .

x̃n = gn−K

.
ôgö�ö�ù

ê4çyÖ*ã�ÞyÖ�ä¬å_ã�×dá
Õ
dx̃i

ð
i = 1, . . . , n

Þqã�æ�å_ã�×dá�Ù�ÔqÙ�ÕgÚsÕ²ã{å
X
éê4çyÖDßcÖ~âqÞyÚ�Ü:ÚYã�Þ�ã�å

si

ð�ôe÷�ùkÚYá,àyÛ�ÚYÖWÕ¶Ü:ç.Ù�Ü¶å_ã�×FÖWÙ�è�ç
i

∂h
(si)
i

∂x
∈ spanK(δ]

{∂(h1, . . . , h
(s1−1)
1 , . . . , h

(si−1)
i )

∂x

}

.ô<ö1��ùê4ç�ìqÕ4ÜdçyÖ~×dÖ@Ö�cÚYÕgÜQÞyã�Þ%�~ÖW×:ã,àlã�ÛYÝ�Þqã�á,ÚYÙ�ÛYÕ
bi(δ] ∈ K(δ]

ð
i =

1, . . . , p
Õgìqè�ç
Ü:ç.Ù�Ü

bi(δ]
∂h

(si)
i

∂x
∈ spanK(δ]

{∂(h1, . . . , h
(s1−1)
1 , . . . , h

(si−1)
i )

∂x

}

.ô<ö � ù
ê4çyÖ~×dÖ�å_ã�×:Ö

bi(δ]dh
(si)
i +

∑m
r=1

∑γ
j=0 cj,r(δ]du

(j)
r ∈

spanK(δ]{dx̃1, . . . , dx̃s1+···+si
}
å_ã�×�Õ:ã�á,Ö

γ ≥ 0
ðqæQçyÖ~×dÖ

γÚYÕ ÜdçyÖ�çqÚ�ë�çyÖWÕgÜ²ßcÖ~×dÚ�Ø{Ù�ÜdÚ�Ø�Ö�ã{å
u
Ù{àyàlÖaÙ{×dÚ�ÞyëmÚ�Þ
ÜdçyÖ�å_ìqÞqè³ÜdÚ�ã�ÞqÕÚ�Þ

S
ðLÙ{Þ.ß

cj,r(δ] ∈ K(δ]
éLñ�Ö~Þqè�Ö�ð

bi(δ]dh
(si)
i +

m
∑

r=1

γ
∑

j=0

cj,r(δ]du(j)
r −

s1+···+si
∑

j=1

aj(δ]dx̃j = 0 ,

ô<öA�Lùå_ã�×*Õ:ã�á,Ö
aj(δ] ∈ K(δ]

éY�LÚ�Þ.è�Ö1Ù{ÛYÛÆå_ìyÞqè³ÜdÚ�ã�ÞqÕ*Ù�×:Ö�Ù�ÕdÕ:ìyá,ÖWßá1ÖW×:ã�á,ã�×dàyçyÚsè#Ù�Þqß�æFÖ�çqÙaØ�Ö�è�ã�Þ�ÜdÚ�ÞLìyã�ìqÕ
ßcÖ~àlÖ~Þ.ßcÖ~Þqè~ÖUå_ã�×Ü:çyÖRã�ìcÜdàyìcÜ�ã�Þ#ÜdçyÖRÚ�ÞyàqìcÜ�Ù{ÞqßUÚYÞyÚ�Ü:ÚsÙ{Û�å_ìyÞqè�Ü:ÚYã�Þ�ðcÜdçyÖmÙ{Ôlã�Ø�Ö
ÖWí�ìqÙ{ÛYÚ�ÜzÝ¼çyã�ÛYßqÕ�ã�Þ)Ù�Þ�ã�àlÖ~Þ)ßyÖ~ÞqÕ:Ö�ÕgÖ~ÜDã{å

C × C
γ+1
U

élê4çyÖÛ�Ö~å]Ü�çqÙ{Þ.ß�ÕgÚsßcÖ�ã�å�ÖWí�ìqÙ�ÜdÚYã�ÞîôgöA��ù�ð4ÔlÖ~ÚYÞyëõÖaí�ìqÙ{Û*Ü:ã �~Ö~×dãqðÚYÕ+Ù�è�ÛYã�Õ:ÖWß/ã�ÞyÖ�ä¬å_ã�×dá ã�Þ
M
ð*Ù�Þqß/Ü:çyÖW×:Ö~å_ã�×dÖ�ðDÙ�àyàyÛ�ÝLÚYÞyëÜ:çyÖõú2ã�ÚYÞqè~Ù�×� Û�ÖWá1á
Ù�æFÖ ã�ÔcÜdÙ�Ú�Þ å_ìyÞqè�Ü:ÚYã�ÞqÕ

ξi(t) ∈ KÕgìqè�ç�Ü:ç.Ù�Ü
dξi = bi(δ]dh

(si)
i +

∑m
r=1

∑γ
j=0 cj,r(δ]du

(j)
r −

∑s1+···+si

j=1 aj(δ]dx̃j

Ù�Þqß
ξi(δ, h

(si)
i , x̃, u, . . . , u(γ)) = 0

ð
å_ã�×>ÖWÙ�èdç

i = 1, . . . , p
éWê4çqÖkå_ìyÞqè�Ü:ÚYã�Þ

ξi

ßcãLÖaÕ�Þyã�ÜÆßcÖ~àlÖWÞqßRã�Þ
x̃j

å_ã�×
j > s1 + · · ·+si

ð�Õ:Ú�Þ.è�Ö
dξi = 0

æFã�ìqÛYßRÜdçyÖ~Þ1è~ã�Þ�ÜdÙ{ÚYÞÜ:Ö~×dá
Õ
dx̃j

ð
j > s1 + · · ·+ si

æQçqÚYè�ç�ÚYÕ¶ÚYá,à.ã�Õ:Õ:ÚYÔyÛ�Ö�Ô�Ý)ô<öA�LùßcìyÖDÜ:ã�Ü:çyÖ*Ø{Ù{×dÚYÙ�ÔyÛ�ÖaÕ
dx̃

ÔlÖWÚ�Þyë1Û�ÚYÞyÖWÙ�×:ÛYÝ,ÚYÞqßcÖ~àlÖWÞqßcÖ~Þ�Ü4ã�Ø�Ö~×
K(δ]

ÔLÝ,ßcÖ~âqÞyÚ�Ü:ÚYã�Þ�éLê4çLìqÕ~ð�æFÖ�çqÙ�Ø�Ö�ã�ÔcÜ�Ù{ÚYÞyÖWß�ÙR×dÖ~ÛsÙ�ÜdÚYã�Þ

ξi(δ, h
(si)
i , x̃1, . . . , x̃s1+···+si

, u, . . . , u(γ)) = 0,
ôgö1+�ù

æQçyÚYè�ç Üdã�ë�Ö�Ü:çqÖ~×�æQÚ�Ü:ç ô<ö�ö�ù�ày×:ãyßcìqè�ÖaÕ�Ù{Þ�Ú�ÞqàyìcÜgäwã�ìcÜdàyìcÜÖWí�ìqÙ�ÜdÚ�ã�Þ

ξi(δ, y
(si)
i , y1, . . . , y

(s1−1)
1 , . . . , y

(si−1)
i , u, . . . , u(γ)) = 0.ô<ö���ùê4çyÚYÕ*ÚsÕDÜ:×dìyÖ�å_ã�×@ÖWÙ�è�ç

i, 1 ≤ i ≤ p
×dÖWÕgìqÛ£ÜdÚ�Þyë¼Ú�Þ

p
Ú�ÞqàyìcÜgäã�ìcÜdàyìcÜ�Öaí�ì.Ù�Ü:ÚYã�Þ.ÕRæQçyÖW×:Ö�æFÖUè~Ù�Þ ÕgÖ~Ü

k = maxi si i =
1, . . . , p

ð>Ù{Þqß�Û�Ö~Ü
l
Ù�Þqß

β
è�ã�×:×dÖWÕ:àlã�Þqß)Ü:ã�Ü:çyÖ�ÛYÙ�×:ë�ÖWÕgÜRßcÖ�ä

ÛYÙ�ÝcÕ
−lτ

Ù�Þqß
−βτ

ã{åyÜdçyÖ²ã�ìcÜ:àyìyÜkÙ{Þ.ßRÜ:çqÖ²ÚYÞyàyìcÜkØ�Ù�×:ÚsÙ{ÔyÛYÖWÕWð×:ÖaÕgàlÖaè³Ü:ÚYØ�Ö~ÛYÝ�é
¥
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"zÞ¼Ü:çyÚsÕ�Õ:ÖWè�Ü:ÚYã�Þ�ðyæFÖmÕ:çyã�æ�Ü:çqÙ{ÜQÜ:çyÖmÛYãcè~Ù{Û�ÚsßcÖWÞ�Ü:Ú�â.Ù�ÔyÚ�ÛYÚ�ÜzÝUã�å
τ
Ú�Þ�ô<ö�ùQßcÖWàlÖ~ÞqßyÕ�ã�Þ�æQçqÖ�Ü:çqÖ~×�Ú�ÜDÚYÕ�ày×dÖWÕ:Ö~Þ�Ü�ÚYÞ�Ü:çyÖpÚYÞyàyìcÜ:äã�ìcÜdàyìcÜ�×dÖ~ày×dÖWÕ:Ö~Þ�ÜdÙ{Ü:ÚYã�Þ¼ã{åIÜdçyÖpÕ:ÝLÕgÜ:ÖWá�éqê4çyÖmÛsÙ�Ü:Ü:Ö~×Dè~Ù{Þ�ÔlÖ
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ßcÖWè�ÚsßcÖaßmÖ~Ú�ÜdçyÖ~×2Ô�Ý@Ü:çyÖ²ãyè~è�ìy×d×dÖ~Þqè~Ö ã{å.ÙDßyÖ~ÛsÙaÝ�ÖaßRÚYÞyàyìcÜkØ�Ù�×:Ú�äÙ{ÔyÛYÖ1Ú�Þ+ÜdçyÖ1Ü:ÚYá,Ö�äwßyÖ~×dÚ�Ø{Ù�Ü:ÚYØ�ÖWÕ*ã{å¶ÜdçyÖ,ã�ìcÜdàyìcÜ@å_ìyÞ.è³Ü:ÚYã�Þ.Õ@ã�×Ô�ÝRÙ�ÛYÚ�ÞqÖWÙ{×:äwÙ�Û�ë�Ö~Ôy×dÙ{Úsèkè�×dÚ�Ü:Ö~×dÚYã�ÞRÚYÞ�Ø�ã�ÛYØLÚYÞyë�×�Ù{Þ%�@èWÙ{Ûsè�ìyÛsÙ�ÜdÚ�ã�Þå]ã�×@Ü:çyÖ�Õ:Ö�Ümã{å²ë�×�Ù�ßyÚ�ÖWÞ�ÜdÕ@ã{åFÜ:çqÖ,ã�ìcÜ:àyìyÜdÕmÙ{Þ.ß�Ü:çyÖWÚ�×RÜ:ÚYá,Ö�äßcÖ~×dÚ�Ø{Ù�Ü:ÚYØ�ÖWÕ ã�Ø�Ö~×
K
Ù�Þqß
ã�Ø�ÖW×

K(δ]
é

ê4çyÖ�ày×dÖWÕ:Ö~Þqè~Ö�ã{å
τ
ÚYÞ
Ü:çqÖ�ÚYÞyàyìcÜ:ä¬ã�ìcÜ:àqìcÜ²×dÖ~ày×dÖWÕ:Ö~Þ�ÜdÙ{Ü:ÚYã�Þ,ã�åÜ:çyÖ*ÕgÝcÕgÜ:ÖWá è~Ù�Þ
ÔlÖDßyÖ�âqÞyÖaß,å_ã�×dá
Ù{ÛYÛYÝ�ÚYÞ
Ü:ÖW×:á
Õ¶ã{å

δ
a

� 	��2ËÆÒeÌWÒeÎlË ���P@ 0 @
' K .�; 5 K .>' K .Z��� K $
. 0 5
@ φ(δ, y, . . . , y(l) J
u, . . . , u(k)) = 0 021 1 $ 0 �-.65 0 @ � 5
" � � δ 0 @ $
@�� 181 �A@G. 0 $
" O $
&0 E .=���W,-�A)+5
,-5
) '�� 0 < ESK @ < . 0 5
@ φ(...) < $
@B@N5*.�7S� O ) 0 . ./�#@ $ 1
c(δ]φ̃(y, . . . , y(l), u J . . . , u(k)) O 0 .=� c(δ] ∈ K(δ] X
_+ÖDçqÙ�Ø�ÖQÜ:çqÖ�å_ã�Û�ÛYã�æQÚ�Þyëp×:ÖWÕ:ìyÛ�Ü�a
��� 	LÎ.Í
	� � � 0�� �A@ $ 1 & 1 ./�#, 5 E .=��� E 5
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S
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�
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�
� 1 δ 0 @M$*@M� 181 �A@G. 0 $
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. 021=C �8� X

0^X ∂h
(j)
i

(t)

∂u
(k)
r (t−sτ)

6= 0 E 5
) 1 5
,-� 1 ≤ i ≤ p J 0 ≤ j ≤ si J
s ≥ 1 J 1 ≤ r ≤ m

$
@N�
k ≥ 0 J 0=X � X $I�?�A":$
&?�S�

0 @
' K .�; � $
) 0 $!7#":� u
(k)
r
5 <8< K ) 1 0 @ 1 5*,M� 5 E .=��� ESK @ < . 0 5
@ 1

0 @ {S, h
(s1)
1 , . . . , h

(sp)
p } �

0F0^X rankK(δ]
∂S
∂x
6= rankK

∂(S,h
(s1)

