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Exact order = 2
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EXISTENCE AND UNIQUENESS OF THE SOLUTION OF
AN INTEGRO-DIFFERENTIAL EQUATION WITH

WEAKLY SINGULAR KERNEL

FARDIN SAEDPANAH

Abstract. A hyperbolic type integro-differential equation with weakly
singular kernel is considered together with mixed homogeneous Dirich-
let and non-homogeneous Neumann bounadry conditions. Existence and
uniqueness of the solution is proved by means of Galerkin method. Reg-
ularity estimates are proved and the limitations of the regularity is dis-
cussed.

1. Introduction

We study a model problem, which is a hyperbolic type integro-differential
equation with weakly singular kernel. This problem arises as a model for
fractional order viscoelasticity. The fractional order viscoelastic model, that
is, the linear viscoelastic model with fractional order operators in the consti-
tutive equations, is capable of describing the behavior of many viscoelastic
materials by using only a few parameters.

There is an extensive literature regarding well-posedness and numerical
treatment for integro-differential equations, see, e.g., [1], [3], [9], [10], [11],
[12], [13], [14], [15], [16], and [17]. Existence, uniqueness and regularity of
a reformed model has been studied in [12] by means of Fourier series. One
may also see [6], where the theory of analytic semigroups is used in terms of
interpolation spaces. An abstract Volterra equation, as an abstract model
for equations of linear viscoelasticity, has been studied in [4]. In a previous
work [9], well-posedness and regularity of the model problem was studied in
the framework of the semigroup of linear operators. The drawback of the
framework is that this does not admit non-homogeneous Neumann bound-
ary condition. While in practice mixed homogeneous Dirichlet and non-
homogeneous Neumann boundary conditions are of special interest. Here
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2 F. SAEDPANAH

we investigate existence, uniqueness and regularity of the solution of the
problem (2.5) by means of the Galerkin approximation method.

In the sequel, in §2 we describe the construction of the model and we
define a weak (generalized) solution. Then in §3 we study well-posedness,
regularity and limitations for higher regularity.

2. The model problem and weak formulation

Let σij , εij and ui denote, respectively, the usual stress tensor, strain
tensor and displacement vector. We recall that the linear strain tensor is
defined by

εij =
1
2

(∂ui

∂xj
+
∂uj

∂xi

)
.

With the decompositions

sij = σij − 1
3σkkδij , eij = εij − 1

3εkkδij ,

the constitutive equations are formulated in [2] as

sij(t) + τα1
1 Dα1

t sij(t) = 2G∞eij(t) + 2Gτα1
1 Dα1

t eij(t),

σkk(t) + τα2
2 Dα2

t σkk(t) = 3K∞εkk(t) + 3Kτα2
2 Dα2

t εkk(t),
(2.1)

with initial conditions

sij(0+) = 2Geij(0+), σkk(0+) = 3Kεkk(0+),

meaning that the initial response follows Hooke’s elastic law. Here G, K
are the instantaneous (unrelaxed) moduli, and G∞, K∞ are the long-time
(relaxed) moduli. Note that we have two relaxation times, τ1, τ2 > 0, and
fractional orders of differentiation, α1, α2 ∈ (0, 1), where the fractional order
derivative is defined by

Dα
t f(t) = DtD

−(1−α)
t f(t) = Dt

1
Γ(1− α)

∫ t

0
(t− s)−αf(s) ds.

The contitutive equations (2.1) can be solved for σ by means of Laplace
transformation, [7]:

sij(t) = 2G
(
eij(t)−

G−G∞
G

∫ t

0
θ1(t− s)eij(s) ds

)
,

σkk(t) = 3K
(
εkk(t)−

K −K∞
K

∫ t

0
θ2(t− s)εkk(s) ds

)
,

where

θi(t) = − d

dt
Eαi

(
−

( t

τi

)αi
)
, Eαi(t) =

∞∑
n=0

tn

Γ(1 + nαi)
,
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and Eαi is the Mittag-Leffler function of order αi. We make the simplifying
assumption (synchronous viscoelasticity):

α = α1 = α2, τ = τ1 = τ2, f = f1 = f2.

Then we may define a parameter γ, a kernel β, and the Lamé constants µ,
λ,

γ =
G−G∞

G
=
K −K∞

K
, β(t) = γθ(t), µ = G, λ = K − 2

3G,

and the constitutive equations become

σij(t) =
(
2µεij(t) + λεkk(t)δij

)
−

∫ t

0
β(t− s)

(
2µεij(s) + λεkk(s)δij

)
ds,

= (σ0)ij(t)−
∫ t

0
β(t− s)(σ0)ij(s) ds.

Note that the viscoelastic part of the model contains only three parameters:

0 < γ < 1, 0 < α < 1, τ > 0.

The kernel is weakly singular:

β(t) = −γ d
dt
Eα

(
−

( t
τ

)α)
= γ

α

τ

( t
τ

)−1+α
E′α

(
−

( t
τ

)α)
≈ Ct−1+α, t→ 0,

(2.2)

and we note the properties

β(t) ≥ 0,

‖β‖L1(R+) =
∫ ∞

0
β(t) dt = γ

(
Eα(0)− Eα(∞)

)
= γ < 1.

(2.3)

The equations of motion now become, (we denote time derivatives with
’·’):

ρüi − σij,j = fi in Ω,
ui = 0 on ΓD,

σijnj = gi on ΓN,

(2.4)

where ρ is the (constant) mass density, and f and g represent, respec-
tively, the volume and the surface loads. We let Ω ⊂ Rd, d = 2, 3, be a
bounded polygonal domain with boundary ΓD∪ΓN = ∂Ω, ΓD∩ΓN = ∅ and
meas(ΓD) 6= 0. We set

(Au)i = −
(
2µεij(u) + λεkk(u)δij

)
,j
,
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that is, Au = −∇ · σ0(u), and we write the equations of motion (2.4) in the
form

ρü(x, t) +Au(x, t)

−
∫ t

0
β(t− s)Au(x, s) ds = f(x, t) in Ω× (0, T ),

u(x, t) = 0 on ΓD × (0, T ),

σ(u;x, t) · n = g(x, t) on ΓN × (0, T ),

u(x, 0) = u0(x) in Ω,

u̇(x, 0) = v0(x) in Ω.

(2.5)

We introduce the function spaces H = L2(Ω)d, HΓN
= L2(ΓN)d, and

V = {v ∈ H1(Ω)d : v|ΓD
= 0}. We define the bilinear form (with the usual

summation convention)

a(u, v) =
∫

Ω

(
2µεij(u)εij(v) + λεii(u)εjj(v)

)
dx, ∀u, v ∈ V,

which is coercive on V . We denote the norms in H and HΓN
by ‖ · ‖ and

‖ · ‖ΓN
, respectively, and we equip V with the inner product a(·, ·) and norm

‖v‖2
V = a(v, v).

Now we define a weak solution to be a function u = u(x, t) that satisfies

u ∈ L2((0, T );V ), u̇ ∈ L2((0, T );H), ü ∈ L2((0, T );V ∗),(2.6)

ρ〈ü(t), v〉+ a(u(t), v)−
∫ t

0
β(t− s)a(u(s), v) ds(2.7)

= (f(t), v) + (g(t), v)ΓN
, ∀v ∈ V, a.e. t ∈ (0, T ),

u(0) = u0, u̇(0) = v0.(2.8)

Here (g(t), v)ΓN
=

∫
ΓN
g(t) · v dS, and 〈·, ·〉 denotes the pairing of V ∗ and

V . We note that (2.6) implies, by a classical result for Sobolev spaces, that
u ∈ C([0, T ];H), u̇ ∈ C([0, T ];V ∗) so that the initial conditions (2.8) make
sense for u0 ∈ H, v0 ∈ V ∗.

3. Existence, uniqueness and regularity

In this section we prove existence and uniqueness as well as regularity
of a weak solution of (2.5) using Galerkin method, in a similar way as for
hyperbolic PDE’s in [8], [5]. To this end, we first introduce the Galerkin
approximation of a weak solution of (2.5) in a classical way, and we obtain a
priori estimates for approximate solutions. These will be used to construct
a weak solution and then we will verify uniqueness as well as regularity.
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We recall (2.2), (2.3) and we define the function

ξ(t) = γ −
∫ t

0
β(s) ds =

∫ ∞

t
β(s) ds = γEα(t),(3.1)

and it is easy to see that
Dtξ(t) = −β(t) < 0, ξ(0) = γ, lim

t→∞
ξ(t) = 0, 0 < ξ(t) ≤ γ.(3.2)

Besides, ξ is a completely monotone function, that is,

(−1)jDj
t ξ(t) ≥ 0, t ∈ (0,∞), j ∈ N,

since the Mittag-Leffler function Eα, α ∈ [0, 1] is completely monotone. Con-
sequently, an important property of ξ, is that it is a positive type kernel,
that is, it is continuous and, for any T ≥ 0, satisfies∫ T

0

∫ t

0
ξ(t− s)φ(t)φ(s) ds dt ≥ 0, ∀φ ∈ C([0, T ]).(3.3)

3.1. Galerkin approximations. Let {(λj , ϕj)}∞j=1 be the eigenpairs of the
weak eigenvalue problem

(3.4) a(ϕ, v) = λ(ϕ, v), ∀v ∈ V.
It is known that {ϕj}∞j=1 can be chosen to be an ON-basis in H and an
orthogonal basis for V .

Now, for a fixed positive integer m ∈ N, we seek a function of the form

(3.5) um(t) =
m∑

j=1

dj(t)ϕj

to satisfy

ρ(üm(t), ϕk) + a(um(t), ϕk)−
∫ t

0
β(t− s)a(um(s), ϕk) ds

= (f(t), ϕk) + (g(t), ϕk)ΓN
, k = 1, . . . , m, t ∈ (0, T ),

(3.6)

with initial conditions

(3.7) um(0) =
m∑

j=1

(u0, ϕj)ϕj , u̇m(0) =
m∑

j=1

(v0, ϕj)ϕj .

Theorem 1. For each m ∈ N, there exists a unique function um of the form
(3.5) satisfying (3.6)–(3.7). Moreover, if u0 ∈ V, v0 ∈ H, f ∈ L2((0, T );H),
g ∈W 1

1 ((0, T );HΓN), there is a constant C = C(Ω, γ, ρ, T ) such that,

‖um‖L∞((0,T );V ) + ‖u̇m‖L∞((0,T );H) + ‖üm‖L2((0,T );V ∗)

≤ C
{
‖u0‖V + ‖v0‖+ ‖g‖W 1

1 ((0,T );HΓN ) + ‖f‖L2((0,T );H)

}
.

(3.8)
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Proof. Using (3.5) and the fact that {ϕj}∞j=1 is an ON-basis for H and a
solution of the eigenvalue problem (3.4), we obtain from (3.6) that,

ρd̈k(t) + λkdk(t)− λk(β ∗ dk)(t) = fk(t) + gk(t), k = 1, . . . , m, t ∈ (0, T ),
(3.9)

where ∗ denotes the convolution, and fk(t) = (f(t), ϕk), gk(t) = (g(t), ϕk)ΓN
.

This is a system of second order ODE’s with the initial conditions

(3.10) dk(0) = (u0, ϕk), ḋk(0) = (v0, ϕk), k = 1, . . . ,m.

The Laplace transform can be used, for example, to find the unique solution
of the system. Indeed, the Laplace transform of the Mittag-Leffler function
is,

L(Eα(axα)) =
sα−1

sα − a
, s > |a|1/α.

Hence for the kernel β defined in (2.2) we have,

L(β(t)) = −γsL(Eα(−τ−αtα)) + γEα(0)

= −γs sα−1

sα + τ−α
+ γ = γ − γ

sα

sα + τ−α
=

γ

(τs)α + 1
.

(3.11)

Then, taking the Laplace transform of (3.9) we get,(
ρs2 + λk − λkL(β)(s)

)
L(dk)(s)

= L(fk)(s) + L(gk)(s) + ρdk(0)s+ ρḋk(0),
(3.12)

where the inverse Laplace transform is computable. Therefore, there is a
unique solution for the system (3.9) with the initial conditions (3.10).

Now we prove the a priori estimate (3.8). Since β(t− s) = Dsξ(t− s), by
(3.2), we can write (3.6), after partial integration, as

ρ(üm(t), ϕk) + γ̃a(um(t), ϕk) +
∫ t

0
ξ(t− s)a(u̇m(s), ϕk) ds

= (f(t), ϕk) + (g(t), ϕk)ΓN

− ξ(t)a(um(0), ϕk), k = 1, . . . , m, t ∈ (0, T ),

where γ̃ = 1− γ. Then multiplying by ḋk(t) and summing k = 1, . . . ,m, we
have,

ρ(üm(t), u̇m(t)) + γ̃a(um(t), u̇m(t)) +
∫ t

0
ξ(t− s)a(u̇m(s), u̇m(t)) ds

= (f(t), u̇m(t)) + (g(t), u̇m(t))ΓN

− ξ(t)a(um(0), u̇m(t)), t ∈ (0, T ).
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Then integrating with respect to t, we have,

ρ‖u̇m(t)‖2+γ̃‖um(t)‖2
V + 2

∫ t

0

∫ r

0
ξ(r − s)a(u̇m(s), u̇m(r)) ds dr

= ρ‖u̇m(0)‖2 + γ̃‖um(0)‖2
V

+ 2
∫ t

0
(f(r), u̇m(r)) dr + 2

∫ t

0
(g(r), u̇m(r))ΓN

dr

− 2
∫ t

0
ξ(r)a(um(0), u̇m(r)) dr.

Since ξ is a positive type kernel, by (3.3), the third term of the left hand
side is non-negative. Then integration by parts in the last two terms at the
right side yields

ρ‖u̇m(t)‖2 + γ̃‖um(t)‖2
V

≤ ρ‖u̇m(0)‖2 + γ̃‖um(0)‖2
V + 2

∫ t

0
(f(r), u̇m(r)) dr

− 2
∫ t

0
(ġ(r), um(r))ΓN

dr + 2(g(t), um(t))ΓN
− 2(g(0), um(0))ΓN

− 2
∫ t

0
β(r)a(um(0), um(r)) dr

− 2ξ(t)a(um(0), um(t)) + 2ξ(0)a(um(0), um(0)),

that using the Cauchy-Schwarz inequality, the trace theorem, ‖β‖L1(R+) = γ,
and ξ(0) = γ, we obtain

ρ‖u̇m(t)‖2 + γ̃‖um(t)‖2
V

≤ ρ‖u̇m(0)‖2 + γ̃‖um(0)‖2
V

+ 2/C1 max
0≤r≤t

‖u̇m(r)‖2 + C1

( ∫ t

0
‖f(r)‖ dr

)2

+ 2CTrace/C2 max
0≤r≤t

‖um(r)‖2
V + 2CTraceC2

( ∫ t

0
‖ġ(r)‖ΓN

dr
)2

+ 2CTrace/C3‖um(t)‖2
V + 2CTraceC3‖g(t)‖2

ΓN

+ 2CTrace/C4‖um(0)‖2
V + 2CTraceC4‖g(0)‖2

ΓN

+ 2/C5‖um(0)‖2
V + 2γ2C5 max

0≤r≤t
‖um(r)‖2

V

+ 2/C6‖um(0)‖2
V + 2C6ξ

2(t)‖um(t)‖2
V + 2γ‖um(0)‖2

V .
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Hence, considering the facts that CTrace = C(Ω), ‖u̇m(0)‖ ≤ ‖v0‖, and
‖um(0)‖V ≤ ‖u0‖V , in a standard way we get,

‖u̇m‖2
L∞((0,T );H) + ‖um‖2

L∞((0,T );V )

≤ C
{
‖v0‖2 + ‖u0‖2

V + ‖g‖2
L∞((0,T );HΓN )

+ ‖f‖2
L1((0,T );H) + ‖ġ‖2

L1((0,T );HΓN )

}
,

for some constant C = C(Ω, γ, ρ, T ). This, and the facts that ‖f‖L1((0,T );H) ≤
C‖f‖L2((0,T );H), and by Sobolev’s inequality

‖g‖L∞((0,T );HΓN ) ≤ C‖g‖W 1
1 ((0,T );HΓN ),

implies

‖u̇m‖2
L∞((0,T );H) + ‖um‖2

L∞((0,T );V )

≤ C
{
‖v0‖2 + ‖u0‖2

V + ‖g‖2
W 1

1 ((0,T );HΓN )
+ ‖f‖2

L2((0,T );H)

}
.

(3.13)

Now we need to find a bound for üm. For any fixed v ∈ V with ‖v‖V ≤ 1,
we write v = v1 + v2, where v1 ∈ span{ϕj}m

j=1, v
2 ∈ span({ϕj}m

j=1)
⊥. Then

from (3.6) we obtain,

ρ〈üm(t), v〉 = ρ(üm(t), v1) = (f(t), v1) + (g(t), v1)ΓN
− a(um(t), v1)

+
∫ t

0
β(t− s)a(um(s), v1) ds,

that, using the Cuachy-Schwarz inequality and the trace theorem, implies

ρ

∫ T

0
‖üm(t)‖2

V ∗ dt ≤
∫ T

0

{
‖f(t)‖‖v1‖+ CTrace‖g(t)‖ΓN

‖v1‖V

+ ‖um(t)‖V ‖v1‖V +
∫ t

0
β(t− s)‖um(s)‖V ‖v1‖V ds

}
dt.

This, using ‖v1‖V ≤ 1 and (3.13), concludes

ρ‖üm‖2
L2((0,T );V ∗) ≤ CΩ

{
‖f‖2

L2((0,T );H) + ‖g‖2
L2((0,T );HΓN )

}
+ Cγ,T ‖um‖2

L∞((0,T );V )

≤ C
{
‖f‖2

L2((0,T );H) + ‖g‖2
L2((0,T );HΓN )

+ ‖v0‖2 + ‖u0‖2
V + ‖g‖2

W 1
1 ((0,T );HΓN )

}
.

Therefore, for some constant C = C(Ω, γ, ρ, T ),

‖üm‖2
L2((0,T );V ∗)

≤ C
{
‖v0‖2 + ‖u0‖2

V + ‖g‖2
W 1

1 ((0,T );HΓN )
+ ‖f‖2

L2((0,T );H)

}
.

This and (3.13) imply the estimate (3.8), and the proof is complete. �
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3.2. Existence and uniqueness of the weak solution. Now, we use
Theorem 1 to prove existence and uniqueness of the weak solution of (2.5),
that is, a solution of (2.6)–(2.8).

Theorem 2. If u0 ∈ V, v0 ∈ H, g ∈ W 1
1 ((0, T );HΓN), f ∈ L2((0, T );H),

there exists a unique weak solution of (2.5).

Proof. 1. We note that the estimate (3.8) does not depend on m, so we have

‖um‖L∞((0,T );V ) + ‖u̇m‖L∞((0,T );H) + ‖üm‖L2((0,T );V ∗)

≤ K = K(Ω, γ, T, u, v, f, g).

That is,

{um}∞m=1 is bounded in L∞((0, T );V ) ⊂ L2((0, T );V ),

{u̇m}∞m=1 is bounded in L∞((0, T );H) ⊂ L2((0, T );H),

{üm}∞m=1 is bounded in L2((0, T );V ∗).
(3.14)

2. First we prove existence. From (3.14) and a classical result in functional
analysis, we conclude that the sequences {um}∞m=1, {u̇m}∞m=1, {üm}∞m=1 are
weakly precompact. That is there are subsequences of {um}∞m=1, {u̇m}∞m=1,
{üm}∞m=1, such that,

ul ⇀ u in L2((0, T );V ),

u̇l ⇀ u̇ in L2((0, T );H),

ül ⇀ ü in L2((0, T );V ∗),
(3.15)

where the index l is a replacement of the label of the subsequences and ’⇀’
denotes weak convergence. Consequently, (2.6) holds true and we need to
verify (2.7) and (2.8). To show (2.7) we fix a positive integer N and we
choose v ∈ C([0, T ];V ) of the form

(3.16) v(t) =
N∑

j=1

hj(t)ϕj .

Then we take l ≥ N and from (3.6) we have∫ T

0

(
ρ〈ül, v〉+ a(ul, v)−

∫ t

0
β(t− s)a(ul(s), v) ds

)
dt

=
∫ T

0

(
(f, v) + (g, v)ΓN

)
dt.

(3.17)
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This, by (3.15), implies in the limit,∫ T

0

(
ρ〈ü, v〉+ a(u, v)−

∫ t

0
β(t− s)a(u(s), v) ds

)
dt

=
∫ T

0

(
(f, v) + (g, v)ΓN

)
dt.

(3.18)

Since functions of the form (3.16) are dense in L2((0, T );V ), this equality
then holds for all functions v ∈ L2((0, T );V ), and further it implies (2.7).

Now, we need to show that u satisfies the initial conditions (2.8). Let
v ∈ C2([0, T ];V ) be any function which is zero in a neighborhood of T (or
simply v(T ) = v̇(T ) = 0). Then by partial integration in (3.17) we have∫ T

0

(
ρ〈ul, v̈〉+ a(ul, v)−

∫ t

0
β(t− s)a(ul(s), v) ds

)
dt

=
∫ T

0

(
(f, v) + (g, v)ΓN

)
dt− ρ(ul(0), v̇(0)) + ρ(u̇l(0), v(0)),

so that, recalling (3.15) and (3.7), in the limit we conclude,∫ T

0

(
ρ〈u, v̈〉+ a(u, v)−

∫ t

0
β(t− s)a(u(s), v) ds

)
dt

=
∫ T

0

(
(f, v) + (g, v)ΓN

)
dt− ρ(u0, v̇(0)) + ρ(v0, v(0)).

On the other hand integration by parts in (3.18) gives,∫ T

0

(
ρ〈u, v̈〉+ a(u, v)−

∫ t

0
β(t− s)a(u(s), v) ds

)
dt

=
∫ T

0

(
(f, v) + (g, v)ΓN

)
dt− ρ(u(0), v̇(0)) + ρ(v(0), v(0)).

Compairing the last two identities we conclude (2.8), since v(0), v̇(0) are
arbitrary. Hence u is a weak solution of (2.5).

3. It remains to prove uniqueness. To this end, we show that u = 0 is the
only solution of (2.6)–(2.8) for u0 = v0 = f = g = 0. Let us fix r ∈ [0, T ]
and define

v(t) =


∫ r

t
u(ω) dω 0 ≤ t ≤ r,

0 r ≤ t ≤ T.

We note that

(3.19) v(t) ∈ V, v(r) = 0, v̇(t) = −u(t).



