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Generalized Weyl algebras and elliptic
quantum groups

Jonas T. Hartwig

Department of Mathematical Sciences, Division of Mathematics
Chalmers university of Technology and University of Gothenburg

Abstract

This thesis consists of four papers. In the first paper we present methods and
explicit formulas for describing simple weight modules over twisted generalized
Weyl algebras. Under certain conditions we obtain a classification of a class of
locally finite simple weight modules from simple modules over tensor products of
noncommutative tori. As an application we describe simple weight modules over
the quantized Weyl algebra of rank two.

In the second paper we derive necessary and sufficient conditions for an am-
biskew polynomial ring to have a Hopf algebra structure of a certain type, gen-
eralizing many known Hopf algebras, for example U(sl,), U,(sl,) and the en-
veloping algebra of the 3-dimensional Heisenberg Lie algebra. In a torsion-free
case we describe the finite-dimensional simple modules, and prove a generalized
Clebsch-Gordan theorem. We construct a Casimir type operator and prove that
any finite-dimensional weight module is semisimple.

In the third paper we define a notion of unitarizability for weight modules
over a generalized Weyl algebra (of rank one, with commutative coeffiecient ring
R), which is assumed to carry an involution of the form X* =Y, R* € R. We prove
that a weight module V is unitarizable iff it is isomorphic to its finitistic dual V*.
Using the classification of weight modules by Drozd, Guzner and Ovsienko, we
prove necessary and sufficient conditions for an indecomposable weight module
to be isomorphic to its finitistic dual, and thus to be unitarizable. Some examples
are given, including U,(sl,) for q a root of unity.

In the fourth paper, using the language of h-Hopf algebroids, introduced by
Etingof and Varchenko, we construct a dynamical quantum group, Z.;(GL(n)),
from Felder’s elliptic solution of the quantum dynamical Yang-Baxter equation
with spectral parameter associated to the Lie algebra s(,,. We apply the generalized
FRST construction and obtain a bialgebroid Z,;(M(n)) and study analogues of the
exterior algebra and elliptic minors. We prove that the elliptic determinant it is
grouplike and almost central. Localizing at this determinant and constructing an
antipode we obtain the h-Hopf algebroid Z,;(GL(n)).

Keywords: Generalized Weyl algebra, weight module, quantum Weyl algebra, am-
biskew polynomial ring, unitarizable module, Hopf algebra, dynamical quantum group
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Introduction

This work deals with certain algebraic structures such as noncommutative rings,
infinite-dimensional algebras, Hopf algebras and their modules. In the following
we aim to give a brief overview of some of these areas and their interrelations.
Although the subject has a long history, with pioneers such as Noether in the 1920’s,
we will focus on the more recent activities in the field.

A general principle in mathematics is to strive for defining families of objects
with a balance between having good properties and supporting a rich list of exam-
ples. For instance, it is often difficult to generalize facts about commutative rings
to the setting of arbitrary rings, due to the fact that the class of all rings is so vast.
Therefore it is quite natural to consider some smaller family of noncommutative
rings which have nice properties such as being “almost” commutative, and/or sat-
isfying various finitistic conditions. One such class is the Generalized Weyl algebras
to which we now turn.

1 Generalized Weyl algebras of rank one

Definition 1. Let R be a ring, o be an automorphism of R and t be a central
element of R. The associated generalized Weyl algebra (GWA) of rank (or degree)
one, denoted R(o,t), is defined as the ring extension of R generated by X and Y
modulo the following relations:

YX =t, XY =o(t), (1a)
Xr=o(r)X, rY=Yo(r) VreR. (1b)

Thus an arbitrary element in R(o, t) can be written

N M
Z X"+ anY“ @)
n=0 n=1

where r,,s,, € R. When multiplying two expressions of the form (2), one can use
relations (1) to write the result on this form again. For example we have

(rX + 1Y) rsX = r0(r3)X% + 1,0 2(13)Yt = r10(r3)X% + ry0 2(r3)0 " 1(t)Y

for any ry,ry,r3 €R.
Despite their name, generalized Weyl algebras are not algebras in general, but
merely rings. They were introduced in [B92], and also studied without a name
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in [J93] and under the name hyperbolic ring in [R]. Many different aspects of
these and related rings and their modules have been studied in several papers (see
[B91], [B93], [B96], [BJ], [DGO], [J00], [CM], [CL] and references therein). If
R is Noetherian, then R(o, t) is also Noetherian. It is very often assumed that R is
commutative. If this is so, and if o is the identity map, then R(o, t) is commutative.
An important example of a GWA is the following.

Example 2. The quantum Weyl algebra Al where q € C\{0} is the algebra with
generators X,Y and defining relation

XY —qYX =1. (3)

It is a GWA in the following way. Let R = C[x], let 0 : R — R be the automorphism
defined by o(f(x)) = f(qx + 1) for any f(x) € R, and let t be the polynomial
p(x) = x € R. Let A = R(o,t) be the corresponding GWA. Then relations (1a)
imply that YX = x and XY = gx + 1 so that (3) holds. From Xx = X(YX) =
(XY)X = (gx + 1)X follows that Xx* = (gx + 1)*X for any k € Z-, and thus,
by linearity, X f(x) = f(gx + 1)X for any polynomial f(x) € R. Analogously,
f(x)Y =Y f(gx+1) for any f (x) € R. This shows that relations (1b) are redundant
and that A is generated by X,Y with the single relation (3). Thus A is isomorphic
to the quantum Weyl algebra A‘i. If we take g = 1 we get the so called first Weyl
algebra, denoted A;.

Let us discuss some of the classes of GWAs that have been studied.

Example 3. Ambiskew polynomial rings R(B,o,v,p). Let B be a ring, let o be an
automorphism of B, v be a central element of B and p be a central unit in B. Let
R(B, o, v, p) be the ring extension of B generated by x and y subject to the relations

xy —pyx=v, xb=o(b)x, by=yoc(b) VbeB. “@

R(B,o,v,p) is isomorphic to the GWA B[t](o, t) where t = yx and o is extended
to B[t] by o(t) = pt + v. Finite-dimensional simple modules were described in
[J95] for the case when B is a commutative K-algebra. The relation to down-up
algebras (see below) was investigated in [JOO]. The quantum Weyl algebra A‘i is
an ambiskew polynomial ring: Al ~R(C,1d, 1,q).

Example 4. Generalized down-up (GDU) algebras L(f,r,s,y) were defined in [CS].
Let K be an algebraically closed field, f € K[x], r,s,y € K with rs # 0. Let
L(f,r,s,y) be the K-algebra generated by d, u, h with relations

dh—rhd+yd=0, hu—ruh+yd=0, du—sud+ f(h)=0. (5)

Ordinary down-up algebras, introduced in [BR] (see also[CM],[KM]) are obtained
as L(f,r,s,y) with f(x) = x. In [CS] it was shown that all algebras L(f,r,s,7)
(with rs # 0) are Noetherian domains of Gelfand-Kirillov dimension 3. All simple
weight modules (with respect to the subalgebra generated by ud and h) were classi-
fied, including all finite-dimensional simple modules. These algebras are examples
of ambiskew polynomial rings, hence of GWAs.
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Example 5. Rueda’s and Smith’s algebras similar to the enveloping algebra of sl,.
Let A be the C-algebra with generators X, Y, H and relations

HX-XH=X, HY-YH=-Y, XY—cYX=/f(H), (6)

where f € C[x] and ¢ € C,¢ # 0. These algebras were studied by Rueda [Ru]. If
we assume that ¢ = 1 we get the class investigated from many points of view by
Smith [S]. If we specialize further and take f(x) = %x (or, in fact, any f of degree
one) then we get an algebra isomorphic to the enveloping algebra of sl,.

Example 6. Type-A Kleinian singularities. Let a € K[x] and let A(a) be the algebra
with generators x, y,h and relations

hx —xh=x, hy—-yh=-y, yx=a(h), xy=a(h—1). 7

This algebra is isomorphic to the GWA K[h](o,a(h)) where o(p(h)) = p(h —
1) Vp(h) € K[h]. The algebras A(a) have been thoroughly investigated in many
papers, see [H], [B92], [B93], [B91], [BJ]. All simple modules were classified in
[B92]. In [BJ] the important problem of determining when two algebras A(a),A(b)
for a,b € K[x] are isomorphic was solved. For a(x) = x the algebra A(a) is iso-
morphic to the first Weyl algebra A;.

The list of examples could continue: Witten’s seven parameter deformation
of U(sl,), Le Bruyn’s conformal sl, enveloping algebras, Woronowicz’s deformation
(see [CS], [BO] for further information).

Figure 1 shows the relationship between some of these different classes of Gen-
eralized Weyl algebras of rank one which have been studied in the literature.

To motivate this picture, some notes are in order. Let ¥, #, &, and % be
the isomorphism classes of generalized down-up algebras, Witten’s deformations,
Smith’s and Rueda’s algebras respectively.

1. W € Z: ¥ includes the commutative algebra of polynomials in three vari-
ables, but all algebras in # are noncommutative.

2. & S R: If ¢ is not a root of unity it is proved in [Ru] that Rueda’s algebra
has trivial center. However in [S] it is shown that all algebras in % have non-
trivial center, a polynomial algebra in one variable Q (a certain generalized
Casimir element).

3. NW S ZNW: An algebra of the form L(x,1,s,1) with s not a root of
unity is in £ N #. Again it has trivial center and thus is not in &.

4. Type-A Kleinian singularities and A? are disjoint from %: The quantum Weyl
algebra Al has Gelfand-Kirillov dimension two (see [GZ] for a general result)
and any type-A Kleinian singularity A(a) has also Gelfand-Kirillov dimension
two (this is mentioned in [BJ], Section 3). But, as shown in [CS], any algebra
in ¢ has Gelfand-Kirillov dimension three (see [CS]).
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Figure 1: Classes of GWAs of rank one.
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5. A quantum Weyl algebra Al is isomorphic to a type-A Kleinian singularity iff
q=1: Indeed if A=Al and q # 1 then

A/A[AAJA~K[X,Y]/(1—-g)XY — 1) ~K[X,X '].
However, for any Type A Kleinian singularity A(a) we have

K[h], a=0,

B/BIB,B1B ~ K[h]/(a(h), a(h+ 1)) = {F o¢

where F is a finite-dimensional K-algebra.

6. We believe that not all algebras in Witten’s seven-parameter family are gen-
eralized Weyl algebras and that not all Type-A Kleinian singularities are am-
biskew polynomial rings, but have found no proof of this in the literature.

2 Higher rank and twisted generalized Weyl algebras

Higher rank GWAs were introduced in [B92] and are defined as follows.

Definition 7. Let R be a ring and o = (04,...,0,) a set of commuting automor-
phisms of R and t = (tq,...,t,) a set of nonzero elements of the center of R such
that 0,(t;) = t; Vi # j. The generalized Weyl algebra of rank (or degree) n, denoted
R(o, t), is the ring extension of R by X3, ...,X,, Y3,...,Y, modulo the relations

VX =t, XY, =o,(ty), i=1,...,n, (8a)
X;r =0,(r)X;, rY; =Y,0,(r), VreR,i=1,...,n, (8b)
[X;,Y;]1=0, Vi#]j, (80)
[YuY]] = [Xinj] =0, Vi, j. (8d)

Example 8. The n:th Weyl algebra, denoted A,, is the C-algebra with generators
Xi,.., Xy, Yq,...,Y, and relations

[Xian] :5ij7 [XUX]] :O’ [K’Y;] :O, i,j=1,...,n. (9)

The algebra A, is isomorphic to the GWA C[t;, ..., t,](o, t) where o,(t;) = t;+6;;.

The definition of the n:th Weyl algebra goes back to the pioneers of quantum

mechanics in the beginning of the last century. It is also one of the most important

examples of an infinite-dimensional simple Noetherian algebra. Despite this fact

there are still many unsolved questions about it.

More generally, any tensor product of rank one GWAs is a higher rank GWA.

Twisted GWAs are certain generalizations of these higher rank GWAs and were
introduced in [MT99] and further studied in [MTO02] and [MPT]. Their definition
is more involved but, put simply, it is relation (8d) which is dropped and replaced
by taking the quotient by a certain ideal. Also one does not require that o,(t;) =
t; Vi # j. See the first paper in this thesis for a precise definition.

An important example of a twisted GWA is the following.
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Example 9. Quantized Weyl algebras AL*. Let A = (2;;) be an n x n matrix with
nonzero complex entries such that A;; = )Li’jl. Let g = (q4,...,9,) be an n-tuple

of elements from C\{0, 1}. Then n:th quantized Weyl algebra A?I’A is the C-algebra
with generators x;,y;, i =1,...,n and the following relations for 1 <i < j <n.

iXj = qiAXjX;, YiYi =AijYYis (10a)
XY= AjiYXis XjYi = qiAijYiX) (10b)
i-1
XY —qiyixi =1 +Z(Qk = Dyix;. (100)
k=1
For A;; = q /2 Vi,j and q; = -+ = g, = q this algebra was introduced in [PW].

Then the relations are the canonical commutation relations for annihilation and
creation operators corresponding to the (essentially unique) first order differential
calculus which is covariant with respect to the quantum group SL(n).

Further interesting examples of twisted GWAs were given in [MPT]. These
examples are certain algebras related to the Lie algebra gl,, (so called Mickelsson
step algebras and extended orthogonal Gelfand-Zetlin algebras respectively).

3 Weight modules

3.1 Generalities

Recall that a module over a ring is called simple if it has no nonzero proper sub-
modules, and semisimple if it is isomorphic to a direct sum of simple modules.

Let S be a ring containing a commutative subring R with unit. An S-module V
is called a weight module with respect to R if V is semisimple as an R-module. This
is equivalent to that V can be decomposed as

v= P V. Vu.={vev:mv=0}, (11)
meMax(R)

where Max(R) denotes the set of maximal ideals of R. The subgroups V,, are called
weight spaces and the set Supp(V) = {m € Max(R) : V,, # 0} is called the support
of V.

Example 10. Let S be the ring of all 2 x 2 matrices with entries in a field K and let
R be the subring consisting of diagonal matrices. The ring R is isomorphic to K x K
and its only maximal ideals are

m={[48] : 2K}, my={[39] : 2€K}.

Consider the natural two-dimensional S-module V=K?. Its weight spaces are Vi, =
K-[9]and V,,, = K- [g]. Thus V =V, @YV, which shows that V is a weight
module with respect to R.



3. WEIGHT MODULES 7

Example 11. Let S be a ring and suppose that R = C[x] is a subring of S. The
maximal ideals of R are all ideals of the form m, = (x — a) where a € C. Let V be
an S-module. The subspaces V,, are precisely the set of all eigenvectors of x on
V with eigenvalue a. Thus V is a weight module with respect to R iff x act as a
diagonalizable operator on V.

Example 11 shows that weight modules are generalizations of vector spaces
on which a linear operator is diagonalizable. As such, they appear in numerous
context throughout mathematics and physics. Weight modules have many nice
properties, in particular over generalized Weyl algebras.

The following proposition is fundamental in the theory of weight modules.

Proposition 12. Submodules, quotients, and direct sums of weight modules are
weight modules. More precisely, let S be a ring, and R a commutative subring. Then

(@) if V.and W are weight S-modules with respect to R, then the S-module V & W
is also a weight module with respect to R and

(Voew),=V,eW, VmeMax(R),

(ii) if V is a weight S-module with respect to R and if W is an S-submodule of V,
then W is also a weight module with respect to R and

W,=WV,)nw Vm € Max(R),

(iii) if V is a weight S-module with respect to R and W is an S-submodule of V, then
the S-module V /W is also a weight module with respect to R and

(VIW),={v+W :veV,} Vm € Max(R).

Proof. Part (i) is straightforward, and (iii) follows from the following general fact:
If ¢ : V — W is a morphism of S-modules, then ¢(V,,) C W,,.

Let us prove part (ii). Let w € W be arbitrary. Since W € V and V is a weight
module, we can decompose w as a sum

w=w;+twy+--+w,

where w; € V,, for some maximal ideals m; of R (which we can assume to be
pairwise distinct). The problem is to show that, in fact, each term w; belongs to
W. Indeed, if so, then we have proved that W S €D, cpaxz) W N (V,,) and the other
inclusion is trivial. If n = 1 it is trivial. Assume n > 2. Since the m; are mutually
incomparable with respect to inclusion, there exist r; € m;\m, fori =1,2,...,n—1.
Letr=ryry - 1,y €EmyN---Nm,_;. Since W is an R-module,

Warw=rw;+--+rw,=rw,.

Since m, is maximal, hence prime, we have r ¢ m,. Thus (r) +m, = R so that
sr —1 € m, for some s € R, which gives w, = srw, € W. Subtracting w,, from
w and repeating the above argument, we conclude that all the terms w; indeed
belong to W. O
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3.2 Weight modules over generalized Weyl algebras
3.2.1 Rank one

Let A= R(o,t) be a GWA of rank one, where R is a commutative ring with unit.
By a weight module over A we always mean with respect to the subring R. The
following proposition shows that weight modules are of great relevance for GWAs.

Proposition 13. Let V be an arbitrary A-module. Let V' be the sum of all weight
spaces in V:

V= > V. (12)

meMax(R)

Then
a) the sum in (12) is direct and V' is a submodule of V, and

b) assuming in addition that R is an algebra over an algebraically closed field K
and that V is finite-dimensional, then V' is nongero. Thus if V is simple, then
it is a weight module.

Proof. Taking w = 0 in the proof of Proposition 12 (ii) we see that the sum in (12)
is always direct.

Let m be a maximal ideal in R and suppose v € V is a weight vector of weight
m, i.e. that mv = 0. Then, due to relation (1b), we have oc(m)Xv = Xmv = 0,
proving that Xv € V(). Similarly, Yv € V,-1(,,y. Since A is generated by X and Y
and the elements of R it follows that V' is a submodule of V. This proves part a).

Assuming the conditions in part b), there exists in V a common eigenvector v
for all operators from R: rv = &E(r)v for some £(r) € K. Thus V,, # 0, where m
is the maximal ideal ker§ = (r — &(r) : r € R). Hence V' # 0. Therefore, if V is
simple, V = V’. That is, V is a weight module. O

The description of all weight modules over rank one GWAs is rather complete.
In fact, given that one understands the orbits in Max(R) under the action of o and
that one can describe indecomposable elements in certain skew polynomial rings
associated to R(o, t), the authors in [DGO] classified all indecomposable weight
modules over a generalized Weyl algebra R(o, t), where R is a commutative ring.

3.2.2 Higher rank

Going to the higher rank case, things become considerably more complicated. Even
for the n:th Weyl algebra A,, the problem of describing all indecomposable weight
(with respect to C[Y1X,,...,Y,X,] € A,) modules is a so called wild problem (see
[D], [BBF]). This means that the problem contains a classification of all represen-
tations of a free algebra with two or more generators as a subproblem.

Therefore, it is essential to restrict oneself to certain subclasses (tame blocks)
of weight modules which admit a classification. Such tame blocks were described
in [BBF] for A,, and in [BB] for more general higher rank GWAs (but over an
algebraically closed field).
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For twisted GWAs, some classes of simple modules were defined and classified
in [MT99], [MPT].

There is also the following useful method proved in [MPT]. Any twisted GWA
is naturally graded by Z". For m € Max(R), one can consider the maximal graded
subalgebra B,, which leaves a weight space of weight m invariant. Then there is
a bijective correspondence between simple weight A-modules V with V,, # 0 and
simple modules U over the subalgebra B, such that mU = 0:

with V, #0

simple weight A-modules V — simple B,,-modules U
annihilated by m.

Using this method, the problem of describing simple weight modules over a twisted
GWA reduces to describing modules over the subalgebra B,, which may be easier
in many cases.

4 Hopf algebras

4.1 Definition and examples

Let K be a field. All tensor products below will be over K. Recall that if A is a
K-algebra then A® A is naturally a K-algebra by defining (a ® b)(c ® d) = ac ® bd
for a, b, c,d € A and extending bilinearly.

Definition 14. A Hopf algebra (H, A, ¢,S) is a unital K-algebra H together with

a K-algebra homomorphism A:H — HQ®H (the coproduct),
a K-algebra homomorphism ¢:H — K (the counit),
a K-algebra antihomomorphism S:H — H (the antipode),

such that, for all x € H,

(A®Idy)A(x) = (Idy ® A)A(x) (coassociativity),  (13a)
(e®@Idp)A(x)=1®x, (Idy®&e)A(x)=x®1, (counit axiom), (13b)
m(S ® Idy)A(x) =e(x)1 = m(Idy ® S)A(x), (antipode axiom), (13c)

where m : H® H — H denotes the multiplication map in the algebra H.
Two of the most important examples of Hopf algebras are the following.

Example 15. Let G be a group and let A = K[G] be the corresponding group
algebra over K. Define for all g € G,

A(Q)=g®g, e(g=1, Sg=g", 14)

and extend the three maps K-linearly to all of A. Then (A, A, ¢, S) is a Hopf algebra.
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Example 16. Let g be a Lie algebra over K and U = U(g) its universal enveloping
algebra. Recall that U can be constructed as T(g)/I(g) where T(g) is the tensor
algebra on g and I(g) is the ideal in T(g) generated by all elements of the form
XxX®@y—y®x—[x,y] for x,y € g. Define

AxX)=x®1+1®x, &(x)=0, S(x)=-x, (15)

for all x € g. By the universal property of the tensor algebra, the map A extends
uniquely to a K-algebra homomorphism A : T(g) — U ® U. One verifies that
its kernel contains the ideal I(g), thereby inducing a K-algebra homomorphism
A:U — U®U. Similarly ¢ induces a homomorphism ¢ : U — K and S an
antihomomorphism S : U — U. Axioms (13) can be verified. Thus (U, A, ¢,S) is a
Hopf algebra.

Example 17. Let G = GL(n) be the group of all invertible n x n matrices with
complex entries. Let H = Z(G) be the commutative algebra (with pointwise oper-
ations) of complex-valued functions on G generated by the n? coordinate functions
e;; : G — C given by
€; j(g )=g; j
for any matrix g = (g ) € G. Define A: H - H® H by
A(a)(g,h)=a(gh) VYaeH,g,heG
where we consider H ® H as functions on G X G by (a ® b)(g,h) = a(g)b(h) for

a,beH, g,h €G. For the coordinate functions we have

n

A(eij) = Z €ix ® exj.

x=1

The counit ¢ : H — C and antipode S : H — H are defined by

e(@=a(D), S(a)g)=alg™),

where I is the identity matrix in G. One can verify that (H,A,¢,S) is a Hopf
algebra.

4.2 Modules over Hopf algebras

Corresponding to each of the maps A, ¢ and S in the definition of Hopf algebra,
there is is a module-theoretic construction and to each of the axioms in (13) there
is a corresponding morphism of modules.

A module over a Hopf algebra H is just a module over the underlying algebra.
If V and W are modules over a Hopf algebra H, then their tensor product V ®x W
can be given the structure of an H-module in the following natural way

h(vew)=Ahvew)= Y (h.v)eh w) (16)
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where A(h) =Y, h! ® h. From the coassociativity axiom for A follows that, given
three H-modules U,V,W, the natural vector space isomorphism (U® V) @ W ~
U ® (V ® W) is an isomorphism of H-modules.

The counit gives rise to a special one-dimensional module 1;; = K defined by

hA=e(W)A a7

for h € H and A € 1. The counit axiom implies that for any H-module V, the
natural isomorphisms V® 1 >~V ~ 1, ® V of vector spaces are H-module isomor-
phisms.

Finally, the module-theoretic consequence for the antipode is that the dual vec-
tor space V* = Hom(V, K) of an H-module V acquires an H-module structure by

(h.e)(v) = ¢ (S(h).v) (18)

forany he H,p € V*,v € V. The antipode axiom implies that the natural evalua-
tionmapse:V*®V — 1y, ¢ : V®V* — 1, are H-module homomorphisms.

4.3 The Clebsch-Gordan formula

Let H be a Hopf algebra. Suppose that any finite-dimensional H-module V is
semisimple, that is, can be decomposed as a direct sum of simple modules

V2V1®V2@"'®Vn.

Given two simple finite-dimensional H-modules V and W, their tensor product
V ® W is again a finite-dimensional H-module, as described in Section 4.2. It is
interesting to ask what the decomposition of V ® W into a direct sum of simple
H-modules look like.

The answer to this question for the case when H = U(sl,) is given by the clas-
sical Clebsch-Gordan formula, which is important in quantum mechanics. Let V(n),
where n € Z,, denote the finite-dimensional simple module over U(sl,) with high-
est weight n (and of dimension n + 1). Then

Vim)@V(n)~V(m+n)®V(m+n—-2)®---®&V(m—n) 19)

if m > n. The entries of the matrix of the isomorphism (19) with respect to natu-
ral bases on either side are certain special functions known as the Clebsch-Gordan
coefficients.

S5 Quantum groups

5.1 Drinfeld-Jimbo quantum groups

In 1985, Drinfeld and Jimbo independently defined a certain Hopf algebra asso-
ciated to any semi-simple complex finite-dimensional Lie algebra (more generally,
any symmetrizable Kac-Moody algebra). This Hopf algebra is denoted by U,(g)
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where ¢ is a complex parameter. For ¢ = 1 one essentially recovers the usual
enveloping algebra U(g). Since the representations of U(g) are the same as the
representations of g, which in turn (loosely speaking) are the same as representa-
tions of the Lie group G corresponding to g, one calls the algebra U,(g) a quantum
group. The reason for the prefix quantum is that quantum mechanics can be viewed
as a deformation of classical mechanics by letting Planck’s constant go to zero.

Already from the beginning quantum groups were intimately connected with
applications in physics, statistical mechanics and integrable models. Since then,
applications has been found in many different areas of mathematics, such as knot
theory and special functions. For example, the g-analogues of the Clebsch-Gordan
coefficients mentioned in Section 4.3 were known before the definition of quantum
groups, as a certain curious family of orthogonal polynomials. Their orthogonality
was later explained using quantum groups.

Let us look at the simplest example.

Example 18. U,(sl,) is by definition the C-algebra with generators E, F,K *1 and
relations

K-K!
— 1
q—q
KEK'=¢%E, KFK'=q°F

KK '=1=KK, [E,F]=

It has a Hopf structure given by

A(E)=1®E+EQ®K, A(F)=K '®F+F®]1,
A(K)=K ®K, AK D=K'®K,
e(E)=0=¢(F), e(K)=1=¢K™),

S(E)=-EK™!, S(F)=-KF, S(K)=K™!, S(K™!)=K.

The maps A, ¢ should be extended multiplicatively to all of U,(sl,) while S should
be extended to an antihomomorphism and one must verify that the relations above
are preserved.

5.2 The FRST construction

There is another type of quantum groups which are in a certain sense dual to
those in the previous section. Let us briefly describe them. Let R = {R)} }, <ijki<n
be a collection of n* complex numbers. There is an important construction due
to Faddeev-Reshetikhin-Sklyanin-Takhtajan which associates a bialgebra (=Hopf
algebra without antipode), &3, to R in the following way.

Let Zy be the associative algebra with generators L;;, 1 < i,j < n, and the
relation

n n
D RYLgL,g= > R¥L,L,  Vab,cde{l,..,n} (20)
x,y=1 x,y=1
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Relation (20) is called the RLL relation. Give Zy the structure of a bialgebra by
defining

n
A(Lab) = ZLax ® be’ E(Lab) = 5ab (21)
x=1
fora,b=1,...,n.

If we take R{Il( =6,;;0i Vi, ], k,, then (20) just says that the L;; should commute
and thus %y is precisely the commutative bialgebra & (M (n)) of all polynomial
functions on the semigroup M(n) of all n x n complex matrices, like in Example 17
but without inverses and antipode. Thus one may view % as a noncommutative
deformation of the bialgebra & (M (n)).

From relation (20) one can deduce cubic relations in two nontrivial ways. The
relations obtained are

D RERYRYL Lyl = Y. RMRIRVL, L L,

ce as ur Xy  uv
xXyuvrs xyuvrs

and
df pb
Z RzszzRilvaxbLydLVf = Z Ry{/Rx:Rii/LechrLau'
xXyuvrs xyuvrs
The Yang-Baxter equation is a necessary and sufficient condition for these two rela-
tions to coincide:
D RERYRY =Y RURSRY  Va,cex,y,v€{l,...,n}. (22)

ce as” ur ac”ue"'rs
urs urs

(Another motivation for requiring (22) is that A(R) may then be equipped with a
cobraiding, which turns its category of comodules into a braided tensor category.)
The solutions to this equation are called R-matrices. The Yang-Baxter equation ex-
ists in many different versions and generalities. It may involve a so called spectral
parameter u € C, and/or a dynamical parameter A € h* (dual of a Cartan sub-
algebra). There is also a classification theorem due to Belavin and Drinfel’d [BD]
which says that R-matrices with spectral parameter fall into one of three categories:
rational, trigonometric or elliptic.

6 Summary of papers

6.1 Locally finite simple weight modules over TGWAs

We give a description of a class of simple weight modules over an arbitrary twisted
generalized Weyl algebra. We assume that the weight spaces are finite-dimensional.
The class of modules, defined in the paper, is the modules without so called proper
inner breaks. If the ground ring is finitely generated over an algebraically closed
field we show that the problem reduces to classifying finite-dimensional simple
modules over a tensor product of certain algebras (noncommutative tori) and these
have a well-known structure. The description we obtain generalizes previous work



14 INTRODUCTION

in [MT99]. The technique is based on the procedure of induction from the max-
imal graded weight space preserving subalgebra. We apply these methods to the
quantized Weyl algebra A‘Z;A of rank n = 2 and classify all simple weight modules
with no proper inner breaks.

6.2 Hopf structures on ambiskew polynomial rings

The algebras U(sl,), Uy(sl,), and the algebra U,(f(H,K)) from [WJY], are all
examples of ambiskew polynomial rings which carry Hopf algebra structures. Mo-
tivated by this we determine necessary and sufficient conditions for an ambiskew
polynomial ring to have a Hopf algebra structure of a certain form. For those al-
gebras which admit such a Hopf algebra structure, we describe the dimensions of
finite-dimensional simple modules in terms of their highest weights and prove a
generalized Clebsch-Gordan formula. Using this and a Casimir-type operator we
prove that all finite-dimensional weight modules are semi-simple. The existence of
finite-dimensional non-semisimple modules over U,(f(H,K)) was noted in [WJY].

6.3 Unitarizable weight modules over generalized Weyl alge-
bras

A x-algebra A is a C-algebra equipped with an involution *, i.e. amap *x: A — A
satisfying

(a+b)' =a*+b*, (Aa)*=Ad*, (ab)*=b'a*, (a")=a

for all a,b € A, A € C. A module V over a x-algebra A is called unitarizable (with
respect to *) if there is an inner product (:,-) on V such that

(av,w)=(v,a*w) Vv,weV,a€A.

The notion of unitarizability is essential in quantum mechanics as well as rep-
resentation theory of finite and compact groups. One nice property of unitarizable
modules is that they are automatically semisimple.

Unitarizable modules over higher rank and twisted GWAs were studied in [MTO01c]
and [MTO02] respectively.

Unfortunately there may be many modules over a *-algebra which are not uni-
tarizable. However, if we relax the condition of the inner product to allow also
forms which are not necessarily positive definite (but still non-degenerate), then
more modules will be unitarizable in this weaker sense. One looses the semisim-
plicity feature but some properties remain valid.

In [MTO1a], the authors prove general results on existence and uniqueness of
indefinite forms on modules over algebras. In [MT01b], and independently in [G],
simple weight modules over a semisimple Lie algebra which are unitarizable with
an indefinite form were classified.

In this paper we define a notion of unitarizability for weight modules over a
generalized Weyl algebra R(o, t) of rank one, where R is assumed to be a commu-
tative ring. The notion does not require the presence of a ground field. The forms
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are not assumed to be positive definite (for this has no meaning in our setting).
We classify all indecomposable weight modules over R(o, t) which are unitarizable
with a non-degenerate form. Our method uses the description of weight modules
in [DGO].

6.4 The elliptic dynamical GL(n) as an h-Hopf algebroid

Etingof and Varchenko [EV] have generalized the FRST-construction to the case of
R-matrices depending on a dynamical parameter. The result is not a bialgebra, but
rather a generalization called an h-bialgebroid. Here b is a certain vector space.
When § = {0} one recovers ordinary bialgebras. If an antipode has been assigned
they are called h-Hopf algebroids.

In [KNR] the authors extend this FRST procedure to construct an h-Hopf al-
gebroid from an elliptic R-matrix depending on both a dynamical and a spectral
parameter and used it to reprove certain biorthogonality relations for elliptic hy-
pergeometric series previously obtained by Frenkel and Turaev. Their algebra may
be considered as a deformation of the algebra of functions % (U(2)) on the group
U(2).

In the fourth and final paper we construct an h-Hopf algebroid associated to
GL(n) from an elliptic R-matrix with dynamical and spectral parameter. On the
way we are led to consider analogues of the exterior algebra and minors and their
Laplace expansions. We prove that the left and right versions of the minors coin-
cide and, using the dynamical version of a cobraiding, introduced in [Ro], that the
analogue of the determinant is almost central.

7 Outlook and open problems

7.1 Lie algebras and twisted generalized Weyl algebras

According to [MPT], Yu. Drozd posed the question of finding a construction for a
family of algebras which would include as examples both higher rank generalized
Weyl algebras and universal enveloping algebras of semisimple complex Lie alge-
bras. This question is very interesting, since generalized Weyl algebras of rank one
provide a playground for generalizations and deformations of U(sl,).

The twisted generalized Weyl algebras, introduced in [MT99], was an attempt
to answer this question and are natural since they allow more noncommutativity
than the higher rank GWAs. However, still only indication exists that U(g) really is
a TGWA. In [MT99] some features of the support of a module gave some evidence
and in [MPT] the authors proved that a certain extension of U(gl,) is a TGWA.

Recently another candidate for such an algebra has been proposed in [FO],
called Galois orders.

However, the question for TGWA remains. A first step, which we think may
be carried out, would be to associate to each semisimple Lie algebra g a twisted
generalized Weyl algebra T such that (almost) any finite-dimensional module over
U(g) becomes naturally a module over T.
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7.2 Classification of tame blocks in the category of weight mod-
ules over a TGWA

The category of weight modules over a twisted or higher rank GWA splits into a
sum of blocks, which consists of all indecomposable weight modules with support
in a given orbit in Max(R). It is very valuable to have a description of when a given
block is tame or wild, in the sense of [D].

In [BB] the authors classified tame blocks in the category of weight modules
over a certain class of higher rank GWA. To obtain a similar classification for mod-
ules over (some) twisted GWA would be of great value.

7.3 Semisimplicity of the category of weight modules over a
TGWA

In [DGO] a necessary and sufficient criterion was obtained as to when the category
of weight modules over a rank one GWA is semisimple. Finding such a criterion for
twisted GWAs would be very interesting.

7.4 Elliptic Weyl algebra

SL(n) acts naturally as a group of algebra automorphisms on the n:th Weyl alge-
bra A,, by linear change of variables. This carries over to the quantum situation.
Namely, in [PW] it is proved that the quantum Weyl algebra, which we consider
in Paper I as an example of twisted generalized Weyl algebra (but one should take
all g;’s to be equal) is a comodule algebra over the deformed function algebra
F,(SL(n)). This deformed function algebra is a limiting case of the elliptic quan-
tum group considered in Paper IV.

Thus it is natural to ask whether there exists an elliptic dynamical analogue of
the Weyl algebra, which carries a comodule algebra structure over the elliptic dy-
namical GL(n) quantum group, and which perhaps is also an example of a twisted
generalized Weyl algebra. One may be able to proceed as in [GZ] where the au-
thors associate a quantum Weyl algebra to any constant R-matrix satisfying the
Hecke condition.

One should also try to generalize Woronowicz’s theory of differential calculus
covariant under quantum groups to the elliptic dynamical setting, and try to view
the elliptic Weyl algebra as generated by twisted annihilation and creation opera-
tors.

7.5 Selfduality of dynamical quantum groups

In [Ro] a notion of duality for quantum groups associated to dynamical R-matrices
was defined. It was also proved that the dynamical trigonometric SU(2) quantum
group is essentially self-dual. It means that the algebra is simultaneously a defor-
mation of the enveloping algebra U(sl,) and of the function algebra Z(SL(2)). It
would be very interesting to prove such a self-duality result for higher rank groups
and also for the elliptic case.



REFERENCES 17

7.6 Higher genus quantum groups

So far almost all known quantum groups have a spectral parameter which lives on
a Riemann surface of genus 0 or 1. There have been no general results towards
a higher genus theory. Perhaps one approach would be to first investigate the
what the corresponding special functions should be. Indeed, historically, the special
functions corresponding to U,(g) as well as elliptic quantum groups predated the
definition of the algebras themselves.

References

[B91]

[B92]

[B93]

[B96]

[BB]

[BBF]

[BD]

[BJ]

[BR]

[BW]

V. V. Bavula, Finite-dimensionality of Ext" and Tor,, of simple modules over
a class of algebras, Funktsional. Anal. i Prilozhen. 25 No. 3 (1991) 80-
82.

V. V. Bavula, Generalized Weyl algebras and their representations, Algebra
i Analiz 4 No. 1 (1992) 75-97; English transl. in St Petersburg Math. J.
4 (1993) 71-92.

V. V. Bavula, Generalized Weyl algebras, kernel and tensor-simple algebras,
their simple modules, CMS Conf. Proc. 14 (1993) 83-107.

V. V. Bavula Global dimension of Generalized Weyl algebras, CMS Conf.
Proc. 18 (1996) 81-107.

V. V. Bavula, V. Bekkert, Indecomposable representations of generalized
Weyl algebras, Comm. Algebra 28 (2000) 5067-5100.

V. Bekkert, G. Benkart, V. Futorny, Weight modules for Weyl algebras, in
“Kac-Moody Lie algebras and related topics (Proc. Ramanujan internat.
symp., Chennai, India, 2002)”, Contemp. Math. 343, Amer. Math. Soc.,
Providence, RI, (2004) 17-42.

A. A. Belavin, V. G. Drinfel’d, Solutions of the classical Yang-Baxter equa-
tion for simple Lie algebras, Funct. Anal. Appl. 16 No. 3 (1982) 159-180.

V. V. Bavula, D. A. Jordan, Isomorphism problems and groups of automor-
phisms for generalized Weyl algebras, Trans. Amer. Math. Soc. 353 No. 2
(2000) 769-794.

V. V. Bavula, E van Oystaeyen, Simple modules of the Witten-Woronowicz
algebra, J. Algebra 271 (2004) 827-845.

G. Benkart, T. Roby, Down-up algebras, J. Algebra 209 (1998) 305-344;
Addendum, J. Algebra 213 No. 1 (1999) 378.

G. Benkart, S. Witherspoon, A Hopf structure for down-up algebras, Math.
Z. 238 No. 3 (2001) 523-553.



18

INTRODUCTION

[DGO]

[EV]

[J93]

[J95]

[JOO]

[KM]

[KNR]

P A. A. B. Carvalho, I. M. Musson, Down-up algebras and their represen-
tation theory, J. Algebra 228 (2000) 286-310.

P A. A. B. Carvalho, S. A. Lopes, Automorphisms of generalized down-up
algebras, arXiv:0706.3355v1 [math.RA].

T. Cassidy, B. Shelton, Basic properties of generalized down-up algebras,
J. Algebra 279 (2004) 402-421.

Yu. A. Drozd, Tame and wild matrix problems, in “Representation Theory
II (Proc. Second Internat. Conf. Carleton Univ. Ottawa Ontario 1979)”
Springer Lect. Notes in Math. 832 (1980) 242-258.

Yu. A. Drozd, B. L. Guzner, S. A. Ovsienko, Weight modules over general-
ized Weyl algebras, J. Algebra 184 (1996) 491-504.

P Etingof, A. Varchenko, Solutions of the quantum dynamical Yang-Baxter
equation and dynamical quantum groups, Comm. Math. Phys. 196 No. 3
(1998) 591-640.

V. Futorny, S. Ovsienko, Galois orders, arXivimath/0610069v2
[math.RT].

J. Germoni, Contravariant forms for weight modules, preprint.

I. M. Gel'fand, V. A. Ponomarev, Indecomposable representations of the
Lorentz group, Usp. Mat. Nauk 23 No. 2 (1968) 3-60; English transl. in
Russ. Math. Surv. 23 No. 2 (1968) 1-58.

A. Giaquinto, J. Zhang, Quantum Weyl algebras, J. Algebra 176 (1995)
861-881.

T. J. Hodges, Noncommutative deformation of type-A Kleinian singulari-
ties, J. Algebra 161 No. 2 (1993) 271-290.

D. A. Jordan, Primitivity in skew Laurent polynomial rings and related
rings, Math. Z. 213 (1993) 353-371.

D. A. Jordan, Finite-dimensional simple modules over certain iterated skew
polynomial rings, J. Pure Appl. Algebra 98 (1995) 45-55.