1 ,...,h
(sp)
p )

∂x
�

	 )+5�5 E a ï ×dã�áîÜdçyÖ*ßcÖ�âqÞyÚ�ÜdÚ�ã�Þ�ã{å
K
Ù�Þqß

K(δ]
ð�æFÖ�çqÙ�Ø�Ö

rankK(δ]
∂S

∂x
≤ rankK

∂S

∂x
≤ rankK

∂(S, h
(s1)
1 , . . . , h

(sp)
p )

∂x
.ôgö�ø�ù

��ÕdÕgìyá,Ö�â.×dÕgÜ¶Ü:çqÙ{Ü 0^X ÚsÕ Ü:×dìyÖ�ð�Ú¬é Ö�é ∂h
(j)
i

(t)

∂u
(k)
r (t−sτ)

6= 0
å_ã�×²Õ:ã�á,Ö

1 ≤ i ≤ p
ð
0 ≤ j ≤ si

ð
s ≥ 1

ð
1 ≤ r ≤ m

Ù�Þqß
k ≥ 0

é
ZFÝ�ßyÚ\]�Ö~×dÖ~Þ�Ü:ÚsÙ�Ü:ÚYã�Þ�ã�ÞyÖ#âqÞqßyÕ�Ü:çqÙ{Ü ∂h

(si)

i
(t)

∂u
(k+si−j)
r (t−sτ)

6= 0
é

_5Ú�Üdçyã�ìcÜkÛYã�ÕdÕÆã{å.ë�ÖWÞyÖ~×�Ù{ÛYÚ�ÜzÝ@æFÖ4èWÙ{Þ1Ù�ÕdÕgìyá,Ö¶ÜdçqÙ�Ü
u

(k+si−j)
rÚYÕQÜ:çqÖmçyÚYë�çyÖWÕgÜDßcÖ~×dÚ�Ø{Ù�Ü:ÚYØ�ÖRã{å

ur

Ù{àyàlÖaÙ{×dÚ�Þqë1ÚYÞ
h

(si)
i

é.ê4çyÖ~ÞÚ�Þ
ÜdçyÖDÖWí�ìqÙ{ÛYÚ�ÜzÝ)ô<ö���ù

bi(δ]dh
(si)
i +

m
∑

r=1

γ
∑

j=0

cj,r(δ]du(j)
r −

s1+···+si
∑

j=1

aj(δ]dx̃j = 0 ,

ôgöWý�ù
ck+si−j,r(δ]

ÚYÕmÙ�àlã�ÛYÝLÞyã�á,ÚsÙ{Ûkã{åQßcÖWë�×dÖ~Ö,ë�×dÖWÙ�ÜdÖ~×@ã�×RÖWí�ìqÙ�ÛÜ:ã
s ≥ 1

Ú�Þ
δ
é�ê4çLìqÕWð�Ú�Þ-ÜdçyÖ è�ã�×:×dÖWÕ:àlã�ÞqßcÚYÞyë�å_ìqÞqè³ÜdÚ�ã�Þ

ξi(δ, h
(si)
i , x̃, u, . . . , u(γ))

ðÆÕgì.èdçBÜ:çqÙ{Ü
dξi = bi(δ]dh

(si)
i +

∑m
r=1

∑γ
j=0 cj,r(δ]du

(j)
r −

∑s1+···+si

j=1 aj(δ]dx̃j

ðqÜ:çqÖpØ�Ù�×:Ú�ä
Ù{ÔyÛYÖ

u
(k+si−j)
r

Ù{àyàlÖWÙ�×dÕ5Õgã�á1ÖWæQçyÖ~×dÖ�æQÚ�Ü:ç Ù ßcÖ~ÛsÙaÝ
sτè�ã�á,àqÙ�×:Öaß)Üdã

h
(si)
i

Ù{Þ.ß�Üdç�ìqÕ
δ
è~Ù�ÞyÞyã{ÜmÔlÖ
ã�á,Ú�ÜgÜdÖWß+å_×dã�á

ξi(δ, y
(si)
i , y1, . . . , y

(s1−1)
1 , . . . , y

(si−1)
i , u, . . . , u(γ)) = 0

é

��ÕdÕgìyá,Ö Þyã�æ ÜdçqÙ�Ü 0F0^X ÚYÕ�Üd×:ìqÖ�ð�Ü:ç.Ù�Ü�ÚsÕ~ð rankK(δ]
∂S
∂x

<

rankK
∂(S,h

(s1)

1 ,...,h
(sp)
p )

∂x

é "wå�Ù{ÛYÛ�ÚYÞyàyìcÜ:ä¬ã�ìcÜ:àyìcÜ-ÖWí�ìqÙ{Ü:ÚYã�ÞqÕ
φ(δ, y, . . . , y(l) ð u, . . . , u(k)) = 0

Ù{×dÖ�ÖWí�ìyÚYØ�Ù{ÛYÖ~Þ�Ü�Ü:ã�Ù�Þ
ÖWí�ìqÙ�ÜdÚ�ã�Þ

φ̃(y, . . . , y(l)
ð
u, . . . , u(k)) = 0

æQÚ�Ü:çyã�ìcÜ
δ
ð.Ü:çyÖWÞÜ:çyÖ

p
ÚYÞyàyìcÜ:ä¬ã�ìcÜ:àyìcÜ²Öaí�ì.Ù�Ü:ÚYã�Þ.ÕkÚYÞ
Ü:çyÖDày×:ãcã{å�ã�å�ê4çyÖ~ã�×:ÖWá öÙ{×dÖ²Öaí�ìyÚ�Ø{Ù{ÛYÖ~Þ�ÜkÜ:ãRÖWí�ìqÙ{Ü:ÚYã�ÞqÕ2Þyã�Ü¶è�ã�Þ�ÜdÙ�Ú�ÞyÚYÞyëRÙ�Þ�Ý�ßcÖ~ÛsÙ�ÝLÕ2ã�åÜ:çyÖDØ�Ù�×:ÚsÙ{ÔyÛYÖWÕ�a

ξi(y
(si)
i , y1, . . . , y

(s1−1)
1 , . . . , y

(si−1)
i , u, u̇, . . . , u(k)) = 0,ô<öW÷�ù

å_ã�×
i = 1, . . . , p

é�ê4çyÖ~×dÖ�å_ã�×:Ö�ð
rankK

∂(S,h
(s1)

1 ,...,h
(sp)
p )

∂x
≤

s1 + · · · + sp = rankK(δ]
∂S
∂x

ð�æQçqÚYè�ç�è~ã�Þ�Ü:×�Ù�ßcÚsè³Ü�Õ�Ü:çqÖ,Ù�Õ<äÕgìyá,àcÜdÚ�ã�Þ�éLê4çyÚsÕFè�ã�á1àqÛ�Ö~Ü:ÖWÕ ÜdçyÖ�âq×dÕgÜFàqÙ{×:ÜFã{å�Ü:çyÖDày×dãLã{å<é
�Lìyàyàlã�ÕgÖ¼Þqã�æ�Ü:ç.Ù�Ü,Ü:çqÖ~×:Ö�Ö�cÚsÕ<Ü�Õ,Ù�Ü
Û�ÖaÙ�ÕgÜ,ã�ÞyÖ�á1ÖW×:ã�á,ã�×:äàyçyÚsèÆå_ìyÞqè³ÜdÚ�ã�Þ

φ
Õgìqè�ç�ÜdçqÙ�Ü

φ(δ, y, . . . , y(l), u, . . . , u(k)) = 0å_ã�×*Õ:ã�á,ÖpÞqã�ÞyÞyÖWë�Ù�ÜdÚ�Ø�ÖmÚYÞ�Ü:ÖWë�ÖW×dÕ
k
Ù{Þqß

l
ðlæQçqÖ~×dÖ

δ
èWÙ{ÞyÞyã�ÜÔlÖUã�á,Ú�ÜgÜdÖWß�é _�ÖUæQÚYÛ�ÛQÕ:çyã�æ ÜdçqÙ�Ü 0^X ã�× 0F0=X ápìqÕgÜ1ÔlÖUÜ:×dìyÖ�é��ÕdÕgìyá,ÖRÜdçyÖmã�àyàlã�Õ:Ú�Ü:Ö�é.ê4çyÖ~Þ�ÜdçyÖmÖaí�ì.Ù{ÛYÚ£Ü<Ý

rankK(δ]
∂S
∂x

=

rankK
∂(S,h

(s1)

1 ,...,h
(sp)
p )

∂x

Ù{Þqß+ô<ö�ø�ù Ú�á,àyÛYÝ,ÜdçqÙ�Ü
rankK

∂S
∂x

=

rankK
∂(S,h

(s1)

1 ,...,h
(sp)
p )

∂x

é�ñ�Ö~Þqè~Ö�ð�å_ã�×FÖWÙ�è�ç
i = 1, . . . , p

∂h
(si)
i

∂x
∈ spanK

{∂(h1, . . . , h
(s1−1)
1 , . . . , h

(si−1)
i )

∂x

}

.ô��
	�ù
ZFÝDÙ�ÕdÕ:ìyá1àyÜ:ÚYã�Þ�ð�ÜdçyÖ2å_ìyÞqè³ÜdÚ�ã�ÞqÕ�ÚYÞ

S, h
(s1)
1 , . . . , h

(sp)
p

ßcã4Þyã{Üè�ã�Þ�ÜdÙ�Ú�Þ�Ù�Þ�ÝmßcÖWÛYÙ�Ý�ÖWßmÚYÞyàyìyÜgäwØ�Ù{×dÚYÙ�ÔyÛYÖWÕWðaÙ�ÞqßmçyÖWÞqè�Ö�ðaå_ã�×2ÖWÙ�èdç
i = 1, . . . , p

æFÖ�çqÙ�Ø�Ö�Ùm×dÖ~ÛsÙ�Ü:ÚYã�Þ

dh
(si)
i +

m
∑

r=1

γ
∑

j=0

cj,rdu(j)
r −

s1+···+si
∑

j=1

ajdx̃j = 0 ,
ô!�cö�ù

æQçyÖ~×dÖ
aj , cj,r ∈ K

é�ê4ç�ìqÕlÜdçyÖ2Ú�ÞyàqìcÜgäwã�ìcÜdàyìcÜ�ÖWí�ìqÙ�ÜdÚ�ã�ÞqÕ2ô<ö1+�ùå_ã�×²Õgì.èdç#ÙpÕgÝcÕgÜ:ÖWá Ù{×dÖ�ã{å�Ü:çqÖ�å_ã�×:á

ξi(h
(si)
i , h1, . . . , h

(s1−1)
1 , . . . , h

(si−1)
i , u, u̇, . . . , u(γ)) = 0,ô�����ùæQÚ£Üdçyã�ìcÜ1Ù�Þ�Ý�ßcÖWÛYÙ�ÝcÕmÚ�Þ�Ü:çyÖ#Ø�Ù�×:ÚsÙ{ÔqÛ�ÖaÕRÕ:Ú�Þqè~Ö#Ù)ßcÖ~ÛsÙ�Ý+Ú�Þ�ÙØ�Ù{×dÚsÙ{ÔyÛYÖFæFã�ìyÛsßpá,ÖaÙ{Þ�Ü:çqÙ{Ü Õ:ã�á,Ö4ã{å.Ü:çyÖ

aj , cj,r

æFÖ~×dÖ²àlã�Û�Ý�äÞyã�á,ÚsÙ{ÛsÕpã{åDßcÖWë�×dÖ~ÖUÙ�Ü1ÛYÖWÙ�Õ<Ü1ã�ÞyÖUÚYÞ
δ
æQçyÚsèdç�æ²ã�ìyÛsß ÔlÖ¼Ùè�ã�Þ�Ü:×�Ù�ßcÚsè³ÜdÚ�ã�Þ�é
Z²ÝpÜ:çyÖz"zá,àyÛYÚYè~Ú£Ü ï ìyÞqè�Ü:ÚYã�Þ�ê4çyÖ~ã�×:ÖWá¼ð�ÜdçyÖ~×dÖÖ�cÚYÕgÜFá,Ö~×dã�á,ã�×dàyçyÚsè²å_ìqÞqè³ÜdÚ�ã�ÞqÕ

fi

Õ:ìqè�ç
Ü:çqÙ{Ü

h
(si)
i = f̃i(h1, . . . , h

(s1−1)
1 , . . . , h

(si−1)
i , u, . . . , u(γ)) = 0,ô�� � ù

å_ã�×
i = 1, . . . , p

écê4çyÚYÕFÚYá,àyÛ�ÚYÖWÕ¶ÜdçqÙ�ÜFå_ã�×²ÖWÙ�è�ç
ki ≥ si

ð
y
(ki)
iè~Ù{Þ�ÔlÖ�æQ×:Ú�ÜgÜdÖ~Þ�ÛYãcè~Ù{ÛYÛYÝ+Ù�ÕmÙ�å_ìyÞqè³ÜdÚ�ã�Þ�ã�å

y1, . . . , y
(s1−1)
1

ð
. . . , y

(si−1)
i , u, u̇, . . . , u(γ)

æQÚ�Ü:çqã�ìcÜkÙ�Þ�ÝRßyÖ~ÛsÙaÝcÕÆÚYÞmÜdçyÖ²Ø�Ù�×:Ú�ä
Ù{ÔyÛYÖWÕWé ��àyàyÛYÝLÚYÞyë�Ü:çqÚYÕ�Üdã�Ü:çyÖ�ÖWí�ìqÙ�Û�Ú�Ü<Ý