WELL-POSEDNESS OF THE SOLUTION OF AN INTEGRO-DIFFERENTIAL EQ. 11

Then inserting v in (2.7) and integrating with respect to t, we have

(3.20)
∫ r

0
ρ〈ü, v〉 dt+

∫ r

0
a(u, v) dt−

∫ r

0

∫ t

0
β(t− s)a(u(s), v(t)) ds dt = 0.

For the last term we obtain

−
∫ r

0

∫ t

0
β(t− s)a(u(s), v(t)) ds dt =

∫ r

0

∫ r

s
Dtξ(t− s)a(u(s), v(t)) dt ds

=
∫ r

0
ξ(r − s)a(u(s), v(r)) ds

−
∫ r

0
ξ(0)a(u(s), v(s)) ds

−
∫ r

0

∫ r

s
ξ(t− s)a(u(s), v̇(t)) dt ds

= −γ
∫ r

0
a(u(s), v(s)) ds

+
∫ r

0

∫ t

0
ξ(t− s)a(u(s), u(t)) ds dt,

where we changed the order of integrals and we used integration by parts,
ξ(0) = γ from (3.2) and v(r) = 0 from (3.19). Therefore integration by parts
in the first term of (3.20), recalling γ̃ = 1− γ, yields

−ρ
∫ r

0
(u̇, v̇) dt+ γ̃

∫ r

0
a(u, v) dt+

∫ r

0

∫ t

0
ξ(t− s)a(u(s), u(t)) ds dt = 0.

This, using v̇ = −u from (3.19), implies

ρ‖u(r)‖2 − ρ‖u(0)‖2 − γ̃‖v(r)‖2
V + γ̃‖v(0)‖2

V

+ 2
∫ r

0

∫ t

0
ξ(t− s)a(u(s), u(t)) ds dt = 0.

Consequently, recalling (3.3), v(r) = 0, and u(0) = 0, we have u = 0 a.e.,
and this completes the proof. �

3.3. Regularity. Here we study the regularity of the unique weak solution
of (2.5), that is, a solution of (2.6)–(2.8).

Corollary 1. If u0 ∈ V, v0 ∈ H, g ∈W 1
1 ((0, T );HΓN), and f ∈ L2((0, T );H),

then for the unique solution u of (2.6)–(2.8) we have

(3.21) u ∈ L∞((0, T );V ), u̇ ∈ L∞((0, T );H), ü ∈ L2((0, T );V ∗).
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Moreover we have the estimate

‖u‖L∞((0,T );V ) + ‖u̇‖L∞((0,T );H) + ‖ü‖L2((0,T );V ∗)

≤ C
{
‖u0‖V + ‖v0‖+ ‖g‖W 1

1 ((0,T );HΓN ) + ‖f‖L2((0,T );H)

}
.

(3.22)

Proof. It is known that if um ⇀ u, then

(3.23) ‖u‖ ≤ lim
m→∞

inf ‖um‖.

Then, recalling (3.15) and the a priori estimates (3.8), we conclude (3.21)
and (3.22). �

It is known from the theory of the elliptic operators, that global higher
spatial regularity can not be obtained with mixed boundary conditions.
Therefore we specialize to the homogeneous Dirichlet boundary condition,
that is ΓN = ∅, and assume that the polygonal domain Ω is convex. We re-
call the usual Sobolev space H2 = H2(Ω) and we note that here V = H1

0 (Ω).
We then use the extension of the operator Au = −∇·σ0(u) to an abstract op-
erator A with D(A) = H2(Ω)d∩V such that a(u, v) = (Au, v) for sufficiently
smooth u, v. We note that, the elliptic regularity holds, that is,

(3.24) ‖u‖H2 ≤ C‖Au‖, u ∈ H2(Ω)d ∩ V.

Theorem 3. We assume that ΓN = ∅. If u0 ∈ H2, v0 ∈ V , and ḟ ∈
L2((0, T );H), then for the unique solution u of (2.6)–(2.8) we have

u ∈ L∞((0, T );H2), u̇ ∈ L∞((0, T );V ),

ü ∈ L∞((0, T );H),
...
u ∈ L2((0, T );V ∗).

(3.25)

Moreover we have the estimate
‖u‖L∞((0,T );H2) + ‖u̇‖L∞((0,T );V ) + ‖ü‖L∞((0,T );H) + ‖...u‖L2((0,T );V ∗)

≤ C
{
‖u0‖H2 + ‖v0‖V + ‖f‖H1((0,T );H)

}
.

(3.26)

Proof. Writing∫ t

0
β(t− s)a(um(s), ϕk) ds =

∫ t

0
β(s)a(um(t− s), ϕk) ds,

differentiating (3.6) with respect to time, and writing v = v̇, we have

ρ(üm(t), ϕk) + a(um(t), ϕk)−
∫ t

0
β(t− s)a(um(s), ϕk) ds

= (ḟ(t), ϕk) + β(t)a(um(0), ϕk), k = 1, . . . , m, t ∈ (0, T ),

(3.27)
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with the initial conditions

um(0) = u̇m(0) =
m∑

j=1

(v0, ϕj)ϕj ,

u̇m(0) = üm(0) =
m∑

j=1

(
f(0)−Aum(0), ϕj

)
ϕj .

(3.28)

Then, using β(t−s) = Dsξ(t−s) from (3.2) and partial integration, we have

ρ(üm(t), ϕk) + γ̃a(um(t), ϕk) +
∫ t

0
ξ(t− s)a(u̇m(s), ϕk) ds

= (ḟ(t), ϕk) + β(t)a(um(0), ϕk)

− ξ(t)a(um(0), ϕk), k = 1, . . . , m, t ∈ (0, T ).

Now, multiplying by d̈k(t) and summing k = 1, . . . , m, we have

ρ(üm(t), u̇m(t)) + γ̃a(um(t), u̇m(t)) +
∫ t

0
ξ(t− s)a(u̇m(s), u̇m(t)) ds

= (ḟ(t), u̇m(t)) + β(t)a(um(0), u̇m(t))

− ξ(t)a(um(0), u̇m(t)), t ∈ (0, T ).

Integrating over [0, t] and partial integration in the last term, we have

ρ‖u̇m(t)‖2 + γ̃‖um(t)‖2
V

≤ ρ‖u̇m(0)‖2 + γ̃‖um(0)‖2
V

+ 2
∫ t

0
(ḟ(r), u̇m(r)) dr + 2

∫ t

0
β(r)a(um(0), u̇m(r)) dr

− 2
∫ t

0
β(r)a(um(0), um(r)) dr

− 2ξ(t)a(um(0), um(t)) + 2ξ(0)a(um(0), um(0)),
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that using the Cauchy-Schwarz inequality, the trace theorem, ‖β‖L1(R+) = γ,
and ξ(0) = γ, we obtain

ρ‖u̇m(t)‖2 + γ̃‖um(t)‖2
V

≤ ρ‖u̇m(0)‖2 + (1 + γ)‖um(0)‖2
V

+ 2/C1 max
0≤r≤t

‖u̇m(r)‖2 + C1

( ∫ t

0
‖ḟ(r)‖ dr

)2

+ 2/C2‖um(0)‖2
H2 + 2γ2C2 max

0≤r≤t
‖u̇m(r)‖2

+ 2/C3‖um(0)‖2
V + 2γ2C3 max

0≤r≤t
‖um(r)‖2

V

+ 2/C4‖um(0)‖2
V + 2γ2C4‖um(t)‖2

V .

This implies, for some constant C,

‖u̇m‖2
L∞((0,T );H) + ‖um‖2

L∞((0,T );V )

≤ C
{
‖u̇m(0)‖2 + ‖um(0)‖2

V + ‖um(0)‖2
H2 + ‖ḟ‖2

L1((0,T );H)

}
.

Then recalling u = u̇, the initial data from (3.28), and using

‖um(0)‖H2 ≤ ‖u0‖H2 , ‖u̇m(0)‖V ≤ ‖v0‖V ,

we have

‖üm‖2
L∞((0,T );H) + ‖u̇m‖2

L∞((0,T );V )

≤ C
{
‖u0‖2

H2 + ‖v0‖2
V + ‖f(0)‖2 + ‖ḟ‖2

L1((0,T );H)

}
.

(3.29)

We now find a bound for ‖um(t)‖H2 . We recall the eigenvalue problem
(3.4) with eigenpairs {(λj , ϕj)}∞j=1, a(u, v) = (Au, v). Then we multiply
(3.6) by λkdk(t) and add for k = 1, . . . , m to obtain

a(um, Aum) = (f − ρüm, Aum) +
∫ t

0
β(t− s)a(um(s), Aum(t)) ds.

This implies

‖Aum(t)‖2 ≤ C

ε

(
‖f(t)‖2 + ρ‖üm(t)‖2

)
+ ε‖Aum(t)‖2

+ γ max
0≤r≤t

‖Aum(s)‖2,

that gives us, by elliptic regularity (3.24),

‖um‖2
L∞((0,T );H2) ≤ C

(
‖f‖2

L∞((0,T );H) + ‖üm‖2
L∞((0,T );H)

)
.
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From this and (3.29) we conclude

‖üm‖2
L∞((0,T );H) + ‖u̇m‖2

L∞((0,T );V ) + ‖um‖2
L∞((0,T );H2)

≤ C
{
‖u0‖2

H2 + ‖v0‖2
V + ‖f‖2

L∞((0,T );H) + ‖ḟ‖2
L1((0,T );H)

}
,

that using ‖f‖L∞((0,T );H) ≤ C‖f‖W 1
1 ((0,T );H), by Sobolev inequality, we have

‖üm‖2
L∞((0,T );H) + ‖u̇m‖2

L∞((0,T );V ) + ‖um‖2
L∞((0,T );H2)

≤ C
{
‖u0‖2

H2 + ‖v0‖2
V + ‖f‖2

W 1
1 ((0,T );H)

}
≤ C

{
‖u0‖2

H2 + ‖v0‖2
V + ‖f‖2

H1((0,T );H)

}
.

Finally from (3.27) , similar to the proof of Theorem 1, we obtain

‖...um‖2
L2((0,T );V ∗) ≤ C

{
‖u0‖2

H2 + ‖v0‖2
V + ‖f‖2

H1((0,T );H)

}
.

The last two estimates then, in the limit, imply the desired estimate (3.26),
and the proof is now complete. �

Remark 1. If we continue differentiation in time to investigate more regu-
larity, we obtain from (3.27)

ρ(...um(t), ϕk) + a(u̇m(t), ϕk)−
∫ t

0
β(t− s)a(u̇m(s), ϕk) ds

= (f̈(t), ϕk) + β̇(t)a(um(0), ϕk)

+ β(t)a(um(0), ϕk), k = 1, . . . , m, t ∈ (0, T ),

Further the term β̇(t)a(um(0), ϕk) leads to

β̇(t)a(um(0), üm(t)).

But β̇ is not integrable. Besides, after integration in time, we can not use
partial integration to transfer one time derivative from β̇ to üm(t), since
there is not enough regularity to handle ...

um. This means that we can not
get more regularity with weakly singular kernel β. This also indicates that
with smoother kernel we can get higher regularity in case of homogeneous
Dirichlet boundary condition under the appropriate assumption on the data,
that is, more regularity and compatibility.
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A CONTINUOUS SPACE-TIME FINITE ELEMENT
METHOD FOR AN INTEGRO-DIFFERENTIAL EQUATION

MODELING DYNAMIC FRACTIONAL ORDER
VISCOELASTICITY

FARDIN SAEDPANAH

Abstract. A fractional order integro-differential equation with a weakly
singular kernel is considered. A weak form is formulated, and stability
of the primal and the dual problem is studied. The continuous Galerkin
method of degree one is formulated, and optimal a priori error estimate
is obtained by duality argument. A posteriori error representation based
on space-time cells is presented such that it can be used for adaptive
strategies based on dual weighted residual methods. Some global a pos-
teriori error estimates are also proved.

1. Introduction

We study an initial-boundary value problem, modeling dynamic fractional
order viscoelasticity of the form (we use ’·’ to denote the time derivative),

ρü(x, t)−∇ · σ0(u;x, t)

+
∫ t

0
β(t− s)∇ · σ0(u;x, s) ds = f(x, t) in Ω× (0, T ),

u(x, t) = 0 on ΓD × (0, T ),

σ(u;x, t) · n = g(x, t) on ΓN × (0, T ),

u(x, 0) = u0(x), u̇(x, 0) = v0(x) in Ω.

(1.1)

Here u is the displacement vector, ρ is the (constant) mass density, f and
g represent, respectively, the volume and surface loads. The stress σ =
σ(u;x, t) is determined by

σ(t) = σ0(t)−
∫ t

0
β(t− s)σ0(s) ds,

Date: April 12, 2009.
1991 Mathematics Subject Classification. 65M60, 45K05.
Key words and phrases. fractional order viscoelasticity, Galerkin approximation,

weakly singular kernel, stability, a priori estimate, a posteriori estimate.
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2 F. SAEDPANAH

with
σ0(t) = 2µ0ε(t) + λ0 Tr(ε(t))I,

where I is the identity operator, ε is the strain which is defined by ε =
1
2(∇u + (∇u)T ), and µ0, λ0 > 0 are elastic constants of Lamé type. The
kernel is defined by:

β(t) = −γ d
dt
Eα

(
−
( t
τ

)α)
= γ

α

τ

( t
τ

)−1+α
E′α

(
−
( t
τ

)α)
≈ Ct−1+α, t→ 0,

(1.2)

which means that it is weakly singular with the properties

β(t) ≥ 0,

‖β‖L1(R+) =
∫ ∞

0
β(t) dt = γ

(
Eα(0)− Eα(∞)

)
= γ < 1,

(1.3)

where γ ∈ (0, 1) is a constant and τ > 0 is the relaxation time. Here Eα is
the Mittag-Leffler function of order α ∈ (0, 1) and defined by,

Eα(z) =
∞∑

n=0

zn

Γ(1 + nα)
.

There is an extensive literature on theoretical and numerical analysis of
integro-differential equations modeling linear and fractional order viscoelas-
ticity, see, e.g., [1], [7], [8], [9], [10], [12], and [13]. Existence, uniqueness and
regularity of solution of a problem in the form of (1.1) has been studied in
[7], [11]. A posteriori analysis of temporal finite element approximation of
a parabolic type problem and discontinuous Galerkin finite element approx-
imation of a quasi-static (ρü ≈ 0) linear viscoelasticity problem has been
studied, respectively, in [1] and [13]. The present work extends previous
works, e.g., [1], [2], and [13].

The outline of this paper is as follows. In §2 we define a weak form of (1.1)
and the corresponding dual (adjoint) problem, and we study the stability. In
§3 we formulate a continuous Galerkin method of degree one and we obtain
stability estimates. Then in §4 we obtain an optimal a priori error estimate.
We present an a posteriori error representation based on the dual weighted
residual method in §5, and we prove some global a posteriori error estimates.

2. Weak formulation and stability

We let Ω ⊂ Rd, d = 2, 3, be a bounded polygonal domain with boundary
Γ = ΓD∪ΓN where ΓD and ΓN are disjoint and meas(ΓD) 6= 0. We introduce
the function spaces H = L2(Ω)d, HΓN

= L2(ΓN)d, and V = {v ∈ H1(Ω)d :
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v|ΓD
= 0}. We denote the norms inH andHΓN

by ‖·‖ and ‖·‖ΓN
, respectively.

We also define a bilinear form (with the usual summation convention)

(2.1) a(v, w) =
∫

Ω

(
2µ0εij(v)εij(w) + λ0εii(v)εjj(w)

)
dx, v, w ∈ V ,

which is coercive on V , and we equip V with the inner product a(·, ·) and
norm ‖v‖2

V = a(v, v). We define Au = −∇ · σ0(u), which is a selfadjoint,
positive definite, unbounded linear operator, with D(A) = H2(Ω)d ∩V , and
we use the norms ‖v‖s = ‖As/2v‖.

We use a “velocity-displacement” formulation of (1.1) which is obtained
by introducing a new velocity variable. Henceforth we use the new variables
u1 = u, u2 = u̇ and u = (u1, u2) the pair of vector valued functions. Now
we define the bilinear and linear forms A : V ×W → R, A∗τ : W∗ × V∗ →
R, F : W → R, Jτ : W∗ → R, for τ ∈ R≥0, by

A(u,w) =
∫ T

0

{
(u̇1, w1)− (u2, w1) + ρ(u̇2, w2) + a(u1, w2)

−
∫ t

0
β(t− s)a

(
u1(s), w2

)
ds
}
dt

+
(
u1(0), w1(0)

)
+ ρ
(
u2(0), w2(0)

)
,

A∗τ (w, z) =
∫ T

τ

{
− (w1, ż1) + a(w1, z2)−

∫ T

t
β(s− t)a

(
w1, z2(s)

)
ds

− ρ(w2, ż2)− (w2, z1)
}
dt+

(
w1(T ), z1(T )

)
+ ρ
(
w2(T ), z2(T )

)
,

F (w) =
∫ T

0

{
(f, w2) + (g, w2)ΓN

}
dt+

(
u0, w1(0)

)
+ ρ
(
v0, w2(0)

)
,

Jτ (w) =
∫ T

τ

{
(w1, j1) + (w2, j2)

}
dt+

(
w1(T ), zT

1

)
+ ρ(w2(T ), zT

2 ),

where j1, j2 and zT
1 , z

T
2 represent, respectively, the load terms and the initial

data of the dual (adjoint) problem. In case of τ = 0, we use the notation
A∗, J for short. Here

V = H1
(
(0, T );V

)
×H1

(
(0, T );H

)
,

V∗ = H1
(
(0, T );H

)
×H1

(
(0, T );V

)
,

W =
{
w = (w1, w2) : w ∈ L2

(
(0, T );H

)
× L2

(
(0, T );V

)
,

wi are right continuous in time
}
,

W∗ =
{
w = (w1, w2) : w ∈ L2

(
(0, T );V

)
× L2

(
(0, T );H

)
,

wi are left continuous in time
}
,

(2.2)
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and we note that V ⊂ W∗, V∗ ⊂ W.
The variational formulation analogue to (1.1) is then to find u ∈ V such

that,

(2.3) A(u,w) = F (w), ∀w ∈ W.

Here the definition of the velocity u2 = u̇1 is enforced in the L2 sense, and
the initial data are placed in the bilinear form in a weak sense. A variant
is used in [7] where the velocity has been enforced in the H1 sense, without
placing the initial data in the bilinear form. We also note that the initial
data are retained by the choice of the function space W, that consists of
right continuous functions with respect to time.

To obtain the dual (adjoint) problem we note that A∗ is the adjoint form
of A. Indeed, integrating by parts with respect to time in A, then changing
the order of integrals in the convolution term as well as changing the role of
the variables s, t, we have,

(2.4) A(v, w) = A∗(v, w), ∀v ∈ V, w ∈ V∗.

Then the variational formulation of the dual problem is to find z ∈ V∗ such
that,

(2.5) A∗(w, z) = J(w), ∀w ∈ W∗,

that is a weak formulation of

ρz̈2 +Az2 −
∫ T

t
β(s− t)Az2(s) ds = j1 −

∂

∂t
j2,

with initial data zT
1 , z

T
2 , and function j = (j1, j2) that is defined by J(w) =∫ T

0 (w, j) dt.
In the analysis below we use a positive type kernel ξ. Indeed, we recall

(1.2), (1.3) and we define the function

ξ(t) = γ −
∫ t

0
β(s) ds =

∫ ∞

t
β(s) ds = γEα(t),(2.6)

and it is easy to see that

Dtξ(t) = −β(t) < 0, ξ(0) = γ, lim
t→∞

ξ(t) = 0, 0 < ξ(t) ≤ γ.(2.7)

Besides, ξ is a completely monotone function, that is,

(−1)jDj
t ξ(t) ≥ 0, t ∈ (0,∞), j ∈ N,

since the Mittag-Leffler function Eα, α ∈ [0, 1] is completely monotone, see,
e.g., [5]. Consequently, an important property of ξ is that, it is a positive
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type kernel, that is, it is continuous and, for any T ≥ 0, satisfies

∫ T

0

∫ t

0
ξ(t− s)φ(t)φ(s) ds dt ≥ 0, ∀φ ∈ C([0, T ]).(2.8)

Theorem 1. Let u be the solution of (2.3) with sufficiently smooth data
u0, v0, f, g. Then for l ∈ R, T > 0, we have the identity,

ρ‖u2(T )‖2
l + γ̃‖u1(T )‖2

l+1 + 2
∫ T

0

∫ t

0
ξ(t− s)a

(
u̇(s), Alu̇(t)

)
ds dt

= ρ‖v0‖2
l + (1 + γ)‖u0‖2

l+1 + 2
∫ T

0

(
f(t), Alu̇1(t)

)
dt

+ 2
∫ T

0

(
g(t), Alu̇1(t)

)
ΓN
dt

− 2
∫ T

0
β(t)a

(
u0, Alu1(t)

)
dt− 2ξ(T )a

(
u0, Alu1(T )

)
,

(2.9)

where γ̃ = 1− γ. Moreover, with ΓN = ∅ or ΓN 6= ∅, g = 0, we have,

(2.10) ‖u2(T )‖l + ‖u1(T )‖l+1 ≤ C
{
‖v0‖l + ‖u0‖l+1 +

∫ T

0
‖f(t)‖l dt

}
,

for some C = C(ρ, γ, T ). And with ΓN 6= ∅, g 6= 0, l = 0, we have the
estimate,

‖u2(T )‖+‖u1(T )‖1

≤ C
{
‖v0‖+ ‖u0‖1 + ‖f‖L1((0,t);H) + ‖g‖W 1

1 ((0,t);HΓN )

}
,

(2.11)

for some C = C(Ω, ρ, γ, T ).

Proof. Since u is a solution of (2.3), we obviously have u2 = u̇1. We recall
γ̃ = 1 − γ, and from (2.7) we have that β(t − s) = Dsξ(t − s), ξ(0) = γ.
These and partial integration in the convolution term in A, yield

A(u,w) =
∫ T

0

{
ρ(u̇2, w2) + γ̃a(u1, w2) +

∫ t

0
ξ(t− s)a

(
u̇1(s), w2

)
ds

+ ξ(t)a(u0, w2)
}
dt+

(
u1(0), w1(0)

)
+ ρ
(
u2(0), w2(0)

)
.

(2.12)
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Putting this with w = (w1, w2) = (Al+1u1, A
lu2) = (Al+1u1, A

lu̇1) in (2.3)
we obtain,

ρ‖u2(T )‖2
l + γ̃‖u1(T )‖2

l+1 + 2
∫ T

0

∫ t

0
ξ(t− s)a

(
u̇1(s), Alu̇1(t)

)
ds dt

= ρ‖v0‖2
l + γ̃‖u0‖2

l+1 + 2
∫ T

0
(f,Alu̇1) dt+ 2

∫ T

0
(g,Alu̇1)ΓN

dt

− 2
∫ T

0
ξ(t)a

(
u0, Alu̇1(t)

)
dt.