D. A. Jordan, Down-up algebras and ambiskew polynomial rings, J. Alge-
bra 228 (2000) 311-346.

E. E. Kirkman, I. M. Musson, Hopf down-up algebras, J. Algebra 262
(2003) 42-53.

E. Koelink, Y. van Norden, H. Rosengren, Elliptic U(2) quantum group
and elliptic hypergeometric series, Comm. Math. Phys. 245 No. 3 (2004)
519-537.



REFERENCES 19

[KS]

[MPT]

[MT99]

[MTO1a]

[MTO1b]

[MTO1c]

[MTO02]

[PW]

[R]

[Ro]

[Ru]

E. Kissin, V. Shulman, Representations on Krein spaces and derivations
of C*-algebras, Pitman Monographs and Surveys in Pure and Applied
Mathematics 89, Longman, Harlow, (1997).

V. Mazorchuk, M. Ponomarenko, L. Turowska, Some associative algebras
related to U(g) and twisted generalized Weyl algebras, Math. Scand. 92
(2003) 5-30.

V. Mazorchuk, L. Turowska, Simple weight modules over twisted general-
ized Weyl algebras, Comm. Alg. 27 No. 6 (1999) 2613-2625.

V. Mazorchuk, L. Turowska, Existence and unicity of o-forms on finite-
dimensional modules Meth. Funct. Anal. Top. 7 (2001) 53-62.

V. Mazorchuk, L. Turowska, o-unitarizability of simple weight modules,
Proc. Int. Conf. "Information Processes of formation of Open Systems",
Vologda, 26-28 June, (2001) 253-257.

V. Mazorchuk, L. Turowska, Involutions on generalized Weyl algebras pre-
serving the principal grading, Rep. Math. Phys. 48 No 3. (2001) 343-351.

V. Mazorchuk, L. Turowska, *-Representations of twisted generalized Weyl
constructions, Algebr. Represent. Theory 5 No. 2 (2002) 163-186.

W. Pusz, S. L. Woronowicz, Twisted second quantization, Reports on
Math. Phys. 27 No. 2 (1989) 231-257.

A. L. Rosenberg, Noncommutative algebraic geometry and representations
of quantized algebras, Kluwer, Dordrecht (1995).

H. Rosengren, Duality and self-duality for dynamical quantum groups,
Algebr. Represent. Theory 7 No. 4 (2004) 363-393.

S. Rueda, Some algebras similar to the enveloping algebra of s1(2), Comm.
Algebra 30 No. 3 (2002) 1127-1152.

S. P Smith, A class of algebras similar to the enveloping algebra of sl(2),
Trans. Am. Math. Soc. 322 No. 1 (1990) 285-314.

D. Wang, Q. Ji, S. Yang, Finite-dimensional representations of quantum
group Uy(f(H,K)), Comm. Alg. 30 No. 5 (2002) 2191-2211.






Paper I






Locally finite simple weight modules over
twisted generalized Weyl algebras

Jonas T. Hartwig

Abstract

We present methods and explicit formulas for describing simple weight
modules over twisted generalized Weyl algebras. When a certain commutative
subalgebra is finitely generated over an algebraically closed field we obtain a
classification of a class of locally finite simple weight modules as those induced
from simple modules over a subalgebra isomorphic to a tensor product of non-
commutative tori. As an application we describe simple weight modules over
the quantized Weyl algebra.

1 Introduction

Bavula defined in [1], [2] the notion of a generalized Weyl algebra (GWA) which
is a class of algebras which include U(sl(2)), U,(sl(2)), down-up algebras, and the
Weyl algebra, as examples. In addition to various ring theoretic properties, the
simple modules were also described for some GWAs in [2]. In [6] all simple and
indecomposable weight modules of GWAs of rank (or degree) one were classified.

So called higher rank GWAs were defined in [2] and in [3] the authors studied
indecomposable weight modules over certain higher rank GWAs.

In [8], with the goal to enrich the representation theory in the higher rank
case, the authors defined the twisted generalized Weyl algebras (TGWA). This is a
class of algebras which include all higher rank GWAs (if a certain subring R has no
zero divisors) and also many algebras which can be viewed as twisted tensor prod-
ucts of rank one GWAs, for example certain Mickelsson step algebras and extended
Orthogonal Gelfand-Zetlin algebras [7]. Under a technical assumption on the al-
gebra formulated using a biserial graph, some torsion-free simple weight modules
were described in [8]. Simple graded weight modules were studied in [7] using an
analogue of the Shapovalov form.

In this paper we describe a more general class of locally finite simple weight
modules over TGWAs using the well-known technique of considering the maximal
graded subalgebra which preserves the weight spaces. It is known that under quite
general assumptions (see Theorem 18 in [5]) any simple weight module over a
TGWA is a unique quotient of a module which is induced from a simple module
over this subalgebra. Our main results are the description of this subalgebra under
various assumptions (Theorem 4.5 and Theorem 4.8) and the explicit formulas
(Theorem 5.4) of the associated module of the TGWA. In contrast to [8], we do
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not assume that the orbits are torsion-free and we allow the modules to have some
inner breaks, as long as they do not have any so called proper inner breaks (see
Definition 3.7). The weight spaces will not in general be one-dimensional in our
case, which was the case in [8], [7].

Moreover, as an application we classify the simple weight modules without
proper inner breaks over a quantized Weyl algebra of rank two (Theorem 6.14).

The paper is organized as follows. In Section 2 the definitions of twisted gen-
eralized Weyl constructions and algebras are given together with some examples.
Weight modules and the subalgebra B(w) are defined.

In Section 3 we first prove some simple facts and then define the class of simple
weight modules with no proper inner breaks. We also show that this class properly
contains all the modules studied in [8].

Section 4 is devoted to the description of the subalgebra B(w). When the
ground field is algebraically closed and a certain subalgebra R is finitely gener-
ated, we show that it is isomorphic to a tensor product of noncommutative tori for
which the finite-dimensional irreducible representations are easy to describe.

In Section 5 we specify a basis and give explicit formulas for the irreducible
quotient of the induced module.

Finally, in Section 6 we consider as an example the quantized Weyl algebra
and determine certain important subsets of Z" related to B(w) and the support
of modules as solutions to some systems of equations. In the rank two case we
describe all simple weight modules with finite-dimensional weight spaces and no
proper inner breaks.

2 Definitions

2.1 The TGWC and TGWA

Fix a positive integer n and set n = {1,2,...,n}. Let K be a field, and let R be a
commutative unital K-algebra, o = (04, ...,0,) be an n-tuple of pairwise commut-
ing K-automorphisms of R, = (;;); je, be a matrix with entries from K* := K\ {0}
and t = (tq,...,t,) be an n-tuple of nonzero elements from R. The twisted gener-
alized Weyl construction (TGWC) A’ obtained from the data (R, o, t, u) is the unital
K-algebra generated over R by X;,Y;, (i € n) with the relations

X;r =o0;(r)X;, Y;r = ai_l(r)Yi, forr €R,ien, 2.1
YX; =1t XY, = oy(t), forien, (2.2)
Xin:nu‘ininﬁ for 13]62’175] (23)

From the relations (2.1)—(2.3) follows that A’ carries a Z"-gradation {A’g} gezn which
is uniquely defined by requiring

degX; =e;, degV,=—e;, degr=0, forien,r€R,

i
where ¢; = (0,...,1,...,0). The twisted generalized Weyl algebra (TGWA) A =
A(R,o,t,u) of rank n is defined to be A'/I, where I is the sum of all graded two-
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sided ideals of A’ intersecting R trivially. Since I is graded, A inherits a Z"-gradation
{Ag}gezn from A
Note that from relations (2.1)-(2.3) follows the identity

which holds for i, j € n,i # j. Multiplying (2.4) from the left by u;;Y; we obtain
X (tit; — pigpyio (o () =0 (2.5)

fori,j € n,i # j. One can show that the algebra A, hence A, is nontrivial if one
assumes that t;t; = u;;u;;0; ' (t;)0;'(¢;) for i,j € n,i # j. Analogous identities
exist for Y;.

2.2 Examples

Some of the first motivating examples of a generalized Weyl algebra (GWA), i.e. a
TGWC of rank 1, are U(sl(2)), U,(si(2)) and of course the Weyl algebra A;. We
refer to [2] for details.

We give some examples of TGWAs of higher rank.

2.2.1 Quantized Weyl algebras

Let A= (A j) be an n x n matrix with nonzero complex entries such that 4;; = )L;l.
Let 3 =(qy,-.-,9,) be an n-tuple of elements of C\{0, 1}. The n:th quantized Weyl
algebra A‘};A is the C-algebra with generators x;,y;, 1 <i < n, and relations

XX = G Ay XX, Yi¥i =AYiYio (2.6)
XY= AjiYiXi, X;¥i = qidijYiX;, 2.7
i-1
Xy —qiyix; =1+ Z(Qk = Dyix;, (2.8)
k=1

for1 <i < j<n. LetR=C[ty,...,t,] be the polynomial algebra in n variables
and o; the C-algebra automorphisms defined by

t;, j<i,
i~1 ..

o(t) = 1+qit; + 2 (q — Dy, j=1, (2.9)
at), P>

One can check that the o; commute. Let w = (u;;); je, be defined by u;; = 24
and uj; = q;A;; fori < j. Letalso 0 = (0y,...,0,) and t = (ty,...,t,). One can
show that the maximal graded ideal of the TGWC A’(R, g, t, u) is generated by the
elements

X — A XX, YV —A5YY, 1<i<js<n.

Thus A?" is isomorphic to the TGWA A(R, 0, t, ) via x; — X;, y; — Y;.
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2.2.2 Q;-CCR

Let (Q; j)f =1 be an d x d matrix with complex entries such that Q;; = Qj_l.1 ifi#j
and A; be the algebra generated by elements a;,a, 1 <i < d and relations

J

aiaj :jSajai, a. a.

* * __ * *
a;a; —Qua;a; =1, a;a; = Q;a;a;,
* %
%

=Qi]‘a;a?,

where 1 <i,j <dandi#j. Let R =C[ty,...,t;] and define the automorphisms
o;of Rby 0(t;) =t; if i # j and o,(t;) = 1+ Q;;t;. Let u;; = Qj; for all i, j. Then
Ay is isomorphic to the TGWA A(R, (0,..-,0,),(t1, -+, tn), ).

2.2.3 Mickelsson and OGZ algebras

In both the above examples the generators X; and X; commute up to a multiple of
the ground field. This need not be the case as shown in [7], where it was shown
that Mickelsson step algebras and extended orthogonal Gelfand-Zetlin algebras are

TGWA:s.

2.3 Weight modules

Let A be a TGWC or a TGWA. Let Max(R) denote the set of all maximal ideals in R.
A module M over A is called a weight module if

M= eameMax(R)]V[m’
where
M, ={veM|mv =0}

The support, supp(M), of M is the set of all m € Max(R) such that M,, # 0. A
weight module is locally finite if all the weight spaces M,,, m € supp(M), are finite-
dimensional over the ground field K.

Since the o; are pairwise commuting, the free abelian group Z" acts on R as a
group of K-algebra automorphisms by

g(r)=ofos. . o8 (r) (2.10)

for g = (g1,---,8,) € Z" and r € R. Then Z" also acts naturally on Max(R) by
g(m) = {g(r) | r € m}. Note that

XM, S M, and  Y;M,, € My-1(m) (2.11)

oi(m)

for any m € Max(R). If a € A is homogeneous of degree g € Z", then by using (2.1)
and (2.11) repeatedly one obtains the very useful identities

a-r=g()-a, r-a=a-(=g)r), (2.12)

for r € R and
aMm c Mg(m) (213)

for m € Max(R).
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2.4 Subalgebras leaving the weight spaces invariant

Let w € Max(R) be an orbit under the action of Z" on Max(R) defined in (2.10).
Let

7 =7 ={ge€Z"| g(m)=m} (2.14)

where m is some point in w. Since Z" is abelian, Z7, does not depend on the choice
of m from w. Define
B(CL)) = @geznwAg. (2.15)

Since A is Z"-graded and since Z is a subgroup of Z", B(w) is a subalgebra of A
and R = Ay € B(w). Let m € w and suppose that M is a simple weight A-module
with m € supp(M). Since M is simple we have supp(M) € w. Using (2.13) it
follows that B(w)M,, € M,, and by definition M,, is annihilated by m hence also
by the two-sided ideal (m) in B(w) generated by m. Thus M,, is naturally a module
over the algebra

B,, :=B(w)/(m). (2.16)

By Proposition 7.2 in [7] (see also Theorem 18 in [5] for a general result), M,, is a
simple B,,,-module, and any simple B,,-module occurs as a weight space in a simple
weight A-module. Moreover, two simple weight A-modules M, N are isomorphic if
and only if M,, and N,, are isomorphic as B,,-modules. Therefore we are led to
study the algebra B,, and simple modules over it.

3 Preliminaries

3.1 Reduced words

Let L = {X;};cn U {Vi}icn. By aword (a;Z4,...,Z;) in A we will mean an element
a in A which is a product of elements from the set L, together with a fixed tuple
(Z1,...,Z;) of elements from L such thata = Z; -...- Z,. When referring to a word
we will often write a = Z; ... Z; € A to denote the word (a; Z,,...,Z;) or just write
a € A, suppressing the fixed representation of a as a product of elements from L.

Set X’ =Y, and Y* =X;. Foraword a = Z; ... Z; € Awe define

ati=ZpZp . 2y

In the special case when u;; = uj; for all i,j then by (2.1)-(2.3) there is an
anti-involution * on A" defined by X’ =Y;, and r* = r for r €R. Since I" =1 this
anti-involution carries over to A.

Definition 3.1. A word Z; ... Z; will be called reduced if
Z#Z fori,jek

and
Zi € {Xr}reg = Zj € {Xr}rEQ v] 21
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For example Y,Y,Y;X; is reduced whereas Y;Y,X; and Y;X,Y; are not. The
following lemma and corollary explains the importance of the reduced words.

Lemma 3.2. Any word b in A can be written b =a -r =r’-a, where a is a reduced
word, and r,r’ €R.

Proof. If a and r has been found we can take r’ = (dega)(r), according to (2.12).
Thus we concentrate on finding a and r. Let b = Z; ... Z; be an arbitrary word in A.
We prove the statement by induction on k. If k = 1, then b is necessarily reduced
so take a = b,r = 1. When k > 1, use the induction hypothesis to write

Zl"'Zkfl = il'”Yille"'ij 'r/,

where 1 <i,,j, <nand i, # j, for any u,v. Consider first the case when Z; =Y;

uJv —

for some j € n. Then

Zy...Z =Y, ..V, X

51

/
jl ...ijyvj 'O'j(r ).
If j, # j forv =1,...,m we are done because using relation (2.3) repeatedly we
obtain,
Zy.. 2 =Y, ...

I

Y, YiX;, . X, - pos(r)
for some u € K*. Otherwise, let v € {1, ..., m} be maximal such that j, = j. Then

Zy L =Y Y X X YK XG po(r) =
=Yy VX XX X (o ()
for some u € K* and some w € W. It remains to consider the case Z; = X; for some
j € n. But using that
Y.X. ... X, =X,

Lo LAy e A G

Y X, ¥, Y
for some u € K*, it is clear that this case is analogous. |

Corollary 3.3. Each A,, g €W, is generated as a right (and also as a left) R-module
by the reduced words of degree g.

Lemma 3.4. Suppose * defines an anti-involution on A. Let p be a prime ideal of R.
Let g € Z" and let a € A,. If ba & p for some b € A_, then a*a ¢ p.

Proof. Since p is prime, and ba € R we have
p # (ba)? = (ba)*ba = a*b*ba = a*a - (— dega)(b*b)
so in particular a*a ¢ p. O

Remark 3.5. If we assume a and b to be words in the formulation of Lemma 3.4,
one can easily show that the statement remains true without the restriction on * to
be an anti-involution.
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3.2 Inner breaks and canonical modules

Let A be a TGWC or a TGWA and let M be a simple weight module over A. In [8]
Remark 1 it was noted that the problem of describing simple weight modules over
a TGWC is wild in general. This is a motivation for restricting attention to some
subclass which has nice properties. In [8] the following definition was made.

Definition 3.6. The support of M has no inner breaks if for all m € supp(M),

t; € m = o;(m) ¢ supp(M), and
o,(t;) € m = o' (m) ¢ supp(M).

We introduce the following property.

Definition 3.7. We say that M has no proper inner breaks if for any m € supp(M)
and any word a with aM,,, # 0 we have a*a ¢ m.

Observe that whether or not a*a € m for a word a does not depend on the
particular representation of a as a product of generators. Note also that to prove
that a simple weight module M has no proper inner breaks, it is sufficient to find
for any m € supp(M) and any word a with aM,,, # 0 a word b € A of degree —dega
such that ba ¢ m because then a*a ¢ m automatically by Remark 3.5. In fact one
can show that a simple weight module M has no proper inner breaks if (and only if)
there exists an m € supp(M) such that for any reduced word a € A with aM,,, # 0
and aM,, € M,, there is a word b of degree —dega such that ba ¢ m. However we
will not use this result.

The choice of terminology in Definition 3.7 is motivated by the following propo-
sition.

Proposition 3.8. If M has no inner breaks, then M has no proper inner breaks either.

Proof. Let m € supp(M) and a = Z; ... Z; € Abe a word such that aM,, # 0. Thus
Zi..ZxM, #0fori=1,...,k+1 so (2.13) implies that

(degZ;...Z;)(m) € supp(M).

If M has no inner breaks, it follows that Z/Z; ¢ (degZ;,; ... Z)(m) fori=1,... k.
Now using (2.12),

Ca=Z 22y L =T Ty D~ deg Zy. . Z)(ZE2)) =
k
=...=][(-degZ:...2)(Z Z) ¢ m. (3.1)
i=1

Thus M has no proper inner breaks. O

In [8], a simple weight module M was defined to be canonical if for any m,n €
supp(M) there is an automorphism o of R of the form

& €k

o=0;""... 05 gi=xland 1<i;<n, forj=1,...,k,
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such that o(m) = n and such that for each j =1,...,k,
t;, & af]f:ll ...af:(m) ife; =1, and (3.2)

o (t) ¢ crfj?:ll ...ofk"(m) ifg; = 1. (3.3)
This definition can be reformulated as follows.

Proposition 3.9. M is canonical iff for any m,n € supp(M) there is a word a € A
such that aM,, € M,, and a*a ¢ m.

Proof. Suppose M is canonical, and let m,n € supp(M). Let o be as in the definition
of canonical module. Define a = Z;...Z; where Z; = =X ife;=1and Z; = =Y,
otherwise. Using (2.13) we see that aM,, € M,,. Also (3 2) and (3.3) translates
into
'Z; ¢ (degZj4y .- Z;)(m)

for j = 1,...,k. Using the calculation (3.1) and that m is prime we deduce that
a‘a ¢ m.

Conversely, given a word a = Z; ...Z; € A with aM,, € M,, and a*a ¢ m, we
define ¢; = 1 if Z; = X; and ¢; = —1 otherwise. Then from a*a ¢ m follows that
o= O'fll S afkk satisfies (3.2) and (3.3) by the same reasoning as above. O

Corollary 3.10. If M has no proper inner breaks, then M is canonical.

Proof. We only need to note that since M is a simple weight module there is for
each m,n € supp(M) a word a such that 0 # aM,, € M,,. O

Under the assumptions in [8] any canonical module has no inner breaks (see
[8], Proposition 1). However we have the following example of a TGWA A and
a simple weight module M over A which has no proper inner breaks, and thus is
canonical by Corollary 3.10, but nonetheless has an inner break.

Example 3.11. Let R = C[ty, t,] and define the C-algebra automorphisms o; and
0, of Rby 0,(t;) = —t; for i,j = 1,2. Let u = [§§]. Let A = A(R,t,0,u) be
the associated TGWC, where t = (tq,t,),0 = (0,,0,). Then one can check that
I = (XX, +X,X,,Y,Y,+Y,Y;). Let M be a vector space over C with basis {v,w}
and define an A’-module structure on M by letting X;M = Y;M = 0 and

Xy =w, Xow =,
Yov=w, Yow = —v.

It is easy to check that the required relations are satisfied and that IM = 0, hence
M becomes an A-module. Let m = (¢, t,+ 1) and n = (t1,t, — 1). Then

M=M,®M,, whereM,=Cv,M,=Cw

so M is a weight module. Any proper nonzero submodule of M would also be a
weight module by standard results. That no such submodule can exist is easy to
check, so M is simple. One checks that M has no proper inner breaks. But t; € m
and 0;(m) =n € supp(M) so m is an inner break.
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4 The weight space preserving subalgebra and its ir-
reducible representations

In this section, let A be a TGWC, m € Max(R) and let w be the Z"-orbit of m. Recall
the set Z} defined in (2.14). Define the following subsets of Z":

sz{gGZ"|a*a¢mforsorneworda€Ag} and Gm:GmmZZ' 4.1)

Let also ¢,, : A — A/(m) denote the canonical projection, where (m) is the two-
sided ideal in A generated by m, and let R,, = R/m be the residue field of R at
m.

Lemma 4.1. Let g € G,,. Then

(pm(Ag) = Rm : (pm(a) = (pm(a) 'Rm (4.2)
for any word a € A, with a*a ¢ m.

Proof. Let b € A, be any element and a € A, a word such that a*a ¢ m, We must
show that there is an r € R such that ¢, (b) = ¢,(r)p.(a). Since a*a ¢ m and m
is maximal, 1 — r;a*a € m for some r; €R. Set r = brya*. Then r € R and

b—ra=5b(1-ria*a) € (m).
The last equality in (4.2) is immediate using (2.12). O

The following result was proved in [8] Lemma 8 for simple weight modules
with so called regular support which in particular means that they have no inner
breaks. It is still true in the more general situation when M has no proper inner
breaks. Recall the ideal I from the definition of a TGWA.

Proposition 4.2. Suppose Ais a TGWC. If M is a simple weight A-module with no
proper inner breaks, then IM = 0. Hence M is naturally a module over the associated
TGWA A/I.

Proof. Since I is graded and M is a weight modules, it is enough to show that
(I NAM,, = 0 for any g € Z" and any m € supp(M). Assume that a € I NA,
and av # O for some v € M,,. Then a;v # 0 for some word a; in a. Since M
has no proper inner breaks, aja; ¢ m so by Lemma 4.1 there is an r € R such
that av = a;rv. Thus 0 # aja;rv = ajav which implies that aja € R\{0}. This
contradicts that a € I. d

We fix now for each g € G,, a word a, € A, such that a;ag ¢ m. For g =0 we
choose a, = 1.

Lemma 4.3. For any g € G,,,h € G,,, we have

a) (aga;)*aga; & mso in particular g —h € G, and G, is a subgroup of 77,
b) (*pm(Ag)(pm(Ah) = me(AgAh) = (*pm(Angh);

0) Ag 3 My, =AM,
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Proof. a) We have
(agay)‘a,a, = ahaZagaZ = aha;;h(a;ag). 4.3)
Now a;ag ¢ m so h(a;ag) ¢ h(m) =m. And

mF (azah)z = a;:(aha;;)ah = a;ah : (_h)(aha;)

so apa, ¢ h(m) = m. Since m is maximal the right hand side of (4.3) does not
belong to m. Since deg(a,a;) =g —h we obtain g —h € G, If in addition g € G,
then g —h € Z7 also since Z is a group. Thus g —h € G,, so G,, is a subgroup of
7.
w
b) Since ¢, is a homomorphism, the first equality holds. By part a), —h € G,
so by part a) again, (a,a*,)*a,a*, ¢ m. Hence by Lemma 4.1, we have

gom(Angh) = Rm : wm(agaih) < Som(AgAh)-

The reverse inclusion holds since {A,},c7» is a gradation of A.
¢) By part a), g + h= g — (—h) € G,,. Thus by part b),

Ag+hMm = (pm(Ag+h)Mm = (pm(AgAh)Mm :AgAhMm < Ath(m) :Ang'

By part a), the same calculation holds if we replace g by g + h and and h by —h,
which gives the opposite inclusion. |

Lemma 4.4. Let g € Z"\G,,. Then AgM,, = 0 for any simple weight module M over
Awith no proper inner breaks.

Proof. Let a € A, be any word. Then a*a € m and hence if M is a simple weight
module over A with no proper inner breaks, aM,, = 0. Since the words generate
A, as a left R-module, it follows that A, M, = 0. |

4.1 General case

Recall that (m) denotes the two-sided ideal in A generated by m. Since (m) is
a graded ideal in A, there is an induced Z"-gradation of the quotient A/(m) and
¢©m(Ag) = (A/(m)),. Corresponding to the decomposition Z}, into the subset G,,
and its complement are two K-subspaces of the algebra B, = B(w)/(B(w) N (m))
which will be denoted by B‘(nl) and B](f) respectively. In other words, B, = BS)GBB‘(T?),
where

BV = P @/(m), and BY= P (4/(m)),.

8€Cy, 8ELI\G

By Lemma 4.3a), G,, is a subgroup of the free abelian group Z", hence is free
abelian itself of rank k < n. Let sq,...,s; denote a basis for G,, over Z and let
b; = pw(a,) fori =1,..., k. Note also that R,, is an extension field of K and that
Zy, acts naturally on R,, as a group of K-automorphisms. Let {p;};c; be a basis for
R, over K.
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Theorem 4.5. a) BI(T?)Mm = 0 for any simple weight module M over A with no proper
inner breaks, and
b) the b; are invertible and as a K-linear space, B(n}) has a basis

{p;b...b¥ |jeJand ;€ Zfor 1 <i <k} (4.4)
and the following commutation relations hold
biA:Si()L)bi, izl,...,k,k ERm, (45)

blbjzll]b]bn l,]zl,,k (46)

for some nonzero A;; €R,,.

Proof. a) Let g € Z \G,,. By Lemma 4.4, A,M,,, = 0 and thus ¢,,(A,)M,, =0.

b) Since s; € Gy, ¥w(a;)b; € R,\{0} and by Lemma 4.3a) with g = 0 and
h =s; we have b;p . (al) elRm\{O}. So the b; are invertible. The relation (4.5)
follows from (2.12). Ne>l<t we prove (4.6). From Lemma 4.3a) and Lemma 4.1 we
have 80(A5i+sj) =R, b;b;. Switching i and j it follows that (4.6) must hold for some
nonzero A;; €R,,.

Finally we prove that (4.4) is a basis for B{") over K. Linear independence is
clear. Let g € G, and write g = ). I;s;. By repeated use of Lemma 4.3b) we obtain
that

(pm(Ag) = (pm(Asgn(ll)sl)ul‘ s (pm(Asgn(lk)sk)llk‘-
For [; = 0 the factor should be interpreted as R,,. By Lemma 4.1,

(Pm(A:{:si)l :Rmbiil
for [ > 0 so using (4.5) we get
L 1
Ym(Ag) =Ry, by ... b

The proof is finished. O

4.2 Restricted case

In this subsection we will assume that K is algebraically closed. Moreover we will
assume that the K-algebra inclusion K — R,, is onto which is the case when R
is finitely generated as a K-algebra by the (weak) Nullstellensatz. Then Z acts
trivially on R,,. The structure of B(n}) given in Theorem 4.5 is then simplified in the
following way.

Corollary 4.6. Let k = rank G, and let b; = ¢, (a, ) fori = 1,..., k where {sy,...,s;}
is a Z-basis for G,,. Then ng is the K-algebra with invertible generators by, ..., by
and the relation

bib; =2



12 LOCALLY FINITE SIMPLE WEIGHT MODULES OVER TGWAS

Using the normal form of a skew-symmetric integral matrix we will now show
that BS\P can be expressed as a tensor product of noncommutative tori. Consider
the matrix ()Lij)lgi’jgk from (4.6).

Claim 4.7. If B](nl) has a nontrivial irreducible finite-dimensional representation, then
all the A;; are roots of unity.

Proof. Indeed, let N be a finite-dimensional simple module over BS) and leti €
{1,...,k}. Since K is algebraically closed, b; has an eigenvector O # v € N with
eigenvalue u, say. Since b; is invertible, u # 0. Let j # i and consider the vector
b;v. It is also nonzero, since b; is invertible, and it is an eigenvector of b; with
eigenvalue A;;u. Repeating the process, we obtain a sequence

u, A'ijnl‘L: 2‘12]“';
of eigenvalues of b;. Since N is finite-dimensional, they cannot all be pairwise

distinct, and thus ;; is a root of unity. |

For A € K, let T, denote the K-algebra with two invertible generators a and b
satisfying ab = Aba. T, (or its C*-analogue) is sometimes referred to as a noncom-
mutative torus.

Theorem 4.8. Let k =rank G,,. If all the A;; in (4.6) are roots of unity, then there is
a root of unity A, an integer r with 0 < r < | k/2] and positive integers p;,i =1,...,r
with 1 = p;4|p,|...|p, such that

BS) ~Top ®Top, @+ Q@Tyy QL
where L is a Laurent polynomial algebra over K in k — 2r variables.

Proof. If k = 1, then Bg) ~ K[by,b;'] and r = 0. If k > 1, let p be the smallest
positive integer such that Al;j =1 for all i,j. Using that K is algebraically closed,
we fix a primitive p:th root of unity ¢ € K. Then there are integers 6;; such that

and
9] = _Qij' (4-7)
Equation (4.7) means that ® = (6;;) is a k X k skew-symmetric integer matrix.
Next, consider a change of generators of the algebra Bg):
b;— b/ =b"---b* (4.8)

Such a change of generators can be done if we are given an invertible k X k integer
matrix U = (y; j). The new commutation relations are

/s plin | plicptin o Rtk
b{b) = b - bk b =

_ Auliulj Aukiulj .

1 s A .
gttt Ukillej 777 _
A A - blb] =

= gzp,q Opqlipillgj ' B’
J i



4. THE WEIGHT SPACE PRESERVING SUBALGEBRA... 13

Hence ©® = UTOU. By Theorem IV.1 in [9] there is a U such that © has the skew
normal form
0 6 A

- 91 0
0 6
- 92 O

0 6,

-6, 0
\ 0
where r < |k/2] is the rank of ©, the 6; are nonzero integers, 6;|6;,, and 0 is a

k — 2r by k — 2r zero matrix. Set A = ¢% and p; = 6,/6, fori =1,...,r. The claim
follows. O

The following result, describing simple modules over the tensor product of non-
commutative tori, is more or less well-known, but we provide a proof for conve-
nience.

Proposition 4.9. Let M be a finite dimensional simple module over
T:=T; ®®T,

where the 2; are roots of unity in K. Then there are simple modules M; over T, such
that, as T-modules,
M~M®: -®M,.

Proof. Denote the generators of T, by a; and b;. We will view T, as subalgebras
of T. Since the elements q;,i = 1,...,r commute and M is finite dimensional and
K is algebraically closed, there is a nonzero common eigenvector w € M of the q;:

aw=uw, i=1,...,r, 4.9

where u; € K* because q; is invertible. Let n; be the order of ;. Then b? "actsasa
scalar by Schur’s Lemma. By simplicity of M, any element of M has the form (using
the commutation relations and (4.9))

Z pjbil...bi' -w, (4.10)

JEZ", 0<j;<n;
where p; € K. This shows that
dimgy M <n;-...-n,.

But the terms in (4.10) all belong to different weight spaces with respect to the
commutative subalgebra generated by a,,...,q,:

@by . brw =2y bl biw, i=1,...,T,
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and ' ' l
(AP, M) # (A s, Al ,)

if j,l €Z",0 <j;,l; <n; and j # L. Hence by standard results they must be linearly
independent. Thus
dimy M =n;-...-n,. (4.11)

Next, set M; = T,_-w. Then M; = GB;“:_Ole{ -w and

Finally, define
Y:M;®... M, - M

by
YWwR...w)=w

and by requiring that v is a T-module homomorphism. This is possible since M; ®
...® M, is generated by w ® ... ® w as a T-module. Then 1) is surjective, since
M is simple. Also the dimensions on both sides agree, so 1 is an isomorphism of
T-modules. O

5 Explicit formulas for the induced modules

In this section we show explicitly how one can obtain simple weight modules with
no proper inner breaks over a TGWA (equivalently over a TGWC by Proposition
4.2) from the structure of its weight spaces as B(w)-modules.

Since the B(w)-modules were described in the restricted case in Subsection 4.2,
we obtain in particular a description of all simple weight modules over A with no
proper inner breaks and finite-dimensional weight spaces if R is finitely generated
over an algebraically closed field K.

5.1 A basis for M

Let {v;};c; be a basis for M,, over K. By Lemma 4.3a), G,, is the union of some
cosets in Z"/G,,. Let S € Z" be a set of representatives of these cosets. For g € Gy,
choose r, € R such that afg = rga;‘, satisfies @m(a’g)gom(ag) =1.

Theorem 5.1. The set C = {a,v; | g €S,i €1} is a basis for M over K.

Proof. First we show that C is linearly independent over K. Assume that
Z ).gl'ag Vi = O.
g1

Then Zi Agiagv; = 0 for each g since the elements belong to different weight
spaces. Hence 0 = ag 33, Agagv; = X5, A;v; for each g. Since v; is a basis over K,
all the A,; must be zero.
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Next we prove that C spans M over K. Since M is simple and M,,, # 0,

M=AMy =Y AMy= > AM =D > AM,=> AM,

gz g€G,, heS geh+G,, hes
by Lemma 4.4 and Lemma 4.3c).
Corollary 5.2. supp(M)={g(m)|g €S} and g(m)#h(m)ifg,heS, g#h.

Corollary 5.3. dim M = |S| - dim M,, with natural interpretation of co.

5.2 The action of A

Our next step is to describe the action of the X;,Y; on the basis C for M.

{ : G, — S be the function defined by requiring g — (g) € G,,.
Theorem 5.4. Let g €S and let v € M,,,. Then

a,-b,;v ifg+ecCG,,
Xiagv — h " VYg,i fg l m
0 otherwise,

where h={(g +e;) and
bg; = (_h)(xiaga/gﬂal—ha;l) “Agte—h

and N
ap-c,;v ifg—e €G

Ya.v= kg, fg 1 m>
0 otherwise,

where k = {(g —e;) and
Coi = (_k)(yiaga;_gi_ka]/() *Ag_e—k-

Remark 5.5. Note that

/ ’_ / [
degX,-agag+ei7hah =deg Yiaga, , a, =0

Let

so the action of Z" on these elements is well defined. Thus we see that deg b, ; € G,

and degc,; € G, i.e. that b, ;

and c,; belong to B(w). Therefore the action of

these elements on a basis element v; of M,, can be determined if we know the
structure of M,, as an B(w)-module. In the restricted case this was described in
Subsection 4.2. Expanding the result in the basis {v;} again and acting by q;, or a;

we obtain a linear combination of basis elements from the set C.
Proof. Assume g +e; € G,.. Let h={(g +e¢;). Then

—_— / —_—
Xiagv —Xl-agagﬂﬁhagﬂi_hv =

= (Xl-agagﬂl_hah)ahagﬂi,hv =

= ap - (“h)(Xi@gay o @) Qg —1V-
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If g +e; ¢ G, then X;a,v =0 by Lemma 4.4.
Assume g —e; € G,,. Let k = {(g —¢;). Then

_ / _
Yiagy =Yiaga, , Qge-kV =

= (lfiaga;_ei_kali)akag_ei_kv =
=aq- (—k)(Yiaga;_e'__ka;) Qg V-
If g —e; ¢ G, then Y;a,v =0 by Lemma 4.4. O

Note that we do not need the technical assumptions in the proof of Theorem 1
in [8] under which the exact formulas for simple weight modules were obtained.

6 Application to quantized Weyl algebras

In this final part we will apply the methods developed in the previous sections to
the problem of describing representations of the quantized Weyl algebra, defined
in Section 2.2. As mentioned there, it is naturally a TGWA.

First we find the isotropy group and the set G, expressed as solution of systems
of linear equations (see Proposition 6.3 and Proposition 6.4). These sets are directly
related to the structure of the subalgebra B(w) (Theorem 4.5) and the support of
a module (Corollary 5.2).

Then in Section 6.2 we give a complete classification of all locally finite simple
weight modules with no proper inner breaks over a quantized Weyl algebra of rank
two. The parameters q; and g, are allowed to be any numbers from C\{0,1}.
Example 6.7 shows that the assumption that the modules have no proper inner
breaks is not superfluous.

6.1 The isotropy group and G,

LetR=C[tq,...,t,] and fixm = (t; —aq,..., t,—a,) € Max(R). Let w be the orbit
of m under the action (2.10) of Z". Set [k]q = Zj:; q' fork € Z and q € C. Recall
the definition (2.9) of the automorphisms o; of R.

Proposition 6.1. Let (g,,...,8,) €Z". Then
oft.. o8 (m)=

([gl]ql +q§'t; —ay, [gz]qz(l +(q1 — Day) +45'45 t, — ay, ...

j—1
gy (T ) (g~ D) +¢8 . qt —ay,
r=1

n—1

o lgalg, (1 +Z(qr - Da,) +q3...q%¢t, — an).
1

r=

Proof. Induction. |
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For notational brevity we set §; = (¢; —1)a; and v; =1+, + By + ...+ ;. We
also set Yo = 1. The numbers y; will play an important role in the next statements.
By a j-break we mean an ideal n € Max(R) such that t; € n.

Corollary 6.2. For j=1,...,n we have
tieof...ob(m)e=y; = qffyj_l.
Thus w contains a j-break iff y; = q;‘}fj_l for some integer k.
Proof. By Proposition 6.1,
t; € ofl ... o8(m)

iff

j—1

(g1, (1+ Y (q, - Da,) =a;.

r=1

Multiply both sides with q; — 1 to get

(q;gj —D(A+B+...+B-1) =B

a
The next Proposition describes the isotropy subgroup Z], defined in (2.14).
Proposition 6.3. We have
Zh ={gez"| (qfl...qff -1)y;=0Vj=1,...,n} (6.1)

Proof. From Proposition 6.1, 05! ... o8 (m) = miff

ay = [g1]g, +qf'oy
ay =[82]q, (1+(q1 —Day) + Cﬁl%gzaz

a, = [gn]qn(l +(q— Doy +...+(qu1 — D) +qf1 qiray,
Multiply the i:th equation by g; — 1. Then the system can be written

B :CIfl -1 ‘Hﬁlﬁl
By = (g5 — 1)(1+ B1) +q5'q52 B,

Br=(g5 —DA+B+...+B)+ " ...¢5 B,

or equivalently

1+ B =¢8'(1+pB1)
1+6+ ;= Q§2(1 + 1) +QfIQ§Zﬁ2

1481+ 4B =g+ +...+ L)+ ...¢5 B,
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Now for i from 1 to n — 1, replace the expression 1+ f; 4+ ...+ f; in the right
hand side of the i 4 1:th equation by the right hand side of the i:th equation. After
simplification, the claim follows. |

Note that it follows from (6.1) that the subgroup
Q:{gGZ”Iq?=1forj:1,...,n} (6.2)

of Z" is always contained in Z”  for any orbit w. Moreover Z! = Q if w (viewed
as a subset of C") does not intersect the union of the hyperplanes in C" defined
by the equations 1+ (q; — 1)x; +...+(q; — 1)x; =0 (1 < j < n). Of course the
group Q can be trivial. This is the case for example when all the g; are positive real
numbers.

Another case of interest is when for any j, qigl ...qu = 1 implies g; = ... =
g; = 0. If for instance the q; are pairwise distinct prime numbers this hold. Then
Z; = {0} unless 1+ f3; +...+ f; = 0 for all j, i.e. unless w contains the point

110 = (tl - (1 _ql)il, tz,...,tn).

So in this very special case we have w = {n,} and Z7 = Z".
We now turn to the set Gm defined in (4.1) which can here be described explic-
itly in terms of m in the following way.

Proposition 6.4.

where
GP=1{k20ly;#¢y;1Vi=0,1,....,k—1}U

Proof. From the relations of the algebra follows that the subspace spanned by the
words in A, is one-dimensional. Thus g € G, iff

Z & Z 825 28 ¢m (6.3)

where Zl.k =X§‘ if k > 0 and Zl.k = Yi_k if k < 0. Since O'i(tj) =t;forj<i, (6.3) is
equivalent to
Z 8nz8 2978 ¢m.

Since m is prime, this holds iff Z j_g’ ij ¢ m for each j. If g; = O this is true. If
g; > 0 we have

—g;j+1

8 8 _ v8iv8i _ y8i~ly8~1 —g+l _ -1
Z,VZ]) =YX =Y X; o (tj)—...—tjoj (tj)...O'j (t)),

j J J

while if g; <0

88 _ v 8y & _y 8 &G & Ny i
Z,7Z])=X"Y, U =X, Y; o, (tj)—...—aj(tl)...aj (t5).
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Since m is prime, g € G, iffforall j=1,...,n
t1¢0'3(m), l:O,...,g]_].ifg]ZO,

and '
t; ¢U}(m), i=-1,-2...,g;if g; <O0.

The claim now follows from Corollary 6.2. d

Corollary 6.5. If {1,a;,a,,...,a,} is linearly independent over Q(q,...,q,), then
G =17Z"

6.2 Description of simple weight modules over rank two algebras

Assume from now on that A is a quantized Weyl algebra of rank two. In this section
we will obtain a list of all locally finite simple weight A-modules with no proper
inner breaks.