φ(δ, y, . . . , y(l), u
ð

. . . , u(k)) = 0
æFÖDã�ÔcÜ�Ù{ÚYÞ

φ̃(δ, y1, . . . , y
(s1−1)
1 , . . . , y(sp−1)

p , u, . . . , u(γ)) = 0
ô!�
�Lù

�



å]ã�×+Õ:ã�á,Ö á,Ö~×dã�á,ã�×dàyçyÚsè
φ̃
é*ê4çyÚsÕ~ðDçyã�æFÖWØ�Ö~×að�è�ã�Þ�Üd×dÙ�ßcÚYè�ÜdÕ

Ü:çyÖ ÛYÚYÞyÖWÙ�×)Ú�Þ.ßcÖ~àlÖ~Þ.ßcÖ~Þqè~Ö ã{å
dh1, . . . , dh

(s1−1)
1 , . . . , dhp

ð
. . . , dh

(sp−1)
p

ã�Ø�ÖW×
K(δ]

Ù{Þqß�è�ã�á,àyÛ�Ö~Ü:ÖaÕRÜ:çyÖUÕ:ÖWè�ã�Þqß�à.Ù{×:Üã{å�Ü:çyÖDày×dãLã{å<é
¥
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@ φ(δ, y, . . . , y(l), u, . . . , u(k)) = 0 J .F�G$
. 0 @ � 5
" � � 1 δ
0 @M$
@M� 1S1 �#@B. 0 $*" O $
& X��=E τ 021 @N5*.B":5 < $
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	 )+5�5 E	� �Lìyàqà.ã�ÕgÖ
âq×�Õ<ÜmÜ:çqÙ{ÜmÜ:çyÖW×:Ö�Ö�cÚsÕ<Ü�ÕmÙ{Þ�Ú�ÞqàyìcÜgäwã�ìcÜdàyìcÜÖWí�ìqÙ�ÜdÚ�ã�Þ

φ(δ, y, . . . , y(l), u, . . . , u(k)) = 0
ðaÜ:ç.Ù�Ü2ÚYÞ�Ø�ã�ÛYØ�ÖWÕ

δÚ�Þ
Ù�Þ1ÖaÕ:Õ:Ö~Þ�Ü:ÚsÙ{Ûyæ²Ù�Ý�é��LÚYÞqè�Ö
y
Ù�Þqß

u
Ù�×:Ö �LÞyã�æQÞ�ô_á,Ö~×dã�á,ã�×:äàyçyÚYèaù4å_ìyÞqè³ÜdÚ�ã�ÞqÕ�ã{å2Ü:ÚYá,Ö�ðqå_ã�×�Ù,â%cÖWß

t
ð
φ
ÚsÕ�Ù,å]ìqÞqè³ÜdÚ�ã�Þ�ã�å

τ
æQÚ�Ü:ç
è~ã�ìyÞ�ÜdÙ{ÔqÛ�Ýpá
Ù{ÞLÝ#�~Ö~×dã�ÕWé�ê4çLìqÕWð

τ
ÚsÕkÛYãcè~Ù{ÛYÛYÝmÚYßyÖ~Þ�ÜdÚ£âqäÙ{ÔyÛYÖ�é

��ÕdÕgìyá,Ö�ÜdçyÖ~×dÖ>ÚYÕ.Þyã¶Ú�ÞqàyìcÜgäwã�ìyÜ:àyìcÜ�ÖWí�ìqÙ�ÜdÚ�ã�Þ
φ(δ, y, . . . , y(l) ð

u, . . . , u(k)) = 0
ð�Ü:çqÙ{Ü�ÚYÞ�Ø�ã�ÛYØ�ÖaÕ

δ
ÚYÞ*Ù{ÞDÖWÕdÕgÖ~Þ�Ü:ÚsÙ{Û�æ²Ù�Ý�é�ê4çqÖ~Þ

Ü:çyÖ@Ú�ÞqàyìcÜgäwã�ìyÜ:àyìcÜ�ÖWí�ìqÙ{Ü:ÚYã�ÞqÕ
ξi(h

(si)
i , h1, . . . , h

(s1−1)
1 , . . .

ð
h

(si−1)
i , u, . . . , u(γ)) = 0

ð
i = 1, . . . , p

ßcã Þyã�ÜUè�ã�Þ�ÜdÙ�Ú�Þ
ßcÖ~ÛsÙaÝ�Öaß#Ø{Ù{×dÚYÙ�ÔyÛ�ÖaÕ~écê4ç�ìqÕWðyÛ�ãyè~Ù{ÛYÛYÝ�ðLÖaÙ�è�ç

h
(si)
i

èWÙ{Þ¼ÔlÖ@æQ×dÚ£Ü:ä
Ü:Ö~ÞóÙ�Õ�Ù5á,Ö~×dã�á,ã�×:àyçqÚYè�å_ìyÞqè³ÜdÚ�ã�Þ

f̃i

ã�å
h1, . . . , h

(s1−1)
1

ð
. . . , h

(si−1)
i , u, . . . , u(γ) ðaå_ã�×2ë�ÖWÞyÖ~×dÚYèFè�çyã�Úsè�ÖaÕÆã{å.Ú�ÞqÚ£ÜdÚYÙ�Ûcè�ã�ÞcäßcÚ£ÜdÚ�ã�ÞqÕ

ϕ ∈ C
é&_�Ú�Ü:çUÜdçyÖ*Þqã{ÜdÙ{Ü:ÚYã�ÞUìqÕgÖaß#Ú�Þ]�cÖWè³ÜdÚ�ã�Þ � ðLæFÖã�ÔcÜ�Ù{ÚYÞ+ÜdçyÖ
å_ã�ÛYÛYã�æQÚYÞyë+Ó \ 
käzÕ:ÝLÕgÜdÖ~á å_ã�×RÜ:çqÖ�Ø�Ù{×dÚsÙ{ÔyÛYÖWÕ

x̃i

ð
i = 1, . . . , s1 + · · · + sp

æQÚ£Üdç�Ü:çyÖ�ÕdÙ{á,ÖUã�ìcÜ:àyìcÜ�Ù�ÕpÜdçyÖã�×dÚ�ë�Ú�ÞqÙ�ÛqÕ:ÝcÕ<ÜdÖ~á ôgöaù�ô_á,ãcßcìyÛYãmÜ:çqÖ�ã�ìcÜ:àqìcÜFå_ìyÞqè³ÜdÚ�ã�ÞqÕ
hi

å_ã�×æQçyÚYè�ç
si = 0

ð�çyÖWÞqè�Ö�Ü:çyÖ
p̃
ù7a



















































































































˙̃x1 = x̃2

. . .

˙̃xs1
= f̃1(x̃)

˙̃xs1+1 = x̃s1+2

. . .

˙̃xs1+s2
= f̃2(x̃)

. . .

˙̃xs1+···+sp
= f̃p(x̃)

ỹ1 = x̃1

ỹ2 = x̃s1+1

. . .

ỹp̃ = x̃1+s1+···+sp−1

.
ô!��+�ù

_+ÖRæQÚ�ÛYÛ�Õ:çyã�æ�ÜdçqÙ�Ü
τ
ÚYÞBô<ö�ùFÚsÕ4Þyã{ÜQÛYãcè~Ù�Û�ÛYÝ
ÚsßcÖ~Þ�Ü:Ú�â.Ù{ÔyÛYÖ@ÔLÝã�ÔqÕ:Ö~×dØ�ÚYÞyë)ÜdçyÖUå_ã�Û�ÛYã�æQÚYÞyë�Õ:ÝLá1á,Ö~Ü:×dÝBÚYÞ�Ø�ã�Û�ØLÚYÞyë�Ü:çyÖ�ßcÖ~ÛsÙ�ÝàqÙ{×�Ù{á,Ö�ÜdÖ~×IÙ�ÞqßRÜ:çqÖFå_ìyÞqè³ÜdÚ�ã�Þ�ã{åqÚYÞyÚ�Ü:ÚsÙ{Ûcè~ã�ÞqßcÚ�ÜdÚ�ã�ÞqÕ~é ï Ú[RÜdçyÖßcÖ~ÛsÙaÝRà.Ù{×�Ù{á,Ö�ÜdÖ~×ÆÜ:ã

τ0 ∈ (0, T )
Ù{ÞqßmÜdçyÖ²ÚYÞyÚ�Ü:ÚsÙ{Ûyè�ã�ÞqßcÚ�Ü:ÚYã�ÞqÕÜ:ã

ϕ0 ∈ C
é%��Ö~Ü

τ1 ∈ (0, T )
ð
τ1 6= τ0

Ù{ÞqßUè�çyãLã�ÕgÖ*Ù1ßcÚ:]lÖW×gäÖ~Þ�ÜDè~ã�Þ�Ü:ÚYÞ�ìyã�ìqÕ4å_ìyÞqè�Ü:ÚYã�Þ�ã�å2ÚYÞyÚ£ÜdÚYÙ�ÛÆè�ã�ÞqßcÚ�Ü:ÚYã�ÞqÕ
ϕ1(t)

Õ:ìqèdç

Ü:çqÙ{ÜkÜ:çqÖQØ�Ù�Û�ìqÖWÕ2ã�å
h

(l)
k (0)

Ù�×:Ö²Ü:çqÖ�ÕdÙ{á,ÖRô_Ü:çyÚsÕ¶è~Ù{Þ,ÔlÖ�ßcã�ÞqÖ
ÕgÚYÞqè�Ö

h
(l)
k (t)

ð
k = 1, . . . , p

ð
l = 0, . . . , si − 1

ßcã�Þyã�Ü@ÚYÞcä
Ø�ã�ÛYØ�Ö�ßcÖ~ÛsÙ�Ý�ÖWß�ÚYÞyàyìcÜ:ä¬Ø{Ù{×dÚYÙ�ÔyÛYÖWÕ�, ��ÖWÖ~àyÚYÞyë

h
(l)
k (0)

Ú�ÞLØ�Ù{×dÚsÙ{Þ�ÜÙ{á,ã�ìyÞ�ÜdÕ¶Ü:ã1è�çyãLã�ÕgÚYÞyëpÙ�è�ã�Þ�ÜdÚ�ÞLìyã�ìqÕ¶å_ìyÞqè�Ü:ÚYã�Þ
ϕ1(t)

æQçyÚsèdçå_ìyÛ£â.Û�ÛsÕ
è�ÖW×gÜ�Ù{ÚYÞ�ÖWí�ìqÙ{Ü:ÚYã�ÞqÕ�å_ã�×
ϕ1(0)

Ù�Þqß
ϕ1(−τ1)

ù³é ê4çyÖÓ \ 
 äwÕ:ÝcÕ<ÜdÖ~áüÙ{Ôlã�Ø�Ö²ÜdçyÖ~Þ�çqÙ�ÕkÜ:çyÖ�ÕdÙ{á,ÖQÚYÞyÚ�Ü:ÚsÙ{Û.è~ã�ÞqßyÚ£ÜdÚ�ã�ÞqÕ
x̃i(0)

ð
i = 1, . . . , s1+ · · ·+sp

å_ã�×ÆÔlã{Ü:çpÕgÖ~ÜdÕ>ã{å
τ
Ù�Þqß

ϕ
Ù�ÞqßÜ:ç�ì.Õ¶Ü:çyÖ*ÕdÙ{á,ÖDÕ:ã�ÛYìcÜ:ÚYã�Þ�æQçyÚsèdçUè�ã�Ú�Þqè~ÚYßyÖWÕ¶æQÚ�Ü:ç�Ü:çyÖDã�ìcÜ:àqìcÜå_ã�×²ÕgÝcÕgÜ:ÖWá ô<ö�ù�ô_á,ãcßcìqÛ�ãmÜdçyÖ�ã�ìcÜ:àyìyÜ¶å_ìqÞqè³ÜdÚ�ã�ÞqÕFßyÖ~àlÖ~Þ.ßcÖ~Þ�Üã�Þ
Ü:çyÖD×:ÖaÕ<Üað�æQçyÚYè�ç�æQÚYÛ�Û�Ù{ÛsÕgãmÔlÖ�ÜdçyÖ*Õ:Ù�á1Ö�ù³é&�LÚYÞqè�Ö

τ0
ÚsÕFÙ{×:äÔyÚ£Üd×dÙ�×:Ý�ð

τ
ÚYÕFÞyã{ÜFÛYãcèWÙ{ÛYÛ�Ý�ÚsßcÖWÞ�Ü:Ú�â.Ù�ÔyÛ�Ö�é

¥


 �#,-$
)�� � ï ã�×ÆÙ�Õ:ÝcÕ<ÜdÖ~á/ã{åcÜdçyÖ¶å_ã�×dá ôgöaù³ðaÚ�åcå_ã�×IÕgã�á,Ö ã�ìcÜ:àqìcÜ
å_ìyÞqè³ÜdÚ�ã�Þ

hi

ÖaÙ�è�ç#ßcÖ~×dÚYØ�Ù�ÜdÚ�Ø�Ö
h

(j)
i , j = 0, . . . , n

è�ã�Þ�ÜdÙ�Ú�ÞqÕÙ4ÕgÜdÙ�ÜdÖ�äwØ�Ù�×:ÚsÙ{ÔyÛ�ÖÆÜdçqÙ�Ü�ÚsÕ�ßcÖ~ÛsÙ�Ý�ÖWß*è�ã�á,àqÙ{×dÖWß�Üdã4Ü:çyÖkàq×:ÖWØ�ÚYã�ì.ÕßcÖ~×dÚ�Ø{Ù�ÜdÚ�Ø�Ö�ð~ÜdçyÖ~Þ 0F0^X ÚsÕÆå]ìqÛ£âqÛYÛYÖWß1Ù{ÞqßRÜdçyÖ4ßcÖWÛYÙ�Ý@àqÙ�×dÙ�á,Ö�Ü:ÖW×ÆÚYÕÚYßcÖWÞ�ÜdÚ£â.Ù�ÔyÛYÖ�é�"zÞ
Õ:ìqèdç
èWÙ�Õ:ÖWÕIÜdçyÖQÚsßcÖWÞ�Ü:Ú�â.Ù�ÔyÚ�ÛYÚ�ÜzÝ�ã�ålÜ:çyÖ�ßcÖ~ÛsÙ�Ýè~Ù{Þ�ÔlÖDßcÖaè�ÚsßcÖWß�æQÚ£Üdçyã�ìcÜ4Ù{ÞLÝ1×dÙ�Þ%�1èWÙ{Ûsè�ìyÛsÙ�ÜdÚ�ã�ÞqÕWé