= ρ‖v0‖2
l + γ̃‖u0‖2

l+1 + 2
∫ T

0
(f,Alu̇1) dt+ 2

∫ T

0
(g,Alu̇1)ΓN

dt

− 2
∫ T

0
β(t)a

(
u0, Alu1(t)

)
dt− 2ξ(T )a

(
u0, Alu1(T )

)
+ 2γ‖u0‖2

l+1,

where for the last equality we used partial integration and Dtξ(t) = −β(t).
This, having γ̃ = 1− γ, implies the identity (2.9).

Now we prove the stimates (2.10) and (2.11). First, in (2.9), we use (2.8),
integration by parts in the term with the surface load g, and the Cauchy-
Schwarz inequality and conclude,

ρ‖u2(T )‖2
l + γ̃‖u1(T )‖2

l+1

≤ ρ‖v0‖2
l + (1 + γ)‖u0‖2

l+1

+ 2/C1 max
0≤t≤T

‖u̇1(t)‖2
l + 2C1

(∫ T

0
‖f(t)‖l dt

)2

− 2
∫ T

0

(
ġ(t), Alu1(t)

)
ΓN
dt+ 2

(
g(T ), Alu1(T )

)
ΓN
− 2
(
g(0), Alu0

)
ΓN

+ 2‖u0‖l+1 max
0≤t≤T

‖u1(t)‖l+1

∫ T

0
β(t) dt

+ 2γ/C2‖u0‖2
l+1 + 2γC2‖u1(T )‖2

l+1.

This with ΓN = ∅ or ΓN 6= ∅, g = 0, considering ‖β‖L1(R+) = γ, implies
(2.10). But for the case that the surface load g 6= 0 (ΓN 6= ∅), we need to
restrict to l = 0, due to the trace theorem. That is, in this case with l = 0
and using ‖u1(t)‖ΓN

≤ C(Ω)‖u1(t)‖1 by the trace theorem, in a standard
way, we have the estimate

‖u2(T )‖+ ‖u1(T )‖1 ≤ C
{
‖v0‖+ ‖u0‖1 + ‖f‖L1((0,t);H)

+ ‖ġ‖L1((0,T );HΓN ) + ‖g‖L∞((0,T );HΓN )

}
.

This and the fact that ‖g‖L∞((0,T );HΓN ) ≤ C‖g‖W 1
1 ((0,T );HΓN ), by Sobolev

inequality, imply (2.11). �
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Remark 1. An identity, slightly different from (2.9) has been presented in
[2], by using a function w(t, s) = u(t)−u(t−s) that must belong to a weighted
L2-space, introduced in [6], see also [7] where the abstract framework by [6]
has been, specifically, applied to this problem. The proof presented here
avoids using function w and seems to be simple and straightforward.

Remark 2. An important property, used here is that the kernel is of positive
type. This means that the technique presented here can be applied to the
problems with positive type kernels. For example, with g = 0, we could
consider problems with positive type kernels and of the form

ρü+Au−
∫ t

0
β(t− s)Bu(s) ds = f,

where B is a selfadjoint, positive definite linear operator such that, for some
suitable constant C,

(Bv,w) ≤ C(Av,w), ∀v, w ∈ D(A).

For example, with kernel β defined in (1.2), we should have 1 − γC > 0.
Then a similar argument can be applied with l = 0, and also with l 6= 0
provided B and A be comutative.

Theorem 2. Let z be the solution of the dual problem (2.5) with sufficiently
smooth data zT

1 , z
T
2 , j1, j2. Then for l ∈ R, 0 < t < T , we have the identity,

‖z1(t)‖2
l + ργ̃‖z2(t)‖2

l+1 + 2ρ
∫ T

t

∫ T

r
ξ(s− r)a(Alż2(r), ż2(s)) ds dr

= ‖zT
1 ‖2

l + ρ(1 + γ)‖zT
2 ‖2

l+1 + 2
∫ T

t

{
(Alz1, j1) + (Al+1z2, j2)

}
dr

− 2ρ
∫ T

t
β(T − r)a(Alz2(r), zT

2 ) dr

− 2ρξ(T − t)a(Alz2(t), zT
2 ).

(2.13)

where γ̃ = 1 − γ. Moreover, for some constant C = C(ρ, γ, T ), we have
stability estimates

‖z1(t)‖l + ‖z2(t)‖l+1 ≤ C
{
‖zT

1 ‖l + ‖zT
2 ‖l+1 +

∫ T

t

(
‖j1‖l + ‖j2‖l+1

)
dr
}
.

(2.14)

Proof. Since z is a solution of (2.5), we obviously have z1 = −ρż2 and, for
t ∈ [0, T ), z satisfies

(2.15) A∗t (w, z) = Jt(w), ∀v ∈ W∗.
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We recall γ̃ = 1−γ, and from (2.7) we have β(s−t) = −Dsξ(s−t), ξ(0) = γ.
Then, by partial integration with respect to time in the convolution term in
A∗t , we obtain

A∗t (w, z) =
∫ T

t

{
− (w1, ż1) + γ̃a(w1, z2)−

∫ T

r
ξ(s− r)a

(
w1, ż2(s)

)
ds

+ ξ(T − r)a
(
w1, z2(T )

)}
dr

+
(
w1(T ), z1(T )

)
+ ρ
(
w2(T ), z2(T )

)
.

(2.16)

Putting this with w = (w1, w2) = (Alz1, A
l+1z2) = (−ρAlż2, A

l+1z2) in
(2.15) we have∫ T

t

{
− 1

2
Dt‖z1(r)‖2

l −
1
2
ργ̃Dt‖z2(r)‖2

l+1 + ρ

∫ T

r
ξ(s− r)a

(
Alż2(r), ż2(s)

)
ds

− ρξ(T − r)a
(
Alż2(r), zT

2

)}
dr =

∫ T

t

{
(Alz1, j1) + (Al+1z2, j2)

}
dr,

that implies

‖z1(t)‖2
l + ργ̃‖z2(t)‖2

l+1 + 2ρ
∫ T

t

∫ T

r
ξ(s− r)a

(
Alż2(r), ż2(s)

)
ds dr

= ‖zT
1 ‖2

l + ργ̃‖zT
2 ‖2

l+1 + 2
∫ T

t

{
(Alz1, j1) + (Al+1z2, j2)

}
dr

+ 2ρ
∫ T

t
ξ(T − r)a

(
Alż2(r), zT

2

)
dr.

Now integration by parts in the last term, having Drξ(T − r) = β(T − r) by
(2.7), gives the identity (2.13). Then, using (2.8) in (2.13), similar to the
proof of (2.10), in a standard way, we conclude the inequality (2.14), and
this completes the proof. �

3. The continuous Galerkin method

Let 0 = t0 < t1 < · · · < tn−1 < tn < · · · < tN = T be a partition
of the time interval [0, T ]. To each discrete time level tn we associate a
triangulation T n

h of the polygonal domain Ω with the mesh function,

(3.1) hn(x) = hK = diam(K), x ∈ K, K ∈ T n
h ,

and a finite element space V n
h consisting of continuous piecewise linear poly-

nomials. For each time subinterval In = (tn−1, tn) of length kn = tn − tn−1,
we define intermediate triangulaion T̄ n

h which is composed of mutually finest
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meshes of the neighboring meshes T n
h , T

n−1
h defined at discrete time levels

tn, tn−1, respectively. The mesh function h̄n is then defined by

(3.2) h̄n(x) = h̄K = diam(K), x ∈ K, K ∈ T̄ n
h .

Correspondingly, we define the finite element spaces V̄ n
h consisting of con-

tinuous piecewise linear polynomials. This construction is used in order to
allow continuity in time of the trial functions when the meshes change with
time. Hence we obtain a decomposition of each time slab Ωn = Ω× In into
space-time cells Kn = K × In, K ∈ T̄ n

h (prisms, for example, in case of
Ω ⊂ R2). We note the difference between the mesh functions hn and h̄n,
and this is important in our a posteriori error analysis. The trial and test
function spaces for the discrete form are, respectively:

Vhk =
{
U = (U1, U2) : U continuous in Ω× [0, T ],

U(x, t)|In linear in t,

U(·, tn) ∈ (V n
h )2, U(·, t)|In ∈ (V̄ n

h )2
}
,

Whk =
{
V = (V1, V2) : V (·, t) continuous in Ω,

V (·, t)|In ∈ (V n
h )2,

V (x, t)|In piecewise constant in t
}
.

(3.3)

We note that global continuity of the trail functions in Vhk requires the use
of ‘hanging nodes’ if the spatial mesh changes across a time level tn. We
allow one hanging node per edge or face.

Remark 3. If we do not change the spatial mesh or just refine the spatial
mesh from one time level to the next one, i.e.,

(3.4) V n−1
h ⊂ V n

h , n = 1, . . . , N,

then we have V̄ n
h = V n

h .

In the construction of Vhk we have associated the triangulation T n
h with

discrete time levels instead of the time slabs Ωn, and in the interior of time
slabs we let U be from the union of the finite element spaces defined on the
triangulations at the two adjacent time levels. This construction is necessary
to allow for trial functions that are continuous also at the discrete time lev-
eles even if grids change between time steps. Associating triangulation with
time slabs instead of time levels would yield a variant scheme which includes
jump terms due to discontinuity at discrete time leveles, when coarsening
happens. This means that there are extra degrees of freedom that one might
use suitable projections for transfering solution at the time levels tn, see [7].
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The continuous Galerkin method, based on the variational fomulation
(2.3), is to find U ∈ Vhk such that,

(3.5) A(U,W ) = F (W ), ∀W ∈ Whk.

The Galerkin orthogonality, with u = (u1, u2) being the exact solution of
(2.3), is then,

(3.6) A(U − u,W ) = 0, ∀W ∈ Whk.

Similarly the continuous Galerkin method, based on the dual variational
formulation (2.5), is to find Z ∈ Vhk such that,

(3.7) A∗(W,Z) = J(W ), ∀W ∈ Whk.

Then, Z also satisfies, for n = 0, 1, . . . , N − 1,

(3.8) A∗tn(W,Z) = Jtn(W ), ∀W ∈ Whk.

We notice that, rather than using the dual formulation of the discrete prob-
lem (3.5), we formulated the same finite element method for the continuous
dual problem (2.5).

From (3.5) we can recover the time stepping scheme,∫
In

{
(U̇1,W1)− (U2,W1)

}
dt = 0,∫

In

{
ρ(U̇2,W2) + a(U1,W2)−

∫ t

0
β(t− s)a

(
U1(s),W2(t)

)
ds
}
dt

=
∫

In

{
(f,W2) dt+ (g,W2)ΓN

}
dt, ∀W1,W2 ∈ Whk,

U1(0) = u0
h, U2(0) = v0

h,

(3.9)

for suitable choice of u0
h, v

0
h ∈ V 0

h as approximations of the initial data u0, v0.
Here, as a natural choice, we have

(3.10) u0
h = Phu

0, v0
h = Phv

0.

Typical functions U = (U1, U2) ∈ Vhk, W = (W1,W2) ∈ Whk are as follows:

Ui(x, tn) = Un
i (x) =

mn∑
j=1

Un
i,jϕ

n
j (x),

Ui(x, t)|In = ψn−1(t)Un−1
i (x) + ψn(t)Un

i (x),

Wi(x, t)|In =
mn∑
j=1

Wn
i,jϕ

n
j (x),

(3.11)
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where mn is the number of degrees of freedom in T n
h , {ϕn

j (x)}mn
j=1 are the

nodal basis functions for V n
h defined on triangulation T n

h , and ψn(t) is the
nodal basis function defined at time level tn. Hence (3.9) yields

(Un
1 − Un−1

1 ,W1)−
kn

2
(
Un

2 + Un−1
2 ,W1) = 0,

ρ(Un
2 − Un−1

2 ,W2) +
kn

2
(Un

1 + Un−1
1 ,W2)

−
n∑

l=1

a(U l−1
1 ,W2)

∫
In

∫ t∧tl

tl−1

β(t− s)ψl−1(s) ds dt

−
n∑

l=1

a(U l
1,W2)

∫
In

∫ t∧tl

tl−1

β(t− s)ψl(s) ds dt

=
∫

In

{
(f,W2) dt+ (g,W2)ΓN

}
dt, ∀W1,W2 ∈ V n

h ,

U0
1 = u0

h, U0
2 = v0

h.

This implies the discrete linear system,

MnŨn
1 −

kn

2
MnŨn

2 = Mn−1,nŨn−1
1 +

kn

2
Mn−1,nŨn−1

2 ,

ρMnŨn
2 + (

kn

2
− ω−n,n)SnŨn

1 = ρMn−1,nŨn−1
2 + (−kn

2
+ ωn,n−1)Sn−1,nŨn−1

1

+ S0,nŨ0
1ω

+
n,0 +

n−2∑
l=1

ωn,lS
l,nŨ l

1 +Bn,

Ũ0
1 = u0

h, Ũ0
2 = v0

h,

where

ω+
n,0 =

∫
In

∫ t∧t1

0
β(t− s)ψl(s) ds dt, ω−n,n =

∫
In

∫ t

tn−1

β(t− s)ψl(s) ds dt,

ωn,l =
∫

In

∫ t∧tl+1

tl−1

β(t− s)ψl(s) ds dt,

Bn = (Bn
j )j =

(∫
In

{
(f, ϕj) + (g, ϕj)ΓN

}
dt
)
j
,

Mn = (Mn
ij)ij =

(
(ϕn

i , ϕ
n
j )
)
ij
, Mn−1,n = (Mn−1,n

ij )ij =
(
(ϕn−1

i , ϕn
j )
)
ij
,

Sl,n = (Sl,n
ij )ij =

(
a(ϕl

i, ϕ
n
j )
)
ij
,

and Ũn
i = (Un

i,j)
mn
j=1 with Un

i,j introduced in (3.11).
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We define the orthogonal projections Rh,n : V → V n
h , Ph,n : H → V n

h and
Pk,n : L2(In)d → Pd

0(In), respectively, by

a(Rh,nv − v, χ) = 0, ∀v ∈ V, χ ∈ V n
h ,

(Ph,nv − v, χ) = 0, ∀v ∈ H, χ ∈ V n
h ,∫

In

(Pk,nv − v) · ψ dt = 0, ∀v ∈ L2(In)d, ψ ∈ Pd
0(In) ,

(3.12)

with Pd
0 denoting the set of all vector-valued constant polynomials. Cor-

respondingly, we define Rhv, Phv and Pkv for t ∈ In (n = 1, · · · , N), by
(Rhv)(t) = Rh,nv(t), (Phv)(t) = Ph,nv(t), and Pkv = Pk,n(v|In).

Remark 4. In the case of assumption (3.4), by Remark 3 and the definition
of the L2-projection Pk, we have V̇ , PkV ∈ Whk, for any V ∈ Vhk.

We introduce the linear operator An,r : V r
h → V n

h by

a(vr, wn) = (An,rvr, wn), ∀vr ∈ V r
h , wn ∈ V n

h .

We set An = An,n, with discrete norms

‖vn‖h,l = ‖Al/2
n vn‖ =

√
(vn, Al

nvn), vn ∈ V n
h and l ∈ R ,

and Ah so that Ahv = Anv for v ∈ V n
h . We use Āh when it acts on V̄ n

h . For
later use in our error analysis we note that PhA = AhRh.

Theorem 3. Let Z be the solution of (3.7) with sufficiently smooth data
zT
1 , z

T
2 , j1, j2. Further, we assume (3.4). Then for l ∈ R, we have the iden-

tity,

‖Z1(tn)‖2
h,l + ργ̃‖Z2(tn)‖2

h,l+1 + 2ρ
∫ T

tn

∫ T

t
ξ(s− t)a

(
Al

hŻ2(t), Ż2(s)
)
ds dt

= ‖Z1(T )‖2
h,l + ρ(1 + γ)‖Z2(T )‖2

h,l+1

+ 2
∫ T

tn

(Al
hZ1,PkPhj1) dt+ 2

∫ T

tn

(Al+1
h Z2,PkPhj2) dt

− 2
∫ T

tn

∫ T

t
β(s− t)a

(
Al

hPkPhj2, Z2(s)
)
ds dt

− 2ρ
∫ T

tn

β(T − t)a
(
Al

hZ2(t), Z2(T )
)
dt

− 2ρξ(T − tn)a
(
Al

hZ2(tn), Z2(T )
)
.

(3.13)
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where γ̃ = 1 − γ. Moreover, for some constant C = C(ρ, γ, T ), we have
stability estimate

‖Z1(tn)‖h,l + ‖Z2(tn)‖h,l+1 ≤ C
{
‖Phz

T
1 ‖h,l + ‖Phz

T
2 ‖h,l+1

+
∫ T

tn

(
‖Phj1‖h,l + ‖Phj2‖h,l+1

)
dt
}
.

(3.14)

Proof. The solution Z of (3.7) also satisfies (3.8), for n = N − 1, . . . , 1, 0.
Then recalling Remark 4 for the assumption (3.4), we obviously have,

(3.15) PkZ1 = −ρŻ2 − PkPhj2.

Using this in (3.8) and recalling the initial data Zi(T ) = Phz
T
i , i = 1, 2, we

obtain∫ T

tn

{
− (W1, Ż1) + a(W1, Z2)−

∫ T

t
β(s− t)a

(
W1, Z2(s)

)
ds
}
dt

+
(
W1(T ),Phz

T
1

)
+ ρ
(
W2(T ),Phz

T
2

)
=
∫ T

tn

(W1, j1) dt+
(
W1(T ), zT

1

)
+ ρ
(
W2(T ), zT

2

)
.

The terms concerning the initial data are canceled by the definition of the
orthogonal projection Ph. Besides, for the convolution term we recall β(s−
t) = −Dsξ(s− t) from (2.7) and then partial integration yields,

−
∫ T

tn

∫ T

t
β(s− t)a

(
W1, Z2(s)

)
ds dt = −

∫ T

tn

∫ T

t
ξ(s− t)a

(
W1, Ż2(s)

)
ds dt

+
∫ T

tn

ξ(T − t)a
(
W1, Z2(T )

)
dt

− γ

∫ T

tn

a
(
W1, Z2(t)

)
dt.

These and γ̃ = 1− γ imply that the solution Z satisfies,∫ T

tn

{
− (W1, Ż1) + γ̃a(W1, Z2)−

∫ T

t
ξ(s− t)a

(
W1, Ż2(s)

)
ds

+ ξ(T − t)a(W1, Z2(T ))
}
dt =

∫ T

tn

(W1,Phj1) dt.
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Now we set W1 = Al
hPkZ1, and we have

∫ T

tn

{
− (Al

hPkZ1, Ż1) + γ̃a(Al
hPkZ1, Z2)

−
∫ T

t
ξ(s− t)a

(
Al

hPkZ1, Ż2(s)
)
ds

+ ξ(T − t)a
(
Al

hPkZ1, Z2(T )
)}
dt =

∫ T

tn

(Al
hPkZ1,Phj1) dt.

(3.16)

We study the four terms at the left side of the above equation. For the first
term we have

∫ T

tn

−(Al
hPkZ1, Ż1) dt = −1

2

∫ T

tn

Dt‖Z1(t)‖2
h,l dt

= −1
2
‖Z1(T )‖2

h,l +
1
2
‖Z1(tn)‖2

h,l.

(3.17)

With (3.15) we can write the second term as

γ̃

∫ T

tn

a(Al
hPkZ1, Z2) dt = −ργ̃

∫ T

tn

a(Al
hŻ2, Z2) dt

− γ̃

∫ T

tn

a(Al
hPkPhj2, Z2) dt

= −ργ̃
2
‖Z2(T )‖2

h,l+1 +
ργ̃

2
‖Z2(tn)‖2

h,l+1

− γ̃

∫ T

tn

a(Al
hPkPhj2, Z2) dt.

(3.18)
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For the third term in (3.16), by virtue of (3.15) and integration by parts,
we obtain

−
∫ T

tn

∫ T

t
ξ(s− t)a

(
Al

hPkZ1, Ż2(s)
)
ds dt

= ρ

∫ T

tn

∫ T

t
ξ(s− t)a

(
Al

hŻ2(t), Ż2(s)
)
ds dt

+
∫ T

tn

∫ T

t
ξ(s− t)a

(
Al

hPkPhj2, Ż2(s)
)
ds dt

= ρ

∫ T

tn

∫ T

t
ξ(s− t)a

(
Al

hŻ2(t), Ż2(s)
)
ds dt

+
∫ T

tn

∫ T

t
β(s− t)a

(
Al

hPkPhj2, Z2(s)
)
ds dt

+
∫ T

tn

ξ(T − t)a(Al
hPkPhj2, Z2(T )) dt

− γ

∫ T

tn

a
(
Al

hPkPhj2, Z2(t)
)
dt.

(3.19)

Finally, for the last term at the left side of (3.16), we use (3.15) and inte-
gration by parts to have

∫ T

tn

ξ(T − t)a
(
Al

hPkZ1, Z2(T )
)
dt = −ρ

∫ T

tn

ξ(T − t)a
(
Al

hŻ2(t), Z2(T )
)
dt

−
∫ T

tn

ξ(T − t)a
(
Al

hPkPhj2, Z2(T )
)
dt

= ρ

∫ T

tn

β(T − t)a
(
Al

hZ2(t), Z2(T )
)
dt

− ργ‖Z2(T )‖2
h,l+1

+ ρξ(T − tn)a
(
Al

hZ2(tn), Z2(T )
)

−
∫ T

tn

ξ(T − t)a
(
Al

hPkPhj2, Z2(T )
)
dt.