We consider first some families of ideals in Max(R). Define for A € C,

i = (6 - (1= 200 -g) - A1 —g5) ™),
n® = (t;-(1—-q) - A),

1) (2
0

and set ny =ny~ =n; ). The following lemma will be useful.

Lemma 6.6. For A € C and integers k,l we have

1 1

oty =nl) ., (6.4)
2 2

okol(?) = “(xq);kq;- (6.5)

Proof. Follows from Proposition 6.1 or by direct calculation using the definition
(2.9) of the o;. a

The following example shows the existence of locally finite simple weight mod-
ules M over A which have some proper inner breaks.

Example 6.7. Assume that g, A, is a root of unity of order r. Let M be a vector
space of dimension r and let {v,,v,,...,Vv,_1} be a basis for M. Define an action of
Aon M as follows.

Vi1, k<r—1 B
X = { i _ Xy = (@1 212) 0
Vo, k=r—-1

1-q) Y q, k>0
Ylvk:{( q1)" Ve Y,y =0

(1-q)7 vy, k=0

It is easy to check that (2.6)-(2.8) hold so this defines a module over A. It is
immediate that M = M,, where m = ny = (t; — (1 —q;) 71, t,) so M is a weight
module and M is simple by standard arguments. However, recalling Definition 3.7,
M has some proper inner breaks in the sense that m € supp(M), X,M,, # 0 but
Y,X,M,, = 0.
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We will describe the isotropy groups of the different ideals in Max(R). Let
K; and K, denote the kernels of the group homomorphisms from Z x Z to the
multiplicative group C\{0} which map (k,1) to ¢* and q¥q} respectively. Then
Q = K; NK, where Q was defined in (6.2). For m € Max(R), recall that an ={ge
72 | g(m) = m}. The following corollary describes the isotropy group Zi of any

m € Max(R).

Corollary 6.8. Let A € C\{0} and n € Max(R)\{nﬁ) | uweC,i=1,2}. Then we have
the following equalities in the lattice of subgroups of Z>.

2 __ 2
Zno =7
Zi;” =K; Zi(f) =K,
2 __
Zn =Q

Proof. The family of ideals {n(;) | A € C} are precisely those for which y, = 0. And

{n&z) | A € C} are exactly those such that y; = 0. Thus the claim follows from
Proposition 6.3. O

Let M be a simple weight A-module with no proper inner breaks and finite
dimensional weight spaces, m = (t; — a;, ty — @,) € supp M and let w be the orbit
of m. We consider four main cases separately: m = ny, m = n&l) for some A # 0,
m= n(f) for some A # 0 and m ¢ {ng) | u € C,i =1,2}. Some of these cases will
contain subcases. In each case we will proceed along the following steps, which
also illustrate the procedure for a general TGWA.

1. Find the sets Z and G,, using Corollary 6.8 and Proposition 6.4. Write down
G = Z7, N G, and choose a basis {s;,...,5;} for G, over Z.

2. For each g € G,,, choose a word a, of degree g such that aZag ¢ m.

3. Using Corollary 4.6, describe Bg) and the finite-dimensional simple Bg})—
module M,,.

4. Choose a set of representatives S for G,,/G,,. By Theorem 5.1 we know then
a basis C for M.

5. Calculate the action of X;, Y; on the basis using either relations (2.6)-(2.8)
or Theorem 5.4.

We will use the following notation: Z J" =X ]k ifk>0and Z Jk = Yj_k if k <O0.

Note that the k in Z ]k should only be regarded as an upper index, not as a power.
The choice of a, in step two above is more or less irrelevant for a quantized Weyl
algebra because each A, is one-dimensional. Therefore we will always choose a, =

8
Z$ 7§ where g = (g1, 85).
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6.3 The case m =n,

Here a; = (1—q;)™", a; = 0 so that y; =y, = 0. By Corollary 6.8 we have Z? = 7*
and from Proposition 6.4 one obtains that G,, = Z x {0}. Thus G,, = Z x {0} =
Z -s; with s; = (1,0). Since G,, has rank one, Corollary 4.6 implies that Bf:) is
isomorphic to the Laurent polynomial algebra C[T, T '] in one variable. Therefore
M,, is one-dimensional, say M,, = Cv, and b; = ¢,,(Z;) = ¢,,(X}), hence X, acts
in M,, as some nonzero scalar p. And

Yivo=p 'YiXivo=p (1 - q1) v,
Here S = {(0,0)} and C = {v,} is a basis for M with the following action:

X1vo = pVvy, X,V =0, (6.6)
Yivo=p"'(1=q1) v, Y310 =0.

That Zzilvo = 0 follows from Theorem 5.4 since (0,%1) ¢ G,,.

6.4 The case m = n(;), A#0

Here a; = (1-A)(1—-¢q) P and ay, = A(1 —¢q;)" ' soy; = A and y, = 0. By
Proposition 6.4, G = Z and

G ={k>0|A#qVi=0,1,...,k—1}U{k<O0| A #¢' Vi=—-1,-2,...,k}

We consider four subcases according to whether w contains a 1-break or not
and whether g, is a root of unity or not.

6.4.1 The case m = n(;), A #0, w contains a 1-break and g, is a root of unity

By Corollary 6.2 A = q’l‘ for some k € Z. Let 0, be the order of q;. Then Zi =K, =
(01Z) x Z. We can further assume that k € {0,1,...,0; — 1}.

Note that X¥M,, # 0 because degX* = (k,0) € G,, so Yx¥ ¢ m. Hence
cr’l((m) € supp(M). By Lemma 6.6, U]f(m) = né}(l,k = n(ll). We can thus change
1

1
1)

notation and let m = n; °. Then by Proposition 6.4 we have

G =1{0,-1,-2,...,—0; + 1} X Z.

And G, = Gmﬂan = {0} xZ. By Corollary 4.6, B‘(‘}) is a Laurent polynomial algebra

in one variable. Thus M,, is one dimensional with a basis vector, say v,. X, acts by

some nonzero scalar p on v, and Y,X,vy = (1 —q,) 'v,. X; and Ylo1 act as zero on

M., by Lemma 4.4 because their degrees (1,0) and (—o;,0) does not belong to G,.
As a set of representatives for G,,/G,, we choose

S =1(0,0),(—1,0),(—2,0),...,(—0; +1,0)}.
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By Corollary 5.2 we obtain that

1
supp(M) = {n{", n(l)l, - nflllﬂ -
1

By 5.1, the set
C={y =Yv1j=0,1,...,0, — 1}

is a basis for M. The following picture shows the support of the module and how
the X; act on it. Since the Y; just act in the opposite direction of the X; we do not
draw their arrows.

OOOOO

o—>o—>o ~~~~~ o—>o
Xy

Using Lemma 6.6,
Xyv; =X, Y]vg =Y ol (v = [, 1
and from relations (2.6)-(2.8) follow that
Xavj = QALY Xov0 = p AL, v,

szj == A’éleYZVO - (]. - q2)_1p 11‘51 ]

Thus the action on the basis {vy,..., Vv, _1} is

% {0, j=o,
V= . .
H [jlg,vi-1, 0<j<o;—1,

viy, 0<j<o;—1,
{]+1 J 1 6.7)

0: J =01 — 13
Xovj = p2A,ayv,
Yv;=(1- Q2)719717L}21 v;.

6.4.2 The case m = n&l), A # 0, w contains a 1-break and g, is not a root of

unity
Now there is a unique integer k € Z such that A = qk If k > 0, then G(l) is the set
of all integers < k while if k <0, then G is all integers > k + 1.
If k > 0, X¥M,, # 0 because (k,0) € G,, so Y X* ¢ m. Therefore ok(m) =
(1) € supp(M). We change notation and let m = n(l) Then G(l) ={.. -1,0}
and G,, = {0} x Z. We choose S = {(i,0) | i < 0} Y, X, = (1—q2) 1 on M,
so M,, = Cv,, for a basis vector v,, and X,v, = pv, for some p € C*. The set
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C=1{v:= Yljvo | j < 0} is a basis for M and we have the following picture of
supp(M).

X X X
) Oy O

------ *e—> 0 —> 0

One easily obtains the following action on the basis {v; | j < 0}:

0, J=0,
X1vi=4,. ' >
[]]qlv]—l’ J— >
Yivi=vj4, (6.8)

XoVj = pAL,a1v;,
Y2Vj = (1 - q2)_1p_12‘£1vj'

The case k < 0 is analogous and yields a lowest weight representation with

m= nfll,)l as its lowest weight. A basis for M is then
1

C={v;:=X{v,|j>0},
where M,, = Cv, and the action is given by
X1V; =Vji1,
Y1Vj= {O’ . J::O}
[—ilgvj-1, 7>0, (6.9)
Xovj= (@1212) 7 pvj,
Yyv; = A{z(l — qz)_lp_lvj.

6.4.3 The case m = n(ll), A # 0, w contains no 1-break and ¢, is a root of unity

By Corollary 6.2, A # q’f for all k € Z. So by Proposition 6.4, G,, = Z>. G,, =
(01Z) x 7Z and we can choose S = {0,1,...,0; — 1} x {0}. From

X7 Xy = (q1A12)" X, X" = ATLXoXT!
and Corollary 4.6 follows that B‘(nl) ~ Tjor. It can only have finite-dimensional
irreducible representations if Acl’lz is a root of unity. Assuming this, any such rep-

resentation is r-dimensional, where r is the order of A7}, and is parametrized by
C* x C* > (p, u) with basis
M,, = Span{v; :zXévo |j=0,1,...,r—1},
where X7"'vy = pv, and relations
Xflvj = A‘{lszv-,

{vj+1: 05j<r_1:

X2V' s .
wve, j=r—1

J
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Therefore by Theorem 5.1,
M = Span{w;; —X vi|0<i<o0,,0<5j<r}

Using the commutation relations and the formulas in Lemma 6.6 we can write
down the action as follows.

1+11’ 05i<01—1,

01] L
12pwoj, i=o0;—1,

{(1_1)(1_611) 1A‘1201]p Wol—lj’ l:O’

(1—=2g7H)(1 —qy) twi_q s, 0<i<o;—
! ) (6.10)
ll Wij+1s 0<j<r—-1,
21nuWi 0> J= r— 1’
v {l‘zu 1/l(l—qz) wi,—1, j=0,
2
127L(1—q2) Wii_1, O<j<r-1.

The action can be illustrated in the following way.

X, X, X X X5
Oy O Ok O)
o — >0 — >0 - o ——> o

6.4.4 The case m = n&l), A # 0, w contains no 1-break and q; is not a root of

unity

By Corollary 6.2, A # q’l< for all k € Z. Now Zﬁ ={0} xZ so G,, = {0} X Z. M,,, is
one-dimensional with basis vy, say, and X, = p on M,, while Y,X, = A(1—gq,) ! #0
on M,,. We choose S = Z x {0}. Then a basis for M is

C={y :=X{v0 |j=0}ufy; = Cle_jv0|j<0},

where we determine {; by requiring that X,v; = v, for all j. Explicitly we have
for j <0, A

(1—qy)”’
(1-2g;)1-2g,"™)...(1 - 2qy)
Using the commutation relations and the formulas in Lemma 6.6 we get the action
on M = Span{y; | j € Z}.

¢ =

X1vj = Vi, X2V =4y’ APV, (6.11)

1— },ql_1+1

1 Vi—1, Vv, = ALA0—q0) Tp 7y,
q1

Y1Vj ==
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and a corresponding diagram

6.5 The case m = n(f), A#0

Here y; = 0 while v, = A(q, —1). By Corollary 6.2, w does not contain any breaks.
We have G, =Z? and G,,, = Z2 =K.
We will need some lemmas in order to proceed.

Lemma 6.9. For k,l € Z we have
z¥zl =g ZLzk, (6.12)
where [ = max{0, [}.
Proof. Relations (2.6)—(2.8) can be rewritten in the more compact form
kool _ ko1 akl 1 Sk _
ZiZy=q; "ALZ,ZF,  k,l==1,

where 0, ; is the Kronecker symbol. After repeated application of this, (6.12) fol-
lows. O

By Lemma 6.6 we have for k,l € Z,
J’l‘alz(tl) =(1-q;)"! modm, (6.13)
a’l‘olz(tz) = 7Lq]1‘ql2 mod m. (6.14)

Lemma 6.10. Let k,l € Z and let m = min{|k|,|l|}. Then, as operators on M,,, we
have

Zk+ kl>0
Zkzl =471 > - 6.15
1 {(1—q1)‘mZ{‘“, kl <0, (619
kol |z kl >0,
ZyZ,= Amqél—21+(sgnl)m)m/2zg+z, Kl < 0. (6.16)

Proof. Direct calculation using (6.13) and (6.14). For example if k >0 and [ <0
we have

zkzl =xkyt =X o, (t)y, T =
“ly—l-1_— k=1y—1-14 I
=Xy o () = x5y gy = =

— —1— —l—(m-1
=Aqy'Aqy . agy Tz =
— Aqu—lm—m(m—l)/Zzé-H'
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Lemma 6.11. Let k,l € Z and let m = min{|k|, |l|}. Then, as operators on M,,,

AVAEDAVAS (6.17)
and
zXzl = c(k, 1)z} Z§, (6.18)
where
1, kl >0,
c(k,l) = qgk—l)m—(sgnk—sgnl)mz/Z’ Kl < 0. (6.19)
Proof. Follows directly from Lemma 6.10. a

Lemma 6.12. Let g = (g1,8;) € Z*> = G,, and set ry = p,(a;a,) ™" where @, is the
projection R — R/m =K. Then

rg =(1—q)8l(A gl (6.20)
and (ag)"' =r,a; =
Proof. We have

—82 7781
rgZ,"*Z, "' as operators on M.

azag — (Zfl Zégz )*Zigl Zégz — Zz_gz Zl_gl Zfl Zégz — Zl_gl Zigl Zz_gzzégz,
by Lemma 6.9. Thus by Lemma 6.10,
Ou(@a,) = (1— q;) llplel gl -2eredlal2
which proves the formula. The last statement is immediate. a
We consider the three subcases corresponding to the rank of the free abelian
group K.
6.5.1 The case m = nf), A #0,rankK, =0

G, =K, = {0} so BS) = R which is commutative, hence M,, = Cv, for some v,
and S = Z?. Thus C = {a,v, | g € Z*} is a basis for M and using Lemma 6.10 and
Lemma 6.9 we obtain that the action of X; is given by

X,azvp = {ag+e1V0a1 8120,
(1 - ql)ﬁ ag+e1v0’ &1 < 0, 6.21)
X,a,vy = {(‘hllz) glag+_ezvo5 820,
g (q12A12)7% Aq, gzag+e2Vo, g <0.
The action of Y; on the basis is deduced uniquely from
YViXqa,vg = (1- Ch)_lag"o, (6.22)

— —81,,782
Yo Xoa,v9 = Aq, *'q,**ag vy,

which hold by (6.13) and (6.14).
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6.5.2 The case m = n&z),)\ #0,rankK, =1

Let (a, b) be a basis element. Since G,, = K, which is of rank one, B{") ~ C[T, T™]
by Corollary 4.6 so M,, is one-dimensional. As before we let M,, = Cv,. Then
Z{‘vao = pv, for some p € C".

We assume a # 0. The case b # 0 can be treated similarly. By changing basis,
we can assume that a > 0. Choose S = {0,1,...,a — 1} X Z. The corresponding
basis for M is

C={w;:=X'Z}v,|0<i<a-1,jez}

We now aim to apply Theorem 5.4. If 0 < i < a — 1 then clearly Xyw;; = w4 ;.
And

_yaryl j=b _
XyWq_1; =X{Z3v €CZ; vy =Cwyq_y.

We want to compute the coefficient of wy ;_;. Similarly to the proof of Theorem
5.4 we have, using Lemma 6.12, Lemma 6.9 and (6.16),
XaWo = Z8Zyvo = (Z8ZyTanyZy 27 V28 Z0vg =
= 1o (@ha2) a} T A 2,2, 212 pvy =
-1 (b~ j+—b j—b
=1 lq; 1)/2)|b|q;1(1+ )Acllgj )

PCoWg j—ps

where

1, b<o,
Co = A’min{j’b}qg1-+—2b—min{j,b})min{j,b}/Z, b>0.

Using Lemma 6.9 one easily get the action of X, on the basis. We conclude that

Wit1j 0<i<a-1,
Xawij = 1 (b-1)/2y1p| -a(j+=F) , aj—b) .
(7L q, ) q4 A'12 pCOWO,jfb’ i=a—1,

L (6.23)
4 AW, §20,
szij = { 171' 121 L,}+1 .
q; Ay AQywijy1, J <O.
The action of the Y; is uniquely determined by
VX v = (1—qp) Yy,
141Vij 1 ij (624)

Yo Xovii = Aqy'qy vij,

which hold by (6.13)-(6.14). See Figure 1 for a visual representation.

6.5.3 The case m = n(f),k # 0,rankK, =2

Let s; = a = (a;,a,), s, = b = (by, b,) be a basis for G,, = K, over Z. We can

assume that a;, b, > 0 and that d := )Z; Z; ‘ > 0.
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-
L
|

oeLl——eo ---
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Figure 1: Example of a weight diagram for M when m = n(z) A # 0 and rankK, =

1. Here a =4, b = —2. The action of X; is indicated by — arrows, while = arrows
are used for X,.

o<—— o <——

By Corollary 4.6, BS) ~ T, for some v which we will now determine. Using
Lemma 6.9 and Lemma 6.11 we have, as operators on M,,,

232920 2y = q, ALy P elay, by)Z 2 2,25 =
— q?lbz_bl@)tclllzbz_bl(IZC(az, bZ)Zfl Z;zzill Z;Z.
We conclude that BS) ~ T, where
v=2%q} bz_blazc(az, b,). (6.25)
The function ¢ was defined in (6.19), d = a, b, — b, a, and k := max{0, k} for k € Z.

For M,, to be finite-dimensional it is thus necessary that this v is a root of unity.
Assume this and let r denote its order. Then dim M, =r. Let

{VO’ vl;--':vrfl} (626)
be a basis such that
Zfl Zgzvj = vjpvj, (6.27)
Vii, 0Zj<r—1,
7072y, = { e = (6.28)
uvg, Jj=r—1,

where p,u € C*.

The next step is to determine a set S € G,, = Z? of representatives for the set
of cosets G, /G,, = Z*/K, which makes it possible to write down the action of the
algebra later. We proceed as follows.

Recall that K, = Z - (ay,a,) ® Z - (b;, by). Let d; be the smallest positive integer
such that (d;,0) € K,. We claim that d; = d/ GCD(a,, b,). Indeed d; must be of the
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form ka; + lb; where k,l € Z and ka, + b, = 0 with GCD(k, ) = 1. For such k, I,
k|b,, lla, and b,/k = —a,/l =: p > 0. Then GCD(a,/p, by/p) = 1 which implies
that GCD(ay, by) = p. Thus d; = ka; + 1b; = (bya; — ayb;)/p = d/ GCD(a,, by) as
claimed.

Next, let d, denote the smallest positive integer such that some K,-translation
of (0,d,) lies on the x-axis, i.e. such that

((0,dy) +K,) NZ x {0} #0.
Such an integer exists because if we write GCD(a,, b,) = ka, + Ib,, then
(0,kay +1by) — k(ay, az) — l(by, by) = (—kay — 1by, 0).

On the other hand if (0,d,) + ka+Ib € Z x {0}, i.e. if dy = ka, + Lb,, then
GCD(ay, b,)|d,. Therefore d, = GCD(ay, b,).

We also see that for any point in Z? of the form (x,d,) there is a g € K, such
that (x,d,) + g € Z x {0}. Also, (d;,0) € K, so for any point of the form (d;,y)
there is a g € K, (namely (—d;,0)) such that (d;,y)+ g € {0} x Z.

Suppose now that for some k,l € Z,

k(a;,a,) +1(by,by) €K;Nn{0,1,...,d; —1} x {0,1,...,d, — 1}.
Then we would have (0, ka,+1b,)—(ka+1b) € Zx{0} and ka,+1b, € {0,1,...,d;—
1} which contradicts the minimality of d, unless ka, + [b, = 0. But in this case
(ka; +1b1,0) € K, which contradicts the minimality of d; unless ka; + [b; = 0.
Hence K, N{0,1,...,d; — 1} x {0,1,...,d, — 1} = {(0,0)}. We have shown that
$:=1{0,1,...,d, — 1} x {0,1,...,d, — 1}

is a set of representatives for Z2/K,. In particular we get from Corollary 5.3 that
dim M is finite and

dimM/dimMm = |S| = dldz = albz - blaz.
We fix now integers a,, b; such that
dz == GCD(az, bz) == a;az + b; bz (6-29)
and such that —aja; — b,b; € {0,1,...,d; — 1}. This can be done because for any
p € Z, (a3, by) := (ay + pb,y/d,, b, — pa,/d,) also satisfies a;a, + b} b, = d, but
now
_a,zlal - b;’bl = —(a; +pby/dy)a; — (b; —pay/dy)b; = _a;al - b;bl —pd;.

We set
s =—aya, — byb;. (6.30)
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=EEEl

Figure 2: An example of the action on supp(M) when m = n&z), A #0and rankK, =
2. Here a = (2,—-2), b=(3,2), d; = 5,d, = 2 and s = 2. The = arrows indicate
the action of X; and the — arrows show the action of X,.

Let (i,j) € S. We have the following reductions in Z? modulo K.

. (i+1,j), 0<i<d;—1,

L0+ )= . .
( ) ( J) {(05])’ l:dl_]-,
(i,j+1), 0<j<dy,—1,

(011)+(ll.]): (i+s’0)’ j:d2_11i+sSd1_1;

(i+s_d1,0), jzdz_l,j+5>d1_1.

From this we can understand how the X; act on the support of M, see Figure 2 for
an example. By Theorem 5.1 the set

C={wy =XXJv |0<i<d;,0<j<dp0<k<r}

is a basis for M where v, is the basis (6.26) for M,,.
If 0 <i <d; —1we clearly have X;w;;, =w;,; ;. Suppose i =d; — 1. Then by
Lemma 6.9, .y a
X1 Wijk =X11Xé"k = Q11]7L112]Xéxllvk'

Thus we must express Xfl in terms of Zfl Z,* and Zlbl Zfz. Since (d;,0) = b,/dya—
a,/d,b we have
(Z{ Zg)l ez zy )l = c X (6.31)

as operators on M,, for some constant C; ' which we must calculate.
Lemma 6.13. The constant C; defined in (6.31) is given by
C1—1 _ ra—bz/dz (q;a@;tglaz)’;—i(’;—jﬂ)/z ) rgz/dz(q;blb_ZAIZblbz)3—2(;—2+1)/2.

'qblﬂzazbz/d2 blﬂgbz/dzz -1 /
1

> A1a "0~ b,a,/d,) 12 (6.32)

where the r,, g € 72 are given by (6.20),

C/ _ (1 — ql)*min{\ﬂlbz/d2|,|b1‘12/dz|}, a2b2 > 0’
Lo, a,b, <0,

k = max{0, k} for k € Z and d, = GCD(a,, b,).
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Proof. If b, > 0 for example, we have by Lemma 6.9
(Z;h Zgz)bz/dz — ql_algll_zalaz . (ql—alill—;laz 2. .

—a,ay A —a1dyN\b, /d,—1 a1 by/dy Hayby/dy
"(ql 12}’121 2) o/ dy lez 22222 2

_ by . by
_ (0T 4 —a1ay\ 2 (FE-1)/2 a1 by /dy a,b,/d,
= (ql )‘12 )2 d2 Z Z,

_b2
a

/42 appears by Lemma 6.12.
byay/dy oy —byay/d
142 222 242 2‘ We

When b, < 0 we get a similar calculation where r

(Zi7 ! Zé’z)_az/ % can analogously be expressed as a multiple of Z

then commute Z,> P2/% and Z, P192/% ysing Lemma 6.9. As a last step we use Lemma
6.10 and obtain two more factors. O

We conclude that
Wity i i<d; —1
X Wi = ‘l+1,]‘,k’ i / ! ’
1Wijk {qidlk]lizcllva/delpr/dznuklwo,j,ng i= dl —1.
Here
k—ay/dy=rki+ki{ with0 <k} <r. (6.33)
Next we turn to the description of how X, acts on the basis C. If 0 < j <d, —1
we have Xow; ;. = q; A;,W; i1 Dy Lemma 6.9. Suppose j = d, — 1. en, as in
have X,w;; 1 AL Wi i1k by L 6.9. S j =d, — 1. Th i
the first step of the proof of Theorem 5.4,

i 4 i 4 _d o d
Xowije =41 ApX1 Xy vie = q1 ARX (X5 (s 402y 232172, vy (6.34)
By (6.16) and (6.20),
d. —d _ -1 _
Xy TsaZy 20 = Tmsa) (0,421 = (6.35)
=(1- ql)S(A—lq(zdzfl)/z)dz(A—lq;*dzfl)/z)dzzi —
=(1-q)(Wqr) %75,

We must express Z;° 52 in the generators of the algebra Bg) in order to calculate
its action on vy.

(20 252y (20 70 = ¢y 20 75, (6.36)
for some C, € C* since the degree on both sides are equal by (6.29) and (6.30).
Similarly to the proof of Lemma 6.13,

21 =4y, —ay@5 4 —ayayna (@ —1)/2 . ~bh s —biby 4 —b1by~b (b —1)/2
C2 =r, 2(q1 127\,121 2)a2(a2 )/ 'rb 2(q1 12A121 2) 5 (by—1)/2,

. ql—blbéazaé A—blb’zaza; CQCQ', 6.37)
and
c=1b a,bl, >0,
2= (1 _ql)—min{lala’zl,lblb;|}’ a;bé <0,

2 /' (1=2by by +(sgn by by )m’)m’ /2

o 1, a,a; b, b, >0,
A™q, , aya;b,b, <0,
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where m’ = min{|a,a,|, |b,b;|}. Furthermore, letting
by +k=rk,+k), where0<k)<r (6.38)
we have by (6.27)-(6.28),
(2} 252)(2) Z,) vy, = vk o, (6.39)

If i +s < d; — 1 we can now write down the action of X, on w;;, by combining
(6.34)-(6.37), (6.39) to get a multiple of Wits o) However if i +s > d; — 1, we
must reduce further because then (i +5,0) ¢ S. Let

k) —ay/dy, =rkj +ky, where 0<kj <r. (6.40)
Then by the calculations for the action of X f 'on M,
Xfl Vi :X?Sidlel Viy = Cl.uké"kgbZ/dZPbZ/dZWmfdl,o,kg-
Summing up, M has a basis
fwi |01 <d;,0<j<dp,0<k<r}
and X, X, act on this basis as follows.
X1Wijk = {Wjidtl’j"g’ " / l <di-l
q Ai;clvbz/dzklpbz/dzuklwo,j,k/{, i=d, —1.
XoWij = (@A) 7"

Wi, j+1,k>
ifo<j<dy,—1,
(1 - @) (A2q2) 2 Cyv ke ppbow, o 1,
ifj=dy—landi+s<d;, -1,
(1—q, ) (A2qy) "% Cyy ke thaba/dz paytba/dy otk CiWits—d, 01>
»UsKg
ifj=dy—landi+s>d;, -1,

(6.41)

where C; is given by (6.32), C, by (6.37) and v by (6.25). The parameters p and
u comes from the action (6.27), (6.28) of B‘(nl) on M,, and klf, klf’ are defined in
(6.33), (6.38) and (6.40).
The action of the Y; is uniquely determined by
Vi Xywije = (1 _.qi)- Wik, (6.42)
Yo Xowijk = Aqy gy wij.
We remark that the case q; = g, corresponds to a = (a;,a,) = (1,—1). Then
dy=1,d, =d = |b; + by| and s = 1. X; and X, will act on the support in the
same direction, cyclically as in Figure 3. The explicit action can be deduced from
the above more general case noting that here k =k, k; = 0 and

{0, k<r-—1, k, k<r—1,

kK =k.,= k’l’zké’z
1, k=r—-1, 0, k=r—1.

1 3
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T

o —— 0 —— 0 e ——8o

. . . 2
Figure 3: Weight diagram when m = ngl ), A #0, rankK, =2 and q; = q,.

6.6 The case m & {ng) lueC,i=1,2}

This is the generic case. We have Z2 = Q by Corollary 6.8. Our statements here
generalize without any problem to the case of arbitrary rank.

Assume first that the g; are roots of unity of orders o; (i = 1,2) and that w does
not contain any 1-breaks or 2-breaks. Then by Corollary 6.2 and Proposition 6.4
we have G, = Z2. Thus G,, = (0,Z) x (0,Z). Moreover,

01302 __ 90102y02y,01
Xl X2 _2’12 X2 Xl

so ng = Tyorez by Corollary 4.6. This algebra has only finite dimensional represen-

tations if A‘l’lzoz is a root of unity. Assuming this, let r be the order of Ailzoz. Then
there are p,u € C* and M,, has a basis vy, vy,...,v._; such that

01, __ 41070,
X'y =24, oy,

{viﬂ 0<i<p-1

X01Vi = .
uvy i=p-1

2

Choose S = {0,1,...,0; =1} x {0,1,...,0, — 1}. The corresponding basis for M is
C={wj =XXJ» |0<i<0;,0<j<0,0<k<r}. The following formulas
are easily deduced using (2.6)-(2.8).

_ JWisjko k<o;—1,
XqWiji =

Azilz(OZkH)PWOjk, k=o0,-1,
Wi,j+1,l’ l < 0y — 1, (643)
Xowiji = (@1212) " A Wigi41, [=0,—1i<r—1,

UWigp, L=o0y—1i=r—1.
The action of Y7, Y, is determined by

ViXqwii = g7 (ar = [i1g Wijes
141 Wijk 1_i 7} q . jk (644)
YoXowije =q; ¢, (ay — []]qz(l +(q: — 1)a1))wijk~

In all other cases one can show using the same argument that dim M, = 1 for
all n € supp(M) and that M can be realized in a vector space with basis {w;;}(; jer»
where I = I; x I, is one of the following sets

+ +
Ng, xNg,, Ny xXZ%, Z"xNy, ZXZ,
ZEx7, 7Zx7% 7Frx7t, 7T %77,
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where N; = {0,1,...,d — 1}, Z* = {k € Z | £k > 0} and d, is the order of q; if
finite. The action of the generators is given by the following formulas.

Wit1,js (i+1L,j)el,
& . . .
Xywi; =1 pAywe,, ((+1,j)¢11 = Ny, and o # [i]g,
0, otherwise,

Wi, (Lj+1eEl, (6.45)
uwio, (,j+1) 1,1, =Ny,

and a, # [j15,(1+(q; — Day),
0, otherwise,

Xow;; = (@1 212) 7"

Yiwi; =q; (e — [i—1],)-

Wi*l,ja (i_l,j)EI,
dyjy— . . .
(p)t']lzj) lwdl—l,j} (1_1!_])¢Iﬁll :Ndl and a # [l_l]qu
0, otherwise,
Yow;; = l{éq;j“(az —[j—1]g,(1 +(q; — Day)): (6.46)
Wi,j+1’ (l,]+1)€l,

.U'_lWi,dz—l: (i,j+1)¢l,ll :Ndz
and a, # [j —1],,(1+ (g1 — Day),
0, otherwise.

Thus we have proved the following result.

Theorem 6.14. Let A be a quantized Weyl algebra of rank two with arbitrary param-
eters 41,9, € C\{0, 1}. Then any simple weight A-module with no proper inner breaks
is isomorphic to one of the modules defined by formulas (6.6), (6.7), (6.8), (6.9),
(6.10), (6.11), (6.21-6.22), (6.23-6.24), (6.41-6.42), (6.43-6.44) or (6.45-6.46).
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Hopf structures on ambiskew polynomial rings

Jonas T. Hartwig

Abstract

We derive necessary and sufficient conditions for an ambiskew polynomial
ring to have a Hopf algebra structure of a certain type. This construction gen-
eralizes many known Hopf algebras, for example U(sl,), U,(sl,) and the en-
veloping algbra of the 3-dimensional Heisenberg Lie algebra. In a torsion-free
case we describe the finite-dimensional simple modules, in particular their di-
mensions and prove a Clebsch-Gordan decomposition theorem for the tensor
product of two simple modules. We construct a Casimir type operator and
prove that any finite-dimensional weight module is semisimple.

1 Introduction

In [4], the authors define a four parameter deformation of the Heisenberg (oscilla-
tor) Lie algebra “///g ﬁ(q) and study its representations. Moreover by requiring this

algebra to be invariant under ¢ — q~!, they define a Hopf algebra structure on
W;’ 5 (q) generalizing several previous results.

The quantum group U, (sl,(C)) has by definition the structure of a Hopf alge-
bra. In [10], an extension of this quantum group to an associative algebra denoted
by U,(f(H,K)) (where f is a Laurent polynomial in two variables) is defined and
finite-dimensional representations are studied. The authors show that under cer-
tain conditions on f, a Hopf algebra structure can be introduced. Among these
Hopf algebras is for example the Drinfeld double 2(sl, ).

All of the mentioned algebras fall (after suitable mathematical formalization
in the case of “///g /5(‘1)) into the class of so called ambiskew polynomial rings (see
Section 2 for the definiton). Motivated by these examples of similar classes of
algebras, all of which can be equipped with Hopf algebra structures, we consider a
certain type of Hopf structures on a class of ambiskew polynomial rings.

In Section 2, we recall some definitions and fix notation. We present the con-
ditions for a certain Hopf structure on an ambiskew polynomial ring in Section 3,
while Section 4 is devoted to examples. In Section 5 we introduce some convenient
notation and state some useful formulas for viewing R as an algebra of functions on
its set of maximal ideals. Finite-dimensional simple modules are studied in Section
6. Those have already been classified in [6], but we focus on describing the dimen-
sions in terms of the highest weights. The main result is stated in Theorem 6.19.
The classical Clebsch-Gordan theorem for U(sl, ) is generalized in Section 7 to the
present more general setting, using the results of the previous section. Finally, in
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Section 8 we first construct a kind of Casimir operator and prove that it can be used
to distinguish non-isomorphic simple modules. This is then used to prove that any
weight module is semisimple.

2 Preliminaries

Throughout, K will be an algebraically closed field of characteristic zero. All alge-
bras are associative and unital K-algebras.

By a Hopf structure on an algebra A we mean a triple (A, ¢, S) where the coprod-
uct A : A— A®A is a homomorphism, (A® A is given the tensor product algebra
structure) the counit € : A — K is a homomorphism, and the antipode S : A — A is
an anti-homomorphism such that

(Id®A)A(x)) = (A®Id)(A(x)), (Coassociativity)  (2.1)
m((dee)(a()) = x =m((e @1d)(AK)), (Counit axiom) ~ (2.2)
m ((S ® Id)(A(x))) =¢e(x)= m((Id ®S)(A(x))), (Antipode axiom) (2.3)

for all x € A. Here m : A® A — A denotes the multiplication map of A. A Hopf
algebra is an algebra equipped with a Hopf structure. An element x € A of a Hopf
algebra A is called grouplike if A(x) = x ® x and primitive if A(x) =x®1+1® x.
In the former case it follows from the axioms that £(x) = 1, x is invertible and
S(x) = x~! while in the latter £(x) = 0 and S(x) = —x.

If V; (i = 1,2) are two modules over a Hopf algebra H, then V; ® V, becomes
an H-module in the following way

a(v; ® ;) =D (av,) ® (a]'v;) (2.4)

forv; € V; (i = 1,2) if a € H with A(a) = Y, a’ ® a’. From (2.1) it follows that
if V. (i = 1,2,3) are modules over H then the natural vector space isomorphism
V;®(V,®Vs) ~ (V; ®V,)®V; is an isomorphism of H-modules. From (2.2) follows
that the one-dimensional module K, associated to the representation € of H is a
tensor unit, i.e. K, ® V ~V ~V ® K, as H-modules for any H-module V.

Let R be a finitely generated commutative algebra over K. Let o be a K-
algebra automorphism of R, h € R and £ € K\{0}. Then we define the algebra
A=A(R,0,h,§) as the associative K-algebra formed by adjoining to R two symbols
X, X_ subject to the relations

X.a=0c*(a)X, fora €R, (2.5)

X, X_=h+&X_X,. (2.6)

This algebra is called an ambiskew polynomial ring. Its structure and representa-
tions were studied by Jordan [7] (see also references therein).

We recall the definition of a generalized Weyl algebra (GW-algebra) (see [1]
and references therein). If B is a ring, o an automorphism of B, and t € B a
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central element, then the generalized Weyl algebra B(o, t) is the ring extension of
B generated by two elements x,, x_ subject to the relations

xia=0*Y(a)x,, fora€B, @.7)
x_x,=t, and x,x_=o(t). '

The relation between these two constructions is the following. Let A=A(R, 0, h, &)
be an ambiskew polynomial ring. Denote by R[t] be the polynomial ring in one
variable t with coefficients in R and let us extend the automorphism o of R to a
K-algebra automorphism of R[t] satisfying

o(t)=h+£&t. (2.8)

Then A is isomorphic to the GW-algebra R[t](o, t).

3 The Hopf structure

Let A= A(R,0,h, &) be an ambiskew polynomial ring and assume that R has been
equipped with a Hopf structure. In this section we will extend the Hopf structure
on R to A. We make the following ansatz, guided by [4] and [10]:

A(Xi)=Xi®ri+li ®X:t> (3.1)
e(X4) =0, (3.2)
S(Xi) = siXi‘ (33)

The elements r, [, and s, will be assumed to belong to R.

Theorem 3.1. Formulas (3.1)-(3.3) define a Hopf algebra structure on A which ex-
tends that of R iff ry,l,,s, are invertible and

(c®Id)oAlg=Aoc0o|g=1d®c) 0 Alg, (3.4a)
Soco|g=0"10S8|g, (3.4b)

AN =h®rr_+1,1_®h, (3.5a)

e(h)=0, (3.5b)

S(h) = —(l+l_r+r_)_1h, (3.50)

ry and . are grouplike, i.e. A(x)=x® x for x € {r , 1.}, (3.6a)
o(lL)®o(ry) =8l ®r, (3.6b)

(s2) ' =—lo™ (ry). 3.7
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Proof. From (2.5)-(2.6) we see that ¢ extends to a homomorphism A — K satis-
fying (3.2) if and only if (3.5b) holds. Assume for a moment that A extends to a
homomorphism A — A® A. From (3.1)-(3.2) it follows that ¢ is a counit iff

e(ri)=e(ri)=¢e(l)=¢(l)=1. (3.8)
A is coassociative iff (dropping the %)
(Id®A)AX)) = (A®Id)(AX))
which is equivalent to
XQA(r)+IXQr+I®IX=X®r®r+1XQr+A(l)Q®X,

or
XA —rer)=(A0)-101)eX. (3.9

From (2.5)-(2.6) follows that A has a Z-gradation defined by requiring that degr =
0 for r € R, degX, = +1. This also induces a Z2-gradation on A® A in a natural
way. The left and right hand sides of equation (3.9) are homogenous of different
72-degrees, namely (+1,0) and (0,%1) respectively. Hence, since homogenous
elements of different degrees must be linearly independent, (3.9) is equivalent to
both sides being zero which holds iff r,. and I, are grouplike.
A respects (2.5) iff (again dropping +)
AX)A(a) = Alo(a))AX),
Xer+ileX)A(a)=A(c(@))X®r+1QX),

(@A) XN +(1®0)A() - (IX)=A(c(@)X®r+1®X),
((ceD)(A(a)—A(c(a) - Xer)+ ((1®o)A(a) — Al(o(a)) -(1®X) =0.

As before the two terms in the last equation have different Z2-degrees and therefore
must be zero. So A respects (2.5) iff (3.4a) holds.
It is straightforward to check that A respects (2.6) iff

h@rr_+10_®h—A(h)+
+(L®otr)—go ) ®r )X X, +
+ (a(l,) ®r, —&_®0 (r,))X, ®X_=0. (3.10)

Again these three terms have different degrees so each of them must be zero. Hence
(3.5a) holds. Multiply the second term by X, ® X_ from the right:

(l,®o(r)—&oM(l)®r )t®o(t)=0.

Here we use the extension (2.8) of o to R[t] where t =X_X_ . If we apply e; ® €]
to this equation, where e, (e]) for r € R is the evaluation homomorphism R[t] — R
which maps t (o(t)) to r, we get

LL®o(r)=&1(l)®r._.
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Applying 0 ® 1 to this we obtain one of the relations in (3.6b). Similarly the
vanishing of the third term in (3.10) implies the other.