 ���Q�� �[�^	��

"zÞ�ÜdçyÚsÕ*ÕgÖaè³ÜdÚ�ã�Þ)æFÖpë�Ú�Ø�Ö�Õ:ÚYá1àqÛ�Ö�Ö�yÙ�á1àqÛ�ÖaÕDßcÖ~á,ã�ÞqÕgÜ:×�Ù�ÜdÚYÞyëÜ:çyÖ2ày×dÙ�è³Ü:Úsè~Ù�Û�è~Ù{Ûsè�ìqÛYÙ{Ü:ÚYã�ÞqÕlÙ{ÞqßDÙ{ÛsÕgã²Õ:çyã�æQÚYÞyë¶Ü:çqÙ{ÜlÜ:çqÖIÚYßyÖ~ÞcäÜ:Ú�â.Ù{ÔyÚYÛYÚ£Ü<Ýõã{å@Ü:çqÖ�ßcÖWÛYÙ�Ý àqÙ�×dÙ�á1Ö~Ü:ÖW×�è~Ù�Þ5ÔlÖ+ÙBÞyÖaè�ÖaÕ:ÕdÙ{×dÝ�ðÔyìcÜDÞyã�ÜDÕ:ì-`�è�ÚYÖ~Þ�ÜDè~ã�ÞqßyÚ£ÜdÚ�ã�Þ�å_ã�×�Ü:çqÖmã�ÔqÕ:Ö~×dØ�Ù{ÔyÚYÛYÚ£Ü<Ý#ã{å2ÜdçyÖØ�Ù{×dÚsÙ{ÔyÛYÖWÕmôeÙ�Þqß���ã�×�àqÙ{×�Ù{á,Ö~Ü:Ö~×�ÚsßcÖWÞ�Ü:Ú�â.Ù�ÔyÚ�ÛYÚ�ÜzÝ�ã{å2ÜdçyÖp×dÖ~ë�ìyäÛYÙ�×¶á,ãcßcÖWÛ.àqÙ{×�Ù{á,Ö~Ü:Ö~×�Õ�ù³é
�ZH�$
,V'N":��� � ����� ESK "F" 0 @ E 5*)L,M$*. 0 5*@ < $ 1 � X�Fã�ÞqÕ:ÚYßyÖ~×pÙ)ÕgàlÖaè�ÚsÙ{ÛFè~Ù�ÕgÖ
ã�åQÙ)è�ã�Þ�Üd×:ã�Û¶ÕgÝcÕgÜ:Ö~á æQçyÖ~×dÖ,ÜdçyÖã�ìcÜdàyìcÜ4è�ã�Ú�Þqè~ÚYßyÖWÕ¶æQÚ£Üdç
ÜdçyÖ�ìqÞqßcÖ~ÛsÙ�Ý�ÖWß�Õ<Ü�Ù�Ü:Ö�Ø�Öaè³Üdã�×1a

{

ẋ(t) = f(x(t), x(t− τ), u, u(t− τ))

y(t) = x(t)
.

ô��
��ù

_+Ö¶èWÙ{Þ@ÚYá1á,ÖaßcÚYÙ{Ü:ÖWÛ�ÝDã�ÔcÜdÙ�Ú�Þ
n
ÚYÞyàyìcÜ:ä¬ã�ìcÜ:àqìcÜ>Öaí�ìqÙ�ÜdÚ�ã�ÞqÕ�ÔLÝÜdÙ
�LÚYÞyëUÜ:çyÖ,âq×dÕgÜ*ÜdÚ�á,Ö�äzßcÖW×:ÚYØ�Ù{Ü:ÚYØ�Ö�ã{å²ÖWÙ�è�ç�å_ìyÞqè�Ü:ÚYã�Þ�ÚYÞ�ÜdçyÖØ�ÖWè³Üdã�×

y
ð
ẏ = f(y, y(t − τ), u, u(t − τ))

é �FÛYÖWÙ�×:ÛYÝ�ðyìyÞqÛ�ÖaÕ:ÕÜ:çyÖ�ë�ÚYØ�Ö~Þ)è�ã�Þ�Üd×:ã�Û>Õ:ÝcÕgÜ:Ö~á ÚsÕDÙ�Õ:ÝcÕ<ÜdÖ~á ã{å²Ó \ 
FÕ~ð.Ü:çyÖ~×dÖpÚYÕÙ�Ü1Û�ÖaÙ�ÕgÜ�ã�ÞyÖUÚ�ÞqàyìcÜgäwã�ìcÜdàyìcÜ,Öaí�ì.Ù�Ü:ÚYã�Þ æQÚ�Ü:ç ßcÖWÛYÙ�ÝcÕpÚYÞ�ÜdçyÖØ�Ù{×dÚsÙ{ÔyÛYÖWÕ Ù�Þqß,Ü:çyÖ*ßcÖWÛYÙ�Ý1àqÙ{×�Ù{á,Ö�ÜdÖ~×
τ
ÚYÕ¶ÚsßcÖWÞ�Ü:Ú�â.Ù�ÔyÛ�Ö�é

�ZH�$
,V'N":��� � "zÞBÜ:çyÚsÕmÖ�yÙ{á,àyÛYÖ x3
Ù{Þqß

x4
Ù{×dÖ,ÚYÞBåeÙ�è³Üpà.Ù�ä×dÙ�á1Ö~Ü:ÖW×dÕRæQçyÚYè�ç�æFÖ�çqÙ�Ø�Ö
Ú�Þ.è�ã�×dàlã�×�Ù�Ü:Öaß�ÚYÞ�Üdã�Ü:çyÖ#ë�Ö~ÞyÖW×dÙ�ÛÕgÝcÕgÜ:Ö~áüå_ã�×dáüìqÕ:ÖWß
ÚYÞ
Ü:çyÚsÕFæFã�×$� a



































ẋ1 = x3x2(t− τ) + u

ẋ2 = x4x2(t− τ)

ẋ3 = 0

ẋ4 = 0

y = x1
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ẏ = x3δx2 + u

ÿ = x3x4δ
2x2 + u̇

y(3) = x3x
2
4δ

3x2 + ü
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(ÿ− u̇)(δÿ− δu̇)− (y(3)− ü)(δẏ−
δu) = 0
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(ÿ(t0) −
u̇(t0))(ÿ(t0 − τ)− u̇(t0 − τ))− (y(3)(t0)− ü(t0))(ẏ(t0 −
τ)− u(t0 − τ)) = 0
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ẋ1 = x2
2(t− τ)

ẋ2 = x2
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ϕ1(t) = c
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ϕ2(t) =
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t ∈ [−τ, 0]
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ẋ1(t) = k1x2(t− τ) + u(t)
ẋ2(t) = k2x2(t− τ)
y(t) = x1(t)
x(t) = ϕ(t), t ∈ [−τ, 0]
u(t) = u0(t), t ∈ [−T, 0]
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ü(6))(ẏ(6−τ)−u(6−τ))

x  �
τ
�ª£ � §g�9�ª£ � � ��¹J� �

[0, 2]
¦

��� ��² ¨ � ��� �8� ©J� §g� � x¢g£ �d� �ª �£ ��� ¯�� �¡� §g� ¹J� �s¢Y��¶� �  �x  �
τ = 1

¦

0 2 4 6 8
−30

−20

−10

0

10

20

30

40

50
A plot of y(t)

t

y(
t)

0 0.5 1 1.5 2
−3000

−2000

−1000

0

1000

2000

3000

4000

5000

6000

A plot of the function ξ
6
(τ)

τ

ξ

³ �s¤ ¦ Ä ¦ r VgXMoJ�GT��a�GT y(t) SJ`a�!TxVgX�pb�G`L]�T\[<oJ` ξ6(τ) �

Çµ£ � §g��  � §g� � § � £D� © � �!�1� £ � � � §Y� �1��� � � § �U�M� §g�
�ª£ ¨ ¢ � �\ Q¢ � ¨ ¢ � �1½I¢ �J� �s Q£ �  U �µ���G�q� ����G �£g  ���  �£ ��� �ª£
τ
�U�A� �ª� ¦ ��§g�1£ � §g� � � ��� ���ª£G´Y£g� � �� � � � £ �¥¹J� �ª¢g� �(� § �U�

¨ �  G�G¢ � � � §g� ��� �M�� �¢ � ¨ ¢ ��� £Y� τ
�1� £g£g  ��� �¥���G�£ � �s�

´Y�8�2 �  �� � §g� �l¹J� �s� ��� �s��� �U���Y¦ ��§g� � � � �G��M �£ �������U� �1�
�I�!� §g�¥x ��ª�s J°��ª£g¤��² � � ¨ �ª� �
u!�?SJZ"�a^ªX3z�#















ẋ1 = x2
2(t− τ)

ẋ2 = x2

y = x1

x(t) = ϕ(t), t ∈ [−τ, 0]
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ϕ1(t) = c
ϕ2(t) = et+τ , t ∈ [−τ, 0] ,
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x1(t) =
e2t
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x2(t) = et+τ

, ∀t ≥ 0 .
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y(t) = x1(t)
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ẋ(t) = f(x(t), x(t− τ), u, u(t− τ))
y(t) = h(x(t), x(t− τ), u, u(t− τ))
x(t) = ϕ(t), t ∈ [−τ, 0]
u(t) = u0(t), t ∈ [−T, 0]

,
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∑
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∑
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ẋ1 = −k1x1u/k7 + 2k4x3(t− τ)
ẋ2 = k1x1u/k7 − k2x

2
2

ẋ3 = −k3x3 + 0.5k2x
2
2

ẋ4 = k3x3 − k4x3(t− τ)
y1 = k5(x2 + 2x3)
y2 = k6(x1 + x2 + 2x3) ,
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Ṁ =
αm

1 + (P (t− τ)/P0)n
− µmM

Ṗ = αpM − µpP
y1 = M
y2 = P ,
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������m§�µA×TØ�ØI× Ñ�� ����þ���¦f�a��������m§�µA×TØPØP×�Ù§-Â�������I������µ ¨ �¦X����� ���f�·���J���X�����J�9�����T�"�����������f¢È��� Í ã��?�P¢1�������m§�µ
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�*�f��«J�T��¦f���}�T�£�9�f���f���¡�����X�T�a�T�L�������a�}�������`���w��¦f�D�
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��P�X�G�r�������1�w��� ���f�.���X�����9«J���f���r�r�°�·�T�8�9�f�.���9�T����«J�����r 
�T�X�r��� Í �T�D�"�¡�G���I���r�D�T�f�����g�p�"�T�G�9�f�&����¢�¦f�¡�T���X���9��� �������9�
���,���f�L���G�p�9���#Ùc§O�*�X�L�T���������G�.���p�a�T�f���¡���X���±�L��9�f�G�f�
�w���������������f¢ ¨ ����þ²���X�����9«J���f�r���r�°�1�T�X�)�¡�G���I���r�D�T�X�r���g�p��w���A�f�P�f�r���f���T�A�G�����k�"���G���������A�T�����X� Í Þ8�¡�8���£���m§�µJ×TØPØP× Ñ
ß`�X���f¢�����T�[§rµ�×�Ø�ØPáPÙ8�����f�f�����`�L¦X�����,�9���G��9���9� ���f�
���X�)�¡�G���I���r�D�T�f�����g�p�Û�����9�f�1�9�r�L�� ��G�����k� �X���9��� �������9�
�T�D��� �f�������}�T�X���r�G�������¡�*�X��������9�T�9�L�w���*�9�f�"���T���9����§

×f§�Á�Ã��A�¯�*À�Ã�Á �8Á�Ä Ò Â���¶�Àpã�ÀpÁ8��Â��
Ä�� Ì ÀpÁ}Àp�*À�Ã�Á Ö

Æ&���D���¡�G���$�f���f�����f����� �����L� °�G���¡���+���G���������Û�T�È�9�f�
�w���9�.�















ẋ(t) = f(x(t), x(t− τ ), u, u(t− τ ))
y(t) = h(x(t), x(t− τ ))
x(t) = ϕ(t), t ∈ [−maxiτi, 0]
u(t) = u0(t), t ∈ [−T, 0]

,
Í ¿ Ù

¨ �f����� x ∈ R
n
�G���f�T�9�������f�����9�T���}«T�T�9�����f�r����µ

u ∈ R
m�¡���9�f�(���f�f¦G�����X�

y ∈ R
p
�¡���9�f�(�P¦G���f¦G��§¯�*�f�(¦f�G 

þ?�f� ¨ �â�����X���9���P�#�����L� °�G���¡���G���T�9�±�G���X�T�����Ú�I�)�9�f�«�������P�
τ = (τ1, . . . , τ`)

µ
τi ∈ [0, T ), T ∈ R

§5�*�X�
�®G�f�9���9���r�P�

x(t − τ )
� ���T�X���9�f�1����,���L«T�T�9�����f�����

{x(t − τ1), . . . , x(t − τ`)}
µ-���X�³�T�X���r�P¢���¦X���r�.�w���

u
§

�*�f� ���P���9�������T�
f
�T�X�

h
�T�9��� �����P�L���9�f�f�¡���r�,�9�f�����

�T�9¢�¦X� ���P�a�.�T�X�
ϕ : [−maxi(τi), 0] → R

n
�������

¦f�fþ?�f� ¨ ����P�P�����I¦X��¦X���w¦f�X����������T�X���f�r���¡�T�G����D�G�g�9�r�P�X��§�*�f�#������T�*�r�X�g�9�����¯�w¦f�D�c�������D���w�P�"���f�#«J�����¡�T�f�����
x
�¡�

�G���f�T�9���,�?�
C := C([−maxi(τi), 0], R

n)
§O�/�L���9�T 

�L���9�f�f�¡�£���f�f¦f���w¦f�X�c�9�����
u(t)

�¡�������r�����"�T�����f� �¡�9�����f���
���f�f¦G���r�*���X���G�r¤5���9���P�9��������¥I¦X�T�������à���`�k«��#�P�G� �r�a���
¦f�f�¡¥I¦f�&���P�r¦G�9�r�P�-§��*�f�&����M�T�f���r�P��¦X�a�"���f�f¦G���w¦f�D�c�������D�
�¡���G���f�T�9���(�?�

CU

§
Ã��f���T�`���X���P�?Óp���c����«����¯���`���f�¡� ¨ ���9þ����¯���"���I«���������¢P�T������X�±�f�9���`�����p�1�T�"�r�f���T�8���G���P�9�g�D���f���r�r�p�È�T�����f��G���¡���
�X���9��� �������9�

τi

§�À°�P�9¦f�g�9�r«P������µ
τi

�T�9�È���f���P�9�g�`�T�f���Ú�r�
�T�?�#� ¨ �#�����9�}���T�.�D���G�¡�p�9�r�f¢P¦X���f�����?�#�9�f�����G�p�9����� ����f�f¦G�� [�P¦G���f¦G���`���X�k«?�r�P¦f��§X� �w�P���������G���X�f�r�������±���8�P�
�w������� ¨ ���

	 W�
�_XZVS[Z<nJ_³x� �*�f���G���¡���(�X�T�a�T�L��9���a� τ
�T�9�"�������(���

�`�����G�����r�����¡�G���I���r�D�T�X�r���J�
τ0 ∈ (0, T )`

�r�G�9�f���9���®G�¡�p�a�
�T� ���`���L����

W 3 τ0

µ
W ⊂ [0, T )`

µ���¦X�a�����X�T� ∀τ1 ∈
W : τ1 6= τ0

µ ∀ϕ0, ϕ1 ∈ C
µ`�9�f���9���®G�¡�p�

t ≥ 0
�T�X�

u ∈ CU

��¦X�a��9�X�J�
y(t, ϕ1, u, τ1) 6= y(t, ϕ0, u, τ0)

µ
¨ �f����� y(t, ϕ, u, τ )

�G���f�������¯���X�8�X�T�a�T�L�������9��©���� ��¦f�� 
�f¦G�¯�w�P�A�9�f�*���f�r���¡�T�G�w¦f�X�c�9�r�P�

ϕ
µJ���X�����f� �¡�9�����f�������f�f¦G�

u
���X���G���¡�k�?�

τ
§

Ì �����r� ¨ �r�X¢É���X���f�T�a�J�9�r�P�X�Û�T�X� �T��¢����X�9�����/�������9�r�f¢
�T��ã��?�P¢²���.�T�[§ Í ×�Ø�Ø�ØIÙ Ñ ã±üT�a¥I¦f��©� �ã±������ý��f��©±��.���m§

Í ×TØPØ�ØIÙ Ñ Þ����L��8���m§ Í ×TØPØP×PÙ&�T�X��ß5�X�T�f¢L��8���m§ Í ×�Ø�Ø�áIÙcµ
�r��� K �`�L���X�L�X�����³�����L���9���L�P���f�X�����w¦X�X�c�9�r�P�X�"���*��X�f�g�9���?¦f���`�����T�*«J�T�9�¡�T�f�������w���P� {x(t − iτ ), u(t −
iτ ), . . . , u(l)(t− iτ ), i = (i1, . . . , i`), ij , l ∈ Z

+} µ¨ �f���9� ¨ �}�X�k«��8�G���X�T����� i1τ1 + · · ·+ i`τ`

�I�
iτ
§I¶-��

K(δ]
�G���X�T���.�9�f�±������T���`�����I�X���L�����¡� ���

δ1, . . . , δ`¨ �g�9�â���?���#���r���P�9�L�w�9��� K §&�*�f�¡�������#�¡�#�·�f�P�X��P�  ��¦G�9�T����«����9���f¢Xµ ¨ �f�������P�f�G�r�������(�¡�*�f��X�f��������¦X��¦X�T�[µ
¨ �f�r���"��¦f�g�9�r�X�r�¡���T�������.����¢���«������I�

a(δ]b(δ] =

ra+rb
∑

k=0

i≤ra,j≤rb
∑

i+j=k

ai(t)bj(t−iτ )δk ,
Í ×PÙ

¨ �f���9� ¨ �8�D��«����G���f������� δk1
1 . . . δk`

`

�?�
δk
§?�*�f�8�9���f¢

K(δ]
���#Á8�?��9�f���9�����Ú�T�X�Ú�³����V�.Ã������G�P�L�����-§��*�X�

���T����������� �X�r�����*���D�J�����f�"�a�T�fþ#���£���w�9���"� �f�G¦f�����J«����
K(δ]

��� ¨ �����g °�G��D�f��� Í Æ&�P�f�-µ ¿�ÏIÐG¿ Ù§X¶-��� M �G���f�T�9�
���f���L�G�G¦f���

spanK(δ]{dξ : ξ ∈ K} §��*�f�}����P��¦f�9���T�5���¦f�f�L�G�f¦f�r� N �r� M �¡���9�f����¦X�f�L�G�G¦f��� N = {w ∈
M : ∃a(δ] = a(δ1, . . . , δ`] ∈ K(δ]

µ
a(δ]w ∈ N} §

N �¡�����f��������¢P��������¦f�X� �f�G¦f������� M �����P�a�T���f���f¢ N�T�X� �X�k«?�r�X¢"���a�T�fþ���¥P¦D�T�G�9�
rankK(δ]N

Í Þ����"��&���m§�µ
×TØ�ØI×�Ù§
Ä8�r¤`�������P���¡�T������� ���à�w¦f�X��������X�

φ(x(t − iτ ), u(t −
jτ ), . . . , u(l)(t − jτ ))

��� K ���X� ���f�� m�w�P�����
ω =

∑

i κixdx(t − iτ ) +
∑

j,r νjdu(r)(t − jτ )
��� M ���

�G��X�f���������9�f���X�J�9¦f�a�T� ¨ ��� Í Þ8�¡�8���£���m§�µJ×TØPØP× Ñ ß`�X���f¢��8�T�[§rµD×TØPØ�áPÙ�

φ̇ =
∑

i

∂φ

∂x(t− iτ )
δif +

+
∑

j,r

∂φ

∂u(r)(t− jτ )
u(r+1)(t− jτ )

Í�� Ù

ω̇ =
∑

i

κ̇ixdx(t− iτ ) +
∑

j,r

ν̇jdu(r)(t− jτ ) +

+
∑

i

κi
xdδif +

∑

j,r

νjdu(r+1)(t− jτ )
Í�� Ù

Ä8��D�f�

X = spanK(δ]{dx} Í ÿ Ù

Yk = spanK(δ]{dy, dẏ, . . . , dy(k−1)} Í áIÙ
U = spanK(δ]{du, du̇, . . . } .

Í Ð Ù
�*�f���

(Yk +U)∩X = (Yn +U)∩X �w��� k ≥ n
���X�

rankK(δ](Yn + U) ∩ X ≤ n
Í Þ����L���}���m§�µX×�Ø�ØI×�Ùc§

� § Ö �A�¯������¶�Àpã�ÀpÁ8�¯�*À�Ã�Á
À°�Ê���f�¡�±������������ ¨ �²����D���¡�G���.�9�f�²�f���P�f����� �T�L���G 
�9�T���f���f¢·�T�1���f�f¦f�� ���¦G�9�f¦G���9���f�9�������P�a�J�9�r�P�à�w���P� ���f�
�p�a�J���� ����X�������w�P��� �T�����9�r�L�� ��G�����k�à��P�P���9�������G�p�9���.§
�*�f���·�X���P�f�r��� �D���³�`����� �9�����T�����$�w���à�`�����?�f���L�¡�T�
���G��������� ��� Ì ���a���L���1��#�T�[§ Í ¿�Ï�Ï � Ù§A¬� ¨ �����}���f� ¨���X�T�(�w�P���)���G�p�9��� �T�����f��w�P��� Í ¿ Ù#���X�����·�T� ¨ ���G��®G�����9��µT�J�¯�����P�p�¯���G���T������µJ������¯���D���f�f¦G�� [�P¦G���X¦G���G�����k�I 
�G�g¤5���9���I���¡�T�-��¥I¦X�T�������X�*�T�M�9�f���w���9�.�



F (δ, y, . . . , y(k), u, . . . , u(J)) :=

= F (y(t− i0τ ), . . . , y(k)(t− ikτ ),

u(t− j0τ ), . . . , u(J)(t− jlτ )) = 0 ,

Í Ô Ù

��¦X�9�â���X�T�(���I�)�X�����
(y(t), u(t)) ¨ �f�¡�9�Ý���P�r«P��� Í ¿ Ùcµ�T�¡���)���T���¡�p�D��� Í Ô Ùµ��V�P�

t
��¦X�9�Ý���X�T�.���r�"�G���9�r«T�J�9�r«����

���I«�����«����.����������I�����I¦f�P¦X��§D�*�f�"�w¦f�X�c�9�r�P�
F
�¡���L���9�T 

�L���9�f�f�¡���r�.�g�a�}�T�9¢�¦f�L���I�9��§

q UfWanJh�W�Y x��� ��«����#�"���G�p�9��� ���`�9�f���w�P��� Í ¿ Ùcµ����X������®G�¡�p�a���������P�9��¢����
J ≥ 0

�T�X�.�T�.���`���.�G���D������¦f�X����
V
�T�

C × CJ+1
U

µ���¦D�9�È���X�T�#���)�9�f���f���r¢P�I�`�P���f�?�f�
�T�"���I�1�`�P�r�I�#�T�

V
µ����X���9���®G�¡�p�a�����Ú�r�f�X¦G�� ���¦G�9�f¦G�

�9���f�9�������P�a�J�9�r�P�����M���f�����G�p�9���6�T�M���X���w���9� Í Ô Ùc§

� h�n�n�o ���*�f�,�f���G�T���¡����� ���f���G�9�T�������Ú�������f�,�X���?����T���*�f���P������×G§ë×G§ ¿ §M�r�ÚÆ&�P�P���(����T�[§ Í ¿�ÏPÏ�Ï Ù��w�P���9�f�
�T�D�T����¢���¦D�&������¦X�g�*�w�P��Ã�Ä �� ����G�p�9������§
¶-���

f
�`�Ú�T�

r
 ��f�r�L���X�������X��� «����c���P� ¨ �r���/���P�9�������

fj ∈ K §�¶��� ∂f
∂x

�G���f������9�f�
r × n

���J�9���r® ¨ �g�9����I���9�r���
(

∂f

∂x

)

j,i

=
∑

k

∂fj

∂xi(t− kτ )
δk ∈ K(δ] .

Í Ï Ù

Ä����f�����(�I�
s1
�9�f�(�r���������X���f�f��¢P�T����«��#�r�I����¢P��� ��¦X�9�

���D�J�

rankK(δ]
∂(h1, ..., h

(s1−1)
1 )

∂x
= rankK(δ]

∂(h1, ..., h
(s1)
1 )

∂x
.

Í ¿ ØIÙ
À�� ∂h1

∂x
≡ 0

���f��� ¨ �,�G���X�f� s1 = 0
§�À°�X�G¦D�c����«������Pµ

�w���
1 < i ≤ p

�G���f�T�9� �I�
si

���f�L�r���������X���f�f��¢P�J�9��«��
���P����¢�������¦X�a�(�9�X�J�

rankK(δ]
∂(h1, ..., h

(s1−1)
1 , . . . , h

(si−1)
i )

∂x
=

= rankK(δ]
∂(h1, ..., h

(s1−1)
1 , . . . , h

(si)
i )

∂x
.

Í ¿�¿ Ù

¶-���
S = (h1, ..., h

(s1−1)
1 , . . . , h

(sp−1)
p )

µ ¨ �f���9� hi�G�?���*�f�T�8�T�f�`���T�*�r�
si = 0

§X�*�f���

rankK(δ]
∂S

∂x
= s1 + · · ·+ sp = K ≤ n .

Í ¿ ×�Ù
À��

K < n
µ��9�f���9�â��®G�����²�L���9���L�P���f�X���)�w¦f�X��������X�

g1(δ, x), . . . , gn−K(δ, x)
��¦X�a�(�9�X�J�

rankK(δ]
∂(S,g1,...,gn−K)

∂x
= n

§
Ì ���}�����L�f�������g�p��µf���P�9���f�G¦X����9�f�"�f�T�a�J�9�r�P�











































































x̃1 = h1

. . .

x̃s1
= h

(s1−1)
1

x̃s1+1 = h2

. . .

x̃s1+s2
= h

(s2−1)
2

. . .

x̃s1+···+sp
= h(sp−1)

p

x̃s1+···+sp+1 = g1

. . .

x̃n = gn−K

.
Í ¿ � Ù

�*�f�1�P�f� [�w���9�L�
dx̃i, i = 1, . . . , n

�f� ¨ �w���9� �
�X����������� X §&�*�f�,�G��X�X�g�9�r�P�â�T� si

Í ��¥I¦X�T������� Í ¿�¿ ÙpÙ
�r�L�f���r���*���X�T� ∂h

(si)

i

∂x

�¡�*���

spanK(δ]

{

∂(h1, . . . , h
(s1−1)
1 , . . . , h

(si−1)
i )

∂x

}

.

