Solutions to Chapter 10 and 11 Exercises

Problem 10.8
Let -
s(t) = RZ srexp(j2m fot).
Then
s(t—=T) = Ai 5 exp(j2m fo(t — T))

Rxx(t) = E [Z > swsy exp(j2nk fo(t — T)exp(—j2rmfo(t +7 —T)
k

e

= > ) spstexp(i2m(k —m)ft)exp(—j2mmf,T)
Elexp(j2e(k — m)7,T)]
Blesp(j2n(k = m)£1)] = & [ expli2n(k = m)fou)du
_ { 0 k#m
1 k=m

oo

Rxx(t) = 2 |ssl*exp(—j2mhfor)
k=—o0

Sxx(f) = 3 |suPo(f — kf)
k=—o0

Hence the process X(t)=s(t-T) has a line spectrum and height of each line is given by the
magnitude squared of the Fourier series coefficients.
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Rx x(t1,t2) = Elcos(w.t1 + Bni|m/2) cos(w.ta + Blna|m/2)],

where 117 and ng are integers such that m7" < t; < (n1 + 1)7" and nT <
t2 < (na+ 1)T/. For ty,t2 such that ny # no,

Rx x(t1,t2) = Ecos(w.t1 + Blni|m/2)|E[cos(w.ts + Blnz]7/2)] =0,

while for £, %5 such that n, = no,

1 1
erx(fl,tz) = E (‘.OS(LUC(tz — Tl)) + 3E[(‘-OS(L&‘C(T«2 + Tl) + ?TB['Rl])]

1 1
= L cos(ualts 1)) = g eoslan(t2+ 1)

Since this autocorrelation depends on more than just t1 — 2, the process is
not WSS.
(b) From part (a),

0 it £, 4 7 are in different intervals,

RX,X(T.j t—I—T) = { 1

1 cos(wer) — 2 cos(w.(2t + 7)) if t,t + 7 are in in the same intervals.

Since the process is not WSS we must take time averages.

Ry x(7) = (Rx x(t,t+71)) = (1—p(r)}<0)+p(rj(% c:os(wcr)—%c:os(wc(2t+r))>,

-

where p(7) is the fraction of the values of f that lead to t and ¢ + 7 being in
the same interval. This function is given by

p(r) = 0 7| > T,
= 1-Ed 7 <

Therefore,
p(r) = tri(t/T)
1
RX,X(T) = ET-Ii(T/'T}c:os(.;,_;C;r)

Sex(f) = %FT[tri(T /T)] * FT[cos(w]

using Table E.1 in Appendix E in the text,
1. .
Sxx(f) = {Tsinc*(FT) « (3(f — fo) +8(f + £2)

= Zme(f — fIT) +sin((f + £)T)
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(a) The absolute BW is oc since S(f) > 0 for all |f| < oc.
(b) The 3dB BW| f3 satisties
1 1

(1+ (fs/B2)P 2
= f; = By/2/3 —1=10.5098B.

(c)
“psin = [Tt = [T = I
J—oe | Jooo (L+(f/B))* Joe T+ 227 8
, = ar = —_—r = —B
| s = [ R 5" e
Tmas JIT,"TB :3
B
B-rms = —F
7

Problem 10.19
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Problem 11.10

= EBl[(Y[n+1]—-aY[n] —aY[n —1))?

Ryy [0](1 + af + a3) — 2a,(1 — ag) Ryy [1] — 205 Ry y[2]

I

1

[}

2{11Ry_y [ﬂ] — 2(1 — a-Q)RY.Y[]_] =10

Ryy[0]ai + Ryy[l]az = Ryy[1]
21’.12RY.Y[0] — 2Ryy[2] + 2(_1131/.}/[1] =0
Ryy[l]ai + Ryy[0]az = Ryy[2]

[RY.Y[U]RKYU] } {01]} _ [Rw[lw
Ry.y [J.] Ry.y [ﬂ] o Ry.y [2]

1 Ryy [0]Ryy[l] — Ry v [l]|Ryy[2]

R3y [0] = Rey (1] { Ryy[0]Ryy[2] — Riy-[1] }
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Y(t) = a(S*(t) + N(t) +
E[Y(t)] = aE[S*(t)] +aE[N?
a(of + o).