Assuming that S is an anti-homomorphism A — A satisfying (3.3), we obtain
that S is an antipode on A iff

SX )re +S(L )Xy =0=X,S(ry) +1L.S(Xy),

which is equivalent to (3.7), using that r,. and [, are grouplike. And S extends to
a well-defined anti-homomorphism A — A iff

S(a)S(Xy) =S(X.)S(o*(a)), fora€R, (3.11)
S(X_)S(X,)=S(h)+ ES(X,)S(X_). (3.12)

Using (3.7) and that r, 1, are invertible, (3.11) holds iff (3.4b) holds. And (3.12)
holds iff

0=s_X_s, X, —S(h)—&s, X, s X_=
=s5_0 (s, )X_X, —S(h)—s,Eo(s_ )X, X_=
=—S(h) —s, o(s_)Eh+
+ (507 (s,) — s o(s_)EA) L.
Applying e, and e; we obtain
S(h) = ~&s,0(s_)h,
s,a_l(s+) = Ezs+0(s,).

Substituting (3.7) in these equations and using (3.6b), the first is equivalent to
(3.5¢), while the other already holds. O

4 Examples

Many Hopf algebras known in the literature can be viewed as one defined in the
previous section.

4.1 Heisenberg algebra

Let R = C[c] with ¢ primitive, and o(c) =c. Choose h=¢, E=r, =r_=1, =
[_ = 1. Then A is the universal enveloping algebra U(h3) of the three-dimensional
Heisenberg Lie algebra.

4.2 U(sl,) and its quantizations
4.2.1 U(sl,)

Let R = C[H] with Hopf algebra structure A(H) = H® 1+ 1®H, ¢(H) = 0,
S(H) = —H. Define 0(H) =H —1. Choose h=H, E=r, =r_=1, =1_=1.
Then A ~ U(sl,) as Hopf algebras.
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4.2.2 Uysl)

Let R = C[K,K™'] with Hopf structure defined by requiring that K is grouplike.
Define o(K) = q~2K, where q € C,q% # 1, and choose h = I;:{::ll, E=r_=1=1
and r, =K, [_ = K~!. Then the equations in Theorem 3.1 are satisfied giving a
Hopf algebra A which is isomorphic to U,(sl,).

4.2.3 U, (sl,)

For the definition of this algebra, see for example [9]. Let ¢ € C,q* # 1. Let R =

C[K,K~ 1] with K grouplike. Define 0(K) =q 'K, h = qu__éiz, E=1,r,=r_=K,
[, =1_=K ' ThenA=A(R,o,h,&) is a Hopf algebra isomorphic to ﬁq(s[l).

4.3 U,(f(H,K))

Let R=C[H,H LK, K], 0(H)=q*H, 0(K)=q %K. Let a € C and M, p, 1,5, t,
p,r',s’,t' €Zsuchthat M=m—-n=m'-n"=p+t—-r—s,s—t=s"—1t"and
p—r=p —r’. Seth=aK"H"-K ™H™), & =1, r, =KPH", |, = K°H,
r_ =K HY,1_=KPH™". Then A is the Hopf algebra described in [10],
Theorem 3.3.

4.4

Let R = C[H,K,K™ '], c(H)=H -2, o(K) = q %K, h = ’;:1; & =1with H
primitive and K grouplike. Let r_ =1, =1, r, =K, [_ = K. Then (3.4)-(3.7)
hold and A(R, 0, h, &) is equipped with a Hopf algebra structure. The relevance of
this example is explained in Remark 6.11

-1

4.5 Down-up algebras

The down-up algebra A(a, 8, y) where a, 8,y € C, was defined in [2] and studied
by many authors, see for example [3], [5], [7], [8], and references therein. It is
the algebra generated by u, d and relations

ddu = adud + fudd +vd,

duu = audu + Buud + yu.
In [7] it is proved that if o is allowed to be any endomorphism, not necessarily
invertible, then any down-up algebra is an ambiskew polynomial ring. Here we

consider the down-up algebra B = A(0, 1,1). Thus B is the C-algebra with genera-
tors u,d and relations

d*u=ud?*+d, du®=u*d+u. 4.1)

Let R = C[h], o(h) =h+1 and & = —1. Then B is isomorphic to the ambiskew
polynomial ring A(R,0,h, &) viad — X, andu— X_.
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One can show that B is isomorphic to the enveloping algebra of the Lie super
algebra osp(1,2) and hence has a graded Hopf structure. A question was raised in
[8] whether there exists a Hopf structure on B. We do not answer this question
here but we show the existence of a Hopf structure on a larger algebra B, giving
us a formula for the tensor product of weight (in particular finite-dimensional)
modules over B.

Let ¢ € C* and fix a value of logq. By g we always mean e?!°89. Let B, be the
ambiskew polynomial ring B, = A(R, 0, h, &) where R = C[h,w, w™ 1], o(h)=h+1,
ow)=qw, and £ = —1.

Theorem 4.1. For any p, A € Z such that ¢°~* = —1 and ¢*° = 1, the algebra B,
has a Hopf algebra structure given by

AXD) =X 9w P +wH @X,, e(X.)=0,

S(Xy) = _W¢/1Xiw¥p = _qu¢(p+/1)Xi,
and

AwW)=wow, sw)=1, Sw)=wl,
Ah)=h®1+1®h, e(h)=0, S(h)=—h.

Proof. The subalgebra C[h,w,w™!] of B, has a Hopf structure given by the maps
above. We must verify (3.4)-(3.7) with £ = —1, ry = w*, I, = w**, and s, =
—qPwTP+Y) This is straightforward. O

This gives us a tensor structure on the category of modules over B;. Next aim
is to show how using the Hopf structure on B, one can define a tensor structure on
the category of weight modules over B.

In general, if C is a commutative subalgebra of an algebra A, we say that an
A-module V is a weight module with respect to C if

V= eamGMax(C) m> Vm = {V (S Vlmv = O},

where Max(C) denotes the set of all maximal ideals of C. When C is finitely gen-
erated this is equivalent to V having a basis in which each ¢ € C acts diagonally.

By weight modules over B (B;) we mean weight modules with respect to the
subalgebra C[h] (C[h,w,w™']). We need a simple lemma.

Lemma 4.2. Any finite-dimensional module V over B is a weight module.

Proof. By Proposition 5.3 in [7], any finite-dimensional B-module is semisimple.
Since direct sums of weight modules are weight modules we can assume that V
is simple. Since V is finite-dimensional, the commutative subalgebra C[h] has
a common eigenvector v # 0, i.e. mv = 0 for some maximal ideal m of C[h].
Acting on this weight vector by X, produces another weight vector: c=!(m)X,v =
X,mv = 0. Since B is generated by C[h] and X, any vector in the B-submodule of
V generated by v is a sum of weight vectors. But V was simpleso V =,V,,. O
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Let #(B) denote the category of weight B-modules and similarly for B,.
Theorem 4.3. The category of weight modules over B can be embedded into the
category of weight modules over B, i.e. there exist functors

& 2
W(B) — W (By) — #(B)

whose composition is the identity functor. In particular, the category of finite-dimensional
B-modules can be embedded in ‘#(B,).

Proof. 2 is given by restriction. It takes weight modules to weight modules. Next
we define &. Let V be a weight module over B and define

wy =q% forv € V_q and a € C. (4.2)
It is immediate that w commutes with h. Let v € Vj;,_, be arbitrary. Then
X wyv=X,q%=q"X,v.
On the other hand, since hX v = X, (h — 1)v = (a — 1)X, v which shows that
XV € Vip—(4—1)), We have
qwX.v=qq* X, v =q"X,v.

Thus X, w = qwX_. Similarly X_w = q~'wX_ on V. Thus V becomes a module
over B,. That V is a weight module with respect to C[h,w, w™1] is clear. We define
&(V) to be the same space V with additional action (4.2). If ¢ : V — W is a
morphism of weight B-modules then ¢(wv) = we(v) for weight vectors v, since
¢(Vy) € W, for any maximal ideal m of C[h]. But then ¢p(wv) = wep(v) for all
v € V since V is a weight module. Thus ¢ is automatically a morphism of B,-
modules and we set §&(¢) = ¢. It is clear that the composition of the functors is
the identity on objects and morphisms. |

Note that
&(#(B)) ={vewBy):Supp(V) S {m=(h—a,w—q*):aeC}}. (4.3)
It is not difficult to see that
&) ® &(V,) € &(#(B))
and hence there is a unique V3 € #/(B) such that
EV)® &(V,) = &(V3).

Thus we can define
V1 ® V2 = V3
and this will make #/(B) into a tensor category.

Remark 4.4. Our result that #/(B) is a tensor category shows that to disprove that
B has a Hopf structure one cannot only use pure representation theory (of weight
modules).
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4.6 Non Hopf ambiskew polynomial rings

There are many examples of ambiskew polynomial rings which do not have any
Hopf structure. One example is the Weyl algebra W = (a, blab — ba = 1) which
can have no counit ¢. Indeed, a counit is in particular a homomorphism ¢ : W — C
so we would have 1 = ¢(1) = ¢(a)e(b) — (b)e(a) = 0. Moreover all down-
up algebras are ambiskew polynomial rings (see [7]) and [8] contains necessary
conditions for the existence of a Hopf structure on a down-up algebra in terms
of the parameters a,f3,y. More precisely, they show that if A = A(a,3,y) is a
Noetherian down-up algebra that is a Hopf algebra, then a + 8 = 1. Moreover
if y = 0, then (a, ) = (2,—1) and as algebras, A is isomorphic to the universal
enveloping algebra of the three-dimensional Heisenberg Lie algebra, while if y # 0,
then —f3 is not an nth root of unity for n > 3. It would be of interest to generalize
such a result to a more general class of ambiskew polynomial rings and also to
other GW-algebras.

5 R as functions on a group

From now on we assume that A= A(R, o, h, &) is an algebra of the form defined in
Section 3 and that conditions (3.4)-(3.7) hold so that A becomes a Hopf algebra
with R as a Hopf subalgebra. Let G denote the set of all maximal ideals in R. Since K
is algebraically closed and R is finitely generated, the inclusion map i, : K — R/m
is onto for any m € G and we let ¢, : R — K denote the composition of the
projection R — R/m and i_'. Thus ¢,,(a) is the unique element of K such that
a— ¢ (a) € m. We define the weight sum of m,n € G to be

m+n:=ker(mo (¢, ® p,)oAlg).

This is the kernel of a K-algebra homomorphisms R — K, hence m+n € G. We will
never use the usual addition of ideals so + should not cause any confusion. Using
that A is coassociative, € is a counit and S is an antipode, one easily deduces that
+ is associative, that 0 := ker ¢ is a unit element and S(m) is the inverse of m. Thus
G is a group under +. If R is cocommutative, G is abelian.

Example 5.1. Let R = C[H]. Then G = {(H —a)|a € C}. Give R the Hopf structure
A(H)=H®1+4+1Q®H, ¢(H)=0and S(H) = —H. Then the operation + will be

(H-a)+(H-p)=(H—(a+p)),
i.e. the correspondence C > a — (H — a) € G is an additive group isomorphism.
If R=C[K,K ] then G = {(K — a)|a € C*}. With the Hopf structure A(K) =
K®K, e(K)=1 and S(K) = K~!, the operation + will be
K-a)+(EK-p)=(K-ap)

for a, 8 # 0. Thus G ~ (C*, -).
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We will often think of elements from R as K-valued functions on G and for x €RR
and m € G we will use the notation x(m) for ¢, (x). Note however that different
elements x, y € R can represent the same function. In fact one can check that the
map from R to functions on G is a homomorphism of K-algebras with kernel equal
to the radical Rad(R) := Nyegm.

Define a map

{:Z— G, n—n:=c"(0). (5.1

Lemma 5.2. Let m,n € G. Then for any a €R,

o(@)(m)=a(c(m)), (5.2)

a(m+n)=mo(¢n®¢,)oAla) =Y d'(m)a"(n), (5.3)
(@)

m+l=o(m)=1+4+m. 5.4

Thus ¢ is a group homomorphism and its image is contained in the center of G.

Proof. Since for any a € R we have
o(a)m)—a=o0""(o(a)(m) - o(a)) € 07" (m),
(5.2) holds. Similarly,
alm+n)—aem+n
so applying the map mo (¢, ® ¢,,) o A to a(m+n) —a yields zero. This gives (5.3).
Finally we have for any a € m,
ol@m+1)=mo(p,®p)oA(c(a)) =mo(p, ®p;)o(1®0)A(a)=
=mo (¢, ® pp)oA(a) =a(m+0)=a(m)=0.
Here we used (5.3) in the first and the fourth equality, (3.4a) in the second and

(5.2) in the third. Thus o(m) € m + 1 and then equality holds since both sides are
maximal ideals. The proof of the other equality in (5.4) is symmetric. |

Example 5.3. If R = C[K,K '] with A(K) = K®K,e(K) = 1,S(K) = K™ and
o(K)=q7 %K, thenkere = (K — 1) so

n=0"0)=0"((K-1)=(g"*"K - 1) = (K — ¢*").

From (5.3) follows that if x € R is grouplike, then viewed as a function G — K
it is a multiplicative homomorphism. Using (5.3) and (3.5a)-(3.5c), the following
formulas are satisfied by h as a function on G.

h(m+n) =h(m)r(n) + I(m)h(n),
h(0) =0, (5.5)
h(—m) = —r"!1"th(m),

wherer=r r_andl=1,[_.
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6 Finite-dimensional simple modules

In this section we consider finite-dimensional simple modules over the algebra A.
The main theorem is Theorem 6.19 where we, under the torsion-free assumption
(6.1), characterize the finite-dimensional simple modules of a given dimension in
terms of their highest weights. This result will be used in Section 7 to prove a
Clebsch-Gordan decomposition theorem.

Throughout the rest of the paper we will assume that

o"(m) # m for any n € Z\{0} and any m € G. (6.1)

By (5.4), this condition holds iff 1 has infinite order in G.

Remark 6.1. Condition (6.1) does not hold for U(h3). For U(sl,), the algebra B,
in Section 4.5 and the algebra in Section 4.4, condition (6.1) always holds. For the
other examples in Section 4, (6.1) holds iff g is not a root of unity.

6.1 Weight modules, Verma modules and their finite-dimensional
simple quotients

In this section we define weight modules, Verma modules and derive an equation
for the dimensions of the finite-dimensional simple quotients of Verma modules.

Let V be an A-module. We call m € G a weight of V if mv = 0 for some nonzero
v € V. The support of V, denoted Supp(V), is the set of weights of V. To a weight
m we associate its weight space

Va={veV :mv=0}

Elements of V,, are called weight vectors of weight m. A module V is a weight module
if V=@,V,,. A highest weight vector v € V of weight m is a weight vector of weight
m such that X, v =0. Amodule V is called a highest weight module if it is generated
by a highest weight vector. From the defining relations of A it follows that

X1V © Vit (- (6.2)

Equation (6.2) implies that a highest weight module is a weight module.
Let m € G. The Verma module M(m) is defined as the left A-module A/I(m)
where I(m) is the left ideal AX, +Am € A. From relations (2.5),(2.6) follows that

{v, :=X"+1I(m):n>0}

is a basis for M(m). It is clear that M (m) is a highest weight module generated by
vo. We also see that the vectors v, (n > 0) are weight vectors of weights o"(m)
respectively. By (6.1) we conclude dim M(m),, = 1. Therefore the sum of all its
proper submodules is proper and equals the unique maximal submodule N(m) of
M(m). Thus M(m) has a unique simple quotient L(m). Since it is easy to see that
any highest weight module over A of highest weight m is a quotient of M(m) we
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deduce that L(m) is the unique irreducible highest weight module over A with given
highest weight m € G. We set

Gs:={m € G| dimL(m) < oo}.

Proposition 6.2. Any finite-dimensional simple module over A is isomorphic to L(m)
for some m € Gy.

Proof. Let V be a finite-dimensional simple A-module. Since K is algebraically
closed, R has a common eigenvector v # 0, i.e. there exists n € G such that
nv = 0. From (2.5) it follows that oc"(n)(X,)"v = 0 for any n > 0. By (6.1),
the set {Xv : n > 0} is a set of weight vectors of different weights. Since V is
finite-dimensional it follows that (X,)"v = 0 for some n > 0. This proves the
existence of a highest weight vector of weight m in V for some weight m. Thus
V = L(m). O

Corollary 6.3. Let V be a finite-dimensional weight module over A. Then Supp(V) €
Gf +Z= {m-l-ﬂ:mEGf,neZ}.

Proof. Letm € Supp(V) and let 0 # v € V,,,. Then (X, )"v = 0 for some smallest n >
0. But then (X, )" !v is a highest weight vector so its weight 6" *(m)=m+n—1
must belong to G. Thusm=m+n—-1-n—-1€G; +Z. |

The following lemma was essentially proved in [6], Proposition 2.3, and the
general result was mentioned in [7]. We give a proof for completeness.

Proposition 6.4. The dimension of L(m) is the smallest positive integer n such that

n—1

> g kh(m— k) =0.

k=0

Proof. Let e™ be a highest weight vector in L(m). Let n > 0 be the smallest positive
integer such that X"e™ = 0. Then the set spanned by the vectors X’ e™, 0 < j <n,
is invariant under X _, under R using (2.5), and under X, using (2.6). Hence it is a
nonzero submodule and so coincides with L(m) since the latter is simple. Therefore
n=dimL(m). Let k > 0. Then X*e™ = 0 implies that X*X*e™ = 0. Conversely,
suppose X*X*e™ = 0. Then X*~1X*e™ generates a proper submodule and thus is
zero. Repeating this argument we obtain X*e™ = 0. Hence dim L(m) is the smallest
positive integer n such that X! X"e™ = 0. Using induction it is easy to deduce the
formulas

X, X" =x"1 (g”x,)g + ni 5“‘1"‘o’<(h)),
k=0

n

m—1
xixt =[] (gmx_x+ +> gm‘l‘kak(h)). (6.3)
k=0

m=1
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Applying both sides of this equality to the vector e™ gives

n m-—1

X"X"e™ = ]_[ Z gm-1-kgk(p)em, (6.4)

m=1 k=0
Using that e™ is a weight vector of weight m and formula (5.2) we have
ok(h)e™ = g*(h)(m)e™ = h(m — k)e™.

Substituting this into (6.4) we obtain

n m—1

xnxmem =[] &m*h(m - k)e™.

m=1 k=0

The smallest positive n such that this is zero must be the one such that the last
factor is zero. The claim is proved. |

Corollary 6.5. If m,m, € G where h(my) =0, then
dim L(mg +m) = dim L(m) = dim L(m + m,).

Proof. Note that (5.5) implies that h(n+m;) = h(n)r(mg) and h(mg+n) = [(mg)h(n)
for any n € G, recall that r and [ are invertible and use Proposition 6.4. d

6.2 Dimension and highest weights

The goal in this subsection is to prove Theorem 6.19 which describes in detail the
relationship between the dimension of a finite-dimensional simple module and its
highest weight.

We begin with a few useful lemmas. Recall that r = r,r_and | = [,I_. For
brevity we set r; = r(1) and [; =I(1). Since r,, [, are grouplike so are r and [ and
thus ry,1; are nonzero scalars.

Lemma 6.6. We have

a) E2ryl, =1,

b) h(=k) = —rl_kll_kh(@for any k € Z,
¢) for any k € Z and m € G we have

gh(m + k) + & *h(m — k) = ((Er))* +(&r) ™) h(m). (6.5)

Proof. For a), multiply the two equations in (3.6b) and apply the multiplication
map to both sides to obtain

ol lror )=&11r,r_.
Evaluate both sides at 1 to get

1=1r(Q)=Ir(c” (V)=o) = &4r(1) = &Ly
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Next (5.5) gives for any k € Z,
0=h(k— k) = h(r;* +Ifh(=k),
hence b) follows. Finally, using (5.5) again, we have
Efh(m + k) + & *h(m — k) = E*h(m)ry + EX1(m)h(k)+
+ & h(m)r* + £ 1(mh(~k) =
=h(m)((Er)* +(Er) ™)+
+Lmh(R)(E" = &7*rT* ).

In the last equality we used part b). Now the second term in the last expression
vanishes due to part a). Thus c) follows. O

In what follows, we will treat the two cases when h(1) = 0 and h(1) # O sep-
arately. The algebras satisfying the former condition have a representation theory
which reminds one of that of the enveloping algebra U(h3) of the three-dimensional
Heisenberg Lie algebra, while the latter case includes U(sl,) and other algebras
with similar structure of representations.

6.2.1 The case h(1)=0.

If h = 0, then, by Proposition 6.4, any finite-dimensional simple module is one-
dimensional. If h # 0 we have the following result.

Proposition 6.7. If h # 0 and h(1) = 0, then
&2 = rl2 =1, o(h)=rh, o(r) =ryr, and o(l) = r,l. (6.6)

In particular, (X, ,X_,h) is a subalgebra of A with relations

(X, X_]=h, [h,X:] =0, f&=Lr =1
(X, X_]1=h, {h,X.}=0, fe€=,r=-1,
XX }=h [h,X:]=0, f&é=-1Lnr=1
X, X_}=h, {h,X.}=0, f&=-1Lr=-1

respectively, where {-,-} denotes anti-commutator.

Proof. Suppose h(1) = 0. Then, by Lemma 6.6b), h(—1) = 0. This means that
he —1=0"10) = o '(kere). Thus e(c(h)) = 0. Using (2.2), (3.4a) and (3.5a)
we deduce

o(h)=m(e® 1)(A(o(h))) =m(e ® 1)(o ® 1)(A(h)) =
=m(e(o(h)@r+e(c)®h) = (o).
Analogously one proves o(h) = e(o(r))h. Hence (o (r)) = (o (1)). But
e(o(r) = o(r)(kere) = o(r)(Q) =r(-1) =ry*
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and similarly for I. So r; = I;. From Lemma 6.6a) we obtain (£r;)?* = 1. Now
S(o(h)= S(rl’lh) = —rl’lh, and o '(S(h))= o }(~=h)=—r;h,
so (3.4b) implies that r12 = 1. A similar calculation as above shows that o(r) =
rilr=rrando()="1=rl O
We leave it to the reader to prove the following statement.

Proposition 6.8. All finite-dimensional simple modules over an algebra A(R, o, h, &)
satisfying (6.6) and one of the commutation relations above are either one- or two-
dimensional.

Remark 6.9. The algebra U(h;) is an ambiskew polynomial ring, as shown in
Section 4.1. For this algebra we have h(1)=0and £ =r; = 1.

6.2.2 The case h(1) # 0.

In this section, we consider the more complicated case when h(1) # 0. We prove
Theorem 6.19 which describes the dimensions of L(m) in terms of m. The following
two subsets of G will play a vital role:

Gy, = {me G| h(m) =0}, (6.7)
Gip={me€ G |h(m—1)+ Eh(m) = 0}. (6.8)

The reason for this notation is that when A = U(sl,) as in Section 4.2.1 then we
have Gy = {(H — 0)} and G,,, = {(H — %)}. From (5.5) it is immediate that G, is a
subgroup of G. By Proposition 6.4 we have

Gy={me G| dimL(m)=1}. (6.9
The following analogous result holds for G, ;.

Proposition 6.10.
Gy ={m € G| dimL(m)=2}. (6.10)

Proof. If m € Gy,, then by Proposition 6.4, dim L(m) < 2. But if dimL(m) = 1,
then h(m) = 0 so using m € G/, we get h(m — 1) = 0 also. Since G, is a group we
deduce that 1 € G,, i.e. h(1) = 0 which is a contradiction. So dim L(m) = 2. The
converse inclusion is immediate from Proposition 6.4. d

Set

. (6.11)
00 otherwise.

N = {order of £r; if (Ery)? # 1 and &ry is a root of unity,
Remark 6.11. The algebra A(R, o, h, &) from Section 4.4 satisfies condition (6.1)
while N < oo iff q is a root of unity. In all the other examples from Section 4 where
(6.1) holds, we also have N = co.
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We also set
N, if N is odd,
N’'=<{N/2, ifN iseven,
00, if N =o0.
The next statement describes the intersection of G, and G, , with Z.

Proposition 6.12. We have

Gonz=|% UN=co 6.12)
= |N’'Z, otherwise,
and
Gup T =1 N =00, (6.13)
/211 2>0 — {nez., :N|2n — 1}, otherwise. '

Remark 6.13. The set G/, N Z<, can be understood using (6.13) and Lemma
6.16a). o

Proof. We first prove (6.12). Let n € Z. The right hand side of (6.12) is invariant
under n — —n. By Lemma 6.6b) so is the left hand side. Moreover since h(0) = 0,
the ideal 0 belongs to both sides of the equality. Thus we can assume n > 0.

Using (5.5) and that r and [, viewed as functions G — K, are multiplicative
homomorphisms it follows by induction that

n—1
h(n) =h(D) Y rit.
i=0
By Lemma 6.6a), r;/1; = (£r1)?/(E2r;11;) = (£r1)?, so we can rewrite this as
n—1
h(n) = h(DII ™Y (&ry). (6.14)
i=0

If N = oo and (£r;)? # 1 then by (6.14) we have n € GoNZ iff (£r,)?" = 1, which is
false. If (£r1)? = 1, then (6.14) implies that n ¢ Gy N Z. If N < oo, then (£r;)? # 1
so by (6.14), h(n) = 0 iff (§r;)?" =1 i.e. iffN{Zn. This is equivalent to N’)n.

Next we prove (6.13). Suppose n € Z.,. By definition, n € G, iff

h(n— 1)+ &h(n) = 0.
Using (6.14) on both terms and dividing by h(1)& l{‘_l, this is equivalent to

n—2 n—1
EN Y En) 4 Y ) =0
k=0 k=0

But £~!;' = &r; by Lemma 6.6a) so this can be rewritten as

2n—2

D)k =o. (6.15)
k=0
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Thus (£r1)? # 1 and multiplying by £r; —1 we get (£r1)?"" ! = 1. Therefore N < co
and N|2n—1. Conversely, if N < oo andN|2n—1 then (§r;)? #1and (Er))* =1
which implies (6.15). This proves (6.13). O

Proposition 6.14. Suppose h(1) # 0 and G, , # 0. Then
a) &ry #—1, and
b) Gy, is a left and right coset of G, in G.

Proof. Let my, € Gy/». To prove a), suppose that Er; = —1. Then

0=h(my/ —1)+&Eh(my ) =
= h(ml/z)r(—l) + Z(ml/z)h(_l) + gh(ml/z) =
= h(my)(r7 !+ &)+ 1(my)h(~1) =
= —l(ml/z)rl_lll_lh(l),

where we used Lemma 6.6b) in the last equality. Since [ is invertible we deduce
that h(1) = 0 which is a contradiction.
To prove part b), we will show that

Gl/2 = GO +m1/2.

One proves Gy, = my/; + Gy in an analagous way. Let m € G, be arbitrary. Then
using (5.5) twice,

h(m+my, — 1)+ Eh(m+my 5) = [(m)(h(my/, — 1) + Eh(m, 5)) = 0.

Since [ is invertible we get m +m; /5 € Gy /5.
Conversely, suppose m € Gy ;. Then

h(m — 1)+ &h(m) =0,
h(m;/, — 1)+ Eh(m,;,) =0.

Multiply the first equation by r(—m; ;) and the second by —r(—m ;5)I(—m;5)I(m)
and add them together. Then we get

((h(m)ryt + Lm)h(=D))r(—my/5)—
r(=my )l (=my )l (m) (h(myjpry "+ Umy p)h(=1D) +Eh(m —my ) =0,
or equivalently,
h(m)rytr(=my 5) = r(=myp)l(=my )l (m)h(my p)ry + Eh(m —my 5) =0.
Using (5.5) this can be written
rl_l(l +&r;h(m —my ) =0.

Since &r; # —1 by part a), we conclude that h(m —m;;,) = 0. This shows that
me Gy +my . |
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The following lemma will be useful.

Lemma 6.15. Let j € Z. If my € G, then
my +j € Gy < j € Gy, (6.16)
and if h(1) # 0 and my 5 € Gy,, then
my+j €Gyp & j €G. (6.17)

Proof. (6.16) is immediate since Gy is a subgroup of G. If j € Gy, thenm,, +j €
G2 by Proposition 6.14. Conversely, if m;/; +j € Gy, then by Proposition 6.14,
G03m1/2+i—m1/2=1. O

The next statements will be needed in Section 8.
Lemma 6.16. Suppose h(1) # 0 and let m,n € Gy/,. Then
a) 1-mé€ Gy, and
b) m+n—-1€qaG,.
Proof. Part a) follows from the calculation

h(1-m—1)+&h(1l—m)=—I(—m)r(—m)h(m) - EI(1 - m)(r(1 —m)h(m—1)=
=—I(—m)r(—m)(h(m) + &rylih(m = 1)) =
= —1(—m)r(-m)E " (&h(m) + h(m — 1)) =0.

For part b), use that dim L(1—n) = 2 by part a), and thus m+n—1=m—(1—n) € G,
by Proposition 6.14b). O

The formulas provided by the following technical lemma are the key to proving
our main theorem.

Lemma 6.17. Let m € G and j € Zy,. If n =2j + 1 then
n—1 ) n—1
D h(m = k) = h(m— ) Y (&) (6.18)
k=0 k=0

and if n =2j + 2 then

n/2—1

n—1
Zg"‘l_kh(m—k) = rl_j(h(m—i—l)+ Eh(m —j)) Z (gr)*. (6.19)
k=0 k=0

Proof. If n = 2j+1, we make the change of index k — j — k, then factor out &/ and
apply formula (6.5):

2j J J
D& =Ky = D & Fh(m—j+k) = Eh(m—j) D (&r)".

k=0 k=—;j k=—j
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Factoring out (7)™’ and changing index from k to k — j yields (6.18).
For the n = 2j + 2 case we first split the sum in the left hand side of (6.19) into
two sums corresponding to odd and even k:
J . J .
D Hh(m— 2k — 1)+ ) £V h(m - 2K)
k=0 k=0

Then we make the change of summation index k — —k + j/2 in both sums

j/2 j/2
g0 % h(m—j-1+2K)+&*" > £*h(m—j +2k)
k=—j/2 k=—j/2

and use (6.5) on each of them to get
L
(h(m—j—1)+&hm—j))E > (Er)*.

k=—j/2

If we factor out (£r;)™/ and change summation index from k to k — j/2 we obtain
(6.19). d

We now come to the main results in this section.
Main Lemma 6.18. Assume that h(1) # 0 and let m € G. Then
a) dimL(m) <N,
b) ifdimL(m) =n < N then m € Gix

2

+jwheren=2j+1i,i€{l1,2}, j € Zs,
and

o ifief{l,2}, j€Zsq 2j+i <N and m € Gi-1 then
- 2

dimL(m+j) =2j+1i. (6.20)

d) If N’ < oo then dim L(m + N'j) = dim L(m) for any j € Z.

Proof. Part a) is trivial when N = oco. If N is finite and odd, Proposition 6.4
and (6.18) imply that dimL(m) < N. If N is finite and even, then (£r))V =1
and (r;)2 # 1 so 21,:’2/(2)71(51”1)2" = 0. Hence Proposition 6.4 and (6.19) implies
dim L(m) < N in this case as well.

Next we turn to part b). Suppose first that dimL(m) =n=2j+1 < N. Then
by Proposition 6.4 and (6.18) the right hand side of (6.18) is zero. The definition
of N implies that h(m —j) =0, i.e. m€ Gy + j. If instead dimL(m) =2j+2 <N,
Proposition 6.4 and (6.19) similarly implies that m € Gy, + j.

To prove (6.20), we proceed by induction on j. For j = 0 it follows from (6.9)
and (6.10). Suppose it holds for j = 0,1,...,k — 1, where k > 0 and 2k +i < N.
We first show that dim L(m + k) < 2k +i. If i = 1 then by (6.18),

2k

2k
Zgzk—zh(er k-0 = rl‘kh(m)Z(Eﬁ)l =0
=0

=0
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since m € G,. Similarly, if i = 2, then (6.19) gives

2k+1 k

Z §2k+1_lh(m+k—D — rl—k (h(m —1) + &h(m)) Z(Erl)zl =0
=0

=0

since m € Gy, in this case. Thus dimL(m + j) < 2j + 1 by Proposition 6.4. Write

dim L(m+k) = 2k’+i’ where k' > 0, i’ € {1, 2} and assume that 2k’ +i’ < 2k+i. By

part b) we have m+k € Gy, +k’ which implies that dim L(m+k—k’) =i’ by (6.9)
2

and (6.10). This contradicts the induction hypothesis unless k' = 0. Assuming

k' =0we getm+k € Gy,. If i =i then from Lemma 6.15 follows that k € G,.

2

Since 0 < k < % < N/2 < N’ this contradicts 6.12. We now show that i # i’
is also impossible. If i = 1 and i’ = 2, then m € G, and m + k € G, so by
Proposition 6.14b), k € G/, N Z.4. By (6.13) we get N{Zk — 1 which is absurd
because 0 < 2k—1 <2k+1<N.Ifi=2and i =1thenme G/, and m+k € G,.
By Proposition 6.14b) we have —k = m — (m + k) € G;/,. By Lemma 6.16a),
1+ k€ Gy, so (6.13) implies that N)z(l +k)—1=2k+1. This is impossible since
0 < 2k+1 < 2k +2 < N. We have proved that the assumption 2k’ + i’ < 2k +1 is
false and hence that dim L(m + k) = 2k + i, which proves the induction step.

Finally, part d) follows from Corollary 6.5 and Proposition 6.12. |

Theorem 6.19. Assume h(1) # 0 and let m € G.

e If N = 00, then

dim L(m) < 00 &= m € (G + Zs0) U (Gy 3 + Zso) (6.21)

and
dimL(my+j)=2j+1, formy € Gyand j € Zsy, (6.22)
dimL(myjy +j)=2j+2, formy, €Gypand j € L. (6.23)

e If N <ooand N is even, then

dimL(m) < co &= m € (Gy + Z) U(Gy/, +Z) (6.24)
and
dim L(m + M) =dimL(m), foranymeGandjeZ, (6.25)
and for my € Gy and my 5 € Gy, we have

dimL(mo+j)=2j+1, f0<j<N/2 (6.26)
dimL(my,+j)=2j+2, f0<j<N/2. (6.27)
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e [fN < oo and N is odd, then

dimL(m)<oco<=>meEGy+Z=Gy)p +7Z (6.28)
and
dimL(m+ N_j) =dimL(m), foranymeGandjeZ, (6.29)

and for my € Gy and my 5 € Gy, we have

. . 2j+1, fo<j<id
dimL(mg+j)= 2 6.30
(mg l) {2j+1—N, ifN2+1Sj<N, ( )

] 2j 42, ifo<j<i=L
dimL(my5 +j) =1 F0=i<3 6.31)

Proof. When N = oo, relations (6.21)-(6.23) are immediate from Lemma 6.18b)
and ©).

Suppose N is finite and even. The = implication in (6.24) holds by Lemma
6.18b). And (6.25) follows from (6.12) and Corollary 6.5. Assume that m € (G, +
Z)U(Gy ), +7Z). Using (6.25) we can assume that m = m’ + j where m’ € G, U G, 5
and 0 < j < N/2. Then, if i € {1,2} we have 2j+i < N and Lemma 6.18¢) implies
(6.26)-(6.27) and therefore dim L(m) < 0o so (6.24) is also proved.

Assume that N is finite and odd. By (6.13) we have (N +1)/2 € G, ,. Therefore
Go+2Z=Go+(N+1)/2+7Z = Gy, + Z since Gy, is a right coset of G, in G by
Proposition 6.14. As before, Lemma 6.18b) implies the = case in (6.28) and (6.29)
holds by virtue of (6.12) and Corollary 6.5. If m € G, + Z we can assume by (6.29)
thatme Gy+ jwhere 0 <j<N.Ifj< %,then2j+1 < N + 2 so since N is odd
we have 2j+1 < N. By Lemma 6.18¢) we deduce that dim L(m) = 2j+1. If instead

j= ¥, thenm= (N+1)/2+m — (N +1)/2 € Gy, + k where k = j — = s0
0 <k <™=+, Thus 2k +2 < N so Lemma 6.18c) implies that dim L(m) = 2k +2 =
2j+ 1 — N. This proves (6.30) and the < implication in (6.28). Finally (6.31) is

equivalent to (6.30) in the following sense. Let 0 < j < N and m,, € G;/,. Then

dim L(my 5 + j) = dim L(m, + j'),

where j' = j+ (N +1)/2 and my = m;;, — (N +1)/2. Now mg € G, since Gy, is a
cosetof Goin G. If0<j < %, then ]% < j’ <N so by (6.30) we have

dim L(myp +j) =dimL(mg+j) =2j'+1-N =2j+2.
AndifNT_l§j<N,thenOSj’—N<NTHandhence

dimL(my/, +j)=dimL(mo+j = N)=2(j =N)+1=2j+1-N.

The proof is finished. O
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Corollary 6.20. If N = co and m € Gy U Gy, then L(m + j) is infinite-dimensional
forany j € Z,. B

Proof. If the dimension of L(m + i) were finite and odd (even), then dim L(m +
j—k)=1(2) for some k > 0 by Lemma 6.18b). By Lemma 6.18¢c), L(m) has then
dimension 2(j — k) +1 (2(j — k) + 2) and thus j = k which is absurd. O

Corollary 6.21. Suppose N = oo and let m € G;. Then L(m) is the unique finite-
dimensional quotient of M(m).

Proof. It is enough to prove that the unique maximal proper submodule N(m) of
M (m) is simple. By Theorem 6.19 we can write m = n + j where n € G, U G, , and
j € Z>,. From the proof of Proposition 6.4 we have

Supp(L(m))={n+j,n+j—1,...,n—j}
Thus N(m) is a highest weight module of highest weight n —j — 1. So N(m) is a
quotient of M(n — j- 1). But M(n— j- 1) is simple, otherwise it would have a
finite-dimensional simple quotient, i.e. L(n — j- 1) would be finite-dimensional,
contradicting Corollary 6.20. Thus N(m) is also simple. O

Remark 6.22. We finish this section by remarking that there exist algebras in the
class studied in this paper which do not have even-dimensional simple modules as
for example the algebra B, from Section 4.5. Indeed, in this case we have £r; = —1
and so N = oo by definition. By Proposition 6.14, G,/, = @ so by Theorem 6.19,
there can exist no even-dimensional simple modules.

7 Tensor products and a Clebsch-Gordan formula

As we have seen in Section 2 the existence of a Hopf structure on an algebra al-
lows one to define tensor product of its representations by (2.4). The aim of this
section is to prove a formula which decomposes the tensor product of two simple
A-modules into a direct sum of simple modules. It generalizes the classical Clebsch-
Gordan formula for modules over U(sl,). We will assume that A = A(R,o,h,&) is
an ambiskew polynomial ring and that it carries a Hopf structure of the type con-
sidered in Section 3. We will also assume (6.1) and that N = co.

Lemma 7.1. Let V and W be two A-modules. Then
Va®W, S (VOW)in (7.1)
for any m,n € G. Hence if V and W are weight modules, then so is V @ W and

Supp(VO® W)= {m+n:m e Supp(V),n € Supp(W)}.
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Proof. Letv € V,,,w € W,. Then for any r €R,

rv@w) = Z r'ver’'w= Z rmyver’(nw=
() ]

= Z rm)r’(m)vew=r(m+n)vew
(r)

by (5.3), proving (7.1). Thus if V, W are weight modules,

Vew= (eBmvm) ® (EBan) = eam,an ® Wn = eBm ( EBml+m2:m le ® sz)'

Theorem 7.2. Let m,n € G;. We have the following isomorphism
Lm)®LM)~L(m+n)®L(m+n—1)®...dL(m+n—s+1) (7.2)
where s = min{dim L(m), dim L(n)}.

Proof. Let e™,e" denote highest weight vectors in L(m), L(n) respectively and set
e;f“ = (X_)e™ for j € Zs, and similarly for n. Set V = L(m) ® L(n). By Lemma 7.1
we have
Vm+n—k = e91’—0—j=k]Ke:n ® 6;
for k € Z>,. Fix 0 < k <s — 1. We will prove that
dimkerX, |y, =1. (7.3)

m+n—k

It follows from the calculations in the proof of Proposition 6.4 that when j > 0,
X +e;“ is a nonzero multiple of eﬁl. Let VJT“ denote this multiple. Let

k
u= Zkie;“ ey
i=0
be an arbitrary vector in V,,,_;. Then
k
X,u= E:Ai(XjLe{‘1 ®riep +1lie"®X el )=
i=0

=) [Anviri—k+i+ D+ AL m=-Dv  Je ®ep ;..

Setting

¢ =L(m—iDvy,

¢, =v"ri(n—k+1),

the condition for u to be a highest weight vector can hence be written as
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o ¢ Ao

o C A
=0. (7.4)

-1 Ak

Since r, and [, are grouplike, they are invertible and hence ¢; # 0 # ¢/, ; for any
i =0,1,...,k — 1. Therefore the space of solutions to (7.4) is one-dimensional.
Thus (7.3) is proved.

From the definition of Verma modules, it follows that for k = 0,1,...,s — 1,
there is a nonzero A-module morphism

Mm+n—k)— L(m)® L(n)

which maps a highest weight vector in M(m + n — k) to a highest weight vector
in L(m) ® L(n) of weight m +n — k. But L(m) ® L(n) is finite-dimensional so this
morphism must factor through L(m + n — k) by Corollary 6.21. Taking direct sums
of these morphisms we obtain an A-module morphism

p:Lm+n)®Lm+n—1)@..8L(m+n—s+1)— L(m)® L(n).