Í ¿ � Ù
�*�I¦X�)���f����� ��®G�����È�f���X©����9���`�����I�X���L�����¡�

bi(δ] ∈
K(δ]

µ
i = 1, . . . , p

��¦D�9�6�9�X�J�
bi(δ]

∂h
(si)

i

∂x

�¡�È���

spanK(δ]

{

∂(h1,...,h
(s1−1)

1 ,...,h
(si−1)

i
)

∂x

} §X�*�f���9��w�P���Pµ

bi(δ)dh
(si)
i +

∑m
r=1

∑J
j=0 cj,r(δ)du

(j)
r

∈ spanK(δ]{dx̃1, . . . , dx̃s1+···+si
} µX�w���������L� J ≥ 0

µ
¨ �f���9� J

�¡���9�f�#�f�r¢P�f�������G������«J�J�9��«��L�T�
u
�T�f�`���T�9�r�X¢

�r�����f���w¦f�D�c�������D���r�
S
�T�X�

cj,r(δ] ∈ K(δ]
§ Î ���X����µ

bi(δ]dh
(si)
i +

m
∑

r=1

γ
∑

j=0

cj,r(δ]du(j)
r −

−
s1+···+si
∑

j=1

aj(δ]dx̃j = 0 ,

Í ¿kÿ Ù

�V�P����P� �
aj(δ] ∈ K(δ]

§ Ö ���X��)�T�����w¦f�X�c�9�r�P�X��T�9�
���9��¦f�L���Û�L�����P� �P���X�f���1�T�X� ¨ �)�X��«P�)����I�����I¦f�P¦X��G���`���D�G���X���&�w���M�9�f����¦f���f¦G�¯�����9�f�����f�f¦G���T�X���r�f�r���¡�T�
�V¦X�X�c�9�r�P�-µ����f�Ú�T�`�J«��²��¥I¦X�T���g�p� �f���¡�f���� �T�����`���
�G���X���}��������

C×CJ+1
U

§P�*�f������V���X���X�L�����G�}�T�5��¥I¦X�T 
������� Í ¿kÿ ÙcµT�`�����f¢"��¥I¦X���?�9��©����9�XµJ�¡��������P�������P�f� [�w���9�
��� M §��}�f�f���?���f¢.���f� Ò �����X�������L�r���L�L�Xµ ¨ �L�P�G�9���r�
�V¦X�X�c�9�r�P�X�

ξi(t) ∈ K
��¦X�9�,���X�T�

dξi = bi(δ]dh
(si)
i +

∑m
r=1

∑J
j=0 cj,r(δ]du

(j)
r −∑s1+···+si

j=1 aj(δ]dx̃j

�T�X�
ξi(δ, h

(si)
i , x̃, u, . . . , u(J)) = 0

µ²�V�P�������a�
i =

1, . . . , p
§-�*�f�L�w¦f�X�c�9�����

ξi

�G�?�����f�����G���`���X��P�
x̃j

µ
j > s1 + · · ·+ si

µI�����X��
dξi = 0 ¨ �P¦f���L���f������P�P�9���r������9���

dx̃j

µ
j > s1 + · · · + si

¨ �f�¡�a�·�¡�"��� �`�I�������f�r��I� Í ¿kÿ Ù±�G¦X�²�9� ���f�)«J�����¡���f�r���
dx̃

�`�����f¢Ý���r�f���T�9�r�
�r�X�G���`���X�f���P�à�J«���� K(δ]

�?�$�G��D�f�g�9�r�P�-§"�*�?¦X��µ ¨ ��X��«����P�G�9���r�f����� �������T�������

ξi(δ, h
(si)
i , x̃1, . . . , x̃s1+···+si

, u, . . . , u(J)) = 0 ,Í ¿ áPÙ
¨ �f���a� �9��¢������f��� ¨ �g�9� Í ¿ � Ù �f�9�G�G¦D���� �T� �r�f�f¦f�� 
��¦G�9�f¦G�}��¥I¦X�T�������

ξi(δ, y
(si)
i , y1, . . . , y

(s1−1)
1 , . . . , y

(si−1)
i ,

u, . . . , u(J)) = 0.

Í ¿JÐ Ù

�*�f��� �������9¦f���w��� ���P�9�
i, 1 ≤ i ≤ p

������¦f�r�9�r�f¢�r�
p�r�f�f¦f�� ���¦G�9�f¦G�8��¥I¦X�J�9�r�P�X�*�T�M���X���w���9� Í Ô Ùc§

¥

� §*ÀpÄ���Á��*À Ì Àp� � Àp¶-Àp� �ÜÃ Ì � Î �âÄ���¶M� �
Ò ��Â}�8ã ������Â Ö

�*�f���������c�9�����·�G������� ¨ �g�9�³���f���f�9���X�r��� �T�����f���¡�G���f ���r�D�T�f�����g�p�à�T�}�9�f�(�����L� °�G���¡���à�X�T�a�T�L�������a�
τi, i =

1, . . . , `
��� Í ¿ Ùc§�¶-���f���T�� ����r¢����X�9�T������9�g�9���9�����������w���9��¦G 

���T�����-µ��X�������"���"���f�&���r�f���T���w���9�Ê�T�G���X�����f�f¦G�� [�P¦G���X¦G�
��¥I¦X�J�9�r�P�X� Í ¿�ÿ Ù��w���P���9�f�"�f�9��«?�r�P¦X�*������������-§



�*�f�"��¥I¦X�T�������X� Í ¿kÿ Ù&¢���«��

ai(δ]dy
(si)
i +

m
∑

r=1

γ
∑

j=0

cj,r(δ]du(j)
r =

=

i
∑

l=1

sl−1
∑

j=0

ai,l,j(δ]dy
(j)
l ,

Í ¿�Ô Ù

¬â�r��� �f�)�r�I��������¢����f���a�T���r�°�Pµ ¨ ��P����¦f�L�±���D�J�(�9�f��`�����?�f���L�¡�T�¡�
ai(δ)

�P�$���f�È����V�� [�D�T�X� ���¡�G�È�T�#�9�f�
�T�`�J«��/��¥I¦X�T�������X�Û�T�9�/�����9���G¦X���r�X�r�P§�¶���

ai(δ] =
∑

k aik
δk
µ

cj,r(δ] =
∑

k cj,r
k
δk
���X�

ai,l,j(δ] =
∑

k ai,l,j
k
δk
§£Ä����f���������r�&�9�f���f�g¤5���9���I� �L���X���L�������

δk
���f�`���������f¢��T�`�J«����I�

∆i1, . . . ,∆iq

�T�X�±�9�f� Í ���G 
����¢����aÙ8�r���f���T�"��P���f�r�X�T�������D���T�

τ1, . . . , τ`

���D�J�����f���
�9���f�9�������P���I�

Ti1, . . . , Tiq

§OÀ��������L���������f� �9���9�L���r�
ai(δ]

µ
cj,r(δ]

���
ai,l,j(δ]

�¡���·�`�����?�f���L�¡�T�}���
δ
���

�G��¢��9���.©������Dµ£�9�X�J������µ¯�9�f�±�r�X�f¦G�� ���¦G�9�f¦G�(��¥I¦X�T�������X�
��P�P�a�T����¦f�X�G���¡�k�����"«T�T�9�����f�r����µ�9�f��� ¨ ������ ∆i0

��¥I¦X���
���

δ0
µ ¨ �f����� δ0

�G���X�T���������f���¡�G���I���r�°�����`���9�T������µ��T�D�
���X������9�9�����`���D�G�r�X¢

Ti0
�¡�"©������D§OÀ����¡���9�f����P���f�r�D�J 

�������D�
Ti0, . . . , Tiq

���
τ1, . . . , τ`

���D�J�"�f��������L���f���9�f�
���G�����5�¡�G���I���r�D�T�X�r���g�p�(�T�M���X�"���T��������§
¶-���

∆i0

�`�����X���L���X���L�����
δk
�r�

ai(δ] ¨ �r���L�������r����������X�G�®
k
Í ���a�G�������Ê�T�V�����

k1, . . . , k`

Ù� (�g�,�¡�����g�9�f���
��¥I¦X�����9�

∆i0
�P�L���#�T�L���f¢���X�

∆i1, . . . ,∆iq

§��*�f�
���f�f¦G�� [�P¦G���f¦G�*��¥P¦D�J�������D�������9�������`���X�f�r�f¢"��� Í ¿�Ô Ù������
���G�����r�����`� ¨ �9�g�������

y
(si)
i = f̃i(∆

−1
i0

∆i1, . . . ,∆
−1
i0

∆iq, y1, . . . , y
(s1−1)
1 ,

. . . , yi, . . . , y
(si−1)
i , y

(si)
i , u, . . . , u(γ)) Í ¿�Ï Ù

���

yi
(si)(t) = f̃i(y1(t), . . . , y

(si−1)
i (t), u(t), . . . , u(γ)(t)

y
(s1−1)
1 (t− Ti1 + Ti0), . . . , y

(si)
i (t− Ti1 + Ti0),

u(t− Ti1 + Ti0), . . . , u
(γ)(t− Ti1 + Ti0),

. . . ,

y
(s1−1)
1 (t− Tiq + Ti0), . . . , y

(si)
i (t− Tiq + Ti0),

u(t− Tiq + Ti0), . . . , u
(γ)(t− Tiq + Ti0)). Í ×TØIÙ

¶-���
(T11 − T10

, . . . , T1q − T10
, . . . , Tp1 − Tp0

,

. . . , Tpq − Tp0
)tr = M(τ1, . . . , τ`)

tr ,

Í × ¿ Ù

¨ �f����� M
�¡���

(1q + · · · + pq) × `
���P�9��¢��������J�9���r®

�T�D�
vtr

�G���f�����������f� ���a�T�D���`�I�����T�
v
§O¬�������,�f� ¨�w���9��¦f�¡�J�9�����f�����G���P�9�g�D���f���r�r�p�,�����r�������¡�#�w�P�

τ1, . . . , τ`���(�9�f���w�����r� ¨ ���f¢ �f�9���`�I���r�����P�-�

� h�na¸fnkbcZVS[Z<nT_àx� À�� M
�����f��X�f���,�P�����`�k«�� Í × ¿ Ù8�T�D�

y
(si+j)
i (t)

�¡���X�T�����f���P�9�����T���r���¥I¦X�T�¯����©��������w�������I�
0 ≤ j < iq − 1

µ
i = {1, . . . , p} µ��9�f��� τ1, . . . , τ`�T�9�(���G�����r���·�¡�G���I���r�D�T�X�r�.¢����f���9�����T���r�PµA�g���T�X�1���X�r�à�r�

rank(M) = `
§

� h�n�n�o �A¶-����X�a�p� rank(M) < `
µ����D�J������µ-�9�f���9���T�9�

���G�X�f�r�����r� �L���I�
τi

� � ¨ �X���a�Ê¢P�r«��³���X�à�9�T�L�·�r���f���T�

������f���X�T�������X�
τ̃ := {Ti1 − Ti0 , . . . , Tiq − Ti0}

µ
i = 1, . . . , p

���X�±�9�f�L���f�f¦G�� [�P¦G���f¦f�"��¥I¦X�J�9�r�P�X� Í ×TØIÙ
���T�f�X�T���`� ¦X�����±�����¡�G���P���r�w�±���f�

τi

� ��§5¬³���9�����J�����f�
�������

` ≥ 2
�T�D���9��w�����9�#�8�f¢�¦X�����k«T�L���X�.¬���f�I�`���9¢

Í ×TØPØ Ð ÙO�w���£�9�f�����������T�5�������f¢����*�f���¡���P§JÀ��
rank(M) =

0
µ����f�&�X���?���G�¡�A�T�X���r�P¢���¦X�O���8���f���f�9�?�T�f�r���}�X¢�¦f���r�J«J�
�T�X�(¬³���f�?�`���9¢ Í ×�Ø�Ø Ð Ù&�T�X�(�¡�*���f���9��w�P�����r���V�}�P¦G��§
¬� ¨ ���r�£���f� ¨ ���D�J� τ1, . . . , τ`

�������f�T���r�f���T�����(�¡�G���f 
���r�D�T�f���²¢P���f�����¡�����r���Ý�I� ���X� ¨ ���f¢Ú�9�X�J� Í ¿ Ù����T�Û�`������X���������P���������G�����r��������� �X��¦G�9�9���-���G������� ¨ �r�����9�r�L�����¢P�

τ̃
§¯�*�f�¡�L���G������� �¡�����f�9�T���f���·�w�9��� ���X�(���f�f¦f�� 

��¦G�9�f¦G�·��¥I¦X�J�9�����X� Í ×TØIÙ�¦X�����f¢Ý���f�È�f�T�a�J�9�r�P�Û�w���P�
Ö ���c�9�r�P� �


































































































































˙̃x1 = x̃2

. . .
˙̃xs1−1 = x̃s1

˙̃xs1
= f̃1( ˙̃xs1

(t− τ̃ ), x̃, x̃(t− τ̃ ), u, . . . ,

u(γ), u(t− τ̃ ), . . . , u(γ)(t− τ̃ ))
˙̃xs1+1 = x̃s1+2

. . .
˙̃xs1+s2−1 = x̃s1+s2

˙̃xs1+s2
= f̃2( ˙̃xs1+s2

(t− τ̃ ), x̃, x̃(t− τ̃ ), u,

. . . , u(γ), u(t− τ̃ ), . . . , u(γ)(t− τ̃ ))
. . .
˙̃xs1+···+sp

= f̃p( ˙̃xs1+···+sp
(t− τ̃ ), x̃, x̃(t− τ̃ ), u,

. . . , u(γ), u(t− τ̃ ), . . . , u(γ)(t− τ̃ ))
ỹ1 = x̃1

ỹ2 = x̃s1+1

. . .