9
(t)] +2aE[S(t)N(1)]

Ryy (1) = a’E[(S*(t) + N*(t) + 2S(t)N(t))
(5 (t+7)+ N (t+7)+2S(t+ 1INt +7))]
= a’E[S*(t)S*(t+7)] + a®E[N*(t)N*(t + 7))
+ 4a3E[ (t)S(t + T)N(t)N(t + 7)] + a*E[S" () PPt + 7))
+ 2a*E[S*(t)S(t + 7)N(t + 7)] + a*E[N?(t)S?(t + 7)]
+ 20°E[N*(t)N(t +7)S(t + 7)) + 2a°E[S(t)S*(t + 7)N(1)]
+ 20°E[S(t)N(t)N*(t +7)]
= a*[R%5(0) + 2R o(7) + R (0) + 2% i (7)
+ 4Rgs(T)Ryn(T) 4+ Rss(0) Ry n(0) + Ry n(0)Rg.s(0)]

a’[(Rs;s(0) + Ry x(0))* + 2(Rs s(1) + Ry n(7))]
a’[(0% + o%)* + 2(Rss(7) + Ry n (1)),

In above Calculation we used the following information:

For two Gaussian random process X(t) and Y(t) :

EEXZ(t)YZ(t+T)E— xx[O]Ryy[O]"'szy[T] If X and Y are correlated
EQY(t)Yt) (t+T)§—E§X()§EQ’() (t+T)§ If X and Y are not correlated

Problem 11.11
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For the given PSD’s,

A? y y A?
RS..S‘(T) — F_l[SS.S(f)] — T(e—_mvrfc"r + eJZTrfc'r) — ? C'C!S(?Tl’fc?”)
N.B ) .
R_.’\-'._.\-'(T) = F_I[S_,\."_,\.'l:f)] = 5 Sil]('(B'f—)(ﬁ?_'?zwch + l’:?jz)I ch)

= N,Bsinc(BT) cos(27 f.7)

From these we determine that

0% = Rss(0) =
Ui’ = R_.\-'._.*\-'(O):

The autocorrelation of Y () is then

Ryy (1) = a*[(6i+0%)* +2(Rss(T) + Ry (7))

A2 : A2 '
(— + N, B) +2 (— + N, lenc(B‘r)) cos?(2m f.7)

:{I

2

[ (A2 ?
2 N
= a [(—2 +AGB)

2
+ 2 (% + A?N,Bsinc(B7) + (N,B)*sinc (BT)) (1+ c-.os(dﬁrfcrj)]

Taking FT's, the PSD of Y (t) is then

2

2 v
Syv(f) = (_12[ (47 + NOB) a(f)+2 (%2(5(}“) + A%N rect(f/B) + f\"thri(ffB))

(w) + %w —2f)+ %5(.)“ + 2fc)) ]

2
= a (47 + A®N,B + (N, B)Z) 5(f) + A*N,rect(f/B) + N?Btri(f/B)

+ 42( O(f = 2f.) +0(f +2f.)) + A°N, (re(.t(f —Bch) Hect(f +B2fc))

+ N’B (tri (f _B; fe) + tri ('f ;Qf"")) :

Problem 11.14
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: : . . — 4 f
S =5 H(f)] = #‘bz [rect ( i ) + rect ( L )} ‘
o () = Sxx (NP = 1777 T Lk,
where f. = (fi + f2)/2. Assuming f; — f; << f,, the input PSD will be
approximately constant over the passband of the filter. In that case, the
output PSD will be well approximated by

, . 2 ah2 N rec f_fc N f+fc
byy(f) = JSrXX(fC)|H(f)| = —1 n (fcffo)'z [I_.C.t (f3 — fl) —+ rect (f; — fl)‘|

(2 S
= %E‘ine((ﬁ — 1)) cos(w.).

1

Problem 11.26

h(t)=s(t,-t). In this case, s(to-t)=s(t) so the impulse response of the matched filter is the same as
the signal itself.
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