(3.20)

Putting (3.17)–(3.20) in (3.16) we conclude the identity (3.13).
Now we prove the estimate (3.14). We recall, from (2.8), that ξ is a

positive type kernel. Then, using the Cauchy-Schwarz inequality in (3.13),
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and ‖β‖L1(R+) = γ, ξ(t) ≤ γ, we get

‖Z1(tn)‖2
h,l + ργ̃‖Z2(tn)‖2

h,l+1

≤ ‖Z1(T )‖2
h,l + ρ(1 + γ)‖Z2(T )‖2

h,l+1

+ 2
∫ T

tn

(Al
hZ1,PkPhj1) dt+ 2

∫ T

tn

(Al+1
h Z2,PkPhj2) dt

− 2
∫ T

tn

∫ T

t
β(s− t)a

(
Al

hPkPhj2, Z2(s)
)
ds dt

− 2ρ
∫ T

tn

β(T − t)a
(
Al

hZ2(t), Z2(T )
)
dt

− 2ρξ(T − tn)a
(
Al

hZ2(tn), Z2(T )
)

≤ ‖Z1(T )‖2
h,l + ρ(1 + γ)‖Z2(T )‖2

h,l+1

+ C1 max
tn≤t≤T

‖Z1‖2
h,l + 1/C1

(∫ T

tn

‖PkPhj1‖h,l dt
)2

+ C2 max
tn≤t≤T

‖Z2‖2
h,l+1 + 1/C2

(∫ T

tn

‖PkPhj2‖h,l+1 dt
)2

+ C3‖Z2(T )‖2
h,l+1 + 1/C3 max

tn≤t≤T
‖Z2‖2

h,l+1

+ C4‖Z2(T )‖2
h,l+1 + 1/C4‖Z2(tn)‖2

h,l+1.

Using that, for piecewise linear functions, we have

(3.21) max
[0,T ]

|Ui| ≤ max
0≤n≤N

|Ui(tn)|,

and

(3.22)
∫ T

0
|Pkf | dt ≤

∫ T

0
|f | dt,

and that the above inequality holds for arbitrary N , in a standard way, we
conclude the estimate inequality (3.14). Now the proof is complete. �

4. A priori error estimates

We define the standard interpolant Ik with Ikv belong to the space of
continuous piecewise linear polynomials, and

(4.1) Ikv(tn) = v(tn), n = 0, 1, · · · , N.
By standard arguments in approximation theory we see that, for q = 0, 1,

(4.2)
∫ T

0
‖Ikv − v‖i dt ≤ Ckq+1

∫ T

0
‖Dq+1

t v‖i dt, for i = 0, 1,
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where k = max1≤n≤N kn.
We assume the elliptic regularity estimate ‖v‖2 ≤ C‖Av‖, ∀ v ∈ D(A) ,

so that the following error estimates for the Ritz projection (3.12), hold true

(4.3) ‖Rhv − v‖ ≤ Chs‖v‖s , ∀v ∈ Hs ∩ V, s = 1, 2.

Hence we must specialize to the pure Dirichlet boundary condition and a
convex polygonal domain. We note that the energy norm ‖·‖V is equinalent
to ‖ · ‖1 on V .

Theorem 4. Assume that ΓN = ∅, Ω is a convex polygonal domain, and
(3.4). Let u and U be the solutions of (2.3) and (3.5). Then, with e = U−u
and C = C(ρ, γ, T ), we have

‖e1(T )‖ ≤ Ch2
(
‖u0‖2 + ‖u1(T )‖2 +

∫ T

0
‖u̇1‖2 dt

)
+ Ck2

∫ T

0

(
‖ü2‖+ ‖ü1‖1

)
dt.

Proof. We recall Remark 4 for the assumption (3.4). We set e = U − u =
θ + η + ω with

θ1 = U1 − IkRhu1, η1 = (Ik − I)Rhu1, ω1 = (Rh − I)u1,

θ2 = U2 − IkPhu2, η2 = (Ik − I)Phu2, ω2 = (Ph − I)u2.

Now, putting W = Pkθ in (3.7) we have

J(Pkθ) = A∗(Pkθ, Z),

where by definition

J(Pkθ) =
∫ T

0

{
(Pkθ1, j1) + (Pkθ2, j2)

}
dt

+
(
(Pkθ1)(T ), zT

1

)
+ ρ
(
(Pkθ2)(T ), zT

2

)
,

and by partial integration

A∗(Pkθ, Z) = A(θ,PkZ) +
(
(Pkθ1)(T ), Z1(T )

)
−
(
θ1(T ), Z1(T )

)
+ ρ
(
(Pkθ2)(T ), Z2(T )

)
− ρ
(
θ2(T ), Z2(T )

)
.

We set j1 = j2 = 0 and zT
2 = 0, Phz

T
1 = θ1(T ), and we recall that Zi(T ) =

Phz
T
i , i = 1, 2. Hence using the definition of the orthogonal projection Ph

we have

‖θ1(T )‖2 = A(θ,PkZ),
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that, using θ = e− η − ω and the Galerkin orthogonality (3.6), implies,

‖θ1(T )‖2 = −A(η,PkZ)−A(ω,PkZ)

=
∫ T

0

{
− (η̇1,PkZ1) + (η2,PkZ1) + ρ(η̇2,PkZ2)− a(η1,PkZ2)

+
∫ t

0
β(t− s)a

(
η1(s),PkZ2

)
ds
}
dt

−
(
η1(0),PkZ1(0)

)
− ρ
(
η2(0),PkZ2(0)

)
+
∫ T

0

{
− (ω̇1,PkZ1) + (ω2,PkZ1) + ρ(ω̇2,PkZ2)− a(ω1,PkZ2)

+
∫ t

0
β(t− s)a

(
ω1(s),PkZ2

)
ds
}
dt

−
(
ω1(0),PkZ1(0)

)
− ρ
(
ω2(0),PkZ2(0)

)
.

By the definition of η, that indicates the interpolation error, terms including
η̇i, ηi(0) vanish. We also use the definition of ω, that indicates the projection
error, and we conclude

‖θ1(T )‖2 =
∫ T

0

{
(η2,PkZ1)− a(η1,PkZ2) +

∫ t

0
β(t− s)a

(
η1(s),PkZ2

)
ds
}
dt

−
∫ T

0
(ω̇1,PkZ1) dt−

(
ω1(0),PkZ1(0)

)
,

that by the Cauchy-Schwarz inequality implies

‖θ1(T )‖2 ≤ C1 max
0≤t≤T

‖PkZ1‖2 + 1/C1

(∫ T

0
‖η2‖ dt

)2

+ C2 max
0≤t≤T

‖PkZ2‖2
1 + 1/C2

(∫ T

0
‖η1‖1 dt

)2

+ C3 max
0≤t≤T

‖PkZ2‖2
1 + 1/C3

(∫ T

0

(
β ∗ ‖η1‖1

)
(t) dt

)2

+ C4 max
0≤t≤T

‖PkZ1‖2 + 1/C4

(∫ T

0
‖ω̇1‖ dt

)2

+ C5‖PkZ1(0)‖2 + 1/C5‖ω1(0)‖2.

Using (3.21), ‖β‖L1(R+) = γ, and the stability estimate (3.14) with l = 0, in
a standard way, we have

‖θ1(T )‖ ≤ C
{
‖ω1(0)‖+

∫ T

0

(
‖η2‖+ ‖η1‖1 + ‖ω̇1‖

)
dt
}
.



CG METHOD FOR A FRACTIONAL ORDER VISCOELASTICITY MODEL 19

Recalling θ1(T ) = e1(T ) − ω1(T ), and stability of the projections Ph, Rh

with respect to ‖ · ‖, ‖ · ‖1, respectively, we have

‖θ1(T )‖ ≤ C
{
‖(Rh − I)u0‖+ ‖(Rh − I)u1(T )‖

+
∫ T

0

(
‖(Ik − I)u2‖+ ‖(Ik − I)u1‖1 + ‖(Rh − I)u̇1‖

)
dt
}
.

This completes the proof by (4.2), (4.3). �

5. A posteriori error estimates

Having certain regularity on the data, i.e., initial data u0, v0 and the
force terms f, g, there are still two types of limitation for higher global
regularity of a weak solution of (1.1). One is due to the mixed Dirichlet-
Neumann boundary condition. This type of boundary condition are natural
in practice, and a pure Dirichlet boundary condition can not be realistic in
applications. Other limitation is the singularity of the convolution kernel β.
This means that even with the pure Dirichlet boundary condition, higher
regularity of a weak solution is limited, see [7], [11], though with smoother
kernels we can get higher regularity. Besides, the stability and a priori error
estimates presented in Theorem 3 and Theorem 4 do not admit adaptive
meshes. These, and other general motivations such as no practical use of a
priori error estimates, call for adaptive meshes based on a posteriori error
analysis.

Here a space-time cellwise error representation is given. The main frame-
work is adapted from [3], and a general linear goal functional J(·) is used.
This error representation can be used for goal-oriented adaptive strategies
based on dual weighted residual method. For more details on dual weighted
residual method and its practical aspects for differential equations, see [3]
and references therein.

Theorem 5. Let u and U be the solutions of (2.3) and (3.5), and J(·) the
linear functional defined in §2. Then, with e = U − u, we have the error
representation

J(e) =
∑

K∈T 0
h

Θ0,K +
N∑

n=1

∑
K∈T̄ n

h

6∑
i=1

Θn
i,K ,(5.1)
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where, with zhk ∈ Whk being an approximation of the dual solution z and
Ehkz = zhk − z being the error operator,

Θ0,K =
(
U1(0)− u0, Ehkz1(0)

)
K

+ ρ
(
U2(0)− v0, Ehkz2(0)

)
K
,

Θn
1,K = (U̇1 − U2, Ehkz1)Kn , Θn

2,K = (ρU̇2 − f,Ehkz2)Kn ,

Θn
3,K = (rh, Ehkz2)∂Kn , Θn

4,K = (gh − g,Ehkz2)∂Kn ,

Θn
5,K = −

(
rh,

∫ T

s
β(t− s)Ehkz2(t) dt

)
∂Kn

,

Θn
6,K = −

(
gh,

∫ T

s
β(t− s)Ehkz2(t) dt

)
∂Kn

.

(5.2)

Here Kn = K × In and ∂Kn = ∂K × In are the space-time cells, and rh, gh

are defined below, (5.6), (5.7), respectively.

It should be noticed that ∂Kn is not the boundary of Kn.

Proof. Using the identity (2.4) and the Galerkin orthogonality (3.6) we have,

J(e) = A∗(e, z) = A(e, z) = A(e,Ehkz)

= A(U,Ehkz)− F (Ehkz) = R(U ;Ehkz),
(5.3)

where R(U ; ·) is the residual of the Galerkin approximation U as a functional
on the solution space V∗. Then by the definition of A, F we have

J(e) =
(
U1(0)− u0, Ehkz1(0)

)
+ ρ
(
U2(0)− v0, Ehkz2(0)

)
+
∫ T

0

{
(U̇1, Ehkz1)− (U2, Ehkz1) + ρ(U̇2, Ehkz2) + a(U1, Ehkz2)

−
∫ t

0
β(t− s)a

(
U1(s), Ehkz2(t)

)
ds
}
dt

−
∫ T

0

{
(f,Ehkz2) + (g,Ehkz2)ΓN

}
dt.

(5.4)
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Now, by partial integration with respect to the space variable, we obtain

∫ T

0
a(U1, z2) dt =

N∑
n=1

∫
In

∑
K∈T̄ n

h

a(U1, z2)K dt

=
N∑

n=1

∫
In

∑
K∈T̄ n

h

(
σ0(U1) · n, z2

)
∂K

dt

=
N∑

n=1

∫
In

{ ∑
E∈En

I

(
− [σ0(U1) · n], z2

)
E

+
∑

E∈En
ΓN

(
σ0(U1) · n, z2

)
E

}
dt

=
N∑

n=1

∫
In

∑
K∈T̄ n

h

{
(rh, z2)∂K + (gh, z2)∂K

}
dt

=
N∑

n=1

∑
K∈T̄ n

h

{
(rh, z2)∂Kn + (gh, z2)∂Kn

}

(5.5)

where En
I , En

ΓN
are, respectively, the sets of the interior edges and the edges

on the Neumann boundary, corresponding to the triangulation T̄ n
h . Here rh

are the residuals representing the jumps of the normal derivatives σ0(U1) ·n,
and determined by,

(5.6) rh|Γ =

{
−1

2 [σ0(U1) · n] if Γ ⊂ ∂K \ ∂Ω,
0 if Γ ⊂ ∂Ω,

and gh is the contribution from the Neumann boundary defined as

(5.7) gh|Γ =

{
σ0(U1) · n if Γ ⊂ ∂K ∩ ΓN,

0 if Γ ⊂ ∂Ω.
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For the convolution term in (5.4) we first change the order of the time
integrals, then similar to (5.5), we have,∫ T

0

∫ t

0
β(t− s)a

(
U1(s), z2(t)

)
ds dt

=
∫ T

0

∫ T

s
β(t− s)a

(
U1(s), z2(t)

)
dt ds

=
N∑

n=1

∫
In

∑
K∈T̄ n

h

a
(
U1(s),

∫ T

s
β(t− s)z2(t) dt

)
K
ds

=
N∑

n=1

∑
K∈T̄ n

h

{(
rh,

∫ T

s
β(t− s)z2(t) dt

)
∂Kn

+
(
gh,

∫ T

s
β(t− s)z2(t) dt

)
∂Kn

}
.

(5.8)

Now, using (5.5), (5.8) and space-time cellwise representation of the other
terms in (5.4) we conclude the error representation (5.1). �

The error representation (5.1) leads us to the weighted a posteriori esti-
mate,

J(e) ≤
∑

K∈T 0
h

R0,Kω0,K +
N∑

n=1

∑
K∈T̄ n

h

3∑
i=1

Rn
i,Kω

n
i,K ,(5.9)

with the residuals and weights defined as

R0,K =
(
‖U1(0)− u0‖2

K + ‖U2(0)− v0‖2
K

)1/2
,

ω0,K =
(
‖Ehkz1(0)‖2

K + ‖Ehkz2(0)‖2
K

)1/2
,

Rn
1,K = ‖U̇1 − U2‖Kn , ωn

1,K = ‖Ehkz1‖Kn ,

Rn
2,K =

(
‖ρU̇2 − f‖2

Kn + 2h̄−1
K ‖rh‖2

∂Kn

)1/2
,

ωn
2,K =

(
‖Ehkz2‖2

Kn + h̄K‖Ehkz2‖2
∂Kn

+ h̄K

∥∥∥∫ T

s
β(t− s)Ehkz2(t) dt

∥∥∥2

∂Kn

)1/2

,

Rn
3,K =

(
h̄−1

K ‖gh − g‖2
∂Kn + h̄−1

K ‖gh‖2
∂Kn

)1/2
,

ωn
3,K =

(
h̄K‖Ehkz2‖2

∂Kn + h̄K

∥∥∥∫ T

s
β(t− s)Ehkz2(t) dt

∥∥∥2

∂Kn

)1/2
.
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In order to evaluate the a posteriori error representation (5.1) or the a
posteriori estimate (5.9), we need information about the continuous dual
solution z. Such information has to be obtained either through a priori
analysis in form of bounds for z in certain Sobolev norms or through com-
putation by solving the dual problem numerically. In this context we provide
information through a priori analysis and we leave the investigation on the
second case to a latter work.

In the following, the target functional J(·) will be the global L2-norm of
the approximation displacement u1 = u1(x, t). We first present a weighted
global a posteriori error estimate, using global L2-projections Pk,Ph defined
in (3.12), and error estimates of Ph in a weighted L2-norm.

We recall the weighted global error estimates of the L2-projection Ph

(3.12), see [4]. First we recall some notation. Let T be a given triangulation
with mesh function h, and for any simplex K ∈ T , ρK denote the radius
of the largest ball contained in the closure of K, that is K̄. A family F of
triangulations T is called non-degenerate, if there exsist a constant c0 such
that we have

c0 = max
T ∈F

max
K∈T

hK

ρK
.

Let SK = {K ′ ∈ T : K̄ ′ ∩ K̄ 6= ∅} and δT be a measure for the given
triangulation T defined by

δT = max
K∈T

max
K′∈SK

|1− h2
K′/h2

K |.

We define a measure, δF , for a given family F , by

(5.10) δF = max
T ∈F

δT .

We define the error operators Ehk, Eh, and Ek by

(5.11) Ehkv = (PkPh − I)v, Ehv = (Ph − I)v, Ekv = (Pk − I)v,

and we note that

(5.12) Ehk = Eh + EkPh.

Lemma 1. Assume that the family F of traingulations T be non-degenerate.
Then for sufficiently small δF , there exists a constant C such that for any
triangulation T ∈ F we have, for all v ∈ H2,

‖h−sEhv‖ ≤ C‖∇sv‖, s = 1, 2, ∀v ∈ Hs,(5.13)

‖h−1∇Ehv‖ ≤ C‖∇2v‖, ∀v ∈ H2,(5.14)

where ‘∇’ denotes the usual gradient.
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For more details on the practical aspects of δF , see [4].
For the next theorem we recall the mesh functions hn, h̄n from (3.1), (3.2),

and we define the notations

h̄min,n = min
K∈T̄ n

h

h̄K , hmax,n = max
K∈T n

h

hK .

Theorem 6. Let u be the solutions of (2.3), and U be the solution of (3.5)
with a non-degenerate family Fh of triangulations T n

h , n = 0, 1, . . . , N , with
sufficiently small δFh

, such that the weighted global error estimates (5.13)
and (5.14) hold. Then, with e = U − u, we have the weighted a posteriori
error estimate

‖e1(T )‖ ≤ C

{
‖h0

(
U1(0)− u0

)
‖+ ‖h2

0

(
U2(0)− v0

)
‖

+
N∑

n=1

∫
In

{
‖hn(U̇1 − U2)‖+ ‖h2

n(ρU̇2 − f)‖

+ (ζn + ζn,N )
( ∑

K∈T̄ n
h

h̄3
K‖rh‖2

∂K

)1/2

+ ζn

( ∑
K∈T̄ n

h

h̄3
K‖gh − g‖2

∂K

)1/2
+ ζn,N

( ∑
K∈T̄ n

h

h̄3
K‖gh‖2

∂K

)1/2

+ kn‖U̇1 − U2‖+ kn‖EkĀhU1‖

+ kn

∥∥Ek

∫ t

0
β(t− s)ĀhU1(s) ds

∥∥
+ kn‖Ekf‖+ kn

( ∑
K∈T n

h

h−1
K ‖Ekg‖2

∂K

)1/2}
dt

}
,

(5.15)

where

(5.16) ζn = h̄−2
min,nh

2
max,n, ζn,N = h̄−2

min,n max
n≤j≤N

h2
max,j .

Proof. Let z ∈ V∗ be the solution of the dual problem (2.5). From the
definition of the L2 projections Pk,Ph in (3.12) and the test space Whk in
(3.3) we have PkPhz ∈ Whk. Therefore, using (5.3) and the error operators
(5.11) we have,

(5.17) J(e) = R(U ;Ehkz) = R(U ;Ehz) + R(U ;EkPhz),

where we used (5.12). We study the two terms at the right side of this
equation.
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For the first term we can write,

R(U ;Ehz) =
(
U1(0)− u0, Ehz1(0)

)
+ ρ
(
U2(0)− v0, Ehz2(0)

)
+

N∑
n=1

∫
In

{(
U̇1 − U2, Ehz1

)
+
(
ρU̇2 − f,Ehz2

)
+ a(U1, Ehz2)− (g,Ehz2)ΓN

−
∫ t

0
β(t− s)a

(
U1(s), Ehz2

)
ds
}
dt.

Now by partial integration in space, similar to (5.5), (5.8), we have

R(U ;Ehz) =
∑

K∈T 0
h

{(
U1(0)− u0, Ehz1(0)

)
K

+ ρ
(
U2(0)− v0, Ehz2(0)

)
K

}

+
N∑

n=1

∫
In

∑
K∈T̄ n

h

{(
U̇1 − U2, Ehz1

)
K

+ (ρU̇2 − f,Ehz2)K

+ (rh, Ehz2)∂K + (gh − g,Ehz2)∂K

−
(
rh,

∫ T

t
β(s− t)Ehz2(s) ds

)
∂K

−
(
gh,

∫ T

t
β(s− t)Ehz2(s) ds

)
∂K

}
dt

=
2∑

i=1

Ii +
6∑

i=1

IIi.

(5.18)

We then, for each term, use the Cauchy-Schwarz inequality twice. First on
the local elements K, ∂K, to obtain local L2-norms, and then on the sum
over the elements to obtain global norms such that the weighted global error
estimates (5.13), (5.14) can be used. For I1 we have

(5.19) I1 ≤ ‖h0(U1(0)−u0)‖‖h−1
0 Ehz1(0)‖ ≤ C‖h0(U1(0)−u0)‖‖∇z1(0)‖,

and in a similar way we have,

I2 ≤ C‖h2
0(U2(0)− v0)‖‖∇2z2(0)‖.(5.20)
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For the next term, using the error estimate (5.13), we have,

II1 =
N∑

n=1

∫
In

∑
K∈T n

h

(
U̇1 − U2, Ehz1

)
K
dt

≤
N∑

n=1

∫
In

‖hn(U̇1 − U2)‖‖h−1
n Ehz1‖ dt

≤ Cmax
[0,T ]

‖∇z1(t)‖
N∑

n=1

∫
In

‖hn(U̇1 − U2)‖ dt,

(5.21)

and similarly we obtain,

II2 ≤ Cmax
[0,T ]

‖∇2z2(t)‖
N∑

n=1

∫
In

‖h2
n(ρU̇2 − f)‖ dt.(5.22)

For II3, we first have,

II3 ≤
N∑

n=1

∫
In

( ∑
K∈T̄ n

h

h̄3
K‖rh(t)‖2

∂K

)1/2( ∑
K∈T̄ n

h

h̄−3
K ‖Ehz2(t)‖2

∂K

)1/2
dt.

Then by a scaled trace inequality and the weighted global error estimates
(5.13), (5.14), we obtain∑

K∈T̄ n
h

h̄−3
K ‖Ehz2‖2

∂K ≤ C
∑

K∈T̄ n
h

{
h̄−4

K ‖Ehz2‖2
K + h̄−2

K ‖∇Ehz2‖2
K

}
≤ C

{
h̄−4

min,nh
4
max,n‖h−2

n Ehz2‖2

+ h̄−2
min,nh

2
max,n‖h−1

n ∇Ehz2‖2
}

≤ Ch̄−4
min,nh

4
max,n‖∇2z2‖2.

These imply the estimate
(5.23)

II3 ≤ Cmax
[0,T ]

‖∇2z2(t)‖
N∑

n=1

∫
In

h̄−2
min,nh

2
max,n

( ∑
K∈T̄ n

h

h̄3
K‖rh‖2

∂K

)1/2
dt.

In a similar way, we have
(5.24)

II4 ≤ Cmax
[0,T ]

‖∇2z2(t)‖
N∑

n=1

∫
In

h̄−2
min,nh

2
max,n

( ∑
K∈T̄ n

h

h̄3
K‖gh − g‖2

∂K

)1/2
dt.
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Finally we study II5 and a similar result will hold for II6. To this end,
first we note that,

II5 ≤
N∑

n=1

∫
In

( ∑
K∈T̄ n

h

h̄3
K‖rh(t)‖2

∂K

)1/2

×
( ∑

K∈T̄ n
h

h̄−3
K

∥∥∥∫ T

t
β(s− t)Ehz2(s) ds

∥∥∥2

∂K

)1/2

dt.