We claim it is injective. Indeed, the projection of the kernel of ¢ to any term
L(m+ n— i) must be zero, because it is a proper submodule of the simple module
Lim+n—1).

To conclude we now calculate the dimensions of both sides. Write dim L(m) =
2j,+i;, and dim L(n) = 2j,+i, where ji, j, € Zsq and i, i, € {1,2}. By Lemma 6.18b),
dim L(m — j;) = i; and dim L(n — j,) = i,. First note that

dimL(m—ji+n—j))=i+i— 1

When i; = i, = 1, this is true because G, is a subgroup of G. When one of i;,1i, is
1 and the other 2, it follows from Proposition 6.14b). And if i; = i, = 2, it follows
from Lemma 6.16b) and Theorem 6.19.

From Theorem 6.19 also follows that dim L(m+k) = dim L(m)+2k if dim L(m) <
oo and k € Z,. Hence, recalling that s = min{dim L(m),dim L(n)}, we have

[
Y

dimL(m+n—k)= ) dimLim—j+n—ja+jh+jo—k)=

3
—

».
Il

0

o o

=0
-1

(1 +iy=14+2(; +jp— k) =
k=0
=s(i;+i,—1+2j; +2j,)—s(s—1) =
=s(dimL(m)+dimL(n) —s) =
=dim L(m)dim L(n) = dim (L(m) ® L(n)).

This completes the proof of the theorem. |
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Under some conditions it is possible to introduce a *-structure on A. In this
connection it would be interesting to study Clebsch-Gordan coefficients and the
relation with special functions. This will be a subject for future investigation.

8 Casimir operators and semisimplicity

Arguing as in the proof of Lemma 4.2, it is easy to see that any finite-dimensional
semisimple module over A= A(R, 0, h, £) is a weight module. In this section we will
prove the converse, that any finite-dimensional weight module over A is semisim-
ple. Note that in general not all finite-dimensional modules over our algebra A are
semisimple. The corresponding example is constructed in [10] for the algebra from
Section 4.3. A necessary and sufficient condition for all finite-dimensional modules
over an ambiskew polynomial ring to be semisimple was given in [7], Theorem
5.1.

In this section we assume that A = A(R, 0, h, &) is an ambiskew polynomial ring
with a Hopf structure of the type introduced in Section 3 such that (6.1) holds. We
also assume that N = co.

Let V be a finite-dimensional weight module over A. We will first treat the case
when Supp(V) € m + Z where m € G, is fixed. Define a linear map

Cy:V—oV

by requiring
Cyv=0'(t)v, forve Vingj and j € Z.

Here o denotes the extended automorphism (2.8). More explicitly we have (if
j=0)

j-1 j-1
Cyv=0l(y = (Ele+ Y gl k) )y =Eltv+ 3 Eh(m+k+ 1)y
k=0 k=0

and similarly when j < 0. It is easy to check that Cy, is a morphism of A-modules.
Hence it is constant on each finite-dimensional simple module V by Schur’s Lemma.
Moreover if ¢ : V — W is a morphism of weight A-modules with support in m + Z,
then ¢ Cy = Cy .

Proposition 8.1. Let ji, jo € Zxg. If Crimyj) = Crim+j,) then j1 = Jo.

Proof. By applying C(y;) to the highest weight vector of L(m + j), (j € Z5,) we
get
j-1
Cutmep = ), Eh(m + K+ 1). 8.1)
k=0
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We can assume j; < j,. By assumption we have

Ja—1 J1—1 Ja—1
0= &h(m+k+1)— > Eh(m+k+1)=> Eh(m+k+1)=
k=0 k=0 k=j
Ja—i1—1
=& D7 EFh(mt jp— (o — ) +k+1).
k=0

By Proposition 6.4 this means that dim L(m + j,) < j, — j;. But this contradicts
Theorem 6.19 which says that dim L(m + j,) = 2j, + 1. |

Theorem 8.2. Let V be a finite-dimensional weight module over A with support in
Gy +Z. Then V is semisimple.

Proof. We follow the idea of the proof of Proposition 12 in [9], Chapter 3. Writing
V=@ e, (®jez Vm+i‘)

and noting that @;c,V,,; are submodules, we can reduce to the case when Supp(V)

m+ Z for a fixed m € G,,.
Let Aq,..., A, be the generalized eigenvalues of the Casimir operator Cy, i.e.
the elements of the set

{A €K :ker(Cy — A1d)? # O for some p > 0}.

Then each generalized eigenspace Zp ker(Cy — A;Id)? is invariant under A, hence
they are submodules. It suffices to prove that each such submodule is semisimple.
Let V be one of them. Let V; = {v € V : X, v = 0}. Then V; is invariant under R and
since V is a weight module, V; = ®,4(V; NV,). Nowif 0 #v eV, NV, thenvisa
highest weight vector of V and generates a submodule isomorphic to L(n). Hence
if vy NV, # 0 for more than one n € G, C, will have two different eigenvalues
by Proposition 8.1 which is impossible. Here we used that the restriction of Cy,
to a submodule W coincides with C,. Hence V; is contained in a single weight
space, say V,. Let v;,...,v, be a basis for V;. Then each v; generates a simple
submodule isomorphic to L(n). We will show that the sum of these submodules is
direct. Vectors of different weights are linearly lindependent so it suffices to show
that if

k
Z&‘(X—)mvi =0
i=1

then all A; = 0. Assume the sum was nonzero and act by X, m times. In each step
we get a nonzero result because we have not reached the highest weight n yet. But
then, using (6.3), we have a linear relation among the v, — a contradiction. We
have shown that V contains the direct sum V' of k copies of L(n). Now X, acts
injectively on V /V’. This is only possible in a torsion-free finite-dimensional weight
A-module if it is 0-dimensional. Thus V is semisimple. |
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We now turn to the general case. Assume now that A has an even-dimensional
irreducible representation. By Lemma 6.18b), G/, # . We fix m;;; € G. Then
G,/ = Gy +my, by Proposition 6.14.

Theorem 8.3. Any finite-dimensional weight module V over A is semisimple.

Proof. By Corollary 6.3 and Theorem 6.19,
Supp(V) € (Go +Z) U (Gyyp +Z)

Thus we have a decomposition

V= ( @ Vm+z) ® ( @ Vm+m1/z+z)

meG, meG,

where V5 1= @®jez V4 for n € G are submodules. It remains to prove that a
weight module V with support in m + m;, /2t Z is semisimple. By Lemma 7.1,

Supp (V®L(myp)) Cmtmyp+myp+Z=m'+2

where m’ := m +my ), + my; —1 € Gy by Lemma 6.16b). Hence V ® L(my,)
is semisimple by Theorem 8.2. By the Clebsch-Gordan formula (7.2), the tensor
product of two semisimple modules is semisimple again. Therefore V ® L(m;/,) ®
L(1 —my ;) is semisimple, where dim L(1 — m; ;) = 2 by Lemma 6.16a). On the
other hand, by (7.2) again we have

VL(my»)®L(L—my,)~Ve (L0)eLm)~(VeLO0)e (VeL(m)).

Finally, it is easy to verify the isomorphism V ~ V ® L(0), v — v ® e where 0 #
e € L(0) is fixed. Thus V is isomorphic to a submodule of the semisimple module
V ®L(my5) ® L(1 —my,) and is therefore itself semisimple. O
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Unitarizable weight modules over generalized
Weyl algebras

Jonas T. Hartwig

Abstract

We define a notion of unitarizability for weight modules over a generalized
Weyl algebra (of rank one, with commutative coeffiecient ring R), which is
assumed to carry an involution of the form X* =Y, R* £ R. We prove that a
weight module V is unitarizable iff it is isomorphic to its finitistic dual V*. Using
the classification of weight modules by Drozd, Guzner and Ovsienko, we obtain
necessary and sufficient conditions for an indecomposable weight module to be
isomorphic to its finitistic dual, and thus to be unitarizable. Some examples are
given, including U,(sl,) for q a root of unity.

1 Introduction

For a *-algebra A over C and an A-module V, a basic question is whether V is unita-
rizable. That is, can V be equipped with an inner product which is A-admissable, i.e.
(av,w) = (v,a*w) for a € A,v,w € V? This is so in many well-behaved examples,
like simple finite-dimensional modules over a finite-dimensional group-algebra, but
unfortunately false in general. However, the modules for which this is false might
still be unitarizable in the weaker sense of having an admissable inner product
which is non-degenerate but not necessarily positive definite.

A new feature for this broadened notion of unitarizability is that there may exist
unitarizable indecomposable modules which are not simple.

Such indefinite inner product spaces have been thoroughly studied in the an-
alytical setting of operator algebras, see [KS]. There are also many applications
to areas in physics, for example quantum field theory. See [MS] and references
therein.

On the algebraic side, existence and uniqueness questions of such indefinite
inner products was considered in [MT1] in the general situation of A being a
x-algebra over an algebraically closed field and M being a finite-dimensional A-
module, or a weight A-module with finite-dimensional weight spaces. Among other
things, it was shown that an A-module M has a non-degenerate admissable form iff
M is isomorphic to its finitistic dual M*. A description of all simple weight (with re-
spect to a Cartan subalgebra) modules with finite-dimensional weight spaces over
a complex finite-dimensional semisimple Lie algebra which are unitarizable with a
non-degenerate symmetric form was given in [MT2] and independently in [G].
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In this paper we consider generalized Weyl algebras (GWAs). These are certain
noncommutative rings, first introduced in [B], and studied since in many different
papers (see [BB], [BO], [BL] and references therein). The class contains a wide
range of examples such as ambiskew polynomial rings [J], which includes Noethe-
rian generalized down-up algebras [CS]; U(sl,) and its various deformations and
generalizations (see for example [BO]) as well as the first Weyl algebra and quan-
tum Weyl algebra.

We will consider GWAs of rank one, A = R(o, t), and assume that R is a com-
mutative ring. For such GWAs, all indecomposable weight modules with finite-
dimensional weight spaces were classified in [DGO], up to indecomposable ele-
ments in a skew polynomial ring over a field. There are five families of modules,
some of them depending on many parameters. It is interesting, therefore, to ask if
some of these modules possess extra structure.

The purpose of this paper is two-fold:

1) To define an appropriate notion of unitarizability for weight modules over
a generalized Weyl algebra equipped with an involution satisfying X* =Y,
Y* =X, R* CR. See Definition 3.1.

2) To find conditions on the parameters of the indecomposable weight modules
V over a generalized Weyl algebra, which are necessary and sufficient for
the modules to be unitarizable with a non-degenerate admissable form. The
main results here are Theorems 5.2, 5.3, 5.6, 5.8, and 5.13 which completely
answers this question in the case of real orbit w, i.e. m* =m Vm € w.

x-Representations of generalized Weyl algebras (i.e. representations unitariz-
able with a positive definite form) and more general algebras were considered in
[MT3].

After recalling some basic definitions in Section 2, we give in Section 3 the
definition of admissable form and of the finitistic dual V¥. We prove analogs of
some results from [MT1] such as Proposition 3.18 on the correspondence between
forms and morphisms.

In Section 4 we recall the classification theorem from [DGO]. We have collected
all notation necessary in Section 4.1.

In Section 5 we consider in turn each type of indecomposable weight module
and give necessary and sufficient conditions for the existence of a non-degenerate
admissable form.

We end by considering some examples in Section 6. In particular we obtain in
Section 6.3 conditions for indecomposable non-simple modules over U,(sl,) (q a
root of unity), to have non-degenerate admissable forms.

2 Setup

Let

e R be a commutative ring with 1,
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e x:R — R an automorphism of order 1 or 2,
e 0 :R — R an automorphism commuting with *, and
e t €R be selfadjoint, i.e. t* =t.

Let A = R(o, t) be the associated generalized Weyl algebra (GWA) [B]. Thus A is
the ring generated by the set RU{X, Y}, where X,Y are two new symbols, with the
relations that R is a subring of A and

YX=t, XY=0(), Xr=0()X, Yr=0"'(r)Y VreR. 2.1

By (2.1), * extends to an involution on A (i.e. (a + b)* = a* + b*,(ab)* = b*a*,
a™* =a, Va, b € A) by requiring

X* =Y, Y *=X.

Relations (2.1) also imply that A is a Z-graded ring A = ®,;A, with gradation
given by degX = 1,degY = —1,degr = 0 Vr €R. Let Q be the set of orbits for the
action of o on the set Max(R) of maximal ideals of R. For w € Q we let R,, denote
the direct sum of all the R-modules R/m for m € w:

R, = Rr/m. (2.2)

mew

The R-module R, will be used as a subtitute for a ground field, when defining
admissable forms in Section 3.2. The automorphism ¢ induces isomorphisms
R/m — R/o(m), m € Max(R), which we also denote by o. Extending additively, we
get amap o : R, — R,,. The automorphism * of R induces a map R/m — R/m",
and hence a map R,, — R,,» which will be denoted by conjugation.

Remark 2.1. Let A = R(o,t) be a GWA and * an anti-involution on A satisfying
R* CR and X* = ¢Y, where ¢ €R is invertible. Then, after a change of generators,
we can assume ¢ = 1 and thus that t* = t. Indeed, set X; = X, Y; = ¢Y and
t; =Y,X; =¢et. Then X;Y; =XeY = o(e)o(t) = o(t,). Clearly X;r = o(r)X; and
Y;r =07} (r)Y,, Vr € R. Moreover X} =Y, so that t} = t;.

Definition 2.2. A module V over a ring, which contains R as a subring, will be
called a weight module if V = @ ,cpax(r)Vin» Where V,, = {v € V : mv = 0}. The R-
submodules V,, of V are called weight spaces and elements of V,, are weight vectors
of weight m. The support of V, denoted Supp(V), is defined as the set {m € Max(R) :
Va # 0}

3 Admissable forms and the finitistic dual

3.1 Motivation of definition

In section 3.2 we will define an admissable form on a weight A-module V' to be
a certain biadditive form on V with values in the R-module R,,. To motivate this
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definition, let us first consider another, at first sight more natural, attempt at a
definiton.

As we will see, a problem appears when w is finite. Suppose therefore that
w € Q is a finite orbit. Let p = |w|. Let w € Q and let V be a weight module over
A with Supp(V) € w. If we choose and fix an element m € w, we can define a
R/m-vector space structure on V by (r +m)v = oX(r)vifv e Vok(m) and 0 < k < p.
Then, for v € Vi and A =r +m €R/m,

XP v =XPok(r)v = oP K ()XPy = 0P (A)XPv.

It would perhaps seem natural to define V to be unitarizable if there is a nonzero
admissable R/m-form on V, i.e. amap G : V x V — R/m satisfying

G is additive in each argument, (3.1a)
G(Av,w) = AG(v,w) forallv,w €V, A€R/m, (3.1b)
Glav,w) = G(v,a*w) forall v,w €V, a €A. (8.10)

However, then, for v,w € V and A €R/m,
GXPAv,w) = G(Av,YPw) = AG(v,YPw) = AG(XPv,w),
while on the other hand,
GXPAv,w) = G(aP(A)XPv,w) = c?(A)G(XPv,w).

Thus, any weight module V with Supp(V) € w on which X? # 0 (or Y? # 0 for
analogous reasons) would automatically be excluded from the possibility of being
unitarizable (at least with a non-degenerate form), unless o? : R/m — R/m is the
identity map for some (hence all) m € w.

Although o? : R/m — R/m is the identity in many important examples (for
example, if R is a finitely generated algebra over an algebraically closed field k
and o is a k-algebra automorphism, then o? : R/n — R/n is the identity for any
n € Max(R) with o?(n) = n), we feel that this notion of admissable form is too
restrictive.

To remedy this situation we introduce in Section 3.2 a modified definition of
unitarizability which has three advantages. First, no unnecessary restrictions ap-
plies as to which modules can be unitarizable when ¢? : R/m — R/m is nontrivial.
Secondly, the definition does not depend on any unnatural choice of maximal ideal
in the orbit. And thirdly, in the special case when o® : R/m — R/m really is the
identity map (and also when the orbit w is infinite), the definition is equivalent
to the one above in the sense that one form can be obtained from the other in a
bijective manner, as described in Proposition 3.4.

3.2 Admissable forms and unitarizability

Let w €  and V be a weight module over A with Supp(V) C w.
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Definition 3.1. An admissable form F on V is a map

F:VxV >R,

such that
F is additive in each argument, (3.2a)
F(rv,w)=rF(v,w) forallv,w eV, r R, (3.2b)
F(av,w) = 0% (F(v,a*w)) forall v,w €V, a € U, A,. (3.20)

An admissable form F is called non-degenerate if for any nonzero v € V there exist
wq,wy € V such that F(wq,v) # 0 # F(v,w,).

Definition 3.2. A weight module V over A, whose support is contained in an orbit,
is unitarizable if there exists a nonzero admissable form on V.

Note that, since dega* = —dega for homogenous a € A, relation (3.2c) is
equivalent to F(v,aw) = o982 (F(a*v,w)).

3.3 Relation to admissable R/m-forms
In view of the discussion in Section 3.1 we make the following definition.

Definition 3.3. We call w € Q torsion trivial if whenever m € w, n € Z and 0" (m) =
m then the induced map ¢” : R/m — R/m is the identity.

Assume that w € Q is torsion trivial. For m;, m, € w, say m, = 0"(m,), define
Omym, = 0" :R/my = R/m,. Then o, ., is independent of the choice (if any) of
n, since w is torsion trivial. Fix m € w. Let V be a weight A-module with Supp(V) €
w. Give V the structure of an R/m-vector space by (r + m)v = 0, ok(m)(r + m)v =
ok(r)vforve Vok(m) @and r +m € R/m.

Proposition 3.4. When w is torsion trivial, there is a bijective correspondence be-
tween admissable forms F and admissable R /m-forms G on V.

Proof. Given F, define G by G = m o F, where 7 : R, — R/m is given by
T((Aadnew) = D Tnm(An)-
new

Since F is biadditive, so is G. To verify (3.1b), let n = o*(m) € w be arbitrary,
V € Vok(m), w € V and A = r +m € R/m. Then, using that F(V,,V) € R/n, which
follows from (3.2b), we have
G(Av,w) = n(F(a*(r)v,w)) = o ¥ (c*(r)F(v,w)) = ro * (F(v,w)) =
= AG(v,w).
To show (3.1¢c), let n € w,v € V,;,a € A;. Then av € V() so

G(av,w) = O i(uym (F(av,w)) = O gm0 (Fv,aw)) = 0, o (F(v,a*w)) =
=G(v,a*w).
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This proves that G is an admissable R/m-form on V.
Conversely, given G, define F by

Fv,w)=0,,(Gv,w)) forveV,weV.

Then F is biadditive. To prove (3.2b), let n = o*(m) € w,v € V,,w €V and r €R.
Put A =r +m. We have

F(o*(r)v,w) = o* (G(o*(r)v,w)) = o* (G(Av,w)) = X (AG(v,w)) =
= ok(r)o* (G(v,w)) = o*(r)F(v,w).

Since r was arbitrary, (3.2b) is proved. It remains to show that F satisfies (3.2c).
Letv € V,,a € A;. Then

F(av,w) = 0 oy (Glav,w)) = c* 0 o, (G(v,a*w)) = o (F(v,a*w)).

Thus F is an admissable form on V. O

3.4 Symmetric and real orbits

Definition 3.5. An orbit w € Q is called symmetric if m* € w for any m € w, and
real if m* = m for any m € w.

Proposition 3.6. If w is symmetric but not real, then |wl| is finite, even, |w| > 4, and
m* = ol®l2(m) for any m € w.

Proof. Since w is symmetric but not real, there is some n € w such that n* = o™ (n)
for some N # 0. Then

n=n"=o"(n)"=o"n*) = o (n).

Hence |w| = p < oo and 2N is a multiple of p. Without loss of generality we
can assume 0 < N < p. Then 2N = p is the only possibility. Thus |w| > 4 and
n* = o!®l2(n). Since any m € w has the form ¢*(n), and o and * commute, it
follows that m* = ¢/®//2(m) for any m € w. ]

3.5 Orthogonality of weight spaces

Proposition 3.7. Let w € Q and let V be a weight A-module with Supp(V) C w. If
F is an admissable form on V, then F(V,,,V,) = 0 for any m,n € w with m # n*.

Proof. By (3.2b) and (3.2c),
(m+n")F(V,,, V) = F(mVy, V) + F(Vi,nV,) = 0.
fm#n"thenm+n*=R>1s0F(V,,V,)=0. O

Corollary 3.8. Let w € Q be an orbit. If there exists a unitarizable weight A-module
V with Supp(V) C w, then w is symmetric.
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Proof. If V is unitarizable, it has a nonzero admissable form F. Since F is nonzero
and V is a weight module, F(V,,,V,) # 0 for some m,n € Supp(V) € w. By
Proposition 3.7, m* = n € w. If m; € w is arbitrary, then m; = o™ (m) for some n
and m} = o"(m)" = o"(m") = 0"(n) € w. This proves that w is symmetric. O

Corollary 3.9. If w € Q is real and V is a weight A-module with Supp(V) C w, then
the weight spaces of V are pairwise orthogonal with respect to any admissable form.

Proof. This is immediate from Proposition 3.7. d

3.6 The finitistic dual V?

Let w € Q and V be a weight module over A with Supp(V) € w. Suppose F is an
admissable form on V. Let u € V. Define F, : V — R, by F,(v) = F(u,v).

Proposition 3.10. The map F, has the following properties:

Fy (v +v) = E,(v)) + F,(») Vv, v, €V, (3.33)
F(rv)=rF,() VreR,veV, (3.3b)
F,(V.)=0 forall but finitely many m € w. (3.30)

Proof. (3.3a), (3.3b) follow from (3.2a)-(3.2c). For (3.3c), write u = Z?zl u;,
where u; € V,, . Then if n € w\{mJ,..., m;} we get

ﬁu(vn) =F(u1;vn)+ +F(un:Vn) =0
by Proposition 3.7. a
Definition 3.11. Let w € Q and V be a weight A-module with Supp(V) € w. The

finitistic dual V* of V is the set of all maps ¢ : V — R,, satisfying the properties of
Proposition 3.10, i.e.

o1 +v2) = 9(v1) + ¢(v2) Vv, v, €V, (3.4a)
p(rv)=r*p) VreR,veV, (3.4b)
¢(V,,) =0 for all but finitely many m € w. (3.40)

Proposition 3.12. V! carries an A-module structure defined as follows. Let ¢ € V*
and r €R. Defineryp,X¢,Yp:V =R, by

(re)(v)=e(™v)=re(), (3.5a)
X)) =0 (p(¥v)), (3.5b)
Y)W) =07 (X)), (3.50)

foranyveV.
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Proof. First we must prove that r,X¢,Y@ € Vi It is clear that r¢ satisfies
(3.4a),(3.4b),(3.4c) since ¢ does. Also X¢ and Y ¢ satisfies (3.4a),(3.4c). We
show (3.4b) for X ¢:

X)) °2 6 (o (Yrv)) = o (9o (1Y V)

2 o)),

(3.4b)

=" o(o7H(r))o(p(Yv)) =

Analogously, Y ¢ satisfies (3.4b).
We must also show that the relations in A are preserved. For any ¢ € V¥ we
have

(350 _ (3.5b) (3.52)
(YX)() = 07 ((XP)XV) "= 9(YXv) = p(tv) = (tp)(v) VveV
so YX¢ = ty. Similarly, XY ¢ = o(t)y for any ¢ € V. Also, for any r € R and
@ eV,

(3.5a)

xre)v) °2 o ((ro)(r) “2 6 (0 (Y V) = o (9(Y o (r)v)) =
(3.5b)

2 (XY (o)) 2 (o(rXe)v) Vvev.

Analogously one proves that Yro = o~ (r)Y ¢ for any r € R, ¢ € V. Thus the
relations of A are preserved, so (3.5a)-(3.5c) extends to an action of A on v, O

Proposition 3.13. V! is a weight A-module with

(VO ={p €V : ¢|, =0forallne w except possibly for n =m"} (3.6)
={peVi: p(V)SR/m}. (3.7)

Proof. Let ¢ € VI, Thenmp =0 & p(m™) =0 Vv eV < ¢ly, = 0 for all
n € w except possibly for n = m*, proving (3.6). The second equality holds since
me =0 mp(V) =0 (V) € (R,),, =R/m. Since any ¢ is the sum of its
corestrictions ¢, = 7, © ¢, where 7, : R, — R/m, V¥ is a weight module. |

Proposition 3.14. Let w € Q and let V be a weight A-module with Supp(V) C w.
Then Supp(V*) = Supp(V)* = {m* : m € Supp(V)}.

Proof. Assume m € Supp(V*) and let 0 # ¢ € (V*),,. Then, by (3.6), ¢(v) # 0 for
some v € V.. This implies that m* € Supp(V), i.e. m € Supp(V)*. Conversely, if
m € Supp(V)* and 0 # v € V,;» we can extend v to an R/m*-basis of V- and define
¢ € V! by requiring that ¢(V,) = 0, n # m*, ¢(v) = 1+m and p(w) = 0 for all
other basis vectors w in V... Then, by (3.6), ¢ € (VF),, so that m € Supp(V?). O

Proposition 3.15. If dimg),, Vi, < oo for all m € Supp(V) then V¥ and V are
isomorphic as A-modules.

Proof. Define W :V — V¥ by W(v)(p) = @(v) forv eV, ¢ € V. Then

C

V(X)) = p(Xv) 2 0 (Y 0))) = o (¥ ()Y ) “2” (X T(1))()
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for any v € V, p € V*. Similarly, ¥(Yv) = Y¥(v) and W(rv) = r¥(v) for any r €R,
proving that ¥ is an A-module homomorphism. Let v € V, v # 0 and write v as
a finite sum of weight vectors v,, # 0. Then there exists ¢ € (V). such that
p(v) #0,ie. ¥(v)(p)#0so ¥(v)#0. Thus ¥ is injective. Also, by considering
dual bases, dimV,, = dim(V*"),,. Since ¥(V,,) € (V#)_ we conclude that ¥ is an
isomorphism. |

Let w € Q. If ¥:V — W is a homomorphism of weight A-modules with support
in w, we define ¥ : W — Vi by

(T ()M = (¥() VveV,Vypew! (3.8)

Proposition 3.16. W' is also an A-module homomorhpism. Moreover, f is a con-
travariant endofunctor on the category of weight A-modules with support in w.

Proof. For any v €V, p € W! r €R, we have

(T (re))(v) = (re)(T() by definition of W
= (r'ev()) by A-module structure on W*
= (¥(r*v)) since ¥ is an A-module morphism
= (W) (r*v) by definition of ¥
= (r\I/ﬁ(ap)) (2] by A-module structure on V!

In the same way one shows that ¥# commutes with the actions of X and Y. That f
is a functor is easy to check. d

3.7 The bijection between forms and morphisms

Let w € Q and V be a weight A-module with Supp(V) € w. Assume F is an
admissable form on V. For u € V, recall that F,, € V* by Proposition 3.10.

Proposition 3.17. The map F : V — V¥ defined by u — F, is an A-module homomor-
phism.

Proof. For any r € R,u,v € V we have
Fo (M) =F(ru,v) = F(u,r'v) = F,(r"v) = (rF)(»)

and
Fy (W) =FXu,v)=0(F(u,Yv)) = o (F,(Yv)) = (XF,)(»).

Similarly, Fy, = YF, for any u € V. Thus F is an A-module homomorphism. O

The following proposition is analogous the corresponding result proved in [MT1]
for finite-dimensional modules over algebras.

Proposition 3.18. The map F — F is an isomorphism of abelian groups between the
space of admissable forms on V and Hom,(V,V*). Moreover, non-degenerate forms
correspond to isomorphisms.
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Proof. Given ® € Hom,(V, V"), define & : V x V — R by &(v,w) = &(v)(w). Then
$ is an admissable form on V and the maps F — F and & — & are inverses to each
other. If (v,w) = 0 Vw implies that v = 0, then & is injective. If ®(v,w) =0 Vv
implies that w = 0, then ® is surjective. This proves the last claim. |

3.8 A semi-simplicity condition

Proposition 3.19. Let V be a weight A-module, with Supp(V) contained in a real
orbit, such that dimg,,, V,,, =1 Vm € Supp(V). If Vi~V then V is semi-simple.

Proof. If V¥ ~ V, then, by Proposition 3.18, V has a non-degenerate admissable
form F. Let U be any submodule of V. Then U is itself a weight module and,
since dimg/,, V,,, = 1 for all m € Supp(V), we have U = ®,,5V,, for some subset
S C Supp(V). Let Ut = {v € V : F(v,u) =0 Vu € U}. By the defining properties
of an admissable form (3.1), U+ is an A-submodule of V. On the other hand, by
Corollary 3.9 and the non-degeneracy of F, we have F(V,,,V,) = 0 iff m # n for
m,n € Supp(V). Thus U+ = @D mesupp(v)\s V- This proves that U & Ut =V. Hence,
any submodule has an invariant complement so V is semi-simple. |

3.9 Symmetric forms
Recall that the map R, — R« induced by * : R — R is denoted by conjugation.

Definition 3.20. Let w be a symmetric orbit and F an admissable form on a weight
A-module V with Supp(V) € w. The adjoint form F* : V x V — R,, of F is defined
by

Fllv,w)=F(w,v), v,weV. 3.9

It is easy to check that F? is also an admissable form on V. If F = F!, then F is
called symmetric.

If w is torsion trivial, we call an admissable K ,-form F symmetric if the corre-
sponding admissable form is symmetric.

Proposition 3.21. Suppose that w € Q is symmetric and torsion trivial. Fix m € w
and put K, = R/m. Assume that conjugation on K, is non-trivial, and that the fixed
field under conjugation of K, is infinite, of characteristic not two.

Let V be a finite-dimensional weight A-module with support in w. If V has a non-
degenerate admissable K ,-form, then it has a symmetric non-degenerate admissable
K,,-form.

The proof is exactly as in [MT1], but we provide it for convenience.

Proof. Let F : V x V — K_, be a non-degenerate admissable K ,-form on V. Since
conjugation is nontrivial, there is an s € K, with 5 = —s. Then F; = F + F* and
F, = s(F — F") are both symmetric admissable K -forms. Define f € K, [x] by
f(x) = det(F; + xF,). Here F/ denotes the matrix of F; relative some K,-linear
basis of V. Since f(s™!) = det(2F’) # 0, f is a nonzero polynomial. Among the
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infinitely many r € K, with 7 = r, pick one which is not a zero of f. Then F; +rF,
is a symmetric non-degenerate admissable K ,-form on V. O

Remark 3.22. Assume R is a finitely generated algebra over an algebraically closed
field K of characteristic zero and assume that o is a K-automorphism of R. Let V
be an indecomposable weight module over A with support in a real orbit w. Call
two K-forms F;,F, on V are equivalent if there is an automorphism ¢ of V and an
element A € K, A # 0 such that F,(v,w) = AF,((p(v), p(w)) for all v,w € V.

The following statements follow directly from Theorems 2,4 in [MT1].

1) If V is simple and V =~ V*  then there is a unique up to equivalence non-
degenerate admissable K-form on V. If conjugation is nontrivial on K this
form can be chosen to be symmetric, and if conjugation is trivial on K, the
form can be chosen to be symmetric or skew-symmetric.

2) If there is a symmetric non-degenerate admissable K-form on V, then it is
unique up to equivalence.

4 The classification of weight modules

In this section we review the classification of indecomposable weight modules
with finite-dimensional weight spaces over a generalized Weyl algebra, obtained
by Drozd, Guzner and Ovsienko in [DGO].

4.1 Notation

A maximal ideal m of R is called a break if t € m. For w € Q, let B, be the set
of all breaks in w: B, = {m € w : t € m}. Often we put p = |w|, m = |B,]|. Let
K,, =R/m. For r € R we define r,, = r+m € K,,. For each w € , fix an m(w) € w
and put K, = Kin(e)-

If w € Q is infinite, it is naturally ordered by defining m < n iff n = o*(m) for
some k > 0.

If |w| = p < oo, define a ternary relation on w by m < m’ < m” if m’ =
oi(m),m” = o(m) for some 0 < i < k < p. Let m = |B,| and define a bijective
corresponence Z,, — B,,, i — m; such that i < j <k in Z,, implies m; <m; < my
in w and my; = m(w). For m € w, let j(m) denote the only j € Z,, such that
m;_; <m < m;. Let py,py,...,Pm € Zso be minimal such that ofi(m;_;) = m;.
Equivalently, p; is the number of m € w with j(m) =i. Note that p; +py+---+p,, =
p. Furthermore, we put 7 = 7, = oP. Let K, [x,x ;7] be the skew Laurent
polynomial ring over K, with automorphism 7: xa = t(a)x for a € K. Similarly,
K, [x; 7] is the skew polynomial ring over K,, with automorphism t* (k € Zsg).
An element f of such a skew (Laurent) polynomial ring P is called indecomposable
if the left P-module P/Pf is indecomposable. Two elements f,g € P are called
similar if P/Pf ~ P/Pg as left P-modules.
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Let D denote the free monoid on two letters x, y. Thus D is the set of words
w =22, -2, Where z; € {x, y}, with associative multiplication given by concate-
nation, and neutral element being the empty word ¢ of zero length. A word w is
an m-word if its length n is a multiple of m € Z.,. An m-word is non-periodic if
it is not a power of another m-word. We will let f : D — D, w — wt, denote the
automorphism given by x! = y, y* = x. We also equip D with a Z-action given by

1.2129 -2, = Z9%3 "+ 2Z,%q.

for 2,2, - -+ 2, € D. Following [DGO], we use the notation w(k) for k.w.
When w is symmetric, we will denote the map K, — K_,, which is induced by
the involution * on R, by conjugation a — a.

4.2 The different kinds of modules
4.2.1 Infinite orbit without breaks

Define V(w), where w € Q, |w| = 0o and B,, = @, as the space V(w) = @ Kin
with A-module structure given by Xv = o(t,,v) and Yv =0"1(v) for v € K,,.

4.2.2 Infinite orbit with breaks

We use an alternative parametrization of these modules, which is more convenient
for our purposes. It is easily seen to be equivalent to that of [DGO]. First we need
some terminology. Recall the order on infinite orbits w defined in Section 4.1. An
interval S in an infinite orbit w will be called supportive if it satisfies the following
property: if S contains a minimal element n,, then o~!(ny) € B,, and if S has a
maximal element n;, then n; € B,,. Let I(S) be the set of inner breaks of S:

I(S)={meSnB,:0o(m)e S}

Now let w € Q be infinite with B, # 0. Let S C w be a supportive interval and let
Ix be any subset of I(S). Define V(w, S, Ix) = ® Ky, with, for v e K,

o(tyv), ifmé¢B,, o '(v), ifo~!(m)¢B,,
Xv=< o), if m e Iy, Yv={0o71(v), ifo i (m)eI(S)\, (4.1)
0, otherwise, 0, otherwise.

Note that if V = V(w, S, Ix) then S = Supp(V) and Iy = {m € I(S) : XV,, # 0}.

4.2.3 Finite orbit without breaks

Given an orbit w, with |w| = p < oo and B,, = 0, and an indecomposable poly-
nomial f = ag + a;x + - +agx? € K,[x,x1;7] with ay # 0 # a,, define
V(w, f) = ®ne, (K, with A-module structure given by defining for v € (K, )¢
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o(tyv), ifm#m(w),

Xy = 4.2

Y {O’(Ff tnv), ifm=m(w), (4.22)
-1 if -1

— Gil(v_)l, i G_l(m)#m(w), (4.2b)

Folo (v), ifo'(m)=m(w),
where

0 0 O 0 —ag/ay
1 0 0 0 —a/ay

Fp= 01 0 -+ 0 -—ayjay
o o0 o0 --- 1 —ad,l/ad

4.2.4 Finite orbit with breaks, first kind

Llet we, |w|=p <ooand B, #0. Leti € Z,, and w = 2,2, - -2,, € D. Consider
n+1 symbols ey, e, ..., e,. Form € w, let V,,, be the vector space over K, with basis
consisting of all pairs [m, e; ] such that i+k = j(m) in Z,,. Put V(w,i,w) = ®ce, Vin
and supply it with A-module structure by

o(ty)lo(m),e], ifm¢EB,,
X[m1 ek] = [U(m), ek+1:|’ ifme Bw and Zk4+1 = X,
0, otherwise,

[0 (m), e,  if o' (m)¢B,,
Y[ms ek] = [Uil(m)’ ek—l]’ if Gil(m) € Bw and Zk=Y,
0, otherwise.

4.2.5 Finite orbit with breaks, second kind

Define V(w,w, f), where w € Q, |w| =p < oo and |[B,|=m >0, w =2,25:+-2, €
D\{e} is a non-periodic m-word, and f = a; +a,x +--- +azx?"? + x4 # x? is an
indecomposable element of K, [x; "/™] (it should be /™ and not just 7 as stated
in [DGOY]), as follows. Consider dn symbols ¢, (k =1,...,n,s =1,...,d). For
m € w, let V,, be the vector space over K, with basis consisting of all pairs [m, e;,]
such that k = j(m) (mod m). Define V(w,w, ) = ® e,V and supply it with
A-module structure by
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O-(tm)[o-(m)) eks]ﬁ lfm¢B(,u)
[o(m), epy1], ifmeB,, k<n, z =X,
X[m, e ] =1 [o(m),eq541], ifmeB,,k=n,z =x,s<d, (4.3)
- o(a)[o(m)e,], ifmeB,, k=n,z=xs=d,
0, otherwise,
[0_1 (m): eks]’ if 0_1(m) ¢ Bw’
[ail(m): ek—l,s]! if Oil(m) € Ba)a k > 1: k=Y,
Y[m: eks] = [O-_l(m)a en,s—l]: if O-_l(m) € Bw: k= 19 21=Y,8> 1’
—¥ @lo (m)e,], o (m)€B, k=12=y,s=1,
0, otherwise.

4.4)
Here aj ,_. = v Ya,), ie. a; = 797 (ag41-,). As compared to [DGO], we
changed notation from e to e; 4.1, in the case when z; = y.
The weight diagram of a module of the form V = V(w, w, f ), where the first let-
m

ter of w is z; = x, is illustrated in Figure 1. Each dot e is a one-dimensional (over

R/m) subspace of the weight space V,,. Arrows going in the right direction corre-
m o(m)

spond to X while left arrows correspond to Y. The diagram e C ® means

that X and Y act bijectively on the corresponding one-dimensional subspaces. We

shall write
o(m) o"(m)
o 1 Ve
S

to denote the weight diagram

o(m) o?(m) o™ (m) o™(m)
TN T T
[ ] [ ] @ O [ ]
~— — ~—
m _ o(m)
The diagram e e where z € {x, y}, means that if z = x then X acts bijec-
m  o(m) o(m)
tively from e to e andY actsaszeroon e whileifz =y, thenY is bijective
o(m) m m
asamapfrom e to e andX actsaszeroon e . Often, in weight diagrams each
weight space is depicted as a column of dots. In Figure 1, however, for clarity, each
column is only a subspace of a certain weight space, and each weight is repeated
n/m times horizontally. Recall that, by convention, p,, = p, and m,, = m,.




=X

Figure 1: Weight diagram for V(w, w, f) when z; = x.

m, m
m o(my) ™ o(my_4) m o(me) ™ o(my) m o(my_4) m
2 Z3 P N Zm+1 PN Zn-m+2 A Zn—m+3 PN
P L] L] P2 *e ——eo - - - -0 Pm @ ——— s L] P e —eo P2 e ——eo - - - -0 Pm L]
e —_ —_ o —
€11 €21 €m,1 €n—m+1,1 €n—m+2,1 €n,1

= 22 P 23 A Zmil A Zaemt2 A Znemtd N
o[ M . e P> e ®: - .- @ Pn @ —— o L 2 e ——e P e—e:---- 0 DPn @
S ~ ~ ~ ~ ~

en7m+l,2 enfm+2,2

2z P 23 A Zm+1 A Fnem2 A Znemt3 P
P L] L] b2 L] - -0 Pm @ ———— e senn L] P e —— 0 P2 *e——— @0 - -0 Pm L]
N N N

e
el,d €2,d em,d en—m+1,d en—m+2,d J en,d
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4.3 The classification theorem
Theorem 4.1 ([DGO], Theorem 5.7).

(i) The A-modules V(w),V(w,f),V(w,S,Ix),V(w,i,w), and V(w,w, f) are in-
decomposable weight A-modules.

(i) Every weight A-module V such that dimg_V,, < oo whenever m belong to a
finite orbit, decomposes uniquely into a direct sum of modules isomorphic to
those listed in (7).

(iii) The only isomorphisms between the listed modules are the following:
e If f and g are similar in K, [x,x!; 7], then
V(w,f)=V(w,g). (4.5)
e If f and g are similar in K, [x;t"/™], and i € Z, then
V(w,w,f) = V(w,w(mi), 7' (g)), (4.6)
where m = |B,,| and n = |w]|.