ỹp̃ = x̃1+s1+···+sp−1

x̃(t) = ϕ̃(t), t ∈ [t0 −maxj τ̃j , t0]

.

Í ×P×�Ù
�}�I�L�X�T���

(y(t), u(t)) ¨ �X���a�#������«����£���f�8�P����¢����X���f���G�p ����� Í ¿ Ù������������T���¡�p�D���¯�9�f�����`�k«��}�f��¦f���a�T�`���G������� �w���
t0 ≥ maxiτ̃j

��¦X�9� ���X�T�±�T���"�G������«J�J�9��«����������³�����G 
�����I¦f�P¦X��§D�*�?¦X��µf���X���r�X�f¦G�� ���¦f���f¦G���`���X��«?����¦f�}�T�£���f�
���G������� �f�?���#�f�T�(�f���������f¢�¦X�����Ú���f�,�r�f�X�f�r�������È���T�?�
τi

� � ¨ �f�¡�9�"¢P�r«��£�9�f���9�T�L�¯�����f������������f�r�X�T�������D� τ̃ �T�X�
τ1, . . . , τ`

�������f�T�}�r�G���T���r�#�¡�G���I���r�D�T�f���"¢����f���9�����T���r�P§
Ö ¦f�f�`�P�����f� ¨ ���X�T� rank(M) = `

§f¬���X�9�������X�����9«��
���X�T� ¨ � �9�f���³��¦D�p���X�k«�� q ≥ `

���X� ¨ � ���?¦X���D��«���J�������P�p�
`
�G�r¤`�������P�

∆iq

� ��§�Æ&���D���¡�G���#���f�I���±�������f�
��¥I¦X�J�9�r�P�X� Í ×TØPÙcµO�w��� ¨ �f�¡�9� iq ≥ 1

§ ��«T�T��¦X�J�9���³�J���
�f®G�����9�r�L���`�P�r�I�

t0 ≥ T
µ Í ×�ØPÙM¢P�r«����£��� ��¥I¦X�T���������w���

Ti1, . . . , Tiq

�

y
(si)
i (t0) = ξ(y1(t0), . . . , y

(si−1)
i (t0),

u(t0), . . . , u
(γ)(t0),

y
(s1−1)
1 (t0 − Ti1 + Ti0), . . . , y

(si)
i (t0 − Ti1 + Ti0),

u(t0 − Ti1 + Ti0), . . . , u
(γ)(t0 − Ti1 + Ti0),

. . . ,

y
(s1−1)
1 (t0 − Tiq + Ti0), . . . , y

(si)
i (t0 − Tiq + Ti0)),

u(t0 − Tiq + Ti0), . . . , u
(γ)(t0 − Tiq + Ti0)). Í × � Ù

À��£���f�������L� [�`�P�r�I�
t0
�¡�8�a�f�P�����.�¡�T�9¢��"���f��¦X¢������#���G 

��¦f�9�����X���®G���������X����T�¯���r�-�����L� °�G���9��«J�J�9�r«����*���I«��P�r«����



Í ¨ �X���a�²�����·�`�#�P�9�X�r��«����³�I�³�a�f�?�I�����f¢��w�����®f�T�L�f���
t0 ≥ (maxisi−1)T

Ùcµ��9�f�����G�r¤5�������P�9���T�����f¢ Í × � Ù ¨ �g�9��9�����`���c�O�9������� ��¢���«����O�f� ¨ ��¥I¦X�J�9�r�P�X�5�w��� Ti1, . . . , Tiq¨ �f�¡�9�Ç�����â�r�X�f���`���X�f���P��µ �����X��� dy
(j)
i , j ≥ 0

�����
���r�f���T�9�r�#���X�G���`���X�G���P�8�k«���� K �f¦f����� iq ≥ 1

�

y
(si+j)
i (t0) =

dj

dtj
ξ(y1(t), . . . , y

(si−1)
i (t),

u(t), . . . , u(γ+j)(t),

y1(t− Ti1 + Ti0), . . . , y
(si−1)
i (t− Ti1 + Ti0 ,

u(t− Ti1 + Ti0), . . . , u
(γ+j)(t− Ti1 + Ti0), . . . ,

y1(t− Tiq + Ti0), . . . , y
(si−1)
i (t− Tiq + Ti0),

u(t− Tiq + Ti0), . . . , u
(γ+j)(t− Tiq + Ti0))|t0 .Í × � Ù

Å}�X�r�����
y
(si+j)
i (t)

�����¡�G���P���¡�����r���±©����9�(�w�������P�L�
0 ≤

j < q − 1
µ-�9�f���X�a�p�

q
�T�*���f�����#��¥I¦X�T�������X�"�¡�G���P�9�r�w�

Ti1−Ti0 , . . . , Tiq−Ti0

���G���T���r� Í �9�f���9�����£���������������L�
���P�����.�`�²¦D�����Ê���Ý�T�D�T���I©��·¢P�r�P�X�T���¡�G���P�9�r�D�T�f�����g�p�fÙc§
Ö ���X��

rank(M) = `
µ
τi

µ
i = 1, . . . , `

�����*¢����f���9�����T���r�
�G���X�f���±¦f�f�¡¥I¦f�����.�I���9�f���r�G���T�����(�¡�G���I���r�D�T�f�����r���f���T�
��P���f���X�J�9�r�P�X�

Ti1 − Ti0 , . . . , Tiq − Ti0

Í �T� ���?«I�r 
��¦D����®f����f�������³�������f�#���P��� ���*����L�L���D��¦f�a�J�9�������L� 
�G�����k�G�9Ù§A�*�I¦X��µA���r�

τi

µ
i = 1, . . . , `

�T�9�#¢����f���9�����T���r�
���G�����r�����¡�G���P���r�D���f�r�Pµ ¨ �f�¡�9����P� �X�r�������*���f�"�f�9�?���p§
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À°�â�9�f�¡�������c�9�r�P� ¨ �,���r��¦X�����a�J�9���9�f�,���X�����9�È�I�â������ �f���³�®f��� �X�r�����T�X� ���f� ¨ �9�X�J� ¨ ����þÚ�P�X������«T�T�f���r�r�p�Í ���X�DªJ���L�X�T�a�T�L��9���L���G���P�9�g�D���f���r�r�°�1�w���L���f������¢�¦f�¡�T�
�L�G�G�����X���9���L������9�aÙ)�G�?���Ú�X�T� �f��������9�T�9���r�����L�f�r�
�¡�G���I���r�D�T�f�����g�p�/���.���f� �G���¡�k� �X�T�a�T�L��9���a��µ����1«?�����
«����a�9�f§5�*�I¦X��µ`�9�f���T���������G�.�����9���f�������f���,�L��9�f�G�f���w�P�
�����p�9�r�X¢��P�X�����9«J�T�f�����g�p�����X� ���G���P�9�g�D���f���r�r�°���w�P�¯�f�P�f���r�G 
�������G���¡�������?��������� Í Þ����������T�[§�µ5×�Ø�ØP× Ñ ß`�X�T�f¢������T�[§rµ
×TØPØ�áIÙ8�����f�f���"�`�L¦X����������G���������L���f� �9�f���¡�G���P�9�r�D�J 
�f���r�r�p���T�M�9�f���G�����k�#�X���9���L������9��§
t��?RJY8¸`]�W x��















ẋ1(t) = x2
2(t− τ1) + u(t)

ẋ2(t) = x1(t− τ2)x2(t)
y(t) = x1(t)
x(t) = ϕ(t), t ∈ [−τ, 0]

Í × ÿ Ù

¬³�"�X��«��
ẏ = (δ1(x2))

2 + u

ÿ = 2δ1(x2)δ1δ2(x1)δ1(x2) + u̇ =
= 2(δ1(x2))

2δ1δ2(x1) + u̇

Í ×TáIÙ

�T�D�




dy

dẏ − du

dÿ − du̇



 =
∂(S, h

(s1)
1 )

∂x

[

dx1

dx2

]

=

=





1 0
0 2δ1(x2)δ1

2(δ1(x2))
2δ1δ2 4δ1δ2(x1)δ1(x2)δ1





[

dx1

dx2

]

.

Í × Ð Ù
Æ&�����T�9����µJ�9�f�}���J�9���r® ∂(S,h

(s1)

1 )

∂x

�X�����9���fþ ×��J«���� K(δ]�T�D�(�����9�f�����G�������6��� ¨ ����þI���#���X�����9«J�T�X�r���P����P�9�f�r�f¢

�����9�f���G��X�X�g�9�r�P������Þ��¡������T�[§ Í ×TØ�ØI×�Ùµf�g�
τ1

���X�
τ2�T�9�¯þ?�f� ¨ �-§ Î � ¨ ��«�����µ τ1

�T�X�
τ2
�������f�T�M���f���P�9�g�`�T�f����§

�*�f�â���f�f¦G�� [�P¦G���X¦G�1��¥I¦X�J�9�r�P�/���Ü�����f�����·�w�P��� Í ��¥D§
Í ¿�Ô Ù�Ù������

dÿ − du̇ + 2δ1δ2(x1)du =
= 2(δ1(x2))

2δ1δ2dy + 2δ1δ2(x1)dẏ,

Í × Ô Ù

�T�X� ¨ �)�����²���X�T�,�9�f���9�)�T�9�à� ¨ � �L�P�f���L�¡�T�¡��µ ∆0�T�X�
∆1 = δ1δ2

¨ �g�9�·�����9�������`���X�G���f¢���P���f�r�D�J�������D�
T0 = 0

���X�
T1 = τ1 + τ2

�T���9�f� � ¨ �(�9�r�L�� ��G�����k�G��§
�*�I¦X��µ

M =

[

0 0
1 1

]

¨ �r�����a�T�Xþ ¿ µ?���X�����f�������L������¢P�
�T�9���f�T�}���f���P�9�g�`�T�f����§
Ì ������� ¨ ���f¢ ���f�"���f�"�X�9���}�X�T�������M�9�f�"�f�9�?�T�A�T��Æ&���9���r ������� ¿ µ ¨ �(���T�²¦X���#�9�f���a�X�T�f¢P�#���}«J�����¡�T�f����� x̃1 =
y = x1

µ
x̃2 = ẏ = (δ1(x2))

2 + u
���·��� ¨ ���r�9�(���f����G�������É���







˙̃x1(t) = x̃2(t)
˙̃x2(t) = 2(x̃2(t)− u(t))x̃1(t− T1) + u̇(t)
y(t) = x̃1(t)

.

Í × Ï Ù

t��?RJY8¸`]rW�y��






















ẋ1(t) = −x2(t− τ1)
ẋ2(t) = x1(t− τ2)
y1(t) = x1(t)
y2(t) = x2(t− τ2)
x = ϕ(t), t ∈ [−T, 0]

Í�� ØPÙ

¬�"�X�k«��
ẏ1 = −δ1x2

ÿ1 = −δ1δ2x1

Í�� ¿ Ù

�T�X� ∂(S,h
(s1)

1 ,h
(s2)

2 )

∂x
=









1 0
0 δ1

δ1δ2 0
0 δ2









§±�*�X�Ü�r�f�f¦f�� 

��¦G�9�f¦G�}��¥I¦X�T�������X�*���������f���T�*�w�P���É�T�9�

dÿ1 = −δ1δ2dy1

δ1dy2 = −δ2dẏ1 ⇔ dy2 = −δ−1
1 δ2dẏ1

.
Í�� ×�Ù

¬�±���?¦X���X�k«��
∆10

µ
∆11 = δ1δ2

µ
∆21 = δ1

�T�X�
∆22 = δ2

�T�X�(�9�I¦X��µ
T10 = T10

= 0
µ
T11 = τ1 + τ2

µ

T20
= T21 = τ1

µ
T22 = τ2

���X�
M =





1 1
0 0
−1 1





µ

¨ �f���a�L�¡�¯�T�5�9���fþ�×G§��*�?¦X� τ1
�T�X�

τ2
�T�9�*���f���P�9�g�`�T�f����§

Ì ���L���X���#�����L�f���.�®f�T�L�f����µ ¨ �±���T�Ú�����¦X���r���1���T�¡�¦f ���T���È���f�Ú«T�T��¦f���³�����9�f�È� ¨ �Ê����� �â����¢P��w�9��� ���f�
�®G�f�������g�²���f�f¦G�� [�P¦G���f¦f�²��¥I¦X�J�9�r�P�X�

ÿ1 = −δ1δ2y1

µ
y2 = −δ−1

1 δ2ẏ1
§��M�������r¦X�����a�J�9��µ ¨ �}������¦f�¡�J�9����¦G�9�f¦G�9��V�P�����X���"���G�p�9��� ¨ �r�������	��
��� � �����������#�w¦f�X��������Í Ö �X��� �X�r�f���T�X���*�f�P� �D���P�-µI×TØPØ ¿ ÙµJ�?�L�������9�r�f¢

τ1 =
1
µ
τ2 =

√
2
µ
ϕ1(t) = et

�T�X�
ϕ2(t) = t+1

§P¬³�}���X���
�f�r���

µ1(T11−T10)|t0 := ÿ1(t0)+y1(t0−T11 +T10)�T�X�
µ2(T22 − T21)|t0 := y2(t0) + ẏ1(t0 − T22 +

T21)
�w���

t0 = 4
§&�8����®G�`���c�9���Oµ����f���w¦f�X��������X���T�9�

©����9�.�w�P�
T11 − T10 = 1 +

√

(2)
�T�X�

T22 − T21 =
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µ 2

Ì �r¢D§ ¿ § q UfWMoa�G_5\S[Z<nJ_Xb µ1(T11−T10)|4 RJ_5� µ2(T22−
T21)|4 �

√

(2) − 1
���X� �r�G���T���r�â���f�����à��������X�·���X�r� �9�?�T�a��µ

����� Ì ��¢X§ ¿ § � �r�P�X�T������µ?���f�����"�T�9���T�¡��� �����f���*�9�?�T�a���w�P�
µ2(T22 − T21)