Then, using Minkowski’s inequality, the Cuachy-Schwarz inequality, and the
fact that ‖β‖L1(R+) = γ, we have∑

K∈T̄ n
h

h̄−3
K

∥∥∥∫ T

t
β(s− t)Ehz2(s) ds

∥∥∥2

∂K

≤
∑

K∈T̄ n
h

h̄−3
K

(∫ T

t
β(s− t)‖Ehz2(s)‖∂K

)2
ds

≤
∑

K∈T̄ n
h

h̄−3
K

∫ T

t
β(s− t) ds

∫ T

t
β(s− t)‖Ehz2(s)‖2

∂K ds

≤ γ

∫ T

t
β(s− t)

∑
K∈T̄ n

h

h̄−3
K ‖Ehz2(s)‖2

∂K ds,

that using a scaled trace inequality and the error estimates (5.13), (5.14),
we have∑
K∈T̄ n

h

h̄−3
K

∥∥∥∫ T

t
β(s− t)Ehz2(s) ds

∥∥∥2

∂K

≤ C

∫ T

t
β(s− t)

∑
K∈T̄ n

h

{
h̄−4

K ‖Ehz2(s)‖2
K + h̄−2

K ‖∇Ehz2(s)‖2
K

}
ds

≤ C

N∑
j=n

∫ tj

t∨tj−1

β(s− t)
{
h̄−4

min,nh
4
max,j‖h−2

j Ehz2(s)‖2

+ h̄−2
min,nh

2
max,j‖h−1

j ∇Ehz2(s)‖2
}
ds

≤ C
N∑

j=n

∫ tj

t∨tj−1

β(s− t)h̄−4
min,nh

4
max,j‖∇2z2(s)‖2 ds

≤ Cγmax
[t,T ]

‖∇2z2(s)‖2h̄−4
min,n max

n≤j≤N
h4

max,j .
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Hence we obtain,

II5 ≤ Cmax
[0,T ]

‖∇2z2(t)‖

×
N∑

n=1

∫
In

h̄−2
min,n max

n≤j≤N
h2

max,j

( ∑
K∈T̄ n

h

h̄3
K‖rh‖2

∂K

)1/2
dt.

(5.25)

A similar estimate for II6 holds, that is,

II6 ≤ Cmax
[0,T ]

‖∇2z2(t)‖

×
N∑

n=1

∫
In

h̄−2
min,n max

n≤j≤N
h2

max,j

( ∑
K∈T̄ n

h

h̄3
K‖gh‖2

∂K

)1/2
dt.

(5.26)

Putting (5.19)–(5.26) in (5.18) we conclude,

R(U ;Ehz) ≤ Cmax
(
max
[0,T ]

‖∇2z2(t)‖,max
[0,T ]

‖∇z1(t)‖
)

×
{
‖h0

(
U1(0)− u0

)
‖+ ‖h2

0

(
U2(0)− v0

)
‖

+
N∑

n=1

∫
In

{
‖hn(U̇1 − U2)‖+ ‖h2

n(ρU̇2 − f)‖

+ h̄−2
min,nh

2
max,n

( ∑
K∈T̄ n

h

h̄3
K‖rh‖2

∂K

)1/2

+ h̄−2
min,nh

2
max,n

( ∑
K∈T̄ n

h

h̄3
K‖gh − g‖2

∂K

)1/2

+ h̄−2
min,n max

n≤j≤N
h2

max,j

( ∑
K∈T̄ n

h

h̄3
K‖rh‖2

∂K

)1/2

+ h̄−2
min,n max

n≤j≤N
h2

max,j

( ∑
K∈T̄ n

h

h̄3
K‖gh‖2

∂K

)1/2}
dt

}
.

(5.27)
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Now we study the second term in (5.17), that is,

R(U ;EkPhz) = R(U ;EkPhz)±
∫ T

0

{
(Pkf,EkPhz2) + (Pkg,EkPhz2)ΓN

}
dt

=
(
U1(0)− u0, EkPhz1(0)

)
+ ρ
(
U2(0)− v0, EkPhz2(0)

)
+

N∑
n=1

∫
In

{(
U̇1 − U2, EkPhz1

)
+ a(U1, EkPhz2)−

∫ t

0
β(t− s)a

(
U1(s), EkPhz2

)
ds

+
(
ρU̇2 − Pkf,EkPhz2

)
− (Pkg,EkPhz2)ΓN

+ (Ekf,EkPhz2) + (Ekg,EkPhz2)ΓN

}
dt.

Recalling the initial condition Ui(0) = Phui(0), i = 1, 2, the first two terms
on the right side vanish. Besides, from the second equation of (3.9) we have,
for W ∈ V n

h ,∫
In

{
ρ(U̇2,W )− (Pkf,W )− (Pkg,W )

}
dt

= −
∫

In

{
a(PkU1,W )− a

(
Pk

∫ t

0
β(t− s)U1(s) ds,W

)}
dt.

Hence, we conclude

R(U ;EkPhz) =
N∑

n=1

∫
In

{(
U̇1 − U2, EkPhz1

)
− a(EkU1, EkPhz2) + a

(
Ek

∫ t

0
β(t− s)U1(s) ds,EkPhz2

)
+ (Ekf,EkPhz2) + (Ekg,EkPhz2)ΓN

}
dt.

(5.28)

For the last term we have,

N∑
n=1

∫
In

(Ekg,EkPhz2)ΓN
dt

≤
N∑

n=1

∫
In

( ∑
K∈T n

h

h−1
K ‖Ekg‖2

∂K

)1/2( ∑
K∈T n

h

hK‖EkPhz2‖2
∂K

)1/2
.
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By a scaled trace inequality and local inverse inequality we have,∑
K∈T̄ n

h

hK‖EkPhz2‖2
∂K ≤ C

∑
K∈T n

h

{
‖EkPhz2‖2

K + h2
K‖∇EkPhz2‖2

K

}
≤ C

∑
K∈T n

h

{
‖EkPhz2‖2

K + ‖EkPhz2‖2
K

}
= C‖EkPhz2‖2.

Hence,
N∑

n=1

∫
In

(Ekg,EkPhz2)ΓN
dt ≤ C

( ∑
K∈T n

h

h−1
K ‖Ekg‖2

∂K

)1/2
‖EkPhz2‖.

Considering this in (5.28) and using the Cauchy-Schwarz inequality we have

R(U ;EkPhz) ≤ C

N∑
n=1

∫
In

{
‖U̇1 − U2‖‖EkPhz1‖+ ‖EkĀhU1‖‖EkPhz2‖

+
∥∥∥Ek

∫ t

0
β(t− s)ĀhU1(s) ds

∥∥∥‖EkPhz2‖

+ ‖Ekf‖‖EkPhz2‖+
( ∑

K∈T n
h

h−1
K ‖Ekg‖2

∂K

)1/2
‖EkPhz2‖

}
.

This, L2-stability of the L2-projection Ph, and a standard error estimation
of the error operator Ek, conclude

R(U ;EkPhz) ≤ Cmax
(
max
[0,T ]

‖ż1(t)‖,max
[0,T ]

‖ż2(t)‖
)

×
N∑

n=1

∫
In

{
kn‖U̇1 − U2‖+ kn‖EkĀhU1‖

+ kn

∥∥Ek

∫ t

0
β(t− s)ĀhU1(s) ds

∥∥+ kn‖Ekf‖

+ kn

( ∑
K∈T n

h

h−1
K ‖Ekg‖2

∂K

)1/2}
dt.

(5.29)

We now set j1 = j2 = zT
2 = 0 and zT

1 = A−1/2e1(T ). Then, putting
(5.27) and (5.29) in (5.17), using the stability estimates (2.14) and a stan-
dard argument, we conclude the a posteriori error estimate (5.15), and this
completes the proof. �

Remark 5. We note that for the error estimate (5.15) there are two types
of restriction on the triangulations; One by ζn, ζn,N , that measures the
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quasiuniformity of the family of triangulation, and the other by δFh
, that

measure the regularity of the family of triangulations in a slightly different
sense. Although maybe not explicitly, but ζn, ζn,N and δFh

can be related.
In practice we use finitely many triangulations, that means quasiuniformity
holds, though possibly with big ζn, ζn,N . This means that we still can use the
a posteriori error estimate (5.15). But when δFh

is not sufficiently small, the
error estimate (5.15) does not hold. This calls for using local interpolants
instead of global L2-projection Ph. In the next theorem we present an a
posteriori error estimate using interpolation, linear in space and constant
in time on each space-time cell. We also note that a possible, but not
neccesserily optimal, way of ignoring these limitations could be using global
error estimates of Ph with global mesh size hmax. That is a posteriori error
estimate in the form, with k(t) = kn for t ∈ In,

‖e1(T )‖ ≤ C
{
hmax,0‖U1(0)− u0‖+ h2

max,0‖U2(0)− v0‖
}

+ Chmax

∫ T

0
‖U̇1 − U2‖ dt

+ Ch2
max

∫ T

0

{
‖ρU̇2 − f‖+ ‖r̃h‖+ ‖g̃h − g̃‖ΓN

+ ‖g̃h‖ΓN

}
dt

+
∫ T

0
k
{
‖U̇1 − U2‖+ ‖EkĀhU1‖

+
∥∥∥Ek

∫ t

0
β(t− s)ĀhU1(s) ds

∥∥∥+ ‖Ekf‖+ ‖Ekg‖ΓN

}
dt,

where r̃h|K = h−1
K max∂K |rh|, g̃h|K = h

−1/2
K |gh|, and g̃|K = h

−1/2
K |g|.

We recall the decomposition of the space-time slab Ωn = Ω × In into
cells Kn = K × In, K ∈ T̄ n

h . Let Ihk be the standard interpolant, such
that Ihkv|Kn be linear in space and constant in time. We define the error
operator Ehk by Ehkv = (Ihk−I)v. A variant of the Bramble-Hilbert lemma
then implies the error estimates,

‖Ehkv‖Kn ≤ C
(
hr

K‖∇rv‖K̃n + kn‖v̇‖K̃n

)
, r = 1, 2,(5.30)

‖∇Ehkv‖Kn ≤ C
(
h2

K‖∇2v‖K̃n + kn‖∇v̇‖K̃n

)
,(5.31)

where K̃ is a patch of space cells suitably chosen around K.
We recall the mesh function h̄n from (3.2), and we define the notation

h̄max,n = max
K∈T̄ n

h

h̄K .

We will also use the fact that

(5.32) ‖v‖2
Ωn =

∫
In

‖v(t)‖2 dt ≤ kn max
In

‖v(t)‖.
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Theorem 7. Let u and U be the solutions of (2.3) and (3.5). Then, with
e = U − u, we have the weighted a posteriori error estimate

‖e1(T )‖

≤ C
{
‖h0

(
U1(0)− u0

)
‖+ ‖h2

0

(
U2(0)− v0

)
‖
}

+ C
N∑

n=1

k1/2
n

{
‖h̄n(U̇1 − U2)‖Ωn + kn‖U̇1 − U2‖Ωn

+ ‖h̄2
n(ρU̇2 − f)‖Ωn + kn‖ρU̇2 − f‖Ωn

+
( ∑

K∈T̄ n
h

h̄3
K‖rh‖2

∂Kn

)1/2
+
( ∑

K∈T̄ n
h

h̄3
K‖gh − g‖2

∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄−1
K ‖rh‖2

∂Kn

)1/2
+ kn

( ∑
K∈T̄ n

h

h̄−1
K ‖gh − g‖2

∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄K‖rh‖2
∂Kn

)1/2
+ kn

( ∑
K∈T̄ n

h

h̄K‖gh − g‖2
∂Kn

)1/2

+
(
h̄2

max,n + kn

)(∫
In

( n∑
j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2

∂K

)1/2
)2

dt

)1/2

+
(
h̄2

max,n + kn

)(∫
In

( n∑
j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ gh)j(t)‖2

∂K

)1/2
)2

dt

)1/2

+
(
h̄max,n + kn

)
×

(∫
In

( n∑
j=1

h̄max,j

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2

∂K

)1/2
)2

dt

)1/2

+
(
h̄max,n + kn

)
×

(∫
In

( n∑
j=1

h̄max,j

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ gh)j(t)‖2

∂K

)1/2
)2

dt

)1/2}
.

(5.33)

Proof. We write the error representation (5.1) as

J(e) =
∑

K∈T 0
h

Θ0,K +
6∑

i=1

N∑
n=1

∑
K∈T̄ n

h

Θn
i,K = I0 +

6∑
i=1

Ii.(5.34)
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First we estimate I0. To this end, recalling Θ0,K from (5.2), we use the
Cauchy-Schwarz inequality and the interpolation error estimate (5.30) to
obtain,∑

K∈T 0
h

(
U1(0)− u0, Ehkz1(0)

)
K
≤
∑

K∈T 0
h

‖U1(0)− u0‖K‖Ehkz1(0)‖K

≤ C
∑

K∈T 0
h

‖U1(0)− u0‖KhK‖∇z1(0)‖K

≤ C‖∇z1(0)‖
( ∑

K∈T 0
h

h2
K‖U1(0)− u0‖2

K

)1/2

= C‖∇z1(0)‖‖h0

(
U1(0)− u0

)
‖.

Similarly we have∑
K∈T 0

h

ρ
(
U2(0)− v0, Ehkz2(0)

)
K
≤ C‖∇2z2(0)‖‖h2

0

(
U2(0)− v0

)
‖.

From these two estimates we conclude

I0 ≤ Cmax(‖∇z1(0)‖, ‖∇2z2(0)‖)
×
{
‖h0

(
U1(0)− u0

)
‖+ ‖h2

0

(
U2(0)− v0

)
‖
}
.

(5.35)

For the next term, using the Cauchy-Schwarz inequality and the error
estimate (5.30), we have

I1 ≤
N∑

n=1

∑
K∈T̄ n

h

‖U̇1 − U2‖Kn‖Ehkz1‖Kn

≤ C
N∑

n=1

∑
K∈T̄ n

h

‖U̇1 − U2‖Kn

(
h̄K‖∇z1‖K̃n + kn‖ż1‖K̃n

)

≤ C
N∑

n=1

( ∑
K∈T̄ n

h

h̄2
K‖U̇1 − U2‖2

Kn

)1/2( ∑
K∈T̄ n

h

‖∇z1‖2
K̃n

)1/2

+ C

N∑
n=1

kn

( ∑
K∈T̄ n

h

‖U̇1 − U2‖2
Kn

)1/2( ∑
K∈T̄ n

h

‖ż1‖2
K̃n

)1/2

= C
N∑

n=1

{
‖h̄n(U̇1 − U2)‖Ωn‖∇z1‖Ωn + kn‖U̇1 − U2‖Ωn‖ż1‖Ωn

}
,
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that using (5.32) we have

I1 ≤ Cmax
(

max
[0,T ]

‖∇z1(t)‖,max
[0,T ]

‖ż1(t)‖
)

×
N∑

n=1

k1/2
n

{
‖h̄n(U̇1 − U2)‖Ωn + kn‖U̇1 − U2‖Ωn

}
.

(5.36)

In the same way we obtain

I2 ≤ Cmax
(

max
[0,T ]

‖∇2z2(t)‖,max
[0,T ]

‖ż2(t)‖
)

×
N∑

n=1

k1/2
n

{
‖h̄2

n(ρU̇2 − f)‖Ωn + kn‖ρU̇2 − f‖Ωn

}
.

(5.37)

Now for I3, we use the Cauchy-Schwarz inequality, a trace inequality, and
the error estimates (5.30), (5.31) to obtain,

I3 ≤
N∑

n=1

∑
K∈T̄ n

h

h̄
−1/2
K ‖rh‖∂Kn h̄

1/2
K ‖Ehkz2‖∂Kn

≤ C
N∑

n=1

∑
K∈T̄ n

h

h̄
−1/2
K ‖rh‖∂Kn

{
‖Ehkz2‖Kn + h̄K‖∇Ehkz1‖Kn

}

≤ C
N∑

n=1

∑
K∈T̄ n

h

h̄
−1/2
K ‖rh‖∂Kn

×
{
2h̄2

K‖∇2z2‖K̃n + kn‖ż2‖K̃n + h̄Kkn‖∇ż2‖K̃n

}
≤ C

N∑
n=1

{( ∑
K∈T̄ n

h

h̄3
K‖rh‖2

∂Kn

)1/2
‖∇2z2‖Ωn

+ kn

( ∑
K∈T̄ n

h

h̄−1
K ‖rh‖2

∂Kn

)1/2
‖ż2‖Ωn

+ kn

( ∑
K∈T̄ n

h

h̄K‖rh‖2
∂Kn

)1/2
‖∇ż2‖Ωn

}
,
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that using (5.32) we have

I3 ≤ Cmax
(

max
[0,T ]

‖∇2z2(t)‖,max
[0,T ]

‖ż2(t)‖,max
[0,T ]

‖∇ż2(t)‖
)

×
N∑

n=1

k1/2
n

{( ∑
K∈T̄ n

h

h̄3
K‖rh‖2

∂Kn

)1/2
+ kn

( ∑
K∈T̄ n

h

h̄−1
K ‖rh‖2

∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄K‖rh‖2
∂Kn

)1/2
}
.

(5.38)

And similarly

I4 ≤ Cmax
(

max
[0,T ]

‖∇2z2(t)‖,max
[0,T ]

‖ż2(t)‖,max
[0,T ]

‖∇ż2(t)‖
)

×
N∑

n=1

k1/2
n

{( ∑
K∈T̄ n

h

h̄3
K‖gh − g‖2

∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄−1
K ‖gh − g‖2

∂Kn

)1/2

+ kn

( ∑
K∈T̄ n

h

h̄K‖gh − g‖2
∂Kn

)1/2
}
.

(5.39)

Finally we study I5, I6 which include the convolution terms. We find an
estimate for I5 and a similar argument holds for I6. First, recalling the
definition of Θn

5,K from (5.2), we can write I5 as,

I5 =
N∑

n=1

∑
K∈T̄ n

h

Θn
5,K =

N∑
n=1

∫
In

∫ T

s
β(t− s)

∑
K∈T̄ n

h

(
rh(s), Ehkz2(t)

)
∂K

dt ds.

Then we change the order of the time integrals and we obtain,

I5 =
N∑

n=1

∫
In

n∑
j=1

∫ t∧tj

tj−1

β(t− s)
∑

K∈T̄ j
h

(
rh(s), Ehkz2(t)

)
∂K

ds dt

=
N∑

n=1

∫
In

n∑
j=1

∑
K∈T̄ j

h

(
(β ∗ rh)j(t), Ehkz2(t)

)
∂K

dt,

where

(β ∗ v)j(t) =
∫ t∧tj

tj−1

β(t− s)v(s) ds.
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Now by a trace inequality and then Cauchy-Schwarz inequality in the sum
over the triangles, and further Cuachy-Schwarz inequality in the integral
over In, we have,

I5 ≤ C

N∑
n=1

∫
In

n∑
j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2

∂K

)1/2

×
{
‖Ehkz2(t)‖+ h̄max,j‖∇Ehkz2(t)‖

}
dt

= C
N∑

n=1

∫
In

‖Ehkz2(t)‖
n∑

j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2

∂K

)1/2
dt

+ C

N∑
n=1

∫
In

‖∇Ehkz2(t)‖
n∑

j=1

h̄max,j

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2

∂K

)1/2
dt

≤ C
N∑

n=1

(∫
In

‖Ehkz2(t)‖2 dt
)1/2

×

(∫
In

( n∑
j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2

∂K

)1/2
)2

dt

)1/2

+ C

N∑
n=1

(∫
In

‖∇Ehkz2(t)‖2 dt
)1/2

×

(∫
In

( n∑
j=1

h̄max,j

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2

∂K

)1/2
)2

dt

)1/2

.

Since by the error estimate (5.30) we have

∫
In

‖Ehkz2(t)‖2 dt =
∫

In

∑
K∈T̄ n

h

‖Ehkz2(t)‖2
K dt =

∑
K∈T̄ n

h

‖Ehkz2(t)‖2
Kn

≤ C
∑

K∈T̄ n
h

(
h̄4

K‖∇2z2‖2
K̃n + k2

n‖ż2‖2
K̃n

)
≤ C

(
h̄4

max,n‖∇2z2‖2
Ωn + k2

n‖ż2‖2
Ωn

)
,
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and similarly by (5.31)∫
In

‖∇Ehkz2(t)‖2 dt =
∫

In

∑
K∈T̄ n

h

‖∇Ehkz2(t)‖2
K dt =

∑
K∈T̄ n

h

‖∇Ehkz2(t)‖2
Kn

≤ C
∑

K∈T̄ n
h

(
h̄2

K‖∇2z2‖2
K̃n + k2

n‖∇ż2‖2
K̃n

)
≤ C

(
h̄2

max,n‖∇2z2‖2
Ωn + k2

n‖∇ż2‖2
Ωn

)
,

then, recalling (5.32), we conclude the estimate

I5 ≤ Cmax
(

max
[0,T ]

‖∇2z2(t)‖,max
[0,T ]

‖ż2(t)‖,max
[0,T ]

‖∇ż2(t)‖
)

×

{
N∑

n=1

k1/2
n

(
h̄2

max,n + kn

)
×

(∫
In

( n∑
j=1

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2

∂K

)1/2
)2

dt

)1/2

+ C

N∑
n=1

k1/2
n

(
h̄max,n + kn

)
×

(∫
In

( n∑
j=1

h̄max,j

( ∑
K∈T̄ j

h

h̄−1
K ‖(β ∗ rh)j(t)‖2

∂K

)1/2
)2

dt

)1/2}
.

(5.40)

The same estimate holds for I6 with rh be replaced by gh.
We now set j1 = j2 = zT

2 = 0 and zT
1 = A−1/2e1(T ). Then, putting

(5.35)-(5.40), and the counterpart of (5.40) for I6, in (5.1), using the stability
estimates (2.14) and a standard argument, we conclude the a posteriori error
estimate (5.33), and this completes the proof. �

Remark 6. We can compute

‖rh‖∂Kn =
(∫

In

‖ψn−1(t)rh(tn−1) + ψn(t)rh(tn)‖2
∂K dt

)1/2

≤ k
1/2
n√
3

(
‖rh(tn−1)‖2

∂K + ‖rh(tn)‖2
∂K

)1/2

≤
√

2
3
k1/2

n

(
‖rh(tn−1)‖∂K + ‖rh(tn)‖∂K

)
.