Remark 4.2. In [DGO], 7! is uncorrectly missing from (4.6). In general, if i is not
a multiple of n/m, then f is not similar to 7'(f) in K, [x;7"™]. But for g = f,
one can construct an isomorphism ¢ : V(w,w(m), t(f)) = V(w,w, f) determined
by the conditions

1) ¢ ([o(mg),e11]) = [o(mg), emi11], 4.7)
$f=1Km [m7 ek+m,r] k+m=< n,

(4.8)
@‘ri:le [m, ek+m7n,r:| k+m>n.

2) p([m,e ]) € {

Remark 4.3. Taking i = n/m in (4.6) we deduce that f is similar T"/™(f) in
P :=K_[x;t"/™]. This isomorphism is explicitly given by

@ : P/PTV™(f)—P/Pf
g+ PtV™(f)— gx + Pf.

This map is well defined since T"/™(f)x = xf. It is a homomorphism of left P-
modules. Moreover, since [ # x? and is indecomposable, its constant term is
nonzero. Therefore ¢ is surjective. Since dimensions agree, ¢ is an isomorphism
as claimed.

The following description of the simple weight A-modules was also given.

Theorem 4.4 ([DGO], Theorem 5.8). The weight A-modules V(w),V(w, f) for ir-
reducible f € K, [x,x71; 7], V(w,S,0) for supportive interval S C w with I(S) = 0,
V(w,i,e) and V(w,w, f) for irreducible f € K, [x;7"™] and w = x™ or w = y™
where m = |B,,|, are simple and each simple weight A-module is isomorphic to one
from this list.
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5 Description of indecomposable weight modules
having a non-degenerate admissable form

In this section we consider in turn each of the five types of indecomposable modules

from the DGO classification in Section 4 and determine necessary and sufficient

conditions, in terms of the parameters, for the modules to be isomorphic to their

finitistic dual which, by Proposition 3.18, is equivalent to having a non-degenerate

admissable form. We will only consider the case when Supp(V) is contained in a

real orbit w. The case of symmetric nonreal orbit will be left for future studies.
The following lemma will be useful.

Lemma 5.1. If V is indecomposable, then so is V*.

Proof. We prove that if V is decomposable, then so is V. Then the result follows
since V# ~ V| by Proposition 3.15. Assume V is decomposable and let ij:U; —
V, j = 1,2, be the inclusions of two submodules U; whose direct sum is V. Let
W; = ker(i?) CVf j=1,2. Let ¢ € W;NW,. Then iﬁ(cp) =0= ig(tp). Thus
¢(ij(w)=0VYueU, j=1,2. Since V =1i;(U;) +i,(U,) we deduce ¢ = 0. Hence
W, NW, = 0. Let ¢ € V! be arbitrary. Then ¢p, + pp, = ¢, where pj:V —U;
are the projections. Also iﬁ(gopz)(v) = (¢p,)(i;(v)) = OVv € U,, and similarly
ig(cppl) = 0. This proves that V! = W, + W,. O

5.1 Infinite orbit without breaks

Theorem 5.2. Let V = V(w), where w is an infinite real orbit with B,, = 0. Then
ViV,

Proof. We have Supp(V) = w. By the classification theorem, there is only one
indecomposable module whose support is contained in w. By Lemma 5.1, V¥ is
indecomposable and by Proposition 3.14, Supp(V*) = Supp(V) = w. Hence we
conclude that V¥~ V. |

Let w be infinite real, B,, =0, V = V(w). We now determine all non-degenerate
admissable forms on V, and their index in the symmetric complex case. Let e, €
Vin(w)» €0 7 0. Let e} € V! be defined by e}(e) = 1) and ef(V,)) = 0 Ym €
w,m # m(w). Then eg spans (Vu)m(w) over K, so any isomorphism & : V — V!
must satisfy ®(ey) = Aeg for some nonzero A € K. Conversely, it is easy to see
that for any nonzero A € K, there exists a unique isomorphism &, : V — V*
satisfying @, (e,) = Aeg. The set {e, 1= X"ey, e_,_, := Y" ey | n € Zx} is a
basis for V over K, and the corresponding K ,-form ¥, (which is obtained using
the bijections between Hom,(V, V*) and admissable forms in Proposition 3.18 and
between admissable forms and K,-forms in Proposition 3.4) satisfies

\pl(emem)zox m7én,

to1(t)- o™ (A, n=>0,

o(t)o?(t)---oc ()X, n<O. -1)

\IJ)\(em en) = {
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To simplify notation we use here the natural R-module action on K. For example
t A equals the product (t +m(w))A in K. From the formula (5.1), and that t* = ¢,
we see that the adjoint form \Ilﬁ/1 is equal to ¥.

In the case when K, ~ C and conjugation is ordinary complex conjugation,
we associate to a symmetric form ¥,, A € R, a scalar product on V defined by
(ex,€;) = sgn (¥, (er,e))¥(er,e). Then ¥, (v,w) = (Jv,w) Yv,w € V, where
Je, = sgn (¥, (ex, er))ex. J is an involution operator in the sense that J* = Idy
and that it is self-adjoint with respect to the scalar product on V. Therefore, (the
completion of) V together with W, is a Krein space (see [KS]). Let V, = {v eV :
Jv ==v}. Then V =V, ®V_. We claim that any pair (dim V,,dim V_) can occur. In
fact, consider the sequence (i,),c;, Where i, = sgn (¥, (e,, e,)). Then any sequence
(i,)nez € {1, —1}% can occur. Indeed, let R = C[t, | n € Z] be a polynomial algebra
in infinitely many indeterminates t,. Let t = t,, define t} = t,,, i* = —i and extend
* to an R-algebra automorphism of R. Let o(t,) = t,,; and let m be the maximal
ideal generated by t,, — a,,, n € Z, where a, € R are given by a, =i_,i_,41,n € Z.
Let w be the orbit containing m and set m(w) = m. The orbit w is infinite, real, and
B,, = 0. Then the sequence associated to the form ¥; on V(w) equals (i,)nez.-

5.2 Infinite orbit with breaks

Theorem 5.3. Let V =V (w, S, Iy), where w € 2 is infinite and real, |B,,| >0, S € w
is a supportive interval, and Iy C I(S). Then V! ~ V(w,S,1(S)\Iy). In particular
V has a non-degenerate admissable form iff I(S) = @ which is equivalent to V being
simple.

Proof. If V¥ =~ V, then Proposition 3.19 and that V is indecomposable imply that V
must be simple. The converse follows when we prove the more general statement
that V¥ ~ V(w,S,I1(S)\Ix).

By Lemma 5.1, V* is indecomposable and by Proposition 3.14 and that w is
real, Supp(V*) = Supp(V) = S. So by the classification theorem, Theorem 4.1, we
deduce that V! ~ V(w, S, J) for some subset J of I(S). It remains to prove that, for
mel(S), X(VH), #0iff XV, = 0.

Suppose m € I(S) with X(V!),, = 0. Let ¢ € (V¥),, be nonzero. Then, by
Proposition 3.13, ¢[, =0 if n #m and ¢(v) = 1,, for some v € V. Let u € V)
be nonzero. We have 0 = (X¢)(u) = o (¢(Yu)). Thus Yu = 0. Thus u = Xv for
some nonzero v € V,,, otherwise V would be decomposable into ( ®,<¢ Vyn(m)) @
(®150 Von(my) - This proves that m € Iy, i.e. XV, # 0. The converse is similar.

We conclude that indeed V! ~ V iff I(S) = 0. By Theorem 4.4, V(w,S,Iy) is
simple iff I(S) = 0. |

Let w € 0 be real, infinite, |B,,| > 0. In this case w is torsion trivial and thus
there is a bijection between admissable forms and admissable K ,-forms. We now
determine all possible non-degenerate admissable K ,-forms on V(w, S, ) where S
is a supportive interval in « with I(S) = 0.

The subset S € w has either a maximal or a minimal element (otherwise it
would contain an inner break). Assume S has a maximal element n;. It is a break
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since S is supportive. We can assume that m(w) = n,. Let ey € V;(,,) be nonzero
and eg € (Vu)m(w) be such that eg(eo) = 1) For A € K, there is a unique

isomorphism &, : V — V¥ given by &, (e,) = Aeg. If S has no minimal element, V
has a basis {e_,, :== Y"ey | n > 0}. If S has a minimal element n,, then o~ *(ny) € B,,
and V has a basis {e_, := Y"¢, | 0 < n < N —1} where 0N (m(w)) = 07 (ny). The
corresponding K ,-form ¥, calculated on the basis vectors gives

®,(e_p,e_p) = a(t)az(t)---an(t)l5nym (5.2)

for n,m > 0. If S has no maximal element, but a minimal element n,, then
o Y(ny) € B,,. We choose m(w) = n, in this case. Then V has a basis {e, :=
X"y | n > 0} and the corresponding K,,-form ¥, satisfies

Uy (ep,en) =to ()0 (A, (5.3)

for n,m > 0. We see that ¥, is symmetric iff A = A.

5.3 Finite orbit without breaks

In this section we fix a finite orbit w € Q with B,, = 0. In Theorem 5.6 we will
describe the dual modules V(w, f)! for indecomposable f € K, [x,x~!;7]. First
we make some preliminary observations. Let p = |w| and put P =K [x,x1;7].

Proposition 5.4. Let B be the subalgebra of A generated by X?,YP and all r €R. Let
I = Bm(w)B be the ideal in B generated by m(w). Then there is a ring isomorphism

Y :B/I —>P
given by
YXP+D=E-x, Y(YP+D=x"1, Y(r+1)=ry, forreR,

where
E=(a()o?(t)--- 0P (1)) yy(e)- (5.4

Proof. The map 1 is a well-defined ring homomorphism, using the relations (2.1)
in A. Assume b + I € B/I is in the kernel of 4. Since both rings involved, and v,
are Z-graded in a natural way, we can assume b = rXP* or b = rY?k k > 0. We
immediately get k = 0, r € m(w). So v is injective. That v is surjective is easy to
see. a

Let V = V(w, f), where f = ag+ a;x + -+ ayx? € P, (ag # 0,a, # 0), is
indecomposable. Since w is an orbit of length p, we have BV,;(,,) € Vin(w). Also
IV(w) = 0. Thus V) becomes a module over B/I and, via the isomorphism in
Proposition 5.4, a P-module. The following proposition describes this P-module.

Proposition 5.5.
Vm(w) >~ P/Pf

as P-modules.
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i
Proof. Lete; =(0,...,1,...,0) € V() = (K,). By (4.2a),if 1 <i<d,
XPe; = XP T o (Fptoypyer) = 0P (Ene)) X o(ey) =

= Gp(tm(cu))o-p_l(ta(m(co)))Xp_zo-z(ei+1) ==

=& e
Thus
(E71XP)e; =epy; fork=0,1,...,d—1. (5.5)
Also we have, by (4.2a),
d—1
E1XPe, =ZT(—ak/ad)ek+1. (5.6)
k=0
Using (5.5) and (5.6) we get
d d
T(F)er = Y et e = D T(@)(EIXP e, =
k=0 k=0
d-1 d-1
= (apep +7(@g) Y T(—a/ag)ersy =0. (5.7)
k=0 k=0

From (5.5) and that {ey,...,e4} generates V, () as an R-module, we see that the
vector e; generates V) as a P-module. By (5.7), we get an epimorphism of
P-modules

w:P/PT(f)_)Vm(w)
h+Pt(f)— h.e;

Since dimg Vi) = d = dimg P/P7(f), we deduce that 1) is an isomorphism.
Since f is similar to 7(f), it follows that V, )~ P/Pf. O

Now we come to the main result in this section.

Theorem 5.6. Let V = V(w, f), where w is a finite and real orbit with B,, = 0 and
f=ag+ayx+--+axt e P=K,[x,x 7], ag # 0 # ag, is indecomposable.
Then

V(w, ) ~V(w,fh
with ;
FE= ke - M@ - <, (5.8)
k=0
where
{k}; =E7(8)---t*1(E) fork >0, (5.9)
and
&= (a(t)oz(t)---ap(t))m(w). (5.10)

In particular, V ~ VY iff f is similar to f*in P.
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Proof. By Lemma 5.1 and Proposition 3.14, V* is indecomposable and the support
Supp(V!) = w. So by Theorem 4.1, we know that V! ~ V(w,h) for some h €
P. Then by Proposition 5.5, (Vﬁ)m(w) ~ P/Ph. Thus, it is enough to prove that
(Vﬁ)m(w) ~ P/Pf* as P-modules, because then h is similar to f* which implies that
V!~ V(w, f) by the isomorphism (4.5).

For this, let e; = (0,...,i,...,0) € Viw) = (K,), and define ef € Vi by
ef(Vn) =0forne w,n#m(w) and e?(ek) =0k ly(ew) fori,k =1,...d. Since w is
real, e? IS (Vu)m(w). By relation (4.2b),

vP €r_1> k > 1, (5 11)
e = .
k Ff’lel, k=1.
It is easy to check that
Filep = —ag'(aje; + azes + -+ ageq). (5.12)

Thus for any i,k =1,...,d,

Oix_1-1 k>1

p,f — ]i p — i,k—1 m(w)> 5

(X ei)(ek) T(el(Y ek)) {T(_a_l/a_o) . 1m((,o)’ k= 1,
= (efyy — 7(@/®) - €}) (ex) (5.13)

with the convention that e? =0fori>d. Let also a; =0 for i > d. We claim that

n

Z k+1 (@ /@) .kaenl = eiﬂ, foralln > 0. (5.14)
k=0

We prove this by induction on n. For n = 0 it is trivial. Assume that

n—1

Z T (@G /T) - XPRel =ef
k=0

Apply X? to both sides to get

n—1

Z kt2 (—an—l—k/a_o) . xpk+1) 2 :Xpeg

k=0
Use that, by (5.13), X"e,’j1 = ele - t(a,/ay) - e§ in the right hand side, add
(o, /ag) - en1 to both sides, and replace k by k — 1 in the sum in the left hand
side to obtain

n

DT (@ /) XMl + 7 (/) - eh =€l
k=1
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This proves (5.14). From (5.14) we see that eﬁ generates (V’j)m(w) as a P-module
and that g.eﬁ =0, where

d
g = TN (@ /@) (Ex) = Y ET () TR N(E) - T (i [a)xk € P
k=0

d
k=0

Thus, as in the proof of Proposition 5.5, (Vu)m(w) ~ P/Pg as P-modules. Moreover,
one verifies that 7= 1(&)- 77 3(g) - 7 (&) = f". Thus g is similar to f* and we
conclude that (V¥),,(.,) > P/Pf*. This finishes the proof of the theorem. 0

Remark 5.7. The example in Section 6.3, concerning U,(sl,), shows that there
exist non-simple indecomposable weight modules which are unitarizable with a
non-degenerate admissable form. This is in contrast to the case of bounded x*-
representations of x-algebras on Hilbert spaces, that is, unitarizable modules with
respect to a positive definite form, where any unitarizable module is semisimple.
The example also shows that not all simple weight modules have a non-degenerate
admissable form.

5.4 Finite orbit with breaks, first kind

Recall that we defined an automorphism of order two of the monoid D by x! = y
and y' = x. For example, (xxy)' = yyx.

Theorem 5.8. Let w be a finite real orbit with m := |B,| > 0, let j € Z,, and let
w €D. Then V(w, j,w)! ~V(w, j,wh). In particular V(w, j,w) has a nondegenerate
admissable form iff w = g, the empty word (of length n = 0), which is equivalent to
that V(w, j,w) is simple.

Proof. Define & : V(w,j,w) — V(w,j,w")! by &([m,e]) = cm’k[m,e,’i] where
[m, e,n{] € V(w, j,wh! are defined by [m, e]n(] ([n,e]) = 6, m0ky - 1y (Where 1, =
1+me&€R/m CR,) and the coefficients c,, ;, € R/m are nonzero, to be determined

later. Extend ® to an R-module isomorphism.

Let [m, e, ] be a basis vector of V(w, j,w). Thus j + k = j(m) (mod m). Write
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w =z, ---2,. Consider a basis vector of the form [o(m),e;] € V(w, j,w"). We have

(xe(tm,ed)) ([o(m),e]) = o (cuplm, e (Yo(m), ) ) =

o (cnilmefl(lmel)),  m¢B,,
o Cm,k[m:ei]([maelfl]))’ mEBa) andzlu:y:

0, otherwise

0(Cmi )0k * 1o(m)s m¢B,,
= O‘(cm’k)5k,l_1 . 10.(m), TUEBw and Z; =X,
0, otherwise

05t (2([o(m)e]) ) ([o(m),e)),  m B,
= 0(emi )ty (2 ([0(m), e1)) ) ([o(m), 1), mEB,, and 2y, = x,

0, otherwise.

(2 (xX[m, 1)) ([o(m), &)

if ¢, x are chosen in such a way that o(cy, x)/Co(m)x = o(t,) when m ¢ B,, and
0(Cmi)/Comyr+1 = 1 when m € B, and 2;,; = x. On other basis vectors [n,¢],
n # o(m), both sides are zero:

(xe(m e]) ) (In.e]) =0 = (@(XTm,e]) ) (I e1]).

With this choice of coefficients, ® commutes with the action of X. For the action of
Y, suppose v is a basis vector of V(w, j,w) which is equal to Xu for some u. Then

d(Yv)=0(YXu)=o(tu)=td(u) =YX P(u) = Yd(Xu) =Y &(v).

It remains to compare the results of applying ®Y and Y& on basis vectors which
are not in the image of X. They have the form [o(m), e, ] where m € B, and z;, # x,
ie.zp=york=0.

(ve(lom,ed)) (m, ell) =07 (Comulom), el (X[m, 1) ) =

(comulotm)ef]([otm),en])), =, =x,
0, otherwise

0, otherwise

o (Co(m)k)cmk 1((1)( m €r— 1]))([m,€1]), Zk =Y,
0, otherwise

{ (Comi)Oii41* Ims 2141 = >

= (2(vIo(m),e)) (Im,e)
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if the coefficients are chosen such that 0" (¢, (m)x)/¢mr-1 = 1 when m € B,, and
2, = ¥. Choosing the coefficients in this way, which is always possible, & becomes
an isomorphism of A-modules. |

Example 5.9. Assume that w € Q is real and p = |w| = 7. Pick n € w. Then w =
{o/(n)|j=0,...,6}. Suppose that B, = {m, := o%(n), m; := o*(n), m, := oc®(n)},
so and m = |B,,| = 3. The following is a weight diagram for V(w, j,w) where j =0
and w =212 21,-

With w as above, there are three modules of the form V(w, j, €) corresponding
toj =0,1,2. For example, V(w, 1, ¢) is two-dimensional with basis {[0‘1(m1), eil,

[ml’ el] }
In general, let j € Z,, and V = V(w,j,e). We determine all non-degenerate
admissable forms on V. V has a basis

{Vk = [a_k(mj):ej] | k:O’l”pJ - 1}’

where p; > 0 is minimal such that o”/(m;_;) = m;. Any A-module isomorphism
V — V! has the form &,(v,) = Avg for some A € Km,» where vg = [mj,eg.]. The
corresponding admissable form satisfies

®,(v,, V) = &, (Y™, Y")oym=0"" (@(X"Y”vo, V0))6pm =
=0 "(o(t)o?(t) - 0" ()A)6,m (5.15)
forn,m=0,1,...,p; — 1. Itis clearly non-degenerate iff A # 0.
Suppose that w is torsion trivial. Choose m(w) = m;. Suppose that K, ~ C and

that conjugation is usual complex conjugation and assume that A € R. Let ¥, be
the associated symmetric C-form as described in Proposition 3.4. We have

\IJA(Vn’ Vm) = (U(t)o-z(t) e O-n(t))m(w)k(sn,m

for n,m = 0,1,...,p; — 1. Let us calculate the index (n,,n_), (ie. n, (n_)is
the number of positive (negative) eigenvalues) of the form ;. Let a; = A and
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a =0 (t)+m(w)ER,i= 1,...,p;j— 1. Let 0 <5y <55 <---<s. <p;—1be
the integers i for which a; < 0 and puts; =0 for i <0 and puts; = p; fori > r.
Then one can check that ¥, has index (D, (Sai11 — Sai)> Dy (Sai — S2i-1))- For
example, if p; =7 and sgn(4,a;,ay, ..., ae) = (+,+,—,+,+, —, —), then the index
of ¥, is (2+ 1,3+ 1) =(3,4). All possible indices can occur. This can be seen as
in Section 5.1.

5.5 Finite orbit with breaks, second kind
For r € R and m € Max(R), we put r,, = r +m € R/m for brevity.

Theorem 5.10. Let w € Q be a finite real orbit. Let V = V(w,w, f) where w =
2125+ 2, s an m-word, and f = a; +ayx + -+ +ayx¢ + x4 € K, [x;TV™] is any
element with a; # 0. Then V! ~ V(w,w!, g) for some g € K [x;t"™].

Proof. For simplicity, we will assume that z; = x. The proof of the case z; = y is
similar.

Step 1. We find the action of X and Y on a dual basis in V!, Relations (4.3)-
(4.4) for the module V can be written

o(ty) - [o(m), ex], m¢B,,
[o(m), ept1,5], me B,k <n,z, =X,

X[m,e,] =10, meB,, k<n,z, =Y, (5.16)
[o(m),eq441], meB, ,k=n,s<d,

- o(a)-[o(m),ey;], meBy,k=ns=d,

[0 (m), ex], o~'(m) ¢B,,
[07'(m),ep_1,), o '(m)E€B,,k>1,2 =y,
, o~ Ym)€B,,k>1,2,=x,
R o~ Y(m)eB,, k=1.

Yl:m’ eks] (517)

0
0
Let

{[m,eis] ls=1,...,d, k=1,...,n, k= j(m) (mod m)}

be the dual basis in V¥, defined by requiring (recall that 1, denotes 1 +m € R/m)

fm=nk=Ls=r,

[m, e}, ]([n,e;,]) = {(1)"‘ (5.18)

,  otherwise,

and [m, ef{s] to be additive and [m, egs](rv) =r*[m, ef{s](v) foranyr €eR,vevV.
Then the following relations hold for the action of X and Y on this dual basis:

[o(m),ef,],  m¢B,,
X[m, elu(s] =1 [o(m), e£+1,s]’ meB,, k<nz, =Y, (5.19)
0, otherwise,
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Y[m,el 1=
Loy - [0 (m), el ], o (m) ¢ B,,
[U_l(m)ae]ﬁ(_ls]y O-_l(m)EBw,k> 1,Zk=X,
=10, oY (m)eB,,k>1,z,=y, (520
[0~ (m),el,_,]—@ [0~ (m),el,], o7 '(m)€B, k=1;5>1,
_al : [O- (m): end]’ O._l(m) eBw,k = ].,S =1.

Let us prove the first case in (5.20). If c~!(m) ¢ B,,, then

(YIm,el 1) ([0 (m),e,]) =

=07} ([m, e J(X[o (m),e,])) by A-module str. of VV,
=071 ([m, e}, ) (o(0)- [m,e,, 1)) by (5.16),
=o' (O'(t)* Tm,ef 1([m, elr])) by R-antilinearity,
=t-6y8, -0 (1) by (5.18),
=t [0 (m), e ] ([0 (m), ;1) by (5.18).

Furthermore, if n # o~!(m) then
(VIm,ef,]) (In,er,]) = 0" (Tm, el (Xn,e,1) ) =0 =t [0~ (m), ef,] (I, ])

using that X [n, e;.] € V() and (5.18). This proves that Y [m, elﬁ(s] =t-[o"}(m), e,ﬁ{s] =

toigmy - [0 (m), €}, ] if o' (m) & B,,.
For the last two cases in (5.20), let us first note that if o~ '(m) € B, and
j(o™}(m)) =n =0 (mod m) then in fact o~*(m) = m,. We have

(Y [o(mo), e},]) ([mo, e, 1) =

=o! ([O'(mo), eﬁs] (X [my, elr])) by A-module str. of V¥,

=07 ([o(mo), e}, ([0(mo), €1,141181,8 <0 — (@[ (o), €2,151,5,4) )
= 6571,r55>151n1m0 - a_s5ln6rd1mo

= ([mo: e,ul’571]5s>1 - a_s : [mO: eid]) ([m07 elr])‘

The other cases in (5.19),(5.20) are easily checked.
Step 2. We construct a basis [m, fi] for V! such that [m,e] — [m, fi,] is an
isomorphism from V(w,w!, g) to V! for some g. We have a decomposition

(VH, = @ (vH®  forany m € w, (5.21)
1<k<n,
k=j(m) (mod m)

VH® = el K, [m,e ]. (5.22)
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Note that, if k > 1 and zg =y thenY : (Vn)(k) (Vu)(k_lg)) is bijective, where
o~ !(m) € B,, is the unique break such that j(m) = k (mod m). Indeed this is trivial
since Y [m, eis] = [o7}(m), eiil’s] for s = 1,...,d by the second case in (5.20).
Also, Y : (Vn)s()mo) — (Vﬁ)g}g is bijective by the fourth and fifth case in (5.20), using
the assumption that a; # 0.

Put
[o(mo), fin] = [o(mg), €}, ] (5.23)
and recursively
o(t) ' X[o7 (m), fis], o~ '(m) ¢B,,
| X[o7i(m), fk ], o7l (m)€B,, 2 =x(= k> 1),
Sl =4 (7)) o ) fend, 07 m) € By k> 1,5 = y,
(7 |yw) Lo (m), fugoal, 07N (m) € By k=1.
(5.24)

Induction shows that each [m, fi,] is a linear combination of [m, ef{r] where 1 <
r < s and the coefficient of [m, eln(s] is nonzero. Thus {[m, fks]}le is a basis for
VO,

We prove that there exists a g € K,,[x;7"/™] such that the R-module isomor-
phism ¢ : V(w,w? g) — V! defined by ¢([m,e;]) = [m, fi] is an A-module iso-
morphism. By (4.3),

(p(o.(t)o'(m) : [O-(m)a eks]); m¢Bw;
o(X[m, ex]) = { @ ([o(m), exs,]), meB,, k<n z£+1 =x,
0, otherwise (since :z1 ¥,

o()o(m) - [o(m), fis], mé&B,,
=1 [o(m), fii1sls meB,,k<n, z£+1 =x, (5.25)
0, otherwise,

while X¢ ([m,ex]) = X[m, fis]. By the recursive definition of [m, fi,], the vec-
tor X[m, fi,] equals the right hand side of (5.25). For example, [o(m), fi,] =
a(t)g( ) - X[m, fi,] if m & B, by the first case in (5.24), which gives X[m, fi,] =
0 (t)o(m) - [o(m), fis]. Similarly, by (4.4) and the construction of the basis [m, fi;],
©(Y[m,er]) =Y ([m,e]) when k> 1 ors>1ormz o(my). For the last case,
k=s=1and m = o(m,), we know that Y : (Vﬁ)g()mo) — (Vﬁ)gfg is bijective. Thus,

since {[m, fys] }Sdzl is a basis for (Vu)g:g,

d

Yo ([o(me),en]) =Y [o(mg), fru] == D¢t [mg, for]
r=1
for some constants ¢, € K, where we denote ¢, = = 79""(c441_,). Choose g =

¢+ x4 cgx?7! + x4, Since zﬁ =y, relation (4.4) gives that, in V(w,w*, g)
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we have Y[o(mg),e;;] = — Zle c’[mg,e,.] and thus
d d
p(Yo(mo),en]) = (=Y ctlmo,eq]) == D colmg, fur .
r=1 r=1
This finishes the proof that V# ~ V(w,w*, g) for some g. O

Corollary 5.11. Let w be a finite real orbit. Let V =V (w,w, f) where w =2,25--- 2,
is a non-periodic m-word, and f = a;+a,x+---+ayx? "' +x¢ # x4 is indecomposable
inK,[x;7V™]. IfV~ V! thenw = wowg, where wy is an m-word.

Proof. Since f is indecomposable and f # x? we have a; # 0. If V ~ V* then by
Theorem 5.10, V =~ V(w,w!, g) for some g € K,,[x;7"™]. Thus by the classifi-
cation in Theorem 4.1 we must have w(Im) = w* for some integer [ > 0, chosen
minimal. Clearly, Im < n. Since the operation f on the monoid D commutes with
the Z-action, we have

w(lm+k)=wk)! Vkez. (5.26)

We claim that 2Im < n. Otherwise Im < n < 2lm and thus 0 < n—Im < Ilm. Also,
w(n — lm) = w(—=Ilm) = w! since w = w(=Im + lm) = w(—Im)! by (5.26) with
k = —Im. Thus the properties of the number ﬁ — [ contradicts the minimality of [.
Therefore 2Im < n as claimed.

Now let k = GCD(2lm,n). Trivially w(n) = w, and by (5.26), w(2lm) =
w(lm)* = w. Hence w(k) = w also. But k|n and thus w = (2,2, - -- 2, )"/*. How-
ever w is non-periodic and thus n = k, forcing n = 2lm so w = wowg where
Wo = 2129 *** 21y 1S an m-word. |

Theorem 5.12. Let w € Q be a finite real orbit with m := |B,,| > 0. Let w, € D\{¢}
be an m-word and put | = |wy|/m and n = 2|w,|. Let V =V (w, wowg,f) where f =
ag+agx + -+ ag_ x +ayx? € K, [x;T™] is any element with ay, # 0 # ay.
Then Vi ~ V(w,wowg,fﬁ), where

fi= Zd:{sz} @RI () - XK (5.27)
k=0
Here {k} is a Pochhammer-type symbol:
{k} = {klg. = q7(q)--- 7" (@) €Ky, k€ Zs, (5.28)
where q € K, \{0} is given by
g = OGP (£ )PP (1) - 0P (£ e, (5.29)

t, = (O'(t)az(t)---apf_l(t))mi fori=1,...,m, (5.30)

where p; € Z. are minimal such that oPi(m;_;)=m;, i=1,...,m.
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Combining Corollary 5.11 and Theorem 5.12 we obtain the following.

Theorem 5.13. Let V be any indecomposable weight A-module of the type V(w,w, f)
with w real. Thus w € Q is a finite real orbit with m := |B,| > 0, w € D\{¢} is a
non-periodic m-word, and f = ay+a,x+---+agx? € K, [x;tV™], ay # 0, is an in-
decomposable element not equal to x. Then V has a non-degenerate admissable form
iffw= Wowg for some m-word w, € D\{e} and f is similar to f' in K, [x;t"/™],
where f! is given by (5.27).

Remark 5.14. From Theorem 5.12 follows that f¥ is similar to f. This is not
apparent from (5.27) but by comparing the coefficients of f and f* one can verify
that

FE={@d+ D1} T {3

Using that 7"/™(f) is similar to f in K, [x;7"/™] we conclude that indeed ¥ ~ f.

Proof of Theorem 5.12. Let 21252, = w. It will also be convenient to define z; =
z; when j =i (mod n). Assume for a moment that we have proved (5.27) for the
case z; = x and suppose that z; = y. By the shift isomorphism (4.6), which holds
also for decomposable f, we have

V = V(w,w(=Im), v '(f)) = V(w, whwy, 71(f)) (5.31)

where 77{(f) = 77 () + T (ay)x +--- + 77 (ay)x?. By the assumption we then
have

V(o),wgwo,’r_l(f))u ~ V(w,wgwo, 2), (5.32)
where
d d
g= Z{Zlk}-rakﬂ)l (m) xk = ZT’I (Tl ({21k}) - Tk+1I (m)) -xk,
k=0 k=0
Again by (4.6),
V(w, Wgwo, g)~V(w, wowg, 7'(g)). (5.33)

From the formula

tl({21k}) = {137 - {21k} - 2R ({1})
we see that 7!(g) = {1} ' f*- {1} which is similar to ff. Combining this fact with
the isomorphisms (5.31)-(5.33) we deduce that Vi~ V(w, w,f”). Therefore the

case z; = y follows from the case z; = x.
Thus we assume for the rest of the proof that z; = x.

Step 1. Put a; = aj_1/ay fork=1,2,...,d. Let us replace f by

(1/ag)f = a; +ayx + -+ +ayx?~! + x?. This does not change the isomorphism
class of the module V. As in the proof of Theorem 5.10, we can construct a basis
[m, fi] for V¥ such that

@ V(w,wowg,g) — Vi (5.34)

[m: eks] — [m’fks]
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is an A-module isomorphism for some g. We use the decomposition (5.21). We
put also (Vn)fi) = (Vﬁ)E\’i) whenever | € Z,1 = k (mod n). By relation (5.20), which
holds in V* since z;, = x, it follows that if 1 < k < n and 2, = y, so that
Lk = zg = x, then
. (7 {mtk) (Im+k—1)
Y (Vi) = (VOS™

( Mgy

is bijective. For the case k = [m+ 1 it is essential that a; # 0. Put

[o(mg), fin] = [o(m), €], ] (5.35)
and recursively
o(0) X [0 (m), fis1, o' (m) ¢ B,
X[o7Y(m), fi1sls o~ Y(m)€B,, k> 1,z =x,
[m’fks] = -1 -1 -1 _
(Yl(vj)(rf“*'lm)) [O' (m):fkfl,sL o (m) € Banzk =Y, (k > 1):
X[o7 (m), f1,-1], oY m)eB,, k=1,(z;, = x).
(5.36)

By induction, [m, fi,] € (VHUH foreachme w, s =1,...,d, k=1,...,n,
k = j(m) (mod m).

Step 2. We will now show that the g such that V(w, wowg, g) ~ V! is similar to
f!, given by (5.27). Define an operator Z : (Vu)%’:) — (Vﬁ)ﬂ?) by

Z =Zn"'Zzzl, (5.37)

where Z; : (Vﬁ)g::ri_l) — (Vn)gi:”“) are given by

(ti)_lxpi’ ifzi =X,

Z. = _ _ -1 . (5.38)
' (ti) 1XP1 ! (Yl(vﬂ)gz’:l‘il)) > lfZi =Y.

Recall that my, m;,..., m,,_; are the breaks in w, ordered such that

m;_; <m; <m;,q for 0 <i <m—1. See also the weight diagram in Figure 1. For
an interpretation of the operator Z, see Remark 5.15. It has the following
properties:

Z[mOr e?m,l] = [mO:fnl]> (539)
[, fos] = Z° g, fur ], fors=1,2,...,d. (5.40)

Let us prove (5.39). We have Z = Z,--- Z,Z;. First we prove that
A [mo’efm,l] = [my, f11]. (5.41)
Since z; = x, and using relation (5.19) and that 2;,,,; = z§ =y, we have

Zi[mg, el 1= (6) 71X [mo, e} 1= (t) X" [o(mo),ef . ]
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By definition (5.30) of t; and of the vector [o(m,), f1;], this is equal to

(o(D)a2()-+ P71 (1)) (X2 " o (mg), f11]-

Using that o(r), XV = X1,V for any weight vector v of weight m and any r €R,
where r,, denotes r +m € R/m as usual, the expression can be rearranged into
(recall that oP1(m;) = m;)

(0052 (X)) (OO 1 X) o (00 XD [0 (o), .

By the recursive definition, (5.36), this is equal to [0P1(my), f11] = [m4, fi1],
proving (5.41). Similarly one proves that

Zi[mp—1, ficin] = [, fia] fork=2,3,...,n.

Combining this with (5.41), (5.39) is proved.
In the same way one shows that [my, f,;] = Z[my, f;;_1] fors =2,3,...,d. Then
(5.40) follows.

Step 3. We have

o {{21}1 (=T @ /@) mo e, 1+ Imo,el 1), ifs<d,

Z|mg, e = __ .
[mo, €1, —{203 7' (/@) [mg, ef 1, ifs=d.
(5.42)
To prove this, we first prove that if 1 < k <Im, so that Im+ k —1 < n, then
Zi[mye—1, e?erkfl,s] = (tk)71 [, e?m+k,s] (5.43)

for any 1 <s < d. Indeed, if 2, = x, then

i _
Z [y, elm+k—1,s] =

= (t) ' XP [mye_y, ef

€kt by definition of Z,

= (tk)’lka’l[a(mk_l),efmk’s] by (5.19), since 2,k = zg =y,
= (t) " [my, egmﬂﬁ], by first case in (5.19).
We used that oPx(m;_;) = my in the last step. Similarly, if z;, = y, then
Yo(m ), ef ] = [ el ]
by (5.20) since 2, = zﬁ =x and 1 < Im+ k < n. Therefore
-1
(Yl(Vn)(lE”:) )) |:rnk_l’e?m+k—1,s] = [O-(mk—l)’ e?m+k,s:|
o(m -1
and
Z ¢ = “Ixp—1l(y -1 i _
K lmye—1, elm+k71,s:| = (tx) ( (Vt)“?‘*k) )) (M1, elm+k71,s:| -
o(my_q
— —1ype—1 i —
- (tk) XPr [O-(mk—l)relerkJs] -

= ()" [my, e?m+k,5:|~
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This proves (5.43).
Using (5.43) repeatedly for k =1,2,...,lm while moving the t;’s to the left, we
have

ZmZm 222y [mo,efm,s] =

=Znlm Ly (tl)il[ml’e?m+1,s] =

— O—P2+P3+"'+pm(tl)flzmzm_l e Z2 [ml’ e?m+1 S] =...=
= gPe st P (¢ )T Pa Pt P (£ )T g P (e, )T ()7
f —
’ [mm’ elm+m,s] -

— a1 i
=q - [my, e(l+1)m,s]‘

Here we use that, from the definition of Z;, Z;Av = oPx(1)Z,v for A € R/m and v
a weight vector of weight m, and o denotes the map R/m — R/c(m) induced by
o. In particular, Z,,Z,,_1 -+ Z1Av = T(A)Z,,Z,p_q -+~ Z1V since T = 0P and

p =D+ Py + - pn. Therefore, using (5.43) as in the above calculation we get

ZimZyn—1 21 [mOa efm)s] =ZimZim-1"""Zm1" q_l [moa e(ul+1)m)s] =

17 —_
=7 1(q 1)Zllem—l L [mO’ e?l+1)m,s] =

=71 g (g™ w(@ g [mg, €y, ] =
={1}7" - [mo, €l . (5.44)

It remains to calculate Zy;, Zojm—1 ** * Zims1 [mo,egs]. To calculate Z;,,, 1 [my, efw]
we need to find, by definition of Zj,,,,

-1
(Flyegy )™ Imosez,]
because 2,41 = zg =y. By (5.20),

Y[o(my), e§,5+1] = [mo,e,’is] — Ay - [my, eﬁ’d], ifs<d, (5.45)
Y[o(mg), e} 1 =—a; - [mg,el ;. (5.46)

Therefore

-1
Vs, ) [mo, e )=

_ [lotme), €l 1 —o@/a) - [o(me).€f,], s<d,
- -, : ’ (5.47)
—o(1/a@) - [o(my), ¢ 1, s=d
Applying (t;)7'XP1~! to both sides of (5.47) we deduce that
L [Ime - o @ /@) [my,ef )], s <d,
7 s i =(t 1, 1,5+1 s+ 1,1 548
Im+1 [mo en,s] ( 1) {—Upl(l/a_l)- [ml’eul,l]’ s=d ( )
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Similar to relation (5.43) we have the formula
Zimak [mk,l,egfls] = (tk)_l[mk,eis] forl<k<Ilmand1<s<d, (5.49)

which can be proved using (5.19), (5.20). Note that t;,,,, = t; by the notational
assumptions on m; and t;. Using (5.49) repeatedly we get

ZsvmZa+1m-1 " Zims [Mo, eﬁ,s] =

. [mo, egn,sﬂ] — (a1 /ar)- [mO’egn,l]’ s<d, (5.50)
—v(1/a@) - [mo, e, ], s=d.
Repeating we get
ZyimZaim-1""* Zim Mo, €l 1 =
_ . [my, e?m,s“] —tl(@5/ay) - [mo, e?m,l]’ s<d, (5.51)
—7l(1/@) - [m,ef,,, ], s=d.

Thus, combining (5.44) and (5.51) we obtain (5.42) as desired.

Step 4. Set b, = —a,/a; for 2 <s <d and b; = —1/a;. We claim that for
1 <s < d, there are constants C;;, C,s, ..., C,, € K, such that

[mo’fns] = Cslrsl(bs)[mo’fnl] +-o Cs,s—lfl+21(3_1)(b2)[mo’fn,s—1]+
+ CS,S (Tl(bs+1 ) [mOJ e?m,lj + [m01 e?m’5+1 ]) (552)
We prove this by induction on s. If s = 1 we can take
Cyy =1{21}7! (5.53)

by (5.39) and (5.42). Assume (5.52) holds for some s < d — 1. Then, using (5.40)
and that ZA = 1%(1)Z for any A € K, , we have

[mo’fn,s+1] =Z[myg, frs] =
= Tzl(Csl)TSI(bs)Z[mo;fnl] +o 4t Tzz(cs,sﬂ)flﬂls(bz)z [moyfn,sfl]'i'
+72(Cy) (t¥ (bys1)Z [mos ef, ] + Z[my, €]

mg?

m,s+1])
By (5.39),(5.40) and (5.42) this equals
TZZ(Cs,s)TBI(bs+1)[m07fnl]+
+ Tzz(csl)TSI(bs)[mO’fnz] +- Tzz(cs,s—l)/rl+21$(b2)[mO’fn,s]+
+72(C )21} (2l (byro)[mos €, 1+ [moef, L, 1)-
Thus we seek the solution to the following system of equations
Cs+l,l = TZI(CS,S)’ (554)
Coprr =72(Cy 1), 21 <5, (5.55)
C‘s+1,s+1 = Tzz(cs,s){zu_l- (556)
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From (5.56),(5.53) we deduce
C,=1{21s}77  1<s<d. (5.57)

Repeated use of (5.55) gives For 1 <r <s < d we have

Cs,r = TZZ(Csfl,rfl) == 7'-Zl(r_l)(csfhl»l,l) by (5.55)
= Ter(Cs—r,s—r) by (5.54)
= {21r}{2ls}7} by (5.57).

