Solutions to Chapter 8 Exercises (Part 2)

Problem 8.8

Define X(t) and Y'(t) according to:

X(t) A(t) cos(t),
Y(t) = B(t)sin(t),
pa(t) pe(t)=0
Raa(r) = Rpp(t)=R(T)
Rap(t) = 0.
Then,
EX(t)] = 0.
EY ()] = 0

Rxx(ti,t2) = E[A(t1)A(f2) cos(ty) cos(tz)]
= R(ta—t1)cos(t) cos(ta)
Ryy(t1,t2) = E[B(t1)B(ty)sin(t;) sin(tz)]
= R(ty —t;)sin(ty)sin(ts)
Ry z(t1,t2) = E[(X(t1) + Y (1)) (X(t2) + Y(t2))]
= Rxx(ti,t2) + Ryvy(t1,t2) + Rx v (t1,t2) + Ry.x(t1,t2)
= R(tz — t1)[cos(t1) cos(tz) + sin(ty) sin(tz)] (sinceRxy(7) = Ry x(7) =0)
R(fz — ﬁl) cos(ty — t1).

Therefore, for this example, Z(t) = X (t)+ Y (t) is WSS, while X(¢) and Y (¢)
are not WSS.
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Problem 8.9

X(t) = A(t)cos(wet + ©)
E[X(t)] = EJA(t)|E[cos(wot +0O)] =0
RX_.X (tl, fg) = E[A('fil)A(fg)]E[(‘.OS(Mofl + B‘) COS(LU‘DT,-; + @j]

1

= SRaa(t2 —t){E[cos(wo(ts — t1))] + Elcos(wo(ts + t2) +20)]}

= %RAA (to — t1) cos(wp(ta — t1)).
Similarly,
EY(t) = 0
Ryy(t1,t2) = %RA__A (t2 — 1) cos((wo + wi )(t2 —t1))-
Hence, both X(t) and Y (t) are WSS. If Z(t) = X(t) + Y (),

E[z(t)] = E[X@®)]+EY ()] =0,
Ry x(t1.t2) + Ryy(t1,t2) + Bxy(t1.t2) + Ry x(t1, t2),
f:l,fgj = E[;‘:l(f'l) ( )] [ (wgfl +9)C05((w0+w1)f2+ 9)]

1
= ER_A,A (t2 — 1) cos(wo(ta — 1) + wita),
Ryx(ti,t2) = Raal(ta —t1)cos(wolts —t2) +wity).
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Since Rz z(t1,t2) is not a function of #; —t,, Z(t) is not WSS.
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Problem 8.12

(a) Since 1" is uniformly distributed over one period of s(t), for any time
instant ¢, X(t) = s(t — T') will be equally likely to take on any of the values
in one period of s(t). Given the linear functional form of s(t), X(t) will be
uniform over (—1,1).

1
i 1<z <1
4y =4J 2 — . =
fx (1) {0 otherwise.
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(b) E[X(t)] = 0 since the PDF above is symmetric about zero.
()
Rx x(ti,t2) = E[s(ti —T)s(t2 —T))
1
s(ty —u)s(ta — u)du

1
s(v)s(v+ta —t1)dv

|

= s(t)=s(—t)

t=fa—1q

Thhis is the time correlation of a triangle wave with itself which will result in
the periodic signal shown in Figure 2.

Figure 2: Autocorrelation function for process of Exercise 8.12

(d) The process is WSS.

Problem 8.19

Since
Rliﬂ] Rxx[k‘] = lx = 0,

the process is ergodic in the mean.
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Problem 8.25

Using probability generating functions:

(r}

Hy(z) = E[zX“)1=E[zE?=1X@“i’1:E[H X] HEW — [ Hx.(2)

AE
Pr(X,(t)=Fk) = ( /1:') et
i )\g‘ka_. Y o
Hx,(z) = Z_EI( k!j et = phiFtpm it — pAdla=l)

He(s) = Hf«\ﬂ —exp((Z)\) 7_1)

Define A = 31", A;. Then Hx(z) = exp(At(z — 1)) which is the probability
generating function of a Poisson random variable. Therefore X(t) is a Poisson
proces with arrival rate A =37 A;.

Problem 8.28

Expected number of strikes is st.
(a) In one minute, st = % 1= %
(b) In ten minute, st = 5 - 10 = &

(¢) Average time between strikes is % = 3 minutes.
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