Remark 7. We note that the last a posteriori error estimate presented in
(5.33), does not have the restrictions that were mentioned in Remark 5.
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qrhUzm{�srh�l�wK��jonMh���Q:�KikhHqrjop�{~z]hH�K{�ik}�zohUnDjozozm�Kn�sMq�{�srh>sr��hPsr��hU��qM���

�I�4 ~¡y¢v£�¤P¥@¦P§|¢�¨�¤@¡
©1ª,«�¬��®f¯+¬�°fª�±�²[³´¬�ª	ª�µ´ª�¶,ª�²N¬�·I¸[¸[¹�ºY»¼³½¶�·I¬�³´º]²�ºF¾R¬�°fª�µ¿³½²fª�·I¹�«�¬�º�À~°[·F«�¬�³½À�Á�·�ÂFª

ª�ÃN[·I¬�³½º]²+®f¹�³´ÂFª�²�Ä�¯�·F®[®[³´¬�³´ÂFª�²[º]³½«�ªFÅ
®�ÆÇ�ÈÊÉËÇ ®fÌ�ÍÎ®|Ï ³¿²�ÐÒÑÊÓ�Ô¼Õ~ÖØ×~Õ
Ç ÍÎÔ ³¿²+Ù[ÐÚÑÊÓ�Ô¼Õ~ÖÛ×~Õ
Ç ÓHÜ´Õ�ÔÝ×gÍ Ç�Þ Õ ÆÇ ÓHÜ´Õ�ÔÝ×gÍàß Þ ³¿²�Ð�Õ

Ó �I�½� ×

Áá°fª�¹�ª+Ðãâåä�æfÅ�çèÍ � Õ�é�Õ�ê�Õk³½«�·ÊÄvº][²[®fª�®ëÀ0º]²NÂFª0»è¸vº]µ´¯�ìFº]²[·Fµ�®fº]¶�·F³½²ÛÁá³½¬�°
Ä�º]�²[®[·I¹�¯�Ù�Ð�ÅN·F²[®�í�ÏÒÓîÌ�×�ï�ð�ñ Þ ³¿«:·�òRóFÓîÐ,×�ôrÂI·Fµ½fª�®Ë©Î³´ª�²fª�¹>¸�¹�º�À0ª�«�«>º]²,·�±�µ´¬�ª�¹�ª�®
¸[¹�ºFÄ�·IÄ�³¿µ½³´¬�¯õ«�¸�·FÀ0ªëÓMö�ÕU÷/Õ � Õ0í�÷ ð ï ð�ñ Þ ×,Áø³´¬�°Ø¹�ª�«�¸vª�À0¬�¬�ºõ¬�°fªX²fºF¹�¶�·Fµø±�µ´¬�¹�·I¬�³½º]²
í�÷�ðUï�ð�ñ Þ � ©1ª�µ´ª�¬ Ç�Þ Õ�ß Þ Ä�ª4÷ Þ ô�¶,ª�·F«�f¹�·IÄ�µ´ª�¹~·F²[®fº]¶ùÂI·I¹�³½·IÄ�µ½ª�« �
ú[ºF¹�³¿²Ý¬�¹�º¼®[[À0¬�³½º]²�¬�º�¬�°fª�«�¬�º¼À�°[·F«�¬�³¿À�Á�·�ÂFªËª�ÃN�·I¬�³´º]²�·F²[®�³´¬�«á·I¸�¸�µ½³½À�·I¬�³´º]²�«kÁgª

¹�ª�¾6ª�¹á¬�º�û ��ü ÅPûxý ü ÅPû �0þ]ü ÅPû � ý ü ÅPûxéFê ü ·F²�®/¬�°fª�¹�ª�¾îª�¹�ª�²[À0ª�«�¬�°fª�¹�ª�³½² �
ÿ °fª,«�¬�º�À~°[·F«�¬�³½À,°[ª�·I¬�ª�ÃN�·I¬�³´º]²1·F²[®1³´¬�«�²�[¶,ª�¹�³¿À�·Fµ:·I¸�¸[¹�º�»f³½¶�·I¬�³½º]² °�·F«�Ä�ª�ª�²

ª0»�¬�ª�²[«�³´ÂFª�µ´¯�¹�ª�«�ª�·I¹�À�°[ª�®/³½²�¬�°fª�µ½³´¬�ª�¹�·I¬�[¹�ªFÅf«�ª�ªFÅf¾6ºF¹kª0»f·F¶,¸�µ½ªFÅ@ûxý ü Å@û �F�0ü Å@û � é ü Å@û � ê ü Å
ûxéFê ü Å4ûxé ��ü Å�ûxéFý ü Å�·F²[®õ¬�°fª/¹�ª�¾îª�¹�ª�²[À0ª�«�¬�°fª�¹�ª�³½² � ÿ °fª+²�[¶,ª�¹�³¿À�·Fµ·F²�·Fµ´¯�«�³½«�ºF¾ø¬�°fª
«�¬�º�À~°[·F«�¬�³½À�Á·YÂFªËª�ÃN[·I¬�³½º]²�³½«øµ´ª�«�«á«�¬�[®[³´ª�®DÅ|«�ª�ª�û ���Fü Å:û ����ü Å>ûxéIÔ ü Å>ûxé þFü ¾îºF¹áª0»f³½«�¬�³½²[ì

�����
	�� 8@}Kqrjoz����G����������
������� ������	��������! #"%$�&('*)�	+ #�-,/.0��"1"1� 23 4�����!5�6�798;:~2<8 �YG 8 � 5  : G 8 � 5-=�: G 8�: A = �Y�
>?	�@BA35�CED�"F��6GDIH(��CE��"#	�"J7 uIw�jxsrhËhHzmhHikhUw�s�ikhHsr����l]G>n�sr��p��I{~n�srjopË�v{���hËh����I{�srjm�~wNGR{~l�lKjxsrjo�0h

wK��jonMh�GLK/johUw�htqP}Yqr��pUhUnMnUG�n�s�{~��jozojxsî��G�{}Kqrjo��qrj�hHqMqr��qPhHn�srjmi�{�srh�GKn�sMqr��w��pU��w��0hHqr�~hUw�pHh��
E CY��}K}F�~qMsrh�l�����sr��h�C��vh�lYjmnM�4OPhUnMhU{�qrp���A����Kw�pUjozNM´?:OPOt�
T�CY��}K}F�~qMsrh�lk���ksr��hBC���h�lKjonM��WK����w�l�{�srjm�~wá���~qPC�sMq�{�srhU�~jmp>O@hUnMh�{�qrpt�QM¿C�CYW/O[sr�Kqr�~���~� L>2�2 APG

sr�Kh L �~sr�KhUw����Yqr� 2 {�sr�KhUi�{�srjop�{�z 2 ��lYhUzozmjowK�áA�hUw�sMqrh��
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¹�ª�«�[µ´¬�« ��� ²�¸�·I¹�¬�³½À��µ½·I¹�Å[¬�°fª�«�ª	ÁºF¹! ¼«ø®fº�²fºF¬�®fª�·Fµ@Áø³´¬�°�¶�[µ´¬�³´¸|µ´ª�®[³½¶,ª�²�«�³´º]²[«�ºF¹
À0ºF¹�¹�ª�µ½·I¬�ª�®+²[º]³½«�ª ��ÿ °[³¿«k³½«�¬�°fª�¸�[¹�¸vº]«�ª�ºF¾P¬�°fª�¸[¹�ª�«�ª�²N¬kÁgºF¹" �
©1ª+�«�ª�¬�°[ª�«�ª�¶�³´ìF¹�º]f¸ ¾6¹~·F¶,ª�ÁgºF¹" ÊºF¾	û � ý ü ³½² Áá°[³¿À�° ¬�°fª�Áª�·# «�º]µ½f¬�³´º]² ºF¾

Ó �I�½� ×�³½«�¹�ª�¸�¹�ª�«�ª�²N¬�ª�®+·F«á·�«�¬�º�À~°[·F«�¬�³½À�À0º]²NÂFº]µ½f¬�³½º]²

Ç ÓîÌ�×RÍ%$ ð
Þ'&)( R+* ó «�³½²DÓ�ÓîÌ È-, × & R+* ó ×�®|ÏÒÓ , ×~Õ

Áá°fª�¹�ªFÅk¾îºF¹/«�³½¶,¸�µ¿³½À�³´¬�¯FÅ�Áª1°[·�ÂFª1«�ª�¬�¬�°fªX³½²[³´¬�³¿·FµkÂ�·Fµ¿fª�« Ç�Þ Í%ß Þ Í Ô �/. ª�¹�ª
& Í ÈáÉ Áá³´¬�°10XÓ & ×Í32 ó ÓîÐ�×5462 RÞ ÓîÐ,×~Å�·F²[®+ßvÓîÌ�×Í & ( R+* ó «�³½²DÓîÌ & R+* ó ×871³½«k¬�°fª«�º]µ½f¬�³´º]²�ºF¾ 9

ß;: & ß�ÍÎÔ¼Õ Ì=<ÛÔ¼Õ
ß�Ó�ÔÝ×RÍÎÔ¼Õ ÆßDÓ�ÔÝ×�Í>7�?Ó �I� é]×

©1ª�«�°fºKÁ ¬�°[·I¬�Å|³½¾A@ ®[ª�²fºF¬�ª�«�¬�°fª�À0ºKÂ�·I¹~³½·F²[À0ª�ºF¸vª�¹�·I¬�ºF¹øºF¾>Ï Å[·F²[®�³´¾B &DCFEG( R+HI* ó @ R+* ó B ��KJ ÖÎÕÓ �I� ê]×
¾6ºF¹á«�º]¶,ªMLONÛÔ¼Å�¬�°fª�²/Áª�°[·�ÂFª	«�¸�·I¬�³½·FµD¹�ª�ì][µ½·I¹�³´¬t¯�ºF¾BºF¹�®fª�¹DL�ÅP �6Q B Ç ÓîÌ�× B óSRTVUXW�Y R+* óMZ\[

Ì R+* ó B & C]E^( R+H_* ó @ R+* ó B �� Õ
Áá°fª�¹�ª Æ2 E Í Ð/Ó & E * ó × �`� ²1¸|·I¹�¬�³½À�[µ½·I¹YÅ@³´¾ ÿ ¹KÓa@	×�Í B @ R+* ó B ó�� J Ö Ó�«�¸|·I¬�³½·Fµ½µ´¯
À0ºF¹�¹�ª�µ½·I¬�ª�®õ²fº]³½«�ªK×~Å>¬�°fª�²ÊÁª�¶�·�¯ ¬�·# Fª`L Í �I�cb ²Ê¬�°[ª�ºF¬�°[ª�¹Ë°�·F²[®Ê³´¾d@ Ífe
Ó�[²[À0ºF¹�¹�ª�µ¿·I¬�ª�®	²fº]³¿«�ªK×~ÅI¬�°fª�²gL J � È çXhIé�Å]¬�°[·I¬B³½«�Å#L J � hIé�Õ>ç,Í �I�Vi ª�ª i ª�À0¬�³½º]²Ëê
¾6ºF¹á®[ª�¬�·F³½µ½« �
©1ª�®[³½«�À0¹�ª�¬�³kj�ªøÓ �I�½� ×D³½²�¬�°[ªg«�¸�·I¬�³¿·Fµ]ÂI·I¹�³½·IÄ�µ´ª�«yÁá³´¬�°�·ø«�¬�·F²[®[·I¹�®�¸�³´ª�À0ª�Áá³¿«�ªRµ½³½²[ª�·I¹

±�²[³´¬�ªkª�µ´ª�¶�ª�²Ý¬¶,ª�¬�°fº¼®DÅN·F²[®�Ágªø«�°fºYÁÎ«�¬�¹�º]²[ì�À0º]²ÝÂFª�¹�ìFª�²[À0ª�ª�«�¬�³½¶�·I¬�ª�«³½²,ÂI·I¹�³´º][«
²fºF¹�¶�« � úfºF¹øª0»¼·F¶�¸�µ´ªFÅP � Q B Ç�l ÓîÌ�× È1Ç ÓîÌ�× B ó W Y R+* ó Zm[

ÓîÌ�×8n To E B & C]E^( R+H_* ó @ R+* ó B �� Õ L-pÊû Ô¼Õ�ê ü ÕÓ �I�xþ ×

Áá°fª�¹�ªR·Iì]·F³¿² Ç Þ Íàß Þ ÍÎÔø·F²�® Ç�l ÓîÌ�×@³½«y¬�°fª·I¸[¸[¹�ºY»¼³¿¶�·I¬�ª«�º]µ½f¬�³´º]²�Áá³´¬�°�¶�·�»¼³½¶�·Fµ
¶,ª�«�°[«�³qj�ªMnyÅ�«�ª�ª ÿ °fª�ºF¹�ª�¶ ���½�F�r «·�À0º]¶,¸�·I¹~³½«�º]²DÅ]Áª4¹�ª�À�·Fµ½µf¾î¹�º]¶åûxé ��ü ¬�°[·I¬g¾6ºF¹g¬�°fªø«�¬�º�À~°[·F«�¬�³½Àø°fª�·I¬gª�Ã�[·I¬�³´º]²
Ágª�°[·YÂFª P �6Q B Ç ÓîÌ�× B ósRT U W Y R+* óMZ\[ B & C]E^( R+H_* ó @ R+* ó B �� Õ L-NÛÔ¼ÕP � Q B Ç�l ÓîÌ�× È1Ç ÓîÌ�× B ó W Y R+* óMZ\[ n E B &DCFEG( R+HI* ó @ R+* ó B �� Õ L-pÊû Ô¼Õ�é ü ?. ª�¹�ª�¬�°[ª�ºF¹�®fª�¹�ºF¾:¹�ª�ì][µ¿·I¹�³´¬�¯�À0º]³½²[À�³¿®fª�«�Áá³´¬�°�¬�°fª�ºF¹�®fª�¹�ºF¾BÀ0º]²ÝÂFª�¹�ìFª�²[À0ª �
ÿ °fª�¶�·F³½²1¬�º�º]µ½«�¾îºF¹�¬�°[ª�¸[¹�º�ºF¾gºF¾�Ó �I�xþ ×�·I¹�ª�¬�°[ª � ¬utºIô�³¿«�º]¶,ª�¬�¹�¯èÓMé � � ×�·F²[®1ª�¹�ô

¹�ºF¹,ª�«�¬�³½¶�·I¬�ª�«�¾6ºF¹�¬�°[ª+®fª�¬�ª�¹�¶�³½²�³½«�¬�³½À�¸[¹�ºFÄ�µ½ª�¶ Ó �I� éN×�Áá³´¬�°õ¶�³½²�³½¶�·Fµg¹�ª�ì][µ½·I¹�³½¬�¯
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·F«�«�[¶,¸�¬�³´º]²[«�Å

B ß l ÓîÌ�× È ß�ÓîÌ�× B Z\[
ÓîÌ�×8n ó B 7 B RT T ÕÓ �I� � ×

B ß l ÓîÌ�× È ßvÓîÌ�× B Z\[ B 7 B RT� E Õ
·F²[®DÅ[°fª�²[À0ª�Ä�¯�³½²Ý¬�ª�¹�¸�º]µ¿·I¬�³´º]²DÅf«�ª�ª��ºF¹�º]µ½µ½·I¹�¯ þf� ê¼Å

B ß l ÓîÌ�× È ßvÓîÌ�× B Z [
ÓîÌ�×8n To E B 7 B RT U Õ L-pÊû Ô¼Õ�ê ü ?

r «:¶,ª�²Ý¬�³½º]²fª�®�·IÄvºYÂFªFÅFÁø°fª�²�Áªg«�¸vª�À�³½·Fµ¿³kj�ª�¬�º;@&Í e[ÕBç�Í � Å�Áª�°[·�ÂFª L J � hIé
·F²[®�¬�°�[«y¬�°[ªRºF¹�®fª�¹PºF¾[«�¬�¹�º]²fì4À0º]²ÝÂFª�¹�ìFª�²[À0ªk³½«���ÓSn���×~Õ�� J � hIê ��ÿ °�³½«D³½«y¬�°[ªg«�·F¶,ª
ºF¹�®fª�¹g·F«g³½²�û ���Iü ÅNÁá°[ª�¹�ªá«�¸�·I¬�³¿·Fµ[«�ª�¶�³�ô�®�³½«�À0¹�ª�¬�³kj�·I¬�³½º]²�ºF¾v¬�°fªø²[º]²[µ½³½²fª�·I¹g«�¬�º�À~°[·F«�¬�³½À
Á·YÂFª�ª�Ã�[·I¬�³´º]²1Áá³½¬�° ·�«�¬�·F²[®[·I¹�®1®�³���ª�¹�ª�²[À0ª�«�À�°[ª�¶,ª�ºF¾�[²[³´¾îºF¹�¶å¶,ª�«�°[«�³kj�ª n ³½«
À0º]²[«�³½®fª�¹�ª�®Ê¾îºF¹,çÊÍ � ·F²[® Áá³½¬�° «�¸|·FÀ0ª0ôr¬�³½¶,ª�Áá°[³´¬�ª�²fº]³½«�ª1Óa@ Í e�× � ©1ª+²fºF¬�ª
¬�°[·I¬�¬�°fª�ºF¹~®fª�¹�ºF¾�À0º]²ÝÂFª�¹�ìFª�²�À0ª�³½«�µ´ª�«�«�¬�°[·F² ¬�°fª�ºF¹�®fª�¹�ºF¾¹�ª�ì][µ½·I¹�³´¬t¯FÅ@Áá°�³½À�°1³½«L J � hIé �). ºKÁgª�ÂFª�¹�ÅD³´¬ø³½«) ¼²fºYÁø²+¬�°[·I¬4³½²ÊÓ �I� � ×~Å B 7 B RT T À�·F²�²fºF¬áÄvª�¹�ª�¸�µ½·FÀ0ª�®+Ä�¯B 7 B RT T ��� ¾6ºF¹	·F²Ý¯��	< Ô¼ÅP«�ª�ª�û ����ü ·F²[®��áª�¶�·I¹! þf�xþ Ävª�µ´ºKÁ ��ÿ °fª�¹�ª�¾îºF¹�ªFÅ���ÓSn � ×~Å
� J � hIê�Åy³½«�¬�°[ª	Ävª�«�¬ø¬�°[·I¬øº]²[ª�À�·F² ª0»¼¸�ª�À0¬ �4ÿ °[³½«áª0»�¸|µ½·F³½²[«á¬�°fª	®[³¿«�À0¹�ª�¸�·F²[À0¯+³¿²
¬�°fª�À0º]²ÝÂFª�¹�ìFª�²[À0ª	Ävª�°[·YÂ�³½ºF¹kÄ�ª�¬tÁgª�ª�²�¬�°fª�°fª�·I¬ø·F²[®/Á�·�ÂFª�ª�Ã�[·I¬�³´º]²�« �� ²èûxé þÝü ¬�°fª�µ´ª�·I¸fôr¾î¹�ºFì�«�À�°fª�¶,ª�³½«�·I¸�¸�µ½³´ª�®1¬�º ¬�°fª�²fº]²[µ½³½²[ª�·I¹�«�¬�º¼À�°[·F«�¬�³¿À�Á�·�ÂFª
ª�ÃN[·I¬�³½º]²1³½² ¬�°fª�[²NÄ�º]�²[®fª�® ®fº]¶�·F³½² Ð Í äkÅg·F²[®1·/«�¬�¹�º]²fì+À0º]²ÝÂFª�¹�ìFª�²[À0ª�¹�·I¬�ª
��ÓSn R+* ó ×R³½«R¸[¹�ºYÂFª�® ��ÿ °fªá¸�¹�ºNºF¾�«R³¿²�ÄvºF¬�° û ���Iü ·F²[®Xûxé þFü ·I¹�ªáÄ�·F«�ª�®�º]²�¹�ª�¸[¹�ª�«�ª�²Ý¬�·�ô
¬�³´º]²�ºF¾P¬�°[ª�ª0»¼·FÀ0¬ø·F²[®+·I¸[¸[¹�º�»f³½¶�·I¬�ª�«�º]µ½[¬�³´º]²[«ÄN¯�¶,ª�·F²[«�ºF¾� 4¹�ª�ª�²"!o«�¾�[²[À0¬�³´º]²�« �
ÿ °fª�®[³��vª�¹�ª�²[À0ª�³½²�À0º]²NÂFª�¹�ìFª�²[À0ª�¹~·I¬�ª�Ävª�¬�Áª�ª�²/¬�°fª�¬�Áº�³½«ª0»¼¸�µ½·F³½²[ª�®�Ä�¯�¬�°fª�¾î·FÀ0¬
¬�°[·I¬�³½²èä-¬�°fª# 4¹�ª�ª�²"!o«�¾î[²�À0¬�³´º]²[«�¾îºF¹�¬�°fª�Á�·�ÂFª1ª�Ã�[·I¬�³´º]²à·F²[®è¬�°fª�µ´ª�·I¸[ôr¾6¹�ºFì
«�À�°fª�¶�ª�À0º]³½²[À�³½®[ª�·I¬ø¶,ª�«�°/¸vº]³½²N¬�«�Å[«�ª�ª$�áª�¶�·I¹! ��� éË¾îºF¹ø¶,ºF¹�ª�®[ª�¬�·F³½µ½« �� ² «��¶�¶�·I¹�¯ Ágª�¶�·�¯1«�·Y¯1¬�°[·I¬�Áª�ª0»�¬�ª�²�® ¬�°fª�¹�ª�«�[µ´¬�«�ºF¾�û ����ü ¬�º�¬�°fª,±�²[³½¬�ª
ª�µ´ª�¶,ª�²N¬�¶�ª�¬�°fº�®1³¿² ¶�[µ´¬�³½¸�µ´ª	®�³½¶,ª�²[«�³½º]²[«ø·F²�® À0ºF¹�¹�ª�µ½·I¬�ª�® ²fº]³¿«�ª �&% f¬�ÁªËº]²[µ´¯
À0º]²[«�³½®fª�¹�¬�°fª�µ½³¿²fª�·I¹�ª�Ã�[·I¬�³´º]² Áá³´¬�°Ê·F®�®[³´¬�³´ÂFª�²fº]³¿«�ª � ©1ª�·Fµ¿«�º�ª0»¼¸�µ½·F³½² ¬�°fª�®[³¿«Uô
À0¹�ª�¸�·F²[À0¯�Ävª�¬�Áª�ª�² û ���Iü ·F²[® ûxé þ]ür� ©1ª	¸�µ½·F²/¬�º�·F®[®f¹�ª�«�«k¬�°fª�²fº]²�µ½³½²fª�·I¹�ª�Ã�[·I¬�³´º]²
®�ÆÇ�ÈÊÉËÇ ®fÌ�Í>7>Ó Ç ×�®fÌ :('�Ó Ç ×�®|Ï ³½²�¾�f¬�f¹�ª�ÁºF¹! �
ÿ °fª�¸|·I¸�ª�¹Ë³½«�ºF¹�ì]·F²[³qj�ª�® ·F«Ë¾îº]µ½µ´ºKÁá« � � ² i ª�À0¬�³½º]²õé «�º]¶�ª�¸�¹�ª�µ½³½¶�³¿²[·I¹�³´ª�«�·I¹�ª