Substituting this and (5.57) into (5.52) we obtain that, for 1 <s <d,

[mo, frs] = {203{2Ls} 1 - 3(b,) - [mg, frn ]+
+{4l3{2ls} - 77(by_y) - [mg, fra ]+

+{21(s — D}21s} - 72D (by) - [mo, frem1 1+
+ {2537 (7' (bey) o, €, 1+ [moy e, 14 1) (5.58)
In particular, taking s = d — 1 and applying Z we have
[mO;fnd] = Z[mO:fn,d—l] =

= {4lH21d} ! - T (bg_1) - [mo, fra]+
+{61}{21d} - 77 (bg_p) - [mo, frs]+

+{21(d - D321} - 72D (b)) - [mg, fga ]+
+{20H21d} - (72 (b [mo, fu] + 121317 (b)) [mo, €], 1 1)
where we applied (5.42) in the last term. Hence, using that
X[mg,ef 1= [o(mo), fii] = [o(mo), el ;]

by (5.19) and that z;,,,, = z§ =y, together with the relation (recall ¢ from
(5.34))

X[mo, fos] =X ([mg, ens]) = ¢ (X[mg, e4]) =
=@ ([U(mo),el,sﬂ]) = [O'(mo);f1,s+1:|
holding for s < d, we obtain that
X[mo, faal = U({Zld}_lfl(bﬂ) [o(me), fu1]+
+o ({20H21d} 7% (b)) - [a(mo), fr2]+
+o ({41H21d} 7% (bg_1)) - [0 (mp), f1a]+

+o({20(d — DH21d} 124D (p,)) - [o(mg), figl-
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Resubstituting b; = —1/a; = —a;/a, and b, = —a;/a; = —a,_; /a, (fors > 1),
we conclude that, in view of the final case in relation (5.16), that the map
V(w, wowg, g) — VI [m,er] — [m, fi,] will be an A-module isomorphism if g is
given by
{21d} - g = v'(ag /@) +
+ {2} - 7 (a1 /a) - x+
+ {41} - T (A 2/ %) - X+

+{20(d = 1} - 7D (@ fag) - x T+
+ {21d} - x4,
Thus {21d} - g - t'(ay) = ! so g is similar to f*. This finishes the proof that
Vi~ V(w,wowg,fn). O

Remark 5.15. The indecomposable weight module V = V(w,w, f), w = 2;---3
has the the following characterizing properties:

n»

1) the operator Z = Z(w): V,, =V,

o

_ (ti)_lxpi: Z;i = X,
B (ti)_lxpi_ly_l’ zi =Y,

given by Z = Z,, - - Z,Z; where

i

is well-defined and single-valued (since w is non-periodic), and
2) giving V,, the structure of a module over K, [x; /M7 by
xv=~Zv, V€& Vmo,
there exists a nonzero vector in V,, which is annihilated by f.

What we prove in Theorem 5.10 is that Z(w*) is well-defined on the my-weight
space of V(w,w, f)¥, while in Theorem 5.12 we prove that when V = V(w, wowg,f),
the space (Vn)mo contains a nonzero vector annihilated by a skew polynomial sim-

ilar to f!. Therefore V! = V (o, wow}, f1).

6 Examples

6.1 Noncommutative type-A Kleinian singularities

Let R = C[H] and o € Aut:(H) be given by c(H) = H — 1 and t € R be arbitrary.
The generalized Weyl algebra A= R(0o, t) was studied in [B] and [H]. For example,
all simple modules (not only weight modules) were classified in [B]. Let * be the
R-algebra automorphism of R given by i* = —i, H* = H. Suppose that t* = ¢
i.e. that t = f(H), where the polynomial f has real coefficients. Since any orbit
is infinite, Theorem 5.2 and Theorem 5.3 implies that an indecomposable weight
module with real support has a non-degenerate admissable form iff it is simple.
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6.2 The enveloping algebra of sl,

Let R = C[h, t] and let o € Aut:(R) be given by o(h) =h—2, o(t) =t +h. Then
A=R(o,t) ~ U(sl,). Define * € Autg(R) by h* = h,t* = t,i* = —i. Here, as in the
previous example, all orbits are infinite so indecomposable weight modules with
real support are non-degenerately unitarizable iff they are simple.

By induction one checks that c*(t) = —n?+(h+1)n+t, Vn € Z. Thus, for any
u,a R,

lirip {o"(t)mod (h—u,t —a)} = lirip —n?+(u+Dn+a=—o0.

In view of formulas (5.1),(5.2),(5.3), this shows that any non-degenerate symmet-
ric admissable form on an infinite-dimensional simple weight module with real
support is necessarily indefinite.

On the other hand, on a finite-dimensional simple weight module V(N) (with
highest weight N € Z, and of dimension N + 1), the form ¥, given by (5.2) with
A > 0 is positive definite because

o"(t)mod (t,h—N)=n(N—-n+1)>0

forn=1,2,...,N so that ¥,(Y"e,,Y"e,) >0 forn=0,1,...,N.

6.3 The quantum enveloping algebra of sl,

Let R = C[K,K™},t] and ¢ € C\{-1,0,1}. Define o0 € Aut:(R) by o(K) =
q%K,o(t) =t + I;:f;l. Then R(o,t) =~ U,(sl,). We assume here that ¢* is a
root of unity of order p > 1. Let * € Autg(R) be given by K* =K1, i* = —i, t* = t.
One verifies that ¢ commutes with * and that o has order p. All orbits have p
elements and are torsion trivial. Let w € Q and m = (K — u,t — a) € w. Then w
is real iff m* = m which holds iff |u| = 1 and a € R. Assume w is real and put
m(w) = m. We identify K, = R/m with C. The real number

p—1

k —2i,,_ _2i,-1
»E:(O'(t)o'z(t)...o'P(t))m:l_[(a+ M)

=) (6.1)
k=0 i 9174
is nonzero iff there are no breaks in w.

Assume that £ # 0 and consider the modules V(w, f). Since o? =1d, the skew
Laurent polynomial ring K, [x,x~*;7], to which f belongs, is just the ordinary
commutative Laurent polynomial ring P = C[x,x~!]. Similarity in P just means
equality up to multiplication by nonzero homogenous term. Any indecomposable
element in P is similar to f = (x —a)? for some a € C\{0}, d > 1. By Theorem 5.6,
V(w, f)f = V(w, ") where ff = (Ex)!((Ex) ' —a)? = (1-a&x)? ~ (x—(@&) ™).
Thus we conclude that V(w, f), where w is a real orbit without breaks containing
(K—u,t —a)and f = (x — a)?, has a non-degenerate admissable form iff a =
(@)™}, that is, iff |a|? = £71, where £ is given by (6.1). It would be interesting to
determine the values of a and u for which & is positive so that |a|? = £~ can hold.
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We only note here that for any fixed u, the quantity & is a polynomial of degree p
in a with positive leading coefficient and thus £ > 0 if « is sufficiently big.

Assume now that £ = 0. Then w has breaks and we can assume a = 0. Recall
that the break my = m(w) = m. For k > 0 we have

k —2i 2igr—1
K —q“K
k+1 q q
o () =t+ E —_—
=
Thus the reduction modulo my is

k g% — gy _ (1- qz(k+1))(1 _ qu—zk)

k+1
ok () = L _ 6.2)
( o ~  q-q! pglq—q~')?
This shows that, for 0 <k <p—2,
o & D(my) € B, <= u? = ¢ . (6.3)

By (6.3) we have

w

B, = {{mo,m = oM (mg)}, i p? = g* where 0 k< p—2,
{mO}’ lf;u’¢ {:l:]-,:l:q"~'1:|:qp72};

Call u generic if u ¢ {£1,%q, ..., £qP 2} and specific otherwise. If u is specific, we
let 7 (0 < r < p — 2) denote the unique integer such that u? = g2". Let m = |B,,|.
By (6.3), m =1 if u is generic and m = 2 if u is specific. Recall the definition of p;
from Section 4.1. For specific u we have p; =p —(r+1) and p, =r + 1.

By Theorem 5.8, a module of the form V(w, j,w) has a non-degenerate admiss-
able form iff it is simple, which holds iff w = ¢, the empty word. If u is generic
then there is only one such module, V(w, 0, ¢). If u is specific then there are two
such modules, V(w,0,¢) and V(w, 1, €).

IfV =V(w,w=2-2,f = (x —a)?), then by Theorem 5.13, V has a non-
degenerate admissable form iff w = Wowg where w, is a non-empty m-word (so for
generic u the word wy, is arbitrary, while for specific u, it has to be of even length)
and f is similar to f* in C[x]. Let (a;s); denote the shifted factorial

(a;8); =(1—-a)(1—as)---(1—as™")
and for j < i let (a;s)gj) denote (a;s); but with the factor (1 — as’) omitted. By
(5.27) the polynomial f* is given by

d —_—
= Q% 2 = @) F (@) ) =(1 - Q@) ~ (x - @),

k=0
where Q is the nonzero real number given by
Ot = (@%0*)p—1- W9 H)p
Y (ualg-gHArt

if u is generic, (6.4)
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and

(@Y, - (w07,

ala—a 2 if u is specific, u? = ¢". (6.5)

Q=o0oP(t))ty =

We conclude that V = V(w,w =2, ---2,, f = (x—a)?), (w a real orbit containing a
break m = (t,K — u)) has a non-degenerate admissable form iff w = wowg, where
wo € D\{e} has even length if u is specific, and |a|> = Q™. Since n is even,
solutions a € C to this equation always exist.

Irreducible representations of U,(sl,) which are unitarizable with respect to a
positive definite form were described in [V]. This corresponds to the case when all
the factors in (6.1) are nonnegative.

6.4 WhenR is a field

We note that in the special case when R = K is a field, there is only one orbit w,
consiting of the zero ideal alone. The orbit w, is real, and contains a break iff t = 0.
Furthermore, wy is torsion trivial iff o is trivial. An indecomposable weight module
over A= R(o,t) is then of the form V(w, f) if t # 0, where f € K[x,x *;0] and
V(w,j,w)or V(w,w,f)if t =0, where f € K[x;0"] (n = |w|). This shows that
any skew polynomial ring can occur.

6.5 An example of a module of the second kind

Let R = C[u, t], o € Aut:(R) defined by o(u) = 1 —u,o(t) = t. Then the orbits
have the form w,, = {(u—u,t —a),(u — (1 — u),t — a)}, where u,a € C. All
orbits are torsion trivial and have two elements, except for w,/; , which has only
one element. The orbit w,, , contains no breaks if a # 0, and all elements of w,,,
are breaks. Define * € Autg(R) by u* =u, t* =t, i* = —i. Then w,,, is real iff
u,a €R.

Let w = wgo. Let m(w) = my = (u,t) and o(my) = my; = (u—1,t). Then
B, = w, p = |w| =2, m =|B,| = 2. We identify K, = R/m(w) with C. The map
7 is the identity since w is torsion trivial. Let f = a; + a,x + x2 € C[x], a; # 0,
letw =xxyy and let V=V (w,w, f). The weight module V is decomposable iff f
has distinct roots.

Since o(my) = m; and o(m;) = m,, the integers p; and p, (defined in Section
4.1) both equal one. Thus, recalling definitions (5.29), (5.30) of q, ti,t,, we
have t; = t, = 1 and ¢ = 1. By Theorem 5.12, V! ~ V(w,w, f!) where f! =
1+ @x + @ x? ~1/a; +a3/a; - x + x2. Thus V ~ V¥ iff a; = 1/ay, a, = a5 /a;.

The module V has the following structure. We have V =V, @&V, . Since
j(mg) = 0 and j(m;) = 1, V,, has a basis {ey,e;5,€41,€42} and V,, has a basis
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{e11, €12, €31, €30}

My m Mo
[ ] [ ] [ ]
€1 €31 €4
X
[ ) [ ] [ ]
€22 €32 ) ea2

The module structure on V is given by the following, where s = 1,2:

Xels = €, Yels = O’
Xezs :Xegs = 0, Yezs - O,
Xey = e, Yes, = ey,
Xegp = —ajeq) — azeqy, Yeys = e3;.

Let us show explicitly that V¥ ~ V(w,w, f"). Let {e,n(S :1<k<4,s=1,2} be the
dual basis in V¥, i.e. elﬁcs(eij) = 0y;04j. Then {egs,eﬂs :s = 1,2} is a basis for (Vﬁ)mO

and {eﬁs, egs :s =1,2} is a basis for (Vu)ml. For s = 1,2 we have

Xej, =0, Yeﬁl = _a_leiz’
Xegs = egs’ Yeﬁz = 621 - a_zeﬂz,
Xegs = eﬂs, Yegs = e,

Xe, =0, Ye; =Ye, =0.

Set b, = —1/a; and b, = —a,/a; and

fi1= egl, fi2= b23g1 + egz’
for=¢ly, fa2 = baély + €, (6.6)
fa1= bzeﬂ1 + egz, faa=(b1 + bi)eﬁl + bzegz:
fa = baeh +eb, far = (by + b2)eh, + byeh,.
We have Xf,, = byfi; + byfia. Set g(x) = —b; — byx + x2. Then one veri-

fies that V! ~ V(w,w,g) via the map fi, — e. Since g ~ f' we deduce that
Vi~ V(w,w, f!). Thus, since polynomials in C[x] are similar iff they differ by a
multiplicative scalar, V ~ V¥ iff f = g, i.e. iff a; = 1/a; and a, = a@,/a;. It is easy
to check that

E:={(a,0,) €C* : @y =1/@y, 0 =5/} = {({* x{) : x €R,{€C,[¢] =1}

and (Cf,Xﬂl):(C%,xifz) iff (§1,x1) = £(L5, x5). N
If (a;,a,) € E, the non-degenerate admissable C-form & corresponding to the
isomorphism & : V — V¥, &(e,) = fi is

6(eks7 elr) = (q)(eks))(elr) = fks(elr)-
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Using (6.6) and that (eis)(elr) = 5.0,,, and explicit matrix for @ in the basis
{exs} can be written down. As a curious aside we mention that the zero-set of
the determinant of the symmetrized form & + &' as a function of z € C\{1} via
a, =1—-2,a;, =(1—-2)/(1—2%) is the curve known as the limacon trisectrix. It
has certain special geometric properties and is parametrized in polar coordinates
by r = 14 2cos6. Thus, for points outside of this curve, & + &' is the unique
symmetric non-degenerate admissable form, by Remark 3.22.
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The elliptic GL(n) dynamical quantum group
as an h-Hopf algebroid
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Abstract

Using the language of h-Hopf algebroids which was introduced by Etingof
and Varchenko, we construct a dynamical quantum group, Z,;(GL(n)), from
Felder’s elliptic solution of the quantum dynamical Yang-Baxter equation with
spectral parameter associated to the Lie algebra sl,. First we apply the general-
ized FRST construction and obtain a bialgebroid Z,;(M(n)). Then, analogues
of the exterior algebra and their matrix elements, elliptic minors, are defined
and studied. In particular we define the elliptic determinant and prove that it is
grouplike and almost central. Localizing at this determinant and constructing
an antipode we obtain the h-Hopf algebroid Z,;(GL(n)).

1 Introduction

The quantum dynamical Yang-Baxter (QDYB) equation was introduced by Gervais
and Neveu [GN84]. It was realized by Felder [F95] that this equation is equivalent
to the Star-Triangle relation in statistical mechanics. It is a generalization of the
quantum Yang-Baxter equation, involving an extra, so called dynamical, parame-
ter. In [F95] an interesting elliptic solution to the QDYB equation with spectral
parameter was given, adapted from the A(nl) solution to the Star-Triangle relation
constructed in [JKMOB88]. Felder also defined the concept of a representation of the
corresponding quantum group E. ,(g). These representations were further studied
in [FV96] in the case g = sl,.

In [FV97], the authors consider exterior and symmetric powers of the vector
representation of the elliptic quantum group E. ,(gl,). In particular they obtain
the quantum determinant and mention how to prove that it is central in the so
called operator algebra. This is also proved in [TV01] (appendix B) in more detail
and in [ZSY03] using a different approach.

An algebraic framework for studying dynamical R-matrices was introduced in
[EV98]. There the authors defined the notion of h-bialgebroids and h-Hopf al-
gebroids, a special case of the Hopf algebroids defined by Lu [L96]. They also
show, using a generalized version of the FRST construction, how to associate to
every solution R of the quantum dynamical Yang-Baxter equation (without spec-
tral parameter) an h-bialgebroid. Under some extra condition they get an h-Hopf
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algebroid by adjoining formally the matrix elements of the inverse L-matrix. This
correspondence gives a tensor equivalence between the category of representations
of the R-matrix and the category of so called dynamical representations of the b-
bialgebroid.

In this paper we define an h-Hopf algebroid associated to Felder’s elliptic R-
matrix with both dynamical and spectral parameter for g = sl,,.

This generalizes the spectral elliptic dynamical GL(2) quantum group from
[KNRO4] and the non-spectral trigonometric dynamical GL(n) quantum group
from [KNO6]. As in [KNRO4], this is done by first using the the generalized FRST
construction, modified to also include spectral parameters. In addition to the usual
RLL-relation, residual relations must be added “by hand” to be able to prove that
different expressions for the determinant are equal.

Instead of, as in [EV98], adjoining formally all the matrix elements of the
inverse L-matrix, we want to adjoin only the inverse of the determinant, as in
[KNRO4]. Then we express the antipode using this inverse. The main problem is
to find the correct formula for the determinant, to prove that it is central, and to
provide row and column expansion formulas for the determinant in the setting of
h-bialgebroids.

The plan of this paper is as follows. After introducing some notation in Section
2 and the R-matrix in Section 3, we recall the definition of h-bialgebroids and the
generalized FRST construction in Section 4. The relations for the resulting algebra
F(M(n)) are written more explicitly in Section 5.

Left and right analogs of the exterior algebra over C" is defined in Section 6 in
a similar way as in [KNO6]. They are certain comodule algebras over Z (M (n)).

The matrix elements of these corepresentations are generalized minors depend-
ing on a spectral parameter. Their properties are studied in Section 7. In particular
we show that the left and right versions of the minors in fact coincide.

In Section 8 we show that one can define a cobraiding on %,;(M(n)), in the
sense of [R04]. We use this and the the ideas as in [FV97] and [TVO01] to prove
that the determinant commutes with the generators for almost all values of the
spectral parameters. This implies that the determinant is central in the operator
algebra as shown in [FV97].

Finally, in Section 9.1 we prove Laplace expansion formulas for the quantum
elliptic minors and define the antipode in Section 9.2.

2 Notation

Let p,g €R, 0 < p,q < 1. We assume p,q are generic in the sense that if p?g® = 1
for some a,b € Z, thena =b = 0.
Denote by 6 the normalized Jacobi theta function:

0(z)=0(z;p) =] [(1 —2p) )01 —p/*!/2). @.1)

j=0
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It is holomorphic on C* := C\{0} with zero-set {p¥ : k € Z} and satisfies
0(z7 ) =0(pz) =—2z"16(2) (2.2)
and the addition formula
O(xy,x/y,zw,z/w) = 0(xw,x/w,zy,2/y) + (2/y)0(xz,x/z,yw,y /w), (2.3)
where we use the notation
0(21,..-,%2,) = 0(21) - 0(2,).

Recall also the Jacobi triple product identity, which can be written

o0

D—2)p T =0@ [ Ja-p). 2.4)

keZ. j=1
It will sometimes be convenient to use the auxiliary function E given by
E:C—C, E(s)=¢0(q%). (2.5)

Relation (2.2) implies that E(—s) = —E(s).
The set {1,2,...,n} will be denoted by [1,n].

3 The R-matrix

Let h be a complex vector space, viewed as an abelian Lie algebra, h* its dual
space and V = EBAE,,* V, a diagonalizable h-module. A dynamical R-matrix is by
definition a meromorphic function

R:b*xC* —»Endy(VeV)

satisfying the quantum dynamical Yang-Baxter equation with spectral parameter
(QDYBE):

2z b4 Z
R, 2 )*R(— k2, =) WR(2, =) =
23 23 2
3 %1 (12) ! (13) 1 %2 (23)
=R(A-h°,—)"*R(A, =)"*R(A—h",=)*. (3.1)
23 23 23

Equation (3.1) is an equality in the algebra of meromorphic functions §* x C* —
End(V®2). Upper indices are leg-numbering notation and h indicates the action of
b. For example,

RA—H, Dy @vew) =R —a, Duev)®w, ifwel,.
23 k)

An R-matrix R is called unitary if

R(A,2)R(A, 271D =1dy gy (3.2)
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as meromorphic functions on h* x C* with values in End,(V ® V).

In the example we study, b is the Cartan subalgebra of sl(n). Thus § is the
abelian Lie algebra of all traceless diagonal complex n x n matrices. Let V be the
h-module C" with standard basis e4,...,e,. Define w(i) € h* (i =1,...,n) by

w(i)(h) =h;, if h=diag(h,,...,h,)€b.
We have V =@, V,,;) and V,,; = Ce;. Define
R:p*xC* > End(V®V)

by

i=1 i#j i#]
where E;; € End(V) are the matrix units, A;; (A € b*) is an abbrevation for A(E; —
Ej;), and

a,B:CxC*—C

are given by

a0
(X(A,Z) = a(l,z,p,q) = W’ (34)
2 -2
BOLE) = B zip.q) = S0 _2) (3.5)

~0(¢?)0(q )
Proposition 3.1. The map R is a unitary R-matrix.

Proof. Since 6 is holomorphic on C*, R is meromorphic. From (3.3) we see that
R(A,z)(e, ®e,) € Ce, ®e, +Ce, Qe

proving that R(A, z) commutes with the h-actionon V@ V.

The definition of R we use is a slight modification of the one from [FV97] as
shown in Lemma 3.2 below. From this it will follow that R satisfies (3.1), (3.2).
This can also be proved directly by extracting the matrix elements of both sides and
using the addition formula (2.3).

Let us recall Felders elliptic R-matrix from [FV97], denoted here by R;. Let b,
be the Cartan subalgebra of gl(n). Define R; : h] x C — End(V ® V) as in (3.3)
with a, 8 replaced by ay, 3; : C? — C defined as

0,(x;1)0; (A +7;7)

0,(x —v;1)0,(A; 1)’

O+ 24;7)6,(y5 1)
0,(x —y;7)0,(A; 1)

al(kax)zal(ks-)(.; T;Y)Z (36)

Br(A,x) = B1(A,x;7,7) = 3.7
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Here 7,y € C with Im 7 > 0 and 6, is the first Jacobi theta function

91(35' T)=-— emjzf+2mj(x+1/2)
; E .
jez+i

As proved in [F95], R, satisfies the following version of the QDYBE:
Ry(2—vh?, x1 = x) PRy (A, x1 = x3) "R (A = vhE, xy — x3)P) =
=R,(A, x5 — x3) PR (A — yh?, x; — x3) PR, (A, x — x,)3P (3.8)
and the unitarity condition
Ry (A, x)RZ' (A, —x) =Idygy. (3.9)

We can identify h* ~ b7 /C tr where tr € b7 is the trace. Since R; has the form (3.3),
it is constant, as a function of A € b7, on the cosets modulo Ctr. So R; induces a
map h* x C — End(V ® V), which we also denote by R, still satisfying (3.8),(3.9).

Lemma 3.2. Let 7,y € C with ImT > 0 be such that p = e™", q¢ = e™". Then, as
meromorphic functions of (A,x) € b* x C,

Ry(y2,—x;7/2,y) =R(A,2;p,q) (3.10)
where z = ™%,
Proof. Using the Jacobi triple product identity (2.4) we have

0,(x; 7/2) = ie™ (/2799 (5) l_[(l -p)
=1

Substituting this into (3.6) and (3.7) gives a;(yA,—x;7/2,7) = a(A,z;p,q) and
Bi(yA,—x;7t/2,7) = B(A,2;p,q) which proves (3.10). d

To finish the proof of Proposition 3.1, replace 4, x; by yA, —x; in (3.8) and use
(3.10) to obtain (3.1) with z; = e2™ i and similarly for the unitarity condition. O

We end this section by recording some useful identities. Recall the definitions
of a, B in (3.4),(3.5). It is immediate that

a(2,9") = B(=21,q°). (3.11)
By induction, one generalizes (2.2) to
0(p’z) = (=1 (p**~V/22)710(z), forseZ. (3.12)
Applying (3.12) to the definitions of a,3 we get

a(2,p*2) = ¢*a(2,2),  B(A,p*z) = ¢*HVB(2,2), (3.13)
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and, using also (z™1) = —z7160(2),
719 2
im L0955 2= i pted),
z—ptq? q0(q%2) (3.14)
q7'0(q%2) '

_ _pr_ k2
zﬁ;glq_zmﬁ(k;z)— B(=A,p"q"),

for A € C, z € C*, and k € Z. By the addition formula (2.3) with (x,y,z,w) =
(21/2q=*+1 z1/2qA=1 51120341 51/20-2-1Y we have
,0(q %)

a(k,z)a(—l, Z) - /3(2" Z)ﬁ(—A,Z) =q Q(qZZ) :

(3.15)

4 bh-Bialgebroids

4.1 Definitions

We recall the some definitions from [EV98]. Let h* be a finite-dimensional complex
vector space (for example the dual space of an abelian Lie algebra) and M. be the
field of meromorphic functions on h*.

Definition 4.1. An h-algebra is a complex associative algebra A with 1 which is
bigraded over h*, A = @a,ﬁeh*Aaﬁ, and equipped with two algebra embeddings
Ug, Uy M- — A, called the left and right moment maps, such that

wi(fa=auw(T.f), ur(fla=au.(Tgf), fora€Ayg, f €My, 4.1

where T, denotes the automorphism (T, f)({) = f({ + @) of My.. A morphism of
h-algebras is an algebra homomorphism preserving the bigrading and the moment
maps.

The matrix tensor product A®B of two h-algebras A, B is the h*-bigraded vector
space with (AéB)aﬁ = @YE,’*(AW ®py,- B,p), where B, denotes tensor product
over C modulo the relations

,uf(f)a@b =a®,uf(f)b, foralla €A, b €B, f € My-. 4.2)

The multiplication (a®b)(c®d) = ac®bd for a,c € Aand b,d € B and the moment
maps u;(f) = p(f)®1 and u,(f) = 1® u?(f) make A®B into an h-algebra.

Example 4.2. Let Dy, be the algebra of operators on My of the form D fi T,, with
fi € My- and a; € h*. It is an h-algebra with bigrading fT_, € (Dy),, and both
moment maps equal to the natural embedding.

For any h-algebra A, there are canonical isomorphisms A =~ A@Db ~ Dy ®A
defined by
x2x@®@T_g~T_,®x, foerAaﬁ. (4.3)

Definition 4.3. An h-bialgebroid is an h-algebra A equipped with two h-algebra
morphisms, the comultiplication A : A — A®A and the counit £ : A — Dy such
that (A®Id)o A =((Id® A)o A and (¢®Id)o A =1d = (Id® ) o A, under the
identifications (4.3).
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4.2 The generalized FRST-construction

Let b be a finite-dimensional abelian Lie algebra, V = @aeh* V, afinite-dimensional
diagonalizable h-module and R : h* X C* — End,(V ® V) a meromorphic function.
The generalized FRST-construction attaches to this data an h-bialgebroid Ay as fol-
lows. Let {e,},cx be a homogeneous basis of V, where X is an index set. The
matrix elements Rfci, :h* x C* — C of R are given by

R(Z.2)(e, ®e)= Y. R(,2)e, e, (4.4)

x,y€X

They are meromorphic on h* x C*. Define w : X — h* by e, € V(. Let Ag be the
complex associative algebra with 1 generated by {L,,(z) : x,y € X,z € C*} and
two copies of Mj., whose elements are denoted by f(A) and f(p), respectively,
with defining relations f(A)g(p) = g(p)f (A) for f, g € M- and

FQILyy(2) = Ly (2)f (A + (), f(P)Lyy(2) = Lyy(2)f (p +(y)), (4.5)

for all x,y € X, z € C* and f € My.. The bigrading on Ay is given by Ly, (2) €
(AR) o) forx,y € X,z € C* and f(A), f (p) € (Ar)go for f € My-. The moment
maps are defined by u;(f) = f (1), u.(f) = f(p). The counit and comultiplication
are defined by

e(Lap(2) = 6apT-wiey  EfON =e(f(P))=FTy, (4.6)

AlLay(2)) = Y | Lax(2) ® Ly (2), (4.7)
xeX

AfON=fN)®1, Alf(p)=18f(p). (4.8)

This makes A, into an h-bialgebroid.
Consider the ideal in Ay generated by the RLL-relations

Z Z
2 RO D@)lya@) = Y, Rii(p,éncy(zz)Lax(zl), (4.9)

x,y€X 2 x,yeX

where a, b,c,d € X, and 2,2, € C*. More precisely, to account for possible singu-
larities of R, we let I be the ideal in A generated by all relations of the form

Z lim ((p(W)R’a(Cy(k,W)) Lop(21)Lyq(22) =

x,yeXW_wl/ZZ

= > tim (@R (p,w)) Ly Go)Lax(z),  (4.10)
X,y

EXW—’Zl/Zz

where a,b,c,d € X, 21,2, € C* and ¢ : C* — C is a meromorphic function such
that the limits exist.

We define Ay to be Ap/I;. The bigrading descends to A, because (4.10) is
homogeneous, of bidegree w(a)+ w(c),w(b)+ w(d), by the h-invariance of R.
One checks that A(Iy) € Az®Iz +Iz®Ay and e(Iz) = 0. Thus Ay is an h-bialgebroid
with the induced maps.
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4.3 Operator form of the RLL relations

The RLL-relations (4.9) can be understood as follows. Assume R‘;Z(C ,2) are de-

fined, as meromorphic functions of ¢ € h*, for any z € C*. Define R(A,2),R(p,2) €
End(V ® V ® A) by

R(A,2)(e, ® e, @ u) = Z e, ®e, ®R™ (A, 2)u,
xX,y€X

R(p.5)(e, ®e, ®W) = D e ®e, ®RS (0, 2)u,
x,yeX

for a,b € X, u € A. Note that the A and p in the left hand side are not variables
but merely indicates which moment mabp is to be used. For z € C* we also define
L(z) € End(V ® A) by

Lz)= Y. Eq, ®L,,(2).

xX,y€X
Here E,., are the matrix units in End(V) and A acts on itself by left multiplication.
The RLL relation (4.9) is equivalent to
R(4, 21/22)L1(21)L2(Zz) = Lz(zz)Ll(zl)R(p +h' + hz’zl /%2) (4.11)

in End(V ® V ® A), where Li(z) = L(2)*® € End(V ® V ® A) for i = 1, 2. This can
be seen by acting on e, ® e; ® 1 in both sides of (4.11), and collecting and equating
terms of the form e, ® e, ®u. The matrix elements of the R-matrix in the right hand
side can then be moved to the left using that R is h-invariant, and relation (4.5).

5 The algebra (M (n))

Let b be the Cartan subalgebra of sl(n), V = C" and R be given by (3.3)-(3.5). Ap-
plying the generalized FRST-construction to these data we obtain an h-bialgebroid
which we denote by Z;(M(n)). The generators L;;(z) will be denoted by e;;(z).
Thus Z;(M(n)) is the unital associative C-algebra generated by e;;(2), i,j € [1,n],
z € C*, and two copies of Mj., whose elements are denoted by f(4) and f(p) for
f € My, subject to the following relations

Fe(z) =¢;;(2)f (A+ (D)),  f(ple(z) = e;(z)f (p + w(j)), (5.1
for all f € My, i,j € [1,n] and z € C*, and

3T R Despladeyalz) = D sz;(p,z—l)ecy(zgeax(zl), (5.2)
2

x,y=1 22 x,y=1

for all a,b,c,d € [1,n]. More explicitly, from (3.3) we have

1, a=b=x=y,
a(gxyaz): a 56 b,X =a,y= b,
ﬁ(z:xy’z)7 a?éb,x:b;y:a,
0, otherwise,

Ril;(é',z) = (5.3)
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which substituted into (5.2) yields four families of relations:

eab(zl)eab(zz) = eab(zz)eab(zl); (543)
eqp(21)eqq(22) = a(Ppgs i_l)ead (22)eqp(21) + B(Pap, z_l)eab(zz)ead (1), (5.4b)
2 2

@her eas @1)ean(52) + Bhaes ey (B1)ea(22) = eap(leqy(z),  (5:40)
2 2

% 2
a()'ac; _)eab(zl)ecd (ZZ) + ﬁ(lac: _)ecb(zl)ead (ZZ) =
22 22

7 " (5.4d)
= a(Ppq; g)ecd(zz)eab(zl) + B(Pap g)ecb(zz)ead (1),

where a, b,c,d € [1,n], a # c and b # d. Since 8 has zeros precisely at p*, k € Z, a
and f3 have poles at z = ¢ ~2pX, k € Z. Thus (5.4b)-(5.4d) are to hold for z,,2, € C*
with z,/z, ¢ {p*q?: k € Z}.

In (4.10), assuming a # ¢, b # d, and taking z; = z, 2, = p*q®z, p(w) =
q'6(¢*w)
q6(q7*w)’

and using the limit formulas (3.14), we obtain the relation

a(}'ac; qz) (eab(z)ecd(pquz) - q2klm ecb(z)ead (pquz)) =
= a(Ppa> 3eca (P q*2)eqs (2) — P4 B(Ppa, aecs (PFq?*2)eqa(z).  (5.5)

This identity does not follow from (5.4a)-(5.4d) in an obvious way. It will be called
the residual RLL relation.

Proposition 5.1. Relations (5.4),(5.5) generate the ideal I. Hence (5.1),(5.4),(5.5)
consitute the defining relations of the algebra Z,;(M(n)).

Proof. Assume we have a relation of the form (4.10) and that a limit in one of the
terms, lim,,_,, cp(w)Rf{l;()L, w), say, exists and is nonzero. Then one of the following
cases occurs.

1. At w =z, p(w) and Rff;(l,w) are both regular. If this holds for all terms,
then the relation is just a multiple of one of (5.4a)-(5.4d).

2. Atw =z, p(w) has a pole while R’ (A, w) is regular. Then RS’ (2, w) must
vanish identically at w = z. The only case where this is possible is when
x #y and R‘;ﬁ,(l,w) =a(A,y,w)and z = p*. But then there is another term
containing f which is never identically zero for any z, and hence the limit in
that term does not exist.

_ . . b .
3. At w = 2, ¢(w) is regular while Rf(y(k,w) has a pole. Since these poles are

simple and occur only when z € q~2pZ, the function ¢ must have a zero of
multiplicity one there. We can assume without loss of generality that ¢ has
the specific form

) q'0(¢*w)
w)= ——.
i q0(q~%w)
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Then, if a # c and b # d, (4.10) becomes the residual RLL relation (5.5).
If instead ¢ = a, b # d, and we take z; = z, 2, = pXq®z in (4.10) we get,
using (3.14),

0= a(ppa> P*q?ewd(P*¢*2)eqs () — B(Poa» P* e (P*q*2)ewa (2),
or, rewritten,
E(ppg — 1)
E(ppq +1)
However this relation is already derivable from (5.4b) as follows. Take z; =
p*q?z and z, = z in (5.4b) and multiply both sides by g P» % and then

bd

use (5.4b) on the right hand side.
Similarly, if a # ¢, d = b, z; = 2, 2, = p*q®z, (W) = % in (4.10) and
using (3.14) we get

a(Age, PEa®)eqy (2)ecy (P q%2) — B(Aeq, P¥aP)ecs(2)eas (P q%2) = 0,

ead(P*q*2)eqy(2) = g* Pre eas (P *2)eaq(2).

or,
eap(2)ecs (P q*2) = g% ewey (2)ea (P q%2).

Similarly to the previous case, this identity follows already from (5.4c).

6 Left and right elliptic exterior algebras

6.1 Corepresentations of h-bialgebroids
We recall the definition of corepresentations of an h-bialgebroid given in [KRO1].

Definition 6.1. An h-space V is an h*-graded vector space over My, V = EBaeh* Vo
where each V,, is My.-invariant. A morphism of h-spaces is a degree-preserving
M+-linear map.

Given an h-space V and an h-bialgebroid A, we define A®V to be the h*-graded
space with (A®V), = EBﬁew(Aaﬁ ®u,- V) where ®yy,. denotes ®c modulo the
relations

u(fla®v=a® fv,
for f € M., a €A, v € V. ABV becomes an h-space with the Mj.-action f(a®v) =
w;(f)a ®v. Similarly we define V®A as an h-space by (V@A)ﬁ =@,V, O, Aap
where ®);, . here means ®: modulo the relation v ® u;(f)a = fv ® a, and My;-
action given by f(v® a) =v® u,(f)a. B B
For any h-space V we have isomorphisms D, ®V =~V ~ V®D, given by

T ,®v~v>~vQT,, forveV, (6.1)

extended to h-space morphisms.
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Definition 6.2. A left corepresentation V of an h-bialgebroid A is an h-space equipped
with an -space morphism A, : V — ARV such that (A, ® 1) oAy, = (1@ A)o Ay
and (¢ ® 1) o Ay, =1dy (under the identification (6.1)).

Definition 6.3. A left h-comodule algebra V' over an h-bialgebroid A is a left corep-
resentation A, : V — A®V and in addition a C-algebra such that VoV € Voup
and such that Ay, is an algebra morphism, when A®V is given the natural algebra
structure.

Right corepresentations and comodule algebras are defined analogously.

6.2 The comodule algebras A and A’.

Let A be the unital associative C-algebra generated by v;(z), 1 <i <n, 2 € C* and
a copy of M- embedded as a subalgebra subject to the relations

F(Qvi(z) =v;(z)f ({ + (i), (6.2a)
vi(z)v;(w) =0, (6.2b)
a(Cyj, z/w)v(z)vi(w) + B(Lj» 2/w)vi(z)v(w) =0, (6.20)

fori,j,ke[1,n],j#k z,weC*, z/w¢ {pkqg2:keZ}and f € M. We require
41 6(g%z/w)

also the residual relation of (6.2c) obtained by multiplying by ¢(z/w) = 0 72/w)

and letting z/w — p~Kq~2. After simplification using (3.14), we get
vi(2)v;(p*q*z) = ¢* v (2)vi(p*g*2). (6.2d)
A becomes an h-space by

pA(f)v = f (v
and requiring v;(2) € A,(;) for each i, z.
Proposition 6.4. A is a left comodule algebra over Z,;(M(n)) with left coaction
Ay i A — Z,(M(n))®A satisfying

AN(@) =D ey(z) @ vj(2),

J

M) =FM®1.
Proof. We have
ANV ENANTW)) = D e (@)e (W) @ v;(2)vi(w) =
ik
= 2 (@l e (Wley(2)+ Blbg, ey (wlea(2) ® vi(2)vew) =
Jj#k
= 3 e Wea() @ (alCig, = W) (w) + B(Lig, =i (2)vi(w) =0.
7k

Similarly one proves that (6.2¢),(6.2d) are preserved. O
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We will use the function E, defined in (2.5).

Proposition 6.5. (i) The following is a complete set of relations for A

fQvi(z) =v(2)f ({ + w(i), (6.3a)
vi(p°*2)vi(2) = —q*% wv(quzz)v (), VseZk#j,  (6.3b)
! E(Ci+1) e ’ ’
vi(2)v;(p°q*z) = % v;(2)vi (P g%2), (6.30)
vi(@)v;(w)=0 ifz/w¢ {P°q*2s ez} orif k =j. (6.3d)

(ii) The set

Zit1

i, () v (7)1 1 <0 <--- <y <n, €p”q*?} (6.4)

13

is a basis for A over M.

Proof. (i) Elimination of the vj(z)vk(w)-term in (6.2¢) yields

z z z z
(alZjks ;)a(gkj; w) = B(Lxj» ;)ﬁ@jk, ;))Vk(z)vj(w) =0. (6.5)

Combining (6.5), (3.15) and the fact that the 6(z) is zero precisely for z € { kak S
7} we deduce that in A,

b4
vi(2)vj(w) #0 = o= p*q? for some s € Z. (6.6)

Using (3.13) we obtain from (6.6) and (6.2b),(6.2¢) that relations (6.3b),(6.3d)
hold in the left elliptic exterior algebra A. Relations (6.3a),(6.3c) are just repeti-
tions of (6.2a),(6.2d).