���D�J�(���T�Ú�`�±�������Ú��� Ì �r¢D§ ¿ §��*�X���
�������`���G���9�����9�f��� �������f�¡�&���������?� �f���T�������f¢

µ̇2(T22−
T21)|t0 := d

dt
(y2(t0) + ẏ1(t0 − T22 + T21))|t0

Í �T�X�
�T�9�f���&��¦f�D����¥P¦X���P���9�r�L� °�G���9��«J�J�9�r«P���aÙA���r�X���

T22−T21��¦X���}�`�"� �9�?�����w���*�9�f����µG���G�X§

áX§}Æ�Ã�Á�Æ�¶�Å Ö À�Ã�Á Ö

¬³�L�X�k«��L�T�X���r�?©������9�f�L�¡�G���I���r�D�T�X�r���r�°�,�T�&���f�L�����L� 
�¡�T¢��X���9���L������9�A�r�L�f���f�����f���T�����G��������� ¨ �r���L��¦f�g�9���f�r���P�X���9�T�I�*�����L���G���¡���G��§
Ö �a�J���³�����r�L���X�J�9�����Ý���.���X� ¨ � ���)�?�����¡�Ý�T�Ý�®?�9�����D�T����f�f¦G�� [�P¦G���f¦G�1�9���f�9�������I�9�T������� �T�(�9�f� ���?�������.µ��9�f�
�w���9� �T� ¨ �f�¡�9�$�G����¡�G�������f�²�¡�G���I���r�D�T�X�r���g�p�Ê�T� �9�f��G�����k� �X�T�a�T�L��9���a��§ Ì ���±�����L�f������� �f�G���¡� ¨ �g�9� �w� ¨«J�����¡�T�X�r���&���X���D�T�a�T�L��9���a��µP�9�f�����f�f¦G�� [��¦f���f¦G�}��¥I¦X�J 
�������D�����T���`�}¦X�������G���9���c�9�r���9�����f���P�9�g�w� ���X�}«J���r¦X���¯���
���X������� �� [�¡�T¢I�&�w�9���6� ������¦f�9���(�f�T�9�f§
¬³�È�X��«P�²�w�P����¦X���T�����$�����f������ °�T��¢����f�9�T�¡�²�����r�������¡�â���
�a�f���aþ·�9�f�.�¡�G���I���r�D�T�f�����g�p�1�T�8�9�f���G���¡�k�à�X���9��� �������9�
¨ �f�¡�9�à���r���L�r�X�T�������X�#�f�����³�w�������·�®G�f���¡��r�����T�¡�¦f�¡�J �������.�T�M�9�f�"�r�f�X¦G�� ���¦G�9�f¦G�8�������T�������X��§

Ð §��8Æ ¾ Á�Ã}¬ ¶ ��Ä � ��ã ��Á�� Ö

�*�f�¡� ¨ ���9þ ¨ �P���¦f�X�`���������Û�I�Ê�9�f�ÈÁ8�T�������X��� Â�� �����T�a�a� Ö �a�f�?�����r� � ���f���L�¡����T�X� � �r�P�r�G�w�P�����T���¡����µ
���X� Ö ¨ ���G�¡���ÚÂ}�������T�a�a�ÚÆ&�P¦f�X����mµ��T�X�1���X� Ö ¨ ���G�¡���Ì ��¦f�X�f�T���������w�P� Ö �9�9�T����¢P�¡�£Â��������T�a�9��«?�¡�����f� � �T�9�f���G �f¦f�9¢�ã±�J�9�f�����J�9�����T�-ã��f�G�����r�X¢#Æ&���P�9����§

Â � Ì ��Â���Á�Æ � Ö
�}�X¢�¦f���r�J«J�Xµ`ã��Ü¬³���f�I�`����¢Dµ � § Ö �a�J��� �����r�L���X�J�9�r�P�
�T�X�Ý�¡�G���I���r�D�T�f�����g�p� �T���9�f�·�f���¡���â�X���9���L��������w�P�
�f���f�����f�����������L� °�G���¡�������G�p�9������§ � h�nJj�Z¡baZ<nT_`RT]V]gl�RP\u
\9W°¸`S°W9� §

� ���rþ��P¦f�a�fµ�¶�§�µ�� Ã��9�r�J«5µ ��§�§ Í ×TØPØP×PÙc§�Àp�G���P�9�r�D�T�f���r 
�r�°�.���X�T���G���¡���T�¯���r�f���T���G���¡�k�P °�G�r¤`�������P�9���������?����������§
»cQ�½�� �MQ,RJSwU �*e�nT_XS[h�nJ]`» �rd�xTz µ Ð �   Ôf¿ §Æ&���f�-µ Ò §�ã²§ Í ¿�Ï?Ð?¿ Ù§ Ì �9���*�����f¢P�¯�T�X�����X�����¯�������T�������X��§
¶����X�G�P�-�f�*�����G���L��� Ò ��������§

Æ&���P�9��µ � §�µ�� Ò ���a�G���-µA��§Aãà§ Í ¿�Ï�Ô � Ùc§��*�f���f������¦f�� �X���X��³�G������¦f�X�r���f¢1�f�9���X�r�����w�P�����G�p�9�������J«������
�9�r�X¢X§ ^?»9½�Q�����e�nJ_XS[h�nJ]��M¸`S[ZVY �rd
	�	 µ ÐTÿ ØT  Ð á � §Æ&���P�9��µ � §�µ²ã��?�P¢Xµ²Æ�§ Î §rµ�� Ò ���a�G����µà��§²ãà§
Í ¿�Ï�ÏPÏ Ù§  nJ_X]gZV_`WaRJh \9nJ_DSmh�nT]MbclkbcS�W�Y�b �A½�_àRT] sPW�~�h�RTZ<\
b�W�SmS[ZV_IsTd��MW9\�Sm�Gh�W._5nJS°Wcb�ZV_Ý\9nT_XS[h�nJ]8RJ_`�·ZV_�ocnThcY�RJu
S[Z<nJ_±b�\�Z<W_5\9Wbad�y�vXy §D¶����X�G�P�-� Ö �f�9���f¢�����  Õ ���9���T¢X§Ì ���a���L���-µ ¾ §�µ�� Î �T�`��a��µG¶�§�§ Í ¿�Ï�Ï � Ù§�À°�f�X¦G�� �Ã�¦G���X¦G�
��¥I¦X�T�������X� �T�D� Ã��X�����9«J���f�r���r�°�6�w��� Ò �P�r�?�f�P� �¡�T�
Ä����¡��� Ö �G����������§ »_ � h�n�\9WaW9�JZw_IsTb}npo�SVUXW�	�	�h��}»�t�t�t
e�nJ_�oWh�W�_`\aW�nJ_ 	 W9\�Z¡bcZ<nJ_,RT_`��e�nJ_XS[h�nJ] d 	 Wa\9W�YL~aW�h
x�z�z�v µ Ô�Ô Ø�  Ô�Ô ×f§Î ���9���T�f�-µ�Â"§�µ�� ¾ �9���f����µO��§��D§ Í ¿�ÏIÐPÐ Ùc§OÁ8���f�����f�����
�����P�9���P�r�¡�T�X�r���g�p�(�T�X�.���X�����9«J���f�r���r�°�P§ »�t�t�t q ��½��GS �
e�nJ_DSmh �rd�yPy µ Ð × Ô   Ð � Øf§ã±üT�a¥I¦f��© °ã±������ý��f��©Pµ�¶�§���§rµkã��?�P¢XµkÆ�§ Î §�µ�� Õ ���¡���9��T 
Õ �r�����Xµ�ãà§ Í ×�Ø�Ø�ØIÙc§��*�f�â�����9¦X�c�9¦f���È���(�f���X�r���f�����
�9�r�L���G�����k�����G�p�9������§�� l�~aWhc_5WS[Z��PRkd
	?{ µ ÿ �  �áI×G§ã��?��¢Dµ�Æ�§ Î §�µ�Æ��������9�T °¶-���X�T������µ�Â"§�µ Õ �����P�����T  Õ ���r�¡�fµ
ãà§�µ � ã,üT�a¥P¦X��© °ã±�T����ý��f��©Pµ#¶�§(��§ Í ×�Ø�ØPØPÙc§(�*�f�
�G�¡����¦f�9�X�T�X��� �G������¦f�f�����f¢(�f�9���f����� �w�����9�r�L�� ��G�����k�
�f�P�f���r�f���T�.���?����������§ »�t�t�t q ��½��GS �Le�nT_XS[h �rd"v�� µ
� Ø ÿ   � Ø Ï §

Á8�TþT�T¢����9�mµ Ö §�µ�� �������T�L�T�9�Xµ�ãà§ Í ¿�ÏPÏPÿ Ù§�Å8�f��¥I¦f�
�¡�G���I���r�D���T�������"�T�f��?� �#������P�����J�9���¡�����µ����� �&�G���¡�k�?�
���X� �r�f�r���¡�����w¦f�X��������X�������w¦f�X�c�9�r�P�X�T���G�r¤`�������P�9�����
��¥P¦D�J�������D��§ �?nT�Ghc_`RT]#npoÈQ,RJSwUfW�YLRTSmZ<\aRJ]#^`lkbcS�W�Y�bad
t&bcS[ZVYLRTSmZ<nT_·RJ_`�±e�nJ_DSmh�nT]ëd�� µ ¿  p×�×G§Ã������k«5µ ��§�µ � ���rþ��P¦f�9�XµJ¶�§�µ�Â��¡�a�X�T�a�Oµ��X§ Ò §�µPÄ������f�����f�Pµ
ãà§ Í ×TØPØP×�Ù§�Ã����¡�G���I���r�D�T�X�r���g�p���T�?�����f���T�O�9�r�L�� ��G�����k�
���G�p�9������§ »9t�t�t q ��½��GS �&e�nJ_DSmh �rdMv-º µ ¿ � ¿�Ï   ¿ � × � §Ò ���TÓp���f�X���r�D§ Î § Í ¿�Ï?ÐJÔ Ùc§ Ö �G�p�9��� ���f���P�9�g�`�T�f���r�r�p�
�X�P�������P���9�f� �`� ¨ �����������������®G�X�T�X�������±�T���9�f�L���� ��¦G��������§ Q±RTSVU ����Z<nJb�\Z���dAv`x µ`× ¿   � � §Ö ���G�P¢��¡��«?�¡�Tµ���§ Í ×TØPØP×PÙc§��à�f�9���X���f�r���¡�p�9���¯���r¢P���9�g�9�f� ���
�9���������G�����M�T��¢����f�9���¡���P�X�����9«J�T�X�r���g�p�(�r�,�`�����?�f���L�¡�T�
�9�r�L��§ � �M^`lJYL~ ��e�nJY8¸`�GS �rd
	�	 µ Ð � ÿ   ÐTÿ�ÿ §Ö �X�T�L�f���f��µA¶�§ Ì §�� �*�f���L�X����� Ö §�§ Ö �P�r«?���f¢±Ä�Ä����
��� ã±�¯��¶M� � § ½&¸P¸`] �  �GY�Wh �XQ,RJSwU �rd�	fº µ � � ¿   �� Ô §Õ �JÓ��f�fµ Ö §�µ � �G�?�w�9���Pµ ¾ §�µ��ÚÂ}�T�X�g�9©�µ Î §r§ Í ¿�Ï�ÔPÏ Ù§ Ö ���L�g �¡�T�9�g�p�����a�T�D�p�w�P�����J�9�r�P���T�X�f���I���a�"�9�����f���P�9�g�`�T�f���r�r�p�
���X�T���G���¡�·�T���f�P�f�r���f���T�1��P� �X�����9�L���P�a�T�#�L�G�G������§
Q,RJSwU ����Z<nJb\�Z��rd*z�	 µ`× ¿kÐ  °× � Ô §Õ ���a�G¦f�?�à¶-¦f�f���r�[µ Ö §�ãà§ Í ×�Ø�Ø ¿ Ùc§ Ò ���9���L������"���G���P�9�g 
�D���f���r�r�°�à�����G�g¤5���9���I���¡�T���G���¡�k�·��¥I¦X�T�������X��§ »_XS �����
½8�PR9¸5S �*e�nJ_DSmh�nT]ëd�x�� µXá ÿ�ÿ  �á ÐJÔ §Þ8�¡�fµ&Þ�§�µ�ã,üT�a¥P¦X��©�µ&¶�§*��§�µ�ß5��¢P�����Tþ5µ Ò §rµ�� ã��?�P¢Xµ
Æ�§ Î § Í ×TØPØP×PÙc§O�}�D�T���?���¡���T���f���X�r���f�������9�r�L�� ��G�����k�
���G�p�9�����¦X�����f¢ �L�G�G¦X�r����J«����³�f�P�X����L��¦G�a�J�9�r«��
�9�r�X¢P��§ ½��GS°nJY�RJS[Z<\9Rkd
	� µ ¿�ÿ � Ï   ¿�ÿ�ÿ�ÿ §ß`�X�T�f¢Dµ
�X§�µ&Þ8�¡�fµ&Þ�§rµ�� ã��?��¢Dµ�Æ�§ Î § Í ×TØ�ØPáPÙ§ Ò �T 
�a�T�L��9���-�¡�G���I���r�D�T�X�r���g�p���T�G�f���f�����f���������?��������� ¨ �r����9�r�L� °�G���¡�k��§ »9t�t�t q ��½��GS �&e�nJ_DSmh �rdMv-º µ � Ð?¿   � ÐTÿ §