¸[¹�ºYÂ¼³½®fª�®�·F²[®�·�¹�³´ìFºF¹�º][«g¶�ª�·F²[³½²fì	¬�º	¬�°fª�³½²f±|²[³´¬�ª�®[³½¶�ª�²[«�³´º]²[·Fµ[©à³´ª�²[ª�¹g¸[¹�º�À0ª�«�«
í�Ï ÓîÌ�×�ï�ð�ñ Þ ·F²[®�¬�°fª4«�¬�º�À~°[·F«�¬�³½À�³½²N¬�ª�ìF¹�·Fµv·I¹�ª4ì]³´ÂFª�²�¬�ºFìFª�¬�°fª�¹�Áá³´¬�°�¬�°fª�®fª�±�²[³½¬�³´º]²
ºF¾�·4Ágª�·# Ë«�º]µ½f¬�³½º]²�ºF¾�Ó �I�½� × ��) »f³½«�¬�ª�²�À0ªFÅ][²[³½Ã�fª�²fª�«�«�Å�·F²[®�¹�ª�ì]�µ½·I¹�³´¬t¯�ºF¾[Áª�·# �«�ºIô
µ½f¬�³´º]²[«B·I¹�ªø®[³½«�À�[«�«�ª�®Ë³½² i ª�À0¬�³´º]²�ê �A� ² i ª�À0¬�³´º]² þ ¬�°fªk±�²[³½¬�ªª�µ½ª�¶,ª�²Ý¬g¶,ª�¬�°fº¼®,¾6ºF¹
¬�°fªø®fª�¬�ª�¹~¶�³½²[³½«�¬�³½À�¸[¹�ºFÄ�µ½ª�¶ ³½«R¾6ºF¹�¶�[µ½·I¬�ª�®�·F²[®�·F²[·Fµ´¯ j�ª�® �>ÿ °fªø¹�ª�«�[µ´¬�«RºFÄ[¬�·F³½²fª�®
°fª�¹�ª	·I¹�ªË�«�ª�®�³¿² i ª�À0¬�³½º]² � ¬�º/®fª�¹�³´ÂFª�«�¬�¹�º]²fì/À0º]²NÂFª�¹�ìFª�²[À0ª,ª�«�¬�³¿¶�·I¬�ª�«�¾6ºF¹4±�²[³½¬�ª
ª�µ´ª�¶,ª�²N¬4·I¸[¸�¹�º�»f³½¶�·I¬�³´º]² ºF¾�¬�°[ªË«�¬�º�À~°[·F«�¬�³½À�ª�Ã�[·I¬�³´º]²ëÓ �I�½� × � úB³½²[·Fµ½µ½¯FÅ�²�[¶,ª�¹�³¿À�·Fµ
ª0»�¸vª�¹�³½¶�ª�²Ý¬�«k·I¹�ª�¸[¹�ª�«�ª�²N¬�ª�®+³½² i ª�À0¬�³½º]²�ý,³½²�ºF¹�®[ª�¹�¬�º�³½µ½µ¿[«�¬�¹�·I¬�ª�¬�°fª�¬�°fª�ºF¹�¯ �
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ÿ °f¹�º]fì]°fº][¬4¬�°[ª,¸�·I¸vª�¹4Áª�[«�ª !´Ü !D¬�º+®[ª�²fºF¬�ª�¬�°fª,¬�³½¶�ªË®[ª�¹�³´ÂI·I¬�³´ÂFª�!� ð !´Å@·F²[®[
¬�º/®fª�²fºF¬�ªË·�ìFª�²fª�¹�³½À�¸�º]«�³´¬�³´ÂFª	À0º]²�«�¬�·F²Ý¬�ÅD²fºF¬�²fª�À0ª�«�«�·I¹�³½µ´¯�¬�°fªË«�·F¶,ªË·I¬4®�³���ª�¹�ô

ª�²Ý¬�º¼À�À�f¹�¹�ª�²[À0ª�« � ©1ª�¹�ª�¾6ª�¹�¬�ºàû � ý ü ·F²�® û ����ü ¾îºF¹�¶,ºF¹�ª�®fª�¬�·F³½µ½«Ëº]²è«�¬�º�À~°[·F«�¬�³½À
³½²Ý¬�ª�ìF¹~·I¬�³´º]²+·F²[®/¾îºF¹á«�º]¶�ª�À0º]²[À0ª�¸[¬�«á¬�°[·I¬�Áª�À�·F²[²fºF¬�ª0»¼¸�µ½·F³¿²�°[ª�¹�ª ��@ª�¬ Q�� ÕYÓHÜ´Õ�Ü ×�� W ·F²[® Q 2�ÕYÓHÜ´Õ�Ü × T W Ävª�«�ª�¸�·I¹~·IÄ�µ´ª . ³½µ´Ävª�¹�¬�«�¸|·FÀ0ª�«�Áá³½¬�°ØÀ0ºF¹�¹�ª0ô«�¸vº]²[®[³½²fì�²fºF¹~¶�« B Ü B � ·F²[® B Ü B T � ©1ª�«�f¸�¸[¹�ª�«�«>¬�°[ªø«�fÄ|«�À0¹�³´¸[¬�«�Áá°fª�²�³½¬RÀ�·F[«�ª�«
²fºáÀ0º]²f¾�[«�³´º]² � �yª�¬��4Ó � Õ!2X×y®fª�²fºF¬�ªR¬�°[ªg«�¸�·FÀ0ªgºF¾¼Ä�º]�²[®fª�®�µ½³½²[ª�·I¹yºF¸vª�¹�·I¬�ºF¹�«P¾6¹�º]¶� ¬�º;2 Å]·F²[®��óIÓ � Õ!2X×P¬�°[ª«�¸|·FÀ0ªºF¾ . ³¿µ´Ävª�¹�¬Uô i À�°�¶�³½®f¬yºF¸vª�¹�·I¬�ºF¹~«�ÅFª�²[®fºKÁgª�®ËÁá³½¬�°
²fºF¹�¶ B Ü B�� T C ��� T H ��ÿ °[·I¬�³½«�Å�� p��óIÓ � Õ!2X×k³´¾�� p��4Ó � Õ!2X×k·F²[®

B � B ó� T C ��� T H! Í "#
$&% R

B �(' $ B ó T J ÖàÕ
Áá°fª�¹�ª�í)' $ ï "$&% R ³½«�·F²1·I¹�Ä�³´¬�¹~·I¹�¯ b(* ôrÄ�·F«�³¿«�³½² �	�	� ¾ 2 Í � Ágª,Áá¹�³´¬�ª+�4Ó � ×øÍ�4Ó � Õ � ×�·F²�® .Mi Í,�góFÓ � Õ � × � � ¬	³½«	Áª�µ½µ  ¼²fºYÁø² ¬�°[·I¬Ë³´¾.- p/�4Ó � ×�·F²[®0� p� ó Ó � Õ!21×~Å[¬�°fª�²1�(- p�� ó Ó � Õ!21×�·F²[®/Áª�°[·YÂFª�¬�°fª�²fºF¹~¶ ³½²fª�Ã�[·Fµ½³´¬t¯B �(- B � T C ��� T H

Z B � B � T C ��� T H B - B � C � H ?ÓMé �½� ×
�@ª�¬�ÓMö�ÕU÷/Õ � ×gÄvª4·�¸[¹�ºFÄ|·IÄ�³½µ½³´¬t¯,«�¸�·FÀ0ª � ©1ª�®fª�±�²[ªøòRó]ÓMö�Õ!2X×R¬�ºËÄvªá¬�°fª�«�¸�·FÀ0ª

ºF¾ 2�ôrÂ�·Fµ¿fª�®+«�Ã�[·I¹�ª�³½²N¬�ª�ìF¹�·IÄ�µ½ª�¹�·F²[®fº]¶ÚÂI·I¹�³½·IÄ�µ½ª�«�Áá³´¬�°/²fºF¹�¶

B ß B�2 T C43 � T H Í � Ó B ß B
ó T × R+* ó Í P $

3
B ß�Ó�5g× B ó T ® � Ó�5g× Y R+* ó Õ

Áá°fª�¹�ª � «�¬�·F²[®�«k¾6ºF¹øª0»�¸vª�À0¬�ª�®�Â�·Fµ½[ª � �yª�¬M@/p6��Ó � ×�Ä�ª�·�«�ª�µ´¾�·F®�7Uº]³¿²Ý¬�Åf¸vº]«�³´¬�³½ÂFª
«�ª�¶�³½®fª�±|²[³´¬�ªËºF¸vª�¹�·I¬�ºF¹�Å@Áø³´¬�° ÿ ¹KÓa@�× J ÖàÅPÁá°fª�¹�ª ÿ ¹YÓa@	×�®fª�²fºF¬�ª�«�¬�°fª�¬�¹�·FÀ0ª�ºF¾@ � ©1ª�«�·Y¯�¬�°[·I¬Ëí�ÏÒÓîÌ�×�ï ð�ñ Þ ³½«�·98;:=<�>@?4ACBED`@�:@F1GHB&IJBLK.M�K�NPOQBLR�RTS!GVU�WXKEBYRZM[BEO�U�U\N
í�÷�ðUï�ð�ñ Þ ³´¾

Ó�³6×�ÏÒÓ�ÔÝ×�ÍÎÔ¼Å
Ó�³½³6×,Ï °[·F«�À0º]²N¬�³½²�fº][«k¬�¹�·)7�ª�À0¬�ºF¹�³´ª�«ËÓ�·Fµ½¶,º]«�¬�«�f¹�ª�µ´¯[×~Å
Ó�³¿³½³6×,Ï °[·F«�³½²�®fª�¸vª�²[®fª�²N¬³½²�À0¹�ª�¶,ª�²N¬�«�Å
Ó�³´Â[×�ÏÒÓîÌ�× È ÏÒÓ , ×~Å:Ô Z , Z Ì�Å:³½«	· � ôrÂ�·Fµ½[ª�®  �·F[«�«�³½·F² ¹~·F²[®fº]¶�ÂI·I¹�³½·IÄ|µ´ª

Áá³´¬�° j�ª�¹�º�¶,ª�·F²+·F²�®+À0ºYÂI·I¹�³½·F²[À0ª�ºF¸�ª�¹~·I¬�ºF¹�ÓîÌ È-, × @,Å
·F²[®

ÓîÂ[×�í�ÏÒÓîÌ�×�ï�ð�ñ Þ ³¿«·F®�·I¸[¬�ª�®�¬�º�í�÷�ðUï�ð�ñ Þ@] ¬�°[·I¬k³½«�Å�ÏÒÓîÌ�×g³½«g÷�ð>¶,ª�·F«�[¹�·IÄ�µ´ª4¾6ºF¹
·Fµ½µDÌ=NÛÔ ]

ÓîÂ¼³6×�¬�°fª�¹~·F²[®fº]¶ùÂI·I¹�³½·IÄ�µ½ª�ÏÒÓîÌ�× È ÏÒÓ , ×³½«�³½²[®[ª�¸�ª�²�®fª�²Ý¬�ºF¾P÷�^�¾îºF¹ø·Fµ¿µv±f»�ª�®, pÊû Ô¼Õ�Ì ür�� ¬k³½«  �²[ºYÁá²DÅf«�ª�ªFÅfª � ì � Å:û ��� Å i ª�À0¬�³´º]²+é �½��ü Å[¬�°[·I¬�¾îºF¹�·�ì]³´ÂFª�² @4ôr©Î³´ª�²fª�¹k¸[¹�º�À0ª�«�«
«�·I¬�³½«�¾î¯�³¿²fì Ó�³6×\_�Ó�³´Â[×�º]²fª�À�·F²ë·Fµ´Á·Y¯�«�±�²�® ·X²fºF¹�¶�·FµR±�µ½¬�¹�·I¬�³´º]²Øí�÷�ðUï�ð�ñ Þ «�ºX¬�°[·I¬
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ÓîÂf×\_�ÓîÂ¼³6×�°fº]µ¿®[« � ú[f¹�¬�°[ª�¹�¶,ºF¹�ªFÅ�ÏÒÓîÌ�×°[·F«k¬�°fª�ºF¹�¬�°fºFìFº]²[·FµDª0»¼¸�·F²[«�³´º]²

ÏÒÓîÌ�×>Í "#
� % R �

R+* ó
� L � ÓîÌ�× ' � ÕÓMé � é]×

Áá°fª�¹�ª�íNÓ � � Õ�' � ×�ï "� % R ·I¹�ªË¬�°fª,ª�³´ìFª�²[¸�·F³´¹�«4ºF¾=@ùÁá³´¬�° ºF¹�¬�°fº]²[ºF¹�¶�·Fµ:ª�³´ìFª�²NÂFª�À0¬�ºF¹�«�Å
·F²[®&í�L � ï "� % R ³¿«�·õ«�ª�Ã�fª�²[À0ªXºF¾�¹�ª�·Fµ�ôrÂ�·Fµ¿fª�®Î¶	f¬��·Fµ½µ´¯Û³½²[®[ª�¸�ª�²�®fª�²Ý¬�«�¬�·F²[®[·I¹�®% ¹�ºYÁá²[³¿·F²�¶,ºF¬�³½º]²[« � ©1ª,²fºF¬�ªË¬�°[·I¬4¬�°fªË«�ª�¹�³´ª�«�³½² ÓMé � éN×áÀ0º]²ÝÂFª�¹�ìFª�«�³½²�ògóFÓMö�Õ � ×~Å
«�³½²[À0ª�¾îºF¹�Ì NØÔ¼Å[Ágª	°[·�ÂFª

B Ï ÓîÌ�× B ó2 T C43 � � H Í �
P���� "#
� % R �

R+* ó
� ' � L � ÓîÌ�× ��� ó � Y Í "#

� % R � �
� Q L � ÓîÌ�× W ó

ÍàÌ "#
� % R � �

ÍÎÌ ÿ ¹KÓa@�× J Öm?ÓMé � ê]×

©1ª ²fª�ª�®Ûº]²�µ´¯ ·Ê«�¸vª�À�³½·FµkÀ�·F«�ª�ºF¾�¬�°fª � ¬utºÊ³¿²Ý¬�ª�ìF¹�·FµáÁá°fª�¹�ª/¬�°[ª�³½²N¬�ª�ìF¹�·F²[®Û³½«
®fª�¬�ª�¹�¶�³½²�³½«�¬�³½À � � ¾ø·�¾�[²[À0¬�³½º]²��  û Ô¼Õ~ÖÛ×�� ò4Ó � Õ!21×�³½«	«�¬�¹�º]²fì]µ´¯Ê¶�ª�·F«�f¹�·IÄ�µ½ª
·F²[®

$ ð
Þ
B ��Ó , × @ R+* ó B ó�� ® , J ÖàÕÓMé �xþ ×

¬�°fª�²,¬�°fªá«�¬�º�À~°[·F«�¬�³½À�³¿²Ý¬�ª�ìF¹�·Fµ
	 ðÞ ��Ó , ×�®|ÏÒÓ , ×:³½«�Ágª�µ½µf®[ª�±�²fª�®�·F²[® � ¬utº�!o«g³½«�º]¶,ª�¬�¹�¯FÅ
� ��� $ ðÞ ��Ó , ×�®|ÏÒÓ , × ��� ó2 T C43 � T H Í $ ð

Þ
�� ��Ó , × @ R+* ó �� ó� T C ��� T H ® , ÕÓMé � � ×

°fº]µ½®[« �
��ºF¹�ªkìFª�²fª�¹~·Fµ½µ´¯FÅ]³´¾�@ p���Ó � ×:³½«B·�«�ª�µ´¾�·F®�7�º]³½²Ý¬�ÅF¸vº]«�³½¬�³´ÂFª«�ª�¶�³½®fª�±�²�³´¬�ªRºF¸vª�¹�·I¬�ºF¹

Áá³´¬�°/ª�³´ìFª�²[¸�·F³´¹�«�íNÓ � � Õ�' � ×�ï "� % R Å�Ä�[¬ø²fºF¬ø¬�¹�·FÀ0ª�À�µ¿·F«�«�Å�¬�°�·I¬4³½«�Å ÿ ¹YÓa@�×�Í&ÖÎÅ|¬�°fª�²
¬�°fª�«�ª�¹�³½ª�«�ÓMé � éÝ×�®fºNª�«�²fºF¬�À0º]²NÂFª�¹�ìFª1³½²Ûò ó ÓMö�Õ � × �%. ºYÁª�ÂFª�¹�Åá³´¬�À0º]²ÝÂFª�¹�ìFª�«/³¿²
·�«��³´¬�·IÄ�µ´¯/À�°[º]«�ª�²ÛÓ�[«�[·Fµ¿µ´¯/µ½·I¹�ìFª�¹�× . ³¿µ´Ävª�¹�¬á«�¸�·FÀ0ªË·F²[® ¬�°fªË«�¬�º¼À�°[·F«�¬�³¿À�³¿²Ý¬�ª�ìF¹�·Fµ
	 ðÞ ��Ó , ×�®�Ï Ó , ×áÀ�·F²1«�¬�³½µ½µ@Ä�ªË®fª�±�²[ª�® ·F²�®�¬�°[ªË³¿«�º]¶,ª�¬�¹�¯õÓMé � � ×ø°fº]µ½®[«�Å�·F«�µ´º]²[ì�·F«
ÓMé �xþ ×4³½«�«�·I¬�³½«�±�ª�® � � ²X¬�°[³½«�À�·F«�ª�Ï ³½«�À�·Fµ½µ´ª�®1·�À0¯�µ¿³½²[®f¹�³¿À�·Fµy©Î³´ª�²fª�¹�¸[¹�º¼À0ª�«�« �K� ²
¸�·I¹�¬�³½À�[µ¿·I¹�ÅNÁª�¶�·Y¯/°[·�ÂFª @ Í e Óî¬�°fª�³½®fª�²N¬�³´¬t¯�ºF¸vª�¹�·I¬�ºF¹�× �* ª0»¼¬�Ágª	À0º]²[«�³½®fª�¹k¬�°[ª�·IÄ�«�¬�¹�·FÀ0¬ø«�¬�º�À~°[·F«�¬�³½À	®[³��vª�¹�ª�²N¬�³½·Fµ�ª�ÃN[·I¬�³½º]²

®��õÓîÌ�×�Í���õÓîÌ�×�®fÌ :�� ®|ÏÒÓîÌ�×~Õ Ì <ØÔ ] � Ó�ÔÝ×gÍ�� Þ ÕÓMé � ý]×
·F²[®/·F«�«�[¶�ª�¬�°[·I¬
Ó�· � ×�  0 Ó��×�âm2�� 2(³½«�¬�°fª�ìFª�²fª�¹�·I¬�ºF¹�ºF¾�·�«�¬�¹�º]²fì]µ´¯/À0º]²Ý¬�³¿²Nfº]�«á«�ª�¶�³´ô

ìF¹�º]f¸ Ó
[
Þ ô�«�ª�¶�³´ìF¹�º][¸�×gºF¾PÄvº][²�®fª�®�µ½³½²fª�·I¹kºF¸vª�¹�·I¬�ºF¹�«�í���ÓîÌ�×�ï�ð�ñ Þ º]²12 Å

Ó�·]é]×�� p���Ó � Õ!21×~Å
Ó�·]ê]×�� Þ ³½«�·F²/÷ Þ ô�¶,ª�·F«�f¹�·IÄ|µ´ª 2+ôrÂI·Fµ½fª�®�¹~·F²[®fº]¶ùÂI·I¹�³½·IÄ�µ½ª �
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³´¾v¬�°fªø¬�¹~·)7Uª�À0¬�ºF¹�³½ª�«gºF¾ ��·I¹�ª � ô�· � « � % º�À~°[²fª�¹k³½²N¬�ª�ìF¹�·IÄ�µ´ª4·F²[®DÅÝ¾îºF¹k·Fµ½µ��6p60XÓ����×
·F²[®/·Fµ½µDÌ=NÛÔ¼Å

Q � ÓîÌ�×~Õ�� W Í Ó � Þ Õ��[× : $ ð
Þ
Q � Ó , ×~Õ  � � W ® , : $ ð

Þ
Q � ®|ÏÒÓ , ×~Õ�� W Õ � ô�· � « �

ÓMé � � ×

ê ���
	 ��¢v£ 	y§�¢��¼£ 	�� ���¤@£�� 	P¡y¥ë£����P¦ � 	@£v¨î¢��r «³½²,¬�°fª4³½²Ý¬�¹�º�®[�À0¬�³´º]²DÅ]µ´ª�¬ & Í ÈøÉ Ävª�¬�°fª �@·I¸�µ½·FÀ0ªøºF¸vª�¹�·I¬�ºF¹gÁø³´¬�°�0XÓ & ×�Í2 ó ÓîÐ�× 4 2 RÞ ÓîÐ�×�·F²[®Xµ´ª�¬ � Í�ògóIÓîÐ�×áÁá³´¬�°�¬�°fª��«�[·Fµ:³½²[²fª�¹ø¸[¹�º¼®[[À0¬�ÓHÜ´Õ�Ü ×ø·F²[®
²fºF¹�¶ B Ü B �A� ²�ºF¹�®fª�¹y¬�ºá®[ª�«�À0¹�³´ÄvªB¬�°fª�«�¸�·I¬�³¿·FµF¹�ª�ì][µ½·I¹~³´¬�¯4ºF¾N¾�[²[À0¬�³½º]²[«DÁª�³½²Ý¬�¹�º�®[�À0ª
¬�°fª�¾6º]µ¿µ´ºYÁá³¿²fì,«�¸�·FÀ0ª�«á·F²�®/²fºF¹�¶�« � �@ª�¬
Æ2 � Í 0XÓ & � * ó ×~Õ B ß B � Í B & � * ó ß B Í P "#

� % R
� �� Óîß�Õ�� � × ó Y R+* ó Õ �Op+äkÕ�ß`p Æ2 � Õ

Áá°fª�¹�ª�íNÓ � � Õ�� � ×�ï "� % R ·I¹�ª�¬�°fªËª�³´ìFª�²f¸|·F³´¹�«øºF¾ & Áá³½¬�°�ºF¹�¬�°[º]²fºF¹�¶�·FµPª�³´ìFª�²NÂFª�À0¬�ºF¹�« �
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Áá°fª�¹�ª & l  - l �C- l ³¿«�¬�°fª�®[³½«�À0¹�ª�¬�ª �@·I¸�µ¿·FÀ0ª�ºF¸�ª�¹~·I¬�ºF¹ø®fª�±�²[ª�®�ÄN¯
Ó & l ß l Õ:9>×�Í Ó��Ëß l Õ���9>×~Õ<;�9-pD- l ?
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��� ¬�³½«kÀ�µ½ª�·I¹á¬�°[·I¬ B ß l B R � l Í B �Ëß l B Í B ß l B R ·F²[®B 4 l 7 B ( R � l
Z B 7 B ( R Õ 7 p Æ2 ( RÓ þf� ý]×

¾6º]µ½µ½ºYÁá«�¾î¹�º]¶ù¬�°fª�À�·Fµ¿À�[µ½·I¬�³´º]²

B & ( ETl 4 l 7 B Í «�[¸
� + (�� +

��Ó & ( ETl 4 l 7�Õ�ß l × �B ß l B Í «�[¸
� + (�� +

��ÓS7�Õ & ( ETl ß l × �B ß l B
Í «�f¸
� + (�� +

��ÓS7�Õ�� l × �B & ETl � l B
Í «�f¸
� + (�� +

��ÓS7�Õ�� l × �B � l B RZ
«�f¸
�
(
RT E ��ÓS7�Õ���× �B � B R Í B 7 B ( R ?