(i) It follows from the relations that each monomial in A can be uniquely writ-
ten as f({)v;,(24) -+ v; (21) where 1 < iy <--- <iy <nand f € M.. It remains
to show that the set (6.4) is linearly independent over My-. Assume that a linear
combination of basis elements is zero, and that the sum has minimal number of
terms. By multiplying from the right or left by v;(w) for appropriate j, w we can
assume the sum is of the form

QWi (1) v, () + o+ Qv () v, (3]) = 0

for some fixed set {iy,...,i;}. By the relations, a monomial v;, (z4)---v; (1) can

be given the “degree” Zle z;t'"1 € C[t], where t is an indeterminate. Formally,
consider C(t)®A, the tensor product (over C) of A by the field of rational functions
in t. We identify A with its image under A > v — 1®v € C(t)®A, and view C(t)®A
naturally as a vector space over C(t). By relations (6.3a)-(6.3d), there is a C-
algebra automorphism T of C(t) ® A satisfying T (v;(z)) = tv;(2), T(f({)) = f({)
and T(p® 1) =p ® 1. Define

D(vi(2)) =2v(2), D(f({))=0, D(p®1)=0,



6. LEFT AND RIGHT ELLIPTIC EXTERIOR ALGEBRAS 13

for f € My-, p € C(t) and i € [1,n], 2 € C* and extend D to a C-linear map
D :C(t)® A — C(t) ® A by requiring

D(ab) =D(a)T(b)+ aD(b) (6.7)

for a,b € C(t) ® A. The point is that the requirement (6.7) respects relations

(6.3a)-(6.3d), making D well defined. Write u; = f;({)v;, (zgl) eV (z{). Then one
checks that D(u;) = p;(t)u;, where p;(t) = Z?zl zlj t'=1. By applying D repeatedly
we get

D+ +u (") =0,

p1(Ouy(z)+ -+ pr (D, (z") =0,

p() Ty (24 +p, () T, (") = 0.

Inverting the Vandermonde matrix (pj(t)i_l)ij we obtain u; (z/) = 0 for each j, i.e.
£;(&) =0 for each j. This proves linear independence of (6.4). d

Analogously one defines a right comodule algebra A’ with generators wi(z) and
f (&) € My-. The following relations will be used:

w(2)w! (p°q*2) = —¢* W (2)wX(p°’s), VseZ,k#], (6.8a)
wk(z ) w/(2,) =0 ifz,/2, & {p°q2|s € Z} orif k = j. (6.8b)

A has also M p=-basis of the form (6.4). In fact A and A’ are isomorphic as algebras.

6.3 Actionof S,

From (5.4),(5.5) we see that S,, xS, acts by C-algebra automorphisms on Z,;(M(n))
as follows

(o, ) f(A)=Ff(Aeoly),  (o,1)f(W)=f(uoL,),
(o, T)(eij(z)) = ea(i)r(j)(z):
where L, : h — § (o €8S,) is given by permutation of coordinates:
L,(diag(hy,...,h,)) = diag(hy a1y, - - - Ro(n))-
Also, S,, acts on A by C-algebra automorphisms via
o(f(Q)=f(CoLy),  o(v(2))=vew(2). (6.9)
Similarly we define an S,, action on A’.
Lemma 6.6. For each v e A, w € A’ and any 0,7 € S, we have
Ap(o() = (o, 1)@ T)(AL(V)), (6.10)
Ap(z(w)) = (0 ® (0, DAy (W), 6.11)

Proof. By multiplicativity, it is enough to prove these claims on the generators,
which is easy. O
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7 Elliptic quantum minors

7.1 Definition

For I C [1,n] we set

FQO= [] B¢+, F@o= 1] e, o

i,j€l,i<j i,j€li<j

and define the left and right elliptic sign functions

o(F()) Esmopn+ 1)
sgn;(o; ) = FI— = %, (7.2)
o(©) i,jeli<j,o(i)>o() (Cogrom+1)
ooy FTOQ) E(Co(o)
sgn'(030) = —= s = et 73)
0( (C)) i,jeLi<j,o()>o()) (gU(l)U(J))
for o €S,,. In fact, E({;;)/E({;;) = —1s0 sgnl(o; ) is just sgn(o).
We will denote the elements of a subset I € [1,n] by i; <iy <-:-.
Proposition 7.1. Let I C [1,n], d=#I, o €S,, and J = o(I). Then for z € C*,
Vo (@ 7V2) - ve)(2) = sgn (03 0v;, (@24 Vz) v (2) (7.4
and
Wa(il)(z) . Wa(id)(qz(d—l)z) _ sgn'(a; Owii(z)--- Wjd(qz(d—l)z)' (7.5)

Proof. We prove (7.4). The proof of (7.5) is analogous. We proceed by induction
on #I = d, the case d = 1 being clear. If d > 1, set I’ = {iy,...,iz_1},J = o(I’).
Let 1 < jj <--- < jj_, < n be the elements of J’. By the induction hypothesis, the
left hand side of (7.4) equals

va(id)(qz(d’l)z) sgny (0, vy (q%4=2g)... Vi (2). (7.6)
Now vo(id)(qz(d‘l)z) commutes with sgn; (o, {) since the latter only involves {;;
with i, j # o(i;). Using the commutation relations (6.3b) we obtain

E io(i + 1
M v (qZ(d—l)Z)...vjl(z)‘ (77)

SgHI/(O', C) : E(Co.(ld)] + 1) Jd

jeJ',j>o(ig)
Replace j € J’ such that j > o(iz) by o(i) where i € 1,i < iy, o(i) > o(iy). O
Introduce the normalized monomials

vi(2)=F(O) (q2(d—1)z)vir71(qZ(d—Z)Z) v () EA, (7.8)
w!(2) = FI(Owh (2)w(q2) - wi (¢ Vz) e ', (7.9)
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Corollary 7.2. Let I € [1,n]. For any permutation o € S,,,
o(vi(2)) = vy (2), o(w'(2)) = w7 (z), (7.10)

for any z € C*. In particular v;(z) and w!(z) are fixed by any permutation which
preserves the subset I.

Proof. LetJ = o(I). Then

o(v(2)) = o (F1 () Wei (@ 7V2) Vo (2) =
= o (F(O) " sgny (03 0, (¢%9V2) v (2) = Vo) ().

The proof for w!(z) is analogous. d

Proposition 7.3. For I,J C [1,n] and z € C*, the left and right elliptic minors,
— —
() and & (z) respectively, can be defined by

M) = T ® (=), (7.11)
J

AW (@) =D wiz)® E4(), (7.12)
I

where the sums are taken over all subsets of [1,n].
If #1 # #J, then ?{(z) =0= ?f(z) for all z. If #1 = #J = d, they are
explicitly given by

T
£1(z)=
F;(p) sgn,; (7;p) 2(d—1) 2(d-2)
TR & san; (o ) i@ 2 eotiy )76, 0@ 72 Cotiyein(2)

(7.13)
forany o € §;, and

F/(p) < sgn’(7;p)

E)J(Z) - T Eoli)e( )(Z)eo(i )7 (. )(qzz) “r o)l )(qz(d_l)z)
! FI(A) & sgnl(o;A) 7 )70 7l
(7.14)
for any T € S;. Moreover,
(0, 7)(E]EN=E D= and (0,7)( (=)= £ @) (7.15)

forany (o,7) €S, xS, and z € C*.

«— —
Remark 7.4. In Theorem 7.10 we will prove that, in fact, &7(z) = &(2).
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—
Proof. We prove the statements concerning the left elliptic minor & 7(z). We have

Ap\(vi(2)) = Z Fi(A) e, (@27 V2) €0, (2) ® i, (P97 V2) - vy (2) =

1<k kg <n

= Z Z Fi) e )@)€ (2) @ Vo) (@ 9TV2) - v (2) =
J,#J=d T€S;

F
B Z (Z T(F,J(()\p)))eiw(h)(qw—l)z)"'eidr(jd)(Z)) ® vy (2).
TES,

J,#J=d

Thus (7.11) holds when ?{(z) is defined by (7.13) with o = Id. Then the right

hand side of (7.13) equals (o,ld)(?f (2)). Thus only (7.15) remains. Using (6.10)
and Corollary 7.2 we have

A (0(1(@) = (0,0 ® 7) (A (@) = D (0, T)(E 1) ® vy (2)).
J
On the other hand, again by Corollary 7.2,

A (0((2)) = Ay (Vo((@) = Z @@V,

where we made the substitution J — 7(J). This proves the first equality in (7.15).
The statements concerning the right elliptic minors are proved analogously. O

7.2 The Cherednik operator

The goal of this section is to prove Theorem 7.10 stating that the left and right
elliptic minors coincide. We use ideas from Section 3 of [FV97], where the authors
study representations of the elliptic quantum group E,., /»(gly) and associate a lin-
ear operator (product of R-matrices) on V®" to each diagram of a certain form,
a kind of braid group representation. Then they consider the operator associated
to the longest permutation, in [ZSY03] called the Cherednik operator. Instead of
working with representations, we proceed inside the h-bialgebroid Z,;(M(n)) and
consider certain operators on V& ® %,;(M(n)) depending on n spectral param-
eters. Using the analog of the Cherednik operator we prove an extended RLL-
relation (7.25). Theorem 7.10 then follows by extracting matrix elements from
both sides of this matrix equation.

In this section, we set & = (M (n)). Recall the operators R(A,2), R(p,2)
from Section 4.3. For z € C*, define the following linear operators on V®" ® &

RY(A,2) := lim 6(g?w)R(A, w)EPn+D)] RU(p,z) := lim 6(g*w)R(p, w) "D,
w—z w—z
The limits are taken in the sense of taking limits of each matrix element. These

operators are well-defined for any z, since we multiply away the singularities in
of a and 5 (3.4),(3.5). Furthermore, due to the RLL relations (4.10) we have

R12(2, z—l)Ll(zl)Lz(zz) = 12(z,)L (2 )R (p + k' + 12, z—l) (7.16)
2 2
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for any 2;,2, € C*.
Let &, denote the algebra of all functions

F:(C*)" > End(V®" ® 7).
The symmetric group S, acts on &, by
o(F(2))=(oc®Idgs)oF(o(z))o(c™ ' ®Idy) (7.17)

for F(z) € &, and o € S,,. In the right hand side of (7.17), o acts on (C*)" by
permuting coordinates, and on V®" by permuting the tensor factors. For example
we have

(23) (R"*(A,21/22)) = RP(A, 21 /23).

Consider the skew group algebra &, * S,, defined as the algebra with underlying
space &, ® CS,,, where CS,, is the group algebra, with the multiplication

(F(2)®0)(G(2)®T)=F(2)o(G(z))®0T (7.18)

for o,7 € S, F(z),G(2) € &,. Since o acts on &, by automorphisms, &, * S, is
an associative algebra. The constant function z — Idyerge ® (1) is the unit ele-
ment. Let B, be the monoid (set with unital associative multiplication) generated
by {s1,...,5,1} and relations
$iSi18i = Si18iSi1 forl <i<n-—2,
sis;=s;s; if [i—j| > 1.
Let o; =(i i+ 1) €S,. We have an epimorphism 7 : B, — S, given by 7(s;) = o3,
(1) = (1). Define
W(l) - Idv®n®9 ® (1),

W(s;) =R (A —h*"2,2/2,,) ® 0.
Here and below we use h=* to denote the expression ;' h/.
Proposition 7.5. W extends to a well-defined map
W:B,— &, %S,
satisfying W(b, b,) = W(b,)W(b,) for any b, b, € B,,.
Proof. We have to show the relations
W (s )W (si5 )W (s;) = W(si3 1 )W (s )W (si41), (7.19)
W(sOW(s;) =W(s)W(s;) if i —j| > 1. (7.20)

Relation (7.19) follows from the QDYBE (3.1). For example, W (s )W (s;;1)W(s;)
equals

> i > i > i+1
Rl,l+1(k h_l+2’ )Rl’l+2(l h‘l+3, )R1+1,1+2(A hl h‘l+3, )® 71‘ 7i+1 ji
Zit1 Ziyo Ziy2

Relation (7.20) is easy to check, using the h-invariance of R. O
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For b € B,, we define Wy, (A,2) € &, by
W(b) =Wy(A,z) ® n(b). (7.21)
From this and the product rule (7.18) follows that
Wy, 5, (%) = Wy, (A,2) - 7(by) (W, (2,2)) (7.22)

for by, b, € B,,. By replacing A by p we get similarly operators Wy (p, ).
Recall the operator L(z) from Section 4.3. Define for z € C*, i € [1,n],

Li(z) = L(z)®"*Y € End(V®" @ F).
If i, j, k are distinct, then one can check that
RU(A — %, 2)LK(w) = LK(w)RU(A, 2), (7.23)
RU(p,z)Lk(w) = LK(w)RY(p + KK, 2). (7.24)
Define t; € B,,, d € [1,n], recursively by
td,15d715d72 *r 81, d>1
td =
1, d=1.
Let 74 be the image of t; in S,;:
1 2 - d d+1 - n
Tai=mlt) = (d d—=1 - 1 d+1 - n) € Sn-
Proposition 7.6. Let 1 <d <n. For any z = (2,,...,24) € (C*)? we have
W, (A, 2)L(z)) - L9 (zg) = LU(zq) -+ L' (2 )W, (p + h=%, 2). (7.25)

Proof. We use induction on d. The case d = 1 is trivial, while d = 2 is the RLL
relation (7.16). If d > 2, write t; = ty_,uy, where uy; = sy4_1S4_5--s;. Thus, by
(7.22),

W, (z) =W, (A,2) 74-1 (W,,(A,2)). (7.26)

We claim that

Tgo1 (W, (0, 2)) L (21) -+ L9(zg) =
= L)L (21) - L (3g-1)Tar (W, (p +15%,2)) . (7.27)

For notational simplicity, set A’ = A — h™9.

W, (A,2) = RE-MA(, 2y Ra-2d(p/ _pd=1 Bd2y | pudgprpl2d-1 1y
d b b Zd b B b

24 Zq

where hl®?] means >’ h/. Thus

a<j<b

Td-1 (Wud (A;Z)) = Rl’d(llﬁ Z_l)RZ’d(A'/ - hl’ Z_Z) e Rd_l’d ()"/ - hSd_z; Z(1—71)
24 24 24
(7.28)
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Using (7.23) and the RLL relation (7.16) repeatedly, we obtain (7.27). Now the
proposition follows by induction on d, using that

Wtd*l(l,z)Ld(zd) =L EOW,,_ (A + hd,z)

which follows from (7.23).
a

The operator C(A,z) := W, (A4,2) is called the Cherednik operator. For an oper-
ator F(z) € &, we define its matrix elements F (:z)fcl1 """ " €F by

,,,,,,,

F(z)(e, ® - ®e, ®1)= Y e, ® B¢, ®F(z)1""

.....

Proposition 7.7. Let

a(4,2) = lim 6(¢*w)a(2,w) = 6(2)0(q**1)/6(g*). (7.29)
Then

C )t = [ JaOuz/z) = [ [a6/z)- [1';]83

i<j i<j

Proof. The second equality follows from the definition, (7.1), of F, and F'. We
prove by induction on d that W[d(k,z)}:::z = l_[i<j§d a(A;j,2/2;). For d = 2 we
have t; = s, and W, (A, 2); Rlz(k—h”,zl/zz)t::’; = &(Aq,,2,/2,) as claimed.

,,,,,

For d > 2, using the factorlzatlon (7.26) we have

W, (A2 n= D0 We (b)) w gy (W, (A,2))k" (7.30)

,,,,,

Since W,, | (4,2) is a product of operators of the form o (R, 2;/2:,1)) where
1<i<d-2and o €S,, 0(j)=j,j>d—1, and each of these operators preserve
the subspace spanned by e;(;)® - ® e 4_1)®e; ® -+ ®e, ®a where T € §;_;
and a € &, the operator W,, ,(A,z) also preserves this subspace. This means that

W, (4, z)" = O unless x; = j for j = d and {xy,...,xq1} = {1,...,d — 1}.
Furthermore by (7.28),

Ta s Wy (L) xdld -
Z R0 R2Y3 - (1), —) R - YT k), 2D,
Z,

Xd-1Yd-1
Yo Yd-1 k<d—2 d

(7.3D)

Here Rff;(l,z) = lim,,_,, O(qZW)R‘;’;(A,w). Since Rff;(l,z) = 0 unless {x,y} =
{a, b}, we deduce that, when {x;,...,x4_1} = {1,...,d — 1}, the terms in the sum
(7.31) are zero unless x; =i for all i and yi= d for all j. Substituting into (7.30)
the claim follows by induction. O
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Lemma 7.8. Fix2 <d <nandi < d. Then there are elements b,c € B, such that
ty =s;band t; = cs;.

Proof. Since t, = s; and t3 = 515557 = 5,554, the statement clearly holds for d =
2,3. Assuming d > 3, we first prove the existence of b. If i < d—1 then by induction
there is a b’ € B,, such that t;_; =s;b’. Hence ty = tg_1S4_1-**S1 =8;b'sq_1 1.
Thus we can take b = b’sy_---s7. If i =d — 1, write t3 = tg_oS4_g°**$1S4-1 " S1-
Then move each of the d — 1 rightmost factors s;_;,...,s; as far to the left as
possible, using that s;s;, = s;s; when |j — k| > 1. This gives

tg = t3_284-25d-15d-35d-25d—4 """ $253515251-

Then use s;5;,15; = sj415;5;41 repeatedly, working from right to left, to obtain

tqg = tq—254—15d—25d—15d-35d—2 "~ $452535152-
Finally, s;_; can be moved to the left of t,_, since the latter is a product of s;’s with
j<d-3.

To prove the existence of ¢ we note that B, carries an involution * : B, — B,
satisfying (a;a,)* = a,aj for any a,,a, € B,, defined by s;f =s; for j € [1,n] and
1" = 1. Thus it suffices to show that t}; = t, for any d. This is trivial for d = 2, 3.
When d > 3 we have, by induction on d,

th=(tg_18q4-1°-"51) =81-"+Sq_1tq_1 =
=581 Sg-1tg-2Sq—2"""51 =
=81 " Sq_oti_2S4—154—2"**S1 = (since s4_; commutes with t4_,)
=t _154-1"""51 = tq.
O

Proposition 7.9. Let w = (2,,q%2,, - ..,q*" Vz,), where 2, # 0 is arbitrary, and let
0,7 €S,. Then

7(1),..,t(n) __ Sgn[l,n](a;l)

C(A, W)a'(l),‘..,a(n) - sgn[l’”l(f; l)

CA,w)ym. (7.32)

Proof. First we claim that for all 0,7 €S, and each i € [1,n],

1,..., . 1),
M/Si()\,w);(gi)(l)i(,’ggi(n) = o(sgn[l’n](ai,A))Wsi(k,w);((l)) ..... Z((n;?)’ (7.33)

and

W, (w50 = o (sgn™™ (o AW, (w5 =

o(1),...,0(n) o(1),...,0(n) —
_ 7(1),..,7(n)
- _M/Sr(z"w)o(l),...,a(n)'

(7.34)

Indeed, assume that z;/z;,; = q_2 and that {a,...,a,} = {by,...,b,} = [1,n].
Then Wsi()L,z)Z;::::gn # 0 iff {a;,a; 41} = {b;, b; 1} in which case
E(MEAy,.. +1)
W, (A, 2)00 0 = — : (7.35)
i g 500y E(Abiﬂbi)
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From this and the definitions of the sign functions, (7.2)-(7.3), the claims follow.
Next, we prove (7.32) by induction on the sum £ of the lengths of o and 7. If { =0
it is trivial. Assuming (7.32) holds for (o, ) we prove it holds for (co;,7) and
(0,70;) where i is arbitrary.
Leti € [1,n]. By Lemma 7.8 we have t, =s;b for some b € B,,. We have
th ()L, W)T(l),...,'r(n) — (VVS’(A, W)O" (Wb(k W)) )T(l) ..... 7(n)

oo (1),...00,n) oo (1),...00n) —

B Sty )
= 20 WOowIo oo @ (Wow)) ]

,,,,,,,,,,
XiseeesXp

As in the proof of Proposition 7.7, W, (2, w)'e
a permutation of 1,...,n. Using (7. 33) we obtain

o,(n) 1S Z€T0 if x4,...,x, is not

X1see0sXp

= o(sgnp w05 W, (2, w);((?;;_jjjfg}f).
Using the induction hypothesis and the relation sgn; ,;(0; 2)o(sgn(; (05 4)) =
sgn(; ,(00;; A) we obtain (7.32) for (oo, 7).
For the other case, let i be arbitrary and set j = 7,(i). By Lemma 7.8 there is a
¢ € B, such that t,, = cs;. Recall the surjective morphism 7 : B, — S, sending s; to

j
o;=(ii+1). Then o;n(c) = n(c)o;. We have

1),..., i(1),..70;
W, (2, w)T TSm0 = (W (3, w) - ()W, (2, w)) oS e o) =

70(1),...,to;(n)
_ Z W2 W)™y (W (2 w))

TreensXp

It is easy to check that U(F(z))bl """ Z = F(o(z))Z”“’ """ be) for any F(z) € &, and

(1)>++%a(n)
o fs”" Define w; by (Wl,...,Wn) =w = (29,02, --.,q°" Vz,). Then w;/w;,; =
_ . / .
q = for each i. Set w' = (Wy(y1)s-++>Wr(c)m))- FOr €ach i, i oyiy/Waeyit1) =
W (i+1)/We iy = q > also. Therefore

(1),..., (M) N s XD
W o) e = Z W WY oy Wy (w50 PO 700
X15ee0X,

1 T7(e)o;(1),..,tr(c)oi(n)
Z We(2, W)a(l) o(n)WSj()"’W )xn(c)(niuxn(c)(n) =

X1 5ee0s Xy
_ X500 Xy Trr(c)(l), sr(e)(n) —
- Z WC(A’W)U(l),n-,tf(n)(sgno- )W ()L w ) Xr(e)(1)>++ X r(c)(n)
X1seeesXpy
= D WA w)is (~1)m(c) (W (A, w)E D
X1 5eees Xy
_ 7(1),..,7(n)
__an(l’w)cr(l) ..... o(n)”

By the induction hypothesis it follows that (7.32) holds for (o, to;). This proves
the formula (7.32). O
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Theorem 7.10. For any subsets I,J C [1,n] and z € C*, the left and right elliptic
minors coincide:

) =€)

. J
We denote this common element by & (2).

Proof. If #1I # #J both sides are zero. Suppose #I = #J = d. By relation (7.15) we
can, after applying a suitable automorphism, assume that I =J = [1,d]. Since the
subalgebra of Z generated by e;;(2), i,j € [1,d], 2 € C* and f(A), f(p) with f €
My: S My, by being the Cartan subalgebra of sl(d), is isomorphic to Z (M (d)),

.....

= Z en:xn(zn)"'el,xl(zl)c([)+h§n,z)i ,,,,, nxn.

As in the proof of Proposition 7.7, C(?L,z)?."""r’lx" is zero if x4, ..., x, is not a permu-

tation of 1,...,n. Taking z = w = (?o,qzzo, ...,q*™ Vg) and dividing both sides
by [Tic; a0 (wi/w)) =[1;;90(g**) we get

Frpm(Q)
> [1,n] . -1 . 2(n—1) —
F[l’n](l) a; sgn (07 A«) 60(1)1(20) eo’(n)n(q ZO)

Frim(p)

[LmP -
= —a D 5800173 0D (@2 P20) -+ e101)(20)

Fim(p) &
Multiplying by % and comparing with (7.13) and (7.14), we deduce that
2] i ,
13 (in] (z9)= & [n] (z0), as desired. O

8 The cobraiding and the quantum determinant

8.1 A cobraiding for Z;(M(n))

The following definition was given in [R04].

Definition 8.1. A cobraiding on an h-bialgebroid A is a C-bilinear map (-, ) : AXA —
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Dy, such that, for any a,b,c €A and f € M-,

L

(Aap>Ays) S (Dy)aty prss (8.1a)
(u-(fla, b) = (a, u (f)b) = fTyo(a,b), (8.1b)
(ap(f), b) = (a, bu.(f)) = (a,b) o f Ty, (8.10)
{ab,c) = Z(a,ci’)Tﬁi (b,c!'), A(c)= ch’ ®c, ¢ €Agys (8.1d)

{a,bc) = Z(a;’, b)Tg (aj,c), Ala)= Zalf ®a/, a€Ag,, (8.1e)

1 1

(a,1) =(1,a) = ¢(a), (8.1
> ((al, b)1)a!b! =, ((af',b))1)blal. (8.1g)
ij ij

Proposition 8.2. Let R : h* x C* — Endy(V ® V) be a meromorphic function. Let
Ag be the h-bialgebroid associated to R as in Section 4.2. Assume that ¢ : C* — C is
a holomorphic function, not vanishing identically, such that, for each x,y,a,b € X,

z € C*, the limit lim,,_,, ((,o(w)R‘;?,(C , w)) exists and defines a meromorphic function
in M. Then the following statements are equivalent:

(i) there exists a cobraiding (-,-) : Ag X Ag — Dy satisfying

(L), Lu@) = lim (GRLEW) Toi-utr (82

(ii) R satisfies the QDYBE (3.1).

Remark 8.3. a) The identity (8.1g) is not necessary when proving that (i) implies
(ii). Without assuming (8.1g), (-,-) is a paring on A“? x A. See [R04].

b) Without the factor ¢(w), the cobraiding is not well-defined if R({,2) has
poles in the z variable. We also remark that the residual relations (4.10) are nec-
essary for (ii) to imply (i).

Proof. The proof is straightforward and is carried out in [NO5], Lemma 2.2.5, un-
der the assumption that the R-matrix is regular in the spectral variable. O

Corollary 8.4. The h-bialgebroid Z,;(M(n)) carries a cobraiding (-,-) satisfying

(eij(z)i ekl(W)> = R{]Z((C,Z/W)T—w(i)—w(k) VZ:W € (CX; l’] € [1: n]: (8.3)

where ‘ '
Rﬁ(({,z) = vlvl_rg (Q(qzw)Rﬁc Z,w)). (8.4)

Proof. It suffices to notice that, by (5.3), (3.4),(3.5), Ris regular in g, and apply
Proposition 8.2. a
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8.2 Properties of the quantum determinant
Let A= Z4(M(n)). When I =J = [1,n] we set

det(z) = &J(2) (8.5)

for z € C*, where 5{ (2) is the elliptic minor given in Theorem 7.10. Thus one
possible expression for det(z) is

Fltl(p) .
det(z) = g; Wea(l)l(z)eau)z(qzz)’"ea(n)n(qz( Vz). (8.6)

Theorem 8.5. a) det(z) is a grouplike element of A for each z € C*, i.e.
A(det(z)) = det(z) ® det(z), e(det(z)) = 1.
b) det(z) is almost central in the following sense:

[eij(2), det(w)] = [f(A), det(w)] = [f (p),det(w)] =0 (8.7)

forall f € My, i,j € [1,n] and all z,w € C* such that

z/wé¢p”-{¢*q%,...,¢* "2} (8.8)

Proof. Let A"(z) = My-v;(z), where I = [1,n]. It is a one-dimensional subcorep-
resentation of the left exterior corepresentation A. Its matrix element is det(z),
ie.

A(vi(2)) = det(z) @ v;(2).

From the coassociativiy and counity axioms for a corepresentation follows that
det(z) is grouplike, proving part a).

Let us prove part b). It follows from the definition that det(z) € Ay and thus it
commutes with f(p) and f(A) for any f € My.. Applying the cobraiding identity
(8.1g) to a = ¢;;(z) and b = det(w) and using that det(w) is grouplike we get

> i (fese(2), det(w)) ey () det(w) = 3 1, (e (), det(w)) 1) det(wesy (2)
x=1 x=1

(8.9
By condition (8.1a), {e;,(z), det(w)) vanishes unless x = i and similarly in the right
hand side. Hence

uy ({eii(2), det(w))1)e;;(z) det(w) = u, ({e;;(2), det(w))1) det(w)e;;(z). (8.10)

It is enough to show that e;;(z) commutes with det(w) since we can apply an
automorphism from the S, x S, -action on A and use that det(z) is fixed by those,
by relation (7.15). In view of (8.10) it remains to show that (e;;(2),det(w))1 is
nonzero and independent of the dynamical variable { € h*. For this we need a
lemma.
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Lemma 8.6. Let 0 €S,,. If 0 # Id then

(ell(z): eo(l)l(w) T ea(n)n(qZ(nil)W)) =
while for o = Id we have
— L ~ Z
(eu(z),eu(w)---enn(qz(” DW)) = e(qzz/w)l—[a (Clj -1, m) T
j=2
where a(A,z) was given in (7.29).
Proof. Let o €S,,. By the property (8.1e) we have

<ell(z): ea(l)l(w) e eo(n)n(qZ(n_l)W)) =

= Z(exl(z): ea(l)l(W)) Tw(x) (elx(z)’ eo(Z)Z(qzw) e ea(n)n(qZ(nil)W»

x=1

By (8.1a) it follows that x = o(1) = 1 if the expression is to be nonzero. Repeating
this argument and moving all the T’s to the right the claim follows. a

Put I = [1,n]. We get

F'(p) .
(e11(2),det(w))1 = (e1;(2), o (W) eon(@®™ W) 1 =
11 11 U;S (FI(A)) (1 (n)
= Z o (FI(O) ™ Menn (), eoan (W) - o (@™ Pw))F () =
OES,
=F'({)7'6(¢? —)l_[a(CU * 2Dy )F (¢ — (1))
1<j
E(q1;— z
)EJ[ E(]C ) (5:1] ’2(171))_
= "0 )0+ O ) (8.11)
w 2w’ Dy :

using the definitions, (7.29) and (2.5), of & and E respectively. Hence we have
proved that [e;;(2),det(w)] = 0if z/w ¢ p*-{g7%,¢%,q*,...¢*" V}. We must show
that this also holds when z/w € p%{q~2, ¢*"V}.

For this we note that relations (5.4),(5.5) imply that there is a C-linear map T :
Fa(M(n)) —» F(M(n)) such that T(ab) = T(b)T(a) for all a,b € Fy(M(n)),
given by

T(eij(z)) = eij(z_l): T(f(k)) =f(=4), T(f(P)) = f(—-p),

forall f € My.,i,j € [1,n] and z € C*. One verifies that T (det(z)) = det(q—2""Vz™1).
Thus if z/w € pZ{q~2,¢*" 1V} we have

T ([e;j(2),det(w)]) = —[e;;(z™ 1), det(¢ 2Dy ] =
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by what was proved above, since
Z—l/q—z(n—l)w—l — qZ(n—l)W/Z c pZ{an’ 1}.

This finishes the proof. |

9 Laplace expansions and the antipode

9.1 Laplace expansions
For subsets I,J < [1,n] we define S;(1,J;{),S.(I,J;{) € M. by
V(@ 2)vy(2) = Si(1,J; vy (2), 9.1)
w!(@w’(¢*"'2) = 5,(1,J; Ow'™ (2). (9.2)

That this is possible follows from the definitions (7.8),(7.9) of v;(z),w!(2) and the
commutation relations (6.3b)-(6.3d), (6.8a)-(6.8b). In particular S;(I,J;{) =0 =
S.(I,J;Q)ifINnJ #0.

Theorem 9.1. (i) Let I,,1,,J € [1,n] and set I =1, UI,. Then

S I MEE) = D (1,05 p)E1 (¢ 2)E2 (2). (9.3)
J1UJy=J
(ii) Let J;,J5,I € [1,n] and set J =J; UJ,. Then
8, (s PIEIE) = Y. S,(I, Iy AET (2)E(¢*12). 9.4)
LUL=I
Proof. We have

Ap(vy, (qz#lzz))AA(Wz(z)) = Z gil(qz#lzz)ff(z) vy, (qZ#Izz)vJZ(z) =
J1:Js

=D &1 (¥ R2)EN(2) © S1(J1, 05 vy (2) =

J1:Js
=>. ( > sz(Jl,Jz;p)si;(q”’zz)iigz)) ®v,(2).
J

J\UT=]
On the other hand,
AA(VI1 (QZ#IZZ))AA(VIZ(Z)) = AA(Vll (QZ#IZZ)Vlz(Z)) =
= A1, I Vi (2)) = D811, Is M)E] (2) ® v, ().
J
Equating these expressions proves (9.3) since, by Proposition 6.5, the set {v;(z) :

J € [1,n]} is linearly independent over My.. The second part is completely analo-
gous, using the right comodule algebra A’ in place of A. |
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We need the following lemma, relating the left and right signums S;(1,J; {) and
S.(I,J;{), defined in (9.1),(9.2).

Lemma 9.2. Let I,J be two disjoint subsets of [1,n]. Then
ST ¢+ o) =S8,0,5)™ (9.5)
where w(I) =, w(i).

Proof. First we claim that, we have the following explicit formulas:

s =[] EQi+1), 9.6)
i€l,jeJ

s,(,;0= ] EC€p™ 9.7)
i€l,jel

Recall the definition, (7.8), of v;(z). Since E is odd, relation (6.3b) implies that

E(l;+1
v(g*2)v)(z) = %vj(qzzm(z).
3]

Also, F;({) only involves {;; with i, j €J so it commutes with any v, (z) with k € I
(since I NJ = @). From these facts we obtain

F(O'F,(O l_[ E(Z;+1)

Vl(qz#Jz)VJ(z) = F, J(C)71 E(Z:J I 1)VIUJ(Z) —
v i€l,jeJ i
i<j
= Bt =
- (i!;IKE(cij + 1)i€1:[j§1 N
i<j 125
- l_[ E(Cﬁ-ﬁ‘ vy (),

i€l,jeJ

where K = (I xJ)U(J x I). This proves (9.6). Similarly one proves (9.7). Now we
have

S L+ o) =[] B@+e0);+D7 = [ ECH™ =5.0,5;0).

i€l,jeJ i€l,jeJ
Here we used that for any i € I,j € J we have w(J)(E;) = 0 and w(J)(E;;) =1
and hence (w(J));; = —1. O

9.2 The antipode

We use the following definition for the antipode, given in [KR01].
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Definition 9.3. An h-Hopf algebroid is an h-bialgebroid A equipped with a C-linear
map S : A — A, called the antipode, such that

S(Au’r(f)a) = S(a);u'l(f)a S(atu’l(f)) = ;ur(f)s(a)a a EAaf € Mh*, (98)

mo(Ild®S)o A(a) = y(e(a)l), a€A,

mo (S®Id)o A(a) = u,(T,(e(a)1)), a€Au, ©-9)

where m denotes the multiplication and e(a)1 is the result of applying the differ-
ence operator £(a) to the constant function 1 € My-.

Let Z.;(M(n)){det(z)™! : z € C*) be the algebra obtained from Z,,(M(n)) by
adjoining infinitely many indeterminates det(z)™!, z € C*, which do not commute
with each other or with the elements in Z,;(M(n)). We define Z,;(GL(n)) to be

Faq(M(n))(det(z) L :z2€C)/J

where J is the ideal generated by the relations det(z) det(z)™! = 1 = det(z) ™! det(z)
for each z € C*. We extend the bigrading of Z.;(M(n)) to Z.;(M(n)){det(z)™* :
%z € C*) by requiring that det(z)™! has bidegree 0,0 for each z € C*. Then J is
homogenous and the bigrading descends to Z.;(GL(n)). We extend the comulti-
plication and counit by requiring that det(z)™! is grouplike for each z € C*, i.e.
that

A(det(z)™!) = det(z) ™! ® det(z) 7, e(det(z) ™) =1.

Here 1 denotes the identity operator in Dy,. One verifies that J is a coideal and that
e(J) = 0, which induces operations A, e on Z;(GL(n)). In this way Z(GL(n))
becomes an h-bialgebroid. This algebra is nontrivial since &(J) = 0 implies that J
is a proper ideal.

Forie[l,n]weseti={1,...,i—1,i+1,...,n}.

Theorem 9.4. Z,;(GL(n)) is an h-Hopf algebroid with antipode S given by

SUMN=fp),  SUFEN=fQ), (9.10)

UL A -
S(e;i(2)) = % det(q 2" Vz)71EN (g2 Va), (9.11)
S(det(z)™!) = det(z), (9.12)

forall f € My, i,j € [1,n] and z € C*.
Proof. We proceed in steps.

Step 1. Define S on the generators of Z;(M(n)) by (9.10), (9.11). We show that
the antipode axiom (9.9) holds if a is a generator. Indeed fora = f(A) ora = f(p),
f € My this is easily checked. Let a = e;;(z). Using the right Laplace expansion

(9.4) with J; =1, J, = {j}, I = [1,n] and 2 replaced by ¢~2"~Dz we obtain

D S(en(@)es;(z) = 5. (9.13)
x=1
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Similarly, using the left Laplace expansion (9.3) with I, = {i}, I, = j, J = [1,n]
and z replaced by g2 "Dz, together with the identity (9.5), we get

n

D e (@)S(e(2)) =5y, 9.14)

x=1

using also the crucial fact that, by Theorem 8.5, e;;(z) commutes in F¢;(M(n))
with det(qg~%" Vz) and hence in Z.;(GL(n)) with det(q~2" Vz)~1. This proves
that the antipode axiom (9.9) is satisfied for a = e; j(z).

Step 2. We show that S extends to a C-linear map S : Z;(M(n)) — Z.;(GL(n))
satisfying S(ab) = S(b)S(a). For this we must verify that S preserves the relations,
(5.1),(5.2), (5.5) of Z(M(n)). Since S(e;;(2)) € Zey(GL(N)) (5,0 and w(i) +
w(1) = 0, we have

S(e;j(2))S(f (L)) = S(e;j(2))f (p) = f(p — w(1))S(e;(2)) =
= f(p + w(i))S(e;;(2)) = S(f (A + w(i)))S(e;;(2))
similarly, S(e;;(2))S(f(p)) = S(f(p + w(j)))S(e;;(2)) so relations (5.1) are pre-
served. Next, consider the RLL relation

n

3T R Deq@)e,a(zm)= Y. Rzi(p,zi)ecy(zZ)eax(zl). (9.15)
2

x,y=1 22 x,y=1

Multiply (9.15) from the left by S(e;.(2,)) and from the right by S(eyx(25)), sum
over c,d and use (9.13),(9.14) to obtain

D IR~ (@), IS (erelzaens(z1) = Y R (P = (D) Hequl2)S(ea(z)):

Xx,c 2 x,d 2
Then multiply from the left by S(e;,(z;)) and from the right by S(e;;(2;)), sum over
a, b and use (9.13),(9.14) again to get

KO — en(@) — o &), 2115 (6. 4 -
ZRQC(?\ (@) = w(€), —)S(eja(21))S(eic(22)) =

a,c 2

= YR (p = (1) — 0D, HS(ea(z))S(en (). ©9:16)
b,d 2

Since S(e;;(2)) € Fal(GL(n));; and R (p — w(7) — w(D),2) = R} (p — w(b) -

w(d), z—;) by the h-invariance of R, (9.16) can be rewritten
z b4
D S(ejam S (ei(m2))RE (A, =) = > Slear(za))S(en(z))R (p, ).
a,c 2 b,d 2

This is the result of formally applying S to the RLL-relations, proving that S pre-
serves (5.2). Similarly (5.5) is preserved.
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Step 3. Since, by the above steps, (9.9) holds on the generators of Z.;(M(n))
and S(ab) = S(b)S(a) for all a, b € Z,;,(M(n)), it follows that (9.9) holds for any
a € Z4(M(n)). By taking in particular a = det(z) we get

det(z)S(det(z)) =1 and S(det(z))det(z) =1

respectively. Thus, definining S on det(z)~! by (9.12), the relations det(z) det(z) ™! =
1 = det(z) ! det(z) are preserved by S. Hence S extends to an anti-multiplicative
C-linear map S : Z(GL(n)) — Z4(GL(n)) satisfying the antipode axiom (9.9)
on Z.;(M(n)) and on det(z)~. Hence (9.9) holds for any a € Z.;,(GL(n)). O

10 Discussion

We suspect that relations of the form (4.10) are not enough to prove that det(z)
is central and that one may have to add some “higher order” residual relations
for this to be true. However, in a representation of Z.;(M(n)) where e;;(z) act
as meromorphic functions of z, the element [e;;(z),det(w)] acts as zero since it
vanishes for (z,w) in a dense subset of C* x C*. This essentially means that det(z)
is central in the operator algebra from [FV97]. To define the antipode we only
needed that e;;(z) commutes with det(q~2"Vz). This can also be proved using
the Laplace expansions.

Perhaps one could avoid problems with spectral poles and zeros of the R-matrix
by thinking of the algebra as generated by meromorphic sections of a My:gy:-line
bundle over the elliptic curve C*/{z ~ pz}. In this direction we found that the
relation e;;(pz) = qZ(Ai_pf)eij(z) respects the RLL-relation (here b should be the
Cartan subalgebra of gl,). This relation should most likely be added to the algebra.

It would be interesting to develop harmonic analysis for the elliptic GL(n) quan-
tum group, similarly to [KRO1]. In this context it is valuable to have an abstract
algebra to work with, and not only a collection of representations. For example
the analogue of the Haar measure seems most naturally defined as a certain linear
functional on the algebra.
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