©Î³´¬�° Ç R Í Ç Õ Ç ó�Í%ÆÇ Å�¬�°[ªRÁª�·# �¾6ºF¹~¶ ºF¾Ó þf�½� ×v¹�ª�·F®�«  ±�²[® Ç R ÓîÌ�×~Õ Ç óFÓîÌ�×=p Æ2 R Å
«�[À�°+¬�°[·I¬

Ó���ÆÇ R ÓîÌ�×~Õ��Ëß R × È Ó�� Ç óFÓîÌ�×~Õ��Ëß R ×�ÍÎÔ¼Õ
ÓfÆÇ ó]ÓîÌ�×~Õ�ßFóK× :�Ó�� Ç R ÓîÌ�×~Õ��,ßIóY×>Í ÓS7>ÓîÌ�×~Õ�ßFóY×~Õ ;|ß R Õ�ßFóMp Æ2 R Õ�Ì=<ÛÔ¼Õ
Ç R Ó�ÔÝ×RÍ Ç|Þ Õ Ç ó]Ó�ÔÝ×�Íàß Þ ?Ó þf� � ×

ÿ °fª�«�ª�¶�³¿®[³½«�À0¹�ª�¬�ª	·F²[·Fµ´ºFì]fª�ºF¾ËÓ þf� � ×k³¿«k¬�°fª�²+¬�º�±�²[® Ç�l � R ÓîÌ�×~Å Ç�l � ó ÓîÌ�×�p - l «�[À�°¬�°[·I¬
Ó���ÆÇ�l � R ÓîÌ�×~Õ���9 R × È Ó�� Ç�l � ó ÓîÌ�×~Õ���9 R ×�ÍÎÔ¼Õ
ÓfÆÇ�l � ó ÓîÌ�×~Õ:9Pó�× :�Ó�� Ç�l � R ÓîÌ�×~Õ���9:óY×�Í ÓS7>ÓîÌ�×~Õ:9Pó�×~Õ ;�9 R Õ:9:óMp=- l Õ�Ì=<ÛÔ¼Õ
Ç�l � R Ó�ÔÝ×RÍ Ç�l � Þ Õ Ç�l � R Ó�ÔÝ×�Íàß l � Þ ÕÓ þf� � ×

Áá³´¬�°/³½²[³½¬�³½·Fµ�ÂI·Fµ½fª�« Ç�l � Þ Õ�ß l � Þ p=- l �� ²�º]f¹kª�¹�¹�ºF¹�·F²[·Fµ´¯¼«�³½«Ágª�Áø³½µ½µ��«�ª�¬�°fª�«�¬�·IÄ�³½µ¿³´¬�¯�ºF¾:¬�°fª�«�µ½³½ì]°Ý¬�µ´¯�¶,ºF¹�ª�ìFª�²fª�¹�·Fµ
¸[¹�ºFÄ�µ´ª�¶ÒºF¾B±�²[®�³½²fì Ç�l � R ÓîÌ�×~Å Ç�l � ó ÓîÌ�×=p=- l «�[À�°+¬�°[·I¬
Ó�� ÆÇ�l � R ÓîÌ�×~Õ�� 9 R × È Ó�� Ç�l � ó ÓîÌ�×~Õ�� 9 R ×�Í Ó�� 7 R ÓîÌ�×~Õ���9 R ×~Õ
Ó¼ÆÇ�l � ó ÓîÌ�×~Õ:9:óY×5:�Ó�� Ç�l � R ÓîÌ�×~Õ���9:óY×�Í ÓS7IóFÓîÌ�×~Õ:9:óK×~Õ ;�9 R Õ:9PóMp=- l Õ�Ì=<ÛÔ¼Õ
Ç�l � R Ó�ÔÝ×gÍ Ç�l � Þ Õ Ç�l � R Ó�ÔÝ×�Íàß l � Þ Õ
Ó þf� � ×

©1ª�«�ª�¬�9��kÍ & �l Ç�l � � Õ
	4Í � Õ�é�Õ�� põä�Å³½²èÓ þf� � ×�·F²[® À0º]²�À�µ½[®fª�³½²1·�«�¬�·F²[®[·I¹�®
Á·Y¯�¬�°�·I¬ B Ç�l � R ÓîÌ�× B l � ��� R : B Ç�l � ó ÓîÌ�× B l � � Z\[ ' B Ç�l � Þ B l � ��� R : B ß l � Þ B l � �: $ ð

Þ
B 7 l 7 R Ó , × B l � ��� R ® , : $ ð

Þ
B 4 l 7IóFÓ , × B l � � ® , + ?Ó þf�½� ÔÝ×
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* ª0»¼¬�ÅáÁª�ºFÄ[¬�·F³¿²ØºF¸[¬�³¿¶�·FµáºF¹~®fª�¹�ª�¹�¹�ºF¹�ª�«�¬�³½¶�·I¬�ª�«�³½²èò
"
Ó�û Ô¼Õ~ÖÛ×~Õ Æ2 ^ ×,Áá³½¬�°, Í Ô¼Õ � ¾îºF¹ Ç�l � R ·F²�® , ÍÎÔ,¾îºF¹ Ç�l � ó �ÿ °fª�¹�ª�ì]�µ½·I¹�³´¬t¯�¹�ª�Ã�[³´¹�ª�¶,ª�²Ý¬�³¿«�¶�³½²[³¿¶�·FµMÅ«�ª�ª ��ª�¶�·I¹" þf� ý �

���������	��
�� ������� B&U Ç R Õ Ç ó >@I�D Ç�l � R Õ Ç�l � ó ��B U�W�B RLN ? A[UVGHN@I[R N+�ÛÓ þf� � × >@I�D Ó þf� � ×)�K�BLR\M[B�OPUVG�<@BL? "'� >@I�D RPB&U ' �  Í Ç�l � � È1Ç � � 	BÍ � Õ�é�,���W[BLI�� �&N@KáÌ=NÛÔ�� S B W�> <@BB ' R ÓîÌ�× B R Zm[ � B Ç�l � Þ È 7 lKÇ�Þ B R : B ß l � Þ È 7 l ß Þ B �: [ n ' B Ç R ÓîÌ�× B ó : $ ð
Þ
B ÆÇ ó]Ó , × B R ® , + ÕÓ þf�½�F� ×

B 'Yó]ÓîÌ�× B Zm[ � B Ç�l � Þ È 7 lIÇ|Þ B R : B ß l � Þ È 7 l ß Þ B �: [ n ó ' B Ç ó]ÓîÌ�× B óV: $ ð
Þ
B ÆÇ ó]Ó , × B óD® , + ÕÓ þf�½� é]×

B ' R ÓîÌ�× B Zm[ � B Ç�l � Þ È 7 lIÇ�Þ B : B ß l � Þ È 4 l ß Þ B ( R �: [ n ó ' B Ç R ÓîÌ�× B ó : $ ð
Þ
B Ç ó]Ó , × B óy® , + ?Ó þf�½� ê]×

* K�NPN+�-,©1ª	«�ª�¬
' �@Í	� � :�
 �@Í�Ó Ç�l � � È� � Ç × :�Ó � � Ç � È1Ç �M×~Õ 	>Í � Õ�é�ÕÓ þf�½�0þ ×

Áá°fª�¹�ª � �øÁá³½µ½µgÄvª�À~°fº]«�ª�²ë·F« 7 l ºF¹ 4 l � % ¯õ«�fÄ�¬�¹�·FÀ0¬�³´º]² ºF¾�Ó þf� � ×�·F²[®�Ó þf� � ×~Å
¹�ª�À�·Fµ½µ½³½²[ì - l â Æ2 R ÅfÁgª�ºFÄ�¬�·F³½²

Ó��àÆ' R ÓîÌ�×~Õ���9 R × È Ó��T'Yó]ÓîÌ�×~Õ���9 R ×>ÍÎÔ¼Õ
ÓNÆ'Yó]ÓîÌ�×~Õ:9:óY×5:�Ó��T' R ÓîÌ�×~Õ���9:óY×>ÍÎÔ¼Õ ;�9 R Õ:9PóMpB- l Õ�Ì=<ÛÔX?. ª�²[À0ªFÅ

Ó�� Æ� R Õ���9 R × È Ó���� ó Õ���9 R ×>Í È Ó�� Æ
 R Õ���9 R × :�Ó���
 ó Õ�� 9 R ×~Õ
Ó Æ�KóIÕ:9:ó�×5:�Ó���� R Õ���9PóY×>Í È Ó�Æ
NóIÕ:9Pó�× È Ó���
 R Õ���9:óY×~Õ ;�9 R Õ:9:óMp=- l Õ�Ì <ÛÔX?

ú:³½¹�«�¬�Åf³½²/ºF¹�®[ª�¹k¬�º�¸[¹�ºKÂFª�¬�°fª�ª�¹�¹�ºF¹�ª�«�¬�³½¶�·I¬�ª�«�Ó þf�½�F� ×�·F²�®ÊÓ þf�½� éN×~Å[Áª�«�ª�¬
� �DÍ Ç�l � � È 7 lIÇ �tÕ 
 �@Í Ó87 l�È e¼× Ç �UÕ 	:Í � Õ�é ?

% ¯�¬�°fª�®[ª�±�²[³´¬�³´º]²�«gºF¾:¬�°fª�ºF¸vª�¹�·I¬�ºF¹~«57 l Õ:4 l ÅfÁª�°[·�ÂFª
Ó�� Æ� R Õ���9 R × È Ó�����ó�Õ���9 R ×�ÍàÔ¼Õ

Ó Æ� ó Õ:9 ó × :�Ó���� R Õ���9 ó ×�Í È Ó�Æ
 ó Õ:9 ó ×~Õ
;�9 R Õ:9 ó p=- l ÕkÌ=<ÛÔ¼Õ

¬�°[·I¬R³½«�Å�� R Õ���ók«�·I¬�³½«�¾î¯+Ó þf� � ×:Áá³½¬�°�7 R Í�Ô¼Å 7IóáÍ È Æ
�ó �Bÿ °fª�¹�ª�¾îºF¹�ªFÅ]Ä�¯�¬�°[ªá«�¬�·IÄ�³½µ¿³´¬�¯
³½²fª�Ã�[·Fµ½³´¬t¯ Ó þf�½� Ô�×�Áá³´¬�° �1ÍÎÔ¼Å[Áª�ºFÄ[¬�·F³½²

B � R ÓîÌ�× B l � R : B ��ó]ÓîÌ�× B l � Þ Z\[ ' B � R Ó�ÔÝ× B l � R : B ��óFÓ�ÔÝ× B l � Þ : $ ð
Þ
B 4 l Æ
�óIÓ , × B l � Þ ® , + Õ
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��ª�À�·Fµ½µ½³¿²fì Ó þf�½�0þ ×�·F²[®�¬�°[·I¬ B ß l B l � Þ Í B ß l B ·F²[® B ß l B l � R Í B ß l B R Å|ß l p�- l Å�Ágª°[·�ÂFª B ' R ÓîÌ�× B R Z\[ ' B Ç�l � Þ È 7 lIÇ Þ B R : B ß l � Þ È 7 l ß Þ B

: $ ð
Þ
B Ó87 l�È e�×�ÆÇ ó]Ó , × B ® , : B Ó87 l�È e�× Ç R ÓîÌ�× B R + Õ

B 'YóÝÓîÌ�× B Z\[ ' B Ç�l � Þ È 7 lIÇ�Þ B R : B ß l � Þ È 7 l ß Þ B
: $ ð

Þ
B Ó87 l�È e�×�ÆÇ ó Ó , × B ® , : B Ó87 l�È e�× Ç ó ÓîÌ�× B + ?

�ø«�³¿²fì�Ó þf� éN×Áª�À0º]²[À�µ½�®fª�Ó þf�½�F� ×�·F²�® Ó þf�½� éN× �
úB³½²�·Fµ½µ´¯FÅB¬�ºX¸[¹�ºYÂFª�¬�°fª�ª�¹�¹�ºF¹Ëª�«�¬�³¿¶�·I¬�ª�«/Ó þf�½� êN×�Ágª�·Fµ´¬�ª�¹Ë¬�°fª/À�°[º]³½À0ª�ºF¾ � � ³¿²

Ó þf�½�0þ ×�·F²[®+«�ª�¬
� R Í Ç�l � R È 7 lIÇ R Õ 
 R Í Ó87 l�È e¼× Ç R Õ
�Kó�Í Ç�l � ó È 4 lIÇ ó�Õ 
�óáÍ Ó84 l�È e�× Ç óu?Ó þf�½��� ×

ÿ °fª�²DÅf«�³½¶�³½µ½·I¹�µ´¯,¬�º�¬�°fª�¸[¹�ª�Â¼³´º][«kÀ�·F«�ªFÅ
Ó�� Æ� R Õ���9 R × È Ó�����ó�Õ���9 R ×>Í Ó���
NóIÕ���9 R ×~Õ

Ó Æ� ó Õ:9 ó ×5:�Ó���� R Õ���9 ó ×>ÍÎÔ¼Õ ;�9 R Õ:9 ó p=- l ÕáÌ <ÛÔ¼Õ
¬�°[·I¬ø³½«�Å � R Õ�� ó «�·I¬�³½«�¾6¯ Ó þf� � ×�Áá³´¬�° 7 R Í 
 ó Õ�7 ó Í Ô ��ÿ °fª�¹�ª�¾îºF¹�ªFÅ|ÄN¯/¬�°fª�«�¬�·IÄ�³½µ¿³´¬�¯
³½²fª�Ã�[·Fµ½³´¬t¯ Ó þf�½� Ô�×�Áá³´¬�° �1Í È � Å[Áª�ºFÄ[¬�·F³½²B � R ÓîÌ�× B l � Þ : B ��óFÓîÌ�× B l � ( RZ\[ ' B � R Ó�ÔÝ× B l � Þ : B �KóFÓ�ÔÝ× B l � ( R : $ ð

Þ
B 7 l 
�óFÓ , × B l � Þ ® , + Õ

�ø«�³¿²fì�Ó þf� ýN×~ÅPÓ þf�½�0þ ×~Å�·F²[®B 7 l 
Nó B Í B 4 l Ó e È 7 l × Ç ó B Z B Ó87 l�È e�× Ç ó B Õ
Ágª�°[·YÂFª B ' R ÓîÌ�× B Z\[ ' B Ç�l � Þ È 7 lIÇ�Þ B : B ß l � Þ È 4 l ß Þ B ( R: $ ð

Þ
B Ó87 l�È e�× Ç ó Ó , × B ® , : B Ó87 l�È e�× Ç R ÓîÌ�× B + ?

ÿ °[³½«¸[¹�ºKÂFª�«	Ó þf�½� ê�× � �
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 �M. ª�¹�ªøÁª4«�¸�ª�À�³¿·Fµ�ô
³kj�ª�¬�º�¬�°fª�°[º]¶,ºFìFª�²fª�º][«á¸[¹�ºFÄ�µ´ª�¶9

Ç ÓîÌ�×5: & Ç ÓîÌ�×�Í�Ô¼Õ Ì <ØÔ¼Õ
Ç Ó�ÔÝ×RÍ Ç�Þ Õ ÆÇ Ó�ÔÝ×�Íàß Þ Õ

Ó þf�½� ý]×

·F²[®,ª0»¼¸[¹�ª�«�«>¬�°[ª�ª�¹�¹�ºF¹gª�«�¬�³½¶�·I¬�ª�«g³½²,¬�ª�¹�¶�«RºF¾v¬�°fªá³½²[³½¬�³½·Fµ�Â�·Fµ½[ª�« ��� ³ ��ª�¹�ª�²N¬�³½·I¬�³½²[ì
¬�°fª�ª�ÃN�·I¬�³´º]²/Áá³´¬�°�¹�ª�«�¸vª�À0¬�¬�º�Ì�ÅfÁgª�ºFÄ�¬�·F³½²+³½²/·�«�¬�·F²[®[·I¹�®�Á�·�¯B � >ð ÆÇ ÓîÌ�× B ó� : B � >ð Ç ÓîÌ�× B ó��� R Í B ß >Þ B ó� : B Ç > Þ B ó��� R ?Ó þf�½��� ×. ª�¹�ªFÅ�¾6ºF¹���Í�Ô¼Õ � Õ5?�?�?�Å

Ç
>
Þ Í & $ Ç|Þ Õ ß >Þ Í & $ ß Þ Õ @�ÍÎé���Õ
Ç
>
Þ Í & $ ß Þ Õ ß >Þ Í & $ � R Ç�Þ Õ @�ÍÎé�� : � ?

©1ª�[«�ª�¬�°fª	²fºF¬�·I¬�³´º]²/¾î¹�º]¶ i ª�À0¬�³½º]²�ê,·F²[®/Áª�Á�¹~³´¬�ª�Ó þf�½� ýN×�·F«
Æ�ëÓîÌ�×RÍ ��õÓîÌ�×~Õ Ì <ØÔ¼Õ
�õÓ�ÔÝ×RÍ�� Þ Õ

Ó þf�½��� ×

·F²[®�Ágª�¹�ª�À�·Fµ½µv¬�°[·I¬�¬�°fª�µ¿³½²fª�·I¹�ºF¸vª�¹�·I¬�ºF¹��³½«¬�°fª�ìFª�²fª�¹~·I¬�ºF¹áºF¾B·
[
Þ ô�«�ª�¶�³´ìF¹�º]f¸

��ÓîÌ�×4Í ª ð-, ì]³´ÂFª�² Ä�¯ÛÓMê � éN× ��ÿ °fª�¹�ª�¾îºF¹�ª,¬�°fª�«�º]µ½[¬�³´º]²1³½« �õÓîÌ�×�Í ��ÓîÌ�× � Þ ��ÿ °[ª
±�²[³´¬�ª�ª�µ´ª�¶,ª�²N¬�¸[¹�ºFÄ�µ´ª�¶Ú³½«k¬�°fª�²+¬�º�±�²[® � l ÓîÌ�×=p=- l Ñ=- l «�[À�°+¬�°[·I¬

Æ� l ÓîÌ�×�Í  l � l ÓîÌ�×~Õ Ì <ØÔ¼Õ
� l Ó�ÔÝ×gÍ�� l � Þ ÕÓ þf�½��� ×

Áá°fª�¹�ª
 l Í  Ô e

È & l Ô " Õ � l Í  Ç�l � RÇ�l � ó " Õ � l � Þ Í  Ç�l � Þß l � Þ " ?Ó þf� éIÔÝ×

i ³½¶�³½µ¿·I¹�µ´¯�¬�º�ÓMê � éÝ×�Å[³´¬kÀ�·F²/Ävª�«�°fºKÁá²�¬�°[·I¬  l ìFª�²fª�¹�·I¬�ª�«ø· [ Þ ô�«�ª�¶�³´ìF¹�º]f¸ � l ÓîÌ�×
ì]³´ÂFª�²/Ä�¯

� l ÓîÌ�×RÍàª ð-,�+ Í � [ l ÓîÌ�× & ( R+* ól - l ÓîÌ�×
È & R+* ól - l ÓîÌ�× [ l ÓîÌ�× �Ó þf� é � ×

Áá³´¬�° [ l ÓîÌ�×�ÍàÀ0º]«KÓîÌ & R+* ól ×~Õ - l ÓîÌ�×�ÍÎ«�³¿²vÓîÌ & R+* ól ×�?
úfºF¹�ª0»f·F¶,¸�µ´ªFÅf«�³½¶�³½µ½·I¹�µ´¯Ë¬�º,¬�°fª�³¿²f±�²[³´¬�ª4®[³½¶,ª�²�«�³´º]²[·Fµ|À�·F«�ªFÅ�[«�³¿²fì	¬�°[ª�ª�³´ìFª�²f¸�·F³´¹~«
íNÓ � l � � Õ�� l � � ×�ï�� +� % R ºF¾B¬�°fª�®�³½«�À0¹�ª�¬�ª �P·I¸�µ½·FÀ�³½·F² & l ÅfÁá³´¬�°
	 l ÍÎ®�³½¶/Ó - l ×~Å[Áª�°[·YÂFª

& ( R+* ól «�³½²DÓîÌ & R+* ól ×tß l Í � +#
� % R

� ( R+* ól � � «�³¿²vÓîÌ � R+* ól � � ×0Óîß l Õ�� l � � ×�� l � � Õ ß l p=- l ?
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©1ª�¶�·Y¯�²fºYÁà¾6ºF¹~¶	[µ¿·I¬�ªø·�À0º]²�«�ª�ÃN[ª�²[À0ªáºF¾ ÿ °[ª�ºF¹�ª�¶ þf� éfÅNÁá°�³½À�°,Áø³½µ½µ¼Ävªá[«�ª�®

¬�º�¸[¹�ºYÂFª,¬�°fªË«�¬�¹�º]²fì�À0º]²NÂFª�¹�ìFª�²[À0ª�ºF¾�¬�°[ª�±|²[³´¬�ª�ª�µ½ª�¶,ª�²Ý¬�·I¸[¸�¹�º�»f³½¶�·I¬�³´º]²�ºF¾�¬�°fª
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